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ABSTRACT

In this paperwe addresghe problemof projective recon-
structionof structureandmotiongivenonly imagedata.In
particularwe investigatehreenovel minimal combinations
of pointsandlines over threeviews, andgive completeso-
lutions andreconstructiormethodsfor two of thesecases:
“four pointsandthreelinesin threeviews”, and“tw o points
andsix linesin threeviews”. We shaw thatin generathere
are three and seven solutionsrespectiely to thesecases.
Thereconstructiomethodsaretestedonrealandsimulated
data.

1. INTRODUCTION

Oneof the coreproblemsof computervision is 3D recon-
struction.Within thelastyearsreconstructiomethod$ave
beensuccessfullgxtendedo projectivereconstructionvithin
an uncalibratedframework [5]. In this paperwe will in-
vestigatesomeminimal casedor projectie reconstruction,
whereby a minimal caseis meantthat omissionof some
datagivesanin nite numberof solutions.Solvingminimal
casedo perform3D reconstructiotis of boththeoreticahnd
practicalimportance Algebraicsolutionsobtainedrom the
minimal casescan be usedto bootstraprobust estimation
algorithmssuchas RANSAC or LMS schema[4, 13| or
optimal estimationalgorithmssuch as bundle adjustment.
Using only pointstherearetwo minimal casedor projec-
tive reconstruction.For two views 7 points are needed—
Sturm's method[12] reintroducednto computervision in
[3] andfor threeviews, the minimum numberof the points
is 6 [11, 6]. For linesa minimum of threeviews is needed.
Therehasbeenlittle work on minimal casedor lines and
combination®f linesandpoints. This is especiallytruefor
theprojective case For othercameramodelscf [9, 1, 8].

A line in spacehasfour degreesof freedom.A pointin
spacehasthreedegreeof freedom.In eachimageapointor
aline givestwo constraint®ntheunknovngeometry If we
assumean uncalibratedpinhole camerathen eachcamera
haselevendegreesof freedom. Sincewe work in a projec-
tive settingeverythingis de ned up to a coordinatesystem
with 15 degreesof freedom.A minimal projective structure

andmotionproblemin
shouldhenceful Il

imageggiven pointsand lines

1)

If werestrictourselhesto threeimagesheminimalcasegor
combinationf pointsandlinesare: “6 points”, “4 points
and3 lines”, “2 pointsand6 lines” and“9 lines”. We will
in this papergive solutionsto the “4 pointsand 3 lines”
problemaswell asthe“2 pointsandé6 lines” problem.

We assumea perspectie projection(uncalibratedpin-
hole camera)asthe cameramodel. The camergperformsa
projectionfrom apointX in  toapointxin

P X )

In this paperwe will not useexplicit parameterizations
of objectlines, but in mostcasesconsiderthemasintersec-
tion of planes.Onepossiblerepresentatioifor imagelines
is thesocalleddualcoordinatesin this casealine is repre-
sentedby threehomogeneousoordinates
andthe line is given by , Where
denotegointson the line. This representatiofs usefulin
mary situations. For examplethe problemof determining
the 3D line from its imagelines with known camerama-
trices(socalledintersection) canbesolvedby intersecting
planes.f thenthepointsx areprojectionf points
X lying onthespacdineL,so x PX. Thismeanghat

I Pl X. So correspondso a planeon
which L lies. If we have two correspondindinesthis will
give two planeswhich canbeintersectedo gettheline. If
we havethreecorrespondingmagesof aline this givescon-
straintson the camerasvhich canbe formulatedas:

i.e.each minor of the matrix above vanish.We
will denotelines, pointsand camerasn view one without
superscriptsin view two with primesandin view threewith
doubleprimes. A line in view two thatis a projectionof a
line will hencebedenoted



2. FOUR POINTS AND THREE LINES

Wewill in thissectiongive analgorithmfor solvingthecase
of four pointsandthreelinesseenin threeimages.We will
shaw thatthereis in generathreesolutions,of which some
may be comple. Thealgorithmbecomesineargivenfour
pointsandfour or morelines. Thisin contrasto algorithms
that only usethe linear constraintson the trifocal tensor
whichneedatleastfour pointsand velines. Thetechnique
in this sectionhasbeenusedto solve for theessentiaimatrix
given ve correspondingoints,[10] andan algorithmfor
six pointsin two views, [7]. Themethodsarecloselyrelated
to multipolynomialresultantscf [2].

2.1. Parameterization

Asweareworkingwithin anuncalibrategrojectivesetting,
we may without restrictiort introducea projective coordi-
natesystemsuchthatthe pointsin spaceareassignedo
thecanonicalprojective coordinates

X X X X

andthe rst imagepointsin eachimageareassignedo

Using this choiceof coordinatesve get a specialform of
cameramatrices We have only usedfour pointsin our pro-
jective basiswhich leavesthefreedomto chooseonemore
point. We x thebasisby letting the cameracentreof cam-
eraonelie atthe point

C

This givesthefollowing threecamerasparametenzemth
six parameters

1We areimplicitly assuminghatthe objectpointsare projectiely
independenaswell asthe pointsin eachimage.

2.2. Problemsolution

We have usedthe four pointsto parameterizéhe cameras.
We will now usethethreelinesto solve for the unknavns.
The conditionthatthreelines areimagesof a common3D
lineis

M
Expandinghefour minorsof M onegetsfour equa-
tions:
B Y O (©)]
where
Y

By inspectionof B one can seethat at most three of
the four equationsare linearly independentvhen consid-
eredasasystemof equationsn theunknown
We will only usethe rst threeequations.This resultsm
9 linear equationsso we can expressthe rst nine of the
unknowvnsin Y in by the Gauss-Jordafactor
ization B of B . Insertingtheseexpressionsn the
nonlinearinternalconstraintf Y givesa systemof poly-
nomialequationsn whichcanbewrittenin the
following way:

Q 0 (4)

whereQ  only dependonimagedataand . In order
to have a solutionto equation4), Q hasto berankde cient
andhence Q . Expandingthe determinanof Q in
givesa third degreepolynomialin . Thusthereare
threesolutions.In section4 experimentson simulateddata
showsthattherearecasewith threedistinctreal solutions.
If we havefour linesor morewe canuseequation(3) to
getalinearsolution.In this casewe getfor

B Y 0 )

In orderto have anon-trivial solutionthe matrix B hasto be

rankde cient sothesolutionis givenastheright null-space
of B. The scaleof the solutionis given by satisfyingthe

nonlinearinternalconstraintsnheritedfrom Y.

3. TWO POINTS AND SIX LINES

In this sectionwe will give asolutionto theminimal caseof
two pointsandsix linesviewedin threeperspeciie views.
We will shav thatin generatherearesesensolutions.



3.1. Parameterization

We will usethetwo pointsandtwo of thelinesto parame-
terizethecamerasLet thetwo objectpointsbegivenas

andthe rst two linesas
L L

Onecannotde ne abasisin  usingtwo pointsandtwo
lines, cf [5], sothe basisin the imageswill be de ned by
threelinesandonepoint. We let thetwo pointsprojectto

andthe rst two linesto

This givesthe following threecamerasparameterizevith
nine parameters :

P

wherethe scalesof the cameramatricesareinheritedfrom
X X andx respectiely. We have x edtwo linesandtwo
pointsin space. This correspondgo

degreesof freedom. This leavesone degreeof freedomin
the projective structurewhich canbe x edby letting

3.2. Problemsolution

The two pointsandtwo of the lines have beenusedin the
parameterization We will usethe remainingfour linesto
solvetheproblem.We assumehatwe have madeprojective
changesn theimagessuchthat

We will againusethefactthat
M

We choosdwo equationdor eachline. Theseequationsare
obtainedfrom M in the following way. One equationis
givenby takingthe determinanof rows 1,3and4. Thesec-
ondequationis givenby takingthedeterminanof rows 1,2
and4. Sincewe areonly usingtwo equationsa smallnum-
ber of spurioussolutionsareintroduced(aswill be shavn
later) Thesespurioussolutionsare,however, easyto iden-
tify later.

Thiswill giveriseto thefollowing systenof equations:

B Y O (6)
with
Y
andB depend®nimagedataonly. We usethe Gauss-

JordanfactorizationB of B in equation(6) to eliminatethe
variables linearly. This givesfour equations
in . Of thesefour equationstwo arelinearin

andtwo arelinearin , sowe canusetheseequationgo
easilyeliminate . Thisleavestwo polynomialequa-
tionsin of total degree ve. Taking theresultant,
cf [2], of thesetwo polynomialswith respecto  givesa
polynomialof degreeelevenin . Four of theelevensolu-
tions arenot true solutions,but arisefrom the fact thatwe
canchoose sothatrow oneandfourin M arelin-
early dependent.This choice of givesa solution
to our chosenequationsbut will notleadto onefor which
all M have rank equalto two, andis thereforenot true a
solution.

This leavesseven solutions. As is shavn in the exper
imental part thereare indeedin somecasesseven distinct
realsolutionsto the problem.

4. EXPERIMENTS

The methodsfor solving the two minimal casesdescribed
in sections?2 and3 wereimplementedn Maple andtested
on simulateddata. The solutionsgive very small, closeto
machineprecision reprojectecerrors.In tablel thenumber
of real solutionsfor a numberof runs on randomdatais
shavn. Onecanseethatin somecaseghereareindeed3
and7 realsolutionsrespectiely for thetwo cases.

We have tried our algorithmson real dataaswell asthe
simulated We tried thealgorithmon thesceneshovn to the
left in gure 1. Thetwo dashedinesin combinationwith
thetwo pointsshovn in the gure wereusedin the parame-
terization. Oneshouldtry to avoid to choosewo linesthat



Table 1. Thenumberof realsolutionsfor thetwo cases
Nrofrealsol. | 1| 3

Occurrences | 10 | 30
Nrofrealsol. | 1|3 |57
Occurrences | 1| 8 [ 6| 6

4 points,3lines

2 points,6 lines

areclosein directionin the parameterizatiorsincethis may
leadto an unstablesolution. The dataleadin this caseto
threerealsolutions.We extractedseveralotherlinesaswell
asthetwo conicsin the sculpture.We thenusedour three
solutionsandintersectedhe imagedatalinearly. After re-
projectiononeof the solutionshad muchsmallerreprojec-
tion errorsthanthe two other solutions. The reprojection
of this solutionis shown to theright in gure 1. We also
extracted25 pointsfrom thetop conicof thesculpture.
The RMS errorsfor thesepointswere7.79and7.71for
thelinearintersectiorandtheoptimizedintersectiorrespec-
tively. After bundleadjustmentheerrordecreasetb 0.461.
Theseexperimentsndicatethat the obtainedsolutionscan
beusedto bootstramon-linearoptimizationmethod=or ro-
bustestimationschemesuchasRANSAC.

5. CONCLUSIONS

We havein this paperinvestigatedwo novel minimal cases
for projective reconstructiorin threeviews. We have given
the numberof solutionsas well as algorithmsfor solving
thesecases.They seemto performreasonablywvell on real
data.
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