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Abstract

In this articlewe addresstheproblemof projective reconstructionof structure

andmotiongivenonly imagedata.In particularweinvestigatethreenovel minimal

combinationsof pointsandlinesover threeviews,andgivecompletesolutionsand

reconstructionmethodsfor two of thesecases:“four pointsandthreelinesin three

views”, and“two pointsandsix lines in threeviews”. We show that in general

therearethreeandsevensolutionsrespectively to thesecases.Thereconstruction

methodsaretestedonrealandsimulateddata.Wealsogivetentativeresultsfor the

caseof ninelinesin correspondenceover threeviews,whereexperimentsindicate

thattheremaybeup to 36complex solutions.

1 Intr oduction

One of the core problemsof computervision is 3D reconstruction.Within the last

years,reconstructionmethodshave beensuccessfullyextendedto projective recon-
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structionwithin anuncalibratedframework [9]. In thisarticlewewill investigatesome

minimal casesfor projective reconstruction,whereby a minimal caseis meantthat

omissionof somedatagivesanin�nite numberof solutions.We assumethatonly im-

agedatais given,andfrom this we seekprojective solutionsfor thestructureandthe

motionof thecameras.

Solvingminimal casesto perform3D reconstructionis not only of theoreticalin-

terest,it alsois importantin practice:solutionsobtainedfrom minimal casescanbe

usedto bootstraprobust estimationalgorithmssuch as RANSAC or LMS schema

[4, 18, 25], andoptimal estimationalgorithmssuchasbundleadjustment[20]. In a

RANSAC framework for solving structureandmotion problems,a numberof hypo-

theticalmatchesareusedto estimatea solution.Basedon therestof theavailabledata

this solutionwill thenbeacceptedor rejected.In orderto minimizethecomplexity of

theprocedure,onewantsassmallaspossiblesamplesizeto estimatethe initial solu-

tion. A minimal caseis thereforea goodway to getan initial estimate.A drawback

of usingminimal casesin RANSAC is thatthey canhavemultiple solutions.This will

increasethecomplexity of theveri�cation step.

One motivation for using lines to get initial estimates,is that they often can be

measuredwith muchhigheraccuracy thanpointscan. This dueto that a line canbe

estimatedusinga largenumberof extractedpointsin the image.Theaccuracy of the

initial solutionswill thenbene�t from this.

For threeviews anda projective reconstruction,theminimumnumberof pointsis

6 [10, 15], andtheminimumnumberof linesis 9.

Linearalgorithmshavebeendevelopedfor over-constrainedsolutionsof at least13

lines[6], andfor combinationsof linesandpoints[7]. Non-linearmaximumlikelihood

estimatorshave alsobeendevelopedfor theseover-constrainedcases[18]. However,

therehasbeenlittle work on minimal casesfor lines, or combinationsof lines and

points.

Over-constrainedsolutionshave alsobeendevelopedfor othercameramodelsfor

lines,andcombinationsof pointsandlines, includingcalibratedcameras[11, 17, 22,

23, 24], andaf�ne cameras[1, 12, 16].

In thefollowing,wewill assumethatthelinesandpointsinvestigatedarein general
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positions.Theresultswill nothold for critical con�gurations,whichdoexist. For lines

cf. [2, 14], andfor points,see[13]. We do not know of any work describingcritical

con�gurationsfor projectivereconstructionof combinationsof linesandpoints.

2 Problemformulation

A line in spacehasfour degreesof freedom. A point in spacehasthreedegreesof

freedom.In eachimageapointor a line givestwo constraintson theunknown geome-

try. If weassumeanuncalibratedpinholecameratheneachcamerahaselevendegrees

of freedom,cf. [9]. Sincewe work in a projective settingeverythingis de�ned up to

a coordinatesystemwith 15 degreesof freedom.A minimal projective structureand

motionproblemin m imagesgivenn pointsandk linesshouldhenceful�ll:

(2n + 2k)m = 11m + 3n + 4k � 15: (1)

In table1 thedifferentminimalcasesfor two andthreecamerasaresummarised.There

areotherminimal problemsfor combinationsof pointsandlinesseenin four to nine

cameras.Thenumberof solutionsarealsogivenin theknowncases.Onecanseein the

tablethatasthesizeof themeasureddata-setincreases,while holding thenumberof

constraintsequalto thenumberof estimatedparameters,thecomplexity of theproblem

increases,with theresultthata largernumberof solutionsoccur. Our tentative results

on theninelinesgive indicationof up to 36solutionsin this case.

In generaladdinginformation, i.e. addingoneor more line or point, without in-

creasingthe numberof images,or addingimageswithout increasingthe numberof

lines or points,will give an over-constrainedproblem. This will in generalleadto a

uniqueover-constrainedsolution. If we restrictourselvesto threeimagestheminimal

casesfor combinationsof pointsandlines are: ª6 pointsº,ª4 pointsand3 linesº,ª2

pointsand6 linesºandª9 linesº. In this articlewe give solutionsto theª4pointsand

3 linesºproblemaswell as the ª2 pointsand6 linesºproblem. We alsogive some

tentativeresultson thecaseof ninelines.

Throughoutthearticle,vectorsaredenotedin boldfaceandmatricesin uppercase

boldface.Scalarsareany plain lettersor lowercaseGreek.
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Points Lines Solutions

7 0 3
Two cameras

Points Lines Solutions

6 0 3

4 3 3

2 6 7

0 9 ?
Threecameras

Table1: The numberof solutionsfor differentminimal problemsfor two andthree

cameras.

We assumea perspective projection(uncalibratedpinholecamera)asthe camera

model. Thusthe objectspacemay be consideredasembeddedin P3 andthe image

spaceembeddedin P2. Thecameraperformsa projectionfrom P3 to P2, andcanbe

representedby a3� 4 matrixP3� 4 of rank3 whosekernelis theprojectioncentre.The

relationbetweenapoint X in P3 anda pointx in P2 canbewritten

� x = P3� 4X : (2)

An imageline is representedby threehomogeneouscoordinatesl = [ l x ly lz ]> and

theline is givenby l> x = 0, wherex = [ u v w]> denotespointson theline. We will

denotelines, pointsandcamerasin view onewithout superscripts,in view two with

primesandin view threewith doubleprimes.For example,a line in view two thatis a

projectionof a line j in 3-spaceis denotedl0j = [ l0
xj l0

y j l0
zj ]> .

An importantpartof solvingaminimalstructureandmotionproblemis thechoice

of parameterization.A badly chosenparameterizationwill leadto a problemthat is

hard to solve and a good one may lead to the solution directly. In developing the

solutionsgivenin the following sectionswe have experimentedwith severaldifferent

parameterizationsandwe only report the most tractableonefor eachcase.Herewe

mentionsomeof theissuesinvolvedin choosingtheparameterization.

A basisin projectivespacehas15degreesof freedom.De�ning abasiswith points

in spaceis naturalsince� vepointshaveexactly5� 3 = 15degreesof freedom.These

points can be chosenin a canonicalform, that hasbeenusedin many instancesto
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parameterizestructureandmotionproblems,andit oftenleadsto niceproblemformu-

lations.

Using linesandcombinationsof linesandpointsto parameterizethegeometryis

a bit moretricky ascomparedto just usingpoints. Thereis no naturalor canonical

way to �x the coordinatesystemby specifyingline coordinates.To �x a basisusing

lineswill leadto theuseof a maximumof threelineswhich have in total 3 � 4 = 12

degreesof freedom.Theotherdegreesof freedommustbedeterminedby thecameras

or anotherpoint. In thecaseof �xing thedegreesof freedomusingthecamerasthiscan

bedonein anumberof differentways.Themostintuitive is maybeputtingthecamera

centresat speci�c points. In termsof thenumberof parametersthat thecamerasend

upbeingparameterizedby it is desirableto useasmany pointsasareavailable.This is

becauseapointgivesjustasmany linearconstraintsonacameraasaline does,but it is

determinedby oneparameterlessthanaline in space.This is thereasonwhy problems

involving many lineseasilyleadsto polynomialequationsof bothhighdegreeandwith

many unknown variables.

In orderto besurethatachosenparameterizationis well de�ned,onehasto verify

thatit de�nesawell de�ned homographysothatany linesin generalpositionsmaybe

transferredto thegivenbasis.For pointsandcamerasthis is straight-forward.For lines

it is determinedas follows: Eachline will give four conditionson the homography.

Theselinearconditionson thehomographyH canbewritten in thefollowing way:

� i
> HX j = 0; i = 1; 2; j = 1; 2 ; (3)

whereH transfersa line de�ned by the two points(X1; X2) to a line de�ned by the

intersectionof thetwo planes(� 1 ; � 2 ). Four linesarenotenoughto de�ne ahomog-

raphysincethereexiststwo invariantsfor four linesin P3, cf. [8, 5].

3 The caseof four points and thr eelines

In this sectionwe give analgorithmfor solvingthecaseof four pointsandthreelines

seenin threeimages.We will show that thereis in generalthreesolutions,of which

somemay be complex. The algorithmbecomeslinear given four pointsandfour or

5



morelines. This in contrastto algorithmsthat only usethe linear constraintson the

trifocal tensor, which needat leastfour pointsand� ve lines. Themethodsareclosely

relatedto multipolynomialresultants,cf [3, 19].

3.1 Parameterization

As we areworking within anuncalibratedprojective setting,we maywithout restric-

tion1 introducea projective coordinatesystemsuchthat the 4 pointsin spaceareas-

signedto thecanonicalprojectivecoordinates

h
X1 X2 X3 X4

i
=

2

6
6
6
6
6
6
4

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

3

7
7
7
7
7
7
5

andthe�rst 4 imagepointsin eachimageareassignedto

h
x1 x2 x3 x4

i
=

2

6
6
6
4

1 0 0 1

0 1 0 1

0 0 1 1

3

7
7
7
5

:

Using this choiceof coordinateswe get a specialform of cameramatrices.We have

only usedfour pointsin our projective basis,which leavesthefreedomto chooseone

morepoint. We �x thebasisby letting thecameracentreof cameraonelie at thepoint

C1 =
h
1 1 1 � 1

i
> : This givesthefollowing threecameras,parameterizedwith

six parameters(� 1; : : : ; � 6):

P =

2

6
6
6
4

1 0 0 1

0 1 0 1

0 0 1 1

3

7
7
7
5

; P0 =

2

6
6
6
4

� 1 0 0 1

0 � 2 0 1

0 0 � 3 1

3

7
7
7
5

; P00=

2

6
6
6
4

� 4 0 0 1

0 � 5 0 1

0 0 � 6 1

3

7
7
7
5

:

3.2 Problemsolution

We have usedthefour pointsto parameterizethecameras.We will now usethethree

linesto solvefor theunknowns.Theconditionthatthreelinesareimagesof acommon
1We areimplicitly assumingthatthe4 objectpointsareprojectively independentaswell asthe4 points

in eachimage.
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3D line is

rank M j = rank
h
P> l j P0> l0

j P00> l00
j

i
= 2 :

In ourcasewehaveexplicitly for eachline j

M j =

2

6
6
6
6
6
6
4

lxj � 1 l0
xj � 4 l00

xj

ly j � 2 l0
y j � 5l00

y j

lzj � 3 l0
zj � 6l00

zj

Sj S0
j S00

j

3

7
7
7
7
7
7
5

;

with

Sj = lxj + ly j + lzj ; S0
j = l0

xj + l0
y j + l0

zj ; S00
j = l00

xj + l00
y j + l00

zj :

Expandingthefour 3 � 3� minorsof M j onegetsthefollowing four equations:

B4� 12Y = 04� 1; (4)

where

Y> =
h

� 1 � 2 � 3 � 2 � 6 � 3 � 5 � 1 � 6 � 3 � 4 � 1 � 5 � 2 � 4 � 4 � 5 � 6

i

and

B =

2

6
6
6
6
6
6
4

0 � lzj l0
y j S00

j ly j l0
zj S00

j l0
y j l00

zj Sj � l0
zj l00

y j Sj 0

� lzj l0
xj S00

j 0 lxj l0
zj S00

j 0 0 l00
zj l0

xj Sj : : :

� l0
xj ly j S00

j lxj l0
y j S00

j 0 0 0 0

0 0 0 lxj l0
y j l00

zj � lxj l0
zj l00

y j � ly j l0
xj l00

zj

0 0 0 0 lzj l00
y j S0

j � l00
zj ly j S0

j

: : : � l0
zj l00

xj Sj 0 0 lzj l00
xj S0

j 0 � lxj l00
zj S0

j

0 l0
xj l00

y j Sj � l0
y j l00

xj Sj ly j l00
xj S0

j � lxj l00
y j S0

j 0

ly j l0
zj l00

xj lzj l0
xj l00

y j � lzj l0
y j l00

xj 0 0 0

3

7
7
7
7
7
7
5

Sincelxj B1 � ly j B2 + lzj B3 = S1j B1 whereBi denotesthei ' th row of B weknow

that at most threeof the four equationsarelinearly independentwhenconsideredas

a systemof equationsin theunknown (Y1; : : : ; Y12). We will only usethe �rst three

equations.Thesecanbeveri�ed to belinearly independent(take for instancethesub-

matrixof B consistingof rowsoneto threeandcolumnstwo to four whosedeterminant
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is clearlynon-zero.)Thisresultsin 9 linearequationssowecanexpressthe�rst nineof

theunknownsin Y in (� 4; � 5; � 6) by theGauss-JordanfactorizationeB9� 12 of B9� 12.

Insertingtheseexpressionsin thenonlinearinternalconstraintsof Y givesa systemof

polynomialequationsin f � 4; � 5; � 6g whichcanbewritten in thefollowing way:

Q6� 6

h
1 � 4 � 5 � 2

4 � 2
5 � 4� 5

i
> = 06� 1 ; (5)

whereQ6� 6 only dependson imagedataand� 6. In orderto have a solutionto equa-

tion (5), Q hasto berankde�cient andhencedet Q = 0. Expandingthedeterminant

of Q in � 6 givesa third degreepolynomialin � 6. Thustherearethreesolutions. In

section5.1experimentsonsimulateddatashowsthattherearecaseswith threedistinct

realsolutions.

If we have four linesor morewe canuseequation(4) to geta linearsolution. In

thiscasewe getfor n � 4

B3n � 12Y = 03n � 1 : (6)

In order to have a non-trivial solution the matrix B hasto be rank de�cient so the

solution is given as the right null-spaceof B. The scaleof the solution is given by

satisfyingthenonlinearinternalconstraintsinheritedfrom Y.

4 The caseof two points and six lines

In thissectionwegiveasolutionto theminimalcaseof two pointsandsix linesviewed

in threeperspectiveviews. We will show thatin generaltherearesevensolutions.

4.1 Parameterization

We will usethe two pointsandtwo of the lines to parameterizethecameras.Let the

two objectpointsbegivenasX1 =
h
1 0 0 0

i
> ; X2 =

h
0 0 0 1

i
> ; and

the�rst two linesasL 1 =
h
0 t 1 1

i
> ; L2 =

h
1 1 t 1

i
> ; t 2 R : One

cannot de�ne a basisin P2 usingtwo pointsandtwo lines,cf. [9], sothebasisin the

8



imageswill bede�ned by threelinesandonepoint. We let thetwo pointsprojectto

h
x1 x2

i
=

2

6
6
6
4

u 1

v 1

w 1

3

7
7
7
5

;
h
x0

1 x0
2

i
=

2

6
6
6
4

u0 1

v0 1

w0 1

3

7
7
7
5

;
h
x00

1 x00
2

i
=

2

6
6
6
4

u00 1

v00 1

w00 1

3

7
7
7
5

;

andthe�rst two linesto

h
l1 l2

i
=

2

6
6
6
4

1 0

0 1

0 0

3

7
7
7
5

;
h
l01 l02

i
=

2

6
6
6
4

1 0

0 1

0 0

3

7
7
7
5

;
h
l00
1 l00

2

i
=

2

6
6
6
4

1 0

0 1

0 0

3

7
7
7
5

:

Thisgiveseachcamerathreeparameters,of thefollowing form:

P =

2

6
6
6
4

u 0 � 1 � � 1

v � 1 � v 0 � � 1

w � 2 � 3 � � 1

3

7
7
7
5

:

Similarly P0andP00areparameterizedby � 4; : : : ; � 6 and� 7; : : : ; � 9. Thescalesof the

cameramatricesareinheritedfrom x1; x0
1 andx00

1 respectively. We have�x edtwo lines

andtwo pointsin space.Thiscorrespondsto 2� 4+ 2� 3 = 14degreesof freedom.This

leavesonedegreeof freedomin theprojective structurewhich canbe �x edby letting

� 1 = 1.

4.2 Problemsolution

Thetwo pointsandtwo of thelineshavebeenusedin theparameterization.Wewill use

theremainingfour linesto solvetheproblem.Weassumethatwehavemadeprojective

changesin the imagessuchthat l3 = l03 = l00
3 =

h
0 0 1

i
> : We will againusethe

factthat

rank M j = rank
h
P> l j P0> l0

j P00> l00
j

i
= 2; j = 3 : : : 6 :

We choosetwo equationsfor eachline. Theseequationsareobtainedfrom M j in the

following way. Oneequationis givenby takingthedeterminantof rows1,3and4. The

secondequationis given by taking the determinantof rows 1,2 and4. Sincewe are
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only usingtwo equations,a smallnumberof spurioussolutionsareintroduced(aswill

beshown later).Thesespurioussolutionsare,however, easyto identify later.

This will giveriseto thefollowing systemof equations:

B8� 16Y = 08� 1; (7)

with

Y>
16� 1 = [� 5 � 6 � 8 � 9 � 5 � 7 � 6 � 7 � 4 � 8 � 4 � 9 � 4 � 7 � 2 � 4 � 3 � 4 � 2 � 7 � 3 � 7 � 4 � 7 1]

andwhereB8� 16 dependson imagedataonly.

We usetheGauss-Jordanfactorizationof B in (7):

eB8� 16Y =
h
I8� 8 A8� 8

i
Y> = 08� 1; (8)

whereI is the identity matrix and A only dependson imagedata. We usethe �rst

four rowsof eB in (8) to express(� 5; � 6; � 8; � 9) in termsof (� 2; � 3; � 4; � 7), andsub-

stitute theseexpressionsinto the last four rows of (8). This givesfour equationsin

(� 2; � 3; � 4; � 7) whichhavethefollowing structure:
8
<

:

� � 3 � 2
4 + � � 3 � 4 + � � 3 � 4 � 7 + � � 3 � 7 + � � 2

4 + � � 2
4 � 7 + � � 4 + � � 4 � 7 + � � 7 = 0

� � 3 � 2
7 + � � 3 � 4 + � � 3 � 4 � 7 + � � 3 � 7 + � � 2

7 + � � 4 � 2
7 + � � 4 + � � 4 � 7 + � � 7 = 0

(9)

8
<

:

� � 2 � 2
4 + � � 2 � 4 + � � 2 � 4 � 7 + � � 2 � 7 + � � 2

4 + � � 2
4 � 7 + � � 4 + � � 4 � 7 + � � 7 + � = 0

� � 2 � 2
7 + � � 2 � 4 + � � 2 � 4 � 7 + � � 2 � 7 + � � 2

7 + � � 4 � 2
7 + � � 4 + � � 4 � 7 + � � 7 + � = 0

(10)

Equation(9) is linear in � 3 and(10) is linear in � 2, sowe canusetheseequationsto

easilyeliminate(� 2; � 3). This leavestwo polynomialequationsin (� 4; � 7) of total

degree� ve. Takingtheresultant,cf. [3], of thesetwo polynomialswith respectto � 4

givesa polynomialof degreeeleven in � 7. Four of the eleven solutionsarenot true

solutions,but arisefrom thefactthatwe canchoose(� 4; � 7) sothatrow oneandfour

in M j arelinearly dependent.This choiceof (� 4; � 7) givesa solutionto our chosen

equationsbut will not lead to one for which all M j have rank equalto two, and is

thereforenot trueasolution.

This leavessevensolutions.As is shown in theexperimentalpart thereareindeed

in somecasessevendistinctrealsolutionsto theproblem.
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Fourpointsandthreelines

Nr of realsol. 1 3

Occurrences 10 30

Two pointsandsix lines

Nr of realsol. 1 3 5 7

Occurrences 1 8 6 6

Table2: Thenumberof realsolutionsfor thetwo casesusingsimulateddata.

5 Experiments

5.1 Resultsfor real and simulateddata

The methodsfor solving the two minimal casesdescribedin sections3 and4 were

implementedin Maple andtestedon simulateddata. The solutionsgive very small,

closeto machineprecision,reprojectederrors.In table2 thenumberof realsolutions

for a numberof runson randomdatais shown. Onecanseethat in somecasesthere

areindeed3 and7 realsolutionsrespectively for thetwo cases.

We have triedour algorithmson realdataaswell asthesimulated.Figure1 shows

threeimagesof a housecomplex. From theseimageswe have manuallyextracted

two correspondingpointsandsix correspondinglines. Thetwo pointsandtwo of the

lineswereusedto make coordinatechangesandparameterizetheproblemaccording

to section4.1.We thenusethemethoddescribedin section4.2to solve for thecamera

geometry. In this casethreeof thesevensolutionswerereal.

Sinceit is aminimalproblemthereprojectionerrorsin theimagesarezero(except

for numericalinaccuracies),but this is notanindicationof how goodthesolutionsare.

To testour solutionselevencorrespondingpointswereextractedin the threeimages.

Using the computedcameras,the 3D structurewas reconstructedlinearly from the

correspondingimagepoints. Thestructurewasthenprojectedonto the images,using

thecomputedcameras.For oneof thethreesolutionstheRMSerrorbetweenmeasured

andreprojectedpointswas2.099pixelswhichwasmuchsmallercomparedto theother

two solutions. In �gure 2 the original eleven pointsareshown with the reprojected

pointsusingthis solution. Usinga Newton-basedoptimizationof thestructureof the

elevenpointswhile holdingthecameras�x edreducedtheRMS-errorto 2.043pixels.
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Figure1: Thethreeimagesusedwith six correspondinglinesandtwo points.
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Figure2: Reprojectionerrorsof theelevenpoints.Thedatapointsaremarkedwith º*º

andthereprojectedpointswith ºoº.

After afull bundleadjustment,[20], the�nal solutionhadanRMSerrorequalto 0.4096

pixels.

We alsoappliedthealgorithmto anotherscene,shown in �gure 3. Thetwo dashed

lines in combinationwith thetwo pointsshown in the �gure wereusedin theparam-

eterization.Oneshouldtry to avoid choosingtwo lines that areclosein directionin

the parameterization,sincethis may leadto an unstablesolution. Again in this case

the imagedatagave rise to threerealsolutions.A numberof additionallines,aswell

asthe two conicsin thesculpture,wereextracted.The threesolutionsto thecamera

geometrywerethenusedto compute3D structurelinearly from theimagedata.After

reprojection,oneof the solutionshadmuchsmallerreprojectionerrorsthan the two

othersolutions.Thereprojectionof thissolutionis shown in �gure 4. Thereprojection
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Figure3: Threeimagesusedwith thesix linesandtwo pointsusedin thereconstruction

marked.Thetwo dashedlinesaretheonesusedto parameterizetheproblem.
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Figure 4: Reprojectionof lines andconics– for the conicsreasonablereprojection

errorsandfor thelinestheerrorsareverysmall.

errorsfor thelinesaresmall.Theerrorsfor theconicsaresomewhatlarger, especially

thebottomone.A reasonfor thismaybethatthelinesusedin theestimationof camera

geometrywereextractedfrom thetoppartof thesculpture.

We alsoextracted25 pointsfrom the top conicof thesculpture.TheRMS errors

for thesepointswere7.79and7.71pixelsfor thelinearandtheoptimizedreconstruc-

tion respectively. After bundleadjustmenttheerrordecreasedto 0.461pixels. These

experimentsindicatethat the obtainedsolutionscanbe usedto bootstrapnon-linear

optimizationmethodsor robustestimationschemessuchasRANSAC.
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5.2 Nine lines in threeimages

Wewill in thissectiongivetentativeresultsonthecaseof ninelinesin correspondence

over threeviews. We will parameterizethe problemin a specialway, andthenusea

numericalsolver to solve this problemgivensomesyntheticdata.

Threeof thelinesareusedin theparameterization.Theselinesarechosenas

L1 =
h
0 t 1 1

i
> ; L2 =

h
1 0 t 1

i
> ; L 3 =

h
t 1 0 1

i
> ; t 2 R:

The basisis then�x ed by choosingthe point C1 =
h
0 0 0 1

i
> asthe camera

centre.A canonicalbasesin theimagesis chosenasdescribedin section4. This gives

threecameras,parameterizedwith 12 parameters.The rank constraintsthengive 12

equationsin the 12 unknowns. Thesecanbe chosenso that 6 equationsareof total

degree3, and6 othersareof totaldegree2.

Given a polynomialsysteman upperboundon the numberof solutionsis given

by Bezout's theoremas the productof the total degreesof the polynomials. In our

casewe have6 equationsof total degree3 and6 othersof total degree2 which means

a total of 26 � 36 = 46656solutions. A betterboundon the numberof solutionsis

givenby thesocalledmixed volume of thesystem,cf. [3]. Themixedvolumelooks

at exactly which monomialsthat arepresentin eachpolynomial,asopposedto only

looking at the largesttotal degreeof eachpolynomial. If the polynomial is full, i.e.

if all possiblemonomialsup to the total degreehave coef�cients differentfrom zero,

thenthemixedvolumeis equalto thebezoutbound.Howevermany polynomialshave

specialstructuresandthenthe mixed volumegivesa betterboundon the numberof

solutions.

To solve theequationswe haveuseda polynomialsolvercalledPHC,which is de-

scribedin [21]. This programstartswith calculatingthemixedvolumeof thesystem.

In our casethis turnedout to be413,which meansthattherearemaximally413solu-

tions to thenine linesproblem. After thecalculationof themixedvolumethesolver

proceedsby constructinga moreeasilysolved systemwith the samestructureasthe

original problem. It solves this systemand the 413 solutionsare propagatedto the

solutionto theoriginalsystemby ahomotopy continuationmethod.Someof theseso-

lutionsgoout to in�nity andarenotsolutionsto theoriginalproblem.ThePHCsolver
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Nr 1 2 3 4 5 6 7 8 9 10 11 12

PHCsol. 264 263 264 264 263 263 263 263 263 263 263 263

OK sol. 36 36 36 37 36 36 35 36 32 36 36 36

Realsol. 14 22 10 12 8 18 11 12 18 14 16 22

Table3: Thenumberof solutionsin theninelinescase.

wasusedona numberof simulatedninelinescases.Theresultingsolutionswerethen

veri�ed numericallyby insertingthesolutionsinto thecameramatricesandverifying

therankconditionsby looking at thesingularvalues.Thespurioussolutionsthatdid

not ful�ll therankconstraintswereremoved,aswell asthosethat leadto camerama-

triceswith rank lessthan3. Theresultson a numberof runsis shown in table3. In

thetableonecanseethat thenumberof solutionscomingout from thePHCsolver is

quite stable. The veri�cation is lessstablesinceit dependson the thresholdusedto

determinewhethera singularvalueis zeroor not. Sincetheestimatednumberof true

solutionsdependsonthisthresholdit is hardto draw any conclusionsontheexactnum-

berof solutions,evenif we performedmany moreruns.Certainlyin somecasesthere

areerrors.In run number4 for instance,thenumberof complex solutionsis indicated

to beoddwhichclearly is not true. However theseexperimentsgiveanindicationthat

therearearound30-40solutionsto theninelinescase.

Eachrun of thePHCsolver tookaroundonehourona SUN Ultra 5 runningunder

Solaris.Thismeansthatthis is notaviablemethodif oneis interestedin RANSAC for

instance,wheremany samplesmayberequired.

6 Conclusions

Wehavein thisarticleinvestigatedthreenovelminimalcasesfor projectivereconstruc-

tion in threeviews.

We havegiventhenumberof solutionsaswell asalgorithmsfor solvingtwo of the

cases.For thecaseof threelinesandfour pointsseenin threeimagesthereareup to

threerealsolutions,andfor thecaseof six linesandtwo pointsin threeimagesthere
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areup to sevenrealsolutions.

Both casesseemto performreasonablywell on realdata.Thealgorithmsgive fast

andaccurateinitial solutions,thatcanbeusedto bootstrapa RANSAC framework for

structureandmotionestimation.

Thecaseof ninelineshasbeententatively investigatednumericallywith solutions

basedon homotopy continuationmethods.It is clearthat thereareno morethat413

solutionsandthe true numberof solutionsseemsto be 36. However, morework is

neededin orderto solve this case.

Oneother minimal casein threeviews, that might be worth investigatingin the

future, is thecaseof threeimagesof a quadricin combinationwith four points. This

is relatedto theªfourpointsandthreelinesºcasein thatthreelinesin generalposition

de�ne a ruledquadric.
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