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Abstract

In this papemwe addresshe problemof projective reconstructiorof structure
andmotion given only imagedata. In particularwe investigatethreenovel

minimalcombination®f pointsandlinesoverthreeviews,andgive complete
solutionsandreconstructioomethodgor two of thesecases!four pointsand
threelinesin threeviews”, and“two pointsandsix linesin threeviews”. We

shaw thatin generatherearethreeandsevensolutionsrespectiely to these
casesThereconstructiomethodsaretestedon realandsimulateddata.We

alsogive tentatve resultsfor the caseof ninelinesin correspondencever

threeviews, whereexperimentsndicatethattheremaybe up to 36 complex

solutions.

1 Intr oduction

One of the core problemsof computervision is 3D reconstruction. Within the last
years,reconstructiormethodshave beensuccessfullyextendedto projective reconstruc-
tion within anuncalibratedramework [7]. In this paperwe will investigatesomemini-
mal casedor projective reconstructionywhereby a minimal caseis meantthatomission
of somedatagivesan in nite numberof solutions. Solving minimal casesto perform
3D reconstructions not only of theoreticainterest,it alsois importantin practice:solu-
tions obtainedfrom minimal casesanbe usedto bootstraprobustestimationalgorithms
suchasRANSAC or LMS schemd4, 16, 23], andoptimal estimationalgorithmssuchas
bundleadjustmen{18].

For threeviews anda projectie reconstructionthe minimum numberof pointsis 6
[8, 13], andthe minimum numberof linesis 9. Linear algorithmshave beendeveloped
for over-constrainedsolutionsof atleast13 lines[5], andfor combinationf lines and
points[6]. Non-linearmaximumlik elihoodestimator$ave alsobeendevelopedior these
over-constraineccaseq16]. However, therehasbeenlittle work on minimal casesfor
lines,or combinationof linesandpoints.



Over constrainedsolutionshave also beendevelopedfor other cameramodelsfor
lines,andcombinationof pointsandlines, including calibratedcamerag9, 15, 20, 21,
22], andaf ne cameragl, 10, 14].

In thefollowing, we will assumeéhatthe linesandpointsinvestigatecarein general
positions. The resultswill not hold for critical con gurations,which do exist. For lines
cf. [2, 12], andfor points, see[11]. We do not know of any work describingcritical
con gurationsfor projective reconstructiorof combinationof linesandpoints.

A line in spacehasfour degreesof freedom. A point in spacehasthreedegreesof
freedom.In eachimagea pointor aline givestwo constraintoon theunknovn geometry
If we assumean uncalibratedpinhole camerathen eachcamerahaseleven degreesof
freedom,cf. [7]. Sincewe work in a projective settingeverythingis de ned up to a
coordinatesystenmwith 15degreesf freedom.A minimal projective structureandmotion
problemin m imagesgivenn pointsandk linesshouldhenceful Il

2n+ 2k)m = 1Im + 3n+ 4k 15: (1)

If we restrictoursehesto threeimagesthe minimal casedor combinationsf pointsand
linesare: "6 points”,“4 pointsand3 lines”, “2 pointsand6 lines” and“9 lines”. In this
paperwe give solutionsto the“4 pointsand3 lines” problemaswell asthe“2 pointsand
6 lines” problem.We alsogive sometentative resultson the caseof ninelines.

Throughoutthe paper vectorsare denotedin boldfaceand matricesin uppercase
boldface.Scalarsareary plain lettersor lower caseGreek.

We assumea perspectie projection (uncalibratedpinhole camera)as the camera
model. Thus the object spacemay be consideredas embeddedn P?® and the image
spaceembeddedn P?. The cameraperformsa projectionfrom P3 to P?, andcanbe
representetty a3 4 matrix P3 4 of rank3 whosekernelis the projectioncentre.The
relationbetweera point X in P® anda pointx in P? canbewritten

X =P3 4X : (2)

An imageline is representetby threehomogeneousoordinated = [ I, Iy I,]> andthe
lineis givenbyl” x = 0, wherex = [u v w]” denotegpointsontheline. We will denote
lines, pointsandcamerasn view onewithout superscriptsin view two with primesand
in view threewith doubleprimes. For example,aline in view two thatis a projectionof
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alinej in 3-spaces denoted; = [15 1y; 171

2 A noteon parameterization

An importantpart of solving a minimal structureand motion problemis the choice of
parameterizationA badly choserparameterizatiowill leadto a problemthatis hardto
solve anda goodonemayleadto the solutiondirectly. In developingthe solutionsgiven
in the following sectionswe have experimentedwith several differentparameterizations
andwe only reportthe mosttractableonefor eachcase.Herewe mentionsomeof the
issuednvolvedin choosinghe parameterization.

A basisin projective spacenasl5 degreesof freedom.De ning abasiswith pointsin
spaces naturalsince vepointshaveexactly5 3= 15degreeof freedom.Thesepoints
canbechosenn a canonicaform, thathasbeenusedin mary instancego parameterize
structureandmotionproblemsandit oftenleadsto nice problemformulations.



Usinglinesandcombination®f linesandpointsto parameterizéhe geometryis a bit
moretricky ascomparedo just usingpoints. Thereis no naturalor canonicawayto x
the coordinatesystemby specifyingline coordinatesTo x abasisusinglineswill lead
to theuseof amaximumof threelineswhich havein total3 4 = 12degreesof freedom.
Theotherdegreesof freedommustbedeterminedy thecamera®r anothempoint. In the
caseof xing thedegreesof freedomusingthe cameraghis canbe donein a numberof
differentways. The mostintuitive is maybeputtingthe cameracentresat speci ¢ points.
In termsof thenumberof parameterthatthecameragndup beingparameterizey it is
desirabldo useasmary pointsasareavailable. Thisis because pointgivesjustasmary
linear constraintson a cameraasa line does,but it is determinedoy oneparametetess
thanaline in space Thisis thereasorwhy problemsnvolving mary lineseasilyleadsto
polynomialequation®f both high degreeandwith mary unknowvn variables.

In orderto be surethata chosenparameterizatioiis well de ned, one hasto verify
thatit de nes awell de ned homographyso thatary linesin generalpositionsmay be
transferredo the givenbasis.For pointsandcameraghis is straight-forward. For linesit
is determinedasfollows: Eachline will give four conditionson the homography These
linearconditionson thehomographyH canbewrittenin thefollowing way:

i"HX; =0; i=12]j=12; 3)
whereH transfersa line de ned by the two points (X1; X») to a line de ned by the
intersectiorof thetwo planes 1; 2).

3 The caseof four points and thr eelines

In this sectionwe give an algorithmfor solving the caseof four pointsandthreelines
seenin threeimages. We will shav that thereis in generalthree solutions,of which
somemay be comple. Thealgorithmbecomedineargivenfour pointsandfour or more
lines. This in contrastto algorithmsthat only usethe linear constraintson the trifocal
tensor which needat leastfour pointsand ve lines. The methodsarecloselyrelatedto
multipolynomialresultantsef [3, 17].

3.1 Parameterization

As we areworking within anuncalibratecprojective setting,we maywithout restrictiornt
introducea projective coordinatesystemsuchthatthe 4 pointsin spaceareassignedo
thecanonicalprojective coordinates

2 3
1000
80 10 oé
Xo X2 X3 Xa =4y 0 1 0
0 001
andthe rst 4 imagepointsin eachimageareassignedo
1 001
X1 X2 Xz X4 =40 1 0 15:
0 011

1we areimplicitly assuminghatthe 4 objectpointsareprojectiely independenaswell asthe 4 pointsin
eachimage.



Using this choiceof coordinateswve get a specialform of cameramatrices. We have
only usedfour pointsin our projective basis,which leavesthe freedomto chooseone
morepoint. We x the basisby letting the cameracentreof cameraonelie at the point
C:= 1 1 1 1 >:Thisgivesthefollowingthreecamerasparameterizeith six

2 3 2 3 2 3
1001 x; 0 0 1 X, 0 0 1

P=40 1 0 15:P°=40 x, 0 15:P®=40 x5 0 15:
0 011 0 0 x3 1 0 0 x¢ 1

3.2 Problemsolution

We have usedthefour pointsto parameterizéhe camerasWe will now usethethreelines
to solve for theunknowns. Theconditionthatthreelinesareimagesof acommon3D line
is

rankM; = rank P>1;  P%>1? PO 0 =2

Expandinghefour3 3 minorsof M; onegetsfour equations:
By 12Y =04 1 (4)

Wlth Y> 12 1 = [ X1 X2 X3 X2Xe X3Xs5 X1X6 X3X4 X1Xs X2X4 X4 Xs X6 ]
By inspectionof B one canseethatat mostthreeof the four equationsarelinearly

will only usethe rst threeequationsThisresultsin 9 linearequationsowe canexpress
the rst nineof theunknownsin Y in (x4; Xs; Xg) by theGauss-JordafactorizatiorBg 1
of By 12. Insertingtheseexpressionsn the nonlinearinternal constraintsof Y givesa
systemof polynomial equationsin f x4; Xs; Xgg Which can be written in the following
way:

Qs 6 1 X4 X5 X7 X2 XaXs > =0 1; (5)

whereQg ¢ only dependn imagedataandxes. In orderto have a solutionto equa-
tion (5), Q hasto berankde cientandhencedet Q = 0. Expandinghedeterminanbf Q
in Xg givesathird degreepolynomialin xg. Thustherearethreesolutions.In section5.1
experimentnsimulateddatashavsthattherearecaseswvith threedistinctrealsolutions.
If we have four linesor morewe canuseequation(4) to geta linearsolution. In this

casewegetforn 4
B3an 12Y = 03y 1: (6)

In orderto have anon-trivial solutionthe matrix B hasto berankde cient sothesolution
is givenastheright null-spaceof B. The scaleof the solutionis given by satisfyingthe
nonlinearinternalconstraintsnheritedfrom Y.

4 The caseof two points and six lines

In this sectionwe give a solutionto the minimal caseof two pointsandsix linesviewed
in threeperspectie views. We will show thatin generaktherearesesensolutions.



4.1 Parameterization

We will usethe two pointsandtwo of the linesto parameterizéhe camerasLet thetwo
objectpointsbegivenasX; = 1 0 0 0~; Xp,= 0 0 0 1 ~;andthe rst
twolinesasLy = 0 t 1 1°; L,= 1 1t 17; t2 R:Onecannot
de ne abasisin P? usingtwo pointsandtwo lines,cf [7], sothebasisin theimageswill
bede ned by threelinesandonepoint. We let thetwo pointsprojectto

2 3 2 3 2 3
u 1 u’ 1 u% 1

X1 Xo =4v 15; x? x§ =4v0 15; X0 x30 =4y 15;
w 1 wl 1 w0 1

andthe rst two linesto

2 3 2 3 2 3
10 10 10
i 1, =40 15; 19 13 =40 15; 1301 =40 15:
00 00 00
This giveseachcamerahreeparameterspf thefollowing form:
2 3
u 0 X1 X1

P=4v x; v O X192
W X2 X3 X1

Similarly P® and P®are parameterizethy x4;:::;Xg andxz;:::;Xg. The scalesof the
cameramatricesare inheritedfrom x;; x? andx{°respectiely. We have x edtwo lines
andtwo pointsin space.Thiscorrespondso 2 4+ 2 3 = 14degreesof freedom.This
leaves one degreeof freedomin the projective structurewhich canbe x ed by letting
X1 = 1.

4.2 Problemsolution

Thetwo pointsandtwo of thelineshave beenusedin the parameterizationWe will use
the remainingfour linesto solve the problem. We assumeéhatwe have madeprojective
changesn theimagessuchthatls = 13 = 1= 0 0 1 >:Wewill againusethefact
that

rank M; = rank P~ P0>Ijo poo|l;)o =2 j=3:6:

We choosetwo equationsfor eachline. Theseequationsare obtainedfrom M; in the
following way. Oneequationis givenby taking the determinanof rows 1,3and4. The
secondequationis given by taking the determinantof rows 1,2 and4. Sincewe are
only usingtwo equationsa smallnumberof spurioussolutionsareintroducedaswill be
shawn later). Thesespurioussolutionsare,however, easyto identify later.

Thiswill giveriseto thefollowing systemof equations:

Bs 16Y = Og 1; (7)

With Y7 16 1 = [X5 X6 Xs X9 X5X7 XX7 XaXs XaXg X4X7 X2X4 X3X4 X2X7 X3X7 X4X7 1]and
whereBg 16 depend®nimagedataonly. We usethe Gauss-JordafactorizationB of B
in equation(7) to eliminatethe variables(xs; Xg; Xg; X9) linearly. This givesfour equa-
tionsin (X2; X3; X4; X7) of total degreethree.Of thesefour equationstwo arelinearin x3



Four pointsandthreelines Two pointsandsix lines
Nrofrealsol.| 1| 3 Nrofrealsol. | 1 | 3|5
Occurrences | 10 | 30 Occurrences |1 |8 | 6| 6

~

Tablel1: Thenumberof real solutionsfor thetwo casesisingsimulateddata.

Figurel: Thethreeimagesusedwith six correspondindinesandtwo points.

andtwo arelinearin x,, sowe canusetheseequationgo easilyeliminate(xz; x3). This
leavestwo polynomialequationsin (x4; x7) of total degree ve. Taking the resultant,
cf [3], of thesetwo polynomialswith respecto x4 givesa polynomialof degreeeleven
in x7. Four of the eleven solutionsare not true solutions,but arisefrom the factthatwe
canchoose&(xs; X7) sothatrow oneandfourin M; arelinearly dependentThis choice
of (X4; X7) givesasolutionto our choserequationsout will notleadto onefor which all
M; have rankequalto two, andis thereforenot true a solution.

This leavessevensolutions.As is shavn in the experimentalpartthereareindeedin
somecaseserendistinctreal solutionsto the problem.

5 Experiments

5.1 Resultsfor real and simulated data

The methodsfor solving the two minimal casesdescribedn sections3 and4 wereim-
plementedn Maple andtestedon simulateddata. The solutionsgive very small,closeto
machineprecisionyeprojectecderrors.In tablel thenumberof realsolutionsfor anumber
of runsonrandomdatais shavn. Onecanseethatin somecaseghereareindeed3 and7
realsolutionsrespectiely for thetwo cases.

We have tried our algorithmson real dataaswell asthe simulated. Figure1 shows
threeimagesof ahousecomplex. Fromtheseémagesve have manuallyextractedtwo cor-
respondingpointsandsix correspondingines. Thetwo pointsandtwo of thelineswere
usedto make coordinatechangesndparameterizéhe problemaccordingto section4. 1.
We thenusethemethoddescribedn sectiond.2to solve for the camerageometry In this
casethreeof the sevensolutionswerereal.

Sinceit is aminimal problemthereprojectiorerrorsin theimagesarezero(exceptfor



numericainaccuracies)ut thisis notanindicationof how goodthesolutionsare. To test
our solutionseleven correspondingpointswereextractedin the threeimages.Usingthe
computedcamerasthe 3D structurewasreconstructedinearly from the corresponding
image points. The structurewas then projectedonto the images,using the computed
cameraskFor oneof thethreesolutionsthe RMS errorbetweermmeasured@dndreprojected
pointswas 2.099 pixels which was much smallercomparedo the othertwo solutions.
In gure 2 the original eleven points are shavn with the reprojectedpoints using this
solution. Using a Newton-basedptimizationof the structureof the eleven pointswhile

Figure2: Reprojectiorerrorsof the elevenpoints. The datapointsaremarked with "*”
andthereprojectegointswith "0”.

holding the camerasx ed reducedthe RMS-errorto 2.043pixels. After a full bundle
adjustmenthe nal solutionhadanRMS errorequalto 0.4096pixels.

We alsoappliedthe algorithmto anothersceneshavn in gure 3. Thetwo dashed
linesin combinationwith the two pointsshavn in the gure wereusedin the parame-
terization. One shouldtry to avoid choosingtwo lines that are closein directionin the
parameterizatiorsincethis mayleadto an unstablesolution. Again in this casetheim-
agedatagaveriseto threerealsolutions.A numberof additionallines,aswell asthetwo
conicsin the sculpture wereextracted.Thethreesolutionsto the camerageometrywere
thenusedto compute3D structurelinearly from the imagedata. After reprojectionone
of the solutionshad muchsmallerreprojectionerrorsthanthe two othersolutions. The



Figure3: Threeimagesusedwith the six linesandtwo pointsusedin the reconstruction
marked. Thetwo dashedinesarethe onesusedto parameteriz¢he problem.

g 3 8 8 58 8 B 3

Figure4: Reprojectiorof linesandconics— for the conicsreasonableeprojectionerrors
andfor thelinestheerrorsarevery small.

reprojectionof this solutionis shovn in gure 4. Thereprojectionerrorsfor thelinesare
small. Theerrorsfor theconicsaresomevhatlarger, especiallythe bottomone. A reason
for this may be thatthelines usedin the estimationof camerageometrywereextracted
from thetop partof the sculpture.

We alsoextracted25 pointsfrom the top conic of the sculpture.The RMS errorsfor
thesepointswere 7.79 and 7.71 pixels for the linear and the optimizedreconstruction
respectiely. After bundleadjustmenthe errordecreasetb 0.461pixels. Theseexperi-
mentsindicatethattheobtainedsolutionscanbeusedo bootstrapon-linearoptimization
method=or robustestimationschemesuchasRANSAC.

5.2 Ninelinesin threeimages

We will in this sectiongive tentatve resultson the caseof ninelinesin correspondence
overthreeviews.
Threeof thelinesareusedin the parameterizationThesdinesarechoseras

Ly=01t 1 17, L,=1 01t 17; L3=t 1 0 1~; t2R:

Thebasisis then x edby choosinghepointC; = 0 0 0 1 > asthecameraentre.
A canonicalbasesn the imagesis chosenas describedn section4. This givesthree
camerasparameterizevith 12 parametersTherank constraintghengive 12 equations
in the 12 unknawns. Thesecanbe chosersothat6 equationsare of total degree3, and6
othersareof total degree2.



Nr 1 2 3 4 5 6 7 8 9| 10| 11| 12
PHCsol. | 264 | 263 | 264 | 264 | 263 | 263 | 263 | 263 | 263 | 263 | 263 | 263
OK sol. 36| 36| 36| 37| 36| 36| 35| 36| 32| 36| 36| 36
Realsol. | 14| 22| 10| 12 8| 18| 11| 12| 18| 14| 16| 22

Table2: Thenumberof solutionsin theninelinescase.

Given a polynomial systeman upperboundon the numberof solutionsis given by
Bezouts theoremasthe productof the total degreesof the polynomials.In our casewe
have 6 equationsf total degree3 and6 othersof total degree2 which meansa total of
26 3% = 46656s0lutions. A betterboundon the numberof solutionsis given by the
so called mixed volume of the system,cf. [3]. To solve the equationsve have useda
polynomialsolver calledPHC, which is describedn [19]. This programstartswith cal-
culatingthe mixed volume of the system. In our casethis turnedout to be 413, which
meansthat thereare maximally 413 solutionsto the nine lines problem. After the cal-
culationof the mixed volumethe solver proceedsy constructinga more easily solved
systemwith the samestructureasthe original problem. It solvesthis systemandthe413
solutionsarepropagatedo thesolutionto theoriginal systemby ahomotoyy continuation
method. Someof thesesolutionsgo out to in nity andare not solutionsto the original
problem. The PHC solver wasusedon a numberof simulatednine lines cases.There-
sultingsolutionswerethenveri ed numericallyby insertingthe solutionsinto the camera
matricesandverifying therankconditionsby looking atthesingularvalues.Thespurious
solutionsthatdid notful Il therank constraintsvereremoved,aswell asthosethatlead
to cameramatriceswith rank lessthan3. The resultson a numberof runsis showvn in
table2. In thetableonecanseethatthe numberof solutionscomingout from the PHC
solveris quitestable.Theveri cation is lessstablesinceit depend®nthethresholdused
to determinewhethera singularvalueis zeroor not. Certainlyin somecaseghereare
errors. In run number4 for instancethe numberof complex solutionsis indicatedto be
oddwhich clearlyis nottrue.

Eachrun of the PHC solver took aroundone hour on a SUN Ultra 5 runningunder
Solaris. This meanghat this is not a viable methodif oneis interestedn RANSAC for
instancewheremary samplesnayberequired.

6 Conclusions

We havein this paperinvestigatedhreenovel minimal casedor projective reconstruction
in threeviews. We have giventhe numberof solutionsaswell asalgorithmsfor solving
two of the cases.They seemto performreasonablywell on real data. The caseof nine
lines hasbeeninvestigatechumericallywith solutionsbasedon homotopy continuation
methods. It is clearthat thereare no more that 413 solutionsand the true numberof
solutionsseemgo be 36. However, morework is neededn orderto solwe this case.One
otherminimal casein threeviews, that might be worth investigatingin the future, is the
caseof threeimagesof a quadricin combinationwith four points. This is relatedto the
“four pointsandthreelines” casein that threelines in generalpositionde ne a ruled
quadric.
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