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Abstract derive a closed-form solution for the Euclidean (or sim-
ilarity) transformation that minimizes the sum of squares

In this paper we consider the problem of solving error between the transformed points and the measured
different pose and registration problems under rota- points.
tional constraints. Traditionally, methods such as the The more general problem of finding the registra-
iterative closest point algorithm have been used to solvetion between two 3-D shapes was considered in [2],
these problems. They may however get stuck in localwhere theiterative closest poinfICP) algorithm was
minima due to the non-convexity of the problem. In proposed to solve the problem. The algorithm is able
recent years methods for finding the global optimum, to cope with different geometric primitives, like point
based on Branch and Bound convex under-estimators,sets, line segments and different kinds of surface rep-
have been developed. These methods are provably opresentations. However, the algorithm requires a good
timal, however since they are based on global opti- injtial transformation in order to converge to the glob-
mization methods they are in general more time con- ally optimal solution, otherwise only a local optimum
suming than local methods. is obtained.

In this paper we adopt a dual approach. Rather In [8], the method of Horret al [6] was general-
than trying to find the globally optimal solution we in-  jzed by incorporating point, line and plane features in
Vestigate how gOOd solutions itis possible to obtain us- a common framework. Givepoint-to-point point-to-
ing Lagrange duality. Our approach allows us to for-  |ine, or point-to-planecorrespondences, it was demon-
mulate a single convex semidefinite program that ap- strated how the transformation (Euclidean or similar-
proximates the original problem well. Furthermore, we jty) relating the two coordinate systems can be com-
show that it is possible to obtain bounds on the global puted based on a geometrically meaningful cost-function.
optimum from this program using standard duality the- The algorithm was based on relaxing the non-convex
ory. ! problem by convex under-estimators and then using
branch and bound to focus in on the global solution
[1].

In this paper we adopt a dual approach. Rather than
trying to find the globally optimal solution we investi-
gate how good solutions it is possible to obtain using
Lagrange duality. Our approach allows us to formu-
late a single convex semidefinite program that approxi-
mates the original problem well. We show on both syn-
thetic an real data that the approximation is very close
the the global optimum, in particular if the noise level
is low. Further more, we show that it is possible to ob-
tain bounds on the global optimum from this program
using standard duality theory.

Semidefinite programming has previously been used
for solving large scale binary quadratic optimization

1This work has been supported by the European Commission's problems [7]. These problems are often NP-complete,
Sixth Ffaéngwwktpé?/?éan;mg :A”decfj ?r:anéﬂoa_oﬁlgw as r?ma‘&m“ however due to a result in [4], semidefinite program-
e e e e oo e ming have been shown to produce good approxima

Large-Scale Problems in Computer Vision'. tions while still being a polynomial algorithm. On the
other hand for very large problems, polynomial execu-

1 Geometric Registration

A frequently occurring and by now a classical prob-
lem in computer vision, robotic manipulation and pho-
togrammetry is the registration problem. That is, find-
ing the transformation between two coordinate systems,
see [5] and the references therein. The problem ap-
pears in several contexts: relating two stereo recon-
structions, solving the hand-eye calibration problem
and finding the absolute pose of an object given 3D
measurements.

There are a number of solutions proposed and per-
haps the most well-known is by Hoet al [6]. They




tion time might still be to much. In the vision commu- whereA andb are determined from the model and mea-
nity it has mostly been used for large scale combinato- surement data. Note that > 0. By introducing the
rial problems resulting in long execution times. How- 12 x 3-block matricest); = [1000], B2 = [0100]
ever, since the matrices that arise in the applicationsandFEs = [0 0 1 0] we may rewrite the problem as

that we consider in this paper are quite small (typically . T T

less then100 x 100), it provides an efficient way to min  v"Av + 267y ®6)
produce lower estimates and approximative solutions. st v'El'Eju =14 (7)

whered;; = 1if i = j and0 otherwise. As we men-

2 L agr angi an Duality tioned earlier the problem is easily solved if the con-
straints are dropped. This gives us a lower bound on the
In its most general form, the problems we are interested Objective value;[Wg may modify the objective function
in can be described as geometric registration problems.bY addlnguij (v* Ej Ejv — by )_ without changing the
The objective is to relate measurements in one coor-Original problem. For each different; we may ob-
dinate frame to an object model in another. In this tain a different relaxation. Lagrangian duality can be
section we consider the case where the measurement¥iewed as finding the relaxation that gives the largest
are 3D-points and the model consists of planes in 3D- Objective value. .
space. The goal is to find a Eucledian transformation ~ The Lagrangian of (6) becomes
(R,t) € SO(3) x R3 that places the measurement 7 T T L
pointz; as close to the corresponding model plane Lv,p) = v" Av + 2070 + Z“W (v Eijv — 0ij) =
as possible. It was shown in [8], that given a number 7
of planesr; in one coordinate system and pointsin T o T o
another; = 1,...,m this problem can formulated as v A+ Z“”E” vE2biy - Z“”(S”’ (8)
the optimization problem ‘ ”

whereE;; = L(EFE; + EJTEZ) Thus finding the

. m
Relglon(g) 2izy AR +1,mi), @ largest relaxation can be written as
teR?
) ) max min L(v, u) 9)
where d(z, ) denotes the distance between paint pweoow

and the planer. If we lety; be an arbitrary pointon  For a fixedy the inner minimization is only finite if
m; andn; be the unit normal, then we can rewrite the  the matrixA + 3, ; \i; E;; is positive semidefinite. In
problem as this case the minimizer can be computed analytically
. by taking the gradient with respecttowhich yields
g Sl Ind (Re 4t -3 @ YOS pectipuiieny

teR? v=—(A+> XjE;)'b (10)
If we disregard the constrail® € SO(3) this is a "
linear least squares problem in the unknowhsnd Inserting into (8) we see that (9) can be written

t. Note that since set of feasible matricRss larger 1
if this constraint is disregarded it is easy to see that mﬁux —b" (A + Zi_j Mz‘jEij) b+ Zij 8ijfhig
the least squares solution provides a lower bound on

the minimum value of the original problem. However st At 2y i Big = 0 (11)

sinceR € SO(3) we also haveR” R = I giving the  The above problem is the dual program when the pri-

following quadratically constrained problem mal variables have been eliminated. It can be shown
. m T(Ra: 4t — u)|[2 3 f[hat the objective fu_nctlon is concave and the constraint

min 3o Hn; (Rai +¢ —wi)ll3 3) is convex, hence this program can be solved efficiently.
s.t. RR-1=0 (4) However to be able to use a standard solver, such as

SinceRT R — I is symmetric, equation (4) consists of SeD_uMi_ [Q] we need to \_/vrite it as a stan_dard linear

6 quadratic constraints. It is well known that problems Sémidefinite program. This can be done using the Schur-
with no more than 2 quadratic constraints can be solvedcOmplement (see [3]). First we add the artificial vari-

in polynomial time. Hence we are forced to search for able~ and rewrite the program as

approximative solutions. Next we rewrite the problem | .. ~ (12)
in vector form. We letv? = [ri1 ria ... s t1 ta ts]. Vo

The objective function is quadratic and (3) can there- s.t. A+ iy =0 (13)
fore be written bT(A+ Y piEij) "o+ 3 854105 — v > 0

min v Av + 267 v, (5) (14)
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Figure 1: Top: The objective value of the obtained solutisragunction of the noise level for three different
problem sizes, m =7, 14 and 20. For comparison we also plajltitel minimum, given by the Brach & Bound
method, and the Linear Least Squares solution. Bottom: Bheewof|| R R — I||3 for the obtained solution as a
function of the noise level.

Let 3 Experiments

Ap,y) = [EU 51’2#1’1"7 . b7 . } (15) In this section we present a few experiments that shows
g Hia 23 that even though the program we have derived is a re-

Using the Schur complement [3], the dual problem can laxation it provides surprisingly good solutions, indi-

finally be written as a linear semidefinite program cating that the lagrangian relaxation is strong.
In our first experiment we use synthetic data to test
max y (16) the performance for various noise levels. The data was
Vs

created by randomly placing: planes such that they
intersect the sphere centered around zero with radius
10. Then we randomly selected one point from each
plane and added noise of standard deviationThe

first row of figure 1 shows the objective value of the
obtained solution for different noise levels and differ-

st A(p,7v) = 0. 17)

This program is usually referred to the dual semidefi-
nite program. Using the same technique as above it is
possible to derive the primal semidefinite program

min  tr ([ﬁ 8} V) (18) ent problem sizes. The r_elaxation can be_z seen to ap-

V=0 proximate the global optimum well, particularly for

st t(E;V) =0y (19) low noise level. Also it is a considerable improvement

tr([99]V) = 1. (20) compared to the linear least squares solution. Note that
for the case of 7 point-to-plane correspondences there
Note that if* solves the primal problem arid* can is not enough data to compute a least squares solu-
be writtenV* = v*(v*)T thenv* is the global opti- tion. Also note that as the number of measurements in-
mum of problem (6). creases the least squares solution will approach the cor-

When using a primal-dual interior point as SeDuMi rect solution. This is to be expected since the measure-
one obtains both a solution to the primal and the dual ments are corrupted with normally distributed noise.
programs. To generate good approximate solutions we The second row of figure 1 shows the valué|&f" R—
will take the eigenvector corresponding to the largest I||2 for the approximate solutions. The semidefinite
eigenvalue of the primal solutidi as our approximate ~ Solution appears to be quite close to being a rotation
solution. IfV is close to a rank one matrix this should matrix while the linear least squares is far off, although
be a good approximation. as expected its performance improves as the number of

measurements increases. Note that the y-scale is not



the same in all pictures.

For our next experiment we used real data. Fig-
ure 2 shows the setup for this experiment. We used
a MicroScribe-3DLX 3d scanner to measure the 3D-
coordinates of some points on two different objects.
The 3D-scanner consists of a pointing arm with five de-
grees of freedom which measures 3D-coordinates. In
total we measured 49 points on the toy model visible in
figure 2. By request of the designer we will refer to the

toy model as the space station. We created a computer

Figure 3. The model of the spacestation and the opti-

mal registration. In this case both the branch and bound
method and the semidefinite method gives the same so-
lution.

Residuals:| B&B | Horn | LeastSq.| Semidef
point-point | 0.0083| 0.0063| 0.0221 | 0.0083
point-line | 0.0018| 0.0036| 0.0015 | 0.0018
point-plane| 0.0046| 0.0098| 0.0046 | 0.0046

Total 0.0147| 0.0197| 0.0282 | 0.0147

Table 1: Resulting reconstruction errors for the space
station problem when using the different methods. In
this case the semidefinite program gives the same solu-

Figure 2: The experimental setup for the spacestation
experiment. [2]
model consisting of planes, lines and points (see figure
3). Among the measured points 27 where known to be- [3
long to a certain plane in the model, 12 to a line and 10
to point. Note that we only considered point-to-plane
correspondences in the previous section, however it is
easy to extend to other correspondences as well. Figure
3 shows the model and the resulting registration. The (5]
points marked with black crosses are points measured
on the planes, the points marked with green rings are [g]
measured on lines and the points marked with red stars
are measured on corners. In table 1 we show the total
error for the different correspondences. For compari-
son we have also included the errors obtained with the [7]
other methods. In this case the solution of the primal
semidefinite program has rank one and therefore finds
the optimal solution (same as Branch & Bound). Note
that Horn’s method only measures the point-to-point
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