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Abstract

In thispaperweaddresstheproblemof projectivereconstructionof structure
andmotion given only imagedata. In particularwe investigatethreenovel
minimalcombinationsof pointsandlinesoverthreeviews,andgivecomplete
solutionsandreconstructionmethodsfor two of thesecases:“four pointsand
threelinesin threeviews”, and“two pointsandsix linesin threeviews”. We
show thatin generaltherearethreeandsevensolutionsrespectively to these
cases.Thereconstructionmethodsaretestedon realandsimulateddata.We
alsogive tentative resultsfor the caseof nine lines in correspondenceover
threeviews,whereexperimentsindicatethat theremaybeup to 36 complex
solutions.

1 Intr oduction

One of the core problemsof computervision is 3D reconstruction. Within the last
years,reconstructionmethodshave beensuccessfullyextendedto projective reconstruc-
tion within anuncalibratedframework [7]. In this paperwe will investigatesomemini-
mal casesfor projective reconstruction,whereby a minimal caseis meantthatomission
of somedatagivesan in�nite numberof solutions. Solving minimal casesto perform
3D reconstructionis not only of theoreticalinterest,it alsois importantin practice:solu-
tionsobtainedfrom minimal casescanbeusedto bootstraprobustestimationalgorithms
suchasRANSAC or LMS schema[4, 16,23], andoptimalestimationalgorithmssuchas
bundleadjustment[18].

For threeviews anda projective reconstruction,theminimumnumberof pointsis 6
[8, 13], andtheminimumnumberof lines is 9. Linearalgorithmshave beendeveloped
for over-constrainedsolutionsof at least13 lines [5], andfor combinationsof linesand
points[6]. Non-linearmaximumlikelihoodestimatorshavealsobeendevelopedfor these
over-constrainedcases[16]. However, therehasbeenlittle work on minimal casesfor
lines,or combinationsof linesandpoints.



Over constrainedsolutionshave also beendevelopedfor other cameramodelsfor
lines,andcombinationsof pointsandlines, includingcalibratedcameras[9, 15, 20, 21,
22], andaf�ne cameras[1, 10, 14].

In the following, we will assumethat the linesandpointsinvestigatedarein general
positions.Theresultswill not hold for critical con�gurations,which do exist. For lines
cf. [2, 12], and for points, see[11]. We do not know of any work describingcritical
con�gurationsfor projectivereconstructionof combinationsof linesandpoints.

A line in spacehasfour degreesof freedom. A point in spacehasthreedegreesof
freedom.In eachimagea pointor a line givestwo constraintson theunknown geometry.
If we assumean uncalibratedpinholecameratheneachcamerahaseleven degreesof
freedom,cf. [7]. Sincewe work in a projective settingeverything is de�ned up to a
coordinatesystemwith 15degreesof freedom.A minimalprojectivestructureandmotion
problemin m imagesgivenn pointsandk linesshouldhenceful�ll:

(2n + 2k)m = 11m + 3n + 4k � 15: (1)

If we restrictourselvesto threeimagestheminimal casesfor combinationsof pointsand
linesare: “6 points”, “4 pointsand3 lines”, “2 pointsand6 lines” and“9 lines”. In this
paperwegivesolutionsto the“4 pointsand3 lines” problemaswell asthe“2 pointsand
6 lines” problem.We alsogivesometentative resultson thecaseof ninelines.

Throughoutthe paper, vectorsare denotedin boldfaceand matricesin uppercase
boldface.Scalarsareany plain lettersor lowercaseGreek.

We assumea perspective projection (uncalibratedpinhole camera)as the camera
model. Thus the object spacemay be consideredas embeddedin P3 and the image
spaceembeddedin P2. The cameraperformsa projectionfrom P3 to P2, andcanbe
representedby a 3 � 4 matrix P3� 4 of rank3 whosekernelis theprojectioncentre.The
relationbetweenapoint X in P3 anda pointx in P2 canbewritten

� x = P3� 4X : (2)

An imageline is representedby threehomogeneouscoordinatesl = [ l x ly lz ]> andthe
line is givenby l> x = 0, wherex = [ u v w]> denotespointsontheline. Wewill denote
lines,pointsandcamerasin view onewithout superscripts,in view two with primesand
in view threewith doubleprimes.For example,a line in view two that is a projectionof
a line j in 3-spaceis denotedl0j = [ l0

xj l0
y j l0

zj ]> .

2 A noteon parameterization

An importantpart of solving a minimal structureandmotion problemis the choiceof
parameterization.A badlychosenparameterizationwill leadto a problemthat is hardto
solve anda goodonemayleadto thesolutiondirectly. In developingthesolutionsgiven
in the following sectionswe have experimentedwith severaldifferentparameterizations
andwe only reportthemosttractableonefor eachcase.Herewe mentionsomeof the
issuesinvolvedin choosingtheparameterization.

A basisin projectivespacehas15degreesof freedom.De�ning abasiswith pointsin
spaceis naturalsince� vepointshaveexactly5� 3 = 15degreesof freedom.Thesepoints
canbechosenin a canonicalform, thathasbeenusedin many instancesto parameterize
structureandmotionproblems,andit oftenleadsto niceproblemformulations.



Usinglinesandcombinationsof linesandpointsto parameterizethegeometryis abit
moretricky ascomparedto just usingpoints.Thereis no naturalor canonicalway to �x
thecoordinatesystemby specifyingline coordinates.To �x a basisusinglineswill lead
to theuseof amaximumof threelineswhichhavein total3� 4 = 12degreesof freedom.
Theotherdegreesof freedommustbedeterminedby thecamerasor anotherpoint. In the
caseof �xing thedegreesof freedomusingthecamerasthis canbedonein a numberof
differentways.Themostintuitive is maybeputtingthecameracentresat speci�c points.
In termsof thenumberof parametersthatthecamerasendupbeingparameterizedby it is
desirableto useasmany pointsasareavailable.This is becauseapointgivesjustasmany
linearconstraintson a cameraasa line does,but it is determinedby oneparameterless
thana line in space.This is thereasonwhy problemsinvolving many lineseasilyleadsto
polynomialequationsof bothhigh degreeandwith many unknown variables.

In orderto be surethat a chosenparameterizationis well de�ned, onehasto verify
that it de�nes a well de�ned homographyso that any lines in generalpositionsmay be
transferredto thegivenbasis.For pointsandcamerasthis is straight-forward.For linesit
is determinedasfollows: Eachline will give four conditionson thehomography. These
linearconditionson thehomographyH canbewritten in thefollowing way:

� i
> HX j = 0; i = 1; 2; j = 1; 2 ; (3)

whereH transfersa line de�ned by the two points (X1; X2) to a line de�ned by the
intersectionof thetwo planes(� 1 ; � 2 ).

3 The caseof four points and thr eelines

In this sectionwe give an algorithmfor solving the caseof four pointsandthreelines
seenin threeimages. We will show that thereis in generalthreesolutions,of which
somemaybecomplex. Thealgorithmbecomeslineargivenfour pointsandfour or more
lines. This in contrastto algorithmsthat only usethe linear constraintson the trifocal
tensor, which needat leastfour pointsand� ve lines. Themethodsarecloselyrelatedto
multipolynomialresultants,cf [3, 17].

3.1 Parameterization

As we areworking within anuncalibratedprojectivesetting,wemaywithout restriction1

introducea projective coordinatesystemsuchthat the 4 pointsin spaceareassignedto
thecanonicalprojectivecoordinates

�
X1 X2 X3 X4

�
=

2

6
6
4

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

3

7
7
5

andthe�rst 4 imagepointsin eachimageareassignedto

�
x1 x2 x3 x4

�
=

2

4
1 0 0 1
0 1 0 1
0 0 1 1

3

5 :

1We areimplicitly assumingthat the4 objectpointsareprojectively independentaswell asthe4 pointsin
eachimage.



Using this choiceof coordinateswe get a specialform of cameramatrices. We have
only usedfour points in our projective basis,which leaves the freedomto chooseone
morepoint. We �x thebasisby letting thecameracentreof cameraonelie at thepoint
C1 =

�
1 1 1 � 1

�
> : Thisgivesthefollowing threecameras,parameterizedwith six

parameters(x1; : : : ; x6):

P =

2

4
1 0 0 1
0 1 0 1
0 0 1 1

3

5 ; P0 =

2

4
x1 0 0 1
0 x2 0 1
0 0 x3 1

3

5 ; P00=

2

4
x4 0 0 1
0 x5 0 1
0 0 x6 1

3

5 :

3.2 Problemsolution

Wehaveusedthefour pointsto parameterizethecameras.Wewill now usethethreelines
to solvefor theunknowns.Theconditionthatthreelinesareimagesof acommon3D line
is

rank M j = rank
�
P> l j P0> l0

j P00> l00
j

�
= 2 :

Expandingthefour 3 � 3� minorsof M j onegetsfour equations:

B4� 12Y = 04� 1 ; (4)

with Y>
12� 1 = [ x1 x2 x3 x2x6 x3x5 x1x6 x3x4 x1x5 x2x4 x4 x5 x6 ].

By inspectionof B onecanseethat at mostthreeof the four equationsarelinearly
independentwhenconsideredasasystemof equationsin theunknown(Y1; : : : ; Y12). We
will only usethe�rst threeequations.This resultsin 9 linearequationssowecanexpress
the�rst nineof theunknownsin Y in (x4; x5; x6) by theGauss-JordanfactorizationeB9� 12

of B9� 12. Insertingtheseexpressionsin the nonlinearinternalconstraintsof Y givesa
systemof polynomial equationsin f x4; x5; x6g which can be written in the following
way:

Q6� 6

�
1 x4 x5 x2

4 x2
5 x4x5

�
> = 06� 1 ; (5)

whereQ6� 6 only dependson imagedataandx6. In order to have a solutionto equa-
tion (5),Q hasto berankde�cient andhencedet Q = 0. Expandingthedeterminantof Q
in x6 givesa third degreepolynomialin x6. Thustherearethreesolutions.In section5.1
experimentsonsimulateddatashowsthattherearecaseswith threedistinctrealsolutions.

If we have four linesor morewe canuseequation(4) to geta linearsolution. In this
casewegetfor n � 4

B3n � 12Y = 03n � 1 : (6)

In orderto haveanon-trivial solutionthematrixB hasto berankde�cient sothesolution
is givenastheright null-spaceof B. Thescaleof thesolutionis givenby satisfyingthe
nonlinearinternalconstraintsinheritedfrom Y.

4 The caseof two points and six lines

In this sectionwe give a solutionto theminimal caseof two pointsandsix linesviewed
in threeperspectiveviews. We will show thatin generaltherearesevensolutions.



4.1 Parameterization

We will usethetwo pointsandtwo of thelinesto parameterizethecameras.Let thetwo
objectpointsbegivenasX1 =

�
1 0 0 0

�
> ; X2 =

�
0 0 0 1

�
> ; andthe�rst

two lines asL1 =
�
0 t 1 1

�
> ; L2 =

�
1 1 t 1

�
> ; t 2 R : Onecan not

de�ne a basisin P2 usingtwo pointsandtwo lines,cf [7], sothebasisin theimageswill
bede�ned by threelinesandonepoint. We let thetwo pointsprojectto

�
x1 x2

�
=

2

4
u 1
v 1
w 1

3

5 ;
�
x0

1 x0
2

�
=

2

4
u0 1
v0 1
w0 1

3

5 ;
�
x00

1 x00
2

�
=

2

4
u00 1
v00 1
w00 1

3

5 ;

andthe�rst two linesto

�
l1 l2

�
=

2

4
1 0
0 1
0 0

3

5 ;
�
l01 l02

�
=

2

4
1 0
0 1
0 0

3

5 ;
�
l00
1 l00

2

�
=

2

4
1 0
0 1
0 0

3

5 :

Thisgiveseachcamerathreeparameters,of thefollowing form:

P =

2

4
u 0 x1 � x1

v x1 � v 0 � x1

w x2 x3 � x1

3

5 :

Similarly P0 andP00areparameterizedby x4; : : : ; x6 andx7; : : : ; x9. The scalesof the
cameramatricesareinheritedfrom x1; x0

1 andx00
1 respectively. We have �x ed two lines

andtwo pointsin space.This correspondsto 2 � 4 + 2 � 3 = 14 degreesof freedom.This
leavesonedegreeof freedomin the projective structurewhich canbe �x ed by letting
x1 = 1.

4.2 Problemsolution

Thetwo pointsandtwo of thelineshave beenusedin theparameterization.We will use
theremainingfour lines to solve theproblem.We assumethatwe have madeprojective
changesin theimagessuchthat l3 = l03 = l00

3 =
�
0 0 1

�
> : We will againusethefact

that
rank M j = rank

�
P> l j P0> l0

j P00> l00
j

�
= 2; j = 3 : : : 6 :

We choosetwo equationsfor eachline. Theseequationsareobtainedfrom M j in the
following way. Oneequationis givenby taking thedeterminantof rows 1,3 and4. The
secondequationis given by taking the determinantof rows 1,2 and 4. Sincewe are
only usingtwo equations,asmallnumberof spurioussolutionsareintroduced(aswill be
shown later).Thesespurioussolutionsare,however, easyto identify later.

Thiswill giveriseto thefollowing systemof equations:

B8� 16Y = 08� 1; (7)

with Y>
16� 1 = [x5 x6 x8 x9 x5x7 x6x7 x4x8 x4x9 x4x7 x2x4 x3x4 x2x7 x3x7 x4x7 1] and

whereB8� 16 dependson imagedataonly. We usetheGauss-JordanfactorizationeB of B
in equation(7) to eliminatethevariables(x5; x6; x8; x9) linearly. This givesfour equa-
tionsin (x2; x3; x4; x7) of totaldegreethree.Of thesefour equations,two arelinearin x3



Four pointsandthreelines
Nr of realsol. 1 3
Occurrences 10 30

Two pointsandsix lines
Nr of realsol. 1 3 5 7
Occurrences 1 8 6 6

Table1: Thenumberof realsolutionsfor thetwo casesusingsimulateddata.

Figure1: Thethreeimagesusedwith six correspondinglinesandtwo points.

andtwo arelinearin x2, sowe canusetheseequationsto easilyeliminate(x2; x3). This
leaves two polynomialequationsin (x4; x7) of total degree� ve. Taking the resultant,
cf [3], of thesetwo polynomialswith respectto x4 givesa polynomialof degreeeleven
in x7. Four of theelevensolutionsarenot truesolutions,but arisefrom thefact thatwe
canchoose(x4; x7) so that row oneandfour in M j arelinearly dependent.This choice
of (x4; x7) givesa solutionto our chosenequationsbut will not leadto onefor which all
M j haverankequalto two, andis thereforenot truea solution.

This leavessevensolutions.As is shown in theexperimentalpartthereareindeedin
somecasessevendistinctrealsolutionsto theproblem.

5 Experiments

5.1 Resultsfor real and simulateddata

The methodsfor solving the two minimal casesdescribedin sections3 and4 wereim-
plementedin Mapleandtestedonsimulateddata.Thesolutionsgiveverysmall,closeto
machineprecision,reprojectederrors.In table1 thenumberof realsolutionsfor anumber
of runsonrandomdatais shown. Onecanseethatin somecasesthereareindeed3 and7
realsolutionsrespectively for thetwo cases.

We have tried our algorithmson real dataaswell asthe simulated.Figure1 shows
threeimagesof ahousecomplex. Fromtheseimageswehavemanuallyextractedtwo cor-
respondingpointsandsix correspondinglines. Thetwo pointsandtwo of thelineswere
usedto make coordinatechangesandparameterizetheproblemaccordingto section4.1.
Wethenusethemethoddescribedin section4.2to solve for thecamerageometry. In this
casethreeof thesevensolutionswerereal.

Sinceit is aminimalproblemthereprojectionerrorsin theimagesarezero(exceptfor



numericalinaccuracies),but thisis notanindicationof how goodthesolutionsare.To test
our solutionselevencorrespondingpointswereextractedin the threeimages.Usingthe
computedcameras,the 3D structurewasreconstructedlinearly from the corresponding
imagepoints. The structurewas then projectedonto the images,using the computed
cameras.For oneof thethreesolutionstheRMSerrorbetweenmeasuredandreprojected
pointswas2.099pixels which wasmuchsmallercomparedto the other two solutions.
In �gure 2 the original eleven points are shown with the reprojectedpoints using this
solution. Usinga Newton-basedoptimizationof thestructureof theelevenpointswhile

Figure2: Reprojectionerrorsof theelevenpoints. Thedatapointsaremarkedwith ”*”
andthereprojectedpointswith ”o”.

holding the cameras�x ed reducedthe RMS-errorto 2.043pixels. After a full bundle
adjustmentthe�nal solutionhadanRMSerrorequalto 0.4096pixels.

We alsoappliedthe algorithmto anotherscene,shown in �gure 3. The two dashed
lines in combinationwith the two pointsshown in the �gure wereusedin the parame-
terization. Oneshouldtry to avoid choosingtwo lines that areclosein directionin the
parameterization,sincethis may leadto anunstablesolution. Again in this casethe im-
agedatagaveriseto threerealsolutions.A numberof additionallines,aswell asthetwo
conicsin thesculpture,wereextracted.Thethreesolutionsto thecamerageometrywere
thenusedto compute3D structurelinearly from the imagedata.After reprojection,one
of thesolutionshadmuchsmallerreprojectionerrorsthanthe two othersolutions.The



Figure3: Threeimagesusedwith thesix linesandtwo pointsusedin thereconstruction
marked.Thetwo dashedlinesaretheonesusedto parameterizetheproblem.
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Figure4: Reprojectionof linesandconics– for theconicsreasonablereprojectionerrors
andfor thelinestheerrorsareverysmall.

reprojectionof this solutionis shown in �gure 4. Thereprojectionerrorsfor thelinesare
small.Theerrorsfor theconicsaresomewhatlarger, especiallythebottomone.A reason
for this maybe that the lines usedin theestimationof camerageometrywereextracted
from thetoppartof thesculpture.

We alsoextracted25 pointsfrom thetop conicof thesculpture.TheRMS errorsfor
thesepointswere 7.79 and7.71 pixels for the linear and the optimizedreconstruction
respectively. After bundleadjustmenttheerrordecreasedto 0.461pixels. Theseexperi-
mentsindicatethattheobtainedsolutionscanbeusedto bootstrapnon-linearoptimization
methodsor robustestimationschemessuchasRANSAC.

5.2 Nine lines in threeimages

We will in this sectiongive tentative resultson thecaseof nine lines in correspondence
over threeviews.

Threeof thelinesareusedin theparameterization.Theselinesarechosenas

L 1 =
�
0 t 1 1

�
> ; L 2 =

�
1 0 t 1

�
> ; L3 =

�
t 1 0 1

�
> ; t 2 R:

Thebasisis then�x edby choosingthepointC1 =
�
0 0 0 1

�
> asthecameracentre.

A canonicalbasesin the imagesis chosenasdescribedin section4. This gives three
cameras,parameterizedwith 12 parameters.Therankconstraintsthengive 12 equations
in the12 unknowns.Thesecanbechosensothat6 equationsareof total degree3, and6
othersareof totaldegree2.



Nr 1 2 3 4 5 6 7 8 9 10 11 12
PHCsol. 264 263 264 264 263 263 263 263 263 263 263 263
OK sol. 36 36 36 37 36 36 35 36 32 36 36 36
Realsol. 14 22 10 12 8 18 11 12 18 14 16 22

Table2: Thenumberof solutionsin theninelinescase.

Given a polynomialsysteman upperboundon the numberof solutionsis given by
Bezout's theoremastheproductof the total degreesof thepolynomials.In our casewe
have 6 equationsof total degree3 and6 othersof total degree2 which meansa total of
26 � 36 = 46656solutions. A betterboundon the numberof solutionsis given by the
so calledmixed volume of the system,cf. [3]. To solve the equationswe have useda
polynomialsolver calledPHC,which is describedin [19]. This programstartswith cal-
culatingthe mixed volumeof the system. In our casethis turnedout to be 413, which
meansthat therearemaximally 413 solutionsto the nine lines problem. After the cal-
culationof the mixed volumethe solver proceedsby constructinga moreeasilysolved
systemwith thesamestructureastheoriginal problem.It solvesthis systemandthe413
solutionsarepropagatedto thesolutionto theoriginalsystemby ahomotopy continuation
method. Someof thesesolutionsgo out to in�nity andarenot solutionsto theoriginal
problem. ThePHCsolver wasusedon a numberof simulatednine linescases.There-
sultingsolutionswerethenveri�ed numericallyby insertingthesolutionsinto thecamera
matricesandverifying therankconditionsby lookingat thesingularvalues.Thespurious
solutionsthatdid not ful�ll therankconstraintswereremoved,aswell asthosethatlead
to cameramatriceswith rank lessthan3. The resultson a numberof runsis shown in
table2. In the tableonecanseethat thenumberof solutionscomingout from thePHC
solver is quitestable.Theveri�cation is lessstablesinceit dependson thethresholdused
to determinewhethera singularvalueis zeroor not. Certainly in somecasesthereare
errors. In run number4 for instancethenumberof complex solutionsis indicatedto be
oddwhichclearlyis not true.

Eachrun of the PHC solver took aroundonehour on a SUN Ultra 5 runningunder
Solaris.This meansthat this is not a viablemethodif oneis interestedin RANSAC for
instance,wheremany samplesmayberequired.

6 Conclusions

Wehavein thispaperinvestigatedthreenovelminimalcasesfor projectivereconstruction
in threeviews. We have giventhenumberof solutionsaswell asalgorithmsfor solving
two of thecases.They seemto performreasonablywell on realdata. The caseof nine
lines hasbeeninvestigatednumericallywith solutionsbasedon homotopy continuation
methods. It is clear that thereare no more that 413 solutionsand the true numberof
solutionsseemsto be36. However, morework is neededin orderto solve this case.One
otherminimal casein threeviews, thatmight beworth investigatingin the future, is the
caseof threeimagesof a quadricin combinationwith four points. This is relatedto the
“four points and threelines” casein that threelines in generalposition de�ne a ruled
quadric.
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