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Ê�<E8G8GN�ÂXW Â�Ê¨CEÆO8ªÐ=<?Â�ÅOQA8GWõLM:ON C?Æ=8d:rI=W�Å�8;<�ÂMÊHÌ;Â�:OJ©CE<*LM>R:DC?J9Ç�>RË�8;:éÅDê C?Æ=8�Ð=<EÂ�ùU8GÌ�CE>RÂ�:



� � Z*[X]Ug��ªkM\UZE��Z*[Xg p m	cG[rq��"cGjijiZ��Hm�\^]	��f

8GÏDIOL'C?>AÂX:¦Í��	LXÌ*ÆÄÂ�Å�ùU8�Ì,C"Ð�Â�>R:DC9ÆOL�J±CUFHÂ¯N�8GÇ�<?8;8�J±ÂMÊ�Ê�<E8G8GN�ÂXW(>R: CEÆO8�CUFHÂ�È�N=>AWd8;:KJ©>RÂ�:OL�Q
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[ � � µ � � ´ �
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� � � � � � � � � � � � � � �
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" �#"±� � % � ")� � �,´
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[ � � µ �.� ´ �
� ���¨�xµ6� � �$���# ����(�¨���,µ
� � � �xµ6� � � � ��´Ó���(�#"
µ ��µ6�xµ6��µ±�xµ���µÓ��µ ��µ
� � � �xµ6� � ���/%0� �
� � � �xµ6��� 6 µ � �
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%²µ ´1 )� �
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 �# 6�xµ)µ6 7� � � � � �
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[ � � µ �9� ´:�
� ���¨� � ��µ�� � � � ��´����
� � � ���;%&� � µ �
µ ��µ
%(µ ´< =� � � �
� � � �®´=�(���,´ � � � ´
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" �#" � �!"9µ?� �(�@� ���A�
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

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Uj = 0.
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Uj 6= 0

CEÆ=8G<E8�>¡J"Ld:=ÂX:�Y;8G<EÂ2JEÂ�QRI�CE>RÂ�:)CEÂdC?Æ=8�L�ÅKÂ'ËX8TÆ=ÂXWdÂ�Ç�8G:=8;ÂXIOJ6QR>A:=8�LM<"JEê�JUC?8;W
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det Mj = 0.
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αaa + αajb + αcjc + αdjd + αAj(da + cb) + αBj(db − ca) = 0
F±Æ=8;<?8

αj = α(l1
1j , l

2

1j , l
1

2j , l
2

2j)
Í¦ì6Æ=8dL�J?J©I=WdÐ�C?>AÂX:éÂ�Ê	<E>RÇ�>¡NÄWdÂ'Ë�8GWd8;:DCT>¡J�8GÏDI=>RËuL�QA8G:DC

CEÂ
(1 + a)2 + b2 − 1 = 0.

óô>�C?ÆðC?Æ=<?8;8�ÐKÂX>A:DC?J�ÂXÅOJ©8G<EËX8GN¥å�Â�:O8ª>R:ð8�L�Ì*ÆðÂMÊ¨C?Æ=8�CEÆ=<?8;8
Ì;LMWd8G<?LXJ�C?Æ=8­LMÅ�Â'Ë�8�Ç�>RË�8GJªÊ�ÂXI=<2ÐKÂXQAêr:=ÂXWd>RL�QRJ�>R:

(a, b, c, d)
Í¨Î±Ê�CE8G<¯Æ=ÂXW�ÂXÇ�8G:=>RJ?L'C?>AÂX:

F±>�C?Æ
t
CEÆO8�ÐKÂXQAêr:=ÂXW�>¡LMQ¥8�ÏDIOL'C?>AÂX:OJ6LM<?8






f1 = αa1at + αb1bt + αc1ct + αd1dt + αA1(ad + bc) + αB1(ac − bd) = 0
f2 = αa2at + αb2bt + αc2ct + αd2dt + αA2(ad + bc) + αB2(ac − bd) = 0
f3 = αa3at + αb3bt + αc3ct + αd3dt + αA3(ad + bc) + αB3(ac − bd) = 0
f4 = a2 + 2at + b2 = 0.
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(a, b, c, d, t) = (0, 0, 0, 0, 1)

�1/U�
(a, b, c, d, t) = λ(1,±i, 0, 0, 0)
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C?Æ=8�Â�<?>RÇ�>R:OLMQ¥8�ÏXIKL'CE>RÂ�:KJ
CEÂÄÌ�ÂX:OJUC?<EIKÌ,C�L�Ð�Â�QRêr:=Â�Wd>¡LMQ�>R:

b
F±Æ=>¡Ì*ÆéÇX>AËX8GJ�<EÂrÂ�C?JTCEÆOLMC�Ì;L�:éÅ�82IOJ©8�N­C?ÂÄJ©ÂXQAËX8�Ê�ÂX<

CEÆ=8�Â�CEÆ=8G<±ËuL�<E>¡LMÅOQA8�J;Í
Î9J�8GÏDIOLMCE>RÂ�:)Ã 
XÉ
>¡J�Æ=Â�WdÂXÇ�8;:O8;Â�IKJ�>AC	Ì;L�:�Å�86N=8�È�Æ=Â�WdÂ�ÇX8;:=>¡JE8GN�Årê�J©CEION=êD>R:=Ç�CUFbÂ�ÌGL�JE8GJGå
a = 0

L�:ON
a = 1

Í

a = 0
ÇX>AËX8GJ

b = 0
Ã�Årê

f4 = 0
É,Í=ö"Â'F <E8GW2LM>R:OJ





t(αc1c +αd1d) = 0
t(αc2c +αd2d) = 0
t(αc3c +αd3d) = 0,

F±Æ=>RÌ*Æí>R:éÇ�8G:=8;<*LMQ�ÆOLXJ�Â�:=QRê CEÆ=8�C?<E>RËr>RL�Q�JEÂ�QRI�C?>AÂX:OJ
(c, d, t) = (0, 0, t)

LM:KN
(c, d, t) =

(c, d, 0)
Í;ø�Ê�C?Æ=8�
±8�ÏDIOL'C?>AÂX:OJ¦LM<?8�QR>A:=8�LM<?QAê�N�8GÐK8G:ON�8;:DC�WdÂX<E8	JEÂ�QRI�C?>AÂX:OJ¥8 =�>¡JUC
Â�:�CEÆO8�Ê�Â�<?W

(c, d, t) = (kcs, kds, t)
Í¥ì6Æ=>RJTWd8GL�:OJ±C?ÆOL'C�Ð=I=<?8�C?<?L�:OJ©Q¡L'C?>AÂX:­Ì;L�:ÄÂ�:=QRê ÅK8dÌ�ÂXW�ÐOI�CE8�N

I=Ð)CEÂ2JEÌGLMQR8�Í

a = 1
ÇX>AËX8GJ





fi = αiat + αibbt + (αic + αiB)ct + (αid + αiA)dt
+αiA(d + bc) + αiB(c − bd) = 0 i = 1, 2, 3

f4 = 1 + 2t + b2 = 0.

ì6Æ=8�� �dÌ�Âr8 
¯Ì;>A8G:XC*J6ÂMÊ�CEÆ=8 ����ÐKÂXQAêr:=ÂXW�>¡LMQ¡J

fi, fib, fib
2, i = 1, 2, 3

f4db, f4d, f4cb, f4c, f4b
3, f4b

2, f4b, f4b

LM<?8ªÂX<?N�8G<E8�N­>R:íCEÆ=82QR8 =éÂX<?N=8;<
t < d < c < b

>A:DCEÂÄL
17 × 24

W2L'C?<E>>=
M
F±>ACEÆíÂ�:O8

ÐKÂXQAêr:=ÂXW�>¡LMQ�Ð�8;<	<EÂ'F�ÍMÎTJ�:=Â�J©ÂXQAI=CE>RÂ�:OJ¨L�<E86QRÂXJ©C�ÅDêªW�I=QACE>RÐ=QRêr>A:=Ç�Årê�L�Ð�Â�QRêr:=Â�Wd>¡LMQ=L�:ON
CEÆ=8�ÂX<E>RÇ�>R:OLMQlÐ�Â�QRêr:=Â�Wd>¡LMQ¡J±LM<?8T>R:)CEÆ=8�JE8�C�å�CEÆ=>¡J6>RW�ÐOQA>R8GJ

MX = 0,
Ã �DÉ

F±Æ=8;<?8
X =

[
XT

1
XT

2

] LM:ON

X1 =
[
tdb2, tdb, td, tcb2, tcb, tc, tb3, tb2, tb, t, db3, db2, db, d, cb3, cb2, cb, c

]T

X2 =
[
b5, b4, b3, b2, b, 1

]T
.

�9>RËr>RN�>R:=Ç
M =

[
M1 M2

] F±ÆO8;<?8
M1

>¡J
17 × 18

LM:ON
M2

>¡J
17 × 6

å¦8�ÏXIKL'CE>RÂ�:ÓÃ �DÉ
Ì;LM:òÅ�8¯F±<?>�CECE8;:

M1X1 + M2X2 = 0
Í��":�Ê�ÂX<©C?I=:OL'C?8;QRêéC?Æ=8GJE82ÐOL�Ç�8GJ�LM<?8dCEÂrÂ Ê�8;F CEÂ
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J©Æ=Â'F CEÆ=8±<?8GJEI=QACE>R:=Ç�W2L'CE<?>¡Ì�8GJ�ÅOI�C¨>�CH>RJ�8�L�JE>AQRê�Ð=<?Â'Ë�8G:�CEÆKL'C
rankM1 ≤ 16

åuCEÆO8±8GL�JE>R8GJ©C
FbLuê2C?Â¯N�Â2C?Æ=>RJ">RJ"CEÂ2IOJE8�CEÆ=8�Ê«L�Ì,C±C?ÆOL'C

rankM1 = rankMT
1

LM:KN >�C9>¡J±8�L�JEê2CEÂ2ïK:ON
CUFHÂ�Ë�8GÌ�CEÂX<?JT>A:éCEÆ=8�:rI=QRQ�È^J©ÐKL�Ì�8ªÂMÊ

MT
2

Í¥ì6Æ=8;<?8�Ê�ÂX<E8�C?Æ=8;<?8�8 =�>RJ©C
v
JGÍ CGÍ

vM1 = 0
LM:KN

0 = 0X = vMX = vM1X1 + vM2X2 = vM2X2

C?ÆOL'C6>RJGå�L�ïOÊ�CEÆ)Â�<*N�8;<bÐKÂXQAêr:=ÂXWd>RL�Q
p1(b) = vM2X2 = 0

Í�P�:OÂ'F±>A:=ÇðCEÆKL'C
b = ±i

LM<?8 J©ÂXQAI�C?>AÂX:OJªCEÂðCEÆ=>¡Jd8GÏDIOLMCE>RÂ�:¦å�L
:=8;FôÐ�Â�QRêr:=Â�Wd>¡LMQ

p2(b) = p1(b)/(1+ b2)
Ì;LM:÷ÅK8�Ì;LMQ¡Ì�IOQRLMCE8GN÷LM:ONdC?Æ=8;:�J©ÂXQAËX8GN�Ê�Â�<HCEÆO8

<E8GWdL�>A:O>A:=Çd<?ÂrÂMC?JGÍ
ø�Cª>¡J�CEÆO8;:ñÐ�ÂXJ?J©>RÅ=QR82CEÂ­IKJ©8

f4

CEÂéJEÂ�QRË�8dÊ�ÂX<
t
Í�P�:=Â'F±>A:OÇ

t
>AC�>¡J�Ð�ÂXJ?J©>RÅ=QR82CEÂðÌ*ÆOLM:=ÇX8

ÅOL�Ì*@dC?Â�C?Æ=8�Â�<?>AÇX>A:OL�QO:=ÂX:�È�Æ=Â�WdÂ�ÇX8;:=8GÂ�IOJ	Ë'LM<?>RL�Å=QA8�J
(a, b, c, d)

L�:ON÷JEÂ�QRË�89Ê�Â�<
c
L�:ON

d
Í

	 � � � Ù ��Ü«árÙÚárØlÖ�Ô�ÖGß�×KØ Ô=Ø
àôäX×¦à�á
ì6Æ=89>RWdÐ=QA8GWd8;:DC?LMCE>RÂ�:÷>¡JbÏXIO>�C?8TJ©CE<*LM>RÇ�ÆDC©Ê�ÂX<EF6LM<*NªL�:ONdC?Æ=8�Ì;Â�N�89>¡JHLuË'L�>AQ¡LMÅ=QR8±Ê�ÂX<bN�Â'F±:=È
QAÂDL�N­úvBDC?8�ÿ�ÍrÎTJ

f4

ÆOLuË�89ï =�8GN÷Ì;Âr8 
¯Ì�>R8;:DC?J6L�:ON2C?Æ=8�<E8�J©I=QAC6>RJ6N�>RËr>RN�8�N÷Årê
(1 + b2)

>AC±>RJ
ÐKÂDJEJE>AÅOQA8�CEÂ÷<?8GN=IOÌ�8

M
C?Â�L

9 × 12
W2L'CE<?>>= F±>ACEÆ

M1

ÂMÊ	JE>3YG8
9 × 10

ÂX<
9 × 8

>�Ê¨C?Æ=8
W�>¡J?J©>R:=Ç÷<*LM:O@)>¡JTIOJ©8�NéLXJ9Fb8;QRQ�Í

M2

>RJ�Â�Ê	J©>[Y;8
9 × 6

ÅOI�C�ÌGLM:ðÅK8dJ©>RWdÐ=QR>�ïO8�NÄC?Â
9 × 4L�J±C?Æ=8�<?ÂrÂMC?J

b = ±i
LM<?8�@D:OÂ'F±:¦Í �±8�N�IOÌ;>A:=Ç¯CEÆ=8�J©>[Y;8�Â�Ê

M
>¡J"IOJE8�Ê�IOQ�LXJ±CEÆO8�Æ=>RÇ�Æ=8�JUC

:DIOW�Å�8;<±ÂMÊ�Ì�ÂXWdÐ=I�C?LMCE>RÂ�:OJ±Ì;Â�Wd8�Ê�<EÂXW ïO:ON=>A:=ÇdC?Æ=8�:rI=QRQ�È^J©ÐKL�Ì�8�ÂMÊ
M1

Í

� ���ò¼��u½TÀ'� ��¹�&rÀ©¼	¹�) /ª» �¥º=À©¹�)��9º �"» � � ��¼�&rÀUº�À©¼	¹�& )�¹T½ º��í¼ ��¼	ÀE¹	º &

� ã
ár×��'áDÙ ����� ) �R��� 
 � ���1� 
 �1PQ/ � ��� ���� !�"� 	$#R)+�,������.�/ ��)+/����7�1/���0 � � 
W���4� ��/>)+�,�,�
�����2B ���I��� � ���!��� �1��� �
� 0 � � ) �=�"���S��� 	$� � �7�1�2� �1/R���T) �
	 	U�1� ���
	3�1�2�,5 � B �����,�2� �1/D�J� ��� .�/ ��)+/
� ��� 
 �15 ���*B 	3��/U� ��� 	�#:� � �-��� � �
���I/ �W���;���4� ��/��R) � �
��� ��� �?# � ���
�
��5 � �1/ ��B �1�,/ �JB �
�
�7� 
 �
��� ���(/U� � � �,� ���
�
�?� ���?P 
����M�1/U� �I�T��� �
���  �?/ �
��� 	 	$# ��'8�G��� �1/ � � �J�,� ��� �J/ ��/DLM� ���,5N�"� 	
����� 	O�
� 	�PQ�4� ��/��
�
��P ����������/�� 	3���4� ��/R�G���S� �2 �?/ �
���1� �����1� �E�1/H�����1/ �1/�	$# � ��� � 
TBUPQ� ���&P<BV� �W�?��� 	 � �
����� �X0 �Tì6Æ=8�8 =�>¡JUC?8;:OÌ;8�Â�Ê�L2JEÂ�QRË�8G<bÇX>AËr>R:=ÇªCEÆOLMC":DIOW�Å�8;<±ÂMÊ�JEÂ�QRI�CE>RÂ�:OJGÍ
Î�ÐKÂX>A:DC

j
ÂXÅOJ©8G<EËX8GN÷>A: 
�>AW2L�Ç�8GJ6Â�Ê�C?Æ=8�JEL�Wd8�ÌGLMWd8;<*LªÇ�>RË�8GJ




l
1

0jS0

l
2

0jS0

l
1

1jS1

l
2

1jS1

l
1

2jS2

l
2

2jS2




︸ ︷︷ ︸
Mj

Uj = 0.

Î9J�L :=ÂX:�È;Y;8;<?ÂÄJ©ÂXQAI=CE>RÂ�:í8 =�>RJ©C?J
rankMj ≤ 3.

ì6Æ=>RJ�>RJ�8�ÏDI=>AË'L�QA8G:XC�C?Â CEÆ=8dÊ«LXÌ,C�C?ÆOL'C
det (Msub) = 0

Ê�Â�<�LMQRQ
4 × 4

JEI=Å�È�W2L'CE<?>¡Ì�8GJ"ÂMÊ
M
ÍKóô>ACEÆéL÷J©I=>AC?L�Å=QR8�Ì*Æ=Â�>¡Ì�8�ÂMÊ	Ì�ÂrÂX<©È

N�>A:KL'CE8�JEêrJ©CE8GW
S0 = I

åDC?ÆOL'C±>¡J;å
a0 = b0 = c0 = d0 = 0

LM:ON¯CEÆ=8 �(
�J©I=Å=ÈxW2L'C?<E>¡Ì�8�J	Â�Ê
Mj

ÌGLM:ÄÅ�8�Ì�ÂXWdÐ=I�CE8�N LM:ON)C?Æ=>RJ9Ç�>RË�8�J��(
�Ð�Â�QRêD:OÂ�Wd>RL�Q¦8GÏDIOLMCE>RÂ�:OJ"ÂMÊ�CEÆ=8�JE8GÌ;Â�:ON L�:ON
CEÆ=>R<?N N�8GÇ�<?8;8�>A:

(a1, b1, c1, d1, a2, b2, c2, d2)
Í1�±>RÇ�>¡N÷ÐOQRL�:OLM<±WdÂMC?>AÂX:�>RWdÐ=QR>A8�J

a2

i + 2ai + b2

i = 0 i = 1, 2.
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Ò ÅOJ©8G<EËr>R:=Ç�CUFHÂ2Ð�Â�>R:DC?J"CEÆ=<?Â�I=ÇXÆÄN�>�Ñl8;<?8;:DC9ÅOI�CT<?8;Q¡L'C?>AËX8;QRê2ï =�8GNÄÌGLMWd8;<*L�J±ÌGLMWd8;<*L�J±LMC

ª>R:OJ©C?L�:XC*J6Ç�>RË�8�JbCEÂMC*LMQ¥Â�Ê

32
8GÏDIOLMCE>RÂ�:OJ6>R:

8
I=:=@r:=Â'F±:OJGÍ

����� 
 ×KÜ â ß«Ø�Þ
Î&J©ÂXQAËX8;<�>R:OJEÐ=>A<?8GNòÅrêðCEÆ=8÷Ð=<E8GËr>AÂXIOJ�Ì;LXJ©82ÆOLXJ�Å�8;8G:ñÅ=I=>RQ�C�Å=I�C�>AC�>¡J�J©CE>RQAQHË�8;<?êðJEQRÂ'F�Í
Î":rêrÆ=Â'F³>AC"Ç�8G:=8;<*L'C?8GJ±Lªï=Ê�CEÆÄÂX<?N=8;<6ÐKÂXQAêr:=ÂXWd>RL�Q¥>A:

b1

Ê�ÂX<±F±Æ=>RÌ*Æ Fb8�@r:=Â'FÓC?Æ=8�J©ÂXQAI=È
CE>RÂ�:OJ

b1 = ±i
Í

ø�Ê
a1 = a2 = 0

C?Æ=8;:
b1 = b2 = 0

LM:KN CEÆ=8�J©ê�J©CE8GW(>¡JTN=8;Ç�8G:=8;<*L'C?8�LM:ONÄCEÆ=8�J©ÂXQAI�C?>AÂX:
Ê�Â�<

(c1, d1, c2, d2)
Ì;L�:�ÂX:=QRê÷Å�8�Ì�Â�WdÐ=I=CE8GN�I=Ð)CEÂ¯J?Ì;L�QA8XÍ

��� � � Ù ��Ü«árÙÚárØlÖ�Ô�ÖGß�×KØ Ô=Ø
à��ª×¦à�á
ì6Æ=8"J©ÂXQAËX8;<�>¡J¨J©CE>RQAQK>A:¯L�:�8�LM<?QAêªJUC*LMÇ�8"L�:ON�Ë�8G<Eê�JEQRÂ'F�Í�ì6Æ=8±W2L'C?<E>>=

M
F±>AQRQO>R:�CEÆ=>¡J	ÌGL�JE8

ÅK8�WªIOÌ*Æ QRL�<EÇX8;<HCEÆOL�:)>R:)CEÆ=8�ÐO<E8GËD>RÂ�IKJ±Ì;L�JE8�Å=I�C"C?Æ=8�J©>RWdÐ=QR>�ïKÌGL'C?>AÂX:OJ6IOJE8GN÷CEÆ=8G<E8�F±>RQAQ
ÅK8�Ð�ÂXJ?JE>AÅ=QR8�Æ=8;<?8�L�J6Fb8;QRQxÍOÎ9J"JEÂrÂ�:ÄL�J±L2N=8GÌ�8G:DC">AWdÐ=QR8;Wd8;:DC*L'CE>RÂ�: >¡J±<?8GL�N=ê¯>�C"F±>RQRQ�Å�8
LuËuL�>AQ¡LMÅOQA8TÊ�Â�<"N�Â'F±:OQAÂDL�N¥Í

� � ¹��O�u½9À � ��¹�&rÀU¼H¹�) /d» �¥º=À©¹�) ��º��9» � � ��¼�&rÀUº�À©¼	¹�& )�¹9½ &rÀ���� ��À	-��Hº
��¼	ÀE¹Hº�&

	���� � ØlÖ�á �'Û�áräMÖGß�×KØôÔOØ
àôÖ�ã
áÄà�ß«Û�ä �'áDÖGá­Ö
�'ß«Ü�ß«Ø�áDÔ �¯ä�×�Ø
ÛGÖ
�'Ô=ß�ØlÖ
ø^:�C?Æ=>RJ�JE8GÌ�CE>RÂ�:�FH8bF±>RQAQ�C?<Eê�C?Â�IOJ©8bC?Æ=8±JEL�W�8HCE8�Ì*Æ=:=>¡ÏDI=8bÊ�Â�<¨JEÂ�QRËD>R:=ÇTCEÆ=8±J©CE<?IOÌ,C?I=<?8bL�:ON
W�Â�CE>RÂ�:dÐ=<?Â�Å=QR8;W L�J¨>A:Äú S Ò üXüuÿxÍDì6Æ=8±>¡N�8GL�>¡J�C?Â�JUC?ION�êªCEÆ=898GÏDIOL'C?>AÂX:OJ�Ê�ÂX<	L�ÐOLM<ECE>¡Ì�IOQRL�<
ÐKÂX>A:DC"Ê�ÂX<6CEÆ=<?8;8�Ër>R8;F"JGÍOì6Æ=8�Ê«LXÌ,C±CEÆKL'C"C?Æ=<E8G8�Ð=Q¡LM:OL�<±QA>R:=8GJ">A:DCE8G<?JE8GÌ�C">A:­LdÐ�Â�>R:DC"Ç�>RË�8�J
L�Ì;Â�:OJ©CE<*LM>R:DC6CEÆOLMC6Fb8�LM<?8�Ç�Â�>R:=ÇªCEÂ¯J©CEION=ê�Í
ì6Æ=8TÌGL�JE89ÂMÊ¥C?Æ=<?8;8�Ì;LMWd8G<?LXJ�>RJbÂ�Ê¦ÐOLM<ECE>¡Ì�I=Q¡LM<H>AWdÐ�Â�<EC?L�:OÌ�8XÍ �TJ©>R:=ÇªCEÆ=<?8;8TW�8�L�JEI=<?8GN

ÅK8�LM<?>A:=ÇDJ�Ê�<EÂXW²CEÆO<E8G86N=>�Ñl8;<?8;:DC¨@r:=Â'F±:�QAÂ�Ì;LMCE>RÂ�:OJGåuCEÆO8±Â�Å�ùU8�Ì,C¨Ð�Â�>R:XC¨>¡J�Ê�Â�IO:ON�ÅDêª>A:DC?8;<EÈ
J©8�Ì,CE>R:=Ç2C?Æ=<?8;8�QR>R:=8GJGÍ�ì6ÆO>RJT>RJTÂ�:OQAê)ÐKÂDJEJE>RÅ=QA8ª>�Ê�C?Æ=8�C?Æ=<?8;8�QR>R:=8GJ�L�Ì�CEIOL�QAQRê)N=Â÷>R:XC?8;<*J©8�Ì,C�Í
ì6Æ=>RJªÇ�>RË�8�J�L�: L�N=N=>�C?>AÂX:OLMQbÌ�Â�:KJUC?<?L�>A:DCGå
F±Æ=>¡Ì*Æ Ì;L�:ÚÅK8�Ê�Â�<?W�IOQRLMCE8GNò>R:ÚC?Æ=8¯Ê�ÂXQAQRÂ'F±>R:=Ç
FbLuê
� ã
ár×��'áDÙ 	 ��
 �?�

l1,j

9
l2,j

��/U�
l3,j

� �W�,� � � ��� ���,/  V�1� �����?�4� ��/��W� �A��� �&�?� 
 � ���
�
���I�
B ���,/D�H0 ��� 
 �,� ��� ����� � �
���I/ � ��� 
 �
���W���M�1� ���
� � � �?/*��� ��� ��� 	$�,/ ��� ��� ��/������7�1�,/D�

∑

p,q,r

T
pqr

l1j,pl2j,ql3j,r = 0 ,
Ã#
�É

�G�+0�P 	 % 	 	���� 0 � � �
� 
 �
3 × 3 × 3

� �?/��
� �
T
�

����� �X0 � �Hê÷QA>R:=>R:=Ç2I=Ð)CEÆ=8�QR>R:=8�8GÏDIOLMCE>RÂ�:OJ



l1,jS1

l2,jS2

l3,jS3




︸ ︷︷ ︸
M

(
Uj

)
= 0



� gi�GgAq�jvw2a�`�tMgi[D��Y�c;f�Z?]©cGm  

FH8�J©8G8�CEÆOLMC9C?Æ=8
3 × 3

WdLMCE<?> =
M
ÆOL�J�L2:=ÂX:�ÈxCE<?>AËr>¡LMQ�<?>RÇ�ÆDC©È�:rI=QAQ¡JEÐOL�Ì;8�ÍOì6Æ=8G<E8;Ê�Â�<?8�>AC?J

N�8�C?8;<?W�>R:OL�:XC�>RJJYG8;<?ÂOÍ�B�>A:OÌ;8�C?Æ=8dN�8�C?8;<?W�>R:OL�:XC�>RJ�QR>A:O8GLM<T>A:ð8GLXÌ*Æ­<EÂ'F�>ACTÊ�ÂXQAQRÂ'F"J9CEÆOLMC
>�C9ÌGLM:)ÅK8�F±<?>�CECE8G: LXJ

det M =
∑

p,q,r

T
pqr

l1j,pl2j,ql3j,r = 0 ,

Ê�Â�<�J©ÂXW�8
3×3×3

C?8;:OJEÂ�<
T
Í'7"8;<?8

l1j,p

N�8G:=ÂMC?8GJ
8;QR8;Wd8;:DC
p
ÂMÊ=ËX8GÌ�CEÂ�<

l1j

LM:ON�J©>RWd>AQ¡LM<?QAê
Ê�Â�<

l2j,q

L�:ON
l3j,r

Í
ì6Æ=8¨C?8;:OJEÂ�<

T = T
pqr
>R:�Ã�
�É�F±>AQRQX:OÂ'FñÅK86LM:OL�QAê�JE8GN�>R:�WdÂ�<?8	N�8;C?L�>AQxÍ'ì6Æ=8	W2LMÐOÐ=>A:OÇ

Ê�<EÂXW CEÆ=8�WdÂMC?>AÂX:�ÐKLM<*LMWd8�C?8;<*J
(S1,S2,S3)

CEÂ�CEÆ=8�C?8;:OJEÂ�<
T
>RJ6>R:rËuL�<E>¡LM:DCbCEÂdÌ*ÆOLM:OÇ�8GJ

ÂMÊ�CEÆ=89Ì;ÂrÂ�<*N�>A:KL'CE86JEêrJ©CE8GW åM>�Í 8�ÍXÅrê�W�I=QACE>RÐ=QRêr>A:=Ç�8GL�Ì*Æ�ÂMÊ�CEÆO8±CE<*LM:OJ©Ê�Â�<?W2L'C?>AÂX:�W2L'C?<E>¡Ì�8�J
F±>�C?Æ C?Æ=8éJ?LMWd8 W2L'CE<?>>=lÍ¨ì6ÆrIOJ¯F±>�C?Æ=Â�I�C¯QRÂXJ?JdÂMÊ�Ç�8G:=8;<*LMQR>ACUêñÂ�:=8ÄW2Luê LXJEJEI=Wd8)CEÆOLMC
S1 = I

Ílø^:DCE<?Â�N�IOÌ;>A:=Ç�ÐOLM<*LMWd8;CE8;<?>¡JELMCE>RÂ�:OJ"LXÌ;Ì;Â�<*N�>A:OÇ2CEÂòÃ �uÉ±C?Æ=8�C?8;:OJEÂ�<�Ì�ÂXWdÐKÂX:=8;:DC?J
LM<?8





T
111 = b2c3 − b3c2, T

112 = b2d3 − a3c2, T
113 = b2,

T
121 = a2c3 − b3d2, T

122 = a2d3 − a3d2, T
123 = a2,

T
131 = −b3, T

132 = −a3, T
133 = 0,

T
211 = −a2c3 + a3c2, T

212 = −a2d3 − b3c2, T
213 = −a2,

T
221 = b2c3 + a3d2, T

222 = b2d3 − b3d2, T
223 = b2,

T
231 = a3, T

232 = −b3, T
233 = 0,

T
311 = a2b3 − a3b2, T

312 = a2a3 + b3b2, T
313 = 0,

T
321 = −b3b2 − a2a3, T

322 = a2b3 − a3b2, T
323 = 0,

T
331 = 0, T

332 = 0, T
333 = 0.

Ã«þDÉ

ö"ÂMC?8±CEÆKL'CbCEÆ=89CE8;:KJ©ÂX<?J	ÆOLuË�8"L�:DIOW�Å�8;<bÂMÊOY;8G<EÂ�Ì;Â�WdÐ�Â�:=8G:XC*J;ÍDø�CbÌGLM:2>R:÷Å�8TJEÆ=Â'F±:
CEÆOLMC�C?Æ=8;<?82LM<?8 �>
¯QR>A:O8GLM<?QRêÄ>A:ON=8;Ð�8;:ON�8G:DC�QR>R:=8GL�<�Ì;Â�:OJ©CE<*LM>R:DC?JTÂ�:ðCEÆ=8�C?8;:OJEÂ�<�Ì�ÂXWdÐKÂ�È
:=8;:DC?JGÍOì6Æ=8�J©8�L�<E8





T
133 = T

233 = T
313 = T

323 = T
331 = T

332 = T
333 = 0,

T
131 −T

232 = T
132 + T

231 = T
113 −T

223 = 0
T

123 + T
213 = T

311 −T
322 = T

321 + T
312 = 0,

T
111 −T

122 −T
212 −T

221 = 0,
T

112 −T
121 −T

211 −T
222 = 0.

Ã ��É

ì6Æ=8;<?8�LM<?8�L�QRJEÂªÊ�Â�I=<±:=ÂX:�È�QA>R:=8GL�<±Ì�Â�:KJUC?<?L�>A:DC?JGå�>xÍ 8XÍ

T
312(T123

T
131 + T

231
T

223) + T
311(T123

T
231 −T

131
T

223) = 0,
Ã«ûXÉ

−T
231

T
223

T
131

T
221 + T

223
T

231
T

231
T

121 −T
123

T
231

T
231

T
111

+T
231

T
223

T
131

T
111 −T

123
T

131
T

131
T

221 + T
123

T
131

T
231

T
121

+T
123

T
131

T
231

T
211 −T

223
T

131
T

131
T

211 = 0,
Ã«ýXÉ

T
131

T
123

T
222 −T

131
T

121
T

123 −T
131

T
123

T
211 + T

231
T

111
T

123

−T
131

T
122

T
223 −T

231
T

121
T

223 = 0,
Ã �GüXÉ

T
231

T
123

T
123

T
222 −T

123
T

231
T

122
T

223 −T
123

T
231

T
221

T
223

−T
131

T
123

T
123

T
221 −T

223
T

131
T

123
T

222 + T
131

T
122

T
223

T
223

+T
231

T
121

T
223

T
223 + T

223
T

131
T

121
T

123 = 0.
Ã � ��É
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ø�Ê¨Â�:=QRê �	IOÌ�QR>RN=8GLM:­CE<*LM:OJ©Ê�Â�<?W2L'CE>RÂ�:KJ6ÂMÊ�CEÆO8�Ð=Q¡L'CEÊ�Â�<?W L�<E8�L�QAQRÂ'FH8�N¥å=F±Æ=>¡Ì*Æ­>¡J"<?8GLXJ©ÂX:�È
LMÅ=QR8�årC?Æ=8;<?8�LM<?89CUFbÂ2L�N=N=>�C?>AÂX:OLMQ¦Ì;Â�:OJ©CE<*LM>R:DC?J

(T123)2 + (T113)2 = a2

2
+ b2

2
= 1,

Ã �<��É

(T231)2 + (T232)2 = a2

3 + b2

3 = 1.
Ã �:
XÉ

ì6Æ=8GJE8éCUFbÂ Q¡L�J©CÄÌ�Â�:KJUC?<?L�>A:DC?J�LM<?8­C?<EI=8íÂ�:OQAêô>AÊ�CEÆO8ðC?8;:OJEÂ�<*J)LM<?8ðÌ�ÂX:OJE>RN�8G<E8�N CEÂ Å�8
:=Â�<?W2LMQR>RJE8GN�F±>ACEÆ¯<?8GJEÐK8�Ì,C¨C?Â�J?Ì;LMQR8�ÍXø�C	>¡JHJ©CE<*LM>RÇ�ÆDC©Ê�ÂX<EF6LM<*N�C?Â�Ç�8G:=8;<*L'C?8"Ì�ÂX<E<?8GJEÐKÂX:ON�>R:=Ç
:=Â�:�È�:=ÂX<EW2LMQR>¡J©8�NéÃ«L�:ON÷CEÆrIOJ"L�QRJEÂªÆOÂ�WdÂ�ÇX8;:=8GÂ�IOJ*É	Ì;Â�:OJ©CE<*LM>R:DC?JGÍ
ø�C�>RJ�:OL'C?I=<*LMQ�C?ÂÄCEÆ=>R:=@íÂMÊ6CEÆO8¯CE8G:OJEÂ�<�LXJ�ÅK8G>A:OÇéN�8�ïK:=8GNñÂX:=QRêéI=ÐñC?ÂéJ?Ì;LMQR8�Í
ì�FbÂ

CE8;:KJ©ÂX<?J
T
LM:KN

T̃
LM<?8�Ì�ÂX:OJ©>¡N�8G<E8�N¯8GÏDIOL�Q¥>�Ê�CEÆO8;ê�N�>AÑl8;<"ÂX:=QAê÷ÅDê�L�J?Ì;L�QA8�Ê«LXÌ,CEÂX<

T ∼ T̃.

�¦8�C
T
N�8G:=ÂMC?86CEÆ=8±JE8�C¨ÂMÊ�8GÏDI=>RË'LMQR8;:OÌ;86Ì;QRLXJEJE8GJ�Â�ÊOCE<?>RQA>R:=8GL�<�CE8G:OJ©ÂX<?J
Ê�I=QAïOQRQA>R:=Ç�8�ÏXIKL'CE>RÂ�:KJ

Ã �MÉ^È*Ã �:
DÉ,Í
��á���Ø
ß«ÖGß«×�Ø ����
 �I�+��� � 
&�1/ � 0 � 	3� �X0��'árÜ«Ô�Ö�ß â á)ÙÚ×KÖGß�×KØ �X0J��� ��� � B 	3�1� 0 � � 
 B �1���,�4� ��/��
� �E���4% / �������F��� �
�
�I� �X0 ���?PQ�,5�� 	��I/H� ���
	3�����
�I� �X0 ��� ��� ��������/���0 � � 
&�1�2� �1/D�

MS =




(S1,S2,S3) |SI =




aI bI cI

−bI aI dI

0 0 1









/
',

) � �
���
��� � ���IPQ�,51� 	 �I/H� ���G�����4% / �������

(S1,S2,S3) ' (S̃1, S̃2, S̃3), ∃S ∈ S, S̃I ∼ SIS, I = 1, 2, 3 .

ì6ÆDIKJ6CEÆ=8ªLMÅ�Â'Ë�8�N�>¡JEÌ;IOJ?J©>RÂ�:ÄJ©C?L'C?8GJ6C?ÆOL'C9CEÆ=8�W2L�Ð
(S1,S2,S3) 7→ T

>¡J±>A: Ê«LXÌ,CTL
FH8GQAQ¦N�8;ïO:=8�N�W2L�Ð�Ê�<?Â�W&CEÆ=8�W2LM:O>�Ê�ÂXQRN�ÂMÊ�8GÏDI=>RË'LMQR8;:OÌ;8�Ì;QRLXJEJE8GJ

MS

C?Â
T
Í

� ã
ár×��'áDÙ ����� � �?/��
� �
T

pqr
�G���6�7� 	$� �
���1� ���A����� 	$�,/ ��� ��� �?/��
� �
� 0E�1/H� ��/ 	$#S� 0 ���?PD�1L

�4� ��/�� ��� �1L�� � ���*� � � 0�P 	 % 	 	������	�C� �?/>�,� ���
�A� �1/���� ���1�,/ �"�&� ���T0�P 	 % 	 	 �7�R�,�T�G� B �1����� �
	��S� �
� � 	$5 � ��
�� 0 � �

S2

9
S3

� � � ���
� 	$PQ�2� �1/V�G�F�,/A �I/ � ��� 	KPQ/D� �?P � �

��×��'×KÜ�Ü«Ô �uÝ ��� � � � 
W��B

T : MS −→ T

�G�
�C) � 	 	����4% / �7� �1/ �ILM� �1L ��/ � 
W��B!BU�,/= �

	�� � æ÷Ü�ÞK×��'ß�Ö�ã
Ù
ì6Æ=8�Ð=<E8GËr>AÂXIOJHJE8GÌ�CE>RÂ�:�Â�:�CEÆ=8�Ì;L�QA>RÅ=<*L'C?8GN2C?<E>RQR>A:=8�LM<HCE8G:OJ©ÂX<6ÆOL�JbÐ=<?Â'Ër>RN�8�N¯IOJbF±>ACEÆ)CEÆO8
CEÂrÂ�Q�Ê�Â�<�JEÂ�QRËr>A:=Ç÷CEÆ=82J©CE<?IOÌ,C?I=<?8�L�:ON­WdÂMC?>AÂX:ðÐO<EÂXÅ=QA8GW Ê�Â�<�CEÆ=<?8;8dÐ=Q¡L'CEÊ�Â�<?W ÐKÂDJ©>ACE>RÂ�:KJ
ÂMÊ�L'C±QA8�L�J©C±8;>RÇ�ÆDC±ÐKÂX>A:DC?JGÍ

æ÷Ü«Þ�×��uß«ÖGã�Ù 	 �
� 
 Ö �uÕ�äMÖ�Õ��'á­ÔOØ
à ÙÚ×KÖGß�×KØ � �'×KÙ$Ö�ã��'árá ��Ü�Ô�ÖA��×��'Ù ÙÚ×OÖ�ß«×�Ø
Û�� �



� gi�GgAq�jvw2a�`�tMgi[D��Y�c;f�Z?]©cGm �A�

����� �,5 �?/V��� � � �
� 
W�N �I� �X0
��� 	 �7�1��� ����'
B ���,/D�4��9

uij , i = 1, . . . , 3, j = 1, . . . , n, n ≥ 6 .

� ��� � 	3�?P 	3�1� ��� 	 	KB �1����� �
	��A� ��� 	$�,/ ��� �C� �?/��
� ���
T

�,�D�1�+0�P 	 % 	 	$�C�,� �S� �1/D���������,/D�4� ��� �R� �
� � ���S��/U� ∑

p,q,r T
pqr

l1j,pl2j,ql3j,r = 0, ∀ j = 1, . . . n
�

� ��� � 	3�?P 	3�1� �F��� ��B 	3��� 0 � � 
 
 �1�2� �1/��
(S1,S2,S3)

0 ��� 

T
�8��� � ���1�,/= &� �E�,� � B ��� �X0 �@0

� � � � ���

����
��� � � � ���!���6�
� 	�PQ�4� ��/*� �W�,� � 
 �1�2� �1/ ��� 	3�?P 	3�1� ��������PD�?�4P � � P=���,/  &�,/ � �
���
���I�2� �1/ �

	�� 	 � ×�ÙÚ×OÖ�× �¥Ý 
 Ö�Õ
à�ß«árÛd× �±Û�ß�� �	×�ß«ØlÖGÛ�ß«Ø Ö�ã��'árá­ÛGÖGÔ�Ö�ß«×�Ø
Û
ø^: J©CE8GÐ �éÂMÊ"C?Æ=8ÄLMÅ�Â'Ë�8�L�QAÇXÂ�<?>�C?Æ=W Â�:=8)ÆOLXJ�C?ÂðïK:ON L�QAQ±JEÂ�QRI�CE>RÂ�:OJªC?ÂíLíJ©ê�J©CE8GW�ÂMÊ
ÐKÂXQAêr:=ÂXW�>¡LMQ
8GÏDIOLMCE>RÂ�:OJGÍOóí8�ÆOLuËX8�:=Â�CTê�8;CTJEÂ�QRË�8GN)C?Æ=>¡JTJEê�JUC?8;W >A:ðN�8�C*LM>RQ�å�Å=I�C�<?LMCEÆ=8G<
8 =�ÐK8G<E>RWd8;:DCE8�NôF±>ACEÆ JE>RW�I=Q¡L'C?8GN³NOL'C?L LM:ON LÚ:rI=Wd8;<?>RÌGLMQ�J©ÂXQAËX8;<÷Â�ÊªJEIOÌ*Æ³JEêrJ©CE8GW$ÂMÊ
8GÏDIOL'C?>AÂX:OJGÍ
óôÆ=8;:ÄJ©CEION�êr>R:=ÇdCEÆO8�8GÏDIOL'C?>AÂX:OJ6ÂMÊ�JE> =÷Ð�Â�>R:DC?J"L�:ON�CEÆ=<?8;8�J©C?LMCE>RÂ�:OJ±>R:)CUFHÂ2N�>RWd8;:�È

J©>RÂ�:OJTI=:ON=8;<@�¨IOÌ�QR>¡N�>RL�:ðLXJEJEI=WdÐ�CE>RÂ�: Ã
a2

i + b2

i = 1
É9>A:­CEÆ=8dN�IOL�Q�Ð�Â�>R:DC?J9Ê�Â�<?W�I=Q¡L'C?>AÂX:

CEÆ=8G<E8�LM<?8�ûªIO:=@r:=Â'F±:OJ6LM:ON)ûªËuL�<E>¡LMÅOQA8�J;Í��bê¯>R:OJ©8G<©C?>A:OÇ�C?Æ=8GJE8�8GÏDIOL'C?>AÂX:OJb>A:DC?ÂªC?Æ=8�Æ=Â�È
W�Â�CEÂXÐDê�J©Â�Ê�CUFbL�<E8
	 � ������Ô=ä�
ñú Á�8;<*ý�ý�ÿK>AC	>¡J�Ê�ÂXI=:ON�CEÆKL'C¨C?Æ=8"Wd> =�8�NªËXÂ�QRI=Wd8�ú \ � Ò ý�ûuÿ
>RJ

39
L�:ON�CEÆ=8G<E8�LM<?8�I=Ð)CEÂ

25
<?8GLMQ¥JEÂ�QRI�CE>RÂ�:KJ;Í

�bLXJ©8�NñÂ�: CEÆ=8�J©8)8 =�Ð�8;<?>AWd8G:XC*LMQb>A:rËX8GJ©CE>RÇXL'C?>AÂX:OJªFH8�ÐKÂDJUC?I=QRLMCE8�CEÆOLMCdCEÆ=8G<E8 LM<?8÷>R:
Ç�8;:O8;<*LMQlI=Ð)CEÂ%� 
�<?8GL�Q¦J©ÂXQAI�C?>AÂX:OJbCEÂ�C?Æ=8�Ð=<?Â�Å=QR8;W&Â�Ê�þdÐ�Â�>R:DC?J6>R: 
�>RW2LMÇ�8�J;Í

� �ð¼H¹9¿ /©¾ &rÀU¼	¹ &

ø^:ôCEÆ=>¡J�ÐOLMÐ�8;<)FH8éÆOLuË�8­>R:DCE<?Â�N�IOÌ�8�N CEÆ=8íJUC?<EIKÌ,CEIO<E8íLM:ON WdÂMC?>AÂX:ÓÐ=<?Â�Å=QR8;W Ê�Â�<�CEÆO8
:=ÂMC?>AÂX:�Â�Ê�L�Ð=Q¡L'C©Ê�ÂX<EW¶ÂMÊ
WdÂ'Ër>R:=Ç2Ì;LMWd8G<?LXJ;Írì6Æ=<?8;8�ÐOLM<ECE>¡Ì�IOQRL�<6ÌGL�JE8GJGå¥Ã�>�Éb8;>RÇ�ÆDC±ÐKÂX>A:DC?J
>A:íCEÆO<E8G82Â�:=8;È�N�>RWd8;:OJE>RÂ�:OL�Q�Ër>R8;F"JGå	Ã�>R>�ÉTCEÆ=<?8;82Ð�Â�>R:DC?J�>R:ðCUFbÂ)CUFHÂ�È�N=>AWd8;:KJ©>RÂ�:OL�Q�ËD>R8;F"J
LM:ON­Ã«>A>R>�É�CUFbÂ�Ð�Â�>R:XC*J	>R:2C?Æ=<E8G8"CUFbÂMÈ^N�>RW�8G:OJE>AÂX:OLMQ=Ër>R8;F"JHÆOLuË�89ÅK8G8;:÷J©CEION=>A8�N¥ÍrB�Â�QRI�CE>RÂ�:OJ
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