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Abstract

The hand-eye calibration problem is a fairly well studied
problem. Most methods are related to those proposed by
Tsai and Lenz. Here a novel method is introduced that uses
multilinear constraints to eliminate the problem of solving
for structure and motion. The method is based on tracked
interest points. The method is non-iterative involving only
low cost operations. The method has been tested on both
simulated and real data.

1. INTRODUCTION

This paper presents a novel method to solve the hand-eye
calibration problem. In the hand-eye calibration problem a
camera is fixed by a rigid transformation to a robot hand.
The motion of the robot hand is assumed to be known. The
goal is to compute the affine transformation from robot hand
to camera as well as the internal parameters of the camera.
The problem has been solved in many different ways. Tsali
and Lenz solve the problem by solving for camera positions
using a well known calibration target [1] and then factoring
out the unknown transformation. They also solve the prob-
lem of unknown parameters in the robot [2].

Most other authors solves the problem in a similar way by
solving for the unknown cameras and then factoring out the
affine transformation, Andreff, Horaud and Espiau [3] uses
elegant linear formalism to reduce the problem to a linear
problem, Dornaika and Horaud [4] uses quaternions to lin-
earize the problem.

Wei, Arbter and Hirzinger [5] use the robot motion to solve
for the unknown calibration point and to calibrate the cam-
era, hand-eye translation and lens distortion. They also con-
sider motion planning for the calibration process. Dias et al
[6] propose to use linear methods together with a Kalman
or a recursive filter to increase stability. Zhuang and Qu [7]
propose an improved Jacobian for use in a one stage itera-
tive algorithm based on the reprojection errors. Malm and
Heyden deviate strongly from the other methods in that they
use a motion field based method instead of a point based

method [8].

In this paper it is proposed how to solve immediately
and linearly for the rigid transformations and internal cali-
bration using the multilinear constraints without having to
deal with the structure and motion problem and thus reduc-
ing system dimensionality to only the desired variables and
not to coordinates of all world points. The method is based
on tracked interest points which can either come from one
point tracked in all images or many points, each appearing
in at least two images.

2. CAMERA EQUATIONSAND THE
MULTILINEAR CONSTRAINT

Working in homogenous coordinates the standard camera
projection equation is assumed, c.f. [9]

\u = PU, 1)

where u € R3 is the image point, P € R3** the camera
matrix , U € R* the real world coordinates of the point and
A € R a constant.

The multilinear constraints [10, 11, 12] give a restriction
cameras P(¢;) and images w(t;) when observing one world
point at different times ¢;. In in d-dimensional space the
multilinear constraint is written

rank (M) <n+d+1, 2
P(fo) u(to) 0 0
I P(:tl) (:) u(jfl) (:1 . @
P 0 0 ... u(t)
Considering this in space gives
P(tg) u(ty) O
rank [P(t(l)) 00 U(h)} <. 4
This implies
P(t()) ’u(to) 0 _
det [P(tl) 0 u(tl)] =0. (5)



Fig. 1. Robot with coordinate system

3. CALIBRATION USING MULTILINEAR
CONSTRAINTS

Using K as the internal calibration of the camera (3 x 3),
Ryg and Ty g as the rotation respectively the translation of
the camera in the robot hand coordinate system. The hand
has rotation Ry and translation T’y in the world coordinate
system and the camera motion can be expressed as

P(t) = KRug [Ru(t) —Tup— Ru(t)Tu(t)]. (6)
With A = K Ry g the above is rewritten
P(t)=A[Ruy(t) —Tue— Ru(t)Tu(t)]. (7)

It is important to note that (5) gives a constraint for each
pair of images of the same point and that constraints coming
from different points may be used together without increas-
ing overall dimensionality.

3.1. Solving for Camera Rotation and
Internal Calibration Using Trandations

With pure translations we can with a suitable choice of robot
coordinate system assume that Ry (¢t) = I and (7) is sim-
plified to

P(t)=A[l ~Tup—Tu(t)]. (®)
Inserting this into (5) gives

A A(—THE —TH(ti)) u(tl) 0

det [A A(~Tup —Tu(t;)) 0 u(@)}zo ®)

which is equivalent to

A A(—THE - TH(tl)) u(tl) 0
i) u(t

det [o A(=Ty(t;) + T (1))

Simplifying with ATy = Ty(t;) — Twa(t;), the above is
rewritten

det Adet [~AATy —u(t;) wu(t;)] =0 (12)
54

0 (12)
<~

det [AATH wu(t;) wu(t;)] =0 (13)

—det Adet [—AATH u(t;) U(tj)]

since det (A) # 0. Decomposing A into elements, this is
written

a11 @12 a13
det a21 A22 A23

a31 a32 a33

ATH ’U,(tz') u(tj)] =0 (14)
g

3,3
> awdet [1(i,/)Tu u(ti) ut;)] =0  (15)
k=1,1=1

where I(i, j) is a 3 x 3 matrix with a 1 on place (i, j) and
zeroes elsewhere. Let B(t;,t;) and A be column vectors
with elements defined by

By(r—1y41(ti,tj) =det [I(k, )Ty u(t:) u(ty)],(16)
Az 1)41= . (17)
Equation (15) can now be rewritten
B(t;, t;))TA=0. (18)
This implies that
AT (B(t;, ;)" B(ti, ;) A = 0, (19)

which has to be fulfilled for all pairs of measurements (¢;, ¢,),
that is

> AT(B(ti, t;)" B(ti, t;))A =0 (20)
i "

AT(> " B(ti ;)" B(ti t;)A =0 (21)
{ gfg;%(tmtj)TB(ti»tj) ' (22)

As A has an arbitrary scale and | A|| p # 0 it can be assumed

that ||Alr = 1, where [|Allp = [[All2 = />, A2, The
problem is now overdetermined. A solution to this mini-
mization problem is given by SVD[13] as @ is a symmet-
ric matrix. The factorisation of A into an upper triangular
marix K and a rotation matrix Ry g is in principle a QR-
factorisation [13].



3.2. Computing the Trandation of a Camera Known in
Both Orientation and Internal Parameters

From the previous step, the matrix A is known. By a change
of the image coordinate system, it can without loss of gen-
erality be assumed that A = I. The camera matrix P(t)
(3 x 4) can then be written

P(t) = [Ru(t) —Tup— Ru(t)Tu(t)] (23)
and the constraint (5) is simplified to

detE;H(ti) Tre—Ru(t)Tu(t;) u(t:)

0
u(t;) Tup—Ru(t;)Tu(t;) 0 u(tj)]O (24)

=
C(ti, t)) " Tur + D(t;,t;) = 0 (25)
where

RH(ﬁi) RH(ti)TH(ti) u(ti) 0

ot = fite) BTt "6 o

is a scalar and C'(¢;,t;) is a column matrix with elements

Ry (t:) I(k) u(t;) 0
cr(ti ;) = det [Rg(ﬁj) I(k) 0 u(tj)} 0

where I(¢) is column i of the 3 x 3 identity matrix. Equation
(25) implies that
(C(tist)) Tup + D(ti,t;))> =0 (28)
=
DQ(ti, ﬁj) + 2D(ti, ﬁj)C(ti, tj)TTHE
+T§E0(ti,ﬁj)0(ti,tj)TTHE =0 (29)
which has to be fulfilled for a pairs of measurements
ij
+TpC(ti, t;)C(ti, t;) " Tup =0 (30)
&

O D*(tisty)) + 200 _D(ti, t)C ks, 1)) T

+Th (Y Cti,t;)C(ti, t)" ) Tue =0 (31)
iJ
which is a second order polynomial for which the minimiz-

ing Ty g is the least squares solution to (25) for all observed
image pairs.

3.3. Reprojection Based Method

In the situation of only one tracked point the setup is very
similar to a special case of [5]. Using stage one of the
method proposed here it is possible to compute A and from

this value to compute a point in space. Assuming a value
for Ty it is then possible to use the known motion of the
robot hand to compute an image of the point that can be
compared with the actual image of the point. The computed
image should be equal to the real image point and the re-
projection error is defined as the sum of these errors. Given
this error function it is possible to find 7'y g by conventional
optimization. This alternative approach can be used to com-
pute Ty and will be used for verification as the laboratory
experiments were made using only one point.

4. TESTS, VALIDATION AND SPEED

4.1. Testsin the Robot Lab

A modified ABB IRB2003 robot which is capable of mov-
ing in all 6 degrees of freedom was used to verify the meth-
ods on real data. The camera was mounted using a ball head
camera holder on the gripper (or hand) of the robot so that
the orientation of the camera could be changed with respect
to the orientation of the robot hand coordinate system, cf.
Figure 1. It is difficult to verify measurements made on real
data. Visual inspection of the Robot tells us that the answer
we get is realistic; it also gives a small reprojection error if
used to solve for a point. All tests in the Robot lab have
been made by tracking a single point as this was easier to
handle.

Using the “Camera Calibration Toolbox for Matlab” by
Bouguet implementing the calibration method of [14] it is
possible to get an estimate for the camera parameters using
a calibration plane

Al [1001.3+£5.8
[fz] = {1041.3 + 6.0} ) (32)
x 317.84 7.3
[yz] - {240.5 + 6.6} : (33)

Tracking one point in 37 observations and using the method
proposed here gives

1000.6  —0.1  326.0
K=| 0 10366 232.1]. (34)
0 0 1

It is hard to to say if the estimated values for Ty g are
correct or not, but a visual inspection of the camera mount
tells us that the values are realistic and on a correct scale.
Using a sequence with 72 camera positions and images a
value for T was calculated.

An attempt at validation of the method was done by select-
ing 30 random observations and computing 7'y g, this was
repeated 100 times. For T’y g we get



—103.8
—117.3
—221.9

4.6
O’(THE) = 16.8
4.1

mean(Tyg) = , (35)

(36)

using the reprojection method 7'y g was calculated to

—101.6
—106.6
—221.2

THE = (37)

Matlab code for this implementation can be found on the
authors home-page [15].

4.2. Speed

These costs are computed assuming, that we have a set of
tracked points and corresponding robot movements. Tracked
points can be obtained by using the KLT-tracker [16]. Esti-
mates for flops are based on the numbers from Matlab. The
cost of the first step of finding the camera is 330 flops per
point pair and 15795 flops for SVD and RQ factoring.

For the second stage there is a need of solving an over de-
termined system in the overhead and the total load for 72 ob-
servations of one pointis 1.4Mflops corresponding to 555flops
per observation. For both steps together the load for under
100 observations is below 2megaflops. Modern CPUs mea-
sure performance in gigaflops per second.
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