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Abstract tersection of two ruled quadrics, known as an elliptic giaart
curve'. Furthermore irany critical configuration, all points
(but not necessarily the cameras) must lie on the intersecti

. o . ... of three (and hence two) ruled quadrics. However, the ex-
f"‘”d VIEWS. A set of cameras anq points is said to be CrItICa"ample given in [2] was somewhat special, and the full range
if the projected image points are insufficient to determiree t of critical curves was not given. In the present paper, we

plagenient of thfe pom.ts angothe cameras iimqu.e.ly’ IUP 0 &how thatany curve formed as the intersection of two ruled
i?rOJecttlve trans orlrlniimon. | rtti\i\_/o wews,ltt. N (i:]rltlcati(]‘:otn guadrics is critical — a set of cameras and points all lying on
|gui§1 lons are iNe>' nown. In this (;Jsper_l IS S” ioyvn al a this intersection curve allow an ambiguous reconstruction
configuration ofn > 3 cameras andn points all lying on - piq is 4 much more general result than the single example
the intersection of two distinct ruled quadrics is criticdh of a critical curve given in [2]

gitsetzlrr:;ii?/r;tgglz ?igvr\ig \i'hee\:\r'ecissz’ ngZ i]nliih i;%%‘giradgﬂgvi'gcm The result is extended by showing that the same quartic
. ; y ot 9 .. curve is a critical set fon-view reconstruction. Thus, one
structions for then-view case. As a partial converse, it is )
o i X . .~ may add any number of further cameras with centres located
shown that for any critical configuration, all the points lie o . . .
. . . on the critical curve without removing the reconstructiona
on the intersection of two ruled quadrics. o : " .
biguity — the curve remains critical for all the views.

In this paper we give a characterization of critical configur
tions for projective reconstruction with any number of fsin

1 Introduction

A key problem in computer vision is to recover the shape of id . . dd
an object from a number of images. This inverse problem?/€ consider a configuration af > 3 cameras, and denote

has a number of inherent ambiguities. It is well-known that € c@mera matrices [, for¢ = 0,...,n — 1. Consider

from image measurements alone, the cameras and the 3/S0 @ Set of point®;. The question considered is under

points can only be determined up to an unknown projectiveWhat circumstances there exists an altern‘atlve set of @amer

transformation. For two views, additional ambiguitiesarcc matrices” and points; su.ch t.haPsz = QZQJ' for ail LI

if all points and cameras lie on a ruled quadric. This critica but {P;} and{Q;} are proiectlvialy inequivalent point sets.

surface or “gefahrlicher Ort” was studied by Krames [7] in If such an alternative set of points and cameras exist, then
we say that the configuratiofP®, P} is acritical configu-

1940. See [8, 3] for a more recent treatment. o In thi he al : i < .
In this paper, we consider the problem of ambiguity of .ratlon.' n this case, t €a ternative configuratitat, Q; } is
its conjugate configuratioA

projective reconstruction from three or more views. Under-
standing of the two-view case will be helpful for reading
this paper, though the important prerequisite results lvall Standard camera Configurations. It is useful to pUt the
quoted here for convenience. We follow the approach andhree camera matrices in a canonical form. The'first remark
terminology used in [2, 3]. Other work on critical curves is that the precise form of the camera matrieéésis not
and surfaces can be found in [5, 1, 6]. Partial results conimportant for criticality, just their centres. This is pexV
cerning ambiguous configurations with more than two viewsin [2] (Proposition 1). For convenience, it may therefore
have been reported previously in the literature. Maybankbe assumed that the three camera matrices are of the form
and Shashua ([9]) considered the case of many views of & = [I | —v'], wherev® is the camera centre.
points, showing that a configuration is critical if and orfly i 1in the classification of space curves [10], there are twostygfairre-
the points and camera all lie on a quadric. ducible quartics, elliptic quartics (the intersection wbtquadrics) and ra-

The first non-trivial examples of critical configurations fo tional quartics (the intersection of a cubic and a quadricusitwo lines).

; ; ; ; ; ; 2This definition has a slight technical difficulty in that thechtion of
three views were given in [2] in which it was shown that oints lying on the line between two camera centres is natrdened by

three.cameras'always belong to Some_critical 'Conﬁguraiio'{]heir projection, but may vary arbitrarily along the baseeli We are not
of points in which the cameras and points all lie on the in- interested in this trivial sort of ambiguity.

2 Statement of the problem




Critical surfaces for pairs of cameras. If
{p%, Pl P2 P, } is a critical configuration for three views,
then it is critical for each of the three pairs of cameras.
Therefore, it follows from the well-known results on 2-view
critical surfaces that the set of poinks, and the camera
centres o’ andP? lie on a ruled quadric surface, denoted
S’ . According to [2], the quadric is given by the formula

Sy = PiTFIPI (1)

whereFy is the fundamental matrix for the pair of cameras
(@%,@7) in the conjugate configuratiénlt is also shown in
[2] that whenS30, S2° and 2! are equal, the corresponding
ruled quadric is not critical.

3  Pencils of quadrics Figure 1:Examples of randomly generated elliptic quartics.
In all examples, the pencils contain ruled quadrics.

Given two quadrics represented by symmetrie 4 matri-
ces A and B, the pencil generated by them consists of all

quadrics of the fornaA + AB. Proof. The proof consists of exhibiting an explicit formula

for the conjugate configurations. Without loss of geneyalit
Proposition3.1. If C' is the intersection of the quadric4 ~ We may assume thak? is the quadricz = zy, represented
and B, thenC lies on each of the quadriesA + B inthe by the matrix

pencil. If
4 [a ﬂ]#o 01 0 O
et
v A=190 o | @
then the intersection of quadriesA + 8B andyA + 6B is 00 -1 0

the same as the intersection of the quadrcand B.

since all hyperboloids of one sheet are projectively equiva

A pencil of quadrics may be defined by either ruled or un-
lent. Further, we may assume that the camera centres are

ruled quadrics. It is easily verified by example that a pencil ] T T 4
of quadrics defined by two non-ruled quadrics may containth® Points(0,0,0) " and(1,1,1) " and(-1,-1,1)." The
ruled quadrics, and even imaginary quadrics (those with nd*2Mera matrices mayTthen b2e takenPds = [I|T0] and

real points). Similarly, a pencil defined by ruled quadrics P = [T | (=1,—1,~1)"]andP® = [T | (1,1,-1)"].

may contain non-ruled quadrics. However, it is easily seen N€Xt, we want another quadrig that contains the three
that a pencil that contains a non-degenerate ruled quadrif@mera centres. AB varies over all such quadrics, the in-
(a hyperboloid of one sheet) is generated by two such r]On.gersectlon ofd and B encompasses all elliptic qua'rpcs pass-
degenerate ruled quadrics. The intersection of two quadric'9 through the three camera centres. The condition that the

is a fourth-degree curve called elfiptic quartic[10]. Ithas ~ 9Iven camera centres lie ol implies three linear restric-
16 degrees of freedon2(x 9 — 2 = 16, two quadrics mi- tions on the entries oB. In addition, it may be assumed

nus the choice of base quadrics defining the pencil). Thus, thatBs« = Baz = 0, since this may otherwise be achieved
points in general position define an elliptic quartic unigue  PY @dding a suitable multiple of, without changing the in-
tersection of the two quadrics. Under these conditions, it i

.. ) easy to verify thafB is of the form
4 Critical surfaces for 3 views Y b

Now, we prove the main theorem concerning critical config- 2p q s—t ST
urations in three views. The generalizatiomteiews and its q 2r ) s+t —stu 3)
converse will be considered in the proceeding sections. s—t s ‘:_t —2(p "(‘) q+r) 8

—SsS—u -8 u

Theorem 4.2. A configuration of three cameraé and points
P, lying on the intersection of two distinct non-degenerate Thus, the matrix B is defined by 6 parameters,
ruled quadrics is critical. {p,q,7,8,t,u}.

3itis common practice to represent quadricsipgsnmetrict x4 matrices, 4Assuming that the three camera centres do not lie on the sanezaor
but in this paper we represent them by non-symmetric matsceh as the  of the quadric. If the three centres are on the same gengaat@nalogous
Sy defined here. proof can be derived.



Two alternative reconstructions involving camegasind We start by giving some properties of critical quadrics for
pointsQ are given in Table 1 and Table 2. It may be verified two views, as given by (1). For the proofs, see [2].
directly thatt*P = Q*Q for all pointsP = (z,y,zy,1)" and
corresponding pointq, provided thafP lies on the quadric
B. (It always lies on quadrid). The easiest way to see this
is to verify that(P'P) x (Q’Q) = 0 for all such points. In
fact fori = 0,1, the cross-product is always zero, whereas
for i = 2 it may be verified by direct computation that

Theorem 6.4. Given camera matriceB andP’ and a3 x 3
matrix F, defineS = P’ TFP. LetSsym = S + S represent
a quadric surface. Then (§sym is zero if and only if is the
fundamental matrix corresponding to the p&R,P’). (ii)
If non-zero, therSsym represents a ruled quadric provided
detF = 0. (iii) The camera centres of bothandP’ lie on
(P2P) x (4°Q) = (P BP) (4, —4z,4)7 Ssym.-
Note the important information that this construction degin
aruled quadric, providedet F = 0.
(P?P) x (@2Q) = (PTBP) (—4y,4,4)T Letp z.:lndP’. be fixed, and consider the mappiyig Fi
Ssym defined in Theorem 6.4. Let us count the dimensions
for the second solution. ThBP = Q2Q if and only if P of the range and domain of this mapping. The domain of
lies onB. [ ] f is the 9-dimensional space consisting of&alk 3 matri-
ces, effectivelyR®. The dimension of the space of dlix 4
; ; symmetric matrices is 10. However, the constraint that the
°> A fam”y of solutions quadricSsym, should pass through a given point (a camera
Given a quartic curve defined as the intersection of a pencitentre) gives a single linear constraint on the entriés af..
of quadrics spanned by andB, Table 1 and Table 2 give ex- Hence, the set of symmetric matrices representing quadrics
amples of conjugate solutions for which the critical quadri passing through two given points has dimension 8, and is in
Si0 is equal toA. However, A is just one of a family of  fact an 8-dimensional subspace®t®. Thus,f is a linear
quadrics that may be used to span the pencil. For all valuesnapping fromR?® to R®. According to Theorem 6.4, the
of a parametey, the quadriey A+ B may be chosen as one of mappingf has a 1-dimensional kernel. It follows thAtis
such a pair of spanning quadrics. Providetl+ Bisaruled  an epimorphism (onto-mapping).
guadric, the argument and examples of section 4 show that This result does not take into account the condition
there is a conjugate configuration for whisk® = vA + B. det FF = 0 for a matrix to be a fundamental matrix. The
It is easy to see that the conjugate solutions arising fronrestriction of this map to the set of all zero-determinantfu
two different quadricsd and A’ are projectively inequiva- damental matrices defines a mapping from the set of all fun-
lent. For letF§® andFg° be the fundamental matrices for damental matrices to a setrmledquadrics, as enunciated in
the two different configurations. Sincé = P! TFi°P° and  the next theorem.

! —_ plTr10p0 i i 10 110
A. =P P are d'ﬁeref‘t' I follovys thakg ' # Fg". . Theorem6.5.Let P and P/ be fixed and defing(F) =
Since the fundamental matrices are different, the two cenfig (' TFP) If F has zero determinant (hence is a funda
sym- -

urations are not projectively equivalent. This shows mental matrix), therf (F) represents a ruled quadric passing

Theorem 5.3. Suppose three cameras, and a set of pointsthrough the camera centres BandP’. Conversely, le§ be
{pi,P,} lie on a curve defined as the intersection of a pencil 21y non-degenerate ruled quadric passing through the cen-
of quadrics. Then for each non-degenerate ruled quadric  res ofP andP’. Then there exists at least one fundamental
in the pencil, there exists a pair of conjugate configurasion MatrixF such thatf(F) = §.

each of the form{Q’,Q;}, such that the critical quadric  proof. This will be shown for the case where the two cam-
S0 =P TF’P? = A. era centres lie on different generators of the quadric. With
out loss of generality, we may assume thas the quadric

z = zy, since all hyperboloids of one sheet are projectively
equivalent. Further, we may assume that the camera matrices
are of the fornP = K[1|0] andP’ = K'[I | (1,1,1) "], where

K andk’ are non-singular matrices.

. . Now, it may be verified easily (see the example on page
6 Linear mapping 929 of [2]) that the matri¥ = k'~ T Gk~! gives the required
Jesult, where

for the first solution, and

Thus, unlike critical configurations in the two-view case,
which allow two conjugate solutions, critical configuratso
for three views give rise to two one-parameter families of
conjugate configurations.

Since the conjugate solutions were seemingly pulled out of

hat, we will give a more theoretical treatment of the problem 0 1 0 0 0 1
now, which will partly elucidate the method used to arrive at ¢=]10 0 1 or ¢= 1 0 0
this solution. 0 -1 0 -1 0 0



The camera matrices are 100 0 40 0 0
®=(0o 100 ,e=|0 0 2 1
0 01 0 0 0 -2 1
and —4(2p+q—t+u) 8r 4(p+q+2r+s+t) —2(p+g—s5-1t)
Q® = 0 8(r+s—u) —2(g—t+u) —q+t—u
8p —8r —2(2p+q—2s+3t+3u) 2p+qg—2s—t—u
The conjugate point t® = (z,y,zy,1)" isQ = ((z — 1)z, (z — 1)y, (z — V)zy, 2z (-2 +y + zy)) .

Table 1:First conjugate solution to the reconstruction problemegiby the quadricgl and B in (2) and (3), respectively.

The camera matrices are 100 0 00 -2 1
®=|0100| , =04 0 o0
0 010 00 2 1
and —8(p+s+u) 0 2(g+t—u) —g—t+u
Q® = —8p 4(g+2r+t—u) —-4Q2p+qg+r+s—t) —2(q+r—s+t)
8p —8r 2(q+2r—2s—3t—3u) qg+2r—2s+t+u
The ConjUQate pOint ® = ("E’ Y,2Y, 1)T is Q= ((y - 1)1’.’ (y - 1)y’ (y - ].)IEy, 2y (_2 +z+ l'y)) I

Table 2:Second conjugate solution to the reconstruction problem.

Thus, there are two separate choices of fundamental matrikheorem 7.7. There exist three camera matricQ8, ', g2
F that map onto the ruled quadit such thaf¥ is the fundamental matrix corresponding to the
The case where the two camera centres lie on the sampair (Q¢, Q’) only if the three fundamental matricg$, 2°
generator is treated similarly, but there exists only Brie  andF?! are compatible.
this case. [ |
The converse of this theorem is probably true as well, but

. ) no complete proof seems to have appeared. For our present
7 Compatible fundamental matrices purposes the given statement is sufficient.

We return to the consideration of three camera matrices

Pi;5 = 0,...,2. For each pair of camera matrices, and : . . .
P/, define the linear mapping : F — Ssym as described in 8 DISCOVGI‘Ing the conjugate solutions

Theorem 6.4. T.he three mappings obtained iq this way mayye suppose given a pair of ruled quadri¢sand B which
be denoted byf*, ,name'yfm, £%° and f?'. Given three  jntersect in a space curve. Without loss of ambiguity we can
fundamental matriceBy', we can form the three quadrics agsume that the quadrics are the ones given by (2) and (3).
I (FEJ)- Contained on this curve are the centres of three can®ras

In this context, the three fundamental matrieéfsare the P! andP?, as well as any number of poiris. If this is to be
fundamental matrices corresponding to pairs of views in aa critical configuration, then there will exist three corgte

conjugate configuration involving camera matrigési =  camera®’, Q' andQ? and also point®;. The three-view
0,...,2. An essential issue here is tbempatibility of the critical configuration will also be critical as a two-viewrco
three fundamental matrices. figuration for each of the pairs of cameras, and hence there

will exist three critical quadric$;9, $2° andS2! defined by
Definition 7.6. Three fundamental matric&8!, F%2 andr*2 (1), all meeting along the curve defined Hyand B. The
arecompatibléaf they satisfy the conditions task then is to find three fundamental matri®gs which

must satisfy the following conditions.

e12TR10,02 _ 0, e21TR20,01 _ 0, e20TE2110 _
1. The three quadricSy’ defined by (1) in terms of the

The importance of this condition is given by the following givenFg’ must belong to the pencil of quadrics defined
theorem [4]. by A andB.



2. The three fundamental matrideéé must be compatible
in the sense of definition 7.6.

If these conditions hold, then it is generally possible te ex
tract three camera matricgsthat give rise to the three fun-
damental matricesy .

Consider the condition tha’/ must belong to the pencil
defined byA and B. We assume that

S0=A, S°=ayA+B and S = A+ B.

Now, according to Theorem 6.5 there exist two choices of

fundamental matri¥g® such thatf'°(F°) = A. We select

one of them — in fact the two different conjugate configura-

suggested that there were solutions to this set of equations
independent of the particular formB§°, that is, valid for all
values ofag andSy. This would imply that for some values

of (a1, B1) there is a solution foe?! to the set of equations

e21T(G20e01) — e21T(H20e01) — eZIT(FgonI) =0

e?1 TF2! = 0.

Note that the first set of three equations does not involve any
of the variables; or 3, sinceG?°, 2%, F2° are known quan-
tities (dependent only on the parameterglaindB). The fi-

nal equation (actually three equations) is lineawjrandg; .

If such a solution for?! exists, then a solution fdi , 1)

can be obtained as follows:

tions given in Table 1 and Table 2 correspond to the choice

of the two possibl&;° at this stage. Now, fofi, j) = (2,0)
or (2,1), find matricess”” andH” (not necessarily singular)
such that

f(e) = 4, fI@7) = B.

Now, set

CE()G20 —|—H20 +,80F1%07
;6% + B% 4 B F2L.

20
Fa

21
Fa

Since the mapping is linear, and maps¥ to zero, it fol-
lows that

£9F) = a,17(6) + [9(89) = 0,4+ B = 5.

Unfortunately, theg/ arbitrarily chosen in this way are nei-
ther singular matrices nor compatible. We need to chagse
andg; (four parameters) to satisfy the constraids(Fg ) =

0, and the three compatibility constraints of definition 7.6.

Note thatF{° was chosen such thdet(F’) = 0, so there
are only five remaining constraints.

We are faced with the problem of satisfying five non-
linear constraints with only four parameters.

In addition,

1. Find the value o&?! as the left null-space of the matrix
[G20601, HZOEO]', FgOe01] .

2. Linearly solve the equatios?® "F2! = 0 for (ay, 81).

Thus, the solution fofay, 1) is obtained by solving only
linear equations, which explains the absence of radicals in
the solution given in Table 1 and Table 2. A similar pro-
cedure may be used to solve for the remaining variables
(a0, Bo) defining fundamental matrig2®. The epipoles are
next extracted from the computeg® andF2! and the third
consistency condition'? TF{’e%? = 0 verified. Finally, the
camera matriceg® are extracted from the three consistent
fundamental matrices. Necessary simplifications of the ob-
tained matrices are done interactively.

This whole computation was carried out for a general
symbolic value ofB given by (3), resulting in the general
solution given in Table 1 and Table 2, and thereby justifying
the procedure.

9 N-view critical configurations

We now wish to extend this result to views. By adding

the constraints are non-linear — the determinant conssrain a fourth camera to a critical three-view configuration, one

are cubic, whereas the compatibility constraints involve e
tracting epipoles (null-spaces of the matrices). No symabol

might suspect that the criticality would disappear. Howgeve
this is not the case if the additional camera lies on the same

algebra package (Mathematica or Maple) seems capable afritical curve.

solving this system without help even for numerical exam-

ples, and let alone the general case wheiie a function of

symbolic parameters, as in (3). Clearly we are going to needn€orem9.8. A configuration ofn > 3 camerasp*; i

luck!

Since A may be assumed to be of a simple form (2),
it is easy to comput&’, and from it extract the epipoles
e'% and e 5Now, one of the compatibility conditions is
e?! T (F2%e") = 0, which may be thought of as an equation
involving the epipolee?!. The equatiore®! TFZ' = 0 gives
three further equations involving the epipefé, which also

ensure thaFg1 has zero determinant. Numerical examples

SEpipoles are labelled according to the convention eh'éi'Féj =0.

The goal of this section is the following theorem.

0,...,n — 1 and pointsP; all lying on the intersection of
two distinct non-degenerate ruled quadrics is critical.

Proof. Assume that the configuration lies on the intersec-
tion of two quadricsd andB. For simplicity of notation, we
consider the 4-view case. The result foviews follows by
induction. The three camerBS, P!, P2 along with the points
form a critical configuration, and hence a conjugate config-
uration exists. Similarly a conjugate configuration exiets
the points along with the three camerdsP!, P2. The goal



is to show that these two conjugate configurations are conin which the quartic curve passing through the points is not
sistent. unique, and in which all the points and cameras do not lie on
Consider the way the camerg@bandQ! are constructed. a single elliptic quartic. The answer to this question is, yes
LetPi; 5 = 0,...,2 be the first triple of cameras. According according to ([9]). In that paper, it is shown that a config-
to Theorem 5.3 they and the poir®g lie (without loss of  uration of six points and any number of cameras lying on a
generality) on the quadri¢ = Si°. The fundamental matrix ruled quadric surface is critical. Note that six points are i
Fi? is chosen so thatl = f'°(Fg°). From this value of sufficient to define a unique quartic. In this case, the points
F” two camera matrice” andQ' may be computed. The and camera centres do not all lie on the same quartic curve.
choice of the paifQ’, Q') is unique up to a projectivity.
We proceed in the same way with the second triple ofll Conclusion
camera®’, P!, P3. Since the camer? or P? does not take
part in this construction, the resulting fundamental nxatri We have described a major family of critical configurations
Fg is the same, and from it one may extract two camera mafor projective reconstruction from > 2 views. The main
trices, which will be denote(q@®, Q"*), which must be pro- ambiguity is when all object points (regardless of how many)
jectively equivalent to the paif®,Q'). However (and this and all camera centres (again, regardless of the number of
is the main point) a conjugate configuration is defined onlycameras) lie on an elliptic quartic curve. Furthermoreiken|
up to projectivity. Consequently, it is possible to chodse t the two-view case, there is a one-parameter family of conju-
camera paifQ®, Q") to be identical tqQ°,q'). In thisway,  gate reconstructions which give the same image projections
from the two conjugate configurations corresponding to the
two triples of cameras with indic€$, 1, 2) and(0, 1, 3), we References
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