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Abstract

In this article we addresshe problemof projective reconstructiorof structure
andmotiongivenonly imagedata.In particularwe investigatehreenovel minimal
combinationof pointsandlinesoverthreeviews, andgive completesolutionsand
reconstructioomethoddor two of thesecases!four pointsandthreelinesin three
views”, and“two pointsandsix linesin threeviews”. We shav thatin general
therearethreeandseven solutionsrespectrely to thesecasesThereconstruction
methodsaretestedbnrealandsimulatecdata.We alsogive tentatve resultsfor the
caseof ninelinesin correspondencever threeviews, whereexperimentdndicate

thattheremaybeupto 36 comple solutions.

1 Intr oduction

One of the core problemsof computervision is 3D reconstruction. Within the last

years,reconstructiormethodshave beensuccessfullyextendedto projective recon-



structionwithin anuncalibratedramework [9]. In thisarticlewe will investigatesome
minimal casesfor projective reconstructionwhereby a minimal caseis meantthat
omissionof somedatagivesanin nite numberof solutions.We assumehatonly im-
agedatais given,andfrom this we seekprojective solutionsfor the structureandthe
motionof thecameras.

Solving minimal casego perform3D reconstructioris not only of theoreticalin-
terest,it alsois importantin practice: solutionsobtainedfrom minimal casescanbe
usedto bootstraprobust estimationalgorithmssuch as RANSAC or LMS schema
[4, 18, 25|, and optimal estimationalgorithmssuchasbundle adjustmen{20]. In a
RANSAC framework for solving structureand motion problems,a numberof hypo-
theticalmatchesareusedto estimatea solution. Basedon therestof the availabledata
this solutionwill thenbe acceptedr rejected.In orderto minimize the complexity of
the procedurepnewantsassmall aspossiblesamplesizeto estimatetheinitial solu-
tion. A minimal caseis thereforea goodway to getaninitial estimate.A dravback
of usingminimal casesh RANSAC is thatthey canhave multiple solutions.This will
increasahe compleity of theveri cation step.

One motivation for usinglines to getinitial estimatesjs that they often canbe
measuredvith muchhigheraccurag thanpointscan. This dueto thata line canbe
estimatedusinga large numberof extractedpointsin theimage. The accurag of the
initial solutionswill thenbene t from this.

For threeviews anda projectie reconstructionthe minimum numberof pointsis
6 [10, 15], andthe minimum numberof linesis 9.

Linearalgorithmshave beendevelopedfor over-constrainedolutionsof atleast13
lines[6], andfor combination®f linesandpoints[7]. Non-linearmaximumlik elihood
estimatorshave alsobeendevelopedfor theseover-constrainedaseqd18]. However,
therehasbeenlittle work on minimal casesfor lines, or combinationsof lines and
points.

Over-constrainedolutionshave alsobeendevelopedfor othercameramodelsfor
lines,andcombinationf pointsandlines, including calibratedcamerag11, 17, 22,
23, 24], andafne cameragl, 12, 16].

In thefollowing, wewill assumehatthelinesandpointsinvestigatedrein general



positions.Theresultswill nothold for critical con gurations,which do exist. For lines
cf. [2, 14), andfor points,see[13]. We do not know of ary work describingcritical

con gurationsfor projective reconstructiorof combinationf linesandpoints.

2 Problemformulation

A line in spacehasfour degreesof freedom. A point in spacehasthreedegreesof
freedom.In eachimagea pointor aline givestwo constrainton the unknavn geome-
try. If we assumeanuncalibratecbinholecameraheneachcamerahaselevendegrees
of freedom,cf. [9]. Sincewe work in a projective settingeverythingis de ned up to
a coordinatesystemwith 15 degreesof freedom. A minimal projective structureand

motionproblemin m imagesgivenn pointsandk linesshouldhenceful II:
(2n+ 2k)m = 1Im+ 3n+ 4k 15: (1)

In tablel thedifferentminimal casedor two andthreecamerasresummarisedThere
areotherminimal problemsfor combinationof pointsandlines seenin four to nine
camerasThenumberof solutionsarealsogivenin theknown casesOnecanseein the
tablethatasthe size of the measurediata-seincreaseswhile holding the numberof
constraint®qualto thenumberof estimategharameterghecomplexity of the problem
increaseswith theresultthata largernumberof solutionsoccur Our tentative results
ontheninelinesgiveindicationof up to 36 solutionsin this case.

In generaladdinginformation,i.e. addingone or moreline or point, without in-
creasingthe numberof images,or addingimageswithout increasingthe numberof
linesor points,will give anover-constrainegroblem. This will in generalleadto a
uniqueover-constrainedolution. If we restrictourselesto threeimagesthe minimal
casedor combinationof pointsandlines are: 26 points®,24 pointsand3 lines®,22
pointsand6 lines®and29lines®. In this article we give solutionsto the24 pointsand
3 lines®problemaswell asthe @2 pointsand 6 lines®problem. We also give some
tentatve resultson the caseof ninelines.

Throughouthearticle,vectorsaredenotedn boldfaceandmatricesin uppercase

boldface.Scalarsareary plain lettersor lower caseGreek.



Points | Lines | Solutions Points | Lines | Solutions

7 0 3 6 0 3
Two cameras

4 3 3

2 6 7

0 9 ?
Threecameras

Table1: The numberof solutionsfor differentminimal problemsfor two andthree

cameras.

We assumea perspectie projection(uncalibratecpinhole camera)asthe camera
model. Thusthe objectspacemay be considerecasembeddedn P? andthe image
spaceembeddedn P?. The cameraperformsa projectionfrom P2 to P?, andcanbe
representedya3 4 matrixP; 4 of rank3 whosekernelis theprojectioncentre. The

relationbetweena point X in P® anda pointx in P? canbe written
X = P3g 4X : (2)

An imageline is representetby threehomogeneousoordinates = [ I I, |,]> and
theline is givenby I> x = 0, wherex = [ u v w]> denotegointson theline. We will
denotelines, pointsand camerasn view one without superscriptsin view two with
primesandin view threewith doubleprimes.For example,aline in view two thatis a
projectionof alinej in 3-spacds denoted? = [ 13 19, 12,1

An importantpartof solvinga minimal structureandmotion problemis the choice
of parameterizationA badly chosenparameterizationvill leadto a problemthatis
hardto solve and a good one may lead to the solution directly. In developingthe
solutionsgivenin the following sectionswe have experimentedvith several different
parameterizationandwe only reportthe mosttractableonefor eachcase. Herewe
mentionsomeof theissuednvolvedin choosingheparameterization.

A basisin projective spacenasl5 degreesof freedom.De ning abasiswith points

in spaces naturalsince vepointshaveexactly5 3= 15degreesof freedom.These

points can be chosenin a canonicalform, that hasbeenusedin mary instanceso



parameterizatructureandmotion problemsandit oftenleadsto nice problemformu-
lations.

Using lines andcombinationsof lines andpointsto parameterizéhe geometryis
a bit moretricky ascomparedo just usingpoints. Thereis no naturalor canonical
way to x the coordinatesystemby specifyingline coordinates.To x a basisusing
lineswill leadto the useof amaximumof threelineswhich havein total3 4= 12
degreesof freedom.The otherdegreesof freedommustbe determinedy thecameras
or anotherpoint. In thecaseof xing thedegreesof freedomusingthecamerashiscan
be donein anumberof differentways. The mostintuitive is maybeputtingthecamera
centresat speci ¢ points. In termsof the numberof parametershat the camerasend
upbeingparameterizetly it is desirablgo useasmary pointsasareavailable.Thisis
becausapointgivesjustasmary linearconstraint®nacamerasaline doesbutit is
determinedy oneparametetessthanaline in spaceThisis thereasorwhy problems
involving mary lineseasilyleadsto polynomialequation®f bothhigh degreeandwith
mary unknown variables.

In orderto be surethata choserparameterizatiois well de ned, onehasto verify
thatit de nesawell de ned homographysothatary linesin generapositionsmaybe
transferredo thegivenbasis.For pointsandcamerashisis straight-forvard. For lines
it is determinedasfollows: Eachline will give four conditionson the homography

Thesdinearconditionson thehomographyH canbewrittenin thefollowing way:
i"HX; =0; i=12]j=12; 3

whereH transfersa line de ned by the two points (X3; X;) to aline de ned by the
intersectiorof thetwo planeg( 1; 2). Fourlinesarenotenoughto de ne ahomog-

raphysincethereexiststwo invariantsfor four linesin P3, cf. [8, 5].

3 The caseof four points and threelines

In this sectionwe give analgorithmfor solvingthe caseof four pointsandthreelines
seenin threeimages.We will shav thatthereis in generalthreesolutions,of which

somemay be complex. The algorithmbecomedinear given four pointsandfour or



morelines. This in contrastto algorithmsthat only usethe linear constraintson the
trifocal tensor which needat leastfour pointsand velines. The methodsareclosely

relatedto multipolynomialresultantsef [3, 19.

3.1 Parameterization

As we areworking within an uncalibratedorojective setting,we may without restric-
tion! introducea projective coordinatesystemsuchthat the 4 pointsin spaceare as-

signedto the canonicalprojective coordinates

2 3
1000
h i 0100
X1 Xy X3z X4 =
0010
000 1

andthe rst 4 imagepointsin eachimageareassignedo
2

h 1 001
X1 Xo X3 X4 =§0 10 122
0 011
Using this choiceof coordinatesve geta specialform of cameramatrices. We have
only usedfour pointsin our projective basis,which leavesthe freedomto chooseone
morephoint. We x thc?basisbyIettingthecameracentreof cameraonelie atthepoint

Ci= 1 1 1 1 ~:Thisgivesthefollowing threecamerasparameterizewith

six parameter§ 1;:::; )
2 3 2 3 2 3
1 001 1 0 0 1 4 0 0 1
P=§O 10 1z;P°:§o 2 0 12;P°°z§o 5 O 12:
0 011 0O O 3 1 0O O 6 1

3.2 Problemsolution

We have usedthe four pointsto parameterizéhe camerasWe will now usethethree

linesto solvefor theunknownns. The conditionthatthreelinesareimagesof acommon

1We areimplicitly assuminghatthe 4 objectpointsareprojectively independenaswell asthe4 points

in eachimage.



3Dlineis h i
rankM; = rank p>l;  P®|0 P00 = 2:

In our casewe have explicitly for eachline |

2 3
g 110 4l
Xj 1lxj 4lxj
| 10. 100
o _ Q[ 2lyj Slyj
MJ - |, |0 |00
zZj 3lzj 6lzj

with

C— . 0_0 0 0 . 00— |00 00 00.
S = b + Iy + 1555 SP= 19 + 19 + 12 S%= 100+ 120+ |2

Expandingthefour3 3 minorsof M; onegetsthefollowing four equations:

Bs 12Y =04 1; (4)
where
h i
Y> p—
- 1 2 3 2 6 3 5 1 6 3 4 1 5 2 4 4 5 6
and
2
00 | .10 <00 [0 |00 0 100
118 8% 1,12 8% 12195 19105 0
0 00 10 <00 0010 o
419'S 0 1418S® 0 0 19912 5
19 |y, S® IG18S® 0 0 0 0
0 100 0 100 0 100
0 0 11910 119190 11019
3
0 0 0 0 I, |OOS0 199] 'S-O
j zj lyj
0 |00g 000 000
2105 0 0 11 0 lg 1905,
0 |00g 0 |00g 100 <0 000
0 IGI0S 1210 1,19080 1,190 0
00 0 (00 0 100
112190 1519199 111919 0 0

Sincely; B1  lyj B2+ |;; B3z = S35 B whereB; denoteghei’ th row of B we know
that at mostthreeof the four equationsarelinearly independentvhenconsideredas
a systemof equationsn the unknaowvn (Yz1;:::; Y12). We will only usethe rst three
equations.Thesecanbe veri ed to belinearly independengtake for instancethe sub-

matrix of B consistingof rows oneto threeandcolumnstwo to four whosedeterminant



is clearlynon-zero.)Thisresultsin 9 linearequationsowe canexpresghe rst nineof
theunknawvnsin Y in ( 4; s; ) bytheGauss-JordafactorizationBg 1, of Bg 12.
Insertingtheseexpressionsn the nonlinearinternalconstraintof Y givesa systemof

polynomialequationsn f 4; 5; &g whichcanbewrittenin thefollowing way:
h [
Q6 6 1 4 5 [21 4 5 > = Os 1; (5)

ainy

whereQg ¢ only depend®nimagedataand . In orderto have a solutionto equa-
tion (5), Q hasto berankde cient andhencedetQ = 0. Expandingthe determinant
of Q in ¢ givesathird degreepolynomialin . Thustherearethreesolutions.In
section5.1 experimenton simulateddatashovs thattherearecaseawith threedistinct
realsolutions.

If we have four lines or morewe canuseequation(4) to geta linear solution. In
thiscasewe getforn 4

Ban 12Y = 03y 1: (6)

In orderto have a non-trivial solution the matrix B hasto be rank de cient so the
solutionis given asthe right null-spaceof B. The scaleof the solutionis given by

satisfyingthe nonlinearinternalconstraintsnheritedfrom Y.

4 The caseof two points and six lines

In this sectionwe give a solutionto theminimal caseof two pointsandsix linesviewed

in threeperspectie views. We will show thatin generatherearesesensolutions.

4.1 Parameterization

We will usethetwo pointsandtwo %f thelines toi parameteriﬁ%%he camerasI.Let the

two objectpointsbegivenﬁsxl = 1000 >.h X2= 0.0 0 1 ~;and
i i

the rst twolinesasL; = 0 t 1 1°; L= 1 1t 17; t2R:0ne

cannot de ne abasisin P? usingtwo pointsandtwo lines, cf. [9], sothe basisin the



imageswill bede ned by threelinesandonepoint. We let the two pointsprojectto

2 3 2 3 2 3
0 00
h i gY 17 n i gY 17 q i gt 1
X1 X =@v 17; x? x§ =6v0 17; x¥ x30 =g6v00 17;
w 1 wl 1 wo 1
andthe rst two linesto
2 3 2 3 2 3
h i 68 % n i gt % n o g0
I, 1, =60 12; 19 19 =60 17; 19 19°=60 17:
00 00 0 O

This giveseachcamerahreeparameterspf thefollowing form:

2 3
u 0 1 1
P= EV 1 v 0 ]_z :
w 2 3 1
Similarly P°andP®areparameterizetly 4;:::; sand 7;:::; o. Thescalefthe

cameramatricesareinheritedfrom x; ; x§ andx{°respectiely. We have x edtwo lines

andtwo pointsin spaceThiscorrespondo 2 4+ 2 3 = 14degreesof freedom.This

leavesonedegreeof freedomin the projective structurewhich canbe x edby letting
1= 1.

4.2 Problemsolution

Thetwo pointsandtwo of thelineshave beenusedn theparameterizatiorniWe will use
theremainingfour linesto solve the problem.We ﬁssumeh?twe have madeprojective
changesn theimagessuchthatlz = 13 = 1°= 0 0 1 >:Wewill againusethe
factthat
h i
rank M; = rank P~ p0>|jO P0°’|]90 =2, j=3:::6:

We choosetwo equationgor eachline. Theseequationsareobtainedfrom M; in the
following way. Oneequationis givenby takingthedeterminanof rows 1,3and4. The

secondequationis given by taking the determinanof rows 1,2 and4. Sincewe are



only usingtwo equationsa smallnumberof spurioussolutionsareintroduced(aswill
beshawn later). Thesespurioussolutionsare, however, easyto identify later.

Thiswill giveriseto thefollowing systemof equations:
Bs 16Y = 0 1; (7)
with
Y>161:[5 6 8 9 57 67 48 49 47 2 4 3 4 27 37 471]

andwhereBg 15 depend®nimagedataonly.

We usethe Gauss-Jordafactorizationof B in (7):
h [

Bs 16Y= Ig g Agg Y =0g 1; (8)
wherel is the identity matrix and A only dependson imagedata. We usethe rst
four rowsof B in (8) toexpresy s; 6; g; o) intermsof( 2; 3; 4; 7),andsub-
stitute theseexpressiondnto the last four rows of (8). This givesfour equationsn
( 25 3; 4; 7)whichhavethefollowing structure:

< 3 2+ 34+ 347+ 37+ Z+ 2.4+ 4+ 47+ 7=0
33+ 34+ 347+ 37+ 3+ 43+ 4+ 47+ 1=0
9)
8
< 2 34 o4+ 247+ 27+ 34 3.4 4+ 47+ 7+ =0
224 o4+ 247+ 27+ E4 424+ 4+ 474+ 7+ =0
(10)

Equation(9) is linearin 3 and(10)is linearin ,, sowe canusetheseequationgo
easilyeliminate( »; 3). Thisleavestwo polynomialequationsn ( 4; 7) of total
degree ve. Takingtheresultantcf. [3], of thesetwo polynomialswith respecto 4
givesa polynomialof degreeelevenin ;. Four of the eleven solutionsare not true
solutions but arisefrom thefactthatwe canchoosq 4; 7) sothatrow oneandfour
in M; arelinearly dependentThis choiceof ( 4; 7) givesasolutionto our chosen
equationsbut will not leadto onefor which all M; have rank equalto two, andis
thereforenottrueasolution.

This leavessevensolutions.As is shavn in the experimentalpartthereareindeed

in somecasessevendistinctreal solutionsto the problem.
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Four pointsandthreelines Two pointsandsix lines
Nrofrealsol. | 1| 3 Nrofrealsol. | 1| 3|5 |7

Occurrences | 10 | 30 Occurrences | 1 | 8| 6| 6

Table2: Thenumberof real solutionsfor thetwo casesisingsimulateddata.
5 Experiments

5.1 Resultsfor realand simulated data

The methodsfor solving the two minimal casesdescribedn sections3 and 4 were
implementedn Maple andtestedon simulateddata. The solutionsgive very small,
closeto machineprecision,reprojectecerrors. In table2 the numberof real solutions
for a numberof runson randomdatais shavn. Onecanseethatin somecaseghere
areindeed3 and7 realsolutionsrespectiely for thetwo cases.

We have tried our algorithmson realdataaswell asthe simulated.Figurel showvs
threeimagesof a housecomplex. From theseimageswe have manually extracted
two correspondingointsandsix correspondingdines. Thetwo pointsandtwo of the
lines wereusedto make coordinatechangesandparameterizeéhe problemaccording
to sectiord.1. We thenusethe methoddescribedn section4.2to solve for thecamera
geometryn this casethreeof the sevensolutionswerereal.

Sinceit is aminimal problemthereprojectionerrorsin theimagesarezero(except
for numericalinaccuracies)ut thisis notanindicationof how goodthe solutionsare.
To testour solutionseleven correspondingointswere extractedin the threeimages.
Using the computedcamerasthe 3D structurewas reconstructedinearly from the
correspondingmagepoints. The structurewasthenprojectedonto theimages,using
thecomputedcamerasFor oneof thethreesolutionsthe RMS errorbetweemmeasured
andreprojectegointswas2.099pixelswhichwasmuchsmallercomparedo theother
two solutions. In gure 2 the original eleven points are shavn with the reprojected
pointsusingthis solution. Using a Newton-basedptimizationof the structureof the

elevenpointswhile holdingthe camerasx edreducedhe RMS-errorto 2.043pixels.

11



Figurel: Thethreeimagesusedwith six correspondindinesandtwo points.
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Figure2: Reprojectiorerrorsof theelevenpoints. Thedatapointsaremarkedwith ©*°

andthe reprojectegointswith °o°.

After afull bundleadjustment]20], the nal solutionhadanRMSerrorequalto 0.4096
pixels.

We alsoappliedthealgorithmto anothersceneshavnin gure 3. Thetwo dashed
linesin combinationwith thetwo pointsshavn in the gure wereusedin the param-
eterization. Oneshouldtry to avoid choosingtwo lines that are closein directionin
the parameterizationsincethis may leadto an unstablesolution. Again in this case
theimagedatagave rise to threereal solutions.A numberof additionallines, aswell
asthetwo conicsin the sculpture were extracted. The threesolutionsto the camera
geometrywerethenusedto compute3D structurdinearly from theimagedata. After
reprojection,one of the solutionshad much smallerreprojectionerrorsthanthe two

othersolutions.Thereprojectionof this solutionis shavnin gure 4. Thereprojection

13



Figure3: Threeimagesusedwith thesix linesandtwo pointsusedn thereconstruction

marked. Thetwo dashedinesarethe onesusedto parameterizéhe problem.
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Figure 4: Reprojectionof lines and conics— for the conicsreasonableeprojection

errorsandfor thelinestheerrorsarevery small.

errorsfor thelinesaresmall. Theerrorsfor the conicsaresomeavhatlarger, especially
thebottomone.A reasorfor thismaybethatthelinesusedn theestimatiorof camera
geometrywereextractedfrom thetop partof the sculpture.

We alsoextracted25 pointsfrom the top conic of the sculpture. The RMS errors
for thesepointswere7.79and7.71 pixelsfor thelinearandthe optimizedreconstruc-
tion respectiely. After bundleadjustmenthe error decreasedo 0.461pixels. These
experimentsindicatethat the obtainedsolutionscan be usedto bootstrapnon-linear

optimizationmethodsor robustestimationschemesuchasRANSAC.
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5.2 Ninelinesin threeimages

Wewill in this sectiongive tentatize resultson the caseof ninelinesin correspondence
over threeviews. We will parameterizéhe problemin a specialway, andthenusea
numericalsolver to solve this problemgivensomesyntheticdata.
Threeof thelinesareusedin the parameterizationThesdinesarechoseras
h i h [ h i
Li= 0t 1 17, L= 10t 17 Ls=t 1 0 17; t2R:
h [
The basisis then x ed by choosingthepointC; = 0 0 0 1 > asthecamera

centre.A canonicabasesn theimagess choserasdescribedn section4. This gives
threecamerasparameterizeavith 12 parametersThe rank constraintshengive 12
equationdn the 12 unknowvns. Thesecanbe chosenso that 6 equationsare of total
degree3, and6 othersareof total degree2.

Given a polynomial systeman upperboundon the numberof solutionsis given
by Bezouts theoremasthe productof the total degreesof the polynomials. In our
casewe have 6 equationf total degree3 and6 othersof total degree2 which means
atotal of 26 3% = 46656solutions. A betterboundon the numberof solutionsis
givenby the so calledmixed volume of the systemcf. [3]. The mixedvolumelooks
at exactly which monomialsthat are presentin eachpolynomial,asopposedo only
looking at the largesttotal degreeof eachpolynomial. If the polynomialis full, i.e.
if all possiblemonomialsup to the total degreehave coefcients differentfrom zero,
thenthe mixedvolumeis equalto the bezoutbound.However mary polynomialshave
specialstructuresand thenthe mixed volume givesa betterboundon the numberof
solutions.

To solve the equationsve have useda polynomialsolver calledPHC, whichis de-
scribedin [21]. This programstartswith calculatingthe mixedvolumeof the system.
In our casethis turnedout to be 413, which meanghattherearemaximally 413 solu-
tionsto the nine lines problem. After the calculationof the mixed volumethe solver
proceedsy constructinga more easily solved systemwith the samestructureasthe
original problem. It solvesthis systemandthe 413 solutionsare propagatedo the
solutionto the original systemby a homotofy continuationrmethod.Someof theseso-

lutionsgooutto in nity andarenotsolutionsto theoriginal problem. The PHC solver

16



Nr 1 2 3 4 5 6 7 8 9 10| 11 12

PHCsol. | 264 | 263 | 264 | 264 | 263 | 263 | 263 | 263 | 263 | 263 | 263 | 263

OK sol. 36| 36| 36| 37| 36| 36| 35| 36| 32| 36| 36| 36

Realsol. 14 | 22 10 | 12 8 18 11| 12 18 14| 16| 22

Table3: Thenumberof solutionsin theninelinescase.

wasusedon a numberof simulatedhinelinescasesTheresultingsolutionswerethen
veri ed numericallyby insertingthe solutionsinto the cameramatricesandverifying
therank conditionsby looking at the singularvalues. The spurioussolutionsthat did
notful ll therankconstraintavereremoved,aswell asthosethatleadto camerama-
triceswith ranklessthan3. Theresultson a numberof runsis shovn in table3. In
thetableone canseethatthe numberof solutionscomingout from the PHC solveris
quite stable. The veri cation is lessstablesinceit dependsn the thresholdusedto
determinewhethera singularvalueis zeroor not. Sincethe estimatechumberof true
solutionsdepend®nthisthresholdt is hardto draw any conclusion®ntheexactnum-
berof solutions,evenif we performedmary moreruns. Certainlyin somecaseghere
areerrors.In run number4 for instancethe numberof complex solutionsis indicated
to beoddwhich clearlyis nottrue. However theseexperimentggive anindicationthat
therearearound30-40solutionsto the ninelinescase.

Eachrun of the PHC solvertook aroundonehouron a SUN Ultra 5 runningunder
Solaris.This meanghatthisis notaviable methodif oneis interestedn RANSAC for

instancewheremary samplesnayberequired.

6 Conclusions

We havein thisarticleinvestigatedhreenovel minimal casedor projectvereconstruc-
tionin threeviews.

We have giventhe numberof solutionsaswell asalgorithmsfor solvingtwo of the
cases.For the caseof threelines andfour pointsseenin threeimagesthereareup to

threereal solutions,andfor the caseof six linesandtwo pointsin threeimagesthere

17



areupto sevenreal solutions.

Both caseseemto performreasonablyvell onreal data. The algorithmsgive fast
andaccuratanitial solutionsthatcanbe usedto bootstrapa RANSAC frameawork for
structureandmotionestimation.

The caseof ninelineshasbeententatively investigatechumericallywith solutions
basedon homotopy continuationmethods.lt is clearthatthereareno morethat413
solutionsandthe true numberof solutionsseemso be 36. However, morework is
neededn orderto solve this case.

One other minimal casein threeviews, that might be worth investigatingin the
future, is the caseof threeimagesof a quadricin combinationwith four points. This
is relatedto theour pointsandthreelines®casein thatthreelinesin generaposition

de ne aruledquadric.
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