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ABSTRACT

In this paperwe addressthe problemof projective recon-
structionof structureandmotiongivenonly imagedata.In
particularwe investigatethreenovel minimal combinations
of pointsandlinesover threeviews, andgive completeso-
lutions andreconstructionmethodsfor two of thesecases:
“four pointsandthreelinesin threeviews”, and“two points
andsix linesin threeviews”. We show thatin generalthere
are threeand seven solutionsrespectively to thesecases.
Thereconstructionmethodsaretestedonrealandsimulated
data.

1. INTRODUCTION

Oneof thecoreproblemsof computervision is 3D recon-
struction.Within thelastyears,reconstructionmethodshave
beensuccessfullyextendedto projectivereconstructionwithin
an uncalibratedframework [5]. In this paperwe will in-
vestigatesomeminimal casesfor projective reconstruction,
whereby a minimal caseis meantthat omissionof some
datagivesanin�nite numberof solutions.Solvingminimal
casesto perform3D reconstructionis of boththeoreticaland
practicalimportance.Algebraicsolutionsobtainedfrom the
minimal casescan be usedto bootstraprobust estimation
algorithmssuchas RANSAC or LMS schema[4, 13] or
optimal estimationalgorithmssuchas bundle adjustment.
Using only points therearetwo minimal casesfor projec-
tive reconstruction.For two views 7 pointsareneeded—
Sturm's method[12] reintroducedinto computervision in
[3] andfor threeviews, theminimumnumberof thepoints
is 6 [11, 6]. For linesa minimumof threeviews is needed.
Therehasbeenlittle work on minimal casesfor lines and
combinationsof linesandpoints.This is especiallytruefor
theprojectivecase.For othercameramodelscf [9, 1, 8].

A line in spacehasfour degreesof freedom.A point in
spacehasthreedegreesof freedom.In eachimageapointor
aline givestwo constraintsontheunknowngeometry. If we
assumean uncalibratedpinhole camerathen eachcamera
haselevendegreesof freedom.Sincewe work in a projec-
tive settingeverythingis de�ned up to a coordinatesystem
with 15degreesof freedom.A minimalprojectivestructure

andmotionproblemin � imagesgiven � pointsand
�

lines
shouldhenceful�ll:

���

���

�

�	�

��

�����

���������

���

��� (1)

If werestrictourselvesto threeimagestheminimalcasesfor
combinationsof pointsandlinesare: “6 points”, “4 points
and3 lines”, “2 pointsand6 lines” and“9 lines”. We will
in this papergive solutionsto the “4 points and 3 lines”
problemaswell asthe“2 pointsand6 lines” problem.

We assumea perspective projection(uncalibratedpin-
holecamera)asthecameramodel.Thecameraperformsa
projectionfrom a pointX in ��� to a pointx in ��� :
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In this paperwe will not useexplicit parameterizations
of objectlines,but in mostcasesconsiderthemasintersec-
tion of planes.Onepossiblerepresentationfor imagelines
is thesocalleddualcoordinates.In thiscasea line is repre-
sentedby threehomogeneouscoordinates#
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denotespointson the line. This representationis usefulin
many situations.For examplethe problemof determining
the 3D line from its imagelines with known camerama-
trices(socalledintersection) canbesolvedby intersecting
planes.If #

0

�


<1 thenthepointsx areprojectionsof points
X lying on thespaceline L, so
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 PX. This meansthat
1=
 l 0

�




�

P0 l
�

0 X. So >

0

# correspondsto a planeon
which L lies. If we have two correspondinglines this will
give two planeswhich canbeintersectedto get the line. If
wehavethreecorrespondingimagesof aline thisgivescon-
straintson thecameraswhichcanbeformulatedas:
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i.e. each��MN� minor of the ��MO� matrix abovevanish.We
will denotelines, pointsandcamerasin view onewithout
superscripts,in view two with primesandin view threewith
doubleprimes.A line in view two that is a projectionof a
line P will hencebedenotedl G
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2. FOUR POINTS AND THREE LINES

Wewill in thissectiongiveanalgorithmfor solvingthecase
of four pointsandthreelinesseenin threeimages.We will
show thatthereis in generalthreesolutions,of whichsome
maybecomplex. Thealgorithmbecomeslineargivenfour
pointsandfour or morelines.This in contrastto algorithms
that only usethe linear constraintson the trifocal tensor,
whichneedat leastfour pointsand� velines.Thetechnique
in thissectionhasbeenusedto solvefor theessentialmatrix
given � ve correspondingpoints,[10] andan algorithmfor
six pointsin two views,[7]. Themethodsarecloselyrelated
to multipolynomialresultants,cf [2].

2.1. Parameterization

As weareworkingwithin anuncalibratedprojectivesetting,
we may without restriction1 introducea projective coordi-
natesystemsuchthat the � pointsin spaceareassignedto
thecanonicalprojectivecoordinates
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andthe�rst � imagepointsin eachimageareassignedto
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Using this choiceof coordinateswe get a specialform of
cameramatrices.We haveonly usedfour pointsin ourpro-
jective basis,which leavesthefreedomto chooseonemore
point. We �x thebasisby letting thecameracentreof cam-
eraonelie at thepoint
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This givesthefollowing threecameras,parameterizedwith
six parameters
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1We are implicitly assumingthat the � object pointsareprojectively
independentaswell asthe � pointsin eachimage.

2.2. Problemsolution

We have usedthe four pointsto parameterizethecameras.
We will now usethethreelines to solve for theunknowns.
Theconditionthat threelinesareimagesof a common3D
line is
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Expandingthefour � M �

�

minorsof M Q onegetsfour equa-
tions:
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By inspectionof B one can seethat at most threeof
the four equationsare linearly independentwhen consid-
eredasasystemof equationsin theunknown

�	�

� 
 "/"�" 


�

�

�

�

.
We will only usethe �rst threeequations.This resultsin
9 linear equationsso we can expressthe �rst nine of the
unknownsin Y in
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by theGauss-Jordanfactor-
ization �B �
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. Insertingtheseexpressionsin the
nonlinearinternalconstraintsof Y givesa systemof poly-
nomialequationsin �
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whichcanbewrittenin the
following way:
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whereQ
�

�

�

only dependson imagedataand
�

�

. In order
to haveasolutionto equation(4), Q hasto berankde�cient
andhence����� Q 
 1 . Expandingthedeterminantof Q in

�
�

givesa third degreepolynomial in
�

�

. Thus thereare
threesolutions.In section4 experimentson simulateddata
shows thattherearecaseswith threedistinctrealsolutions.

If wehavefour linesor morewecanuseequation(3) to
geta linearsolution.In this casewe getfor �! �

B
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In orderto haveanon-trivial solutionthematrixB hasto be
rankde�cient sothesolutionis givenastheright null-space
of B. The scaleof the solution is given by satisfyingthe
nonlinearinternalconstraintsinheritedfrom Y.

3. TWO POINTS AND SIX LINES

In thissectionwewill giveasolutionto theminimalcaseof
two pointsandsix linesviewedin threeperspective views.
We will show thatin generaltherearesevensolutions.



3.1. Parameterization

We will usethetwo pointsandtwo of the lines to parame-
terizethecameras.Let thetwo objectpointsbegivenas
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Onecannot de�ne a basisin � � usingtwo pointsandtwo
lines, cf [5], so the basisin the imageswill be de�ned by
threelinesandonepoint. We let thetwo pointsprojectto
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andthe�rst two linesto
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This givesthefollowing threecameras,parameterizedwith
nineparameters
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wherethescalesof thecameramatricesareinheritedfrom
x �



x G
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andx G G
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respectively. We have �x edtwo linesandtwo
points in space. This correspondsto
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degreesof freedom.This leavesonedegreeof freedomin
theprojective structurewhich canbe �x edby letting
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3.2. Problemsolution

The two pointsandtwo of the lines have beenusedin the
parameterization.We will usethe remainingfour lines to
solvetheproblem.Weassumethatwehavemadeprojective
changesin theimagessuchthat
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We will againusethefactthat
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Wechoosetwo equationsfor eachline. Theseequationsare
obtainedfrom M Q in the following way. One equationis
givenby takingthedeterminantof rows1,3and4. Thesec-
ondequationis givenby takingthedeterminantof rows1,2
and4. Sinceweareonly usingtwo equations,asmallnum-
ber of spurioussolutionsareintroduced(aswill be shown
later.) Thesespurioussolutionsare,however, easyto iden-
tify later.

Thiswill giveriseto thefollowing systemof equations:
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dependson imagedataonly. We usetheGauss-
Jordanfactorization�B of B in equation(6) to eliminatethe
variables
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linearly. Thisgivesfour equations
in

���

�




�

�




�

 




�
�

�

. Of thesefour equations,two arelinearin
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andtwo arelinearin
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, sowecanusetheseequationsto
easilyeliminate
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of total degree� ve. Taking the resultant,
cf [2], of thesetwo polynomialswith respectto
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givesa
polynomialof degreeelevenin
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. Four of theelevensolu-
tions arenot true solutions,but arisefrom the fact thatwe
canchoose
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sothatrow oneandfour in M Q arelin-
early dependent.This choiceof
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givesa solution
to our chosenequationsbut will not leadto onefor which
all M Q have rank equalto two, andis thereforenot true a
solution.

This leavesseven solutions.As is shown in the exper-
imentalpart thereare indeedin somecasesseven distinct
realsolutionsto theproblem.

4. EXPERIMENTS

The methodsfor solving the two minimal casesdescribed
in sections2 and3 wereimplementedin Mapleandtested
on simulateddata. The solutionsgive very small, closeto
machineprecision,reprojectederrors.In table1 thenumber
of real solutionsfor a numberof runs on randomdatais
shown. Onecanseethat in somecasesthereareindeed3
and7 realsolutionsrespectively for thetwo cases.

We have tried our algorithmson realdataaswell asthe
simulated.Wetriedthealgorithmonthesceneshown to the
left in �gure 1. The two dashedlines in combinationwith
thetwo pointsshown in the�gure wereusedin theparame-
terization.Oneshouldtry to avoid to choosetwo linesthat



Table 1. Thenumberof realsolutionsfor thetwo cases

4 points,3lines
Nr of realsol. 1 3
Occurrences 10 30

2 points,6 lines
Nr of realsol. 1 3 5 7
Occurrences 1 8 6 6

areclosein directionin theparameterization,sincethismay
leadto an unstablesolution. The dataleadin this caseto
threerealsolutions.Weextractedseveralotherlinesaswell
asthe two conicsin thesculpture.We thenusedour three
solutionsandintersectedthe imagedatalinearly. After re-
projectiononeof thesolutionshadmuchsmallerreprojec-
tion errorsthan the two othersolutions. The reprojection
of this solution is shown to the right in �gure 1. We also
extracted25pointsfrom thetopconicof thesculpture.

TheRMSerrorsfor thesepointswere7.79and7.71for
thelinearintersectionandtheoptimizedintersectionrespec-
tively. After bundleadjustmenttheerrordecreasedto 0.461.
Theseexperimentsindicatethat theobtainedsolutionscan
beusedto bootstrapnon-linearoptimizationmethodsor ro-
bustestimationschemessuchasRANSAC.

5. CONCLUSIONS

We have in this paperinvestigatedtwo novel minimalcases
for projective reconstructionin threeviews. We have given
the numberof solutionsas well asalgorithmsfor solving
thesecases.They seemto performreasonablywell on real
data.
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