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Abstract

This paper deals with the problem of analysing sequences of images taken by uncalibrated cameras. It is as-
sumed that the correspondences between the points in the different images are known. This paper introduces a
new framework for this problem. The situation of two cameras is described by the reduced fundamental matrix.
Another new concept, the reduced fundamental tensor, describes the situation of three images. In the first case
we get bilinear constraints on the image coordinates and in the second we get trilinear constraints. Furthermore
it is shown that the trilinear constraints in general can be expressed by the bilinear and that constraints for four
or more images always can be expressed by three images constraints. Finally a new canonic form for the camera
matrices are given which has a lot of similarities with the calibrated case. From this description it is also possible
to calculate the camera movement.

1 Introduction

A central problem in scene analysis is the analysis of 3D-objects from 2D-images, obtained by projections. In this
paper we will concentrate on the case of a sequence of images consisting of points, with known correspondences.
The objective is to calculate the shape of the object using the shapes of the images and to calculate the camera
matrices, which gives the camera movement. We will present a method where no camera calibration is needed;
making it possible to reconstruct the object and the camera movement up to a projective transformation. The case
with three images and six points was solved independently in [6] and [3], by different methods. The case with two
images and seven points was solved in [8].

The problem of predicting new points in further images has been treated in [7], and [2]. Shashua uses affine
invariants and gets two linear constraints on the coordinates of the points in the third image. Faugeras uses the
fundamental matrices between the images in order to obtain two linear constraints. The problem of finding canonic
description of the camera matrices has been treated in [5].

Our approach is based on the possibility to chose three corresponding points in every image as base points of an
affine coordinate system. As a by-product of the reconstruction the kinetic depths, see [8], can be easily calculated.
These show in some way how the camera has moved between the images. We also derive simpler forms of the
bilinearities and the trilinearities, with fewer parameters and less degree of freedom than the usual. Finally we get
a simpler form of the projection matrices and can calculate the camera movement.

2 Problem Formulation

We assume that the camera is described by the following standard model,��
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where x and y are the image coordinates, P is the projection matrix, X, Y and Z are the coordinates of the object
and λ is a scale factor (different for different points). Given a sequence of images from this model our aim is to
reconstruct the object, to calculate mutual invariants between the images and to obtain a canonic description of this
situation.



3 One Image

Since the camera matrices P are unknown we can multiply (1) from the left by an arbitrary nonsingular three by
three matrix, which corresponds to chosing different affine coordinate systems in the images. A reasonable choice,
to exploit this degree of freedom, is to make the first three points in the images to have affine coordinates � 1
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0 � ,

� 0
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0 � and � 0
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1 � , that is a standard affine basis. Furthermore we can multiply (1) from the right by an arbitrary

nonsingular four by four matrix, which corresponds to chosing affine coordinates in the object. In this way we
can also assume that the scale factors for the first four points are equal to 1. Assume that the affine coordinates
of the fourth point in the first image are � a1

	
b1

	
c1 � . For reasons that soon will be clear we chose the four by four

matrix such that the first four points in the objects have affine coordinates � 1
	
0

	
0
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1 � . Putting together the equations from (1) for the first four points gives��
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since the only possibility for P is P

�
�
I � 0 � . This also explains the choice of object coordinates. Since the sum of

the affine coordinates of a points in the image is 1 and the sum of the first three affine coordinates in the object is
1 it can be seen that all scale factors λ in the first image are equal to 1. It also follows that an arbitrary point in the
object with affine coordinates � X

	
Y

	
Z

	
W � projects to the image point � X

	
Y

	
Z � . This means that the only unknown

coordinate are the fourth and if this coordinate can be calculated we have a reconstruction.

4 Two Images

We now consider a second image. Let the scale factors for the first four points be p1, p2, p3 and p4 and the affine
coordinates for the fourth point in the second image be � a2

	
b2

	
c2 � . Then the camera matrix is given from��

1 0 0 a2
0 1 0 b2
0 0 1 c2
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where � f1
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p4c2 � p3c1 � . That is P
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Consider now an arbitrary point � X
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W � in the object and its projection � x1
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and second image. It follows from (2) and (3) that
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where p are the scale factor for the point. From these equation we can eliminate p and � X
	
Y

	
Z

	
W � which gives

det
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Rewriting this determinant gives
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or xT Fx̄

�
0, where x and x̄ are the affine coordinate vectors in image one and two and F are the fundamental matrix

for this particular choice of coordinates. We call F the reduced fundamental matrix. It can be seen from (6) that F
can be factorised as
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that is as a product of a diagonal and a skew matrix. The diagonal matrix contains the kinetic depths, see [8] and
[4], on the diagonal and the skew matrix is formed from the vector f . From (6) and (7) it is obvious that f

�
µe21

where e21 are the affine coordinates of the epipole in the second image and D � 1
p f

�
νe21 where e12 are the affine

coordinates of the epipole in the first image, and µ and ν are scale factors needed to make the sum of the affine
coordinates equal to 1. The components of the reduced fundamental matrix can be calculated linearly from eight
point matches and then the kinetic depths and the epipoles can be recovered linearly. Finally, the eliminated W-
coordinates can be calculated which gives the reconstruction.

5 Three Images

We now consider three images concurrently. Let the scale factors for the first four points in the third image be q1,
q2, q3 and q4 and the affine coordinates for the fourth point in the third image be � a3

	
b3

	
c3 � . Then the camera

matrix for camera three is given by

P3

� ��
q1 0 0 f̄1
0 q2 0 f̄2
0 0 q3 f̄3
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(8)

where � f̄1

	
f̄2
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� q4a3 � q1a1

	
q4b3 � q2b1

	
q4c3 � q3c1 � . It follows that P
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Dq � f̄ � , where Dq is the diagonal

matrix obtained from � q1
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q3 � and f̄
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its projection � x3
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z3 � in the third image. It follows from (3) that

� qx3

	
qy3

	
qz3 �

�
� q1X � f̄1W

	
q2Y � f̄2W

	
q3Z � f̄3W �

	
(9)

where q is the scale factor for the point. From (4) and (9) we can eliminate p, q and � X
	
Y

	
Z

	
W � which gives

rank

��������
p1x1 f1 x2 0
p2y1 f2 y2 0
p3z1 f3 z2 0
q1x1 f̄1 0 x3
q2y1 f̄2 0 y3
q3z1 f̄3 0 z3

��������� � 3 � (10)

From this equation it follows that there are three algebraically independent equations in the image coordinates.
Two of them can be chosen as the bilinear constraints from the reduced fundamental matrix and one is a combined
expression involving coordinates of points in all three images. It can also be shown that there are four linearly
independent trilinear expressions in the image coordinates. It also follows from (10) that it is possible to recover
p, q, f , and f̄ up to scale factors. If we fix the scale for p and q then f and f̄ can be recovered without unknown
scale factors. This means that the camera matrices can be completely recovered from this information. We remark
that this can be done linearly from at least seven point matches in three images by the reduced fundamental tensor.

Considering the pair of images two and three we can derive the reduced fundamental matrix from (10) by eli-
minating x1, x2 and x3 which gives

det
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q1x2 p1x3 q1 f1 � p1 f̄1
q2y2 p2y3 q2 f2 � p2 f̄2
q3z2 p3z3 q3 f3 � p3 f̄3
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where ri

�
qi 
 pi are the kinetic depths between image two and three. The epipole of camera 2 in image 3 is a

multiple of f̂

�
� r1 f1 � f̄1

	
r2 f2 � f̄2

	
r3 f3 � f̄3 � . This means that if f , f̄ and f̂

�
Dr f � f̄ can be determined up to

unknown scale factors from reduced fundamental matrices between the three different pairs of images, then it is
possible to recover the camera matrices if f , f̄ and f̂ are not collinear. Geometrically this can be viewed as vector
addition of f and f̂ with appropriate lengths giving f̄ also with appropriate length.

6 Four Images

In the same way as above it can be shown that considering four images, elimination of object coordinates and kinetic
depths gives
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p1x1 f1 x2 0 0
p2y1 f2 y2 0 0
p3z1 f3 z2 0 0
q1x1 f̄1 0 x3 0
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where si are the kinetic depths between image 1 and 4, f̃i are a multiple of the epipole in image 4 from camera 1
and x4, y4 and z4 are affine coordinates in the fourth image. By considering all five by five subdeterminants it can
be seen that we get nothing new, just bilinearities from pairs of images and trilinearities from triples of images.

7 Sequence of Images

It has been shown above that the camera matrices can be written as

P1

�
�
I � 0 �

	
Pi

�
�
Di � � fi �

	
i

�
2 � � � n

	
(13)

where Di are diagonal matrices formed from the kinetic depths from the three basis points, f i are multiples of the
affine coordinates for the epipoles of camera 1 in image i and n � 1 is the number of images. Equivalently this can
be written as

P1

�
�
I � 0 �

	
Pi

�
�
Di � � Di f̄i �

	
i

�
2 � � � n

	
(14)

where f̄i is a multiple of the affine coordinates of the epipole in image 1 from camera i. Notice the similarities with
the calibrated case, see also [1]. Now it is possible to calculate the positions of the center, Zi, of camera i as the
nullspace of Pi, which is � f̄i

	
1 �
�

� f̄i1

	
f̄i2

	
f̄i3

	
1 � , where f̄i are a multiple of the affine coordinates of the epipole in

image 1 of camera i. Then all possible camera locations can be calculated from this representation by a projective
transformation.

8 Conclusions

In this paper we have given a new canonic representation of the camera matrices in a sequence of images from
uncalibrated cameras. A new form of the fundamental matrix, called the reduced fundamental matrix, has been
given. It has been shown that it can be factorised as a product of a diagonal and a skew matrix. We have furthermore
derived the bilinear and trilinear relations and shown that in general the trilinearities follows from the bilinearities
and that there is no need to consider m-linearities, with m

�
4. Finally we have shown how the camera movement

can be calculated from this representation.
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