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Abstract

This paper deals with the problem of analysing se-
guences of images of rigid point objects taken by unca-
librated cameras. It is assumed that the correspondences
between the pointsin the different images are known. The
paper introduces a new framework for this problem. Cor-
responding pointsin a sequence of n images are related to
each other by a fixed n-linear form. Thisformis an object
invariant property, closely linked to the motion of the ca-
merarelativeto thefixed world. Wefirst describea reduced
setting in which these multilinear forms are easier to un-
derstand and analyse. This new formulation of the multili-
near formsisthen extended to the calibrated case. Thisfor-
mulation makes apparent the connection between camera
motion, camera matrices and multilinear forms and the si-
milarities between the calibrated and uncalibrated cases.
These new ideas are then used to derive simple linear met-
hods for extracting camera motion from sequences of ima-
ges.

1 Introduction

A central probleminsceneanalysisistheanaysisof 3D-
objects from 2D-images, obtained by projections. In this
paper wewill concentrate on the case of a sequenceof ima-
ges consisting of points, with known correspondences. The
objective is to calculate the shape of the object using the
shapes of the images and to calculate the camera matrices,
which gives the cameramovement. We will present a met-
hod where no camera calibration is needed; making it pos-
sibleto reconstruct the object and the cameramovement up
to a projective transformation.

During the last couple of years it has become increa-
singly popular to use invariance in computer vision. Two
main types of invariance are viewpoint invariance and ob-
ject invariance. Viewpoint invariant properties are pro-
perties which are intrinsic to the viewed object and inde-
pendent of camera position or motion. An exampleisthe
classical crossratio of four collinear points. Such proper-
ties can be used to recognise or reconstruct objects without
knowing the relative position of the camera to the object.

Another type of invariancy is the object invariant proper-
ties, i.e. propertiesof imageswhich only depend on camera
motion and not on the viewed object. An example of such
aproperty isthe epipolar constraint. These propertieshave
twofold uses

e Theconstraints can be used to find further image cor-
respondences.

e The congtraints give information about the camera
motion.

Thistype of invariancy is currently under intense research
by a number of groups, cf. [1, 5, 6, 7, 8, 11, 12, 15]. The
strong devel opment has been aided by avery fruitful e-mail
distributed discussion group during the spring. Asis done
in the work cited above, this paper deals with the generali-
sation of the epipolar constraint to the problem of analysing
sequences of images. A new formulation of the multilinear
congtraintsis presented which smplifiesthe analysis. This
is first done in an affinely reduced setting closely related
to the idea of affine shape, cf. [14], and relative affine re-
construction cf. [12]. The formulation is then generalised
to the calibrated, the traditional uncalibrated and to a pro-
jectively reduced setting. Thisprojectivereductionhaspre-
viously been used in [13] to smplify the estimation of the
fundamental matrix. Inthisarticlethe sameideais genera-
lised to image sequences. Thisnew formulation makes ap-
parent the connection between camera motion, camerama-
tricesand multilinear formsand thesimilarities between the
calibrated and uncalibrated cases. The ideas are then used
to derive simple linear methods for extracting camera mo-
tion from segquences of images. We hope that this new for-
mulationwill increase the understanding of different appro-
aches and clarify the similarities between uncalibrated and
calibrated cameras.

2 Theaffinely reduced setting
Givenasequenceof imagesour first aimisto analysethe

constraints on image points and on cameramotion. These

constraints will help us to determine camera motion from



image correspondences without explicitly calculating the
shape of the object points.

We assumethat the camerais described by thefollowing
standard model,
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where x and y are the image coordinates, B are the pro-
jection matrices, X, Y and Z are the coordinates of the ob-
ject and A; are scale factors (different for different points
and different images). Given a sequence of images from
this model our aim is to reconstruct the object, to calculate
mutual invariants between theimages and to obtain a cano-
nic description of this situation.
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Since the camera matrices P are unknown we can mul-
tiply (1) from the left by an arbitrary nonsingular 3 x 3
matrix, which corresponds to choosing different affine co-
ordinate systemsin theimages. A reasonable choice, to ex-
ploit thisdegree of freedom, isto makethefirst three points
in the images to have affine coordinates (1,0,0), (0,1,0)
and (0,0,1), that isastandard affinebasis. Furthermorewe
can multiply B, in (1) from theright by an arbitrary nonsin-
gular 4 x 4 matrix, A, if we multiply each coordinate vector
(X,Y,Z,1) with A=, This corresponds to choosing affine
or homogeneous coordinates in the object. In thisway we
can also assumethat the scalefactorsfor thefirst four points
areequal to 1. For reasonsthat soonwill be clear we choose
the 4 x 4 matrix such that the first three points in the ob-
jects have homogeneous coordinates (1,0,0,0), (0,1,0,0),
(0,0,1,0) and the focus of the first camera has homogene-
ous coordinates (0,0,0,1). Thisis basically the same idea
as the relative affine coordinates in [11]. Putting together
the equations from (1) for the first four points gives

, i=1,...,n )
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since the only possibility for Py is Py = [l | 0] and the focus

of the cameramapsto (0,0,0). Thisalso explainsthe cho-
ice of object coordinates. Because the homogeneous coor-
dinates are determined up to an unknown scale factor we
can choose this scale factor such that all scale factors, Ay
in (1) in the first image are equal. It also follows that an
arbitrary point in the object with homogeneouscoordinates
(X,Y,Z,W) projectsto the image point with affine coordi-
nates (X, Y, Z). This means that the only unknown coordi-
nates are the fourth and if these coordinates can be calcula-
ted we have a reconstruction.

2.2 Twolmages

We now consider a second image. Let the scale factors,
A2 in (1), for the first three points be pq, po, ps and let p
be the scale factor for an arbitrary point with affine coor-
dinates (az,by,c;) in the first image and (az, by, c;) in the
second image. Then the cameramatrix is given from
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where (ty,t2,t3) = (paz — p1ay, pbz — p2by, pc2 — pscy).
ThatisP, = [Dp|t], where D isthe diagonal matrix obtai-
ned from (pla P2, p3) andt = (tlthat3)'

Consider now an arbitrary point (X,Y,Z,W) in the ob-
ject and its projection (x1,Y1,21) and (X2, Y2,2) in thefirst
and second image. It follows from (2) and (3) that

(Xlaylazl) = (X,Y,Z),
(PX2, PY2, PZ2) = (P1X + t1W, p2Y + oW, psZ + t3W),
4)

where p is the scale factor for the point. From these equa-
tion we can eliminate p and (X, Y, Z,W) which gives

pix1 1 X
det |poy1 tz yo| =0. 5)
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Rewriting this determinant gives

0 pits  —pit2| [%
X1 y1 z] [-pats O Pty | |Y2 =0, (6)
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or x"Fx= 0, where x and x are the affine coordinatevectors
inimage 1 and image 2 and F are the fundamental matrix
for this particular choice of coordinates. We call F there-
duced fundamental matrix and t the projectivetransa-
tional vector. It can be seen from (6) that F can be facto-
rised as

P1 0 0 0 i3 —to
F=10 P2 0 —t3 0 11 (7)
0 0 P3 to —t1 0

that is as a product of a diagonal and a skew matrix. The
diagonal matrix contains the kinetic depths, see [14] and
[7], on the diagonal and the skew matrix is formed from
the vector t. From (6) and (7) it is obviousthat t = pey,
where e, are the affine coordinates of the epipole in the
second image and Dglt = vey, Where ey, are the affine co-
ordinates of the epipole in the first image, and 1 and v are



scal efactors needed to makethe sum of the affine coordina-
tesequal to 1. The componentsof the reduced fundamental
matrix can be calculated linearly from eight point matches
and then the kinetic depths and the epipol es can be recove-
red linearly. Finally, the eliminated W-coordinates can be
calculated, which gives the reconstruction.

2.3 Threelmages

We now consider three images concurrently. Let the
scale factors, Az in (1), for thefirst three pointsin the third
image be q;, 0, gz and the affine coordinates for a fourth
arbitrary point in the third image be (ag, bs, c3), with scale
factor g. Then the cameramatrix for camerathreeis given

by
a 0 0
P;=10 o 0 t (8)
0 0 [0 5] t3

where (t1,t2,t3) = (gag — d1@1,qbs — gpby, 9C3 — dsC1). It
follows that P; = [Dq|t], where Dy is the diagonal matrix
obtained from (qp,0p,03) and t = (t1,t2,t3) is the pro-
jective trandational vector between image 1 and image 3.
Consider now an arbitrary point (X,Y,Z,W) in the object
and its projection (X3, y3,23) in the third image. It follows
from (3) that

(%3, AY3, GZ3) = (G X + t1W, QY + toW, GaZ + taW),
(9)

where q is the scale factor for the point. From (4) and (9)
we can eliminate p, g and (X, Y, Z,W) which gives
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From this equation it follows that there are three alge-
braically independent equations in the image coordinates,
see aso [11]. Two of them can be chosen as the bilinear
constraintsfrom the reduced fundamental matrices and one
isacombined expression involving coordinates of pointsin
all threeimages. It can also be shown that there arefour li-
nearly independent trilinear expressionsin the image coor-
dinates. It followsfrom (10) that it is possible to recover p,
g,t,andt uptoscalefactors. If wefix thescalefor p, gandt
thent can be recovered without unknown scalefactor. This
means that the camera matrices can be completely recove-
red from thisinformation. We remark that this can be done
linearly from at least seven point matches in three images
by the reduced fundamental tensor, cf. [7].

Considering the pair of image 2 and image 3, we can de-
rive the reduced fundamental matrix from (10) by elimina-
ting X1, Xo and X3 which gives
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wherer; = g/ p; arethekinetic depthsbetweenimage2 and
image3. Theepipoleof camera2inimage 3isamultipleof
t = (rity —ty, roty — to, ratz —t3), the projectivetrandatio-
nal vector betweenimage 2 and image 3. Thismeansthat if
t,t andt = Dt —t can be determined up to unknown scale
factorsfrom reduced fundamental matrices between the th-
ree different pairs of images, then it is possible to recover
the cameramatricesif t, t and t are not collinear. Geometri-
cally this can be viewed as vector addition of Dyt andt with
appropriate lengths giving t also with appropriate length.
24 Four Images
In the same way as above it can be shown that conside-

ring four images, elimination of object coordinates and ki-
netic depths gives
pixa t1 X
P2y1 tz2 Y2
Psz1 13
Qix1 4
rank | opy1 to
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4, (12)
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where s are the kinetic depths between image 1 and 4, t; is
the projective trandational vector between image 1 and 4
and X4, Y4 and z, are affine coordinatesin the fourthimage.
By considering all five by five subdeterminants it can be
seen that we get nothing new, just bilinearities from pairs
of images and trilinearities from triples of images.
2.5 Seguence of Images

It has been shown abovethat the cameramatrices can be
written as

P=010, R=[Di|-t], i=2..n, (13

where D; are diagona matrices formed from the kinetic
depths from the three basis points, t; are multiples of the
affine coordinates for the epipoles of camera 1 in image i
and n+ 1 is the number of images. Equivalently this can
be written as

P.=[1]0, PR=[Di|-Dt], i=2...n, (14)
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Figure 1: The reduced fundamental matrices and the extra scale factors needed to uniquely describe an image se-

quence.

wheret; isamultiple of the affine coordinatesof the epipole
in image 1 from camerai. Notice the similarities with the
calibrated case, seeaso [1]. Now it ispossibleto calculate
the positions of the center, Z;, of camerai as the nullspace

of B, whichis (tj, 1) = (ti1, ti2, iz, 1), where the projective
trandational vector t; is a multiple of the affine coordina-
tes of the epipoleinimage 1 of camerai. Then all possible
cameralocations can be calculated from this representation
by a projective transformation.

It has al so been shown that the reduced fundamental ma-
trices between consecutive pairs of images contains nearly
all information. Theextrainformationneededisjust ascale
factor, theratio between thelength of the projectivetrand a-
tional vectors. Theseratios can be obtained either from the
trilinearities or from other reduced fundamental matrices.
Thiscan bevisualised asin Figure 1, cf also [§].

3 Projectively reduced setting

If four or more coplanar points can be seen and detec-
ted in each image, then the image of these can be used to
simplify the problem in a similar way as in the discussion
above. Choose a projective coordinate system so that the
coplanar pointslie on the plane at infinity and have coordi-
nates(1,0,0,0), (0,1,0,0), (0,0,1,0) and (1,1,1,0). Then
choose a projective coordinate system in each image so
that the image of the four points have coordinates (1,0, 0),
(0,1,0), (0,0,1) and (1,1,1). Then each camera matrix
must be of the form

1 00 t;'(;

R=1]0 1 0 t]. (15)
0 0 1 tf

This can be verified by a explicit calculation or by noting

that the projection from the plane at infinity to the image
plane is governed by the first 3 x 3 block Q in the camera

matrix. Since this transformation is the identity on a pro-
jective basis, the matrix Q must be the identity. The last
3 x 1 block is undetermined. Thuswe have reduced the ef-
fect of camera rotation and change in internal calibration.
After reduction the image seguence can be analysed as if
the cameras motion was purely trandational. The same ef-
fect is obtained as soon as the planar object is aligned in
each image. The specific choice of coordinate system, e.g.
(1,0,0), (0,1,0), (0,0,1) and (1,1,1), is not important.
The multilinear constraints now become of the form

X1 tip X ... 0
rank: : o . ol|=N (16)
X1 N o ... XN

Thisis linear in the motion and can thus be solved by li-
near methods. In thisway the problem of determining the
camera direction and motion is split into two independent
parts. Thedirectionis estimated using the pointsat infinity
and the position is estimated using the remaining points.

4 Generalisations of the above
Theanalysis above can now easily be summarised or re-
formulated in four settings.

1. Thetraditional uncalibrated setting.

2. The affinely reduced uncalibrated setting.

3. The projectively reduced uncalibrated setting.
4. Theinternally calibrated setting.

The affinely reduced setting is the one described in Section
2, where the image of three corresponding points are used
as an affine basisin each image. The projectively reduced
setting is the setting described in section 3, where four or



more coplanar points are used as a projective basis in each

image plane.
The multilinear constraints can be written as
X1 t12 Q12X2 . 0
rank | : 0 0 =N, an

X1 tiv O QInXN

wherexy, ... ,Xy are the corresponding image of apoint in
N images, and Qjj are 3 x 3 matrices. These matrices can
bethought of astheimage coordinate changesfromimage j
toimagei, or therelative change of direction between time
instant i and j. The only difference between the four set-
tings lie in the choice of manifold for Q;;. These matrices
are:

1. General planar projective transformationsin setting
1. (8 degrees of freedom).

2. Diagona matricesin setting 2. (2dof).
3. ldentity matricesin setting 3. (0Od of).
4. Rotation matricesin setting 4. (3dof).

Notice that the form (17) is a summary of all multilinear
constraintson asequenceof N images. EachN—1xN-1
subdeterminantisamultilinear formin theimage coordina-
tes. Sincetherank of thewhole matrix should be zero, each
such subdeterminant should be zero. Theconstraintscan be
used in several ways. First of all the parameterstyy, ... ,tin
and Qqp,...,Qqn Ccan be calculated given enough image
correspondences. In setting 1 this can only be done uni-
quely up to a choice of the plane at infinity. However, in
settings 2, 3 and 4 the plane at infinite is already well defi-
ned so the parameterstiy, ... ,tiy and Qqo,... ,Qin Can be
found essentially uniquely. Second, knowledge of the pa-
rameters makesit possible to find further image correspon-
dences. Third, the parametersare closely linked to arecon-
struction of the cameramatrices, P = Qy[l | — ty;]- Notice
that the projection onto the screen can be seen as a com-
position of a standard projection towards the focal point ty;
and a projective rearrangement Q,; of the image coordina-
tes. Depending on the setting this projectiverearrangement
haveO, 2, 3 or 8 degreesof freedom. Another interpretation
isthat t;; represents the position of the cameraand Q,; the
generalised orientation of the camera.

As in the previous discussion it is easy to see that all
non-trivial N + 1 x N + 1 subdeterminant is a product of
either a bilinear or atrilinear constraint. Thus the trilinear
constraints

rank | U1 to Quw 0 —3

up tiz 0 Quuz|

and the bilinear constraints

rank[up tiz Qo] =2

are the building blocks on which the maotion can be calcu-
lated. As usual the bilinear constraints can be represented
with the fundamental matrix,

T T
Uy FoUp = u; Ty, Qpoup =0,

where T; is the matrix representing cross product with
vector t.

Notice the strong similarity between the four settings.
The only differenceis a priori knowledge on the matrices
Qij-
JDenote by M; the coordinate change from world coordi-
nates to the i’th camera coordinates, cf. Fig. 2,

Mp:(% —?m) (18)

with this notation each camera can be considered as a co-
ordinate transformation followed by the standard camera

matrix
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0010

sothat P = PoM;.

e

M %M
: /Kz*z 3 "
N
X y

Figure 2: A sequence of images and coordinate
transformations between different camera coordinate
systems and the object coordinate system.

The situation is illustrated in Fig. 2. In this figure
we have aso included the change of coordinate system
between different camera coordinates M;; which we define
asMjj = MiMj‘l. This block matrix can be seen to be

g == (34, (20



where
Qj=QQ" and tj=Qtj-t).  (21)

Thus Q;j isthe change of ' orientation’ from the j’th ca-
mera coordinate system to the i’th camera coordinate sy-
stem. Through the multilinear forms, which can be calcu-
lated from the images, we obtain partial information about
therelative coordinatetransformationsM;;. Thispartia in-
formationisoftendifficulttouseand analyse. Itistherefore
natural to try to estimate the full motion of the camerasins-
tead, i.e. the coordinate transformationsM;, i = 1,...,n.

The bilinear forms can be calculated from point and/or
curve correspondences in the two images, cf. [3]. Thus
(Qij,tij) can be calculated, but t;; can only be calculated
up to an unknown scale factor and in the totally uncalibra-
ted setting Q;; can only be calculated up to a transforma-
tion related to the choice of planeat infinity. Thisinforma-
tion can then be used both to find further image correspon-
dences but also as we shall see to calculate the full camera
motion, up to an unknown scalefactor. A collection of bili-
near constraints are consistent if and only if

{ Qij = QiQx; 22)

tij, tik, Qiktkj are coplanar

If the cameras arein genera position the fact that the three
directionstij, tix, Qitx; are coplanar but not collinear can
be used to reconstruct the camera motion without using the
trilinear congtraints. If on the other hand tjj, tix, Qiktyj are
collinear the trilinear constraints are needed for the recon-
struction.

5 Structure and motion from image se-
quences

One of the main motivesfor an investigation of the mul-
tilinear constraints, as is done above, is to find new solu-
tionsto the problem of extracting structureand motionfrom
image sequences. Given a number of images of an unk-
nown scene the best estimate of the structure and motion
can be obtained by optimising over all parametersasin [4]
and [2]. Thisis necessary if avery good reconstruction is
needed as in surveying and the kind of application descri-
bedin[2]. Butinother applicationsarecursive approachis
moreappropriate. Thisisadvantageousfor two reasons: (i)
the number of parametersto estimate does not grow all the
time, (ii) theamount of processed datadoesnot grow al the
time. One ideawould be to recursively update the motion
(the cameramatrix) and the structure (thereconstruction) at
each timeinstant asisdonein [9]. Thisis till avery large
amount of datato update. Another ideaistorecursively up-
date the motion (the cameramatrix) only. Thisiswherethe
study of multilinear constraintsare needed. The discussion

above shows that the trilinear forms of imagesk — 2,k — 1
and k are needed to update cameramatrix B,. So adiscrete
time filter would have to be of type

(Pk—3a F1(—21 H(—laTk—Z,k—l,k) - (H(—Za Pk—la Pk)1

where Ty_5 1 k represents the information in the trilinear
congtraints. The investigation above aso indicate that in
the continuoustime case a second order filter is needed, i.e.
second derivatives with respect to time are needed to esti-
mate motion.

Another areawhere the discussion above is needed isto
understand how motion can be estimated from multilinear
constraints when these have been found without point cor-
respondences, asin [3].

6 Experiments

Somepreliminary investigationswere performedto eva-
luate the ideas above. The first thing to note is that the in-
vestigation above only dealswith theideal noise-free case.
While experimenting noise have to be taken into account.
In these experiment linear methods have been used combi-
ned with the singular value decomposition. This givesfast
algorithmsand reasonabl etoleranceto noise. Thesolutions
from these fast but not so robust linear algorithms can then
be used asinitial estimates to better, but sower non-linear
estimators.

The affinely reduced setting.

We illustrate the affinely reduced setting with an expe-
riment where 9 images have been taken of a simple scene.
These are shown in Fig. 3. Some of the corners are extrac-
ted and three corners, one from each box on the floor, are
used as an affine basis in each image. The paths that each
corner makes can now be analysed in the affinely reduced
setting. Linear methods are then used to estimate the kine-
tic depths and the camera motion. This motion is presen-
ted together with the reconstruction of some of the corner
points.

The projectively reduced setting.

To illustrate the idea of projective reduction, we have
taken a series of images with a planar curve and a few
simple objects. Five of these images are shown in Fig. 4.
The planar curve and some of the cornersare extracted and
superimposed in the same figure. Each corner makes a
path in the image plane. These paths fulfill the multilinear
constraintsin setting 1. To estimate motion both directions
matrices Q;; and camera positions t;; has to be estimated.
Theplanar object isdetected and aprojectivecoordinate sy-
stem is chosen at each time instant so that the planar curve
hasthe same coordinates. The pathsthat each corner makes
can now beanalysed asif they weretaken by apurely trans-
lating camera, cf. Eq. 16. Thus simple linear methods can
be used to calculate camera motion, t;;. When the full ca-
meramotion isknown it is easy to reconstruct the 3D point



configuration. The camera motion is shown together with
areconstruction of the curve and the corners.

The affinely and projectively reduced setting share a
common numerical disadvantage. The simplification is ac-
hieved by dividing the problem into two parts. The ba-
sis points are used to estimate the direction Q;j and the re-
maining features are used to estimate the position t;;. It
would be numericaly better to use all available measure-
mentsto solve both direction and position. Still the reduced
setting isimportant for theoretical reasons. We believe that
a clearer understanding of the problem is obtained through
thisformulation. The connectionsbetween affine shape, cf.
[14], relative affine reconstruction, cf. [12] and the tradi-
tional uncalibrated and calibrated setting is more apparent.
The reduced setting can also be useful to get initial estima-
tes of motion and reconstruction. Refinements can then be
made using the whole material in an appropriate way.

7 Conclusions and Acknowledgement

In this paper is presented, simplifications and anew for-
mulation of the multilinear forms that exist between a se-
guence of images. It becomes apparent that multilinear
formscontaininformationin thebilinear and trilinear forms
only. Furthermore the bilinear forms are in general suffici-
ent to use and the trilinear forms often follow from the bili-
near forms. This representation isfairly closeto the repre-
sentation of the motion and it is easy to generalise to dif-
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Figure 3: lllustration of the affinely reduced setting. Fig. 3.a-i show nine images of a simple scene. In Fig. 3.}, some
of the extracted points are shown in the affine coordinate system defined by three basis points. In Fig. 3.k, the recon-
structed camera motion is shown together with a reconstruction of the extracted corner points. Fig. 3.1 highlights
the reconstructed object.

Figure 4: lllustration of the projectively reduced setting. Fig. 4.a-e show five images of a simple scene. In Fig. 4.f
the planar curve and some of the corners are extracted and superimposed in the same figure. In Fig. 4.g the planar
object is used as a basis for projective coordinate system in each image. The point paths can now be analysed as
if they were taken by a purely translating camera. Fig. 4.h shows the reconstructed camera motion together with a
reconstruction of the curve and the corners.



