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Introduction

1 Background

The �eld of computer vision has, ever since it emerged in the 60's, been full of opti-
mization problems. Looking back, the sub�eld where optimization perhaps �rst made an
impact was in projective geometry. Structure and motion problems were early on solved
either by local methods or some algebraic approach, or a combination of both. Typical
examples of this are the 8-point algorithm [11] and bundle adjustment [9]. For a long
time this was the predominant approach, either the problem was reformulated in such a
way that it could be easily solved or one employed some local re�nement method directly
to the problem at hand. This usually either resulted in a formulation that lacked a mean-
ingful connection to the original problem or in the latter case in a solution which one
could not be certain was the desired one. It is only in the lastdecade that optimization
theory has received the attention it perhaps rightly deserves within this �eld. Recently sev-
eral publications have appeared that address the issue of how to appropriately formulate
a wide variety of optimization problems in computer vision.Formulations with objective
functions that has a de�nite relevance to the problem at hand. And stated in such a way
that they, not only can be ef�ciently solved, but where one can also say something about
the quality of the solution obtained. Examples of such work includes theL 1 -norm for-
mulations of [8] and [10], the Gröbner base approach of [15] and the branch-and-bound
technique of [1] Here terms such as convexity and globally optimal solutions are central.

Discrete optimization techniques are possibly not as commonly occurring in com-
puter vision as their continuous counterpart, but whose relevance has still proven to be
considerable. Vision problems as varying as image segmentation and grouping, image
enhancement and denoising, motion segmentation, trackingand object recognition can
be formulated as discrete, or combinatorial, optimizationproblems. The work that per-
haps popularized discrete techniques and �rst reached a wider audience within the �eld
was the normalized cuts approach of [14]. This method, basedon spectral relaxation
techniques, has successfully been used in a wide variety of applications. However, the
discrete optimization technique that lately has received the most attention is the graph
cut algorithm of [4]. This is a method that can exactly minimize certain objective func-
tionals in polynomial time. Its attraction can be attributed to a thorough understanding
of both its underlying theory as well as the properties of theset of problems to which it
can be applied. Several implementations of this method withexceptional computational
complexity are also widely available.

Even though continuous and discrete optimization techniques for vision problems
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has largely evolved separately they are closely related. Itcan also be argued on a purely
theoretical basis that they share a common underlying framework. In addition, with the
above exception, most combinatorial problems that arise incomputer vision are known
to be NP-hard and can not be solved optimally in reasonable time. A common approach
is to instead look for an approximate solution to the combinatorial problem by dropping
the discrete constraints, a process called relaxation, thus turning the problem into a con-
tinuous one that can be solved ef�ciently. The �rst half of this thesis deals with discrete
optimization problems of this category.

Next we will present a brief overview of the two applicationstreated in this thesis.
Followed by a an introduction to some of the basic concepts inoptimization theory. In
the �nal section of this introduction a more detailed summary of the separate papers is
given.

2 Overview

This thesis treats two separate but connected themes. Namely, image segmentationand
image deformation. This af�liation originates in optimization being the common choice
of method for solving most of the occurring challenges.
The thesis consists of the following six segments of work:

I Eriksson, A., Olsson, C. and Kahl F.,Normalized Cuts Revisited: A Reformulation for
Segmentation with Linear Grouping Constraints, In Proc. International Conference
on Computer Vision, ICCV, Brazil, Oct. 2007.

II Eriksson, A., Olsson, C. and Kahl F.,Ef�ciently Solving the Fractional Trust Region
Problem, In Proc. Asian Conference on Computer Vision, ACCV, Tokyo,Nov.
2007.

III Olsson, C., Eriksson, A. and Kahl F.,Improved Spectral Relaxation Methods for
Binary Quadratic Optimization Problems, Submitted to Journal of Computer Vision
and Image Understanding, 2007.

IV Eriksson, A.,Bijective Thin-Plate Splines, In Licentiate thesis, chapter 2, Lund Uni-
versity, 2005.

V Eriksson, A. and Kalle Åström,Image Registration using Thin-Plate Splines, In Proc.
International Conference on Pattern Recognition, ICPR, Hong Kong, China, 2006.

VI Eriksson, A.,Groupwise Image Registration and Automatic Active Appearance Model
Generation, In Licentiate thesis, chapter 4, Lund University, 2005.

The �rst theme of the thesis is image segmentation. This is usually de�ned as the
task of distinguishing objects from background in unseen images. This visual group-
ing process is typically based on low-level cues such as intensity, homogeneity or image
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contours. Popular approaches include thresholding techniques, edge based methods and
region-based methods. Regardless of the method, the dif�culty lies in formulating and
describing the perception of what constitutes foreground and background in an arbitrary
image. Furthermore, such a grouping is also highly contextually driven, certain image
regions may be labeled differently depending on the task at hand - are we looking for
people, buildings or trees? If one also allows for more labels than only foreground and
background, the problem becomes increasingly harder and requires a much higher level
of scene understanding.

Once a formulation of the problem has been established and properly stated the ques-
tion of how to ef�ciently solve it still remains. The complexity of this task and the size of
most natural images typically leads to very large and dif�cult optimization problems. It
is these issues we make an attempt at addressing in this thesis. We are interested in how
to ef�ciently �nd visually relevant image partitions as well as how prior information can
be included into the segmentation process.

Figure 1.1: An example of an image segmentation.

The methods investigated in this work is based on techniquesfrom combinatorial op-
timization, a choice that was mainly motivated by the provensuccess of these approaches.
Such problems can be stated as large-scale quadratic 0-1 optimization programs with lin-
ear constraints. Usually, such proven NP-complete problems are solved by relaxing, or
simply dropping, some constraints and rewriting the problem as one that can be solved
ef�ciently, In paper I and II we study large scale fractionalquadratic 0-1 programs. We
present a reformulation of this class of optimization problems that in a uni�ed way can
handle any type of linear equality constraints as well as proposing ef�cient algorithms
for solving them. Paper III introduces two new methods for solving binary quadratic
problems that greatly improves on existing and establishedmethods for �nding solutions
in the large scale case. Both these proposed methods have been applied to several vision
problems with promising results.

The second theme of this thesis concerns non-linear deformations of images and its
applications. Functions that mapR2 onto itself are widely used in computer vision,
medical imaging and computer graphics. What is common to allthree is that mappings
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are used to model deformation occurring in natural images. As such deformations are
highly complex they are near impossible to characterize. A reasonable and widely accepted
assumption, or approximation, is that as the overall structure of the objects depicted will
remain intact after deformation, hence folding or tearing of the images should never
occur, see �g 1.2. Under these premises there must exist a dense mapping that is both
one-to-one and onto. The deformations must be bijective. This is not entirely correct as
for instance self-occlusion can not be described by bijective mappings.

Figure 1.2: Examples of bijective and non-bijective deformations.

There exist an abundance of methods for parameterizing non-linear deformations. This
part of the thesis concerns conditions for bijectivity of, perhaps the most commonly
used method of describing non-linear deformations, the thin-plate spline mapping and its
applications in computer vision. Paper IV discusses the thin-plate spline and In paper V
and VI we apply the results of paper IV to the task of pair-wiseand group-wise registering
of images.

3 Optimization

This section provides a brief review of some of the basic concepts of optimization, used
in this thesis.

Optimization refers to the task of minimizing (or maximizing) a real-valued function
f : S 7! R, (the objective function) over a given setS. The term mathematical pro-
gramming is also commonly occurring.1

1The name bears no reference to computer programming but instead originates from the research in op-
timization conducted by the United States army in the 1940'sapplied to logistical planning and personnel
scheduling. “Program” here refers to its military meaning of sequence of operations. The inclusion of this word
supposedly increased chances for receiving governmental funding at the time.
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A typical notation is

min
x

f (x)

s.t. x 2 S: (1.1)

The functionf is said to have aglobal minimaatx � if

f (x) � f (x � ); 8x 2 S: (1.2)

The functionf is said to have alocal minimaatx � if there is a neighborhood
jjx � x � jj < � such that

f (x) � f (x � ); 8x 2 S; jjx � x � jj < �: (1.3)

The setS is typically de�ned by a number ofequality constraints, hi (x) = 0 ; i =
1:::m andinequality constraints, gi (x) � 0; i = 1 :::l . The notation becomes

min
x

f (x)

s.t. hi (x) = 0 ; i = 1 :::m

gi (x) � 0; i = 1 :::l

x 2 X; (1.4)

whereX is usually some subspace ofRn and hi and gi as well asf are real-valued
functions de�ned onRn .

3.1 Unconstrained Optimization

In the absence of any constraintshi andgi , the problem (1.4) is called unconstrained, i.e.
simply the task of �nding anx � that ideally ful�lls (1.2), but at least (1.3) over the whole
of X , a subspace ofRn .

Despite their apparent limitations, these problems are central to the �eld of optimiza-
tion. Also many algorithms for solving constrained problems are extensions of methods
for unconstrained problems. There are numerous algorithmsfor unconstrained optimiza-
tion. In the one-dimensional case there are the sequential methods, such as Dichotomous,
Golden-section and Fibonacci search [2]. These very simpleyet powerful algorithms pro-
duce a sequence of decreasing intervals that converges to a local. They do demand an
starting interval and can only �nd an optima within this interval. They do not make use
of derivatives, a desirable property iff 0 is not readily available.

In multi-dimensional problems, gradient methods, such as steepest descent, use �rst
order derivatives to �nd directions for which the objectivefunction decrease and then
perform one-dimensional line searches in these directions. The Newton method and the
conjugate direction exploit the Hessian of the objective function to �nd search directions.
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In some instances the step length can also be determined directly, eliminating the need
for a line-search.

If f is differentiable, a necessary condition for optimality for unconstrained problems
is the well known condition

r f = 0 : (1.5)

3.2 Constrained Optimization

In this section we describe two important topics in constrained optimization, the concept
of duality and dual problems and the Karush-Kuhn-Tucker conditions.

3.2.1 Karush-Kuhn-Tucker conditions

The Karush-Kuhn-Tucker (KKT) conditions provide necessary conditions for a local op-
tima for a constrained optimization problem. They can be interpreted as the constrained
equivalence to (1.5). The Lagrangian function associated with the constrained problem
(1.4) is de�ned as

L(x; �; � ) = f (x) +
lX

i =1

� i gi (x) +
mX

j =1

� j hj (x) (1.6)

wherex 2 X and(�; � ) 2 D = f � 2 Rl ; � 2 Rm ; � � 0g. Obviously, for feasiblex,
� and�

L (x; �; � ) � f (x); (1.7)

sincehj (x) = 0 , gi (x) � 0 and� i are non-negative. Ifx � is an optimizer of (1.4) it can
be shown that there must exist a� � � 0 such that

P l
i =1 � �

i gi (x � ) = 0 . Thus

f (x � ) = L (x � ; � � ; � � ) = f (x) +
lX

i =1

� i gi (x) +
mX

j =1

� j hj (x) � f (x � ); (1.8)
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which implies that the gradient ofL (x; �; � ) with respect tox must be zero. Combining
this with the feasibility constraints we get theKarush-Kuhn-Tucker conditions,

r L (x � ; � � ; � � ) = r f (x) +
lX

i =1

� i r gi (x) +
mX

j =1

� j r hj (x) = 0 (1.9)

hj (x � ) = 0 ; j = 1 :::m (1.10)

gi (x � ) � 0; i = 1 :::l (1.11)

x � 2 X (1.12)

� i � 0 (1.13)
lX

i =1

� �
i gi (x � ) = 0 : (1.14)

Here (1.11)-(1.14) are called the feasibility conditions and (1.14) the complementary
slackness condition. One additional requirement for the KKT-conditions to hold is that
the gradients of the constraintsr hj andr gi are linearly independent atx � , i.e.

0

@
lX

i =1

� i r gi (x � ) +
mX

j =1

� j r hj (x � ) = 0 ) �; � = 0

1

A ; (1.15)

also known as the constraint quali�cation.
The conditions that this theorem of Karush-Kuhn-Tucker provide are fundamental

to optimization theory. Many of the existing algorithms forconstrained optimization are
based on these KKT-conditions. Such methods can interpreted as trying to identify points
(x; �; � ) that satisfy (1.10)-(1.14), instead of, for instance carrying out line-searches along
descent directions,

3.2.2 Duality

Given a constrained optimization problem, on the form (1.4), there is another closely
related optimization problem called theLagrangian dual problem. The original problem
is accordingly called the primal problem. One of the many remarkable properties of the
dual problem is that it is an underestimator of its primal. Thus one can obtain a lower
bound, and in certain instances even the exact minima to the original problem by solving
its dual. This �eld of Lagrangian duality matured in the 1950's and led to a �ood of new
results that produced countless new optimization algorithms, including some of the most
successful ones in use today.

The Lagrangian dual function of (1.4) is de�ned as

� (�; � ) = inf
x 2 S

L(x; �; � ): (1.16)
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Clearly,

� (�; � ) � L (x; �; � ) � f (x); (1.17)

for anyx 2 S and� � 0.
The Lagrangian dual is de�ned as

max � (�; � )

s.t. � � 0 (1.18)

If � � , � � maximize (1.18) the inequality (1.17) still holds and we have that

� (� � ; � � ) � f (x � ): (1.19)

The difference between the maximum of the dual problem and the minima of the primal
problem is called theduality gap, if the duality gap is zero we speak ofstrong duality.
In general, there is a duality gap between the dual and primalproblem, but there are
instances when strong duality holds.

Another remarkable property of the Lagrangian dual function is that it is concave,
regardless of what the primal problem looks like. Furthermore, the feasible set of the dual
problem is the intersection of a number of halfspaces,� i � 0. Thus solving the dual
problem implies maximizing a concave function over a convexset. This is equivalent to a
convex optimization problem, a topic we will discuss in the next section.

3.2.3 Convex Optimization Problems

Convex optimization problems are a class of problems of special interest to the optimiza-
tion community, it is de�ned as the minimization of a convex function over a convex set.
It has long been known that for such problems any local minimais a global minima, the
set of global minima is a convex set and that if the objective function is strictly convex
the minima is unique. In optimization convexity it is actually a more important property
than linearity or non-linearity. Despite this it is only recently that it has become a central
tool in engineering, this can be attributed to recent breakthroughs in convex optimization
algorithms, most notably the development of the interior point methods [13].

A functionf is convex if, for anyx andy and0 � t � 1

f (tx + (1 � t)y) � tf (x) + (1 � t)f (y); (1.20)

see �gure 1.3. The function is called concave if� f is convex.

A setC is called convex if the line segment between any two points inC is contained in
C. That is, if for anyx; y 2 C and0 � t � 1

tx + (1 � t)y 2 C; (1.21)

examples of convex and non-convex sets can be seen in �gure 1.4.
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Figure 1.3: A convex function.

Figure 1.4: A convex set (left) and a non-convex set (right).

Under some mild assumptions, strong duality always hold forconvex problems. This
means that one can solve convex optimization problem implicitly by maximizing its cor-
responding dual problem. It also implies that any point thatsatis�es the KKT conditions
will give us the minimizer.

Certain commonly occurring convex optimization problems are

� Linear program- minimizing a linear function over the polytope

�
aT

i x � 0; i = 1 :::n
	

:

� (Convex) Quadratic program- minimizing a convex quadratic functionf over
over a polytope

f (x) = xT Hx; H � 0:
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� Second-order cone program- minimizing a linear function over the second-order
cone �

jjA i x � bi jj2 � cT
i x + di ; i = 1 :::m

	
:

� Semide�nite program- minimizing a linear function over the intersection of the
cone of positive semide�nite matrices and an af�ne subspace

f X � 0g
\

f T r (A i X ) = bi ; i = 1 :::mg:

For a more detailed description of convex optimization we refer to [16].

4 Summary of the papers

PAPER I — Normalized Cuts Revisited: A Reformulation for Segmen-
tation with Linear Grouping Constraints.

Indisputably Normalized Cuts is one of the most popular segmentation algorithms in
computer vision. It has been applied to a wide range of segmentation tasks with great
success. A number of extensions to this approach have also been proposed, ones that
can deal with multiple classes or that can incorporate a priori information in the form of
grouping constraints. However, what is common for all thesesuggested methods is that
they are noticeably limited and can only address segmentation problems on a very speci�c
form. In this paper, we present a reformulation of Normalized Cut segmentation that in
a uni�ed way can handle all types of linear equality constraints for an arbitrary number
of classes. This is done by restating the problem and showinghow linear constraints can
be enforced exactly through duality. This allows us to add group priors, for example, that
certain pixels should belong to a given class. In addition, it provides a principled way
to perform multi-class segmentation for tasks like interactive segmentation. The method
has been tested on real data with convincing results.

Author contribution: This paper was a result of a collaboration between myself,
Carl Olsson and Fredrik Kahl. I acted as the primary author with the solid support of my
coauthors. I carried out the experiments and devised the reformulation of the normalized
cut problem. Carl Olsson also contributed with the proof in section 3.

PAPER II — Ef�ciently Solving the Fractional Trust Region Problem

Normalized Cuts has successfully been applied to a wide range of tasks in computer vi-
sion, it is indisputably one of the most popular segmentation algorithms in use today.
A number of extensions to this approach have also been proposed, ones that can deal
with multiple classes or that can incorporate a priori information in the form of group-
ing constraints. It was recently shown how a general linearly constrained Normalized
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Cut problem can be solved. This was done by proving that strong duality holds for
the Lagrangian relaxation of such problems. This provides aprincipled way to perform
multi-class partitioning while enforcing any linear constraints exactly.

The Lagrangian relaxation requires the maximization of thealgebraically smallest
eigenvalue over a one-dimensional matrix sub-space. This is an unconstrained, piece-wise
differentiable and concave problem. In this paper we show how to solve this optimization
ef�ciently even for very large-scale problems. The method has been tested on real data
with convincing results.

Author contribution: This paper was a continuation of paper I, with a similar work
distribution. I again acted as the primary author and also carried out the experiments.
Carl Olsson contributed with the experimental validation on the arti�cial problems as
well as choosing the formulation for the second-order derivatives.

PAPER III — Improved Spectral Relaxation Methods for Binary
Quadratic Optimization Problems

In this paper we introduce two new methods for solving binaryquadratic problems.
While spectral relaxation methods have been the workhorse subroutine for a wide variety
of computer vision problems - segmentation, clustering, subgraph matching to name a
few - it has recently been challenged by semide�nite programming (SDP) relaxations. In
fact, it can be shown that SDP relaxations produce better lower bounds than spectral re-
laxations on binary problems with a quadratic objective function. On the other hand, the
computational complexity for SDP increases rapidly as the number of decision variables
grows making them inapplicable to large scale problems.

Our methods combine the merits of both spectral and SDP relaxations - better (lower)
bounds than traditional spectral methods and considerablyfaster execution times than
SDP. The �rst method is based on spectral subgradients and can be applied to large scale
SDPs with binary decision variables and the second one is based on the trust region
problem. Both algorithms have been applied to several largescale vision problems with
good performance.

Author contribution: This paper was the result of merging papers [7] and [6]. Carl
Olsson acted as primary author of the former and I on the latter, with the constant support
of Fredrik Kahl.

PAPER IV — Bijective Thin-Plate Splines

Thin-plate splines are a class of widely used non-rigid spline mapping functions. It is
a natural choice of interpolating function in two dimensions and has been a commonly
used tool for over a decade. Introduced and developed by Duchon [5] and Meinguet
[12] and popularized by Bookstein [3], its attractions include an elegant mathematical
formulation along with a very natural and intuitive physical interpretation.
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Consider a thin metal plate extending to in�nity in all directions. At a �nite number
of discrete positionst i 2 R2, i = 1 :::n, the plate is at �xed heightszi . The metal plate
will take then the form that minimizes itsbending energy. In two dimensions the bending
energy of a plate described by a functiong(x; y) is proportional to

J (g) =
Z Z

R2

 �
@2g
@x2

� 2

+ 2
�

@2g
@x@y

� 2

+
�

@2g
@y2

� 2
!

dxdy: (1.22)

Consequently, the metal plate will be described by the function that minimizes (1.22)
under the point constraintsg(t i ) = zi . It was proven Duchon [5] that if such a function
exists it is unique.

The thin-plate spline framework can also be employed in a deformation setting, that
is mappings fromRm to Rm . This is accomplished by the combination of several thin-
plate spline interpolants. Here we restrict ourselves tom = 2 . If instead of understanding
the displacement of the thin metal plate as occurring orthogonally to the(x1; x2)-plane
view them as displacements of thex1- or x2- position of the point constraints. With this
interpretation, a new function� : R2 ! R2 can be constructed from two thin-plate
splines, each describing thex1- andx2-displacements respectively.

In spite of its appealing algebraic formulation, thin-plate spline mappings do have
drawbacks and, disregarding computational and numerical issues, one in particular. Namely,
bijectivity is never assured. In computer vision, non-linear mappings inR2 of this sort
are frequently used to model deformations in images. The basic assumption is that all the
images contain similar structures and therefore there should exist mappings between pairs
of images that are both one-to-one and onto. Hence bijectivemappings are of interest.

This work is an attempt at characterizing the set of bijective thin-plate spline map-
pings. It contains a formulation of how to describe this set,as well as proofs of many
of its properties. It also includes a discussion of some experimentally derived indications
of other attributes of this set, such as boundedness and convexity, as well as methods for
�nding suf�cient conditions for bijectivity.

Author contribution: Papers IV-VI were all the result of work carried out by myself
and my advisor Karl Åström. I acted as �rst author and carriedout the experiments in all
three instances.

PAPER V — Image Registration using Thin-Plate Splines

Image registration is the process of geometrically aligning two or more images. In this
paper we describe a method for registering pairs of images based on thin-plate spline
mappings. The proposed algorithm minimizes the differencein gray-level intensity over
bijective deformations. By using quadratic suf�cient constraints for bijectivity and a least
squares formulation this optimization problem can be addressed using quadratic pro-
gramming and a modi�ed Gauss-Newton method. This approach also results in a very
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computationally ef�cient algorithm. Example results fromthe algorithm on three differ-
ent types of images are also presented.

PAPERVI — Groupwise Image Registration and Automatic Active Ap-
pearance Model Generation

This section is concerned with groupwise image registration, the simultaneous alignment
of a large number of images. As opposed to pairwise registration the choice of reference
image is not equally obvious, therefore an alternate approach must be taken.

Groupwise registration has received equivalent amounts ofattention from the research
community as pairwise registration. It has been especiallyaddressed in shape analysis un-
der the name Procrustes analysis.The areas of application are still remote sensing, medical
imaging and computer vision, but now the aggregation of images allows for a greater
understanding of their underlying distribution.

The focus here is towards a speci�c task, the use of image registration to automatically
construct deformable models for image analysis.
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Main En try: nor � mal � ize

Pron unciation: n'n 
 or-m @ -,lïz n
F unction: transitiv e v erb

In�ected F orm(s): nor � mal � ized; nor � mal � iz � ing

Origin: 1520-1530; from Latin normalis , "in conformit y with rule, normal";

from from norma , "rule, pattern" literally "carp en ter's square" (see norm).

1 : to mak e conform to or reduce to a norm or standard

2 : to mak e normal (as b y a transformation of v ariables)

3 : to bring or restore (as relations b et w een coun tries) to a normal condition



Normalized Cuts Revisited: A
Reformulation for Segmentation with

Linear Grouping Constraints
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Abstract

Indisputably Normalized Cuts is one of the most popular segmentation algo-
rithms in computer vision. It has been applied to a wide rangeof segmentation
tasks with great success. A number of extensions to this approach have also been
proposed, ones that can deal with multiple classes or that can incorporate a pri-
ori information in the form of grouping constraints. However, what is common
for all these suggested methods is that they are noticeably limited and can only
address segmentation problems on a very speci�c form. In this paper, we present
a reformulation of Normalized Cut segmentation that in a uni�ed way can han-
dle all types of linear equality constraints for an arbitrary number of classes.
This is done by restating the problem and showing how linear constraints can
be enforced exactly through duality. This allows us to add group priors, for ex-
ample, that certain pixels should belong to a given class. Inaddition, it provides
a principled way to perform multi-class segmentation for tasks like interactive
segmentation. The method has been tested on real data with convincing results.

1 Image Segmentation

Image segmentation can be de�ned as the task of partitioningan image into disjoint
sets. This visual grouping process is typically based on low-level cues such as intensity,
homogeneity or image contours. Existing approaches include thresholding techniques,
edge based methods and region-based methods. Extensions tothis process includes the
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incorporation of grouping constraints into the segmentation process. For instance the
class labels for certain pixels might be supplied beforehand, through user interaction or
some completely automated process, [8, 2].

Currently the most successful and popular approaches for segmenting images are
based on graph cuts. Here the images are converted into undirected graphs with edge
weights between the pixels corresponding to some measure ofsimilarity. The ambition
is that partitioning such a graph will preserve some of the spatial structure of the im-
age itself. These graph methods based were made popular �rstthrough the Normalized
Cut formulation of [9] and more recently by the energy minimization method of [3].
This algorithm for optimizing objective functions that aresubmodular has the property
of solving many discrete problems exactly. However, not allsegmentation problems can
be formulated with submodular objective functions, nor is it possible to incorporate all
types of linear constraints.

The work described here concerns the former approach, Normalized Cuts, the rele-
vance of linear grouping constraints and how they can be included in this framework. It is
not the aim of this paper to argue the merits of one method, or cut metric, over another,
nor do we here concern ourselves with how the actual groupingconstraints are obtained.
Instead we will show how through Lagrangian relaxation one in a uni�ed can handle such
linear constrains and also in what way they in�uence the resulting segmentation.

1.1 Problem Formulation

Consider an undirected graphG, with nodesV and edgesE and where the non-negative
weights of each such edge is represented by an af�nity matrixW , with only non-negative
entries and of full rank. A min-cut is the non-trivial subsetA of V such that the sum of
edges between nodes in A and its complement is minimized, that is the minimizer of

cut(A; V ) =
X

i 2 A
j 2 V nA

wij (1.1)

This is perhaps the most commonly used method for splitting graphs and is a well known
problem for which very ef�cient solvers exist. It has however been observed that this
criterion has a tendency to produced unbalanced cuts, smaller partitions are preferred to
larger ones.

In an attempt to remedy this shortcoming, Normalized Cuts was introduced by [9].
It is basically an altered criterion for partitioning graphs, applied to the problem of per-
ceptual grouping in computer vision. By introducing a normalizing term into the cut
metric the bias towards undersized cuts is avoided. The Normalized Cut of a graph is
de�ned as

Ncut =
cut(A; V )

assoc(A; V )
+

cut(B; V )
assoc(B; V )

; (1.2)
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2. NORMALIZED CUTS WITH GROUPING CONSTRAINTS

whereA [ B = V , A \ B = ; and the normalizing term de�ned asassoc(A; V ) =P
i 2 A;j 2 V wij . It is then shown in [9] that by relaxing (1.2) a continuous underestimator

of the Normalized Cut can be ef�ciently computed. These techniques are then extended
in [11] beyond graph bipartitioning to include multiple segments, and even further in
[12] to handle certain types of linear equality constraints.

One can argue that the drawbacks of this, the classical formulation, for solving the
Normalized Cut are that �rstly obtaining a discrete solution from the relaxed one can
be problematic. Especially in multiclass segmentation where the relaxed solution is not
unique but consists of an entire subspace. Furthermore, theset of grouping constraints
is also very limited, only homogeneous linear equality constraints can be included in the
existing theory. We will show that this excludes many visually relevant constraints. In
[4] an attempt is made at solving a similar problem with general linear constraints. This
approach does however effectively involve dropping any discrete constraint all together,
leaving one to question the quality of the obtained solution.

2 Normalized Cuts with Grouping Constraints

In this section we propose a reformulation of the relaxationof Normalized Cuts that
in a uni�ed way can handle all types of linear equality constraints for any number of
partitions. First we show how we through duality theory reach the suggested relaxation.
The following two sections then show why this formulation iswell suited for dealing with
general linear constraints and how this proposed approach can be applied to multiclass
segmentation.

Starting off with (1.2), the de�nition of Normalized Cuts, the cost of partitioning an
image with af�nity matrixW into two disjoint sets,A andB , can be written as

Ncut =

P
i 2 A
j 2 B

wij

P i 2 A
j 2 V wij

+

P
i 2 B
j 2 A

wij

P
i 2 B
j 2 V

wij
: (1.3)

Let z 2 f� 1; 1gn be the class label vector, W then � n-matrix with entrieswij , d
then � 1-vector containing the row sums ofW , andD the diagonaln � n-matrix with
d on the diagonal. A1 is used to denote vectors of all ones. We can write (1.3) as

Ncut =
P

i;j w ij (z i � z j )2

2
P

i (z i +1) di
+

P
i;j w ij (z i � z j )2

2
P

i (z i � 1)di
=

= zT (D � W )z
2dT (z+1) + zT (D � W )z

2dT (z� 1) =

= (zT (D � W )z)dT 1
1T ddT 1� zT dT dT z = (zT (D � W )z)dT 1

zT ((1 T d)D � ddT )z : (1.4)

In the last inequality we used the fact that1T d = zT Dz. When we include general linear
constraints onz on the formCz = b, C 2 Rm � n , the optimization problem associated
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with this partitioning cost becomes

inf
z

zT (D � W )z
zT ((1 T d)D � ddT )z

s.t. z 2 f� 1; 1gn

Cz = b: (1.5)

The above problem is a non-convex, NP-hard optimization problem. Therefore we are
led to replace thez 2 f� 1; 1gn constraint with the norm constraintzT z = n. This
gives us the relaxed problem

inf
z

zT (D � W )z
zT ((1 T d)D � ddT )z

s.t. zT z = n

Cz = b: (1.6)

This is also a non-convex problem, however we shall see in section 3 that we are able to
solve this problem exactly. Next we will write problem (1.6)in homogenized form, the
reason for doing this will become clear later on. LetL andM be the(n + 1) � (n + 1)
matrices

L =
�

(D � W ) 0
0 0

�
; M =

h
((1 T d)D � ddT ) 0

0 0

i
; (1.7)

and
Ĉ = [ C � b] (1.8)

the homogenized constraint matrix. The relaxed problem (1.6) can now be written

inf
z

[ zT 1 ]L [ z
1 ]

[ zT 1 ]M [ z
1 ]

s.t. zT z = n

Ĉ [ z
1 ] = 0 : (1.9)

Finally we add the arti�cial variablezn +1 . Let ẑ be the extended vector
�
zT zn +1

� T
.

Throughout the paper we will writêz when we consider the extended variables and just
z when we consider the original variables. The relaxed problem (1.6) in its homogenized
form is

inf
ẑ

ẑT L ẑ
ẑT M ẑ

s.t. ẑ2
n +1 � 1 = 0

ẑT ẑ = n + 1

Ĉẑ = 0 : (1.10)
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Note that the �rst constraint is equivalent toẑn +1 = 1 . If ẑn +1 = � 1 then we may
change the sign ofẑ to obtain a solution to our original problem.

The homogenized constraintsĈẑ = 0 now form a linear subspace and can be elim-
inated in the following way. LetN Ĉ be a matrix where its columns form a base of the
nullspace of̂C. Letk + 1 be the dimension of the nullspace. Anyẑ ful�lling Ĉẑ = 0
can be written̂z = N Ĉ ŷ, wherêy 2 Rk+1 . As in the case with thez-variables,̂y is the
vector containing all variables whereasy is a vector containing all but the last variable.
Assuming that the linear constraints are feasible we may always choose that basis such
that ŷk+1 = ẑn +1 = 1 . We putL̂ = N T

Ĉ
LN Ĉ , M̂ = N T

Ĉ
MN Ĉ . In the new space we

get the following formulation

inf
ŷ

f (ŷ) = ŷ T L̂ ŷ
ŷ T M̂ ŷ

s.t. ŷ2
k+1 � 1 = 0

ŷT N T
Ĉ

N Ĉ ŷ = jj ŷjj2
N Ĉ

= n + 1 : (1.11)

A common approach to solving this kind of problem is to simplydrop one of the two
constraints. This may however result in very poor solutions. We shall see that we can in
fact solve this problem exactly without excluding any constraints.

3 Lagrangian Relaxation and Strong Duality

In this section we will show how to solve (1.6) using Lagrangeduality. To do this we start
by generalizing a lemma from [7] for trust region problems

Lemma 1. If there exists ay with yT A3y + 2 bT
3 y + c3 < 0, then, assuming the existence

of a minima, the primal problem

inf
y

yT A1y + 2 bT
1 y + c1

yT A2y + 2 bT
2 y + c2

; s.tyT A3y + 2 bT
3 y + c3 � 0 (1.12)

and the dual problem

sup
� � 0

inf
y

yT (A1 + �A 3)y + ( b1 + �b 3)T y + c1 + �c 3

yT A2y + 2 bT
2 y + c2

(1.13)

has no duality gap.

Proof.The primal problem can be written as

inf 
 1

s.t yT (A1 � 
 1A2)y + 2( b1 � 
 1b2)T y + c1 � 
 1c2 � 0
yT A3y + 2 bT

3 y + c3 � 0
(1.14)
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LetM (�; 
 ) be the matrix

M (�; 
 ) =
h

A 1 + �A 3 � 
A 2 b1 + �b 3 � 
b 2

(b1 + �b 3 � 
b 2 )T c1 + �c 3 � 
c 2

i
: (1.15)

The dual problem can be written

sup� � 0 inf 
 2 ;y 
 2

s.t
�

y
1

� T

M (�; 
 2)
�

y
1

�
� 0:

(1.16)

Since (1.16) is dual to (1.14) we have that for their optimal values,
 �
2 � 
 �

1 must hold.
To prove that there is no duality gap we must show that
 �

2 = 
 �
1 . We do this by

considering the following problem

sup
 3 ;� � 0 
 3

s.t M (�; 
 3) � 0:
(1.17)

HereM (�; 
 3) � 0 means thatM (�; 
 3) is positive semide�nite. We note that if
M (�; 
 3) � 0 then there is noy ful�lling

�
y
1

� T

M (�; 
 3)
�

y
1

�
+ � � 0 (1.18)

for any� > 0. Therefore we must have that the optimal values ful�lls
 �
3 � 
 �

2 � 
 �
1 . To

complete the proof we show that
 �
3 = 
 �

1 . We note that for any
 � 
 �
1 we have that

yT A3y + 2 bT
3 y + c3 � 0 )

yT (A1 � 
A 2)y + 2( b1 � 
b 2)T y + c1 � 
c 2 � 0:
(1.19)

However according to the S-procedure [1] this is true if and only if there exists� � 0 such
thatM (�; 
 ) � 0. Therefore(
; � ) is feasible for problem (1.17) and thus
 3 = 
 1.

We note that for a �xed
 the problem

inf y yT (A1 � 
A 2)y + 2( b1 � 
b 2)T y + c1 � 
c 2

s.t. yT A3y + 2 bT
3 y + c3 � 0

(1.20)

only has an interior solution ifA1 � 
A 2 is positive semide�nite. IfA3 is positive
semide�nite then we may subtractk(yT A3y + 2 bT

3 y + c3) (k > 0) from the objective
function to obtain boundary solutions. This gives us the following corollary.

Corollary 1. LetA3 be positive semide�nite. If there exists ay withyT A3y+2 bT
3 y+ c3 <

0, then the primal problem

inf
y

yT A1y + 2 bT
1 y + c1

yT A2y + 2 bT
2 y + c2

; s.t.yT A3y + 2 bT
3 y + c3 = 0 (1.21)
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and the dual problem

sup
�

inf
y

yT (A1 + �A 3)y + ( b1 + �b 3)T y + c1 + �c 3

yT A2y + 2 bT
2 y + c2

(1.22)

has no duality gap, (once again assuming that a minima existsfor the primal problem).

Next we will show how to solve a problem on a form related to (1.11). Let

A 1 =
h

A 1 b1

bT
1 c1

i
; A 2 =

h
A 2 b2

bT
2 c2

i
; A 3 =

h
A 3 b3

bT
3 c3

i

Theorem 3.1.Assuming the existence of a minima, ifA 3 is positive de�nite, then the primal
problem

inf
y T A 3 y+2 bT

3 y+ c3 = n +1

yT A1y + 2 bT
1 y + c1

yT A2y + 2 bT
2 y + c2

=

= inf
ŷ T A 3 ŷ= n +1

y 2
n +1 =1

ŷT A 1ŷ
ŷT A 2ŷ

(1.23)

and its dual

sup
t

inf
ŷ T A 3 ŷ= n +1

ŷT A 1ŷ + ty2
n +1 � t

ŷT A 2ŷ
(1.24)

has no duality gap.

Proof.Let 
 � be the optimal value of problem (1.11). Then


 � = inf ŷ T A 3 ŷ= n +1
y 2

n +1 =1

ŷ T A 1 ŷ
ŷ T A 2 ŷ

= sup t inf ŷ T A 3 ŷ= n +1
y 2

n +1 =1

ŷ T A 1 ŷ+ ty 2
n +1 � t

ŷ T A 2 ŷ

� supt inf ŷ T A 3 ŷ= n +1
ŷ T A 1 ŷ+ ty 2

n +1 � t
ŷ T A 2 ŷ

� supt;� inf ŷ
ŷ T A 1 ŷ+ ty 2

n +1 � t + � ( ŷ T A 3 ŷ � (n +1))
ŷ T A 2 ŷ

= sups;� inf ŷ

ŷ T A 1 ŷ+ sy 2
n +1 � s+ � (y T A 3 y+ yn +1 2bT

3 y+ c3 � (n +1))
ŷ T A 2 ŷ =

= sup � inf y 2
n +1 =1

ŷ T A 1 ŷ+ � (y T A 3 y+2 bT
3 y+ c3 � (n +1))

ŷ T A 2 ŷ

= sup � inf y
y T A 1 y+2 bT

1 y+ c1 + � (y T A 3 y+2 bT
3 y+ c3 � (n +1))

y T A 2 y+2 bT
2 y+ c2

= 
 � : (1.25)
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Where we lets = t + c3� . In the last two equalities corollary 1 was used twice. The third
row of the above proof gives us that

� � = sup
t

inf
ŷ T A 3 ŷ= n +1

ŷT A 1ŷ + ty2
n +1 � t

ŷT A 2ŷ
=

= sup
t

inf
ŷ T A 3 ŷ= n +1

ŷT A 1ŷ + ty2
n +1 � t ŷ T A 3 ŷ

n +1

ŷT A 2ŷ
=

= sup
t

inf
ŷ T A 3 ŷ= n +1

ŷT
�

A 1 + t
�

[ 0 0
0 1 ] � A 3

n +1

��
ŷ

ŷT A 2ŷ
(1.26)

Finally, since strong duality holds, we can state the following corollary. [1].

Corollary 2. If t � andŷ� solves(1.26), then(ŷ� )T N̂ ŷ� = n + 1 andy�
k+1 = 1 . That is,

ŷ� is an optimal feasible solution to(1.12).

4 The Dual Problem and Constrained Normalized Cuts

Returning to our relaxed problem (1.11) we start off by introducing the following lemma.

Lemma 2. L andM are both(n + 1) � (n + 1) positive semide�nite matrices of rank
n � 1, both their nullspaces are spanned byn1 = [ 1 ::: 1 0 ]T andn2 = [ 0 ::: 0 1 ]T .
Consequently,L Ĉ andM Ĉ are also positive semide�nite.

Proof.L is the zero-padded positive semide�nite Laplacian matrix of the af�nity matrix
W and is hence also positive semide�nite. ForM it suf�ces to show that the matrix
(1T d)D � ddT is p.s.d.

vT ((1T d)D � ddT )v =
P

i di
P

j dj v2
j � (

P
i di vi )

2

=
P

i;j di dj vj (vj � vi ) =
P

i di di vi (vi � vi ) +

+
P

i;j<i di dj vj (vj � vi ) + dj di vi (vi � vj ) =
P

i;j<i di dj (vj � vi )2 � 0; 8v 2 Rn (1.27)

The last inequality comes fromdi > 0 for all i which means that(1T d)D � ddT , and
thus alsoM , are positive semide�nite.

The second statement follows since bothLn i = Mn i = 0 for i = 1 ; 2.

8



4. THE DUAL PROBLEM AND CONSTRAINED NORMALIZED CUTS

Next, since

vT Lv � 0; 8v 2 Rn ) vT Lv � 0; 8v 2 Null (Ĉ) )

) wT N Ĉ
T LN Ĉ

T w � 0; 8w 2 Rk )

) wT L̂w � 0; w 2 Rk

it holds thatL̂ � 0, and similarly forM Ĉ .

Assuming that the original problem is feasible then we have that, asf (ŷ) of problem
(1.23) is the quotient of two positive semide�nite quadratic forms and is thereforef (ŷ)
non-negative, a minima for the relaxed Normalized Cut problem will exist. Theorem
3.1 states that strong duality holds for a program on the form(1.23), if a minima exists.
Consequently, we can apply the theory from the previous section directly and solve (1.11)
through its dual formulation. Let

EĈ = [ 0 0
0 1 ] �

N T
Ĉ

N Ĉ

n +1 = N T
Ĉ

h
� I

n +1 0
0 1

i
N Ĉ (1.28)

and let� (ŷ; t) denote the Lagrangian function. The dual problem is then

sup
t

inf
jj ŷ jj 2

N
Ĉ

= n +1
� (ŷ; t) =

ŷT (L̂ + tE Ĉ )ŷ

ŷT M̂ ŷ
: (1.29)

The inner minimization is the well known generalized Rayleigh quotient, for which
the minima is given by the algebraically smallest generalized eigenvalue1 of (L Ĉ + tE Ĉ )
andM Ĉ . Letting� G

min (t) andvG
min (t), denote the smallest generalized eigenvalue and

corresponding generalized eigenvector of(L Ĉ + tE Ĉ ) andM̂ we can write problem
(1.29) as

sup
t

� G
min (L̂ + tE Ĉ ; M̂ ): (1.30)

It can easily be shown that the minimizer of the inner problemof (1.29) for somet,
is given by a scaling of the generalized eigenvector,ŷ(t) =

p
n +1

jj vG
min ( t ) jj 2

N
Ĉ

) vG
min (t). The

relaxed Normalized Cut problem can thus be solved by �nding the maxima of (1.30). As
the objective function is the point-wise in�mum of functions linear int, it is a concave
function, as is expected from dual problems. So solving (1.30) means maximizing a
concave function in one variablet, this can be carried out using standard methods for
one-dimensional optimization.

Unfortunately, the task of solving large scale generalizedeigenvalue problems can
be demanding, especially when the matrices involved are dense, as in this case. This can,

1By generalized eigenvalue of two matricesA andB we mean �nding a� = � G (A; B ) andv, jj vjj = 1
such thatAv = �Bv has a solution.
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however, be remedied, by exploiting the unique matrix structure we can rewrite the gener-
alized eigenvalue problem as a standard one. First we note that the generalized eigenvalue
problemAv = �Bv is equivalent to the standard eigenvalue problemB � 1Av = �v , if
B is non-singular. Furthermore, in large scale applicationsit is reasonable to assume that
the number of variablesn + 1 is much greater than the number of constraintsm. Then
the base for the null space of the homogenized linear constraintsN Ĉ can then be written
on the formN Ĉ = [ c c0

I ]. Now we can write

M̂ = [ c c0
I ]T (

h
((1 T d)D � ddT ) 0

0 0

i
) [ c c0

I ] =

=

(
D :=

h
D 1 0
0 D 2

i

d:=
h

d1
d2

i

)

=
h

D 2 0
0 cT

0 D 1 c0 +1

i

| {z }
~D

+

+
h

cT cd1 + d2 0
cT

0 cT
0 d1 1

i

| {z }
V

h
D 1

1
� 1

i

| {z }
S

h c c0

dT
1 cT + dT

2 dT
1 c0

0 1

i
=

= ~D + V SVT : (1.31)

Hence,M̂ is the sum of a positive de�nite, diagonal matrix~D and a low-rank correc-
tion V SVT . As a direct result of the Woodbury matrix identity [5] we canexpress the
inverse ofM̂ as

M̂ � 1 = ( ~D + V SVT )� 1 =

= ~D � 1
�

I � V (S� 1 + V T ~D � 1V ) � 1V ~D � 1
�

: (1.32)

Despite the potentially immense size of the entering matrices, this inverse can be ef�-
ciently computed since~D is diagonal and the size of the square matricesS and(S� 1 +
V T ~D � 1V ) are both typically manageable and therefore easily inverted. Our general-
ized eigenvalue problem then turns into the problem of �nding the smallest algebraic
eigenvalue of the matrix̂M � 1L̂ . The dual problem becomes

sup
t

� min
�
( ~D � 1(I � V (S� 1 + V T ~D � 1V ) � 1V ~D � 1)

N Ĉ
T (L̂ + tE Ĉ )N Ĉ

�
: (1.33)

Not only does this reformulation provide us with the more familiar, standard eigenvalue
problem but it will also allow for very ef�cient computations of multiplications of vectors
to this matrix. This is a crucial property, since, even though M̂ � 1(L̂ + tE Ĉ ) is still dense,
it is the product and sum of diagonal (~D � 1, EĈ ), sparse (̂L , N Ĉ ) and low rank matrices
(V , S� 1). It is a very structured matrix to which iterative eigensolvers can successfully be
applied.
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In certain cases it might however occur that the quadratic form in the denominator is
only positive semide�nite and thus singular. These instances are easily detected and must
be treated specially. As we then can not invertM̂ and rewrite the problem as a standard
eigenvalue problem we must instead work with generalized eigenvalues, as de�ned in
(1.30). This is preferably avoided as this is typically a more computationally demanding
formulation, especially since the entering matrices are dense. Iterative methods for �nding
generalized methods for structured matrices such asL̂ + tE andM̂ , do however exist [10].
Note, that the absence of linear constraints is such a special instance. However, in that
case homogenization is completely unnecessary, and (1.6) with Cz = b removed, is an
standard unconstrained generalized Rayleigh quotient andthe solution is given by the
generalized eigenvalue� T

G (D � W; (1T d)D � ddT ).
Now, if t � andŷ� are the optimizers of (1.29), (and consequently also (1.30)), corol-

lary 2 certi�es that(y� )T N T
Ĉ

N Ĉ y� = n + 1 and that̂y�
k+1 = 1 . With ẑ� =

h
z �

ẑ �
n +1

i
=

N Ĉ ŷ� andẑn +1 = ŷk+1 , we have thatz� prior to rounding is the minimizer of (1.6).
Thus we have shown how to, through Lagrangian relaxation, solve the relaxed, linearly
constrained Normalized Cut problem exactly.

Finally, the solution to the relaxed problem must be discretized in order to obtain a
solution to the original binary problem (1.5). This is typically carried out by applying
some rounding scheme to the solution.

4.1 Multi-Class Constrained Normalized Cuts

Multi-class Normalized Cuts is a generalization of (1.2) for an arbitrary number of parti-
tions.

N k
cut =

kX

l =1

cut(A l ; V )
assoc(A l ; V )

: (1.34)

If one minimizes (1.34) in an iterative fashion, by, given the current k-way partition,
�nding a new partition while keeping all but two partitions �xed. This procedure is
known as the� � � -swap when used in graph cuts applications, [3]. The associated
subproblem at each iteration then becomes

~N k
cut =

cut(A i ; V )
assoc(A i ; V )

+

+
cut(A j ; V )

assoc(A j ; V )
+

X

l 6= i;j

cut(A l ; V )
assoc(A l ; V )

=

cut(A i ; V )
assoc(A i ; V )

+
cut(A j ; V )

assoc(A j ; V )
+ c; (1.35)

where pixels not labeledi or j are �xed. Consequently, minimizing the multi-class sub-
problem can be treated similarly to the bipartition problem. At each iteration we have a

11
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problem on the form

inf
z

f (z) = zT (D � W )z
� zT ddT z+(1 T d)2

s.t. z 2 f� 1; 1gn

Cz = b; (1.36)

whereW; D; C andbwill be dependent on the current partition and choice of labels to
be kept �xed. These matrices are obtained by removing rows and columns corresponding
to pixels not labeledi or j , the linear constraints must also be similarly altered to only
involve pixels not currently �xed. Given an initial partition, randomly or otherwise,
iterating over the possible choices until convergence ensures a multi-class segmentation
that ful�lls all constraints. There is however no guaranteethat this method will avoid
getting trapped in local minima and producing a sub-optimalsolution, but during the
experimental validation this procedure always produced satisfactory results.

5 Experimental Validation

A number of experiments were conducted to evaluate our proposed formulation but also
to illustrate how relevant visual information can be incorporated into the segmentation
process through non-homogenous, linear constraints and how this can in�uence the par-
titioning.

All images were gray-scale of approximately 100-by-100 pixels in size. The af�n-
ity matrix was calculated based on edge information, as described in [6]. The one-
dimensional maximization overt was carried out using a golden section search, typically
requiring15 � 20 eigenvalue calculations. The relaxed solutionz was discretized by
simply thresholding at 0.

Firstly, we compared our approach with the standard Normalized Cut method, �gure
1.1. Both approaches produce similar results, suggesting that in the absence of constraints

Figure 1.1: Original image (left), standard Normalized Cut algorithm (middle) and the
reformulated Normalized Cut algorithm with no constraints(right).

12
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the two formulations are equivalent. However, where our approach has the added advan-
tage of being able to handle linear constraints.

The simplest such constraint might be the hardcoding of somepixels, i.e. pixel i
should belong to a certain class. This can be expressed as thelinear constraintszi = � 1,
i = 1 :::m. In �gure 1.2 it can be seen how a number of such hard constraints in�uences
the segmentation of the image in �gure 1.1.

Figure 1.2: Original image (left), segmentation with constraints (middle) and constraints
applied (right).

Another visually signi�cant prior is the size or area of the resulting segments, that is
constraints such as

P
i zi = 1 T z = a. The impact of enforcing limitations on the size of

the partitions is shown in �gure 1.3.
Excluding and including constraints such as, pixeli andj should belong to the same

or separate partitions,zi + zj = 0 or zi � zj = 0 , is yet another meaningful constraint.
The result of including a combination of all the above types of constraints can be seen in
�gure 1.4.

Finally, we also performed a multi-class segmentation withlinear constraints, �gure
1.5.

We argue that these results, not only indicate a satisfactory performance of the sug-
gested method, but also illustrates the relevance of lineargrouping constraints in image
segmentation and the impact that they can have on the resulting partitioning. These
experiments also seem to indicate that even a simple rounding scheme as the one used
here can often suf�ce. As we threshold at zero, hard, including and excluding constraints
are all ensured to hold after discretizing. Only the area constraints are not guaranteed
to hold, however probably since the relaxed solution has thecorrect area, thresholding it
typically produces a discrete solution with roughly the correct area.

6 Conclusions

We have presented a reformulation of the classical Normalized Cut problem that allows
for the inclusion of linear grouping constraints into the segmentation procedure, through
a Lagrangian dual formulation. A method for how to ef�ciently �nd such a cut, even

13



PAPER I

Figure 1.3: Original image (top left), segmentation withoutconstraints (top middle) and
segmentation boundary and constraints applied (top right). Segmentation with area con-
straints, (area=100 pixels) (middle left), segmentation boundary and constraints applied
(middle right). Segmentation with area constraints, (area=2000 pixels) (bottom left),
segmentation boundary and constraints applied (bottom right).

for very large scale problems, has also been offered. A number of experiments as well as
theoretical proof were also supplied in support of these claims.

Improvements to the presented method include, �rstly, the one-dimensional search
overt. As the dual function is the point-wise in�mum of the eigenvalues of a matrix, it is
sub-differentiable and utilizing this information shouldgreatly reduce the time required
for �nding t � . Another issue that was left open in this work is regarding the rounding
scheme. The relaxed solutionz is currently discretized by simple thresholding at 0. Even
though we can guarantee thatz prior to rounding ful�lls the linear constraints, this is not
necessarily true after thresholding and should be addressed. For simpler constraints, as the
ones used here, rounding schemes that ensures that the linear constraints hold can easily
be devised. We felt that an in-depth discussion on differentprocedures for discretization
was outside the scope of this paper.

Finally, the question of properly initializing the multi-class partitioning should also
be investigated as it turns out that this choice can affect both the convergence and the
�nal result.
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Figure 1.4: Original image (top left), segmentation withoutconstraints (top middle),
segmentation boundary and constraints applied (top right). Segmentation with hard,
including and excluding, as well as area constraints, (area=25% of the entire image) (mid-
dle left), segmentation boundary and constraints applied (middle right). Segmentation
with constraints, (area=250 pixels) (bottom left), segmentation boundary and constraints
applied (bottom right). Here a solid line between two pixelsindicate an including con-
straint, and a dashed line an excluding.
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Figure 1.5: Original image (top left), three-class segmentation without constraints (top
middle), segmentation boundary (top right). Three-class segmentation with hard, in-
cluding and excluding constraints (bottom left), segmentation boundary and constraints
applied (bottom right).

16



Bibliography

[1] S. Boyd and L. Vandenberghe.Convex Optimization. Cambridge University Press, 2004.

[2] Y. Boykov and M.-P. Jolly. Interactive graph cuts for optimal boundary and region segmenta-
tion of objects in n-d images. InInternational Conference on Computer Vision, pages 05–112.
Vancouver, Canada, 2001.

[3] Y. Boykov, O. Veksler, and R. Zabih. Fast approximate energy minimization via graph cuts.
IEEE Trans. Pattern Analysis and Machine Intelligence, 23(11):1222–1239, 2001.

[4] T. Cour and J. Shi. Solving markov random �elds with spectral relaxation. InProceedings of
the Eleventh International Conference on Arti�cial Intelligence and Statistics, volume 11, 2007.

[5] G. H. Golub and C. F. Van Loan.Matrix Computations. Johns Hopkins Studies in Mathe-
matical Sciences, 1996.

[6] J. Malik, S. Belongie, T. K. Leung, and J. Shi. Contour andtexture analysis for image seg-
mentation.International Journal of Computer Vision, 43(1):7–27, 2001.

[7] F. Rendl and H. Wolkowicz. A semide�nite framework for trust region subproblems with
applications to large scale minimization. Technical Report CORR 94-32, Departement of
Combinatorics and Optimization, December 1994.

[8] C. Rother, V. Kolmogorov, and A. Blake. ”GrabCut”: interactive foreground extraction using
iterated graph cuts. InACM Transactions on Graphics, pages 309–314, 2004.

[9] J. Shi and J. Malik. Normalized cuts and image segmentation. IEEE Trans. Pattern Analysis
and Machine Intelligence, 22(8):888–905, 2000.

[10] D. C. Sorensen and C. Yang. Truncated QZ methods for large scale generalized eigenvalue
problems.SIAM Journal on Matrix Analysis and Applications, 19(4):1045–1073, 1998.

[11] S. Yu and J. Shi. Multiclass spectral clustering. InInternational Conference on Computer Vision.
Nice, France, 2003.

[12] S. Yu and J. Shi. Segmentation given partial grouping constraints.IEEE Trans. Pattern Analysis
and Machine Intelligence, 2(26):173–183, 2004.

17





P APER I I

In Pr o c e e dings Asian Confer enc e on Computer Vision,

T oky o, Japan 2007.

1



Main En try: ef � � � cien t

Pron unciation: ni-'�-sh @ n t n
F unction: adjectiv e

Origin: 1350-1400; from Latin e�cientem "making"; presen t participle of e�-

c er e "w ork out, accomplish" (see e�ect). Meaning "pro ductiv e, skilled" is from

1787.

1: b eing or in v olving the immediate agen t in pro ducing an e�ect <the e�cient

action of he at in changing water to ste am>

2: pro ductiv e of desired e�ects; esp ecially : pro ductiv e without w aste <an

e�cient worker>



Ef�ciently Solving the Fractional Trust
Region Problem

Anders Eriksson, Carl Olsson and Fredrik Kahl

Centre for Mathematical Sciences
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Abstract

Normalized Cuts has successfully been applied to a wide range of tasks in com-
puter vision, it is indisputably one of the most popular segmentation algorithms
in use today. A number of extensions to this approach have also been proposed,
ones that can deal with multiple classes or that can incorporate a priori informa-
tion in the form of grouping constraints. It was recently shown how a general
linearly constrained Normalized Cut problem can be solved.This was done by
proving that strong duality holds for the Lagrangian relaxation of such prob-
lems. This provides a principled way to perform multi-classpartitioning while
enforcing any linear constraints exactly.
The Lagrangian relaxation requires the maximization of thealgebraically small-
est eigenvalue over a one-dimensional matrix sub-space. This is an uncon-
strained, piecewise differentiable and concave problem. In this paper we show
how to solve this optimization ef�ciently even for very large-scale problems. The
method has been tested on real data with convincing results.

1 Introduction

Image segmentation can be de�ned as the task of partitioningan image into disjoint
sets. This visual grouping process is typically based on low-level cues such as intensity,
homogeneity or image contours. Existing approaches include thresholding techniques,
edge based methods and region-based methods. Extensions tothis process includes the
incorporation of grouping constraints into the segmentation process. For instance the
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class labels for certain pixels might be supplied beforehand, through user interaction or
some completely automated process, [9, 3].

Perhaps the most successful and popular approaches for segmenting images are based
on graph cuts. Here the images are converted into undirectedgraphs with edge weights
between the pixels corresponding to some measure of similarity. The ambition is that
partitioning such a graph will preserve some of the spatial structure of the image itself.
These graph based methods were made popular �rst through theNormalized Cut for-
mulation of [10] and more recently by the energy minimization method of [2]. This
algorithm for optimizing objective functions that are submodular has the property of that
it solves many discrete problems exactly. However, not all segmentation problems can be
formulated with submodular objective functions, nor is it possible to incorporate all types
of linear constraints.

In [5] it was shown how linear grouping constraints can be included in the former
approach, Normalized Cuts. It was demonstrated how Lagrangian relaxation can in a
uni�ed can handle such linear constrains and also in what waythey in�uence the resulting
segmentation. It did not however address the practical issues of �nding such solutions.
In this paper we develop ef�cient algorithms for solving theLagrangian relaxation.

2 Background.

2.1 Normalized Cuts.

Consider an undirected graphG, with nodesV and edgesEĈ and where the non-
negative weights of each such edge is represented by an af�nity matrix W , with only
non-negative entries and of full rank. A min-cut is the non-trivial subset A of V such that
the sum of edges between nodes in A and V is minimized, that is the minimizer of

cut(A; V ) =
X

i 2 A; j 2 V nA

wij : (1.1)

This is perhaps the most commonly used method for splitting graphs and is a well known
problem for which very ef�cient solvers exist. It has however been observed that this
criterion has a tendency to produced unbalanced cuts, smaller partitions are preferred to
larger ones.

In an attempt to remedy this shortcoming, Normalized Cuts was introduced by [10].
It is basically an altered criterion for partitioning graphs, applied to the problem of per-
ceptual grouping in computer vision. By introducing a normalizing term into the cut
metric the bias towards undersized cuts is avoided. The Normalized Cut of a graph is
de�ned as

Ncut =
cut(A; V )

assoc(A; V )
+

cut(B; V )
assoc(B; V )

; (1.2)
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whereA [ B = V , A \ B = ; and the normalizing term de�ned asassoc(A; V ) =P
i 2 Aj 2 V wij . It is then shown in [10] that by relaxing (1.2) a continuous underestima-

tor of the Normalized Cut can be ef�ciently computed.
To be able to include general linear constraints we reformulated the problem in the

following way, (see [5] for details). Withd = W 1 andD = diag(d), Normalized Cut
cost can be written as

inf
z

zT (D � W )z
� zT ddT z + (1 T d)2 ; s.t.z 2 f� 1; 1gn ; Cz = b: (1.3)

The above problem is a non-convex, NP-hard optimization problem. In [5]z 2 f� 1; 1gn

constraint was replaced with the norm constraintzT z = n. This gives us the relaxed
problem

inf
z

zT (D � W )z
� zT ddT z + (1 T d)2 ; s.t.zT z = n; Cz = b: (1.4)

Even though this is a non-convex problem it was shown in [5] that it is possible to solve
this problem exactly.

2.2 The Fractional Trust Region Subproblem

Next we brie�y review the theory for solving (1.4). If we letẑ be the extended vector
�
zT zn +1

� T
. Throughout the paper we will writêz when we consider the extended

variables and justz when we consider the original ones. WithĈ = [ C � b] the linear
constraints becomesCz = b, and now form a linear subspace and can be eliminated in the
following way. LetN Ĉ be a matrix where its columns form a base of the nullspace ofĈ.
Anyẑ ful�lling Ĉẑ = 0 can be written̂z = N Ĉ ŷ, wherêy 2 Rk+1 . Assuming that the
linear constraints are feasible we may always choose that basis so that̂yk+1 = ẑn +1 . Let

L Ĉ = N Ĉ
T �

(D � W ) 0
0 0

�
N Ĉ and M Ĉ = N Ĉ

T
h

((1 T d)D � ddT ) 0
0 0

i
N Ĉ , both positive

semide�nite, (see [5]). In the new space we get the followingformulation

inf
ŷ

ŷ T L Ĉ ŷ
ŷ T M Ĉ ŷ ; s.t. ŷk+1 = 1 ; jj ŷjj2

N Ĉ
= n + 1 ; (1.5)

wherejj ŷjj2
N Ĉ

= ŷT N Ĉ
T N Ĉ ŷ. We call this problem the fractional trust region sub-

problem since if the denominator is removed it is similar to the standard trust region
problem [11]. A common approach to solving problems of this type is to simply drop
one of the two constraints. This may however result in very poor solutions. For example,
in [4] segmentation with prior data was studied. The objective function considered there
contained a linear part (the data part) and a quadratic smoothing term. It was observed
that whenyk+1 6= � 1 the balance between that smoothing term and the data term was
disrupted, resulting in very poor segmentations.
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In [5] it was show that in fact this problem can be solved exactly, without excluding
any constraints, by considering the dual problem.

Theorem 2.1. If a minima of(1.5)exists its dual problem

supt inf jj ŷ jj 2
N

Ĉ
= n +1

ŷ T (L Ĉ + tE Ĉ ) ŷ
ŷ T M Ĉ ŷ (1.6)

whereEĈ = [ 0 0
0 1 ] �

N T
Ĉ

N Ĉ

n +1 = N T
Ĉ

h
� 1

n +1 I 0
0 1

i
N Ĉ ;

has no duality gap.

Since we assume that the problem is feasible and as the objective function of the
primal problem is the quotient of two positive semide�nite quadratic forms a minima
obviously exists. Thus we can apply this theorem directly and solve (1.5) through its
dual formulation. We will useF (t; ŷ) to denote the objective function of (1.6), the
Lagrangian of problem (1.5). By the dual function� (t) we mean the solution of� (t) =
inf jj ŷ jj 2

N
Ĉ

= n +1 F (t; ŷ).

The inner minimization of (1.6) is the well known generalized Rayleigh quotient,
for which the minima is given by the algebraically smallest generalized eigenvalue1 of
(L Ĉ + tE Ĉ ) andM Ĉ . Letting� min (�; �) denote the smallest generalized eigenvalue of
two entering matrices, we can also write problem (1.6) as

sup
t

� min (L Ĉ + tE Ĉ ; M Ĉ ): (1.7)

These two dual formulations will from here on be used interchangeably, it should be clear
from the context which one is being referred to. In this paperwe will develop methods
for solving the outer maximization ef�ciently.

3 Ef�cient Optimization

3.1 Subgradient Optimization

First we present a method, similar to that used in [8] for minimizing binary problems
with quadratic objective functions, based on subgradientsfor solving the dual formula-
tion of our relaxed problem. We start off by noting that as� (t) is a pointwise in�mum of
functions linear int it is easy to see that this is a concave function. Hence the outer opti-
mization of (1.6) is a concave maximization problem, as is expected from dual problems.
Thus a solution to the dual problem can be found by maximizinga concave function in
one variablet. Note that the choice of norm does not affect the value of� it only affects
the minimizer̂y� .

1By generalized eigenvalue of two matricesA andB we mean �nding a� = � (A; B ) such thatAv =
�Bv has a solution for somev, jj vjj = 1 .
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It is well known that the eigenvalues are analytic (and thereby differentiable) functions
as long as they are distinct [6]. Thus, to be able to use a steepest ascent method we need
to consider subgradients. Recall the de�nition of a subgradient [1, 8].

De�nition 1. If a functiong : Rk+1 7! R is concave, thenv 2 Rk+1 is a subgradient to
g at � 0 if

g(� ) � g(� 0) + vT (� � � 0); 8� 2 Rk+1 : (1.8)

One can show that if a function is differentiable then the derivative is the only vector
satisfying (1.8). We will denote the set of all subgradientsof g at a pointt0 by@g(t0). It
is easy to see that this set is convex and if0 2 @g(t0) thent0 is a global maximum. Next
we show how to calculate the subgradients of our problem.

Lemma 3.1. If ŷ0 ful�lls F (ŷ0; t0) = � (t0) andjj ŷ0jj2
N Ĉ

= n + 1 . Then

v =
ŷT

0 EĈ ŷ0

ŷT
0 M Ĉ ŷ0

(1.9)

is a subgradient of� at t0. If � is differentiable att0, thenv is the derivative of� at t0.

Proof.From (1.6), we get

� (t) = min
jj ŷ jj 2

N
Ĉ

=1

ŷT (L Ĉ + tE Ĉ )ŷ
ŷT M Ĉ ŷ

�
ŷT

0 (L Ĉ + tE Ĉ )ŷ0

ŷT
0 M Ĉ ŷ0

=

=
ŷT

0 (L Ĉ + t0EĈ )ŷ0

ŷT
0 M Ĉ ŷ0

+
ŷT

0 EĈ ŷ0

ŷT
0 M Ĉ ŷ0

(t � t0) = � (t0) + vT (t � t0): (1.10)

3.1.1 A Subgradient Algorithm

Next we present an algorithm based on the theory of subgradients. The idea is to �nd a
simple approximation of the objective function. Since the function� is concave, the �rst
order Taylor expansion� i (t), around a pointt i , always ful�lls� i (t) � � (t). If ŷi solves
inf jj ŷ jj 2

N
Ĉ

= n +1 F (ŷ; t i ) and this solution is unique then the Taylor expansion of� at t i

is
� i (t) = F (ŷi ; t i ) + vT (t � t i ): (1.11)

Note that ifŷi is not unique� i is still an overestimating function sincev is a subgradient.
One can assume that the function� i approximates� well in a neighborhood around

t = t i if the smallest eigenvalue is distinct. If it is not we can expect that there is somet j

such thatmin( � i (t); � j (t)) is a good approximation. Thus we will construct a function
�� of the type

�� (t) = inf
i 2 I

F (ŷi ; t i ) + vT (t � t i ) (1.12)
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that approximates� well. That is, we approximate� with the point-wise in�mum of
several �rst-order Taylor expansions, computed at a numberof different values oft, an
illustration can be seen in �gure 1.1. We then take the solution to the problemsupt

�� (t),
given by

supt;� �
� � F (ŷi ; t i ) + vT (t � t i ); 8i 2 I; t min � t � tmax :

(1.13)

as an approximate solution to the original dual problem. Here, the �xed parameters
tmin ; tmax are used to express the interval for which the approximationis believed to
be valid. Lett i +1 denote the optimizer of (1.13). It is reasonable to assume that ��
approximates� better the more Taylor approximations we use in the linear program.
Thus, we can improve�� by computing the �rst-order Taylor expansion aroundt i +1 , add
it to (1.13) and solve the linear program again. This is repeated until jtN +1 � tN j < �
for some prede�ned� > 0, andtN +1 will be a solution tosupt � (t).
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Figure 1.1: Approximations of two randomly generated objective functions. Top: Ap-
proximation after 1 step of the algorithm. Bottom: Approximation after 2 steps of the
algorithm.

3.2 A Second Order Method

The algorithm presented in the previous section uses �rst order derivatives only. We
would however like to employ higher order methods to increase ef�ciency. This requires
calculating second order derivatives of (1.6). Most formulas for calculating the second
derivatives of eigenvalues involves all of the eigenvectors and eigenvalues. However, de-
termining the entire eigensystem is not feasible for large scale systems. We will show that
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it is possible to determine the second derivative of an eigenvalue function by solving a
certain linear system only involving the corresponding eigenvalue and eigenvector.

The generalized eigenvalues and eigenvectors ful�lls the following equations

((L Ĉ + tE Ĉ ) � � (t)M Ĉ )ŷ(t) = 0 (1.14)

jj ŷ(t)jj2
N Ĉ

= n + 1 : (1.15)

To emphasize the dependence ont we write� (t) for the eigenvalue andŷ(t) for the
eigenvector. By differentiating (1.14) we obtain

(EĈ � � 0(t)M Ĉ )ŷ(t) + (( L Ĉ + tE Ĉ ) � � (t)M )ŷ0(t) = 0 : (1.16)

This (k + 1) � (k + 1) linear system in̂y0(t) will have a rank ofk, assuming� (k) is a
distinct eigenvalue. To determineŷ0(t) uniquely we differentiate (1.15), obtaining

ŷT (t)N Ĉ
T N Ĉ ŷ0(t) = 0 : (1.17)

Thus, the derivative of the eigenvectorŷ0(t) is determined by the solution to the linear
system

h
(L Ĉ + tE Ĉ ) � � ( t )M Ĉ

ŷ T ( t )N Ĉ
T N Ĉ

i
ŷ0(t) =

h
( � E Ĉ + � 0( t )M Ĉ ) ŷ ( t )

0

i
(1.18)

If we assume differentiability att, the second derivative of� (t) can now be found by
computing d

dt � 0(t), where� 0(t) is equal to the subgradientv given by (1.9).

� 00(t) = d
dt � 0(t) = d

dt
ŷ ( t )T E Ĉ ŷ ( t )
ŷ ( t )T M Ĉ ŷ ( t ) = 2

ŷ ( t )T M Ĉ ŷ ( t ) ŷT (t)
�
EĈ � � 0(t)M Ĉ

�
ŷ0(t)

(1.19)

3.2.1 A Modi�ed Newton Algorithm

Next we modify the algorithm presented in the previous section to incorporate the sec-
ond derivatives. Note that the second order Taylor expansion is not necessarily an over-
estimator of� . Therefore we can not use the the second derivatives as we didin the
previous section.

Instead, as we know� to be in�nitely differentiable when the smallest eigenvalue� (t)
is distinct, strictly convex around its optimat � , Newton's method for unconstrained op-
timization can be applied. It follows from these propertiesof � (t) that Newton's method
[1] should be well behaved on this function and that we could expect quadratic conver-
gence in a neighborhood oft � . All of this, under the assumption that� is differentiable
in this neighborhood. Since Newton's method does not guarantee convergence we have
modi�ed the method slightly, adding some safeguarding measures.

7
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At a given iteration of the Newton method we have evaluated� (t) at a number of
pointst i . As� is concave we can easily �nd upper and lower bounds ont � (tmin , tmax )
by looking at the derivative of the objective function for these values oft = t i .

tmax = min
i ;� 0( t i ) � 0

t i ; (1.20)

tmin = max
i ;� 0( t i ) � 0

t i : (1.21)

At each step in the Newton method a new iterate is found by approximating the objective
function is by its second-order Taylor approximation

� (t) � � (t i ) + � 0(t i )( t � t i ) +
� 00(t i )

2
(t � t i )2: (1.22)

and �nding its maxima. By differentiating (1.22) it is easily shown that its optima, as well
as the next point in the Newton sequence, is given by

t i +1 = �
� 0(t i )
� 00(t i )

+ t i : (1.23)

If t i +1 is not in the interval[tmin ; tmax ] then the second order expansion can not be
a good approximation of� , here the safeguarding comes in. In these cases we simply fall
back to the �rst-order method of the previous section. If we successively store the values
of � (t i ), as well as the computed subgradients at these points, this can be carried out with
little extra computational effort. Then, the upper and lower boundstmin andtmax are
updated,i is incremented by1 and the whole procedure is repeated, until convergence.

If the smallest eigenvalue� (t i ) at an iteration is not distinct, then� 00(t) is not de�ned
and a new Newton step can not be computed. In these cases we also use the subgradient
gradient method to determine the subsequent iterate. However, empirical studies indicate
that non-distinct smallest eigenvalues are extremely unlikely to occur.

4 Experiments

A number of experiments were conducted in an attempt to evaluate the suggested ap-
proaches. As we are mainly interested in maximizing a concave, piece-wise differentiable
function, the underlying problem is actually somewhat irrelevant. However, in order
to emphasize the intended practical application of the proposed methods, we ran the
subgradient- and modi�ed Newton algorithms on both smaller, synthetic problems as
well as on larger, real-world data. For comparison purposeswe also include the results of
a golden section method [1], used in [5], as a baseline algorithm.

First, we evaluated the performance of the proposed methodson a large number of
synthetic problems. These were created by randomly choosing symmetric, positive de�-
nite,100� 100matrices. As the computational burden lies in determining the generalized

8



4. EXPERIMENTS

eigenvalue of the matricesL Ĉ + tE Ĉ andM Ĉ we wish to reduce the number of such
calculations. Figure 1.2 shows a histogram of the number of eigenvalue evaluations for
the subgradient-modi�ed Newton method as well as the baseline golden section search.
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Figure 1.2: Histogram of the number of function evaluationsrequired for 1000-
synthetically generated experiments using a golden section method (blue) and the sub-
gradient algorithm (red).

The two gradient methods clearly outperforms the golden section search. The differ-
ence between the subgradient- and modi�ed Newton is not as discernible. The somewhat
surprisingly good performance of the subgradient method can be explained by the fact
that far away fromt � the function� (t) is practically linear and an optimization method
using second derivatives would not have much advantage overone that uses only �rst
order information.

Finally, we applied our methods to two real world examples. The underlying mo-
tivation for investigating an optimization problem of thisform was to segment images
with linear constraints using Normalized Cuts. The �rst image can be seen in �gure
1.3, the linear constraints included were hard constraints, that is the requirement that
that certain pixels should belong to the foreground or background. One can imagine that
such constraints are supplied either by user interaction ina semi-supervised fashion or
by some automatic preprocessing of the image. The image was gray-scale, approximately
100� 100 pixels in size, the associated graph was constructed based on edge informa-
tion as described in [7]. The second image was of traf�c intersection where one wishes
to segment out the small car in the top corner. We have a probability map of the im-
age, giving the likelihood of a certain pixel belonging to the foreground. Here the graph
representation is based on this map instead of the gray-level values in the image. The
approximate size and location of the vehicle is know and included as linear constraint
into the segmentation process. The resulting partition canbe seen in �gure 1.4.

In both these real world cases, the resulting segmentation will always be the same,
regardless of approach. What is different is the computational complexity of the different
methods. Once again, the two gradient based approaches are much more ef�cient than
a golden section search, and their respective performance comparable. As the methods

9
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Figure 1.3: Top: Resulting segmentation (left) and constraints applied (right). Here an
X means that this pixel belongs to the foreground and an O to the background. Bot-
tom: Convergence of the modi�ed Newton (solid), subgradient (dashed) and the golden
section (dash-dotted) algorithms. The algorithms converged after 9, 14 and 23 iteration
respectively.

differ in what is required to compute, a direct comparison ofthem is not a straight for-
ward procedure. Comparing the run time would be pointless asthe degree to which the
implementations of the individual methods have been optimized for speed differ greatly.
However, as it is the eigenvalue computations that are the most demanding we believe
that comparing the number of such eigenvalue calculations will be a good indicator of
the computational requirements for the different approaches. It can be seen in �gure 1.3
and 1.4 how the subgradient methods converges quickly in theinitial iterations only to
slow down as it approaches the optima. This is in support of the above discussion re-
garding the linear appearance of the function� (t) far away from the optima. We therfore
expect the modi�ed Newton method to be superior when higher accuracy is required.

In conclusion we have proposed two methods for ef�ciently optimizing a piece-wise
differentiable function using both �rst- and second order information applied to the task
of partitioning images. Even though it is dif�cult to provide a completely accurate com-
parison between the suggested approaches it is obvious thatthe Newton based method is
superior.
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Figure 1.4: Top: Resulting segmentation (left) and constraints applied, in addition to
the area requirement used (area = 50 pixels) (right). Here the X in the top right part
of the corner means that this pixel belongs to the foreground. Bottom: Convergence of
the modi�ed Newton (solid), subgradient (dashed) and the golden section (dash-dotted)
algorithms. The algorithms converged after 9, 15 and 23 iteration respectively.
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Main En try: prob � lem

Pron unciation: n'prä-bl @ m n
F unction: noun

Origin: 1350-1400; from Greek pr oblema "a question" literally "thing put for-

w ard"; from pr ob al lein "prop ose"; from pr o "forw ard" + b al lein "to thro w"

(see ballistics).

1 a: a question raised for inquiry , consideration, or solution

b: a prop osition in mathematics or ph ysics stating something to b e done

2 a: an in tricate unsettled question

b: a source of p erplexit y , distress, or v exation

c: di�cult y in understanding or accepting <I have a pr oblem with your saying

that>



Improved Spectral Relaxation Methods
for Binary Quadratic Optimization

Problems

Carl Olsson, Anders P. Eriksson and Fredrik Kahl

Abstract

In this paper we introduce two new methods for solving binaryquadratic problems.
While spectral relaxation methods have been the workhorse subroutine for a wide variety
of computer vision problems - segmentation, clustering, subgraph matching to name a
few - it has recently been challenged by semide�nite programming (SDP) relaxations. In
fact, it can be shown that SDP relaxations produce better lower bounds than spectral re-
laxations on binary problems with a quadratic objective function. On the other hand, the
computational complexity for SDP increases rapidly as the number of decision variables
grows making them inapplicable to large scale problems.

Our methods combine the merits of both spectral and SDP relaxations - better (lower)
bounds than traditional spectral methods and considerablyfaster execution times than
SDP. The �rst method is based on spectral subgradients and can be applied to large scale
SDPs with binary decision variables and the second one is based on the trust region
problem. Both algorithms have been applied to several largescale vision problems with
good performance.

1 Introduction

Spectral relaxation methods can be applied to a wide varietyof problems in computer
vision. They have been developed to provide solutions to, e.g., motion segmentation,
�gure-ground segmentation, clustering, subgraph matching and digital matting [9, 14,
21, 26, 12]. In particular, large scale problems that can be formulated with a binary
quadratic objective function are handled ef�ciently with several thousands of decision
variables.

More recently, semide�nite programming (SDP) relaxationshave also been applied
to the same type of computer vision problems, e.g., [10, 25, 20]. It can be shown that
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such relaxations produce better estimates than spectral methods. However, as the number
of variables grows, the execution times of the semide�nite programs increase rapidly. In
practice, one is limited to a few hundred decision variables.

Spectral and SDP relaxation methods can be regarded as two points on an axis of
increasing relaxation performance. We introduce two alternative methods that lie some-
where in between these two relaxations. Unlike standard SDPsolvers that suffer from
poor time complexity, they can still handle large scale problems. The two methods are
based on a subgradient optimization scheme. We show good performance on a number of
problems. Experimental results are given on the following problems: segmentation with
prior information, binary restoration, partitioning and subgraph matching. Our main
contributions are:

� An ef�cient algorithm for solving binary SDP problems with quadratic objective
function based on subgradient optimization is developed. In addition, we show
how to incorporate linear constraints in the same program.

� The trust region subproblem is introduced and we modify it toin order to be ap-
plicable to binary quadratic problems with a linear term in the objective function.

Many of the application problems mentioned above are known to be NP-hard, so
in practice they cannot be solved optimally. Thus one is forced to rely on approximate
methods which results in sub-optimal solutions. Certain energy (or objective) functionals
may be solved in polynomial time, for example, submodular functionals using graph cuts
[11], but this is not the topic of the present paper.

In [8], an alternative (and independent) method is derived which is also based on
subgradients, called thespectral bundle method. Our subgradient method differs from [8]
in that it is simpler (just look for an ascent direction) and we have found empirically
on the experimental problems (see Section 5) that our methodperforms equally well (or
better). An in-depth comparison of the two alternatives is,however, beyond the scope of
this paper.

1.1 Outline

The outline of this paper is as follows: In the next section wepresent the problem and
some existing approximation techniques for obtaining approximate solutions.

In section 3 we present our algorithm. We develop theory for improving the spectral
relaxation, by using the notion of subgradients. Subgradients is a generalization of gradi-
ents that is used when a function is not differentiable. We show that for our problem the
subgradients can be calculated analytically, to determineascent directions, to be used in
an ascending direction scheme.

In section 4 we study the Trust Region Subproblem, which is aninteresting special
case in which we only try to enforce the binary constraints onone of the variables. This
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has been extensively studied in the optimization literature and we show that it is always
possible to solve exactly.

Finally we test our algorithms and compare with existing methods on the follow-
ing problems: segmentation with prior information, binaryrestoration, partitioning and
subgraph matching. Preliminary results of this work was presented in [15] and [5].

2 Background

In this paper we study different ways to �nd approximate solutions of the following binary
quadratic problem

z = inf yT Ay + bT y; y 2 f� 1; 1gn ; (1)

whereA is ann � n (possibly inde�nite) matrix. A common approach for approximating
this highly nonconvex problem is to solve the relaxed problem:

zsp = inf
jj x jj 2 = n +1

xT Lx; (2)

where

x =
�

y
yn +1

�
; L =

�
A 1

2 b
1
2 bT 0

�
:

Solving (2) amounts to �nding the eigenvector corresponding to the algebraically smallest
eigenvalue ofL . Therefore we will refer to this problem as the spectral relaxation of (1).
The bene�ts of using this formulation is that eigenvalue problems of this type are well
studied and there exist solvers that are able to ef�ciently exploit sparsity in the matrixL ,
resulting in fast execution times. A signi�cant weakness ofthis formulation is that the
constraintsy 2 f� 1; 1gn andyn +1 = 1 are relaxed tojjxjj2 = n + 1 , which often
results in poor approximations.

Now let us turn our attention to bounds obtained through semide�nite program-
ming. Using Lagrange multipliers� = [ � 1; : : : ; � n +1 ]T for each binary constraint
x2

i � 1 = 0, one obtains

sup
�

inf
x

xT (L + diag(� ))x � eT �; (3)

as relaxation of (1). Heree is an(n + 1) -vector of ones. The inner minimization is �nite
valued if and only if(L + diag(� )) is positive semide�nite, which we write,L + diag(� ) �
0. This gives the equivalent relaxation

zd = inf
�

eT �; L + diag(� ) � 0: (4)

We will denote this problem the dual semide�nite problem since it is dual to the problem

zp = inf
X � 0

tr(LX ); diag(X ) = I; (5)
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whereX denotes a(n + 1) � (n + 1) matrix, as was shown in [3, 10]. Consequently
we will call this problem the primal semide�nite program. Since the dual problems (4)
and (5) are convex, there is in general no duality gap. In [10], the proposed method
is to solve (5) and use randomized hyperplanes (see [7]) to determine an approximate
solution to (1). This method has a number of advantages. Mostsigni�cantly, using a
result from [7] one can derive bounds on the expected value ofthe relaxed solution. It is
demonstrated that the approach works well on a number of computer vision problems.
On the other hand, solving this relaxation is computationally expensive. Note that the
number of variables isO(n2) for the primal problem (5) while the original problem (1)
only hasn variables.

3 A Spectral Subgradient Method

In this section we present a new method for solving the binaryquadratic problem (1).
Instead of using semide�nite programming we propose to solve the (relaxed) problem

zsg = sup
�

inf
jj x jj 2 = n +1

xT (L + diag(� ))x � eT �; (6)

with steepest ascent. At a �rst glance it looks as though the optimum value of this problem
is greater than that of (3) since we have restricted the set offeasiblex. However it is shown
in [16] that (3), (5) and (6) are in fact all equivalent. The reason for adding the norm
condition to (6) is that for a �xed� we can solve the inner minimization by �nding the
smallest eigenvalue.

3.1 Differentiating the objective function

Let

L (x; � ) = xT (L + diag(� ))x � eT � (7)

f (� ) = inf
jj x jj 2 = n +1

L(x; � ): (8)

Sincef is a pointwise in�mum of functions linear in� it is easy to see thatf is a concave
function. Hence our problem is a concave maximization problem. Equivalently,f can be
written as

f (� ) = ( n + 1) � min (L + diag(� )) � eT �: (9)

Here� min (�) denotes the smallest eigenvalue of the entering matrix. It is widely known
that the eigenvalues are analytic (and thereby differentiable) functions everywhere as long
as they are distinct. To be able to use a steepest ascent method we need to consider
subgradients as eigenvalueswill cross during the optimization. Recall the de�nition of a
subgradient [1].
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De�nition 3.1. If f : Rn +1 7! R is concave, then� 2 Rn +1 is a subgradient tof at
� 0 if

f (� ) � f (� 0) + � T (� � � 0); 8� 2 Rn +1 : (10)

Figure 1 shows a geometrical interpretation of (10). Note that if f is differentiable at
� 0, then letting� be the gradient off turns the right hand side of (10) into the tangent
plane. One can show that if a function is differentiable then the gradient is the only
vector satisfying (10). Iff is not differentiable at� 0 then there are several subgradients
satisfying (10).

We will denote the set of all subgradients at a point� 0 by @f(� 0). From (10) it is
easy to see that this set is convex and if0 2 @f(� 0) then� 0 is a global maximum.

0s 0s

Figure 1: Geometric interpretation of the de�nition of subgradients. Left: When the
function is differentiable in� 0 the only possible right hand side in (10) is the tangent
plane. Right: When the function is not differentiable thereare several planes full�lling
(10), each one giving rise to a subgradient.

Next we show how to calculate the subgradients of our problem. Letx2 be the vector
containing the entries ofx squared. Then we have:

Lemma 3.1. If �x is an eigenvector corresponding to the minimal eigenvalue of L + diag(�� )
with normjj �xjj2 = n + 1 then� = �x2 � e is a subgradient off at �� .

Proof.If �x is an eigenvector corresponding to the minimal eigenvalue of L + diag(�� )
then�x solves

inf
jj x jj 2 = n +1

L(x; �� ): (11)

Assume that~x solves

inf
jj x jj 2 = n +1

L(x; ~� ) (12)
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then

f (~� ) = ~xT (L + diag(~� ))~x � eT ~�

� �xT (L + diag(~� ))�x � eT ~�

= f (�� ) + �xT diag(~� � �� )�x � eT (~� � �� )

= f (�� ) +
X

i

(~� i � �� i )(�x2
i � 1)

= f (�� ) + � T (~� � �� ):

The inequality comes from the fact that~x solves (12). ut

The result above is actually a special case of a more general result given in [1] (Theo-
rem 6.3.4). Next we state three corollaries obtained from [1] (Theorems 6.3.7, 6.3.6 and
6.3.11). The �rst one gives a characterization of all subgradients.

Corollary 3.2. LetE(�� ) be the set of all eigenvectors with norm
p

n + 1 corresponding to
the minimal eigenvalue ofL + diag(�� ). Then the set of all subgradients off at �� is given by

@f(�� ) = convhull(f x2 � e; x 2 E(�� )g): (13)

We do not give the proof here but note that the inclusion@f(�� ) � convhull(f x2 �
e; x 2 E(�� )g) is obvious by Lemma 3.1 and the fact that@f(�� ) is a convex set.

Corollary 3.3. LetE(�� ) be the set of all eigenvectors with norm
p

n + 1 corresponding to
the minimal eigenvalue ofL + diag(�� ). Then

f 0(��; d ) = inf
� 2 @f(�� )

dT � = inf
x 2E (�� )

dT (x2 � e): (14)

Heref 0(��; d ) is the directional derivative in the directiond or formally

f 0(��; d ) = lim
t ! 0+

f (�� + td) � f (�� )
t

: (15)

The �rst equality is proven in [1]. The second equality follows from Corollary 3.2 and
the fact that the objective functiondT � is linear in� . For a linear (concave) function the
optimum is always attained in an extreme point. From [1] we also obtain the corollary

Corollary 3.4. The directiond of steepest ascent at� 0 is given by

d =
�

0 if � = 0
�

jj � jj if � 6= 0 (16)

where� 2 @f(� 0) is the subgradient with smallest norm.
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We will use subgradients in a similar way as gradients is usedin a steepest ascent
algorithm. Event though there may be many subgradients to choose between, corollary
3.4 �nds the locally best one. Figure 2 shows the level sets ofa function its subgradients at
two points. To the left the function is differentiable at� 0 and hence the only subgradient
is the gradient which points in the direction of steepest ascent. To the right there are
several subgradients and the one with the smallest norm points in the direction of steepest
ascent.

s0

s0

Figure 2: The levelsets of a function and its subgradients attwo points. Left:f is differ-
entiable at� 0 and hence the gradients points in the direction of steepest ascent. Right:f
is non differentiable at� 0 and the direction of steepest ascent is given by the subgradient
with the smallest norm.

3.2 Implementation

The basic idea is to �nd an ascending direction and then to solve an approximation of
f (� ) along this direction. This process is then repeated until a good solution is found.

3.2.1 Finding ascent directions

The �rst step is to �nd an ascending direction. We use Corollary 3.2 to �nd a good
direction. A vectorx 2 E(�� ) can be written

x =
X

i

� i x i ;
X

i

� 2
i = 1 ; (17)

wheref x i g is an orthogonal base of the eigenspace corresponding to thesmallest eigen-
value (withjjx i jj2 = n+1 ). For the full subgradient set we need to calculatex2 � e for all
possible values of� in (17). In practice, we are led to an approximation and empirically
we have found that it is suf�cient to pick the vectorsx2

i � e and use the convex envelope
of these vectors as our approximation. LetS be our approximating set. To determine the
best direction, the vector of minimum norm inS needs to be found. The search can be
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written as

inf
� 2S

jj � jj2 = inf jj
X

k

� k x2
k � ejj2;

X

k

� k = 1 ; � k � 0; (18)

which is a convex quadratic program in� k that can be solved ef�ciently. To test if an
ascending directiond is actually obtained, we use Corollary 3.3 to calculate the directional
derivative. In fact we can solve the optimization problem (14) ef�ciently by using the
parameterization (17), which results in

inf dT

 

(
X

i

� i x i )2 � e

!

;
X

i

� 2
i = 1 : (19)

This is a quadratic function in� with a norm constraint which can be solved by calculat-
ing eigenvalues. Ifd is not an ascent direction then we add more vectors to the setS to
improve the approximation. In this way we either �nd an ascending direction or we �nd
that zero is a subgradient, meaning that we have reached the global maximum.

3.2.2 Approximatingf along a direction

The next step is to �nd an approximation~f of the objective function along a given
direction. We do this by restricting the set of feasiblex to a setX consisting of a few of
the eigenvectors corresponding to the lowest eigenvalues of L + diag(� ). The intuition
behind this choice forX is that if the eigenvalue� i is distinct thenx2

i � e is in fact the
gradient of the function

(n + 1) � i (L + diag(� )) � eT �; (20)

where� i (�) is thei th smallest eigenvalue as a function of a matrix. The expression

f i (t) = xT
i (L + diag(�� + td))x i � eT (�� + td) (21)

is then a Taylor expansion around�� in the directiond. The functionf 1 approximatesf
well in neighborhood aroundt = 0 if the smallest eigenvalue does not cross any other
eigenvalue. If it does then one can expect that there is somei such thatinf( f 1(� ); f i (� ))
is a good approximation.

This gives us a function�f of the type

�f (� ) = inf
x i 2 X

xT
i (L + diag(�� + td))x i � eT (�� + td): (22)

To optimize this function we can solve the linear program

maxt;f f
f � xT

i (L + diag(�� + td))x i � eT (�� + td)
8x i 2 X; t � tmax :

(23)
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The parametertmax is used to express the interval for which the approximation is valid.
The program gives a value fort and thereby a new~� = �� + td. In general,f (~� ) is
greater thanf (� ), but if the approximation is not good enough, one needs to improve the
approximating function. This can be accomplished by makinga new Taylor expansion
around the point~� and incorporate these terms to our approximation and repeatthe
process. Figure 3 shows two examples of the objective function f and its approximating
function ~f .
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x 10

4
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Figure 3: Two approximations of the objective functionf (� + td) along an ascent di-
rectiond. The dashed line is the true objectivef function and the solid line is the
approximation~f .

4 The Trust Region Problem

Another interesting relaxation of our original problem is obtained if we add the additional
constraintyn +1 = 1 to (2). We then obtain a the following relaxation:

ztr = inf
jj y jj 2 = n

yT Ay + bT y: (24)

We propose to use this relaxation instead of the spectral relaxation (2). Since the objective
function is the same as for the spectral relaxation withyn +1 = 1 it is obvious that

zsp � ztr (25)

holds. Equality will only occur if the solution tozsp happens to have� 1 as its last
component. This is generally not the case. In fact, empirically we have found that the
last component is often farther away from� 1 than the rest of the components. So by
enforcing the constraint, that is, solving (24) often yields much better solutions.

Next we will show that it is possible to solve (24) exactly. A problem closely related
to (24) is

inf
jj y jj 2 � n

yT Ay + bT y: (26)
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This problem is usually referred to as the trust region subproblem. Solving the problem
is one step in a general optimization scheme for descent minimization and it is known as
the trust region method [6]. Instead of minimizing a generalfunction, one approximates
it with a second order polynomialyT Ay + bT y + c. A constraint of the typejjyjj2 � m
then speci�es the set in which the approximation is believedto be good (the trust region).

The trust region subproblem have been studied extensively in the optimization liter-
ature ([18, 19, 23, 22, 17]). A remarkable property of this problem is that, even though
it is non convex, there is no duality gap (see [3]). In fact, this is always the case when we
have quadratic objective function and only one quadratic constraint. The dual problem
of (26) is

sup
� � 0

inf
y

yT Ay + bT y + � (n � yT y): (27)

In [22] is shown thaty� is the global optimum of (26) if and only if(y� ; � � ) is feasible
in (27) and ful�lls the following system of equations:

(A � � � I )y� = �
1
2

b; (28)

� � (n � yT y) = 0 ; (29)

A � � � I � 0: (30)

The �rst two equations are the KKT conditions for a local minimum, while the third
determines the global minimum. From equation (30) it is easyto see that ifA is not
positive semide�nite, then� � will not be zero. Equation (29) then tells us thatjjyjj2 = n.
This shows that for anA that is not positive semide�nite problems (24) and (26) are
equivalent. Note that we may always assume thatA is not positive semide�nite in (24).
This is because we may always subtractmI form A since we have the constant norm
condition. Thus replacingA with A � mI for suf�ciently largem gives us an equivalent
problem withA not positive de�nite.

A number of methods for solving this problem has been proposed. In [17] semide�-
nite programming is used to optimize the functionnk(� min(H (t)) � t), where

H (t) =
�

A 1
2 b

1
2 bT t

�
; (31)

and� min is the algebraically smallest eigenvalue. In [13] the authors solve 1
 ( � ) � 1p

n = 0

where (� ) = jj (A � �I ) � 1 1
2 bjj . This is a rational function with poles at the eigenvalues

of A. To ensure that thatA � �I is positive semide�nite a Cholesky factorization is com-
puted. If one can afford this, Cholesky factorization is thepreferred choice of method.
However, the LSTRS-algorithm developed in [18] and [19] is more ef�cient for large
scale problems. LSTRS works by solving a parameterized eigenvalue problem. It searches
for at such that the eigenvalue problem

�
A 1

2 b
1
2 bT t

� �
y
1

�
= � min

�
y
1

�
(32)

10
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or equivalently

(A � � min I )y = �
1
2

b;

t � � min = �
1
2

bT y; (33)

has a solution. Finding thist is done by determining a� such that� 0(� ) = n, where�
is de�ned by

� (� ) =
1
4

bT (A � �I )yb = �
1
2

bT y: (34)

It can be shown that� gives a solution to (33). Since� is a rational function with
poles at the eigenvalues ofA, it can therefore be expensive to compute. Instead rational
interpolation is used to ef�ciently determine� . For further details see [18] and [19].

5 Applications

In this section we evaluate the performance of our methods for a few different appli-
cations that can be solved as binary quadratic problems. Thealgorithms are compared
with spectral relaxations using Matlab's sparse eigenvalue solver, SDP relaxations using Se-
DuMi [24] and the spectral bundle algorithm developed by Helmberg [8]. Our spectral
subgradient algorithm is implemented in Matlab and the trust region algorithm is based
on LSTRS [18] (also Matlab). Note that our implementations consist of simple matlab
scripts while the other software has implementations in C (and often highly optimized
for speed).

5.1 Segmentation with Prior Information

In our �rst exampe we will compare the trust region method to the spectral relaxation.
We will see that the spectral relaxation can result in poor segmentations when the extra
variable is not� 1. To evaluate the two methods we consider a simple multiclasssegmen-
tation problem with prior information.

5.1.1 Graph Representations of Images

The general approach of constructing an undirected graph from an image is shown
in 5.1.1. Basically each pixel in the image is viewed as a nodein a graph. Edges are
formed between nodes with weights corresponding to how alike two pixels are, given
some measure of similarity, as well as the distance between them. In an attempt to reduce
the number of edges in the graph, only pixels within a small, predetermined neighbor-
hoodN of each other are considered. Cuts made in such a graph will then correspond to
a segmentation of the underlying image.
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Figure 4: Graph representation of a3 � 3 image.

5.1.2 Including Prior Information

To be able to include prior information into the visual grouping process we modify the
construction of the graphs in the following way. To the graphG we addk arti�cial
nodes. These nodes do not correspond to any pixels in the image, instead they are meant
to represent thek different classes the image is to be partitioned into. The contextual
information that we wish to incorporate is modeled by a simple statistical model. Edges
between the class nodes and the images nodes are added, with weights proportional to
how likely a particular pixel is to a certain class. With the labeling of thek class nodes
�xed, a minimal cut on such a graph should group together pixels according to their class
likelihood and still preserving the spatial structure, see5.
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cut
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(d) Resulting
segmentation

Figure 5: A graph representation of an image and an example three-class segmentation.
Unnumbered nodes corresponds to pixels and numbered ones tothe arti�cial class nodes.

5.1.3 Combinatorial Optimization

Next we show how to approximate this problem using the spectral method and the trust
region method. LetZ = [ z1; : : : ; zk ] 2 f� 1; 1gn � k denote then � k assignment
matrix for all then nodes. A1 in row i of columnj signi�es that pixeli of the image
belongs to classj , and of course� 1 in the same position signi�es the opposite. If we
letW contain the inter-pixel af�nities, the min-cut (without pixel class probabilities) can

12



5. APPLICATIONS

then be written

Cmin = inf
Z

kX

i =1

X

u2 A i
v =2 A i

wuv = inf
Z

X

i;j;l

wjl (zij � zil )2 = inf
Z

kX

i =1

zT
i (D � W )zi : (35)

HereD denotes diag(W 1). The assignment matrixZ must satisfyZ 1 = (2 � k)1. In
addition, if the pixel/class-node af�nitiesP = [ p1; : : : ; pk ] (that is, the probabilities of a
single pixel belonging to a certain class) are included and also the labels of the class-nodes
are �xated, we get

Cmin = inf
Z 2f� 1;1gn � k

Z 1=(2 � k )1

kX

i =1

zT
i (D � W )

| {z }
L

zi � 2pT
i zi = inf

Z 2f� 1;1gn � k

Z 1=(2 � k )1

tr
�
Z T LZ

�
+

+2 [ � pT
1 ; : : : ; � pT

k ]
| {z }

bT

2

6
4

z1
...
zk

3

7
5

| {z }
z

= inf
z2f� 1;1gnk

Z 1=(2 � k )1

zT

2

6
6
6
6
4

L 0 : : : 0
0 L : : : 0

0
...

... 0

0
... 0 L

3

7
7
7
7
5

| {z }
A

z + 2 bT z: (36)

Asz 2 f� 1; 1gnk , z2
i = 1 , we can write

� = inf z zT Az + 2 bT z (37)

s.t. z2
i = 1 (38)

Z 1 = (2 � k)1: (39)

The linear subspace of solutions toZ 1 = (2 � k) can be parametrized asz = Qy+ v,
whereQ andv can be chosen so thatQT Q = I andQT v = 0 andy 2 Rn (k � 1) . With
this change in coordinates and by replacing the discrete constraintz2

i = 1 with zT z = nk
we arrive at the following relaxed quadratically constrained quadratic program

� = inf y (Qy + v)T A(Qy + v) + 2 bT (Qy + v);

s.t. zT z = ( Qy + v)T (Qy + v) = nk: (40)

For ef�ciently solving this problem we here turn our attention to two relaxations that
are tractable from a computational perspective. Simplifying (40), we obtain an equivalent
trust region problem an the form

� tr = inf
jj y jj 2 = nk � vT v

yT ~Ay + 2~bT y: (41)

By adding an extra variableyn (k � 1)+1 as in (2) we obtain the spectral relaxation.
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5.1.4 Experimental Results

As mentioned in the previous section prior knowledge is incorporated into the graph cut
framework through thek arti�cial nodes. For this purpose we need a way to describe
each pixel as well as model the probability of that pixel belonging to a certain class.

The image descriptor in the current implementation is basedon color alone. Each
pixel is simply represented by their three RGB color channels. The probability distribu-
tion for these descriptors are modeled using a Gaussian Mixture Model (GMM).

p(vj� ; � ) =
kX

i =1

1
p

2� j� i j
e( � 1

2 (v � � i )T � � 1
i (v � � i )) : (42)

From a number of manually annotated training images the GMM parameters are then
�tted through Expectation Maximization, [4]. This �tting is only carried out once and
can be viewed as the learning phase of our proposed method.

The edge weight between pixeli and j and the weights between pixeli and the
different class-nodes are given by

wij = e( � r ( i;j )
� R

) e( � jj s ( i ) � s ( j ) jj 2

� W
) (43)

pki = � p(w ( i ) j i 2 k )P
j p(w ( i ) j i 2 j ) : (44)

Herejj � jj denotes the euclidian norm,r (i; j ) the distance between pixeli andj .
The tuning parameters� , � R and� W weights the importance of the different features.
Hence,wij contains the inter-pixel similarity, that ensures that thesegmentation more
coherent.pi describes how likely a pixel is to belong to classk and � is a parameter
weighting the importance of spatial structure vs. class probability.

Preliminary tests of the suggested approach were carried out on a limited number
of images. We chose to segment the images into four simple classes, sky, grass, brick
and background. Gaussian mixture models for each of these classes were �rstly acquired
from a handful of training images manually chosen as being representative of such image
regions, see �gure 6.

For an unseen image the pixel af�nity matrixW and class probabilities were com-
puted according to (43) and (44). The resulting optimization program was then solved
using both the spectral relaxation and the trust region subproblem method. The out-
come can be seen in �g. 7. Parameters used in these experiments were� R = 1 , � W = 1 ,
� = 10 andN a9 � 9 neighborhood structure.

Both relaxations produce visually relevant segmentations, based on very limited train-
ing data our proposed approach does appear to use the prior information in a meaningful
way. Taking a closer look at the solutions supplied by the trust region method and the
spectral relaxation, for these two examples, does however reveal one substantial difference.
The spectral relaxation was reached by ignoring the constraint on the homogenized coor-
dinateyn (k � 1)+1 = 1 . The solutions to the examples in �g. 7 produces an homogeneous
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Figure 6: Sample training images.

coordinate value ofyn (k � 1)+1 � 120, in both cases. As the class probabilities of the pix-
els are represented by the linear part of eq. 37, the spectralrelaxation, in these two cases,
thus yields an image partition that that weights prior information much higher than spa-
tial coherence. Any spatial structure of an image will thus not be preserved, the spectral
relaxation is basically just a maximum-likelihood classi�cation of each pixel individually.

5.2 Binary Restoration

As a test problem (which can be solved exactly by other means), we �rst consider the
problem of separating a signal from noise. The signalf x i g; i = 1 ; :::; n is assumed to
take the values� 1. Normally distributed noise with mean0 and variation0:6 is then
added to obtain a noisy signalf si g; i = 1 ; :::; n. Figure 8 (a) and (b) graphs the original
signal and the noisy signal respectively forn = 400. A strategy to recover the original
signal is to minimize the following objective function:

X

i

(x i � si )2 + �
X

i

X

j 2 N ( i )

(x i � x j )2; x i 2 f� 1; 1g: (45)

HereN (i ) means a neighborhood ofi , in this casef i � 1; i + 1 g. By adding the (ho-
mogenization) variablexn +1 , the problem can be transformed to the same form as in
(6). Table 1 shows the execution times and Table 2 displays the obtained estimates
for differentn. For the subgradient method, 10 iterations were run and in each iteration,
the 15 smallest eigenvectors were computed for the approximation setS in (18). Note in
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Original images.

(TSP) Resulting class labelling.

(SR) Resulting class labelling.

Figure 7: Example segmentation/classi�cation of an image using both Trust Region Sub-
problem (TSP) formulation and Spectral Relaxation (SR).
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n Spectral Trust region Subgradient SDP
100 0.33 0.60 4.21 3.81
200 0.30 0.62 6.25 13.4
400 0.32 0.68 6.70 180
600 0.33 0.80 10.7 637
800 0.49 1.40 10.1 2365
1000 0.37 1.85 15.2 4830

Table 1: Execution times in seconds for the signal problem.

n Spectral Trust region Subgradient SDP
100 24.3 31.6 40.6 53.1
200 27.4 40.5 53.5 76.1
400 74.9 88.4 139 174
600 134 164 240 309
800 169 207 282 373
1000 178 229 322 439

Table 2: Objective values of the relaxations. A higher value means a better lower bound
for the (unknown) optimal value.

particular the growth rate of the execution times for the SDP. Figure 8 (b) - (d) shows the
computed signals for the different methods whenn = 400. The results for other values
of n have similar appearance. The spectral relaxations behave (reasonably) well for this
problem as the estimated value ofxn +1 happens to be close to� 1. Next we consider
a similar problem as above, which was also a test problem in [10]. We want to restore the
map of Iceland given in Figure 9. The objective function is the same as in (45), except
that the neighborhood of a pixel is de�ned to be all its four neighboring pixels. The size
of the image is78� 104, which yields a program with78� 104+1 = 8113 variables. Re-
call that the semide�nite primal program will contain81132 = 65820769variables and
therefore we have not been able to compute a solution with SeDuMi. In [10], a different
SDP solver was used and the execution time was 64885s. Instead we compare with the
spectral bundle algorithm [8]. Table 3 gives the execution times and the objective values
of the estimations. Figure 10 shows the resulting restorations for the different methods.
For the subgradient algorithm, the 4 smallest eigenvalues were used in (18). Even though
the spectral relaxation results in a slightly lower objective value than the trust region, the
restoration looks just as good. Here the last component of the eigenvector is0:85which
explains the similarity of these two restorations. The subgradient method yields a solu-
tion with values closer to� 1 as expected. Recall that there is a duality gap which means
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Figure 8: Computed solutions for the signal problem withn = 400. (a) Original signal,
(b) signal + noise, (c) solution obtained using spectral relaxations, (d) trust region, (e)
subgradient algorithm and (f ) dual semide�nite program.

that the optimal solution will not attainx i = � 1 for alli in general. The spectral bundle
method provides a solution where some pixel values are much larger than 1. In order
to make the difference between pixels with values� 1 and1 visible in Figure 10(d) we
had to replace these pixel values with a smaller value. This results in the white areas in
Figure 10(d) and the bar close to the value2 in Figure 10(d).

5.3 Partitioning

In this section we consider the problem of partitioning an image into perceptionally dif-
ferent parts. Figure 11 (a) shows the image that is to be partitioned. Here we want to
separate the buildings from the sky. To do this we use the following regularization term

X

ij

wij (x i � x j )2: (46)

The weightswij are of the type

wij = e� ( RGB( i ) � RGB( j )) 2

� RGB e
� d ( i;j ) 2

� d ; (47)
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Figure 9: Map of Iceland corrupted by noise.

Method Time (s) Lower bound
Spectral 0.48 -1920

Trust region 2.69 -1760
Subgradient, 10 iter. 74.6 -453

Bundle, 5 iter. 150.4 -493

Table 3: Execution times and objective values of the computed lower bounds for the
Iceland image.

where RGB(i ) denotes the RGB value of pixeli andd(i; j ) denotes the distance between
pixelsi andj . To avoid solutions where all pixels are put in the same partition, and to
favour balanced partitions, a term penalizing unbalanced solutions is added. If one adds
the constrainteT x = 0 (as in [10]) or equivalentlyxT eeT x = 0 we will get partitions of
exactly equal size (at least for the subgradient method). Instead we add a penalty term to
the objective function yielding a problem of the type

inf xT (L + �ee T )x; x i 2 f� 1; 1g: (48)

Method Time (s)
Subgradient, 4 iter. 209
Subgradient, 7 iter. 288
Normalized Cuts 5.5

Table 4: Computing times for the skyline image.
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Figure 10: Top row: relaxed soutions. Middle: threshholdedsolutions. Bottom: his-
togram of the estimated pixel values. (a),(e),(i): spectral method, (b),(f ),(j): trust region,
(c),(g),(k): subgradient, 10 iterations, (d),(h),(l): Helmberg's bundle method, 5 iterations.

Observe that this problem is not submodular [11]. Since the size of the skyline image
(Figure 11(a)) is35 � 55 we obtain a dense matrix of size1925� 1925. However, be-
cause of the structure of the matrix it is easy to calculate(L + �ee T )x which is all that
is needed to employ power iteration type procedures to calculate eigensystems. This type
of matrices are not supported in the spectral bundle software, so we cannot compare with
this method. Also, the problem is too large for SeDuMi and there is no point in running
the trust region method on this problem since the matrixL has not been homogenized.
Figure 11 (b) shows the resulting partition. Figures 11 (e),(f ) give the relaxed solutions
after 4 and 7 iterations, respectively, of the subgradient algorithm. Both relaxed solutions
yield the same result when thresholded at zero. As a comparison, we have included the
partitionings obtained from Normalized Cuts [21] which is afrequently applied method
for segmentation. The reason for the strange partitioning in Figures 11(c),(d) is that
the Fiedler vector in Normalized Cuts essentially containsvalues close to� 0:3 and3:3
and the median is also close to� 0:3. Table 4 shows the computing times of the differ-
ent methods. Note that the convergence of the subgradient method here is slower than
previously, this is because the eigenvalue calculations ismore demanding for(L + �ee T ).
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Figure 11: (a) Original image, (b) thresholded segmentationwith 7 iterations of the
subgradient algorithm (white pixels correspond to one class, remaining pixels are in the
other class) (c) Fiedlervector thresholded at the median, (d) Fiedlervector thresholded
at the mean, (e),(f ) relaxed (untruncated) solutions obtained with 4 and 7 iterations,
respectively, of the subgradient algorithm.

5.4 Registration

In our �nal experiments we consider the registration problem. It appears as a subproblem
in many vision applications and similar formulations as theone we propose here have
appeared in [2, 20, 25].

Suppose we are given a set ofm source points that should be registered to a set of
n target points, wherem < n . Letx ij denote a binary(0; 1)-variable which is 1 when
source pointi is matched to target pointj , otherwise 0. As objective function, we choose
the quadratic function X

wijkl x ij xkl ; (49)

and setwijkl = � 1 if the coordinates of the source pointssi ; sk areconsistentwith the
coordinates of the target pointst j ; t l , otherwisewijkl = 0 . Two correspondence pairs
are considered to be consistent if the distances are approximately the same between source
and target pairs, that is,

abs(jjsi � sk jj � jj t j � t l jj ) < �; (50)
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Figure 12: One random example for the registration problem: (a) Target pointsn = 60
and (b) source pointsm = 15.

for some threshold� . Each source point is a priori equally likely to be matched toany of
the target points and hence there is no linear term in the objective function. In addition,
each source point should be mapped to one of the target pointsand hence

P
j x ij = 1

for all i . Also, two source points cannot be mapped to the same target point. This
can be speci�ed by introducing(0; 1)-slack variablesxm +1 ;j for j = 1 ; : : : ; n and the
constraints

P
j xm +1 ;j = n � m as well as

P m +1
i =1 x ij = 1 for all j .

By substitutingx ij = z ij +1
2 , the problem is turned into a standard(� 1; 1)-problem,

but now with linear equality constraints. In the case of the trust region method we may
penalize deviations from the linear constraints by adding penalties of the type� (

P
j x ij �

1)2 to the objective function. One could do the same in the case of the subgradient
algorithm, however, in this case the penalties have to be homogenized and may therefore
not be as effective as for the trust region method. Instead Lagrange multipliers of the
type� k (

P
j x ij )2 � � k are introduced. These multipliers can then be handled in exactly

the same way as the constraintsx2
ij � 1 = 0. Each constraint gives a new entry in the

subgradient vector which is updated in the same way as before.

Method Time (s)
Trust region 1.9

Subgradient, 7 iter. 43.5
Subgradient, 15 iter. 193

SDP 6867

Table 5: The registration problem withm = 15; n = 60.
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Figure 13: Computed solutionsz = [ z11; z12; : : : ; zm +1 ;n ] for the registration prob-
lem using (a) the trust region method, (b) the subgradient method, 7 iterations, (c) the
subgradient method, 15 iterations, and (d) SDP with SeDuMi,cf. Figure 12.

We have tested the formulation on random data of various sizes. First, coordinates
for the n target points are randomly generated with a uniform distribution, then we
randomly selectedm source points out of the target points, added noise and applied a
random Euclidean motion. Figures 12 (a),(b) show the targetand source points for one
example withm = 15 andn = 60. The threshold� is set to0:1. The untruncated
(vectorized) solutions forzij are plotted in Figure 13 and the resulting registration for
the subgradient method is shown in Figure 14. The standard spectral relaxation for this
problem works rather poorly as the last entryzn +1 is in general far from one. The
computing times are given in Table 5. Note that this example has approximately four
times as many decision variables as the largest problems dealt with in [20, 25]. For more
information on the quality of SDP relaxations for this problem, the reader is also referred
to the same papers.
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Figure 14: Registration of the source points to their corresponding target points, cf. Fig-
ure 12.

6 Conclusions

We have shown how large scale binary problems with quadraticobjectives can be solved
by taking advantage of the spectral properties of such problems. The approximation
gap compared to traditional spectral relaxations is considerably smaller, especially, for the
subgradient method. Compared to standard SDP relaxations,the computational effort is
less demanding, in particular, for the trust region method.Future work includes to apply
the two methods to more problems that can be formulated within the same framework
and to make an in-depth experimental comparisons. It would also be interesting to see
how the proposed methods behave in a branch-and-bound algorithm for obtaining more
accurate estimates.
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Main En try: spline

Pron unciation: n'splïne n
F unction: noun

Origin: 1750-1760; originally East Anglian dialect; p erhaps akin to "splin t";

cf. old English splin "spindle".

1: a thin w o o d or metal strip used in building construction

2: a k ey that is �xed to one of t w o connected mec hanical parts and �ts in to a

k eyw a y in the other; also : a k eyw a y for suc h a k ey

3: a function that is de�ned on an in terv al, is used to appro ximate a giv en

function, and is comp osed of pieces of simple functions de�ned on subin terv als

and joined at their endp oin ts with a suitable degree of smo othness



Bijective Thin-Plate Splines

Anders Eriksson

Centre for Mathematical Sciences
Lund University, Sweden

1.1 Thin-Plate Splines

Thin-plate splines are a class of widely used non-rigid spline mapping functions. It is
a natural choice of interpolating function in two dimensions and has been a commonly
used tool for over a decade. Introduced and developed by Duchon [2] and Meinguet
[6] and popularized by Bookstein [1], its attractions include an elegant mathematical
formulation along with a very natural and intuitive physical interpretation.

Consider a thin metal plate extending to in�nity in all directions. At a �nite number
of discrete positionst i 2 R2, i = 1 :::n, the plate is at �xed heightszi , see �gure 1.1.

Figure 1.1: The shape of a thin metal plate constrained to lieat some distances above a
ground plane at nine different locations.
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The metal plate will take the form that minimizes itsbending energy. In two dimensions
the bending energy of a plate described by a functiong(x; y) is proportional to

J (g) =
Z Z

R2

 �
@2g
@x2

� 2

+ 2
�

@2g
@x@y

� 2

+
�

@2g
@y2

� 2
!

dxdy: (1.1)

Consequently, the metal plate will be described by the function that minimizes (1.1)
under the point constraintsg(t i ) = zi . It was proven by Duchon [2] that if such a
function exists it is unique.

Givenn point constraintsT = ( t 1; t 2:::t n ), along with the corresponding displace-
mentsẑ = ( z1; z2; :::; zn ); zi 2 R. De�ne

� (h) =
�

jjhjj2 log(jjhjj ); jjhjj > 0;
0; jjhjj > 0;

(1.2)

wherejj � jj is the Euclidian vector norm.

De�nition 1.1.1. A thin-plate spline functiongz : R2 ) R is a minimizer of (1.1) iff it
can be written on the following form

gT ;ẑ (x) =
nX

i =1

� i � (x � t i ) + a1 + a2x1 + a3x2 =

=
�

� 1 � 2 ::: � n
�

| {z }
� T

2

6
6
6
4

� (x � t 1)
� (x � t 2)

...
� (x � t n )

3

7
7
7
5

| {z }
s(x )

+
�

a1 a2 a3
�

2

4
1
x1

x2

3

5 =

=
�

� T a1 a2 a3
�

2

6
6
4

s(x)
1
x1

x2

3

7
7
5 ; (1.3)

wheregT ;ẑ (x) � i , ai satisfy

gT ;ẑ (t i ) = zi ; (1.4)
nX

i =1

� i =
nX

i =1

� i t ix =
nX

i =1

� i t iy = 0 : (1.5)

Combining (1.3), (1.4) and (1.5) the thin-plate spline can be found by solving the
equations
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�
s(t 1 ) 1 t11 t12

�

2

6
6
4

� T

a1

a2

a3

3

7
7
5 = z1;

...

�
s(t n ) 1 tn 1 tn 2

�

2

6
6
4

� T

a1

a2

a3

3

7
7
5 = zn ; (1.6)

�
1 1 : : : 1

�

2

6
6
4

�
a1

a2

a3

3

7
7
5 = 0 ; (1.7)

�
T T 0 0

�

2

6
6
4

�
a1

a2

a3

3

7
7
5 = 0 : (1.8)

With the symmetricn � n matrix S de�ned bySij = � (t i � t j ) we can write (1.6)-
(1.8)

2

4
S 1n T
1T

n 0 0
T T 0 0

3

5

| {z }
�

2

6
6
4

� T

a1

a2

a3

3

7
7
5 =

2

4
z
0
0

3

5 :

(1.9)

If t 1; :::; t n are not collinear the symmetric matrix� is of full rank (see [3]) and
equation (1.9) has the unique solution

2

6
6
4

� T

a1

a2

a3

3

7
7
5 = � � 1

2

4
z
0
0

3

5 :

(1.10)

Consequently, with the following partition of� � 1
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� � 1 =
�

� 11 � 12

� 21 � 22

�
;

� 11; n � n

� 12 = (� 21)T ; n � 3

� 22; 3 � 3

the thin-plate spline can be de�ned.

De�nition 1.1.2. A thin-plate spline under point constraintsT andẑ can be written

gT ;ẑ (x) =
�

� T a1 a2 a3
�

2

6
6
4

s(x)
1
x1

x2

3

7
7
5 =

=

0

@� � 1

2

4
z
0
0

3

5

1

A

T
2

6
6
4

s(x)
1
x1

x2

3

7
7
5 =

=
�

zT 0 0
�

� � 1

2

6
6
4

s(x)
1
x1

x2

3

7
7
5 =

=
�

s(x)T 1 x
�

�
� 11

� 21

�
ẑ: (1.11)

Thin-plate splines of this form has a number of desirable properties. They are both
continous and smooth interpolants. Equivariance under similarity transformations also
holds.

Lemma 1.1.1.The thin-plate spline are equivariant under similarity transformations� :
R2 ! R2 of T .

g�( T ) ;ẑ(x) = gT ;ẑ (� � 1(x)) ; (1.12)

where

�( T ) = � (T +
�

1n  1 1n  2
�
)R;

R 2 O(2);

� 2 R;

 2 R2:
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1.1. THIN-PLATE SPLINES

Proof.If the transformed spline and its associated variables is denoted by~, from 1.1.2
and the preceding discussion we get

g~T ;ẑ =
�

~s(x) 1 x
�

� ~� 11

~� 21

�
ẑ;

and

(~s(x)) i = � (x � ~t i ); (1.13)

( ~S) ij = � (~t i � ~t j ); (1.14)

I =
� ~� 11 ~� 12

~� 21 ~� 22

�
2

4
~S 1n ~T

1T
n 0 0

~T T 0 0

3

5 : (1.15)

First, proving the lemma for rotations only,~T = T R.
It is readily veri�ed that

(~s(x)) i = ( s(xRT )) i ;

( ~S) ij = ( S) ij ;
~� 11 = � 11;

and

~� 21 =
�

1 0
0 RT

�
� 21:

Which gives

gT R T ;ẑ (x) =
�

s(xRT ) 1 x1 x2
�

2

4
� 11

�
1 0
0 RT

�
� 21

3

5 ẑ =

�
s(xRT ) 1 xRT

�
�

� 11

� 21

�
= gT ;ẑ (xRT ):

Similarly for translation,~T = T +
�

1n  1 1n  2
�
.

Here the following holds

(~s(x)) i = ( s(x �  )) i ;

( ~S) ij = ( S) ij ;
~� 11 = � 11;

~� 21 =
�

1 �  
0 I

�
� 21:
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Which then gives

g~T ;ẑ (x) =
�

s(x �  ) 1 x
�

2

4
� 11

�
1 �  
0 I

�
� 21

3

5 ẑ =

�
s(x �  ) 1 (x �  )

�
�

� 11

� 21

�
= gT ;ẑ (x �  ):

Finally, scaling,~T = � T , gives

(~s(x)) i = � (jjx � � t i jj ) =

=
1
2

�
(x1 � �t i; 1)2 + ( x2 � �t i; 1)2

�
log

�
(x1 � �t i; 1)2 + ( x2 � �t i; 1)2

�
=

=
� 2

2

�
(x1 � t i; 1)2 + ( x2 � t i; 1)2

�
log

�
� 2((x1 � t i; 1)2 + ( x2 � t i; 1)2)

�
=

= � 2(s(
x
�

)) i + � 2 log(� )jj
x
�

� t i jj2;

and similarly

( ~S) ij = � 2(S) ij + � 2 log(� )jj t i � t j jj2;

It can be veri�ed that the matrices that satisfy (1.15) are

~� 11 =
1

� 2 � 11;

~� 21
0 = � 21

0 � log(� )

2

6
4

T 2
11 + T 2

12
...

T 2
n 1 + T 2

n 2

3

7
5 � 11;

~� 21
1 =

1
�

� 21
1 ;

~� 21
2 =

1
�

� 21
2 :
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g~T ;ẑ (x) = g� T ;ẑ(x) =
�

~s(x) 1 x
�

2

6
6
4

1
� 2 � 11

~� 21
0

1
� � 21

1
1
� � 21

2

3

7
7
5 ẑ =

=
�

s(
x
�

)� 11 + log( � )

2

6
4

jj x
� � t 1 jj2

...
jj x

� � t n jj2

3

7
5

T

� 11 + ~� 21
0 +

x1

�
� 21

1 +
x2

�
� 21

2

�
ẑ =

=
�

s(
x
�

)� 11 + log( � )

2

6
4

T 2
11 + T 2

12
...

T 2
n 1 + T 2

n 2

3

7
5

T

� 11 + � 21
0 �

� log(� )

2

6
4

T 2
11 + T 2

12
...

T 2
n 1 + T 2

n 2

3

7
5 � 11 +

x1

�
� 21

1 +
x2

�
� 21

2

�
ẑ =

�
s(

x
�

)� 11 + � 21
0 +

x1

�
� 21

1 +
x2

�
� 21

2

�
ẑ =

�
s( x

� ) 1 x
�

�

2

6
6
4

1
� 2 � 11

� 21
0

� 21
1

� 21
2

3

7
7
5 ẑ = gT ;ẑ (

x
�

):

Combining these three parts completes the proof.

Lemma 1.1.1 �ts nicely in with the metal plate analogy. Rotation, scaling and transla-
tion of the location of the point constraints should not affect the bending of the plate but
solely result in a corresponding alteration of the plate. From our intuitive understanding
of this approach it is expected that the interpolation by such a transformed spline should
be equal to a transformation of the original interpolation spline, which is exactly what
this lemma con�rms.

Finally, for the matrix� 12, the following also holds

Lemma 1.1.2. If � is the matrix associated with a thin-plate spline mapping with point-
constraintsT then with

� 12 =
�

� 12
0 � 12

1 � 12
2

�
:

It holds that

(� 12
0 )T 1n = 1 ; (� 12

1 )T 1n = 0 ; (� 12
2 )T 1n = 0 ;

(� 12
1 )T T 1 = 1 ; (� 12

0 )T T 1 = 0 ; (� 12
2 )T T 1 = 0 ;

(� 12
2 )T T 2 = 1 ; (� 12

0 )T T 1 = 0 ; (� 12
1 )T T 1 = 0 : (1.16)
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Proof.

I = � � 1� =
�

� 11 � 12

� 21 � 22

�
2

4
S 1n T
1T

n 0 0
T T 0 0

3

5 =

=

2

6
6
6
6
4

� 11S + � 12

�
1T

n
T T

�
� 11

�
1n T

�

� 21S + � 22

�
1T

n
T T

�
� 21

�
1n T

�

3

7
7
7
7
5

)

� 21 �
1n T

�
=

2

6
4

� 12
0

T

� 12
1

T

� 12
2

T

3

7
5

�
1n T 1 T 2

�
=

=

2

6
4

� 12
0

T 1n � 12
0

T T 1 � 12
0

T T 2

� 12
1

T 1n � 12
1

T T 1 � 12
1

T T 2

� 12
2

T 1n � 12
2

T T 1 � 12
2

T T 2

3

7
5 =

2

4
1 0 0
0 1 0
0 0 1

3

5 :

The thin-plate spline formulation can easily be generalized into higher dimension
interpolants. With a different bending energy function, and its associated fundamental
solution (eq. (1.2)), the above lemmas can be extended underthis generalisation. For
more details see [9].

1.1.1 Pair of Thin-Plate Spline Mappings

The thin-plate spline framework can also be employed in a deformation setting, that is
mappings fromRm to Rm . This is accomplished by the combination of several thin-plate
spline interpolants. In this section we do however restrictourselves tom = 2 .

If instead of understanding the displacement of the thin metal plate as occuring or-
thogonally to the(x1; x2)-plane view them as displacements of thex1- or x2- position
of the point constraints. With this interpretation, a new function � : R2 ! R2 can be
constructed from two thin-plate splines, each describing thex1- andx2-displacements
respectively.

De�nition 1.1.3. Given a set of target pointsT = [ T 1 T 2] =

2

6
4

t 1
...

t n

3

7
5 ; t i 2 R2 and a
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set of destination pointsY = [ Y 1 Y 2] =

2

6
4

y1
...

yn

3

7
5 ; y i 2 R2 A pair of thin-plate splines

mapping� T ;Y : R2 ! R2 is the bivariate function� T ;Y (x) = ( g1(x); g2(x)) , where
g1(x) andg2(x) are two thin-plate spline interpolants ensuring the point constraints
� T ;Y (T ) = Y .

The two thin-plate splines satisfying these constraints are

g1(x) = gT ;Y 1 (x) =
�

Y T
1 0 0

�
� � 1

2

6
6
4

s(x)
1
x1

x2

3

7
7
5 (1.17)

and

g2(x) = gT ;Y 2 (x) =
�

Y T
2 0 0

�
� � 1

2

6
6
4

s(x)
1
x1

x2

3

7
7
5 : (1.18)

Since we know thatg1(T ) = Y 1 and� 2(T ) = Y 2 it follows that
� T ;Y (T ) = ( g1(T ); g2(T )) = ( Y 1; Y 2) = Y .

Using (1.11), such a pair of thin-plate splines mapping under point constraintsT
andY is given by

� T ;Y (x) = ( g1(x); g2(x)) = [ g1(x) g2(x)]) =

=

2

6
6
4

�
Y T

1 0 0
�

� � 1

2

6
6
4

s(x)
1
x1

x2

3

7
7
5

�
Y T

2 0 0
�

� � 1

2

6
6
4

s(x)
1
x1

x2

3

7
7
5

3

7
7
5 =

=

0

B
B
@

�
Y T

1 0 0
Y T

2 0 0

�
� � 1

2

6
6
4

s(x)
1
x1

x2

3

7
7
5

1

C
C
A

T

=
�

s(x)T 1 x1 x2
�

�
� 11

� 21

�
Y :

(1.19)

Deformations of this type inherits many of the properties ofthe underlying thin-plate
spline interpolants. Firstly, pair of thin-plate spline mappings are continous, smooth and
surjective interpolants. The domain of these mappings is all of R2 and at in�nity � T ;Y

is purely af�ne. Equivariance holds, not only onT of lemma 1.1.1 but also onY

9
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Lemma 1.1.3. Thin-plate spline mappings are equivariant under af�ne transformations
� : R2 ! R2 of Y , i.e.

� T ;�( Y ) (x) = �( � T ;Y (x)) ; (1.20)

where

�( Y ) = Y 	 +
�

1n  1 1n  2
�

;

	 2 R2� 2;

 2 R2:

Proof.

� T ;�( Y ) (x) =
�

s(x)T 1 x1 x2
�

�
� 11

� 21

� �
Y 	 +

�
1n 0
0 1n

�
 

�
=

�
�

s(x)T 1 x1 x2
�

�
� 11

� 21

�
Y

�
	 +

+
�

s(x)T 1 x1 x2
�

�
� 11

� 21

� �
1n 0
0 1n

�
 = [ using lemma 1.1.2] =

=
�

�
s(x)T 1 x1 x2

�
�

� 11

� 21

�
Y

�
	 +  = �( � T ;Y (x)) :

1.2 Bijectivity Constraints on Thin-plate Spline Map-
pings

In spite of its appealing algebraic formulation presented in the previous section, thin-
plate spline mappings do have drawbacks and, disregarding computational and numerical
issues, one in particular. Namely, bijectivity is never assured. In computer vision, non-
linear mappings inR2 of this sort are frequently used to model deformations in images.
The basic assumption is that all the images contain similar structures and therefore there
should exist mappings between pairs of images that are both one-to-one and onto. Hence
bijective mappings are required.

From section 1.1.1 we have a deformation� T ;Y that, for a given set ofn control
pointsT , is parameterized (linearly) by the destination pointsY . It is of interest knowing
whichY gives a bijective deformation, i.e the set


 T = f Y 2 R2n j� T ;Y (x) is bijectiveg:

10



1.2. BIJECTIVITY CONSTRAINTS ON THIN-PLATE SPLINE MAPPINGS

Such a mapping� : R2 ! R2 is locally bijective at a pointx 2 R2 iff its functional
determinantjJ (� )j is non-zero. Here

jJ (� T ;Y (x))) j =

�
�
�
�
�

@�1
@x1

@�1
@x2

@�2
@x1

@�2
@x2

�
�
�
�
�

(1.21)

using eq. (1.19)

@�1
@x1

=
@

@x1

��
�

s(x)T 1 x1 x2
�

�
� 11

� 21

�
Y 1

��
=

�
s0

x 1
(x)T � 11 + 0 � � 12

0
T

+ 1 � � 12
1

T
+ 0 � � 12

2
T

�
Y 1 =

�
s0

x 1
(x)T � 11 + � 12

1
T

�
Y 1; (1.22)

and similarly

@�2
@x1

=
�

s0
x 1

(x)T � 11 + � 12
1

T
�

Y 2; (1.23)

@�1
@x2

=
�

s0
x 2

(x)T � 11 + � 12
2

T
�

Y 1; (1.24)

@�2
@x2

=
�

s0
x 2

(x)T � 11 + � 12
2

T
�

Y 2: (1.25)

Where

s0
x i

(x) =
@

@xi

2

6
6
6
4

� (x � t 1)
� (x � t 2)

...
� (x � t n )

3

7
7
7
5

=

2

6
6
6
4

(x i � t1i ) (1 + log( jjx � t 1jj ))
(x i � t2i ) (1 + log( jjx � t 2jj ))

...
(x i � tni ) (1 + log( jjx � t n jj ))

3

7
7
7
5

=

= x i 1n + T i +

2

6
6
6
4

(x i � t1i ) (log( jjx � t 1jj ))
(x i � t2i ) (log( jjx � t 2jj ))

...
(x i � tni ) (log( jjx � t n jj ))

3

7
7
7
5

: (1.26)

11
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Inserting into (1.21) yields

jJ (� T ;Y (x)) j =
�
�
�
�
�
�

�
s0

x 1
(x)T � 11 + � 12

1
T

�
Y 1

�
s0

x 2
(x)T � 11 + � 12

2
T

�
Y 1�

s0
x 1

(x)T � 11 + � 12
1

T
�

Y 2

�
s0

x 2
(x)T � 11 + � 12

2
T

�
Y 2

�
�
�
�
�
�

=

=
�

s0
x 1

(x)T � 11 + � 12
1

T
�

| {z }
= b 1 (x )T

Y 1

�
s0

x 2
(x)T � 11 + � 12

2
T

�

| {z }
= b 2 (x )T

Y 2 �

�
s0

x 2
(x)T � 11 + � 12

2
T

�

| {z }
= b 2 (x )T

Y 1

�
s0

x 1
(x)T � 11 + � 12

1
T

�

| {z }
= b 1 (x )T

Y 2 =

= Y T
1

�
b1(x)b2(x)T � b2(x)b1(x)T �

| {z }
D T (x )

Y 2 =

=
1
2

�
Y T

1 Y T
2

�
�

0 DT (x)
DT (x)T 0

�

| {z }
B (x )

�
Y 1

Y 2

�

| {z }
Ŷ

=

=
1
2

Ŷ T B (x)Ŷ =
1
2

hT (Y ; x): (1.27)

Using lemma 1.1.2,b i (x) can be simpli�ed

b i (x)T =
�
� 11s0

x i
(x) + � 12

1

�
=

= � 11

0

B
B
B
B
B
B
B
B
@

x i 1n + T i +

2

6
6
6
4

(x i � t1i ) (log( jjx � t 1jj ))
(x i � t2i ) (log( jjx � t 2jj ))

...
(x i � tni ) (log( jjx � t n jj ))

3

7
7
7
5

| {z }

 i (x )

1

C
C
C
C
C
C
C
C
A

+ � 12
i =

=
�

� 111n = 0
� 11T i = 0

�
= � 11 
 i (x) + � 12

i : (1.28)

Each pointx 2 R2 gives a quadratic constraint onY , (Ŷ T BT (x)Ŷ 6= 0) for
local bijectivity. In order to simplify notation,Y will be used to denote its vectorized
versionŶ as well. The intended form ofY should be clear from the context. Since
� T ;Y is a continous mapping, for it to be globally bijective this constraint must either be
> 0; 8x 2 R2 or < 0; 8x 2 R2.

12



1.2. BIJECTIVITY CONSTRAINTS ON THIN-PLATE SPLINE MAPPINGS

The set
 T can thus be written


 T = f Y 2 R2n jY T BT (x)Y > 0; 8x 2 R2 or

Y T BT (x)Y < 0; 8x 2 R2g:

De�ning


 +
T = f Y 2 R2n jY T BT (x)Y > 0; 8x 2 R2g

and with
 �
T de�ned similarly, one can write
 T = 
 +

T [ 
 �
T . Seeing that ifY 2 
 +

T

then
�

� I 0
0 I

�
Y 2 
 �

T , it does, without loss of generality, suf�ce to examine
 +
T .

Hence, references to bijective thin-plate spline mappingswill from here on be with respect
to the set
 +

T .
The sought after set is evidently the intersection of an in�nite number of high-

dimensional quadratic forms each on the form (1.27). In an attempt at visualisation one
can take 2-dimensional intersections of these constraintsand plot the resulting quadratic
curve for any number of points inR2, see �g. 1.2.

0 1 2 3 4 5 6
0

1

2

3

4

5

6

.. -2000 -1000 0 1000 2000 3000

-2000

0

2000

4000

6000

8000

10000

Figure 1.2: The constraints imposed by three points inR2 on a 2-D af�ne subset ofR2n .
Left: The source con�guration with three arbitrarily chosen points inR2 marked. Right:
The three resulting quadratic constraints.

This is clearly a somewhat impractical representation of
 +
T , an implicit representa-

tion would be preferrable. That is a functione(Y ) such that
�

e(Y ) > 0 , Y 2 
 +
T ;

e(Y ) � 0 , Y =2 
 +
T :

Such an implicit representation of
 +
T is contained in the af�ne variety de�ned by the

envelope equations

Y T BT (x)Y = 0 ; (1.29)

Y T BT (x)0
x 1

Y = 0 ; (1.30)

Y T BT (x)0
x 2

Y = 0 : (1.31)

13
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This comes from the fact that equations (1.27) form a family of quadrics inR2n ,
parametrised by points inR2. Then the implicit representation must be a subset of the
envelope of these functions.

An alternative way of viewing these equations is that pointson the boundary of
 +
T

must be global minimizers ofhT (x; Y � ) overR2 with global minima 0. With this
interpretation (1.29)-(1.31) are the �rst-order-conditions for such a minima.

However, the task of solving this system of log-linear equations is a formidable one
that has yet not been accomplished.

1.3 Properties of
 +
T

Despite the high degree of complexity that
 +
T posesses there are still a number of prop-

erties that can be identi�ed. Firstly, the set in question actually is of a very familiar shape

Lemma 1.3.1.The closure of
 +
T , cl(
 +

T ) is
(i) a generalised double cone
(ii) star-convex around 0
(iii) connected

Proof.It is only necessary to show thatcl(
 +
T ) is a cone since this implies star-convex

around 0 and star-convex implies connected.
The closure of
 +

T can be written
cl(
 +

T ) = f Y 2 R2n jY T BT (x)Y � 0; 8x 2 R2g then for anyy 2 cl(
 +
T ) obviuosly

�y , � 2 R, is also in2 cl(
 +
T ), hencecl(
 +

T ) is a double cone. With a similar reasoning
it can easily be shown that
 +

T is a double cone with the origin removed.

The de�ning matrix of the quadratic constraintsBT (x) and its subordinateDT (x)
are also suprisingly simple in their form. Some of their characteristics can be summed up
in the following two lemmas

Lemma 1.3.2.Then � n matrixDT (x) = b1(x)b2(x)T � b2(x)b1(x)T de�ned in
section 1.2

(i) is non-zero for allx 2 R2 ) b1(x) andb2(x) are never parallel,

(ii) is zero-diagonal,

(iii) is skew-symmetric,

(iv) column rank 2,

(v) has eigenvalues� = � i� D , � D =
q

b1(x)D̂T (x)b2(x).

14
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Proof.

(i) The matrixD̂T (x) de�nes the bijectivity constraints onY for a given pointx 2
R2. If there exist anx such thatD̂T (x) = 0 then Y T BT (x)Y = 0 , for any
destination con�gurationY . The thin-plate spline mapping is never locally bijective
around that point regardless the choice ofY . However, since we know that setting
Y = T gives the identity mapping, which is bijective. From this contradiction it is
concluded thatDT (x) must be non-zero for allx 2 R2.

If b1(x) or b2(x) are parallel then̂D (x) = 0 and the implication follows.

(ii) The matrixD̂T (x) is zero-diagonal since

(DT (x)) ii = ( b1(x)) i (b2(x)) i � (b2(x)) i (b1(x)) i = 0 :

(iii) It is skew-symmetric as

DT (x)T =
�
b1(x)b2(x)T � b2(x)b1(x)T � T

=

b2(x)b1(x)T � b1(x)b2(x)T =

= �
�
b1(x)b2(x)T � b2(x)b1(x)T �

= � DT (x):

(iv) The column rank follows from that each column inD̂T (x) are the linear combina-
tion of non-zero vector non-parallel vectorsb1(x) andb2(x).

(v) Assuming that the eigenvectors ofD̂T (x) can be writtenv = b1(x) + � b2(x).
The eigenvalue problem then becomes

D̂T (x)v = �v;
�

b1(x)b2(x)T � b2(x)b1(x)T
��

b1(x) + � b2(x)
�

=

= �
�

b1(x) + � b2(x)
�

;
�

b1(x)T b2(x) + � b2(x)T b2(x)
�

b1(x)+
�

� b1(x)T b1(x) � � b1(x)T b2(x)
�

b2(x) = � b1(x) + �� b2(x):

Then for equality the following must hold
�

b1(x)T b2(x) + � b2(x)T b2(x) = �;
� b1(x)T b1(x) � � b1(x)T b2(x) = ��:

15
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Eliminating� gives

� 2 +
�

(b1(x)T b1(x))( b2(x)T b2(x)) � (b1(x)T b2(x))2
�

= 0

� = �

vu
u
u
t

�
�

(b1(x)T b1(x))( b2(x)T b2(x)) � (b1(x)T b2(x))2
�

| {z }
� 0 (Cauchy-Schwarz)

=

= � i
q

b1(x)T D̂T (x)b2(x)) :

Sinceb1(x) andb2(x) are never parallell� D is always non-zero. Hence the two
non-zero eigenvalues ofD̂T (x) must be� i� D . It can be noted that as these eigen-
values are both imaginary and sums to zero (i� D + ( � i� D ) = 0 = T r(D̂T (x)) )
in accordance with (ii) and (iii).

Lemma 1.3.3.BT (x) =
�

0 DT (x)
� DT (x) 0

�
is a zero-diagonal, symmetric2n �

2n matrix with column rank 4 and eigenvalues� � D

Proof.If v andu are the eigenvectors tôDT (x) with eigenvaluesi� D and� i� D it is

readily shown that
�

v
iv

�
,

�
� v
iv

�
,

�
u
iu

�
and

�
� u
iu

�
are eigenvectors toBT (x)

with eigenvalues� � D , � D , � D and� � D respectively.
�

0 DT (x)
� DT (x) 0

� �
v
iv

�
=

�
ii� D v
� i� D v

�
= � � D

�
v
iv

�

Similarly it can be shown for the remaining three. Zero-diagonality, symmetry and col-
umn rank follows trivially from the preceding lemma.

The matrixB T (x) is evidently of high dimension and low rank. Its vector- and null-
space both vary withx. A linear subspace ofR2n that is a subset of the null space of
B T (x) for all x 2 R2, as well as parts of the af�ne variety of the quadratic equation
B T (x) de�nes, can nevertheless be found.

Lemma 1.3.4.The functionhT (Y ; x) of eq. (1.27) is the zero-function,

hT (Y ; x) = Y T B (x)Y = 0 ; 8x 2 R2;

if

Y 2
�

1n 0
0 1n

� [
N;
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where

N =
�

v =
�

�w
�w

�
j w 2 Rn ; �; � 2 R2

�
:

Proof.If Y 2
�

1n 0
0 1n

�
thenY =

�
1n 0
0 1n

�
~Y .

Using lemma 1.1.2 it follows that

hT ( ~Y ; x) = ~Y T
�

1T
n 0
0 1T

n

�
BT (x)

�
1n 0
0 1n

�
~Y =

= ~Y T
�

� 1T
n DT (x)1n 0

0 1T
n DT (x)1n

�
~Y :

Expanding gives

1T
n DT (x)1n = 1T

n (b1(x)b2(x)T � b2(x)b1(x)T )1n =

= ( 1T
n b1(x))( b2(x)T 1n ) � (1T

n b2(x))( b1(x)T 1n )

=
�

1T
n b1(x) = 1T

n (� 11 
 1(x) + � 12
1 ) = 1T

n � 11
 1(x) + 1T
n � 12

1 = 0
1T

n b2(x) = 1T
n (� 11 
 2(x) + � 12

2 ) = 1T
n � 11
 2(x) + 1T

n � 12
2 = 0

�
= 0

) hT ( ~Y ; x) = ~Y T

�
� 1T

n DT (x)1n 0
0 1T

n DT (x)1n

�
~Y = 0 .

If Y 2 N thenY =
�

�w
�w

�
and

hT

��
�w
�w

�
; x

�
=

�
�w T �w T

�
BT (x)

�
�w
�w

�
=

=
�

�w T �w T
�

�
0 DT (x)

� DT (x) 0

� �
�w
�w

�
=

= ��w T DT (x)w � ��w T DT (x)w = 0 :

Next we address the issues of boundedness and convexity.
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1.3.1 Boundedness

Obviously, from the equivariance property of lemma 1.1.3, the set in question is indeed
unbounded. Since the composition of bijective deformations is also bijective, any bijective
target con�guration can be deformed by any mapping from the unbounded set of bijective
af�ne transformationsR2 ! R2 and still belong to
 +

T .
However, if the af�ne transformations are disregarded is
 +

T still unbounded? By
studying one-dimensional intersections of the set, it can be shown (for speci�c con�gu-
rationsT ) that the set is indeed bounded if this restriction is introduced. Consider the
subsetE of con�gurations in which the �rst three points have the samepositions as cor-
responding points inT , i.e.E is formed by perturbing all but the �rst three points ofT .
De�ne the subset
 +

T ;E as


 +
T ;E = f Y 2 E jhT (Y ; x) > 0; 8x 2 R2g:

These are the con�gurations inE which gives bijective thin-plate-spline transformations.
Now study one-dimensional af�ne subspaces ofE containingT , i.e.

Ed = f T + sdjs 2 Rg;

whered =
�

d1

d2

�
represents changes in con�gurations. Hered must be zero at the

elements corresponding to the �xed points so thatEd � E . This intersection ofEd

with 
 +
T ;E is


 +
T ;E d

= f Y 2 Ed jhT (Y ; x) > 0; 8x 2 R2g:

Here
hT (Y ; x) = hT (T + sd; x) = ad (x)s2 + bd (x)s + cd (x):

SincehT (Y ; x) is quadratic in its �rst argument, for each pointx 2 R2, we thus get a
quadratic constraint ons. Here the coef�cients of the second order constraints are given
by

ad (x) = dT BT (x)d;

bd (x) = 2 T T BT (x)d;

cd (x) = T T BT (x)T :

(1.32)

Lemma 1.3.5.The functionbd (x) can be simpli�ed as

bd (x) = [ b1(x)T b2(x)T ]d = b(x)T d:

The functioncd (x) is independent of bothd andx. In fact

cd (x) = 2 :
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Proof.Using lemma 1.1.2 gives

T T
1 b1(x) = T T

1 (� 11 
 1(x) + � 12
1

T
) = T T

1 � 12
1

T
= 1 ;

T T
1 b2(x) = T T

1 (� 11 
 2(x) + � 12
2

T
) = T T

1 � 12
2

T
= 0 ;

T T
2 b1(x) = T T

2 (� 11 
 1(x) + � 12
1

T
) = T T

2 � 12
1

T
= 0 ;

T T
y b2(x) = T T

2 (� 11 
 2(x) + � 12
2

T
) = T T

3 � 12
2

T
= 1 :

So
T T

1 DT (x) = T T
1 (b1(x)b2(x)T � b2(x)b1(x)T ) = b2(x)T ;

T T
2 DT (x) = T T

2 (b1(x)b2(x)T � b2(x)b1(x)T ) = � b1(x)T :

This implies that

bd (x) = 2 T T BT (x)d = [ T T
1 T T

2 ]BT (x)d = [ � T T
2 DT (x) T T

1 DT (x)]d =

= [ b1(x)T b2(x)T ]d = b(x)T d

and

cd (x) = 2 T T BT (x)T = [ b1(x)T b2(x)T ]T = b1(x)T T 1 + b2(x)T T 2 = 2 :

A suf�cent condition on the boundedness of
 +
T ;E d

is that there exists a pointx 2 R2

such thatad (x) < 0 since this will limit the distances for which the spline mapping
is bijective. To prove that
 +

T ;E is unbounded it is suf�cient to show that
 +
T ;E d

is
bounded for every directiond, i.e. thatad (x) never can be non-negative.

Here we need to study the space of all functionsad (x) as the directiond is varied.

Lemma 1.3.6.Given a thin-plate-spline de�ned byn separate control points, assume that
the �rst three points de�ne an af�ne basis. All possible functionsad (x) given by (1.32) lie in
theD = ( n + 1) 2 � n dimensional spaceA of functions spanned by functionsaij (x),

aij (x) = f 1;i (x)f 2;j (x); (1.33)

where

f 1(x) =
�


 1(x)
1

�
;

f 2(x) =
�


 2(x)
1

�
:
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Proof.The functionad (x) can be written

ad (x) = dT BT (x)d = 2 b1(x)T (d1dT
2 � d2dT

1 )b1(x)T =

= 2( 
 1(x)T � 11 + (� 12
1 )T )

�
d1dT

2 � d2dT
1

�
(� 11 
 2(x) + � 12

2 ) =

= 
 1(x)T
�

� 11
�

d1dT
2 � d2dT

1

�
� 11

�

| {z }
zero-diagonal


 2(x)+

+2(� 12
1 )T

�
d1dT

2 � d2dT
1

�

 2(x) � 2(� 12

2 )T
�

d1dT
2 � d2dT

1

�

 1(x)+

+2(� 12
1 )T

�
d1dT

2 � d2dT
1

�
� 12

2 =
n +1X

i =1

n +1X

j =1

� ij f 1;i (x)f 2;j (x) =

=
n +1X

i =1

n +1X

j =1

� ij aij (x)

With f 1(x) and f 2(x) de�ned as above. As the matrix� 11
�

d1dT
2 � d2dT

1

�
� 11 is

zero-diagonal,� ij = 0 for all i = j , except fori = j = 1 giving the dimension of
A.

Theorem 1.3.1.For a number of gridsT , including rectangular regular grids ofl � m with
l < 10 andm < 10, the set of perturbations that leave three of the corner points �xed and
gives bijective thin-plate splines is bounded in all directions for whichd1 is not parallell tod2.

Proof.The proof follows from explicit study of the basis functionsaij (x) for these grids.
Thus for a given point con�gurationT and assuming that three of the points inT con-
stitute an af�ne basis it is possible to calculate a basisA of functions which contain all
possible functionsad (x) with d leaving the af�ne basis �xed. By studying the feasibility
of the convex set

f z 2 RD ; z 6= 0 j; Az � 0; (1T A)T z = 1 g;

with A containing as rows theD basis functions sampled at a discrete number of points.
It can be shown that there exists no non-negative functions in A, except the zero function.
The only directionsd for whichad (x) is constantly equal to zero are those with which
d1 andd2 are parallel.

1.3.2 Convexity

In certain computer vision applications it is desirable to �nd deformations that map two
or more images onto each other optimally. In optimization theory the main issue is not
that of linearity and nonlinearity, but convexity and nonconvexity, any convex properties
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of 
 +
T is therefore of great interest. Since the set in question is the intersection of an

in�nite number of non-convex sets, it would be expected that
 +
T is non-convex. This is

also the case.

Lemma 1.3.7.In general
 +
T is not a convex set.

Proof.Proof by counter-example. For
 +
T to be convex then for anyy1; y2 2 
 +

T the
line � y1 + (1 � � )y2 must also be in
 +

T for 0 � � � 1. A simple counter-example
where this convexity requirement is not met can be found by choosingT to be a regular
3 � 3 rectangular grid, andy1, y2 slightly altered versions ofT , see �g 1.3.
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Figure 1.3: A simple example illustrating the non-convexity of 
 +
T Top left: Source

con�gurationT , Top right: Target con�gurationy1, Bottom left: Target con�guration
y2, Bottom right: Target con�gurationy1+2 = � y1 + (1 � � )y2, � = 0 :4. Clearlyy1

andy2 are bijective buty1+2 is not.

Adopting the approach of disregarding af�ne transformations from section 1.3.1 does
not make the set display any convex characteristics. As in the proof of the preceeding
lemma a counterexample can easily be constructed, see �g 1.4.
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Figure 1.4: Example of non-convex intersection with
 +
T under af�ne restriction. Here

only the two left-most points in the bottom row are permittedto move in one dimension,
as indicated by the arrows. The resulting set is clearly non-convex.

As it was observed that these non-convex intersections often involved points on the
boundary of the convex hull off t i g; i = 1 ; :::; n. The idea was to examine if not
permitting points on this boundary to move would ensure convexity. This proved not to
be the case, a example of this can be seen in �g. 1.5.
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Figure 1.5: An example of a non-convex intersection with
 +
T with the restriction that

only points in the interior of the convex hull off t i g; i = 1 ; :::; n were permitted to
move.

Apparently
 +
T is a highly non-convex set. However, there are restrictionsfor which

convexity can be achieved.

Lemma 1.3.8.The set
 +
T ;E is convex if the af�ne subspaceE � N , withN de�ned as in

lemma 1.3.4.
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Proof.With

 +

T;E = f Y 2 E jY T B (x)Y > 0 ; 8x 2 R2g;

E = f U + EyjE 2 R2n � l ; U 2 R2n ; y 2 Rl g

we getY = U + Ey. Consequently, using lemma 1.3.4

Y T B (x)Y = ( U + Ey)T B (x)(U + Ey) =

= yT (E T B (x)E
| {z }

=0

)y + 2 UT B (x)y + UT B (x)U = 2 UT B (x)y + UT B (x)U:

The set
 +
T;E is now de�ned by linear constraints, a polytope and is therefore convex.

Corollary 1.3.1. The feasible bijective thin-plate spline mappings when only displacing one
target point location make up a convex set.

Proof.This follows trivially from lemma 1.3.8 as the corresponding af�ne subset is con-
tained inN

Finally, there are strong indications that
 +
T is star-convex aroundT . That is, that

the intersection of
 +
T and any af�ne one-dimensional subspace ofR2n containingT is

convex. However, proving this statement still remains open.

1.4 Suf�cient Conditions for Bijectivity

Given the complexity of the set of bijective thin-plate spline deformations, the enterprise
of �nding the de�ning expressions analytically is a formidable one. Instead one can use
numerical methods to derive conditions on
 +

T . By �nding subsets of
 +
T , through

different relaxation methods, suf�cient conditions for bijectivity can be obtained. In this
section we discuss some of these conditions.

1.4.1 Maximum-Volume Inscribed Sphere

A suf�cient condition for bijectivity could be a sphereS contained in
 +
T , so that if

Y 2 S ) Y 2 
 +
T . Obviously the larger the volume of the sphere contained in
 +

T is
the better the suf�cient condition would be.

LetSR be a sphere with radiusR de�ned by an quadratic inequality

SR =
�

d 2 R2n k �
1

R2 dT d + 1 > 0
�

: (1.34)

Using the notation from section 1.2,
 +
T is the intersection of quadrics on the form

C(x) =
�

d 2 R2n j dT BT (x)d + 2 b(x)T d + 2 > 0; x 2 R2	
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it is clear thatSR � 
 +
T if S � C(x); 8x 2 R2

Theorem 1.4.1.A thin-plate spline mapping� T ;Y : R2 ! R2 with n point constraints
T andY is bijective if

jjY � T jj < R =
1

p
maxx 2 R2 (� M (x))

; (1.35)

that is if Y is inside a sphere centered atT with radiusR. Here� M (x) are the eigenvalues
of the matrix

M (x) =
�

b1(x)b1(x)T b2(x)b1(x)T

b1(x)b2(x)T b2(x)b2(x)T

�
(1.36)

Proof.The S-procedure, a commonly used method for dealing with quadratic constraints
[7] , gives thatSR is inC(x) if there exist a� � 0 such that

�
BT (x) b(x)
b(x)T 2

�
� �

�
� 1

R 2 I 0
0 1

�
� 0;

�
BT (x) + � 1

R 2 I b(x)
b(x)T 2 � �

�
� 0;

By the Schur complement, this is equivalent to
�

BT (x) + �
1

R2 I
�

�
1

2 � �
b(x)b(x)T � 0;

0 � � � 2:

Setting� = 1 gives

BT (x) +
1

R2 I � b(x)b(x)T =

=
�

0 b1(x)b2(x)T � b2(x)b1(x)T

b2(x)b1(x)T � b1(x)b2(x)T 0

�
�

�
�

b1(x)b1(x)T b1(x)b2(x)T

b2(x)b1(x)T b2(x)b2(x)T

�
+

1
R2 I =

=
1

R2 I �
�

b1(x)b1(x)T b1(x)b2(x)T

b2(x)b1(x)T b2(x)b2(x)T

�

| {z }
M

(x) � 0:

This holds if 1
R 2 is greater than the largest eigenvalue ofM (x), or

R �
1

p
maxx 2 R2 (� M (x))

:

24



1.4. SUFFICIENT CONDITIONS FOR BIJECTIVITY

Even though this theorem provides a simple suf�cient condition for bijectivity it does
require the computation of a large number eigenvalues. As eigenvalue computation in-
volving large matrices is a notoriously arduous task, it should be avoided as much as
possible. Fortunately, a closer look at the matrixM (x) from the preceding theorem
reveals a relatively simple expression of the largest eigenvalue of such matrices.

Theorem 1.4.2.The largest eigenvalue of a matrix on the form

M =
�

uuT vuT

uvT vvT

�
;

wherev; u 2 Rn and not parallel, is equal to

� max =
1
2

�
uT u + vT v +

q
(uT u � vT v)2 + 4( uT v)2

�
: (1.37)

Proof.Assuming that the symmetric rank 4 matrixM has eigenvectors on the form�
u + av
cu + dv

�
. Then �nding the eigenvalues ofM means solving

�
vvT uvT

vuT uuT

� �
u + av
cu + dv

�
= �

�
u + av
cu + dv

�
:

Multiplying gives
�

uuT u + auuT v + cvuT u + dvuT v
uvt u + auvT v + cvvT u + dvvT v

�
= �

�
u + av
cu + dv

�
;

�
(uT u + auT v)u + ( cuT u + duT v)v
(vT u + avT v)u + ( cvT u + dvT v)v

�
=

�
�u + �av
�cu + �dv

�
:

For equality
8
>><

>>:

(uT u + auT v) = �;
(cuT u + duT v) = �a;
(vT u + avT v) = �c;
(cvT u + dvT v) = �d

must hold.
Continuing solving the equation system yields

8
>><

>>:

(uT u + auT v) = �;
(cuT u + duT v) = ( auT u + a2uT v);

(vT u + avT v) = cuT u + acuT v;
(cvT u + dvT v) = duT u + aduT v:
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Eliminating� from the second equation gives

c =
vT u + avT v
uT u + auT v

:

Inserted into the third and fourth equations
(

(( vT u+ av T v
uT u+ au T v )uT u + duT v) = auT u + a2uT v;

(( vT u+ av T v
uT u+ au T v )vT u + dvT v) = duT u + aduT v:

Now solving ford

d = vT u
vT u + avT v

(uT u + auT v)(uT u + auT v � vT v)
;

and back-substitition gives a single polynomial equation in a

(uT v)3a4 + ( uT v)2(3(uT u) � vT v)a3 + 3 uT v((uT u)2 � (uT u)(vT v))a2+

+(( uT u)3 � (uT u)2vT v � uT u(uT v)2 � (uT u)2vT v + uT u(vT v)2�

� vT v(uT v)2)a � (uT u)2uT v + ( uT u)(vT v)(uT v) � (uT v)3 = 0 ;

which can be factorized into
�

(uT v)a2 + ( uT u � vT v)a � uT v
�

�
(uT v)2a2 + 2( uT v)(uT u)a+(( uT u)2 + ( uT v)2 � (uT u)(vT v))

�
= 0 :

The �rst parenthesis gives

a1;2 = �
uT u � vT v

2uT v
�

s �
uT u � vT v

2uT v

� 2

+ 1 =

=
� (uT u � vT v) �

p
(uT u � vT v)2 + 4( uT v)2

2uT v

and the second

a3;4 = �
uT u
uT v

�

s �
uT u
uT v

� 2

�
(uT u)2 + ( uT v)2 � (uT u)(vT v)

(uT v)2 =

=
� uT u �

p
(uT v)2 � (uT u)(vT v)

uT v
:
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Finally with� = uT u + auT v the eigenvalues ofM can written

� 1;2 = uT u + a1;2uT v =
1
2

�
uT u + vT v �

q
(uT u � vT v)2 + 4( uT v)2

�

� 3;4 = � uT u + a3;4uT v =
q

(uT u)(vT v) � (uT v)2

SinceM is a rank 4 matrix and� 1; :::; � 4 6= 0 the initial assumption on the form of the
eigenvectors is correct and the non-zero eigenvalues ofM are the ones given above. It
only remains to determine which of these eigenvalues is the largest. Obviously� 1 � � 2

and� 3 � � 4. Comparing� 1 and� 3

� 2
1� � 2

3 =
1
4

�
(uT u + vT v) +

q
(uT u � vT v)2 + 4( uT v)2

� 2

�

�
�

(uT u)(vT v) � (uT v)2
�

=
1
2

(uT u)2 � (uT u)(vT v) +
1
2

(vT v)2+

+ ( uT v)2 +
1
2

(uT u + vT v)
q

(uT u � vT v)2 + 4( uT v)2 =

=
1
2

�
(uT u) � (vT v)

� 2

| {z }
� 0

+ ( uT v)2

| {z }
� 0

+

+
1
2

(uT u + vT v)
| {z }

� 0

q
(uT u � vT v)2 + 4( uT v)2

| {z }
� 0

� 0

) � 2
1 � � 2

3:

Since� 1; � 3 > 0 this implies that� 1 > � 3.

Applying this result to theorem 1.4.1 results in the following corollary.

Corollary 1.4.1. The largest eigenvalue of the matrixM (x) from theorem 1.4.1 is given by

� M (x) =
1
2

�
b1(x)T b1(x) + b2(x)T b2(x)+

q
(b1(x)T b1(x) � b2(x)T b2(x))2 + 4( b1(x)T b2(x))2

�
: (1.38)

Remark 1.4.1.It can be noted that two of the smaller eigenvalues ofM (x) are identical
to the eigenvalues of the matrixBT (x).

� 3;4 = �
q

(b1(x)T b1(x))( b2(x)T b2(x)) � (b1(x)T b2(x))2� =

[see lemma 1.3.3] = � � D :
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Figure 1.6: The intersection of three arbitrarily chosen hyperplanes and
 +
T along with

the resulting inscribed sphere condition of theorem 1.4.1.

An example of a maximum-volume sphere conditions for a generic source con�gura-
tion T is shown in �g. 1.6.

1.4.2 Maximum-Volume Inscribed Ellipsoid

The condition from the previous section can be improved by instead �nding the maximum-
volume ellipsoidE =

�
d 2 R2n j dT Ad + 2 aT d � 1 < 0

	
inscribed in
 +

T . Finding
such extremal volume ellipsoids can be formulated as optimization problems [8, 5].

max volume ofE

s.t.E � C(x); 8 x 2 R2:

However, since there are �nitely many variables and an in�nite number of constraints
this is a semi-in�nite program [4]. In order to avoid this we approximate
 +

T by the
intersection of a �nite subset of these constraints,

~Ci =
�

d 2 R2n j dT B i d + 2 bT
i d + 2 > 0; i = 1 :::L; B i = BT (x i ); x i 2 R2	

:

Using that the volume ofE is proportional tolog(det A) the maximum-volume in-
scribed ellipsoid optimization problem can be formulated.

Lemma 1.4.1.The ellipsoidE =
�

d 2 R2n j dT A � d + 2 a� T d � 1 < 0
	

whereA � and
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a� are the global optimizers of

min log(det A)

s.t.
�

B i bi

bT
i 2

�
� � i

�
� A a
aT 1

�
� 0;

� i � 0;

i = 1 :::L

is the maximum-volume ellipsoid inscribed in
T L

i =1
~Ci :

Proof.The volume of an ellipsoid on the given form is inversely proportional tolog det(A).
The constraints follows directly from the S-procedure, seethe proof of theorem 1.4.1.

This is a non-linear program with a convex objective function and bilinear matrix
inequality constraints. It can been shown [8] that it is a convex program if
 +

T is a
convex set. Following that this formulation is less constrained than lemma 1.4.1, the
ellipsoidE should provide a superior suf�cient constraint onY for bijectivity. However,
the disadvantage of this approach is that it involves a more computationally complex
optimization problem.

1.4.3 Improving Suf�cient Conditions for Bijectivity

The suf�cient conditions derived in sections 1.4.1 and 1.4.2 are on a very compact and
simple form but can in cases be overly tight. Using properties discussed in section 1.3,
such convex bounded quadratic constraints can be further improved while still keeping
their appealing representation.

First the following lemma that connects the null space ofBT (x) to bijective target
con�gurations is formulated.

Lemma 1.4.2.If Y gives a bijective bijective mapping, that isY 2 
 +
T , so do all points in

the hyperplaneY +
�

1n 0
0 1n

� �
�
�

�
, where�; � 2 R
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Proof.If Y 2 
 +
T thenY T BT (x)Y > 0, 8x 2 R2.

(Y +
�

1n 0
0 1n

� �
�
�

�
)T BT (x)(Y +

�
1n 0
0 1n

� �
�
�

�
) =

= Y T BT (x)Y + 2 Y T BT (x)
��

1n 0
0 1n

� �
�
�

��
+

+
��

1n 0
0 1n

� �
�
�

�� T

BT (x)
��

1n 0
0 1n

� �
�
�

��
=

= [ from lemma 1.3.4 we know that
�

1n 0
0 1n

� �
�
�

�
is in the null space of

BT (x)for allx 2 R2] = Y T BT (x)Y > 0; 8x 2 R2: (1.39)

To each bijective con�guration there is an entire set of associated con�gurations, guar-
anteed also to be bijective. This, in conjunction with the cone properties of
 +

T , allows
for the extension of any convex, bounded quadratic suf�cient constraint as in the ensuing
theorem.

Theorem 1.4.3.If the ellipsoidE = f yjyT Ay + 2 aT y + c < 0; y 2 R2n g is contained
in 
 +

T then so is the set
K = f yjyT ~Ay < 0; y 2 R2n g; (1.40)

where

~A =
�

(aT G� T EE T G� 1a + c)(A � GEE T GT )�

� (I � GEE T G� 1)aaT (I � (GEE T G� 1)T )
�

(1.41)

and

E =

"
1p
n 1n 0
0 1p

n 1n

#

:

HereG is the upper-triangular matrix from the Cholesky-factorization ofA = GGT .
The setK is a double cone with the origin removed, it containsE and is also in
 +

T , i.e.

E � K � 
 +
T :

Proof.From the cone property of
 +
T from lemma 1.3.1, we know that ify 2 
 +

T then
the entire line�y , � 2 R is also in
 +

T , except at the origin. Combined with lemma
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1.4.2 this means that ify 2 
 +
T then the linear hull

L y =

8
<

:

�
1n

0
0
1n

y
�

2

4
�
�
�

3

5 j 8 �; �; � 2 R

9
=

;

is a subset of
 +
T .

An open ballS centered atm with radiusr can be written

S = f yj(y � m)T (y � m) < r 2; y 2 R2n g:

That is, a pointy is inS if its distance tom is less thanr .
If S � 
 +

T theny 2 
 +
T if L y intersectsS, i.e. the distance fromm to L y is less

thanr . An orthogonal basis forL y can be written

F =

2

6
4

1p
k

1k

0
0

1p
k

1k
| {z }

E

~y

3

7
5 :

Here

~y =
(I � EE T )

p
yT (I � EE T )T (I � EE T )y

y =
(I � EE T )

p
yT (I � EE T )y

y:

The distanced(m; L y ) betweenm and the hyperplaneL y is the lenght of the vectorv

v = m � F F T m = ( I � F F T )m:

Thus we obtain

d(m; L y )2 = vT v = mT (I � F F T )T (I � F F T )m =

= mT (I � 2F F T + F F T F F T )m = mT (I � 2F F T + F F T )m =

= mT (I � F F T )m:

The constraintd2 < r then becomes

d(m; L y )2 = mT (I � F F T )m =

= mT

0

@I �
h

E ( I � EE T )p
y T ( I � EE T )y

y
i

2

4
E T

�
( I � EE T )p

y T ( I � EE T )y
y
� T

3

5

1

A m =

= mT
�

(I � EE T ) �
(I � EE T )yyT (I � EE T )T

yT (I � EE T )y

�
m < r 2:
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Simplyfying

mT (I � EE T )myT (I � EE T )y�

� mT (I � EE T )yyT (I � EE T )T m < r 2yT (I � EE T )y

yT ((mT (I � EE T )m)( I � EE T )�

(I � EE T )mmT (I � EE T )T � r 2(I � EE T ))y < 0

yT ((mT (I � EE T )m � r 2)( I � EE T )�

� (I � EE T )mmT (I � EE T )T )y < 0

yT
� �

mT (I � EE T �
m � r 2)I � (I � EE T )mmT

��
I � EE T

�
y < 0: (1.42)

Eq. (1.42) can then be generalised to handle ellipsoidal constraints on the form

E = f yjyT Ay + 2 aT y + c < 0; y 2 R2n g:

HereA is a symmetric and positive de�nite matrix so it has a Cholesky decomposition
A = GGT as well as an inverse. Using this we can write

yT Ay + 2 aT y + c = ( y + A � 1a)T A(y + A � 1a) + ( � aT A � 1a + c)
| {z }

~c

=

= ( GT y + GT (GGT )� 1a)T (GT y + GT (GGT )� 1a) + ~c =

= ( GT y
| {z }

~y

+ G� 1a| {z }
~m

)T (GT y + G� 1a) + ~c =

= (~y + ~m)T (~y + ~m) + ~c:

Inserting this into (1.42) withr 2 = � ~c gives

~yT
� �

~mT (I � EE T �
~m + ~c)I � (I � EE T ) ~m ~mT

��
I � EE T

�
~y =

= yT G
� �

aT G� T (I � EE T �
G� 1a � aT A � 1a + c)I �

� (I � EE T )G� 1aaT G� T
��

I � EE T
�

GT y =

= yT
�

(aT G� T EE T G� 1a + c)(A � GEE T GT )�

� (I � GEE T G� 1)aaT (I � (GEE T G� 1)T )
�

y < 0: (1.43)

In the case of the maximum-volume inscribed sphere this results in the following
corollary.
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Corollary 1.4.2. A thin-plate spline mapping� T ;Y : R2 ! R2 with n point constraints
T , Y andc = 1p

max x 2 R2 ( � M (x ))
, as de�ned in theorem 1.4.1, is bijective if

Y T
�

(T T EE T T + c) � (I � EE T )TT T
�

(I � EE T )Y < 0: (1.44)

Proof.Follows trivially from insertion of theorem 1.4.1 into eq. (1.40).

1.5 Conclusion

Even though this section does not provide a complete theory on the set of bijective thin-
plate spline mappings, it does contain a formulation of how to characterize this set, as well
as proofs of many of its properties. It also includes a discussion of some experimentally
derived indications of other atributes of this set, as well as methods for �nding suf�cient
conditions for bijectivity. Future work includes �nding such conditions analytically as
well as attempting to further determine its convexity and boundness properties.
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Main En try: reg � is � tra � tion

Pron unciation: n,re-j @ -'strä-sh @ n n
F unction: noun

Origin: 1350-1400; from late Latin r e gesta "list, matters recorded"; from Latin

r e ger er e "to record" literally "to carry bac k"; from r e- "bac k" + ger er e "carry ,

b ear". Some senses in�uenced b y asso ciation with Latin r e ger e "to rule."

1: the act of registering

2: an en try in a register

3: the n um b er of individuals registered : enrollmen t

4 a: the art or act of selecting and adjusting pip e organ stops

b: the com bination of stops selected for p erforming a particular organ w ork

5: a do cumen t certifying an act of registering



Bijective Image Registration using
Thin-Plate Splines

Anders Eriksson and Kalle Åström

Centre for Mathematical Sciences
Lund University, Sweden

Abstract

Image registration is the process of geometrically aligning two or more images.
In this paper we describe a method for registering pairs of images based on thin-
plate spline mappings. The proposed algorithm minimizes the difference in gray-
level intensity over bijective deformations. By using quadratic suf�cient con-
straints for bijectivity and a least squares formulation this optimization problem
can be addressed using quadratic programming and a modi�ed Gauss-Newton
method. This approach also results in a very computationally ef�cient algorithm.
Example results from the algorithm on three different typesof images are also
presented.

1.1 Introduction.

This paper addresses the problem of image registration. It is the process of geometrically
aligning two or more images and has been the subject of extensive research over the last
decade, see [7]. This �eld is widely applied in computer vision, remote sensing and
medical imaging.

The approach presented here is based on the thin-plate spline mapping, a commonly
used method for deforming images. Using this mapping we wishto �nd dense and bijec-
tive correspondences between pairs of images. In computer vision, non-linear mappings
in R2 of this sort are frequently used to model deformations in images. The underlying
assumption is that all the images contain similar structures and therefore there should
exist mappings between pairs of images that are both one-to-one and onto, i.e. bijective.
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The contribution of this paper is in addition to highlighting of some interesting prop-
erties of the thin-plate spline mapping also the incorporation of suf�cient quadratic con-
ditions for bijectivity into that framework. A descriptionof how to combine this into a
simple but ef�cient algorithm based on a least-square minimization formulation is also
provided. Similar methods have been proposed [5], however without addressing the issue
of bijectivity.

1.2 Thin-Plate Spline mappings.

Thin-plate splines are a class of widely used non-rigid spline interpolating functions. It is
a natural choice of interpolating function in two dimensions and has been a commonly
used tool in computer vision for years. Introduced and developed by Duchon [3] and
Meinguet [6] and popularized by Bookstein [1], its attractions include an elegant mathe-
matical formulation along with a very natural and intuitivephysical interpretation.

Mappings of this type are constructed by combining two thin-plate interpolants, each
describing thex- andy-displacements respectively, a new function, the thin-plate spline
mapping� : R2 ! R2 can be constructed. Given a setT of k control points inR2

and a setY of k destination points also inR2. It has been shown that such a bivariate
function� that ful�lls � T ;Y (t i ) = yi ; i = 1 ::k is in the form (for details see [1])

� T ;Y (x) =
�

� 1(x)
� 2(x)

�
=

�
s(x) 1 x

�
2

4
W T

c
A

3

5 ; (1.1)

where

� (h) = jjhjj2 log(jjhjj ); (1.2)

s(x) = [ � (jx � t 1 j):::� (jx � t k j)]; (1.3)
�

W cT AT
�

=
�
Y T 0 0

�
� � 1: (1.4)

with

� =

2

4
S 1k T
1T

k 0 0
T T 0 0

3

5 ; (S) ij = � (jt i � t j j)

(1.5)

Combining eq. 1.1 and 1.4, and with� ij the block partitioning of� � 1, the transforma-
tion can be written

� T ;Y (x) =
�

s(x)T 1 x1 x2
�

�
� 11

� 21

�
Y : (1.6)

This gives us a deformation� T ;Y that for a �xed set of control pointsT is parameterized
linearly by the destination pointsY .
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1.3 Thin-Plate Spline Based Image Registration.

The registration of two images requires �nding the deformation of the �rst image that
makes it as similar as possible to the second image. Here, thenon-linear deformation
used is the thin-plate spline mapping and the similarity function will simply be the sum
of squared differences in gray-level intensity.

Denote the image to be warpedI (x; y), the reference imageI ref (x; y) and the thin-
plate spline mapping by
� T (x; Y ). Introducing the �nite setX = f x1; x2; :::; xN g of points where the two
images are to be compared, typically all the pixel positionsof the reference image, the
similarity function can then be written

f (Y ) =
NX

i =1

(r i (Y ))2 =
NX

i =1

(I (� T (x i ; Y )) � I ref )2: (1.7)

Minimizing such sum of squares is a frequently occurring problem and a number of
methods exist that take advantage of its particular structure.

The Gauss-Newton method addresses the problem in a very simple but appealing
manner. This iterative algorithm converges linearly towards the minima if the starting
point is suf�ciently close. With the Jacobian ofr (Y ) = [ r1(Y ):::rN (Y )] de�ned as the
N � 2n matrix(J (Y )) ij = ( @ri

@Y j
), the gradient and Hessian of eq. 1.7 can be written

r f (Y ) = 2 J (Y )T r i (Y ); (1.8)

H (Y ) = J (Y )T J (Y ) + 2
NX

i =1

r i (Y )r 2r i (Y ): (1.9)

In order to avoid having to compute the Hessianr 2r i (Y ) in every iteration the
second part of eq. 1.9 is assumed small and is simply neglected andH (Y ) � ~H (Y ) =
J (Y )T J (Y ).

Now by approximatingf (Y ) by its second-order Taylor expansion of degree near
Y k we get

f (Y ) � f (Y k ) + r f (Y k )T (Y � Y k ) +
1
2

(Y � Y k )T ~H (Y k )(Y � Y k ): = ~f (Y ) (1.10)

The unconstrained minimization of this quadratic approximation of the objective func-
tion ~f (Y ) is carried out by the normal equation,

Y k+1 = Y k � (J (Y k )J (Y k )T )J (Y k )r i (Y k ): (1.11)

By applying this method iterativelyY k will then converge to a local minima off (Y ).
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However, since we want to minimize eq. 1.7 over bijective mappings only, a slight
alteration of this method is required. From [4] we can obtainconvex quadratic suf�cient
constraints onY for bijectivity of the mapping� T ;Y (x) on the formY T AY + bT Y +
c � 0. As the minimization of eq. 1.10 is now no longer unconstrained the �nal step of
the original Gauss-Newton method is replaced by the quadratically constrained quadratic
program, also convex ifH (Y k ) is positive de�nite

min ~f (Y k ) = f (Y k ) + r f (Y k )T (Y � Y k ) +

+ 1
2 (Y � Y k )T H (Y k )(Y � Y k )

s.t: Y T AY + bT Y + c � 0:

The solutionY � of this optimization is taken as the next point in the iteration
At each iteration of the modi�ed Gauss-Newton method requires the computation of

r (Y ) = [ r1(Y ):::rN (Y )]T andJ (Y ). This can be done very ef�ciently. Using eq. 1.6
the mapping of all points inX can be written

2

6
4

� T (x1; Y )
...

� T (xn ; Y )

3

7
5 =

=

2

6
6
6
6
6
4

�
s(x1 )T 1 x11 x12

�
�

� 11

� 21

�

...
�

s(xn )T 1 x(n )1 x(n )2
�

�
� 11

� 21

�

3

7
7
7
7
7
5

| {z }
H T ;X

Y =

= HT ;X Y : (1.12)

Since theN � 2n matrixHT ;X is not dependent ofY it can be precomputed, reduc-
ing the computation of the mapping ofX by � (Y k ) to a single matrix multiplication.
This then allows for an ef�cient calculation of the deformedimage. The jacobian ofr i is
also needed,

(J (Y )) ij =
@

@Y j
(I (� (x i ; Y )) � I ref ) =

I 0
x (� (x i ; Y ))

@
@Y j

� 1(x i ; Y ) + I 0
y (� (x i ; Y ))

@
@Y j

� 2(x i ; Y ): (1.13)

HereI 0
x andI 0

y are the horizontal and vertical components of the gradient of I . Further-
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more, since the mapping� T (x; Y ) is linear inY its partial derivatives are all constant

� T (X; Y ) = [ � 1(X; Y ) � 2(X; Y )] = HT ;X [Y 1 Y 2] )

)

8
>><

>>:

@
@Y j

� 1(x i ; Y ) =
��

HT ;X

0

��

ij
;

@
@Y j

� 2(x i ; Y ) =
��

0
HT ;X

��

ij
:

(1.14)

So eq. 1.13 can be computed through componentwise multiplications of elements from
I 0

x (� (x i ; Y )) , I 0
y (� (x i ; Y )) andHT ;X Combining all of the above then enables us to

write the proposed algorithm as follows.

Algorithm for thin-plate spline based image registration.

1. Pre-computation.
For a given thin-plate spline source con�gurationT and a pair of imagesI and
I ref to be compared at a �nite number of positionsX = f x1; :::; xN g compute
the following:

� The image gradient,r I = ( @I
@x;

@I
@y) = [ I 0

x ; I 0
y ]:

� The matrixHT ;X from eq. (1.12)

� The quadratic bijectivity constraints onY for T , according to [4]

2. Initialization.
Choose an starting pointY 0 for the algorithm. Either by employing some coarse
search method or by simply selectingY 0 = T , the unit deformation.
Setk = 0 .

3. Iteration start.

� Compute� k
T (X; Y k ) = HT ;X Y k .

� Find I (� k
T (X; Y k )) , I (� k

T (X; Y k )) andI (� k
T (X; Y k )) .

� Calculate the residualr i = I (� k
T (X; Y k )) � I ref .

� Use eq. 1.13 to determine the JacobianJ (Y k ).

� Compute the gradientr f (Y k ) and the approximated Hessian~H (Y k ) ac-
cording to eqs. (1.8) and (1.9)

4. Optimization.
Find the solutionY � to the quadratically constrained quadratic program

min ~f (Y )

s.t: Y T AY + bT Y + c � 0
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5. Parameter update.
SetY k+1 = Y � andk = k + 1 .

6. Return to 3.

1.4 Experimental Results.

We applied the suggested registration algorithm on three different types of images. First,
a pair of simple, arti�cially constructed images. Second, two magnetic resonance images
of a human brain, the types of images in medical imaging whereimage registration tech-
niques are commonly applied. Finally, we attempted the registration of a pair of images
of human faces. In this case the initial assumption of dense one-to-one mappings does
not necessarily hold as self-occlusion can easily occur forthese types of images. However,
bijective registrations of natural objects like faces is still of great interest, for instance in
the automatic construction of the Active Appearance Modelsof [2].

For these experiments a source con�gurationT as a regular rectangular10� 10grid
was used. The quadratic constraint was pre-computed and used in all three instances.
The images used were roughly100� 100pixels in size. On a standard personal computer
the entire registration procedure, including all pre-computations except for the bijectivity
constraints, took approximately 60 seconds. The results can be seen in �gs 1.1, 1.2 and
1.3.

In these three experiments our algorithm converges to at least a satisfactory registra-
tion of the image pairs. The arti�cial images are overlayed very accurately, as would be
expected. The images of the faces are also successfully registered, differences are slight but
distinguishable. We believe that this is the result of fundamental dissimilarities between
the images, such as inconsistent lighting. However, in the case of the two magnetic res-
onance images of a human brain the registration process is not entirely successful. Some
of the discernable features does not seem to have been correctly overlayed. We assume
that this is caused by shortcomings inherent in our algorithm. Firstly, and this was brie�y
mentioned earlier, some of the assumptions the Gauss-Newton method, on which our
approach is based, makes requires that the initial startingpoint of the algorithm is suf�-
ciently close to the global optima. What constitutes suf�ciently close is debateable but is a
requirement for the method to converge successfully. Secondly, a10� 10grid thin-plate
spline mapping can only parametrize a subset of all bijective deformations ofR2 and in
addition, since the bijectivity conditions of [4] are suf�cient but not necessary, we can
only reach a subset of this set. This means that our method is perhaps better suited for
image registrations requiring smaller deformations. Nevertheless, we do believe that the
results presented here still indicate the applicability ofsuch an algorithm.
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ImageI . ImageI ref .

Resulting deformation� T . Resulting registrationI (� T ).

Figure 1.1: Registration of a pair of simple arti�cial images.

1.5 Concluding Remarks.

In this paper we have presented a method for performing pairwise registration of images.
An algorithm, based on the thin-plate spline mapping, for ef�ciently �nding the necessary
deformation is proposed. Experiments on three different types of images with promising
results were also presented.

Improvements are still achievable. In order to overcome thedrawback of the Gauss-
Newton method an initial stage to the algorithm should be added. One that performs
a larger-scale optimization, for instance over af�ne deformations only, providing a better
starting point for the thin-plate spline mapping optimization. The number and distribu-
tion of the control points should also be investigated. Morepoints parametrize a larger
subset of the bijective deformations. Obviously, improvingthe bijectivity constraints
could also enhance the performance of the algorithm, but that is perhaps outside the
scope of the work carried out in this paper. A different objective function than eq. 1.7
might also improve on our method. Finally, a more ef�cient representation of the matrix
HT ;X should be examined, as its size grows quadratically with thesize of the image, even
for moderately large images the matrix can become unmanageable.
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ImageI . Imagei ref .

Resulting deformation� T Resulting registrationI (� T ).

Figure 1.2: Registration of a pair of brain MR images.

8



1.5. CONCLUDING REMARKS.

ImageI . ImageI ref .

Resulting deformation� T . Resulting registrationI (� T ).

Figure 1.3: Registration of a pair of images of faces.
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Main En try: ap � p ear � ance

Pron unciation: n@ -'pir- @ ns n
F unction: noun

Origin: 1350-1400; from F renc h ap er- ; stem of ap ar eir ; from Latin app ar er e ;

"to app ear"; from ad- "to" + p er er e "to come forth, b e visible." App earance

"lo ok, asp ect" is from c.1385.

1 a: external sho w : sem blance <although hostile, he pr eserve d an app e ar anc e

of neutr ality>

b: out w ard asp ect : lo ok <had a �er c e app e ar anc e>

2 a: a sense impression or asp ect of a thing <the blue of distant hil ls is only

an app e ar anc e>

b: the w orld of sensible phenomena

3 a: the act, action, or pro cess of app earing

b: the presen tation of oneself in court as a part y to an action often through

the represen tation of an attorney

4 a: something that app ears : phenomenon

b: an instance of app earing : o ccurrence



Groupwise Image Registration and
Automatic Active Appearance Model

Generation

Anders Eriksson

Centre for Mathematical Sciences
Lund University, Sweden

1.1 Introduction

This work is concerned with groupwise image registration, the simultaneous alignment
of a large number of images. As opposed to pairwise registration the choice of a reference
image is not equally obvious, therefore an alternate approach must be taken.

Groupwise registration has received equal amounts of attention from the research
community as pairwise registration. It has been especiallyaddressed in shape analysis
under the name Procrustes analysis, [4]. The areas of application are still remote sensing,
medical imaging and computer vision, but now the aggregation of images allows for a
greater understanding of their underlying distribution.

The focus in this work is towards a speci�c task, the use of image registration to
automatically construct deformable models for image analysis.

1.2 Automatic Active Appearance Model Generation
through Groupwise Image Registration

The outset in this work, that of automatic model construction, is approached by at-
tempting to extend the algorithm of [6] to handle several images. The method chosen for
representing deformable models was the widely used Active Appearance Model approach.

Owing to the resemblance between registration of shapes and of images, as formu-
lated here, many of the issues encountered in this section have been considered by the
shape analysis community [2] and a number of the ideas presented here are in�uenced by
existing shape matching techniques.
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1.2.1 Active Appearance Models

Active Appearance Models (AAM) is a statistical method, introduced by Cootes et al. [1],
for interpreting images. From the shape and texture of objects of interest in a number of
images, compact models based on the distribution of these features are formed.

The texture, or appearance of the objects are the gray-levelimage intensities and their
shape are usually represented by a �nite number of points of correspondence through the
entire set of images.

Then, using principal component analysis, eigenspace representations of these two
descriptors are extracted. Depending on the application, the shape parameters are gen-
erally pre-aligned to eliminate effects from translation,scaling and rotation. By applying
yet another principal component analysis, this time to the shape- and appearance param-
eters combined, an even more concise model describing the joint variability of the objects
of interest is achieved. The resulting active appearance model is a compact description
of a deformable model based on prior knowledge of the essential characteristics of the
object at hand. Through image synthesis, that is by �tting anAAM to unseen images,
this approach can be used in a wide variety of image analysis applications.

There is however one disadvantage to this method. The required correspondence
calls for manual annotation of landmarks across the entire set of training images. A
both tedious and exhausting undertaking. Here an alternative approach is suggested, the
automatic generation of Active appearance Models through groupwise image registration.

1.2.2 Groupwise Image Registration

Consider a set ofN imagesI 1; :::; I N , a groupwise registration of this set implies �nding
deformations� 1; :::; � N ; � l : R2 ! R2 that maximizes the similarity between the cor-
responding deformed imagesI 1(� 1); :::; I N (� N ). Since registration is carried out with
Active Appearance Models in mind, similarity is de�ned as towhat degree an eigenspace
method can represent the registered images. Using the squared distance to the eigenspace
as a measurement of how well one image is represented by such astatistical model, the
total dissimilarity between imagesI 1(� 1); :::; I N (� N ) can be written

S(� 1; :::; � N ) =
NX

l =1

(distance between imageI l (� l ) andE)2 =

=
NX

l =1

jj (I � EE T )Î l (� l )jj2: (1.1)

HereE is the M-dimensional orthogonal basis for a conventional eigenspace representa-
tion. The columns ofE are the eigenvectors corresponding to theM largest eigenvalues
of the covariance matrix of the statistical distribution ofthe image vectors. As in [6],
comparison is made at a �nite number of locations inR2, the set of such locations is
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written asX = f x1; :::; xpg. The notationI l (x) is used to represent images both on
matrix- and vector-form, the intended form should be evident from the context.

Though this formulation of groupwise registration has the advantage of simplicity,
it is actually ill-posed. A global optima of (1.1) is achieved by mappingX bijectively
onto one and the same pixel in each image. As this results in zero covariance between
the deformed imagesS(� 1; :::; � N ) will be equal to zero. This is also an issue in shape
analysis and has been identi�ed and addressed by [7, 3, 8]. Here it is simply ignored,
the assumption is that if the initial starting point of the algorithm is suf�ciently good the
degenerate solution will not be attained but instead the optimizer used will terminate in
the desired local optima. This vagueness stems from the underlying problem itself. What
constitutes as similar objects in images is highly subjective. Hence, the formulation of a
method for automatically �nding and aligning areas with similar appearance in a number
of images will be equally ambiguous.

With the given problem statement we can move on to the proposed method for �nd-
ing local minima to (1.1). A direct optimizing of this objective function is impractical as
this would involve a very large number of variables,N times the number of parameters
needed to describe each deformation� l . Instead an iterative approach is proposed, by
sequentially attending to each image individually, the number of variables in each opti-
mization step can be greatly reduced. That is the repeated minimization of functions

Sl = jj (I � EE T )I l (� l (X )) jj2 =
pX

j =1

�
(I � EE T )I l (� l (X ))

� 2

j
: (1.2)

Using the thin-plate spline mapping of chapter 2 in [5] to represent the mappings,
along with the sum of squares formulation, (1.2) allows for much of the algorithm pro-
posed in [6] to be adopted in groupwise image registration. The assertions made regard-
ing bijective deformation in pairwise image registration are still valid and are hence also
applied here. The residual for imagel becomes

r l (Y l ) = ( I � EE T )I l (� (x; Y l )) ; (1.3)

and the corresponding Jacobian

(J l (Y l )) ij =
@rli
@Y lj

=
@

@Y lj

�
(I � EE T )I l (� (x i ; Y l ))

�
i =

=
�

(I � EE T )
@

@Y lj
I l (� (x i ; Y l ))

�

i

)

J l (Y l ) = ( I � EE T ) ~J l (Y l ): (1.4)
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Here

( ~J l (Y l )) ij =
@

@Y lj
I l (� (x i ; Y l )) =

= I 0
lx (� (x i ; Y l ))

@
@Y lj

� 1(x i ; Y l ) + I 0
ly (� (x i ; Y l ))

@
@Y lj

� 2(x i ; Y l ): (1.5)

WhereI 0
lx (x) andI 0

lx (x) as the gradient ofI l (x) and @�1
@Y lj

and @�2
@Y lj

de�ned as in [6].
By adhering to the least square formulation of [6] the algorithm for pairwise image

registration can be readily extended to handle groupwise registration as de�ned here. Nei-
ther does this extension make the required computations signi�cantly more demanding,
resulting in an algorithm of comparable computational complexity per iteration.
———————————————————————————————————

Algorithm for thin-plate spline based groupwise image registration.

1. Pre-computation.
For a given thin-plate spline source con�gurationT andN imagesI 1; :::; I N to be
compared at a �nite number of positionsX = f x1; :::; xpg compute the follow-
ing:

� The gradient of all images.

r I l = (
@

@x
I l ;

@
@y

I l ) = [ I 0
lx ; I 0

ly ]:

� The matrixHT ;X is de�ned as in [6]

� The quadratic bijectivity constraints onY for T , according to section 1.4 in
[5]

Note that bothHT ;X and the bijectivity conditions are independent of which
image they are applied to.

2. Initialization.
Choose starting pointsY 0

1 ; :::; Y 0
N for the algorithm.

Compute the initial eigenspace representationE 0 by �nding the eigenvectors cor-
responding to theM largest eigenvalues of the covariance matrix of�

I 1(� T (X; Y 0
1)) ::: I N (� T (X; Y 0

N ))
�
.

Setk = 0 .

3. Iteration start.

� For each image l from 1 to N

– Compute� T (X; Y k
l ) = HT ;X Y k

l .
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– Find I l (� T (X; Y k
l )) , I 0

lx (� T (X; Y k
l )) andI 0

ly (� T (X; Y k
l )) .

– Calculate the residualr l (Y k
l ) = ( I � E 0(E 0)T )I l (� T (X; Y k

l )) .
– Use (1.4) to determine the JacobianJ l (Y k ).
– Compute the gradient and the approximated Hessian ofSl (Y k

l ) of
(1.2).

r Sl (Y k
l ) = 2 J l (Y k

l )T r l (Y k
l )

~H l (Y k
l ) = J l (Y k

l )T J l (Y k
l )

– Optimization.
Find the solutionY � to the quadratically constrained quadratic program

min Sl (Y k
l ) + r Sl (Y k

l )T (Y � Y k
l ) +

+ 1
2 (Y � Y k

l )T ~H l (Y k
l )(Y � Y k

l )

s:t: Y T AY + bT Y + c > 0

– Parameter update.
SetY k+1

l = Y � .
k = k + 1 .

4. Update the eigenspace representation.
ComputeE k from the covariance matrix of�

I 1(� T (X; Y k
1 )) ::: I N (� T (X; Y k

N ))
�
.

5. Until convergence return to 3.

———————————————————————————————————

1.3 Experimental Results

The proposed algorithm was tested on a set consisting of 400 portrait-style images of
male faces, see �gure 1.1. A thin-plate spline mapping with 100 control points, evenly
spaced on a regular square 10-by-10 grid, was used. As the faces were fairly centered in
the images, the initial deformationsY 0

1 ; :::; Y 0
400 were all set to the identity mapping,

centered near the middle of the images, see �gure 1.2.
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Figure 1.1: A sample of the dataset used.

Figure 1.2: Examples of the initial deformationsY 0
l .

The dimension of the eigenspace representation was set toM = 30. A set of 1600 points
on a40� 40grid were used as the set of locations for comparisonX .

The algorithm described in the preceeding section was applied to the set of images at
hand, with the above parameters. A termination criterion simply limiting the number of
iterations to200was used. The proposed method did converge and sample results can be
seen in �gure 1.3.

Figure 1.3: Resulting registration for the sample images.

6



1.3. EXPERIMENTAL RESULTS

These results are representative of the entire resulting groupwise registration and do in-
dicate the potential of the proposed approach. This can be further realized by exam-
ining the evolution of the mean of the registered images after each iteration,I k

mean =
P M

l =1 I l (� T (X k ; Y l )) , see �gure 1.4.

Figure 1.4: The evolution of the mean imageI k
mean , (k = 1 ; 10; :::; 200).

Here the increased degree of geometric alignment is clearlyseen. To quantify the per-
formance of this algorithm further is dif�cult, since, as discussed earlier, what is meant
by similarity within a set of images is unclear so is the evaluation of groupwise image
registration algorithms. Nevertheless, as the outset was the automatic construction of ac-
tive appearance models, an indication of the quality of the resulting registration could be
achieved by examining the performance of the models they produce.

Constructing active appearance models using the proposed approach is extremely
straightforward. The required distributions of shape and appearance are given directly
by the parameters of the thin-plate spline mappingsY l and the deformed images
I l (� T (X; Y l )) .
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Using the 400 aligned images an active appearance-like model was constructed. In
contrast to [1], here the shape and appearance representations were kept separated in
order to be able to ensure bijective deformations in the �tting process as well. WithF
andE as the eigenspace basis for shape and appearance respectively. The deformation
parametersY for an individual mapping can be written as

Y = F y: (1.6)

Since this constitutes a subset of
 +
T , new and hopefully improved bijectivity conditions

( ~A, ~band~c) can be computed. Using the notation from the de�nition of the registration
algorithm the �tting of an active appearance model onto an imageI (x) is formulated as
minimizing

S(y) = jj (I � EE T )I (� T (X; F y )) jj2 =
pX

j =1

�
(I � EE T )I (� T (X; F y )))

� 2

j
:

(1.7)

under the condition of bijective deformations. This is solved by the repeated solution of

min S(yk ) + r S(yk )T (y � yk ) +

+ 1
2 (y � yk )T ~H (yk )(y � yk )

s:t: yT ~Ay + ~bT y + ~c > 0:

An example model-�tting procedure on an image not present inthe set of registered im-
ages is shown in �gure 1.5. Further examples of model adaptations are shown in �gures
1.6 and 1.7. These images should be read as follows. The top left images shows the origi-
nal image with the boundary of the deformed points superimposed. The resulting defor-
mation can be seen at the top right image. The middle row shows, to the left the deformed
imageI (� T (X; F y )) and to the right its eigenspace representationEE T I (� T (X; F y )) .
At the bottom left is the imageI (� � 1

T (� T (X; F y ); F y)) , this adds the same interpola-
tion errors introduced in the �tting procedure to the original image as well. This makes
the evaluation of the quality of the resulting model �t more unprejudiced. Finally, the
bottom right shows the �tted active appearance model overlayed on the original image.

1.4 Conclusion

A method for carrying out non-linear geometric alignment ofa large number images,
especially geared towards the automatic generation of Active Appearance Models, has
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1.4. CONCLUSION

been proposed here. By adhering to the sum of squares formulation of [6] much of the
techniques used there could effortlessly be extended to groupwise image registration. The
suggested algorithm was tested on a data set of faces and the results were presented. As the
nature of the problem is such that the evaluation of its performance is highly subjective, in
addition to its ill-posed problem statement. These issues should be addressed by adopting
ideas from shape analysis, where similar topics have been investigated. Nevertheless, as
the initial results are convincing the presented approach does show promise.
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Starting image.

Fitting sequence.

Resulting �t.

Figure 1.5: An example AAM-�tting. The current model superimposed onto the original
after number of different iterations of the proposed �ttingalgorithm.
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Figure 1.6: Example AAM �ttings.
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Figure 1.7: Example AAM �ttings.

12



Bibliography

[1] G.J. Cootes, T.F. Edwards and Taylor C.J. Active appearance models. InProc. 5th
European Conf. on Computer Vision, Freiburg, Germany, 1998.

[2] T.. Cootes. Statistical models of shape and appearance.Technical report, Imaging
Science and Biomedical Engineering, 2004.

[3] R.H. Davies, C.J. Twining, T.F. Cootes, J.C. Waterton, and C.J. Taylor. A mini-
mum description length approach to statistical shape modeling. IEEE Transactions
on Medical Imaging, 21(5):525–537, 2002.

[4] I.L. Dryden and K.V. Mardia.Statistical Shape Analysis. John Wiley, 1998.

[5] A. Eriksson. Bijective thin-plate spline mappings withapplications in computer vi-
sion.Licentiate thesis, Lund University, 2006.

[6] A. Eriksson and K. Åström. Image registration using thin-plate splines. InInterna-
tional Conference on Pattern Recognition, Hong Kong, China, 2006.

[7] A. Ericsson J. Karlsson and K. Åström. Parameterisationinvariant statistical shape
models. InProc. International Conference on Pattern Recognition, Cambridge, UK,
2004.

[8] H.H. Thodberg. Minimum description length shape and appearance models. In
Image Processing Medical Imaging, IPMI 2003, 2003.

13


