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Abstract
This master thesis presents a method to determine distances in a scene

using only one omnidirectional camera. The algorithm will be integrated
with the navigation system for a robotic wheel chair. In contrast to prior
work, our method is able to build absolute scale 3D without the need of
a known baseline length, traditionally acquired by odometers. Instead
we use the ground plane assumption together with the camera system's
height to determine the scale factor.
Using only one omnidirectional camera our method is proven to be cheaper,
more reliable and more compact than the current methods for distance
determination. It is cheaper since it only uses one sensor instead of having
to rely on laser scanners or other expensive range detectors. It is more re-
liable since it can determine distances in a 3D space instead of in a plane.
The experiments conducted here show promising results. The algorithm is
indeed capable determine the distances in meters to features and obstacles
and is able to located all major obstacles in the scene.
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1 Introduction
1.1 Background
At K.U. Leuven the Visics group has, in cooperation with the Mechanical Engi-
neering department, developed an automatic navigation algorithm for a robotic
wheel chair, see �g. 1. The application, see [2], uses a camera system for nav-
igation and a few ultrasound sensors together with a laser range scanner for
obstacle detection. This thesis extends the application with a range determina-
tion algorithm based on the camera images. The range scanner is meant to be
used as the obstacle detector and to replace the laser range sensor. The use of
a laser range sensor has several drawbacks, as discussed in the next section.

Figure 1: The wheel chair setup.

1.2 Aim of the thesis
The goal of this thesis is to develop an algorithm that determines the distance
to features in the scene using only one omnidirectional camera. A feature is any
area in the image where there is a sharp change in intensity, for example a table
leg, chair, but also a dark shadow. The viewing system is an omnidirectional
camera, presented in sec. 1.5.2. An omnidirectional camera is a camera with
360o �eld of view. This is obtained by using a camera together with a mirror,
as shown in �g. 2.
The range algorithm is meant to replace the laser range scanner the application
has used for obstacle detection up to this point. The laser range scanner has a
major drawback since it only allows distances in one plane to be measured. For
an obstacle detection algorithm this is a great draw back. An algorithm using
an omnidirectional camera is able to determine distances in the cameras entire
�eld of view. Additionally since the camera system is already used for path
�nding this approach also reduces cost, the ultrasound sensors are expensive,
and makes the application more compact.
The biggest challenge in developing the range detection algorithm based on
only one camera comes in determining the scale in a reliable way. Relative 3D
coordinates is straight forward to compute but the classical problem in computer
vision is that the scale factor needed to express distances in units as meters is
unknown. Other applications, see sec. 1.3, gives examples of how this can be
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Figure 2: The camera setup and an image from the omnidirectional camera.

done. This thesis introduces one additional method.
To summarise; The aim of the thesis is to create a range detecting algorithm
using one omnidirectional camera.

1.3 Related work
There are several examples of work based on omnidirectional cameras. Tomas
Svoboda provides a good overview of methods and theory using panoramic cam-
eras in his Ph.D. dissertation [3]. Robot navigation, obstacle detection and range
determination using omnidirectional cameras are all examples of work that in-
corporates some way of locating features in a 3D-space and determining their
location. A survey of di�erent computer vision approaches to range determina-
tion is given in [1] . One example of obstacle detection is the work by Koyasu,
Miura and Shirai, [4]. They use a stereo camera system, two vertically aligned
omnidirectional cameras, see �gure 3.

Figure 3: Image from an omnidirectional camera.

Using two cameras provides one simpli�cation for determining the range.
They have one known distance between the two mirrors and can use this to
determine the scale.
Another application where the goal is range determination has been proposed
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by J.S. Chahl and M.V. Srinivasan in [15]. They compute range based on
the nature of deformation in images, They use a CCD video camera positioned
under a polished cone, see �g. 4. They use the fact that when the camera system

Figure 4: The vision sensor used for the range determination application.

moves the omnidirectional view deforms. In the direction of motion there is an
expansion of the features, in the opposite direction a contradiction and in the
perpendicular directions to the motion direction there is a plain translation
of features. To determine range they move the panoramic sensor a prede�ned
distance, h, and measure the image deformation that occurs along the azimuthal
direction. They then compare this deformation to the deformation that would
have occurred at a known distance. This method uses the known translation
distance as reference frame, it also needs knowledge about the translation in
advance. The requirements for our system is to use neither known translations
nor to use a reference distances in the scene.
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1.4 Organisation of the thesis
The thesis is divided into four parts;

• Introduction, section 1, describes the background, the aim of the thesis
and covers the basic theory which the application is built upon.

• Methods, section 2, describes the di�erent steps of the range algorithm,
outlined in the �ow chart below.

• Results, section 3.

• Conclusion, section 4.

Figure 5: Outline of the Range determination algorithm.
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1.5 Theoretical background
This section will give an overview of the theory which this thesis is build
upon. The section starts with the basics of the camera model in 1.5.1 and
the panoramic camera system in 1.5.2. Then the epipolar geometry for normal
cameras is presented in 1.5.3 as well as for panoramic camera systems 1.5.6.
The overview is concluded with sections on the calibration matrix in 1.5.4, the
essential matrix in 1.5.5 and Kalman �ltering in 1.5.7.

1.5.1 Mathematical model of the camera - the pinhole camera model
Let us start the theoretical overview with an overview of camera models and
the camera system. Simpli�ed an ordinary camera is made up of a lens system,
an aperture and an image board, see �g. 6 The image board is usually a CCD-
chip. It registers the incoming light and produces voltage representative to the
light intensity. Based on this simpli�ed model di�erent mathematical models

Figure 6: Simpli�ed camera model.

are derived. The model used in this thesis, the pinhole camera model, is an
approximation of the perspective projection, see eq. 1. The pinhole camera
model consists of the following entities, which are all depicted in �g. 7 and
listed below.

Figure 7: The pinhole camera model.
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• The Reference coordinate system denoted as [X Y Z] in �gure. This is the
coordinate system that de�nes all other coordinate systems.

• The Image plane is the plane where the 3D-points are projected onto. It
is located at a distance f, the focal length, from the camera centre.

• The Image plane coordinate system, [x y], is the reference system that
de�nes a point on the image plane.

• The Camera centre C is the centre of projection. The origin of the cam-
era's reference coordinate system.

• The Principal axis is the axis through the camera centre which is perpen-
dicular with the image plane. It is aligned with the Z-axis.

• The Focal length, f, is the distance along the optical axis between the
image plane and the camera centre.

Assume a 3D-point P = [X, Y, Z]T . The projection of P onto the image
plane, p, is described by

p = [f
X

Z
, f

Y

Z
, f ]T . (1)

From image 8 the perspective equation 1 can be intuitively understood based
on congruent triangles.

Figure 8: The congruent triangles in the pinhole camera model.

1.5.2 Panoramic camera
There are several ways to obtain a panoramic view. One is to rotate an ordinary
camera round a vertical axis. This greatly reduces the frame rate and increases
the reaction time. Another method that doesn't reduce speed is to have multiple
cameras looking in di�erent directions. This is an expensive and less compact
option. To get both fast image acquisition and a wide �eld of view an ordinary
video camera can be used together with a mirror. The most common combina-
tions are an ordinary camera with one of the following mirror shapes; spherical,
hyperbolic or parabolic, see �gure 9 . In this thesis a hyperbolic mirror is used
together with a video camera. The hyperbolic shape of the mirror is essential
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Figure 9: A hyperbolic, parabolic and spherical mirror.

if the perspective camera equations, eq. 1 are used. Among the di�erent mirror
shapes in �g. 9 the hyperbolic shape is the only one where the re�ected rays
intersect in the second focal point. In the �gure it looks as though this would
be true also for the spherical mirror shape but that is an approximation.

The hyperbolic mirror has two focal points F' and F, as can be seen in
�gure 10. The �rst focal point, F', is where the extension of all incoming rays
intersect. The second focal point, F, is where the rays intersect after they have
been re�ected by the mirror. The camera is mounted in the second focal point of
the mirror, see �g. 10 This is, as mentioned above, very essential if the pinhole

Figure 10: The epipolar geometry using ordinary cameras.

camera model is to be used, because it requires that all rays intersect in the
camera centre, i.e. central projection. The shape of the hyperbolic mirror is
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de�ned by equation,
(
z +

√
a2 + b2

)2

a2
− a2 + b2

b2
= 1, (2)

where a,b are parameters of the mirror.

1.5.3 Epipolar geometry, basic properties
In order to process the information in two views, to search for correspondences
between the views and to estimate translation and rotation between two views,
a geometry known as Epipolar geometry has been developed. The epipolar
geometry describes the geometry of relations between corresponding points in
two or more views of a scene. The epipolar geometry simpli�es the search for
correspondences between images and is also used to calculate translation and
rotation between two views. The following will give a summary of the basics of
epipolar geometry. For a more extensive text refer to [5].

Figure 11: The epipolar geometry using panoramic cameras.

Assume a normal camera and a 3D-point X in the scene, see �g. 11. There
are two di�erent views of X with image centres C1 and C2 respectively. In each
of these views there is a projection of X onto the respective image plane denoted
q1 and q2 respectively. As can be seen in �g. 11, q1, q2, X and image centres
C1, C2 are coplanar. This coplanarity is an essential characteristic, which the
epipolar geometry is built upon. The plane formed is called the epipolar plane
and usually denoted as π. The epipolar plane intersects both images and the
lines that form at the intersection between the two planes are called epipolar
lines, see �g. 11, and denoted as l1 and l2. The points where the epipolar lines
intersect the baseline is called epipole, denoted as e1 and e2 in �g. 11.
The following list summarises the basic entities and properties of the epipolar
geometry,

• The Baseline is the line joining the camera centres of the two views. The
baseline has the same direction as the translation vector t.

• The Epipolar plane is the plane de�ned by the base line and the two lines
joining the 3D world point X with the two camera centres C1 and C2.
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• An Epipolar line is the intersection between the epipolar plane and an
image plane. Denoted l1 and l2 in the �gure.

• An Epipole is the point where the baseline intersects with an image plane.
With the exception of the epipole, every image point is intersected by
only one epipolar line. The epipole is also the projected image of the
other views camera centre. The epipoles are denoted as e1 and e2 in the
�g. 11. This is also the point where all epipolar lines intersect.

• The Epipolar constraint says that corresponding points must lie on con-
jugated epipolar lines.

As X moves in space, the epipolar planes form a pencil of planes passing through
the baseline. The epipolar planes in turn form a pencil of epipolar lines in both
image planes which go through each epipole. This knowledge greatly reduces
the search for correspondences, if the epipolar geometry is known, from the
whole second image to the corresponding epipolar line.

1.5.4 Calibration matrix
In order to relate the pixel values of features to the 3D world reference frame
the external and internal parameters of the camera needs to be determined.
This is done with a calibration process. In [10] the external parameters, also
known as the extrinsic parameters, are de�ned as the orientation and location
of the camera reference frame with respect to the world reference frame. The
external parameters are the rotation matrix R and the translation matrix T .
The internal parameters, also known as the intrinsic parameters, are de�ned
as the parameters that are necessary to link the pixel coordinates of an image
point with the corresponding coordinates in the camera reference frame. These
parameters are the focal length f, the location of the image centre in pixel
coordinates, ox, oy, the e�ective pixel size in horizontal and vertical direction
sx, sy and the radial distortion coe�cient. Having de�ned both the extrinsic
and intrinsic parameters two matrices M ext and M int can be created. M ext

performs the transformation between the world and the camera reference frame
and M int performs the transformation between the camera reference and the
image reference frame;

M int =




−f
sx

0 ox

0 −f
sy

oy

0 0 1


 ,

M ext =




r11 r12 r13 −RT
1 T

r21 r22 r23 −RT
2 T

r31 r32 r33 −RT
3 T


 .

The perspective projection, eq. 1, can then be written as,



x1

x2

x3


 = M intM ext




Xw

Yw

Zw


 = K




Xw

Yw

Zw


 . (3)

In the equation above it can be seen that �rst the projection between world
and camera reference frame is performed and the transformation in the camera
between the pixel reference frame and image reference frame.
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1.5.5 The Essential matrix
The fundamental matrix F is the algebraic representation of the epipolar ge-
ometry, it relates points in two views as,

xT
r Fxl = 0, (4)

where xr and xl is the respective coordinates of the right and left view. The
fundamental matrix is used when working with uncalibrated cameras. When
the cameras are calibrated, i.e. the camera calibration matrix K is known, the
essential matrix E is used. The matrices F and E relate to each other by the
calibration matrix K as

E = KT FK. (5)
The essential matrix contains information about the translation and rotation

between two views. The essential matrix E is only de�ned up to some nonzero
scale and therefore can only the direction of the translation t be determined
[3]. The translation vector t plays a very essential part in this application. It
de�nes the baseline of our stereo geometry.

The essential matrix can be written as the matrix product between the
matrices R and S, i.e.

E = RS

where

R =




r11 r12 r13

r21 r22 r23

r31 r32 r33


 (6)

and

S =




0 −tz ty
tz 0 −tx
−ty tx 0


 .

The matrix R is known as the rotation matrix and contains the rotation between
the two views and the matrix S contains the translation between the two views.

Having two normalised image points in two di�erent views pr and pl in the
right and left view respectively, the essential matrix satis�es the equation

pT
r Epl = 0. (7)

1.5.6 Epipolar geometry using hyperbolic mirrors
As our system uses a panoramic camera a few di�erences in the epipolar geom-
etry are introduced.The geometry is de�ned by the mirror coordinates instead
for the image plane coordinates.
Assume a 3D world point X and two views of this with camera centres C1, C2

and mirror focal points F ′
1, F ′

2. The vectors Xh1, Xh2 joining X with respec-
tive mirror focal point intersect the mirror in Xh1 and Xh2. The baseline is
between the two focal points F ′

1 and F ′
2. The epipolar plane is spanned by the

baseline, xh1 and xh2, as can be seen in the �g. 12. The epipolar constraint
now reads as,

XT
h2EXh1 = 0 where E = RS, (8)

with S and R from eq. 6.
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Figure 12: Epipolar geometry for panoramic cameras.

1.5.7 Basics of Kalman �ltering
We continue this theory section with an overview of the Kalman �lter. The
Kalman �lter will be used to stabilise the scale through the image sequence.
The Kalman �lter is used to estimate the state of a process. The estimation
process can be thought of as a predict and correct cycle. First the state is pre-
dicted based on past experience and then the prediction is corrected based on a
new measurement. For a more extensive text on Kalman �lter, refer to [8] and
[9].

The state of the process or system Xk that the Kalman �lter tries to estimate
is a discrete-time controlled process that can be expressed by the following
stochastic di�erence equation;

Xk = Axk−1 + Buk−1 + wk−1, (9)

with measurement zk as

zk = Hxk + vk, (10)
where vk and wk represent the measurement- and process-noise respectively
and uk is the process input. H relates the measurement zk to the present state
xk.

An overview of the equations and concepts of the predict- and correct-step
of the �lter will now be given. Introducing x̂−k as the past state estimation and
x̂k as the present state estimation. The estimation error, of the respective state
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estimations then follows as,

e−k = xk − x̂−k , (11)

ek = xk − x̂k. (12)

The estimation error covariance for both state estimations is given by,

P−
k = E[e−k e−T

k ], (13)

P k = E[ekeT
k ]. (14)

The equation for the estimation of the next state from the measurement zk is,

x̂k = x̂−k + Kk(zk −Hx̂−k ), (15)

where Kk is the gain factor that weighs the importance of the residual, zk −
Hx̂−k .
The gain factor Kk is chosen so it minimises the error covariance of the present
state, eq. 14. For more details refer to [9]. The expression for Kk is

Kk =
P−

k HT

HP−
k HT + Rk

, (16)

for complete derivations see [7].
From eq. 16 it can be seen that when Rk, the measurement covariance error,
approaches zero Kk is bigger. Looking at eq. 15 this means that the residual will
have a more signi�cant impact on the state prediction. This makes sense since
the measurement error is low. Also when P−

k , the estimation error covariance
of the prior state, approaches zero Kk will approach zero. The decrease of P−

k

means that the prediction of the past state was accurate therefore it is trusted
more.
To summarise the two groups of equations are given below.

x̂−k = Ax̂k−1 + Buk−1 (17)
P−

k = AP k−1A
T + Q (18)

Kk = P−
k HT (HP−

k HT + Rk)−1. (19)
x̂k = x̂−k + Kk(zk −Hx̂−k ) (20)

P k = (I −KkH)P−
k (21)

Table 1: Predict and Correct equations.

The list below summarises the terms in the above equation;

• x̂−k is the state estimate before the measurement has been made and x̂k

is the state estimate after the measurement and uk is the systems input
signal.
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• A is a weight function relating x̂−k to x̂k. B is weight function determining
the importance of the system input uk.

• P−
k is the covariance of the error function, see eq. 11, of the state before

the measurement x̂−k .

• P k is the covariance if the error function, see eq. 12, of the state after the
measurement x̂k.

• Q is the process noise covariance.

• Kk is a weight function that determines the importance of the measure-
ment zk.

• H originates from eq. 10, where it relates the state to the measurement.

• Rk is the process measurement noise.
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2 Methods
2.1 Overview of the problem
This section contains a description of the methods used in this thesis. To be
able to compute the range to all features the epipolar geometry needs to be
established. This is �rst done by de�ning a stereo system, which is done by cap-
turing two images with a small delay, the movement the robot has done during
the delay is the translation de�ning the baseline in our stereo system. After
the two images have been acquired correspondences between them needs to be
found. This is done with a feature matcher. From the features the essential
matrix E can be computed. Then the rotation matrix R and translation vector
t can be extracted from the essential matrix E. When R and t have been deter-
mined the triangulation can locate all features at their respective 3D-position.
Since the essential matrix only can be determined up some nonzero scale the
next step is to determine that scale. This is done by using a known distance,
the height of the camera, and searching for correspondences on the �oor. In
order to stabilise the scale a Kalman �lter is employed.

2.2 Camera calibration
The �rst step is to calibrate the cameras. The camera was calibrated using
the "Omnidirectional Calibration Toolbox Extension" which is based on the
"Caltech Calibration Toolbox" by Jean-Yves Bouguet [6].

2.3 Feature matching
The tracker used to establish correspondences in views is the widely used KLT-
tracker of Kanade, Lucas, Shi, and Tomasi [17]. KLT starts by identifying
interest points (corners), which then are tracked in a series of images. The basic
principle of KLT is that the de�nition of corners to be tracked is exactly the
one that guarantees optimal tracking. A point is selected if the matrix

[
g2

x gxgy

gxgy g2
y

]
, (22)

containing the partial derivatives gx and gy of the image intensity function over
an N × N neighbourhood, has large eigenvalues. Tracking is then based on
a Newton-Raphson style minimisation procedure using a purely translational
model. This algorithm works surprisingly fast: we were able to track 100 fea-
tures points at 10 frames per second in 320 × 240 images on a 1 GHz laptop.
The number of feature points to track is a parameter of the system.

2.4 Mirror projection
In sec. 1.5.6 an overview of the epipolar geometry for hyperbolic mirrors was
given. In order to use these equations the features that are captured on respec-
tive views image plane needs to be back projected onto the mirror. This thesis
uses the projection model of Svoboda [3], which is less general but simpler then
that from Geyer and Daniilidis [16]. Figure 13 depicts the geometry of the cam-
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Figure 13: The epipolar geometry using ordinary cameras.

era and mirror. The equation, [3], for back projecting the image plane features
onto the mirror shape is,

Xh = F
(
RT

CK−1q
)

RT
CK−1q + tc, (23)

where

F
(
v = RT

CK−1q
)

=
b2(ev1 + a||v||)

b2 − v2
1 − a2v2

2 − a2v2
3

. (24)

• Matrix Rc is the rotation matrix between the mirror reference frame and
the image plane reference frame. In this application the camera and mirror
are mounted so that Rc = I

• Matrix K is the camera calibration matrix.

• Vector q is the pixel coordinates of the feature.

• Vector tc is the translation between the mirror reference frame and the
camera reference frame. It needs by construction to be tc = [0, 0,−2e]T .

• Scalars a,b and e are mirror parameters.

• Vector is given by v = RT
CK−1q.

The camera calibration, feature matching and mirror projection were the steps
required to establish the epipolar geometry. This will be done in the next section
by a Method called Generate and Select by Tomas Svoboda [3].
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2.5 Generate and select - calculating the E-matrix
2.5.1 Introduction
When the features in the two images have been paired up the E-matrix can be
computed. As mentioned above the method used is Generate and Select.

• Sort and rank every correspondence based on their outlierness.

• Create sample Ê-matrices from the correspondences, starting with the 9
best correspondences and then add the rest of the correspondences step
by step.

• Choose the best Ê-matrix based on a quality measure.

2.5.2 Rank and sort correspondences
The �rst step of the generate and select process is to rank the correspondences.
This greatly reduces the number of iterations and correspondences needed to
calculate the best E-matrix. Only the combinations of the best ranked corre-
spondences are needed to be tried.

To rank the correspondences eq. 8 is rewritten �rst. Introduce ui = Xh1i

and vi = Xh2i to be the ith correspondence in the �rst and second mirror
respectively. Then eq. 8 becomes

vT
i Eui = 0. (25)

Carrying out the vector multiplication and rearranging the terms results in,

v1iu1ie11 + v1iu2ie12 + v1iu3ie13 + v2iu1ie21+

v2iu2ie22 + v2iu3ie23 + v3iu1ie31 + v3iu2ie32 + v3iu3ie33 = 0. (26)
The terms in eq. 26 can then be arranged in the following way,

Ae = 0, (27)

where the rows of A are equal to

ai = [v1iu1i, v1iu2i, v1iu3i, v2iu1i, ..., v3iu3i]

and

e = [e11, e12, e13, e21, ..., e33]T .

Generate and select uses the A-matrix to rank the correspondences. When the
correspondences have been ranked and sorted only the best features are needed
to determine the epipolar geometry. To measure the outlierness value of the
correspondences the hat matrix H is used [12]. The hat matrix His given by

H = A(AT A)−1AT . (28)

The idea is to measure each row's, ai in A, distance from the rest of the rows in
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A. If the distance is large it is assumed that the correspondence is an outlier.
According to [12] the hat matrix is a way of measuring that distance. The
outlierness measure oi for the ith row, i.e the ith correspondence, is obtained
from the diagonal element in the ith row,

oi = hii = aT
i (AT A)−1ai, (29)

where all hiis are diagonal terms of H. The correspondences are then sorted in
ascending order based on their outlierness value, oi.
The next step is to generate sample Ê-matrices from an increasing numbers of
rows in A, starting with the 9 best features.

2.5.3 Construct sample Êk-matrices
In the section above the correspondences were ranked and sorted based on their
outlierness measure oi. The idea is that the best paired correspondences have
the lowest oi values and are sorted in to the top rows of the A-matrix. The
sample Êk-matrices are calculated from sample sets Sk, which are generated
from the A-matrix. The �rst sample set S0 contains the top 9 features of A
and each subsequent set Sk+1 is the union between Sk and the next still not
used row in A. There can be maximally N - 9 number of sample sets Sk, where
N is the total number of correspondences.
This method will generate better sample Êk-matrices for every feature added
until the �rst row that contains an outlier is added. The next step is to construct
sample Êk-matrices and evaluate them based on di�erent quality measures.
When the E-matrix is determined the translation vector t and rotation matrix
R can be extracted.

2.5.4 Calculating the Ê-matrix
In the previous section sample sets Sk were created from the ranked correspon-
dences. The E-matrix is calculated for every correspondence set by a method
known as the 8-point algorithm introduced by Longuett-Higgins [13].
Rewriting eq. 27, with Sk instead of A gives,

Ske = 0. (30)

The sample Ê is then, with the 8-point algorithm, computed by taking the
singular value decomposition of Sk. It should be noted that eq. 30 only has a
nontrivial solution if Sk is singular and e then lies in the null space of A [3].
This is the reason why e only can be recovered up to a non-zero scale. When
the singular value decomposition has been taken of A, the solution to e is given
by the right singular vector corresponding to the smallest singular value [14].

2.5.5 Choosing the best Êk-matrix.
The di�erent Êk-matrices has now been calculated. It now remains to select
the best one. This can be done by comparing the the residual,

vT
i Ekui = ri, (31)

but this is according to [3], not a robust enough measurement. The reason for
this is that there are often some E-matrices that produce small residuals for
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both good correspondences and outliers. Instead another method is used to
measure the quality of the E-matrix proposed by [12]. This method uses the
variance of the residuals of the correspondences to evaluate the quality.

The �rst step of the selection process is to evaluate the correspondences by
its residual ri and compare it to a threshold value,

|ri| < 2.5
(

1.4826
(

1 +
5

N − p

)) √
med(r2

i ), (32)

where N is the number of features and p=8, the number of parameters estimated.
For those correspondences that remain after eq. 32 the variance vi of the ris is
calculated. The variance vi for that Êk-matrix is then also compared to a
threshold value,

vi < 2.5
(

1.4826
(

1 +
5

N − p

))
med(vi). (33)

Among those Êk-matrices that pass under the threshold value the Êk with the
lowest qE value is chosen. The qE value is the di�erence between the two biggest
singular values of Êk,

qE = σ1 − σ2,where D =




σ1 0 0
0 σ2 0
0 0 σ3


 and UDV T = E. (34)

If the essential matrix was perfect the di�erence would be zero.
The next step is to extract the rotation matrix R and translation vector t from
the E-matrix.

2.6 Retrieval of the rotation and translation
In order to determine the features 3D-position by triangulation the second views
reference frame must be de�ned in the �rst views reference frame. The two views
reference frames relate to each other by

C1 ·R + t = C2, (35)

where R is the rotation matrix and t is the translation vector, as seen in the
�gure. R and t are determined by extracting from the E-matrix. In sec. 1.5.6
it was stated that E = RS, with

R =




r11 r12 r13

r21 r22 r23

r31 r32 r33


 and S =




0 −tz ty
tz 0 −tx
−ty tx 0


 . (36)

To compute R and S a method using singular value decomposition introduced
by Hartley in [11] has been used. The decomposition is as follows,

E = UDV T . (37)

Then R and S are computed by,

S = ±V ZV T and R1 = UY V T or R2 = UY T V T , (38)
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where

Z =




0 −1 0
1 0 0
0 0 0


 and Y =




0 1 0
−1 0 0
0 0 1


 . (39)

This gives four di�erent combinations for the correct R and t.

1. R1 and t

2. R1 and -t

3. R2 and t

4. R2 and -t

The correct combination will be determined �rst after the triangulation, which
will be covered in the section below.

2.7 Determining 3D coordinates by triangulation
The triangulation determines where the features are situated in the 3D-space.
The name comes from the fact that the method uses triangles to determine the
features location. The positions are determined by �nding where two rays, back
projected from each image centre going through respective image correspon-
dence, intersect see �g. 14. The triangulation formula derived in this thesis is

Figure 14: The feature is located at the intersection at the intersection between
the two rays v1 and v2.

based on the notion that the smallest distance between two rays has a direction
perpendicular to both rays. Assume two rays v1 = a+λ ·n1 and v2 = b+µ ·n2,
where a and b are the respective centre of projections in the two views and λ
and µ are scale factors. n1 and n2 are the two rays respective direction, as
shown in �g. 14.

The shortest distance between n1 and n2 , noted d is given by,

d = (b− a) · n1 × n2

||n1 × n2|| ,where n3 =
n1 × n2

||n1 × n2|| .

Knowing that v1 + d · n3 = v2 a formula for λ and µ can be derived. The
derivation of λ is shown below,
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a + λ · n1 + d · n3 = b + µ · n2 ⇒
(a + λ · n1 + d · n3)× n2 = (b + µ · n2)× n2 ⇒

a× n2 + λ · n1 × n2 + d · n3 × n2 = b× n2 + µ · n2 × n2 ⇒
a× n2 + λ · n1 × n2 + d · n3 × n2 = b× n2 ⇒
λ · n1 × n2 = b× n2 − a× n2 − d · n3 × n2,

rewriting the vector on the right hand side as nr and the vector on the left hand
side as nl the equation becomes,

λ · nl = nr.

Then it is clearly seen that the two vectors nl and nr have the same direction
and only di�er by the scale factor λ. λ is now given by,

λ =
nr[x]
nl[x]

=
nr[y]
nl[y]

=
nr[z]
nl[z]

.

µ is derived with the analog steps.
When λ and µ have been determined for all four combinations mentioned in

sec. 2.6 the right combination needs to be determined. Depending on how the
reference frames are oriented, how R and t are chosen , four di�erent combina-
tions for µ and λ can occur,

1. λ > 0 and µ > 0,

2. λ > 0 and µ < 0,

3. λ < 0 and µ > 0,

4. λ < 0 and µ < 0.

The correct one is when they are both positive. This is because the intersection
must take place in front of the cameras and not behind.

The last step in the range determination is to establish the actual range to
all features. To do this the scale must be determined. This is covered in the
next section.

2.8 Determining the scale
In the previous section all features relative 3D-coordinates were determined.
To determine their absolute distance the scale factor needs to be established.
This is done by using the ground plane assumption, assuming that the robot is
moving in one plane, and the height of the camera system. More precisely it is
the distance between the ground plane and the �rst focal point of the mirror
that is used. The relative positions are scaled to their absolute positions.
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2.8.1 Evaluating the smallest values
To compute a coherent set of ground points an evaluation step is needed. The
�rst step to select the k lowest relative features. Some of these features might
be outliers, a feature might be higher or lower than the ground plane, therefore
it is needed to �lter these out. The evaluation process then computes the Eu-
clidean distance in the z-coordinate between each feature and the average of the
k features. If the distance is bigger than a threshold t the feature is discarded.
This step is then repeated for the k-1 remaining features and is iterated until
all features are within the prede�ned threshold t or we have a minimum set of
features. This evaluation step prevents features that due to noise, bad triangu-
lation etc. a�ect the scale. To have a robust scale through the images a Kalman
�lter is used. This is described in the next section.

2.8.2 Determining the scale using a Kalman �lter
Since the scale is very essential and there is great risk it may �uctuate greatly
a Kalman �lter is used to stabilise the scale. Section [8] covered the basics of
the Kalman �lter, eqs. 40-44, reviews the equations controlling the process.
For a summary of the terms refer to the list at the end of sec. 1.5.7.

x̂−k = Ax̂k−1 + Buk−1 (40)
P−

k = AP k−1A
T + Q (41)

Kk = P−
k HT (HP−

k HT + Rk)−1. (42)
x̂k = x̂−k + Kk(zk −Hx̂−k ) (43)

P k = (I −KkH)P−
k (44)

Table 2: Predict and Correct equations.

To de�ne the kalman �lter the parameters needs to be set. The list below
explains the values chosen;

• The scalar x is the scale of that is being �ltered.

• The scalar A = 1, the state of the process is unchanged through the
di�erent images.

• The scalar B is not assigned to any value since there is no input signal to
the system.

• The scalar Q is set to 1e−5, assuming a small process invariance.

• The scalar R, di�erent R's was tried and the results will be seen under
Results.

• The scalar x0 was initially set to 20, which was the average for this speci�c
set of test images.

• The scalar P0 was initially set to 0, according to [7] this is not a crucial
choice since the �lter will converge anyway.
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3 Results
In this section the results obtained with the previously describes methods will
be presented. Section 3.1 explains the input sequence which the algorithm was
tested upon. Section 3.2 shows the result of the feature matching and sec. 3.3
presents the results of the mirror projection. Then the result from the Generate
and Select process is shown followed by the translation and rotation vector
which is extracted from the Essential matrix E. The section is concluded with
the results from the triangulation and scale determination process.

3.1 Input sequence
The algorithm is tested on a video sequence captured when the camera was
moved in a straight line in the camera's Y-axis direction. The typical example
used the algorithm is tested on is two images from this sequence. The images
used are shown in �g. 15.
Then the whole video sequence is used to test the variation of the distances as
the camera moves and how consistent the scaling and feature matching is.

3.2 Feature matching
The determination and matching of features in two views is, as said before, the
foundation which the epipolar geometry is build upon. It is therefore important
to have a high amount of qualitative correspondences. This is a function of
the translation, rotation and it is also dependent on the richness of feature
points in the scene. The graph below shows how the number of features varies
as a function of the delay between two images. When the delay is greater the
baseline will also be greater, as the robot is moving at a constant velocity.

Figure 15 shows the two input images and �g. 17 shows the correspondences
between them.

As can be seen in �g. 17 there are a high amount of correspondences covering
all important features.

3.3 Mirror projection
In sec. 2.4 the method for mirror projection was given. The mirror projection
is needed to use the epipolar geometry using the hyperbolic mirror. Figure 18
shows the results after the tracked features in �g. 17 have been back projected
onto the mirrors. The hyperbolic shape of the mirrors is clearly seen.

3.4 Generate and select
The generate and select process calculates the E-matrix by generating a num-
ber of Ê-matrices , see sec. 2.5. The Ê-matrices are evaluated with di�erent
measures and �nally the best one is chosen.
The �rst step in the process is to sort the correspondences based on their "out-
lierness measure", see eq. 29. To measure the outlierness the hat-matrix based
on A-matrix is used, see sec. 2.5.2. Figure 19 shows the sorted outlierness val-
ues.
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Figure 15: The two input images.
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Figure 16: Number of features as a function of the delay.
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Figure 17: The correspondences found in each of the images.
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Figure 18: The features back projected onto the mirrors.

After the outlierness of every feature have been determined the generation of
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Figure 19: The ranking of the correspondences.

Ê-matrices can begin. Totally N-9 Ê-matrices will be generated. Each of them
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is evaluated and the one with best qE-value is chosen. The qE-value is given by,

qE = σ1 − σ2,where D =




σ1 0 0
0 σ2 0
0 0 σ3


 and UDV T = E. (45)

The qE-value varies with each added feature, which �g. 20 shows.
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Figure 20: The quality of the Ê-matrix.

Figure 20 shows the qE values, i.e. the quality of the Ê-matrix. In the �gure
can be seen that it is �uctuating but still good for every feature added until the
�rst outliers are included. The Ê-matrice with the lowest qE is then chosen as
the E-matrix as long it's variance vi passes under the threshold, eq. 33. After
Generate and Select the suspected features is reduced. The result is shown in
�g. 21

3.5 Translation and rotation
In sec. 2.6 methods for calculating the translation and rotation between the
two views was given. The rotation matrices R and S is computed from the
E-matrix with equations 37 - 39. The translation vector t is then given from S
by,

S =




0 −tz ty
tz 0 −tx
−ty tx 0


 . (46)

In the tests, �g. 15, the camera is moved along the Y-axis of the camera's
coordinate system with no rotation. The S-matrix and rotation matrix R,
which are calculated from the E-matrix, get values,
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Figure 21: The images with the suspected outliers �ltered out.

S =




0 −0.02624 0.9995
0.0262 0 −0.0148
−0.9995 0.0148 0


R =




0.9995 −0.0099 0.0008
0.0099 0.9999 −0.0027
−0.0009 0.0027 0.99999


 .
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The translation vector then becomes,

t = ±



0.0148
0.9995
0.0262


 .

An interesting test would of course be to rotate the camera and then see
if the correct rotation was measured. The current algorithm works well for
small rotations. For greater rotations the feature matcher is not suited, it has
therefore problems following the features. This is not an intrinsic problem. The
best solution would be to use a di�erent tracker, even though it might be slower.
Modi�cations are suggested in the conclusion section.

The next section shows the triangulation for the di�erent combinations.

3.6 Triangulation
The prior section gave four combinations of translation vector and rotation
matrix. The triangulation for each of those where carried out and tested. The
respective result is given in �g. 22. It is clearly seen that the two upper images
are much better than the lower ones. The triangulation resulting in the upper
images use the correct rotation matrix. The right upper �gure shows the correct
triangulation result. The di�erence between the two upper images is the sign
of the translation vector t. The upper left image is the right image mirrored in
the origin.
Figure 23 shows the correct result again.

3.7 Scaling
To test the consistency of the scaling between the images the whole image
sequence is used. Since the scaling is used to determine the distances in units
as meters it is important it is consistent. Figure 24 shows how the scale varies
with di�erent images.

3.8 Final results
All the pieces have now been put together and the distance to the tracked fea-
tures can now be estimated in meters. Figure 25 shows the �nal result from
di�erent angles. It can clearly be seen that the geometry of the features corre-
spond to that in �g. 15. The green circle indicates two meters and the blue one
meter.
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Figure 22: The four triangulation results.
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Figure 23: The triangulation result.
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Figure 24: Top: The variation of the scale between images. Bottom: The scale
after employing a Kalman Filter
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Figure 25: Di�erent views of the �nal result.34



4 Conclusions
Based on the results presented in this thesis we conclude the method using only
one camera as a sensor in robot navigation is promising. The results are a good
indication that this algorithm will be able to give greatly more distance infor-
mation then the laser range scanner.
The contributions given in this work are; The thesis has showed that it is pos-
sible to determine distances in two views captured by one camera with only
prior knowledge about the camera's height. This thesis also derived a successful
triangulation formula and employed a Kalman �lter in order to obtain a con-
sistent scale, even though the features vary greatly between images. For the
algorithm to be successfully used in more general applications a few items need
to be re�ned;

• First, more features need to be detected in order to have more correspon-
dences. This would in turn produce a more reliable epipolar geometry and
enable more distances to be computed.

• Second, more features would enable a di�erent method used to track the
features between images. In the present algorithm the features are cap-
tured in every image pair. If it would be possible to follow features in
images the movement of the robot would not be limited to slow turns and
slight rotations. This is of course essential to work out in future work.

• Finally, a more sophisticated method for tracking the lowest point could
be developed. If the features would be followed through the images the
lowest values would be more consistent through out the images.
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