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Introduction

1 Background

The eld of computer vision has, ever since it emerged irO¥ebéen full of opti-
mization problems. Looking back, the sub eld where optiimizperhaps rst made an
impact was in projective geometry. Structure and motibfeprs were early on solved
either by local methods or some algebraic approach, oriaatammiof both. Typical
examples of this are the 8-point algorithm [11] and bunjllstagtnt [9]. For a long
time this was the predominant approach, either the proldemeformulated in such a
way that it could be easily solved or one employed some loaalant method directly
to the problem at hand. This usually either resulted in afation that lacked a mean-
ingful connection to the original problem or in the latteeda a solution which one
could not be certain was the desired one. It is only in thdetzsie that optimization
theory has received the attention it perhaps rightly eéesétivin this eld. Recently sev-
eral publications have appeared that address the issugmbppropriately formulate
a wide variety of optimization problems in computer vismmmulations with objective
functions that has a de nite relevance to the problem at Aaddstated in such a way
that they, not only can be ef ciently solved, but where onalsa say something about
the quality of the solution obtained. Examples of such maudes thé ; -norm for-
mulations of [8] and [10], the Grobner base approach offti3ha branch-and-bound
technique of [1] Here terms such as convexity and glotathalgolutions are central.

Discrete optimization techniques are possibly not as cdynooourring in com-
puter vision as their continuous counterpart, but whasearele has still proven to be
considerable. Vision problems as varying as image stgmanthgrouping, image
enhancement and denoising, motion segmentation, trackirapject recognition can
be formulated as discrete, or combinatorial, optimizatadriems. The work that per-
haps popularized discrete techniques and rst reacheer awdiEnce within the eld
was the normalized cuts approach of [14]. This method, drasgebctral relaxation
techniques, has successfully been used in a wide vapeticafians. However, the
discrete optimization technique that lately has recbiweddst attention is the graph
cut algorithm of [4]. This is a method that can exactly mieiroértain objective func-
tionals in polynomial time. Its attraction can be attribtien thorough understanding
of both its underlying theory as well as the properties sétloé problems to which it
can be applied. Several implementations of this methoelxeghtional computational
complexity are also widely available.

Even though continuous and discrete optimization teamigu vision problems
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Introduction

has largely evolved separately they are closely reled@dal$o be argued on a purely
theoretical basis that they share a common underlyingvrdmén addition, with the
above exception, most combinatorial problems that aciseputer vision are known
to be NP-hard and can not be solved optimally in reasomablefticommon approach
is to instead look for an approximate solution to the cotobizlgproblem by dropping
the discrete constraints, a process called relaxat&oturthing the problem into a con-
tinuous one that can be solved ef ciently. The rst halfisfttiesis deals with discrete
optimization problems of this category.

Next we will present a brief overview of the two applicateated in this thesis.

Followed by a an introduction to some of the basic conceygtiritization theory. In
the nal section of this introduction a more detailed summiithe separate papers is
given.

2 Overview

This thesis treats two separate but connected themesy, Maage segmentatioand
image deformationThis af liation originates in optimization being the camnrohoice
of method for solving most of the occurring challenges.

The thesis consists of the following six segments of work:

| Eriksson, A., Olsson, C. and KahNermalized Cuts Revisited: A Reformulation for
Segmentation with Linear Grouping ConsthaiRtec. International Conference
on Computer Vision, ICCV, Brazil, Oct. 2007.

Il Eriksson, A., Olsson, C. and KahlE ciently Solving the Fractional Trust Region
ProblemIn Proc. Asian Conference on Computer Vision, ACCV, Tdkgua,
2007.

Il Olsson, C., Eriksson, A. and Kahl Fnproved Spectral Relaxation Methods for
Binary Quadratic Optimization Prob)&ubmitted to Journal of Computer Vision
and Image Understanding, 2007.

IV Eriksson, A Bijective Thin-Plate Splined_ icentiate thesis, chapter 2, Lund Uni-
versity, 2005.

V Eriksson, A. and Kalle Astréimage Registration using Thin-Plate SpriiResc.
International Conference on Pattern Recognition, ICPRgKHong, China, 2006.

VI Eriksson, A.Groupwise Image Registration and Automatic Activenégppbadal
Generatigrin Licentiate thesis, chapter 4, Lund University, 2005.

The rst theme of the thesis is image segmentation. Thigallyude ned as the

task of distinguishing objects from background in unsesayesm This visual group-
ing process is typically based on low-level cues suchsityifitemogeneity or image
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contours. Popular approaches include thresholdinggeebnedge based methods and
region-based methods. Regardless of the method, théydifemuin formulating and
describing the perception of what constitutes foregrodrzbakground in an arbitrary
image. Furthermore, such a grouping is also highly cattextiven, certain image
regions may be labeled differently depending on the taakdat bre we looking for
people, buildings or trees? If one also allows for mosetleyebnly foreground and
background, the problem becomes increasingly hardegainésra much higher level
of scene understanding.

Once a formulation of the problem has been established padystated the ques-
tion of how to ef ciently solve it still remains. The conipltef this task and the size of
most natural images typically leads to very large andtdifptimization problems. It
is these issues we make an attempt at addressing in thiSNbeske interested in how
to ef ciently nd visually relevant image partitions asasehow prior information can
be included into the segmentation process.

Figure 1.1: An example of an image segmentation.

The methods investigated in this work is based on techinamune®mbinatorial op-
timization, a choice that was mainly motivated by the psoerss of these approaches.
Such problems can be stated as large-scale quadraticrizatopt programs with lin-
ear constraints. Usually, such proven NP-complete psobiersolved by relaxing, or
simply dropping, some constraints and rewriting the pnadeone that can be solved
ef ciently, In paper | and Il we study large scale fractipradratic 0-1 programs. We
present a reformulation of this class of optimizationeggnstthat in a uni ed way can
handle any type of linear equality constraints as wellpasipg ef cient algorithms
for solving them. Paper Il introduces two new methods lfangdinary quadratic
problems that greatly improves on existing and estaltistiextis for nding solutions
in the large scale case. Both these proposed methods mhappliezbto several vision
problems with promising results.

The second theme of this thesis concerns non-linear difosnaf images and its
applications. Functions that mRB onto itself are widely used in computer vision,
medical imaging and computer graphics. What is commortheeallis that mappings
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are used to model deformation occurring in natural imagesucA deformations are
highly complex they are near impossible to charactegzsofable and widely accepted
assumption, or approximation, is that as the overallstraétthe objects depicted will
remain intact after deformation, hence folding or teafitigeoimages should never
occur, see g 1.2. Under these premises there must exiseardgping that is both
one-to-one and onto. The deformations must be bijectivgisTiot entirely correct as
for instance self-occlusion can not be described bybifeeippings.

Figure 1.2: Examples of bijective and non-bijective defons.

There exist an abundance of methods for parameterizitigeardeformations. This
part of the thesis concerns conditions for bijectivityesfiaps the most commonly
used method of describing non-linear deformations, thpltte spline mapping and its
applications in computer vision. Paper IV discussesnf@dte spline and In paper V
and VI we apply the results of paper IV to the task of paiemdsgoup-wise registering
of images.

3 Optimization

This section provides a brief review of some of the basptsoofcoptimization, used
in this thesis.

Optimization refers to the task of minimizing (or maximjzrrgal-valued function
f : S 7! R, (the objective function) over a given&eiThe term mathematical pro-
gramming is also commonly occurrihg.

1The name bears no reference to computer programming badinsiginates from the research in op-
timization conducted by the United States army in the 184plked to logistical planning and personnel
scheduling. “Program” here refers to its military meahssgjoence of operations. The inclusion of this word
supposedly increased chances for receiving governmelitigldt the time.

4



A typical notation is
rrLin f(x)
st. x2S (1.2)
The functionf is said to have@obal minimaatx if
f(x) f(x); 8x2S: (1.2)

The functionf is said to havelacal minimaatx if there is a neighborhood
jiX X jj< suchthat

f(x) f(x); 8x2S;jx xj<: (1.3)

The seS is typically de ned by a numbereduality constraintsh;(x) =0; i =
1:::m andinequality constraintsgi(x)  0; i = 1:::l. The notation becomes

mxin f(x)
st hj(x)=0;i=1:m
g(x) O i=1:
X2 X; (1.4)

whereX is usually some subspac&bfandh; andg as well a§ are real-valued
functions de ned oR".

3.1 Unconstrained Optimization

In the absence of any constrantandg;, the problem (1.4) is called unconstrained, i.e.
simply the task of nding ax that ideally ful lls (1.2), but at least (1.3) over the whole
of X, a subspace Bf'.

Despite their apparent limitations, these problems dral ¢ethe eld of optimiza-
tion. Also many algorithms for solving constrained preldezrextensions of methods
for unconstrained problems. There are numerous algdigitrumgonstrained optimiza-
tion. In the one-dimensional case there are the sequetitiatis) such as Dichotomous,
Golden-section and Fibonacci search [2]. These verysitmbeverful algorithms pro-
duce a sequence of decreasing intervals that convergesito Bhky do demand an
starting interval and can only nd an optima within thisrirdé They do not make use
of derivatives, a desirable propefty i not readily available.

In multi-dimensional problems, gradient methods, sutbegest descent, use rst
order derivatives to nd directions for which the objeéftimetion decrease and then
perform one-dimensional line searches in these direttiensewton method and the
conjugate direction exploit the Hessian of the objectivtdn to nd search directions.
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In some instances the step length can also be determioty dliminating the need
for a line-search.

If f is differentiable, a necessary condition for optimalimémnstrained problems
is the well known condition

rf=0: (1.5)

3.2 Constrained Optimization

In this section we describe two important topics in camstraptimization, the concept
of duality and dual problems and the Karush-Kuhn-Tuckditums.

3.2.1 Karush-Kuhn-Tucker conditions

The Karush-Kuhn-Tucker (KKT) conditions provide negessaditions for a local op-
tima for a constrained optimization problem. They can épneted as the constrained
equivalence to (1.5). The Lagrangian function assocititeterconstrained problem
(1.4) is de ned as

X xo
Lx;; )=f0)+ iGi(x) + i hj (x) (1.6)
i=1 j=1
wherex 2 X and(; )2D=f 2R!; 2R™, 0g. Obviously, for feasibke
and
Lxi; ) F0; (1.7)

sincehj (x) =0,g(x) Oand ; are non—negalgve.xf is an optimizer of (1.4) it can

be shown that there must exista 0 such that ::1 iGi(x )=0.Thus

X
fx)=L(x; ; )=f(X)+_ igi(x)+ ph(x) f(x), (1.8)



which implies that the gradientlofx; ; ) with respect ta must be zero. Combining
this with the feasibility constraints we getdhrish-Kuhn-Tucker conditions

X xn

rL(x; 5 )=rf(+  rg+ jrh=0 (1.9)
i=1 j=1

hj(x )=0;j=1:xm (1.10)

g(x) Oi=1:l (2.12)

X 2X (1.12)

i O (1.13)
X

iGi(x )=0: (1.14)

i=1

Here (1.11)-(1.14) are called the feasibility conditindg(14) the complementary
slackness condition. One additional requirement for theddKditions to hold is that
the gradients of the constraints; andr g; are linearly independentat, i.e.

0 1

X X
@ irg(x)+ irhix)=0) ; =0A; (1.15)
i=1 j=1

also known as the constraint quali cation.

The conditions that this theorem of Karush-Kuhn-Tuckerigecare fundamental
to optimization theory. Many of the existing algorithmsdastrained optimization are
based on these KKT-conditions. Such methods can intdigsétging to identify points
(x; ; ) that satisfy (1.10)-(1.14), instead of, for instancdmguoyt line-searches along
descent directions,

3.2.2 Duality

Given a constrained optimization problem, on the form, (thdje is another closely
related optimization problem calledlthgrangian dual problemThe original problem
is accordingly called the primal problem. One of the manykaiohaproperties of the
dual problem is that it is an underestimator of its primalisTme can obtain a lower
bound, and in certain instances even the exact minima tigihalgproblem by solving
its dual. This eld of Lagrangian duality matured in the 5% led to a ood of new
results that produced countless new optimization atgsritiicluding some of the most
successful ones in use today.
The Lagrangian dual function of (1.4) is de ned as

G )=inf LOG ) (1.16)
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Clearly,
(v ) L ) fx); (1.17)

foranyx 2 S and 0.
The Lagrangian dual is de ned as

max (; )

s.t. 0 (1.18)
If , maximize (1.18) the inequality (1.17) still holds and wethav
(5 ) fx): (1.19)

The difference between the maximum of the dual problemendrihma of the primal
problem is called thduality gap if the duality gap is zero we speastafng duality.

In general, there is a duality gap between the dual and prohkm, but there are
instances when strong duality holds.

Another remarkable property of the Lagrangian dual faristibat it is concave,
regardless of what the primal problem looks like. Furthertne feasible set of the dual
problem is the intersection of a number of halfspaces,0. Thus solving the dual
problem implies maximizing a concave function over a g@ivékis is equivalentto a
convex optimization problem, a topic we will discuss iretktesaction.

3.2.3 Convex Optimization Problems

Convex optimization problems are a class of problemsiafispe®st to the optimiza-
tion community, it is de ned as the minimization of a conwegtfon over a convex set.
It has long been known that for such problems any local mgamiobal minima, the
set of global minima is a convex set and that if the objectsteh is strictly convex
the minima is unique. In optimization convexity it is alst@ainore important property
than linearity or non-linearity. Despite this it is onlgndly that it has become a central
tool in engineering, this can be attributed to recent hreaighs in convex optimization
algorithms, most notably the development of the interiot pethods [13].
A functionf is convex if, foranyandy and0 t 1

f(x+(@Q ty) thx)+@ Of(y); (1.20)

see gure 1.3. The function is called concavé ifs convex.

A setC is called convex if the line segment between any two pdints gontained in
C. Thatis, ifforanyx;y 2 Cand0 t 1

tx+(1 ty2CcC; (1.21)

examples of convex and non-convex sets can be seen in4.gure 1.
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Figure 1.3: A convex function.

Figure 1.4: A convex set (left) and a non-convex set (right).

Under some mild assumptions, strong duality always holehfaex problems. This
means that one can solve convex optimization problenitlgnplianaximizing its cor-
responding dual problem. It also implies that any poins#iistes the KKT conditions
will give us the minimizer.

Certain commonly occurring convex optimization problesms a

Linear program- minimizing a linear function over the polytope

(Convex) Quadratic program minimizing a convex quadratic functforover
over a polytope
f(x)= x"Hx; H O
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Second-order cone prograrminimizing a linear function over the second-order
cone
jAix bji2 d'x+d;i=1mm

Semide nite program- minimizing a linear function over the intersection of the
cone of positive semide nite matrices and an af ne subspace

\
fX 0g fTr(AjX)=Dh;i=1::mg:

For a more detailed description of convex optimizatiorfevea§16].

4 Summary of the papers

PAPER| — Normalized Cuts Revisited: A Reformulation for Segmen-
tation with Linear Grouping Constraints.

Indisputably Normalized Cuts is one of the most popularesggtion algorithms in
computer vision. It has been applied to a wide range of sajpnetasks with great
success. A number of extensions to this approach havemlpmpesed, ones that
can deal with multiple classes or that can incorporateiargaonation in the form of
grouping constraints. However, what is common for all$hggested methods is that
they are noticeably limited and can only address segomemitatiiems on a very speci ¢
form. In this paper, we present a reformulation of Norrddlimésegmentation that in
a uni ed way can handle all types of linear equality cantstfai an arbitrary number
of classes. This is done by restating the problem and showiligear constraints can
be enforced exactly through duality. This allows us to adl griors, for example, that
certain pixels should belong to a given class. In additioyides a principled way
to perform multi-class segmentation for tasks like itheraegmentation. The method
has been tested on real data with convincing results.

Author contribution: This paper was a result of a collaboration between myself,
Carl Olsson and Fredrik Kahl. | acted as the primary auttatheisolid support of my
coauthors. | carried out the experiments and deviseditmeulation of the normalized
cut problem. Carl Olsson also contributed with the pro@ation 3.

PAPER Il — Ef ciently Solving the Fractional Trust Region Problem

Normalized Cuts has successfully been applied to a wiel®frtaks in computer vi-
sion, it is indisputably one of the most popular segmentdgorithms in use today.
A number of extensions to this approach have also beeregraptes that can deal
with multiple classes or that can incorporate a prioriiatton in the form of group-

ing constraints. It was recently shown how a generalylineastrained Normalized
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Cut problem can be solved. This was done by proving thag stuatfity holds for
the Lagrangian relaxation of such problems. This propdesipled way to perform
multi-class partitioning while enforcing any linear caings exactly.

The Lagrangian relaxation requires the maximization efgékraically smallest
eigenvalue over a one-dimensional matrix sub-space.a@hhimconstrained, piece-wise
differentiable and concave problem. In this paper we stow bolve this optimization
ef ciently even for very large-scale problems. The medisdoelen tested on real data
with convincing results.

Author contribution: This paper was a continuation of paper I, with a similar work
distribution. | again acted as the primary author and at$edcaut the experiments.
Carl Olsson contributed with the experimental validatiothe arti cial problems as
well as choosing the formulation for the second-ordeatilas:

PAPERIII — Improved Spectral Relaxation Methods for Binary
Quadratic Optimization Problems

In this paper we introduce two new methods for solving bipegratic problems.
While spectral relaxation methods have been the worklisdise for a wide variety
of computer vision problems - segmentation, clusterimgragin matching to name a
few - it has recently been challenged by semide nite progr@uf8DP) relaxations. In
fact, it can be shown that SDP relaxations produce bettertdounds than spectral re-
laxations on binary problems with a quadratic objectiggdnnOn the other hand, the
computational complexity for SDP increases rapidly asnii®nof decision variables
grows making them inapplicable to large scale problems.

Our methods combine the merits of both spectral and SDRitelaxdetter (lower)
bounds than traditional spectral methods and considéastay execution times than
SDP. The rst method is based on spectral subgradientsanel applied to large scale
SDPs with binary decision variables and the second onedsbabe trust region
problem. Both algorithms have been applied to severaldalegision problems with
good performance.

Author contribution: This paper was the result of merging papers [7] and [6]. Carl
Olsson acted as primary author of the former and | on threMatiethe constant support
of Fredrik Kahl.

PAPER IV — Bijective Thin-Plate Splines

Thin-plate splines are a class of widely used non-rigid s@pping functions. It is
a natural choice of interpolating function in two dimerssérd has been a commonly
used tool for over a decade. Introduced and developed bynd6tland Meinguet
[12] and popularized by Bookstein [3], its attractionsidiechn elegant mathematical
formulation along with a very natural and intuitive phlisitapretation.

11
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Consider a thin metal plate extending to in nity in all dioes. At a nite number
of discrete positioris 2 R?,i = 1:::n, the plate is at xed heights The metal plate
will take then the form that minimizeshisnding energg two dimensions the bending
energy of a plate described by a fundf&ny) is proportional to

I
Z Z @ 2 ‘s @g 2 . @ 2
e @R @x@y @y

J(g) = dxdy: (1.22)

Consequently, the metal plate will be described by théofuttzat minimizes (1.22)
under the point constraingét;) = z. It was proven Duchon [5] that if such a function
exists it is unique.

The thin-plate spline framework can also be employed iormd#bn setting, that
is mappings froR™ to R™. This is accomplished by the combination of several thin-
plate spline interpolants. Here we restrict ourselves . If instead of understanding
the displacement of the thin metal plate as occurring orthibgto the(x1; X2)-plane
view them as displacements ofktheor x,- position of the point constraints. With this
interpretation, a new function : R? | R? can be constructed from two thin-plate
splines, each describingxheandx,-displacements respectively.

In spite of its appealing algebraic formulation, thire @pline mappings do have
drawbacks and, disregarding computational and nuns=iezd,ione in particular. Namely,
bijectivity is never assured. In computer vision, noaxlimappings ifR? of this sort
are frequently used to model deformations in images. Thadsasnption is that all the
images contain similar structures and therefore thele sxistmappings between pairs
of images that are both one-to-one and onto. Hence bijaetppngs are of interest.

This work is an attempt at characterizing the set of jebin+plate spline map-
pings. It contains a formulation of how to describe thissatell as proofs of many
of its properties. It also includes a discussion of somienexyelly derived indications
of other attributes of this set, such as boundedness aaxitypag well as methods for
nding suf cient conditions for bijectivity.

Author contribution: Papers IV-VI were all the result of work carried out by myself
and my advisor Karl Astrom. | acted as rst author and catri¢e experiments in all
three instances.

PAPERV — Image Registration using Thin-Plate Splines

Image registration is the process of geometrically gligiiror more images. In this
paper we describe a method for registering pairs of imsgeésbahin-plate spline
mappings. The proposed algorithm minimizes the diffdregcay-level intensity over
bijective deformations. By using quadratic suf cientreamis for bijectivity and a least
squares formulation this optimization problem can bessgédreising quadratic pro-
gramming and a modi ed Gauss-Newton method. This apprtsacheaults in a very

12



computationally ef cient algorithm. Example results frenalgorithm on three differ-
ent types of images are also presented.

PAPERVI — Groupwise Image Registration and Automatic Active Ap-
pearance Model Generation

This section is concerned with groupwise image registitadicimultaneous alignment
of a large number of images. As opposed to pairwise regiiteathoice of reference
image is not equally obvious, therefore an alternatecpprost be taken.

Groupwise registration has received equivalent amaatteéstbdbn from the research
community as pairwise registration. It has been espmdiigsed in shape analysis un-
der the name Procrustes analysis.The areas of applieaidir@mote sensing, medical
imaging and computer vision, but now the aggregation oésnadigws for a greater
understanding of their underlying distribution.

The focus here is towards a speci ¢ task, the use of imafyatregito automatically
construct deformable models for image analysis.
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Abstract

Indisputably Normalized Cuts is one of the most popularesggtion algo-
rithms in computer vision. It has been applied to a wide cdsggmentation
tasks with great success. A number of extensions to thachp@ve also been
proposed, ones that can deal with multiple classes omtivatarporate a pri-
ori information in the form of grouping constraints. Howewviat is common
for all these suggested methods is that they are notiireisddydnd can only
address segmentation problems on a very speci c forns. pajpler, we present
a reformulation of Normalized Cut segmentation that in adiniay can han-
dle all types of linear equality constraints for an agbittanber of classes.
This is done by restating the problem and showing how lmmestraints can
be enforced exactly through duality. This allows us to adl jgriors, for ex-
ample, that certain pixels should belong to a given clagslitlan, it provides
a principled way to perform multi-class segmentationsks like interactive
segmentation. The method has been tested on real datawiititiog results.

1 Image Segmentation

Image segmentation can be de ned as the task of partitaomimgage into disjoint

sets. This visual grouping process is typically basedlendboues such as intensity,
homogeneity or image contours. Existing approacheitittadholding techniques,
edge based methods and region-based methods. Exterikisrmdoess includes the
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incorporation of grouping constraints into the segmentptiocess. For instance the
class labels for certain pixels might be supplied bethrtrangh user interaction or
some completely automated process, [8, 2].

Currently the most successful and popular approachegn@nteg images are
based on graph cuts. Here the images are converted inexteddgraphs with edge
weights between the pixels corresponding to some measmitaofy. The ambition
is that partitioning such a graph will preserve some ofatial spructure of the im-
age itself. These graph methods based were made popthaougdt the Normalized
Cut formulation of [9] and more recently by the energy miaitioin method of [3].
This algorithm for optimizing objective functions thatsatemodular has the property
of solving many discrete problems exactly. However, segdéntation problems can
be formulated with submodular objective functions, nbpassible to incorporate all
types of linear constraints.

The work described here concerns the former approach likednGuts, the rele-
vance of linear grouping constraints and how they canumeithah this framework. It is
not the aim of this paper to argue the merits of one methouat, imetric, over another,
nor do we here concern ourselves with how the actual groop#tigaints are obtained.
Instead we will show how through Lagrangian relaxation anmi ed can handle such
linear constrains and also in what way they in uence thegngsegmentation.

1.1 Problem Formulation

Consider an undirected graphwith noded/ and edgels and where the non-negative
weights of each such edge is represented by an af nitMhatvith only non-negative
entries and of full rank. A min-cut is the non-trivial suhsEtV such that the sum of
edges between nodes in A and its complement is minimizésitikaminimizer of
X
Cut(A; V) = Wij (1.2)
i2A
j2VnA
This is perhaps the most commonly used method for splittiplgsgand is a well known
problem for which very ef cient solvers exist. It has holweea observed that this
criterion has a tendency to produced unbalanced cutgrgattitions are preferred to
larger ones.
In an attempt to remedy this shortcoming, Normalized Cwtsniraduced by [9].
It is basically an altered criterion for partitioning ggaahplied to the problem of per-
ceptual grouping in computer vision. By introducing a nmimgterm into the cut
metric the bias towards undersized cuts is avoided. ThealdedrCut of a graph is
de ned as

Cut(A;V) N cut(B;V) .
assodA;V) assodB;V)’

(1.2)

cut —



2. NORMALIZED CUTS WITH GROUPING CONSTRAINTS

whereA[ B = V,A\ B = ; and the normalizing term de ned@assodA; V) =

i2aj 2v Wi - Itisthen shown in [9] that by relaxing (1.2) a continuoaetestimator
of the Normalized Cut can be ef ciently computed. Thesaitpats are then extended
in [11] beyond graph bipartitioning to include multiplensexgts, and even further in
[12] to handle certain types of linear equality constraints

One can argue that the drawbacks of this, the classicabt@mubr solving the

Normalized Cut are that rstly obtaining a discrete saldtiom the relaxed one can
be problematic. Especially in multiclass segmentatios tvbaelaxed solution is not
unique but consists of an entire subspace. Furthermasef tifegrouping constraints
is also very limited, only homogeneous linear equalityadoisscan be included in the
existing theory. We will show that this excludes manylyiselalyant constraints. In
[4] an attempt is made at solving a similar problem withajdinear constraints. This
approach does however effectively involve dropping eneyedtonstraint all together,
leaving one to question the quality of the obtained salution

2 Normalized Cuts with Grouping Constraints

In this section we propose a reformulation of the relaxatidormalized Cuts that
in a uni ed way can handle all types of linear equality eontstfor any number of
partitions. First we show how we through duality theorl thacsuggested relaxation.
The following two sections then show why this formulatialisuited for dealing with
general linear constraints and how this proposed appaoaisl applied to multiclass
segmentation.

Starting off with (1.2), the de nition of Normalized Cuts tost of partitioning an
image with af nity matrixV into two disjoint set#\ andB, can be written as

P P
i2A Wj i2B Wj
j2B j2A
New = PLo— + P : (1.3)
i2v Wij i2B Wi
j2v

Letz 2 f 1;1g" be the class label vector, Withe n-matrix with entriesy; , d
then 1-vector containing the row sum3Nf andD the diagonah  n-matrix with
d on the diagonal. Ais used to denote vectors of all ones. We can write (1.3) as

wi (zi z)° wi (zi 2)? _

New = Spi(ziu) d; ;pi(zi 04,
_z'(D W)z , zZ"(D W)z _
2dT (z+1) 27z 1)

_ ("™ w)yz)d"1 _ (z" (D w)z)d"1
T 1Tdd"1 z'd'd'z _ zZ'(1Td)D dd")z°

(1.4)

In the last inequality we used the factiiat= z" Dz. When we include general linear
constraints oa on the formCz = b,C 2 R™ ", the optimization problem associated

3
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with this partitioning cost becomes
2" (D W)z
ZT({@Td)D dd")z
st. z2f 1;1g"
Cz=bh: (1.5)

inf
z

The above problem is a non-convex, NP-hard optimizatibtepro Therefore we are
led to replace the 2 f 1;1g" constraint with the norm constraintz = n. This
gives us the relaxed problem

. 2" (D W)z
'Qf ZT(@Td)D ddT)z
s.t. z'z=n

Cz=bh: (1.6)

This is also a non-convex problem, however we shall séienn3strat we are able to
solve this problem exactly. Next we will write problem ifLf&mogenized form, the
reason for doing this will become clear later orl. BedM be the(ln +1) (n+1)
matrices h i
— (D w)o . — (@"d)D dd")o -
L'(o)o’M_(( )O )0, .7)
and

E=[C 1 (1.8)

the homogenized constraint matrix. The relaxed probléhcéh now be written

z [zT 1M [1]

st. zZ'z=n

¢[i]1=0: (1.9)

Finally we add the arti cial varialdig.; . Let?2 be the extended vecta™ z,+1 T
Throughout the paper we will wrtevhen we consider the extended variables and just
z when we consider the original variables. The relaxedhp(at8é¢in its homogenized
form is

nf A
st. 22, 1=0
2T2=n+1
¢2=0: (1.10)



3. LAGRANGIAN RELAXATION AND STRONG DUALITY

Note that the rst constraint is equivalen®tp; = 1. If 2,,; = 1 then we may
change the sign dfto obtain a solution to our original problem.

The homogenized constrai®® = 0 now form a linear subspace and can be elim-
inated in the following way. LBt be a matrix where its columns form a base of the
nullspace of. Letk + 1 be the dimension of the nullspace. Aryl lling €2 =0
can be writte2 = N ¥, wherep 2 R**1 | As in the case with tizevariables} is the
vector containing all variables wheyeigsa vector containing all but the last variable.
Assuming that the linear constraints are feasible we ragg ehwose that basis such
thatfis+1 = Zne1 = 1. We putl = NILNg, M = NZMN q. In the new space we
get the following formulation

; - ¥ Cy
inf f@) = vy
S.t. 9|%+1 1=0
9TN<T§N<§9= J'J'S’J'J'ﬁC =n+1: (1.11)

A common approach to solving this kind of problem is to sidnpfy one of the two
constraints. This may however result in very poor soluiMashall see that we can in
fact solve this problem exactly without excluding any @ionst

3 Lagrangian Relaxation and Strong Duality

In this section we will show how to solve (1.6) using Lagiaality. To do this we start
by generalizing a lemma from [7] for trust region problems

Lemma 1. If there existsyavithy™ Agy + 2bly + c3 < 0, then, assuming the existence
of a minima, the primal problem
g Y Ay +2by + ¢
y YyTAy+2bly+ ¢

sty Agy+2bly+cz O (1.12)

and the dual problem

T(AL + +(b + Ty+c +
Suopigf Yy (Ay AyST)')A’\Zy(f}lZ b;;) i) CZ Ct+ Cg3 (1.13)
has no duality gap.
Proof.The primal problem can be written as
inf 1
st yT(Ar 1Ay+2(br ab)Ty+ca  1c O (1.14)

yTAsy+2bly+c; O
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LetM (; ) bethe matrix

h i
)= A1+ Az Ay i+ bz b

M (; (bi+bs b))  ci+cs co (1.15)
The dual problem can be written
sup oinf .y 2
y ! y i (1.16)

s.t 1 M(; 2) 1 0:
Since (1.16) is dual to (1.14) we have that for their optahats, , 1 must hold.
To prove that there is no duality gap we must show that ;. We do this by
considering the following problem

sup,. o 3
53.t M(; 3) O (1.17)
HereM (; 3) 0 means thaM (; 3) is positive semide nite. We note that if
M (; 3) Othenthereis ng ful lling

T

y . y
Y M) ]+ 0 (1.18)

for any > 0. Therefore we must have that the optimal values fuj lls , ;- T0
complete the proof we show that= ;. We note that forany  ; we have that

yTAgy+2bjy+c 0)
YyT(A1 Apy+2(bh  by)Ty+c cp O

However according to the S-procedure [1] this is true ifrapd there exists  0such
thatM (; ) 0. Thereford ; ) isfeasible for problem(1.17)andthus .. O

(1.19)

We note that for a xed the problem

infy yT(Ar Apy+2(b by)Ty+c ¢

st yTAgy+2bly+c O (1.20)

only has an interior solution Af; A , is positive semide nite. K3 is positive
semide nite then we may subtra¢y™ Azy + 2bly + c3) (k > 0) from the objective
function to obtain boundary solutions. This gives us tleevfob corollary.

Corollary 1. LetA3 be positive semide nite. If there eyistittay™ Azy+2bly+ c3 <
0, then the primal problem

inf Y_ Ay *2biy + ¢

; sty Agy +2bly + ¢ = :
y yTA2y+2b}y+cg’Sty Agy +2b;y+c3=0 (1.21)
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and the dual problem

(Y (ALt Agly+ (bt ba)y+a+ cs
yTA2y +2b)y + ¢

has no duality gap, (once again assuming that a minifoetbzigtémal problem).

(1.22)

supin
y

Next we will show how to solve a problem on a form related.i).(Let

h i h i h i
A1 b1 Az bg . A —_ A3 b3
A3 =

A= g s A2= 7 bl cs

C2

Theorem 3.1.Assuming the existence of a mindnaigfpositive de nite, then the primal
problem

yTA1y+2bly+ ¢ _

inf =
yT Azy+2 Db} y+cz=n+l yTA2y+2b12-y+ Co
TA
= inf 9T 2 (1.23)
¢TAsp=n+1 $ ALY
y5+1 =1
and its dual . )
. Ag+t t
sup _ inf g 19T Y+ (1.24)
t $TAzp=n+l gAY
has no duality gap.
Proof.Let be the optimal value of problem (1.11). Then
T
i A
=inf g7 aLg=ne1 FTASY
yr21+1 =1
_ . PrAp+yZ, ot
=SUPinfyrp geniy Ay
yﬁﬁl =1
, PrAp+tys, it
sup infyr agp=ni1 ——pra 5 —
e PTAp YR, tr (9T Ay (n+D)
sup, infy ALY
=supg infy
PTALP+syR, st (v  Asytyna 2bjy+cs (n+l) _
$T ALY -
_ ; PTAp+ (YT Asy+2biy+cs (n+l)
=sup infy2 - L ;TAz; :
_ . yTAy+2 bl y+ci+ (y' Asy+2bly+cs (n+1)
=sup infy — y#A2y+2 b§y+ 23 )
= (1.25)
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Where we les = t+ c3 . Inthe last two equalities corollary 1 was used twice. ifdhe th
row of the above proof gives us that

TA 9+ ty2 t
=sup _ inf g ALt Ynu =
t 9T Aap=n+l YTA LY

TA
=Ssup inf 9TA1?+ tyrZHl t9n+139 =

t 9T Azg=n+l YT A L9
9 At B8] % 9

+1
= inf ! 1.26
5P g aggm yTA2Y (1:26)

Finally, since strong duality holds, we can state theifigjlo@rollary. [1].

Corollary 2. Ift andy solved.26) then(y )TNy = n+1 andy,,; =1. Thatis,
¥ is an optimal feasible solutigh.i®)

4 The Dual Problem and Constrained Normalized Cuts
Returning to our relaxed problem (1.11) we start off bydinting the following lemma.

Lemma 2.L andM are boti{n + 1)  (n + 1) positive semide nite matrices of rank
n 1, both their nullspaces are spanmed=ys - 10]" andn, =[o0:: 01]".
Consequently, andM » are also positive semide nite.

Proof.L is the zero-padded positive semide nite Laplacian niatini af nity matrix
W and is hence also positive semide nite. Mroit suf ces to show that the matrix
(1"d)D dd" is p.s.d.

vi(@@Td)D dd")v= ? i dbpj dj v? (P divi)?
= pii didivi(vj wvi)= ;ddvi(vi v)+
+ di dj Vi (Vj Vi) + dj divi (Vi Vi ) =
e didi(vi o vi)? 0; 8v2R" (1.27)

The last inequality comes frain> 0 for alli which means thgl"d)D dd', and
thus alsaM , are positive semide nite.
The second statement follows since bothe Mn; =0 fori =1; 2.
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Next, since

vILv 0;8v2R") viLv 0;8v2 Null(€))
) WINa'LNs'w 0; 8w2R¥)
)y wilw 0, w2 Rk
it holds that® 0, and similarly foM . O

Assuming that the original problem is feasible then wehiadvad () of problem
(1.23) is the quotient of two positive semide nite quatifatms and is therefdréy)
non-negative, a minima for the relaxed Normalized Cutgpnobill exist. Theorem
3.1 states that strong duality holds for a program on thgfa28), if a minima exists.
Consequently, we can apply the theory from the previdos sirectly and solve (1.11)
through its dual formulation. Let

h i
NIN i
Ee =[89] —Sx&=Ng o7 (1’ Ne (1.28)

and let (¥;t) denote the Lagrangian function. The dual problem is then

T

sup inf (9:1) = w: (1.29)
tiigig, =0+ ¢TMy

The inner minimization is the well known generalized Bhydeiotient, for which

the minima is given by the algebraically smallest gestkeadienvaltief (Le +tEg)

andM . Letting .. (1) andvS, (t), denote the smallest generalized eigenvalue and

corresponding generalized eigenvect(r of+ tE ») andM we can write problem

(1.29) as

sup S (L + tEo;M): (1.30)
t
It can easily be shown that the minimizer of the inner pgomﬁ{mw) for some,
is given by a scaling of the generalized eigenyéticr, Mﬁvgm (t). The
min N

relaxed Normalized Cut problem can thus be solved by rdnmgaxima of (1.30). As
the objective function is the point-wise in mum of fundtitinear irt, it is a concave
function, as is expected from dual problems. So solvil®) ieadns maximizing a
concave function in one variablehis can be carried out using standard methods for
one-dimensional optimization.

Unfortunately, the task of solving large scale generifjieedalue problems can
be demanding, especially when the matrices involvedseeateim this case. This can,

1By generalized eigenvalue of two maticasdB we mean ndinga = C(A;B) andv, jjvjj =1
such thaAv = Bv has a solution.
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however, be remedied, by exploiting the unique matrifustrue can rewrite the gener-
alized eigenvalue problem as a standard one. First wahthte ¢feneralized eigenvalue
problemAv = Bv is equivalent to the standard eigenvalue prdblelAv = v , if
B is non-singular. Furthermore, in large scale applichi®nsasonable to assume that
the number of variablast 1 is much greater than the number of constraint§hen
the base for the null space of the homogenized lineariotsiNtgacan then be written
on the formNa =[ ]. Now we can write

M = [ C|CO]T ( ((1Td)l(3) ddT)(())I)[cICO] -

h i -
- D1 0 h i
N N
d= g | 0 Cgflcoﬂ}
2
. . D .
i h ih ¢ co |
T cdy+d; 0 D1 0
+ o€ #212 1 1o dic+df die =
|2 {2y ° ¢
v s

=D+ VSV': (1.31)

HenceM is the sum of a positive de nite, diagonal ma&rand a low-rank correc-
tion V SVT. As a direct result of the Woodbury matrix identity [5] weesaress the
inverse o as

M =(D+VSV') 1=
=Dl v t+vip tv) tvp ! (1.32)

Despite the potentially immense size of the entering esatifiés inverse can be ef -
ciently computed sin€® is diagonal and the size of the square ma®iapd(S * +
VTD 1V) are both typically manageable and therefore easilydnv@ctegeneral-
ized eigenvalue problem then turns into the problem of gniiea smallest algebraic
eigenvalue of the mattk C. The dual problem becomes

sup  min (O X1 V(S '+VT D lv) lvD Y
t
NeT(C+ tEp)Ng (1.33)

Not only does this reformulation provide us with the mor@iéanstandard eigenvalue
problem but it will also allow for very ef cient computatiohmultiplications of vectors
to this matrix. This is a crucial property, since, eventtidud (L + tE @) is stilldense,

it is the product and sum of diagorial ¢, Ee), sparsdy, N ) and low rank matrices
(V,S 1). Itis a very structured matrix to which iterative eigesrsatan successfully be
applied.

10
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In certain cases it might however occur that the quadratimfthe denominator is
only positive semide nite and thus singular. These iestane easily detected and must
be treated specially. As we then can not ilvexhd rewrite the problem as a standard
eigenvalue problem we must instead work with generafjeadatiies, as de ned in
(1.30). This is preferably avoided as this is typicallyeagoputationally demanding
formulation, especially since the entering matricesaee tterative methods for nding
generalized methods for structured matrices shieltBsandM , do however exist [10].
Note, that the absence of linear constraints is such & istaee. However, in that
case homogenization is completely unnecessary, andtfl@&) w b removed, is an
standard unconstrained generalized Rayleigh quotietiteasalution is given by the
generalized eigenvalygD  W;(1Td)D dd").

Now, ift andy are the optimizers of (1.29), (and consequently algo)(£420)-
lary 2 certies thaty )"NiNgy = n+1andtha,,, =1.With2 = ,° =
Ne¢ and2,:1 = Yx+1, we have that prior to rounding is the minimizer of (1.6).
Thus we have shown how to, through Lagrangian relaxali@ntreorelaxed, linearly
constrained Normalized Cut problem exactly.

Finally, the solution to the relaxed problem must be disctéh order to obtain a
solution to the original binary problem (1.5). This is glpiccarried out by applying
some rounding scheme to the solution.

4.1 Multi-Class Constrained Normalized Cuts

Multi-class Normalized Cuts is a generalization of (t.@hfarbitrary number of parti-
tions.

Nk o2 cutAny)

cut ., assodA;V)’

(1.34)

If one minimizes (1.34) in an iterative fashion, by, givercthrent k-way partition,
nding a new partition while keeping all but two partitiomed. This procedure is
known as the -swap when used in graph cuts applications, [3]. The &sbocia
subproblem at each iteration then becomes

Kk _ Cut(A;;V)

et = assodA;;V)
CUt(Aj;V) X cut(A;;V) _

assodA;; V) I8 assodA;;V)
cut(Ai; V) N cut(A;; V)
assodA;i;V) assodA;;V)

where pixels not labeledrj are xed. Consequently, minimizing the multi-class sub-
problem can be treated similarly to the bipartition prabkdraach iteration we have a

+ c; (1.35)

11
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problem on the form

. T
";f f(2)= zTchgTD—z+\?:/L)TZd)2
s.t. z2f 1;1g"
Cz=b; (1.36)

whereW; D; C andbwill be dependent on the current partition and choice délabe
be kept xed. These matrices are obtained by removing ea@amns corresponding
to pixels not labelddor j, the linear constraints must also be similarly alteredyto on
involve pixels not currently xed. Given an initial pantitirandomly or otherwise,
iterating over the possible choices until convergenceseasunulti-class segmentation
that ful lls all constraints. There is however no guardmaehis method will avoid
getting trapped in local minima and producing a sub-opsiohation, but during the
experimental validation this procedure always prodtséatsary results.

5 Experimental Validation

A number of experiments were conducted to evaluate ousgaidpomulation but also
to illustrate how relevant visual information can be incaigd into the segmentation
process through non-homogenous, linear constraints\auici$ioan in uence the par-
titioning.

All images were gray-scale of approximately 100-by-&80ipisize. The af n-
ity matrix was calculated based on edge information, abedkst [6]. The one-
dimensional maximization otewras carried out using a golden section search, typically
requiringl5 20 eigenvalue calculations. The relaxed solmtivas discretized by
simply thresholding at 0.

Firstly, we compared our approach with the standard Neesh&lut method, gure
1.1. Both approaches produce similar results, sugdestindhie absence of constraints

Figure 1.1: Original image (left), standard Normalized IGatidam (middle) and the
reformulated Normalized Cut algorithm with no constréiight).

12
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the two formulations are equivalent. However, where owaapfhas the added advan-
tage of being able to handle linear constraints.

The simplest such constraint might be the hardcoding of grele, i.e. pixel i
should belong to a certain class. This can be expresséiheartbenstrainig = 1,
i =1::m.In gure1.2it can be seen how a number of such hard cotsirairences
the segmentation of the image in gure 1.1.

Figure 1.2: Original image (left), segmentation with @ntsti(middle) and constraints
applied (right).

Another visuqyy signi cant prior is the size or area oktwting segments, that is
constraints such as, zi = 17z = a. The impact of enforcing limitations on the size of
the partitions is shown in gure 1.3.

Excluding and including constraints such as,ipaxelj should belong to the same
or separate partitiors,+ z; =0 orz;  z =0, is yet another meaningful constraint.
The result of including a combination of all the above tymemstraints can be seen in
gure 1.4.

Finally, we also performed a multi-class segmentatiolinaéhconstraints, gure
1.5.

We argue that these results, not only indicate a satisfaatimrmance of the sug-
gested method, but also illustrates the relevance ofjliogiging constraints in image
segmentation and the impact that they can have on thengegalttitioning. These
experiments also seem to indicate that even a simple goscitéme as the one used
here can often suf ce. As we threshold at zero, hard, nchrti excluding constraints
are all ensured to hold after discretizing. Only the ardsaguissare not guaranteed
to hold, however probably since the relaxed solution hastbet area, thresholding it
typically produces a discrete solution with roughly thectairea.

6 Conclusions

We have presented a reformulation of the classical Nedr@lizproblem that allows
for the inclusion of linear grouping constraints into tip@eatation procedure, through
a Lagrangian dual formulation. A method for how to ef gient such a cut, even

13
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&

Figure 1.3: Original image (top left), segmentation wittanatraints (top middle) and
segmentation boundary and constraints applied (top Sguinentation with area con-
straints, (area=100 pixels) (middle left), segmentatimdéry and constraints applied
(middle right). Segmentation with area constraints =388 pixels) (bottom left),
segmentation boundary and constraints applied (bottoth rig

R
/]

for very large scale problems, has also been offered. Aofuemperiments as well as
theoretical proof were also supplied in support of thems.cla

Improvements to the presented method include, rstly,rthedomensional search
overt. As the dual function is the point-wise in mum of the eigelmgaf a matrix, it is
sub-differentiable and utilizing this information shguégtly reduce the time required
for nding t . Another issue that was left open in this work is regardirrguhding
scheme. The relaxed soluttar currently discretized by simple thresholding at 0. Even
though we can guarantee thatior to rounding ful lls the linear constraints, this is no
necessarily true after thresholding and should be adidress@mpler constraints, as the
ones used here, rounding schemes that ensures that tlefiggaints hold can easily
be devised. We felt that an in-depth discussion on diffgme@dures for discretization
was outside the scope of this paper.

Finally, the question of properly initializing the muétss partitioning should also
be investigated as it turns out that this choice can affadhboconvergence and the
nal result.
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6. CONCLUSIONS

Figure 1.4: Original image (top left), segmentation witbonstraints (top middle),

segmentation boundary and constraints applied (top. rigagmentation with hard,

including and excluding, as well as area constraints2&eaf the entire image) (mid-
dle left), segmentation boundary and constraints appliedl¢ right). Segmentation
with constraints, (area=250 pixels) (bottom left), ségtioarboundary and constraints
applied (bottom right). Here a solid line between two pnditsate an including con-

straint, and a dashed line an excluding.
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Figure 1.5: Original image (top left), three-class sedimemntihout constraints (top
middle), segmentation boundary (top right). Three-dgssestation with hard, in-
cluding and excluding constraints (bottom left), segtimnkemundary and constraints
applied (bottom right).
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Ef ciently Solving the Fractional Trust
Region Problem

Anders Eriksson, Carl Olsson and Fredrik Kahl

Centre for Mathematical Sciences
Lund University, Sweden

Abstract

Normalized Cuts has successfully been applied to a wiglefrtagks in com-
puter vision, it is indisputably one of the most popularesggtion algorithms
in use today. A number of extensions to this approach lebeeriproposed,
ones that can deal with multiple classes or that can ireteraqriori informa-
tion in the form of grouping constraints. It was recentlyistimow a general
linearly constrained Normalized Cut problem can be sdledwas done by
proving that strong duality holds for the Lagrangian tielaxa such prob-
lems. This provides a principled way to perform multiqzdassoning while
enforcing any linear constraints exactly.

The Lagrangian relaxation requires the maximization agtteraically small-
est eigenvalue over a one-dimensional matrix sub-spasds & uncon-
strained, piecewise differentiable and concave prohléms paper we show
how to solve this optimization ef ciently even for vergiacgle problems. The
method has been tested on real data with convincing results.

1 Introduction

Image segmentation can be de ned as the task of partitaomimgage into disjoint

sets. This visual grouping process is typically basedlendboues such as intensity,
homogeneity or image contours. Existing approacheitittadholding techniques,
edge based methods and region-based methods. Extenbismmdoess includes the
incorporation of grouping constraints into the segmentptiocess. For instance the
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class labels for certain pixels might be supplied bethrétrangh user interaction or
some completely automated process, [9, 3].

Perhaps the most successful and popular approachesdotisggmages are based
on graph cuts. Here the images are converted into undgempbd with edge weights
between the pixels corresponding to some measure oftginditee ambition is that
partitioning such a graph will preserve some of the spatitdie of the image itself.
These graph based methods were made popular rst througbrthalized Cut for-
mulation of [10] and more recently by the energy minimizatiethod of [2]. This
algorithm for optimizing objective functions that are salohar has the property of that
it solves many discrete problems exactly. However, egnadirgation problems can be
formulated with submodular objective functions, nor esisiple to incorporate all types
of linear constraints.

In [5] it was shown how linear grouping constraints can hel@ttin the former
approach, Normalized Cuts. It was demonstrated how Liagraslgxation can in a
uni ed can handle such linear constrains and also in whiteyay uence the resulting
segmentation. It did not however address the practies @éfsading such solutions.
In this paper we develop ef cient algorithms for solvingabeangian relaxation.

2 Background.

2.1 Normalized Cuts.

Consider an undirected gra@h with nodesv and edge& . and where the non-
negative weights of each such edge is represented bytamftnk W, with only
non-negative entries and of full rank. A min-cut is the naialtsubset A of V such that
the sum of edges between nodes in A and V is minimized, tieatimimizer of
X
cut(A;V) = Wi (1.2)
i2A;j 2VnA

This is perhaps the most commonly used method for splittiplgsgand is a well known
problem for which very ef cient solvers exist. It has howeea observed that this
criterion has a tendency to produced unbalanced cuterattitions are preferred to
larger ones.

In an attempt to remedy this shortcoming, Normalized Céténvaduced by [10].
It is basically an altered criterion for partitioning ggaahplied to the problem of per-
ceptual grouping in computer vision. By introducing a nimgterm into the cut
metric the bias towards undersized cuts is avoided. ThealdedrCut of a graph is
de ned as

Cut(A;V) N cut(B;V) .
assodA;V) assodB;V)’

(1.2)

cut —
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whereA[ B = V,A\ B = ; and the normalizing term de ned@assodA; V) =
i2aj 2v Wi - Itis then shown in [10] that by relaxing (1.2) a continuoaietestima-
tor of the Normalized Cut can be ef ciently computed.
To be able to include general linear constraints we redioeththie problem in the
following way, (see [5] for details). Witk W1 andD = diagd), Normalized Cut
cost can be written as

inf z2"(D W)z
z  ZTdd"z+(17d)?’

st.z2f 1;1g"; Cz= h: 1.3)

The above problem is a non-convex, NP-hard optimizatibteproln [5]z 2 f  1; 1g"
constraint was replaced with the norm constedint= n. This gives us the relaxed
problem

: zZ'(D W)z | Ty, — - h
|r;f szde+(1Td)2’s't'Z z=n; Cz=h: (1.4)

Even though this is a non-convex problem it was shown iraf5{ th possible to solve
this problem exactly.

2.2 The Fractional Trust Region Subproblem

Next we brie y review the theory for solving (1.4). If weé le¢ the extended vector

2" zpa iy Throughout the paper we will wrifewhen we consider the extended
variables and justwhen we consider the original ones. Witk [C b] the linear
constraints becom@g = b, and now form a linear subspace and can be eliminated in the
following way. Lel » be a matrix where its columns form a base of the nullsgice of
Any?2 ful lling €2 = 0 can be writter? = Nea¥, wherep 2 R**1 . Assuming that the
linear constraints are feasible we may alwayg, choossisied bzgg.1 = 2n+1 . Let

Le = Ne™ (P W0 No andMga = Na' ((1Td)'3 ddT)% N, both positive
semide nite, (see [5]). In the new space we get the follfmmnglation

ir;f yvicys St P =1 iiiif, = n+1; (1.5)

Wherejjyjjﬁc = 4T NCT Na9. We call this problem the fractional trust region sub-
problem since if the denominator is removed it is simildretstandard trust region
problem [11]. A common approach to solving problems ofyfesis to simply drop

one of the two constraints. This may however result in v@rgglations. For example,

in [4] segmentation with prior data was studied. The ol@datiction considered there
contained a linear part (the data part) and a quadratichsngptarm. It was observed

that whenyx+1 6 1 the balance between that smoothing term and the data term was
disrupted, resulting in very poor segmentations.
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In [5] it was show that in fact this problem can be solvedyexétitout excluding
any constraints, by considering the dual problem.

Theorem 2.1.If a minima of(1.5)exists its dual problem

. PT(Le+tE &)Y
Sup, mewim =n+1 W . (16)
i
_ NeNe _ T 410 .
wher€e =[] —=£7==NZi 70 Ne;

has no duality gap.

Since we assume that the problem is feasible and as theedjection of the
primal problem is the quotient of two positive semide nitedeatic forms a minima
obviously exists. Thus we can apply this theorem diredtsole (1.5) through its
dual formulation. We will usé(t; ) to denote the objective function of (1.6), the
Lagrangian of problem (1.5). By the dual functigh we mean the solution oft) =
|nf”y”ﬁé =n+1 F (t, 9‘)

The inner minimization of (1.6) is the well known genedakagyleigh quotient,
for which the minima is given by the algebraically smalestadjzed eigenvaluef
(Le + tEg) andM. Letting min (5 ) denote the smallest generalized eigenvalue of
two entering matrices, we can also write problem (1.6) as

Stjp min (Le + tEa;Mg): .7)

These two dual formulations will from here on be used iatagehbly, it should be clear
from the context which one is being referred to. In this papeiill develop methods
for solving the outer maximization ef ciently.

3 Ef cient Optimization
3.1 Subgradient Optimization

First we present a method, similar to that used in [8] formizimig binary problems
with quadratic objective functions, based on subgraftiestsving the dual formula-
tion of our relaxed problem. We start off by noting thaftass a pointwise in mum of
functions linear in it is easy to see that this is a concave function. Hencedhemtixt
mization of (1.6) is a concave maximization problem, geideck from dual problems.
Thus a solution to the dual problem can be found by maxingizingcave function in
one variable Note that the choice of norm does not affect the valui ofly affects
the minimizen .

1By generalized eigenvalue of two matticesdB we mean ndinga = (A;B) such thatAv =
Bv has a solution for somagjjvjj = 1.
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3. EFFICIENT OPTIMIZATION

It is well known that the eigenvalues are analytic (anDytutfferentiable) functions
as long as they are distinct [6]. Thus, to be able to useesste@nt method we need
to consider subgradients. Recall the de nition of a subgtrft 8].

De nition 1. If a functiorg : RK*! 7! R is concave, ther?2 RK*! is a subgradient to
gat oif
9( ) 9( o)+ Vv'( 0); 8 2R“: (1.8)
One can show that if a function is differentiable then theatieg is the only vector
satisfying (1.8). We will denote the set of all subgradfenss a pointtg by @ ¢to). It

is easy to see that this set is convex ar&d @ ¢to) thentg is a global maximum. Next
we show how to calculate the subgradients of our problem.

Lemma 3.1.1f 9o ful lls F ($0;t0) = (o) andjjpojj,z\‘(e =n+1.Then
_ 95 Ea Yo
Yo MeaYo

is a subgradient oéitto. If is differentiable &, thenv is the derivative ofttg.

v (1.9)

Proof.From (1.6), we get

P (Le +tER)Y Y5 (Lo + tEw)fo -

()= min

igig =1 PTMay 9T Mato
9 (Lo + toEe)9o . PTEaN
= ﬁ%McO?oé - fMiyZ(t to)= (to)+ VI(t to):  (1.10)

O

3.1.1 A Subgradient Algorithm

Next we present an algorithm based on the theory of subtgadilee idea is to nd a
simple approximation of the objective function. Sinceitietién is concave, the rst
order Taylor expansion(t), around a point;, always ful lls ; (t) (t). If ¢ solves
infj 9i%, =n+1 F (9;ti) and this solution is unique then the Taylor expansioratsf
is
()= F(giti)+ vi(t t): (1.11)

Note that if§ is not unique; is still an overestimating function siméga subgradient.

One can assume that the functipmpproximates well in a neighborhood around
t = t; if the smallest eigenvalue is distinct. If it is not we cawctekyat there is sorfie
such thatin( ;(t); ;(t)) is a good approximation. Thus we will construct a function

of the type

(t) = iinzfl F@it)+ vt t) (1.12)

5
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that approximates well. That is, we approximatewith the point-wise in mum of
several rst-order Taylor expansions, computed at a nomtliéferent values of an
illustration can be seenin gure 1.1. We then take the@olotihe problersup, (t),
given by

sup.

; F(yi;ti)+ VT(t ti); 8i 2 1I: tmin t tmax: (113)

as an approximate solution to the original dual probleme, lttexr xed parameters
tmin ;tmax are used to express the interval for which the approxinsatietieved to
be valid. Let;;; denote the optimizer of (1.13). It is reasonable to assaine th
approximates better the more Taylor approximations we use in the linegrapn.
Thus, we can improveby computing the rst-order Taylor expansion ardind add

it to (1.13) and solve the linear program again. This igedpa#iljty +1  tn] <

for some prede ned> O, andty +1 will be a solution tsup, (t).

o -

-4
32 —— objective function
- - approximation

-0.2 -0.1 o 0.1 0.2

a5 |
3.2 ——objective function ——objective function
- - approximation - - approximation

-0.2 -0.1 o 0.1 0.2 B 0.2 0.1 o 0.1 0.2

Figure 1.1: Approximations of two randomly generatedigbjéunctions. Top: Ap-
proximation after 1 step of the algorithm. Bottom: Appration after 2 steps of the
algorithm.

3.2 A Second Order Method

The algorithm presented in the previous section usesdest derivatives only. We
would however like to employ higher order methods to is@keiency. This requires
calculating second order derivatives of (1.6). Most fasrfard calculating the second
derivatives of eigenvalues involves all of the eigeneect@igenvalues. However, de-
termining the entire eigensystem is not feasible fordalgeystems. We will show that

6
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it is possible to determine the second derivative of amadigefunction by solving a
certain linear system only involving the correspondenyeige and eigenvector.
The generalized eigenvalues and eigenvectors ful diéavinfy equations

(Le +tEg)  (OMe)9(t) =0 (1.14)
iig®iif, = n+1: (1.15)

To emphasize the dependencé we write (t) for the eigenvalue agit) for the
eigenvector. By differentiating (1.14) we obtain

(Ee AOM@IM)+((La+tEe)  (OM)PYt)=0: (1.16)

This(k +1) (k + 1) linear system in(t) will have a rank df, assuming (k) is a
distinct eigenvalue. To determijifé) uniquely we differentiate (1.15), obtaining

¥ (N Ne9Ut) =0: (1.17)

Thus, the derivative of the eigenvegftn) is determined by the solution to the linear
system
h [ h i
Le+tE t)M s 0
( CW (t)?\l)cT [Eji ¢ ¢Yty= ( Ee S)Mc)y(t) (1.18)
If we assume differentiabilitytatthe second derivative dit) can now be found by
computingd (t), where (t) is equal to the subgradiengiven by (1.9).

_ d — dPMTEs) _ 2
0((:[)_ at O(t) = atgT Mi?(t) = 9(t)TMéy(t)9T(t) Eé O(t)Mé 9.0(»[)
(1.19)

3.2.1 A Modi ed Newton Algorithm

Next we modify the algorithm presented in the previousrséztincorporate the sec-
ond derivatives. Note that the second order Taylor expéngiot necessarily an over-
estimator of . Therefore we can not use the the second derivatives asimthelid
previous section.

Instead, as we knowo be in nitely differentiable when the smallest eigeavéiu
is distinct, strictly convex around its optimaNewton's method for unconstrained op-
timization can be applied. It follows from these propefti€s) that Newton's method
[1] should be well behaved on this function and that we cxpddtequadratic conver-
gence in a neighborhoodtof All of this, under the assumption thas differentiable
in this neighborhood. Since Newton's method does not geRi@mnvergence we have
modi ed the method slightly, adding some safeguardingmegsas
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At a given iteration of the Newton method we have evaluajeat a number of
pointst;. As is concave we can easily nd upper and lower bourtdt, , tmax )
by looking at the derivative of the objective function fsdlvalues bf t;.

t = min tj; 1.20
max . O(tli) ol ( )
tmin = i;rp(fi\))( Oti: (1.22)

At each step in the Newton method a new iterate is found mxapating the objective
function is by its second-order Taylor approximation

0Rt;)
) )+ At )+ >

and nding its maxima. By differentiating (1.22) it is gasibwn that its optima, as well
as the next point in the Newton sequence, is given by

_ ')

tiv1 = Q1)

t t)% (1.22)

+ 4 (1.23)

If ti+1 is notin the intervdtmin ; tmax ] then the second order expansion can not be
a good approximation of here the safeguarding comes in. In these cases we dimply fal
back to the rst-order method of the previous section. lbeeessively store the values
of (ti), aswell as the computed subgradients at these points) théscarried out with
little extra computational effort. Then, the upper andribwendst i, andt.x are
updatedi is incremented hiyand the whole procedure is repeated, until convergence.

If the smallest eigenvalug; ) at an iteration is not distinct, theff{t) is not de ned
and a new Newton step can not be computed. In these caseause this subgradient
gradient method to determine the subsequent iterate. etpesepirical studies indicate
that non-distinct smallest eigenvalues are extrem&bfytdioccur.

4 Experiments

A number of experiments were conducted in an attempt t@tevile suggested ap-
proaches. As we are mainly interested in maximizing ae;qees-wise differentiable
function, the underlying problem is actually somewhédviaret. However, in order
to emphasize the intended practical application of thesgwpnethods, we ran the
subgradient- and modi ed Newton algorithms on both smalfathetic problems as
well as on larger, real-world data. For comparison punmaéso include the results of
a golden section method [1], used in [5], as a baselinthabgori

First, we evaluated the performance of the proposed mathadsrge number of
synthetic problems. These were created by randomly gheyssinetric, positive de -
nite,100 100matrices. As the computational burden lies in determivérggeneralized

8
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eigenvalue of the matrideg + tE s andM » we wish to reduce the number of such
calculations. Figure 1.2 shows a histogram of the numbgemfaue evaluations for
the subgradient-modi ed Newton method as well as therlgagelien section search.

1200 1200

[ Subgradient alg., I Vod-Newton alg.
Golden section
1000} Il Golden section 1 1000} [ |
800 1 sool
600 1  e00f
400} {400}
200( I| 4 200t I|
0 o .
(o] 10 20 30 40 50 (o] 10 20 30 40 50

Figure 1.2: Histogram of the number of function evaluatiegsired for 1000-
synthetically generated experiments using a golden sesttiod (blue) and the sub-
gradient algorithm (red).

The two gradient methods clearly outperforms the goldemssarch. The differ-
ence between the subgradient- and modi ed Newton is netasmilble. The somewhat
surprisingly good performance of the subgradient methdm axplained by the fact
that far away frorh the function (t) is practically linear and an optimization method
using second derivatives would not have much advantagaeoteat uses only rst
order information.

Finally, we applied our methods to two real world examphesuriderlying mo-
tivation for investigating an optimization problem of fitimm was to segment images
with linear constraints using Normalized Cuts. The rsgenzan be seen in gure
1.3, the linear constraints included were hard constithiatss the requirement that
that certain pixels should belong to the foreground orrioackty One can imagine that
such constraints are supplied either by user interactioseimi-supervised fashion or
by some automatic preprocessing of the image. The imagaywsste, approximately
100 100pixels in size, the associated graph was constructednbedge imforma-
tion as described in [7]. The second image was of traf saentem where one wishes
to segment out the small car in the top corner. We have a iptploadp of the im-
age, giving the likelihood of a certain pixel belongingtfwthground. Here the graph
representation is based on this map instead of the grasaless in the image. The
approximate size and location of the vehicle is know andeddhs linear constraint
into the segmentation process. The resulting partitidnecegen in gure 1.4.

In both these real world cases, the resulting segmentéitmiways be the same,
regardless of approach. What is different is the compatamonplexity of the different
methods. Once again, the two gradient based approachestarearauef cient than
a golden section search, and their respective perforoapeeable. As the methods

9
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Figure 1.3: Top: Resulting segmentation (left) and costapplied (right). Here an
X means that this pixel belongs to the foreground and an @ tmatkground. Bot-
tom: Convergence of the modi ed Newton (solid), subgra@iashed) and the golden

section (dash-dotted) algorithms. The algorithms ceavaftgr 9, 14 and 23 iteration
respectively.

differ in what is required to compute, a direct comparisthreof is not a straight for-
ward procedure. Comparing the run time would be pointléss dsgree to which the
implementations of the individual methods have been pptifor speed differ greatly.
However, as it is the eigenvalue computations that are shelentanding we believe
that comparing the number of such eigenvalue calculaiiiobs & good indicator of
the computational requirements for the different appeealttttan be seenin gure 1.3
and 1.4 how the subgradient methods converges quicklyinitigiéterations only to
slow down as it approaches the optima. This is in suppoe aebtive discussion re-
garding the linear appearance of the functigrfar away from the optima. We therfore
expect the modi ed Newton method to be superior when higberazy is required.

In conclusion we have proposed two methods for ef cietiiyinipg a piece-wise
differentiable function using both rst- and second ordermation applied to the task
of partitioning images. Even though it is dif cult to previdcompletely accurate com-

parison between the suggested approaches it is obvithesleatton based method is
superior.

10
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Figure 1.4: Top: Resulting segmentation (left) and ciomstegplied, in addition to
the area requirement used (area = 50 pixels) (right). ldexeiththe top right part
of the corner means that this pixel belongs to the foregrBottdm: Convergence of
the modi ed Newton (solid), subgradient (dashed) and tdergsection (dash-dotted)
algorithms. The algorithms converged after 9, 15 and &Baiterespectively.
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Improved Spectral Relaxation Methods
for Binary Quadratic Optimization
Problems

Carl Olsson, Anders P. Eriksson and Fredrik Kahl

Abstract

In this paper we introduce two new methods for solving bipegratic problems.
While spectral relaxation methods have been the worklimsdise for a wide variety
of computer vision problems - segmentation, clusterimgragin matching to name a
few - it has recently been challenged by semide nite progr@ufsDP) relaxations. In
fact, it can be shown that SDP relaxations produce bettertdounds than spectral re-
laxations on binary problems with a quadratic objectiggdaunOn the other hand, the
computational complexity for SDP increases rapidly asrtiienof decision variables
grows making them inapplicable to large scale problems.

Our methods combine the merits of both spectral and SDRitelaxdetter (lower)
bounds than traditional spectral methods and considéastay execution times than
SDP. The rst method is based on spectral subgradientsanel applied to large scale
SDPs with binary decision variables and the second onedsbabe trust region
problem. Both algorithms have been applied to severaldalggision problems with
good performance.

1 Introduction

Spectral relaxation methods can be applied to a wide shpedplems in computer
vision. They have been developed to provide solutiong.fanetion segmentation,
gure-ground segmentation, clustering, subgraph mgtehith digital matting [9, 14,
21, 26, 12]. In particular, large scale problems that caorrbalfited with a binary
guadratic objective function are handled ef ciently veittersil thousands of decision
variables.

More recently, semide nite programming (SDP) relaxatiave also been applied
to the same type of computer vision problems, e.g., [100]23t 2an be shown that

1
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such relaxations produce better estimates than speittoalanelowever, as the number
of variables grows, the execution times of the semidemigams increase rapidly. In
practice, one is limited to a few hundred decision variables

Spectral and SDP relaxation methods can be regarded amtsvorpan axis of
increasing relaxation performance. We introduce twoagiNermethods that lie some-
where in between these two relaxations. Unlike standarsoB@rs that suffer from
poor time complexity, they can still handle large scalemsbThe two methods are
based on a subgradient optimization scheme. We show doodgmece on a number of
problems. Experimental results are given on the followinigms: segmentation with
prior information, binary restoration, partitioning andggaph matching. Our main
contributions are:

An ef cient algorithm for solving binary SDP problems withadgatic objective
function based on subgradient optimization is developeatidition, we show
how to incorporate linear constraints in the same program.

The trust region subproblem is introduced and we modifyntdaler to be ap-
plicable to binary quadratic problems with a linear terheinhjective function.

Many of the application problems mentioned above are kioole NP-hard, so
in practice they cannot be solved optimally. Thus one éslfreely on approximate
methods which results in sub-optimal solutions. Certaigy(or objective) functionals
may be solved in polynomial time, for example, submodudtiofuals using graph cuts
[11], but this is not the topic of the present paper.

In [8], an alternative (and independent) method is derihéhws also based on
subgradients, called thgectral bundle meth@dr subgradient method differs from [8]
in that it is simpler (just look for an ascent direction) amdvawe found empirically
on the experimental problems (see Section 5) that our npettiodns equally well (or
better). Anin-depth comparison of the two alternativiesvigver, beyond the scope of
this paper.

1.1 Outline

The outline of this paper is as follows: In the next sectignesent the problem and
some existing approximation techniques for obtainingxamiate solutions.

In section 3 we present our algorithm. We develop theomgomiing the spectral
relaxation, by using the notion of subgradients. Subgsaidia generalization of gradi-
ents that is used when a function is not differentiable. &etsht for our problem the
subgradients can be calculated analytically, to detesoard directions, to be used in
an ascending direction scheme.

In section 4 we study the Trust Region Subproblem, whichnseagsting special
case in which we only try to enforce the binary constraintseoof the variables. This

2
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has been extensively studied in the optimization litermtdrwe show that it is always
possible to solve exactly.

Finally we test our algorithms and compare with existingpdsetn the follow-
ing problems: segmentation with prior information, birestpration, partitioning and
subgraph matching. Preliminary results of this work wsesiped in [15] and [5].

2 Background

In this paper we study different ways to nd approximatemwdiof the following binary
guadratic problem
z=inf yTAy + b'y; y2f 1;1g"; (1)

whereA isann n (possibly inde nite) matrix. A common approach for apprating
this highly nonconvex problem is to solve the relaxedmroble

zpo = inf  xTLx; 2
P gxjpe=na @
where 1
_ y - A 3
= L= 2
X Yn+1 b" 0

Solving (2) amounts to nding the eigenvector correspgptalthe algebraically smallest
eigenvalue df. Therefore we will refer to this problem as the spectsaltieteof (1).
The bene ts of using this formulation is that eigenvaludems of this type are well
studied and there exist solvers that are able to ef ciguithit sparsity in the matrlx,
resulting in fast execution times. A signi cant weakndisis édrmulation is that the
constrainty 2 f 1;1g" andyn+1 = 1 are relaxed tjxjj> = n + 1, which often
results in poor approximations.

Now let us turn our attention to bounds obtained throughdsemie program-
ming. Using Lagrange multipliers= [ 1;:::; n+1 |7 for each binary constraint
x? 1=0, one obtains

supinf xT (L + diag )x e'; (3)

as relaxation of (1). Heeés an(n + 1) -vector of ones. The inner minimization is nite
valued if and only {iL + diad )) is positive semide nite, which we write, diag )
0. This gives the equivalent relaxation

zg=infe'; L +diagd ) O: 4
We will denote this problem the dual semide nite problece siis dual to the problem

zp= inf t(LX); diadX)= 1I; (5)
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whereX denotes én + 1) (n + 1) matrix, as was shown in [3, 10]. Consequently
we will call this problem the primal semide nite programceSthe dual problems (4)
and (5) are convex, there is in general no duality gap. Inth&Qbroposed method

is to solve (5) and use randomized hyperplanes (see [TBriirte an approximate
solution to (1). This method has a number of advantages.sigoistantly, using a
result from [7] one can derive bounds on the expected vilegaeifixed solution. It is
demonstrated that the approach works well on a number afiteormigion problems.
On the other hand, solving this relaxation is computatjomgbensive. Note that the
number of variables@n?) for the primal problem (5) while the original problem (1)
only hash variables.

3 A Spectral Subgradient Method

In this section we present a new method for solving the hjimadyatic problem (1).
Instead of using semide nite programming we propose édisel¢relaxed) problem

Zsg =sup inf x'(L + diag ))x e'; (6)
jixjjz=n+1
with steepest ascent. Ata rst glance it looks as thougtitham value of this problem
is greater than that of (3) since we have restricted théessilafx. However it is shown
in [16] that (3), (5) and (6) are in fact all equivalent. Thsaoe for adding the norm
condition to (6) is that for a xed we can solve the inner minimization by nding the
smallest eigenvalue.

3.1 Differentiating the objective function

Let
L(x; ) = x"(L+diad ))x e (7)
FC)y = b LG (8)
jixj2=n+

Sincd is a pointwise in mum of functions linear irit is easy to see tHats a concave
function. Hence our problem is a concave maximizatioreproBlquivalently, can be
written as

f()=(n+1) mn(L+diag ) e': 9)

Here min () denotes the smallest eigenvalue of the entering magiwidely known
that the eigenvalues are analytic (and thereby diffele¥ftimctions everywhere as long
as they are distinct. To be able to use a steepest ascedtweetierd to consider
subgradients as eigenvaliross during the optimization. Recall the de nition of a
subgradient [1].

4
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De nition 3.1. If f : R"*! 7! R is concave, then2 R"*! is a subgradient foat
o if
f() f(o)+ T( 0); 8 2R": (10)

Figure 1 shows a geometrical interpretation of (10). Naité this differentiable at
0, then letting be the gradient df turns the right hand side of (10) into the tangent
plane. One can show that if a function is differentiable treegriadient is the only
vector satisfying (10). fifis not differentiable aty then there are several subgradients
satisfying (10).
We will denote the set of all subgradients at a pgiby @f{ o). From (10) it is
easy to see that this set is convex & @1 o) then ¢ is a global maximum.

So So

Figure 1. Geometric interpretation of the de nition of safignts. Left: When the
function is differentiable iny the only possible right hand side in (10) is the tangent
plane. Right: When the function is not differentiable thereseveral planes full lling
(10), each one giving rise to a subgradient.

Next we show how to calculate the subgradients of our praletiech be the vector
containing the entries »fsquared. Then we have:

Lemma3.1.1f x is an eigenvector corresponding to the minimal eidgénvatiiag )
with normijxjj> = n+1 then = x? eis a subgradientfofit .

Proof.If x is an eigenvector corresponding to the minimal eigen¥value diad )
thenx solves

~inf L(x; ): (12)
jixjj2=n+1
Assume that solves
inf  L(x;~) (12)
jixji2=n+1
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then
f(~) = x"(L+diag~)x e~
xT (L + diag~))x e'~
= f()+ >><<Tdia9(~ x e~ )
= fO+ (¢ D)
= 1)+ (= )
The inequality comes from the fact thablves (12). u

The result above is actually a special case of a more gsukgilen in [1] (Theo-
rem 6.3.4). Next we state three corollaries obtained ft¢ihgorems 6.3.7, 6.3.6 and
6.3.11). The rst one gives a characterization of all slibigta

Corollary 3.2. LetE( ) be the set of all eigenvectors withprm)miL corresponding to
the minimal eigenvalud.of diad ). Then the set of all subgradiehtatof is given by

@1 )= convhu(fx? e x2E( )g): (13)

We do not give the proof here but note that the inclu@én)  convhul{f x2
e; X 2 E( )g) is obvious by Lemma 3.1 and the fact @4t ) is a convex set.

Corollary 3.3. LetE( ) be the set of all eigenvectors withprm)miL corresponding to
the minimal eigenvalué.of diad ). Then

O . — H T — T (2 .
f9;d)= 2%ff()d —Xlzrgf()d(x e): (14)

Heref 4 ;d) is the directional derivative in the directioor formally

£9:d)= fim LFD O,

tr ot t

(15)

The rst equality is proven in [1]. The second equalityvisllivtom Corollary 3.2 and
the fact that the objective functidh is linear in . For a linear (concave) function the
optimum is always attained in an extreme point. From [1pa@ktain the corollary

Corollary 3.4. The directiod of steepest ascen} & given by

0o if =0
d= : (16)
where 2 @1 o) is the subgradient with smallest norm.
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3. ASPECTRAL SUBGRADIENT METHOD

We will use subgradients in a similar way as gradients ia assigepest ascent
algorithm. Event though there may be many subgradientsasechetween, corollary
3.4 nds the locally best one. Figure 2 shows the levelasétsiofion its subgradients at
two points. To the left the function is differentiablegaind hence the only subgradient
is the gradient which points in the direction of steepesitasio the right there are
several subgradients and the one with the smallest notsrirptiie direction of steepest
ascent.

Figure 2: The levelsets of a function and its subgradiemtsgints. Leftf is differ-
entiable at o and hence the gradients points in the direction of stespest &Rightf

is non differentiable at and the direction of steepest ascent is given by the seiigradi
with the smallest norm.

3.2 Implementation

The basic idea is to nd an ascending direction and thenve @olapproximation of
f ( ) along this direction. This process is then repeated uatitiasglution is found.

3.2.1 Finding ascent directions

The rst step is to nd an ascending direction. We use Coyd@l2 to nd a good
direction. A vectax 2 E( ) can be written
X X
X = i Xi; .2 =1; 17)

wheref x; g is an orthogonal base of the eigenspace correspondingnafikest eigen-
value (withjx;jj2 = n+1). For the full subgradient set we need to calodflate for all
possible values ofin (17). In practice, we are led to an approximation and ieat|yir

we have found that it is suf cient to pick the vectdrs e and use the convex envelope
of these vectors as our approximationSlb our approximating set. To determine the
best direction, the vector of minimum nornSimeeds to be found. The search can be

7
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written as
X X
nf i iP=int i @ et k=1« O (18)
k k
which is a convex quadratic programrnthat can be solved ef ciently. To test if an
ascending directiahis actually obtained, we use Corollary 3.3 to calculatedbigomhal
derivative. In fact we can solve the optimization problére{kiently by using the

parameterization (17), which results in
!

X
infd ( ix)2 e ; 2=1: (19)
[ [
This is a quadratic function inwith a norm constraint which can be solved by calculat-
ing eigenvalues. dfis not an ascent direction then we add more vectors to fhéoset
improve the approximation. In this way we either nd an dsggdirection or we nd
that zero is a subgradient, meaning that we have reachHetiahmgximum.

3.2.2 Approximatingf along a direction

The next step is to nd an approximatibhof the objective function along a given
direction. We do this by restricting the set of feasitde seiX consisting of a few of
the eigenvectors corresponding to the lowest eigenvélueslmg ). The intuition
behind this choice fot is that if the eigenvalug is distinct therx?  eis in fact the
gradient of the function

(n+1) (L +diag )) e€'; (20)
where () is theith smallest eigenvalue as a function of a matrix. The Express
fi(t)= x7 (L + diag + td))x; e'( + td) (21)

is then a Taylor expansion arounith the directiord. The functionf ; approximatels
well in neighborhood arourid= 0 if the smallest eigenvalue does not cross any other
eigenvalue. If it does then one can expect that there issarhe¢hatnf(f1( );fi( ))
is a good approximation.
This gives us a functidnof the type

f()= in2fX x{ (L + diad + td))x; e'( + td): (22)
Xj
To optimize this function we can solve the linear program

maxg f
f  x[(L+diag +td)x; e'( +td) (23)
8x; 2 X;t  tmax:



4. THE TRUST REGION PROBLEM

The parametdr,ax is used to express the interval for which the approxinmsatialid.
The program gives a value ffand thereby a new =+ td. In generalf (~) is
greater thah( ), butif the approximation is not good enough, one needs tovmhe
approximating function. This can be accomplished by makiegy Taylor expansion
around the point- and incorporate these terms to our approximation and thpeat
process. Figure 3 shows two examples of the objectivenffirantid its approximating
functionf™.

0.5

-0.5

-1.5

25 05 0 0.5 1 1200, 05 0 0.5 1

Figure 3: Two approximations of the objective fundtion+ td) along an ascent di-
rectiond. The dashed line is the true objecfivlunction and the solid line is the
approximatiori™,

4 The Trust Region Problem

Another interesting relaxation of our original probleivtéreed if we add the additional
constraint/,+1 = 1 to (2). We then obtain a the following relaxation:
ze = inf yTAy+ b'y: (24)
iiyiiz=n
We propose to use this relaxation instead of the speatatiosl (2). Since the objective
function is the same as for the spectral relaxatiogywith= 1 it is obvious that

Zsp Ztr (2 5)

holds. Equality will only occur if the solutionZg happens to havel as its last
component. This is generally not the case. In fact, ertpweahave found that the
last component is often farther away frointhan the rest of the components. So by
enforcing the constraint, that is, solving (24) oftensyreleth better solutions.

Next we will show that it is possible to solve (24) exactipblem closely related
to (24)is

inf yTAy + b'y: (26)
iiyiiz n
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This problem is usually referred to as the trust regionotidapr. Solving the problem
is one step in a general optimization scheme for descenization and it is known as
the trust region method [6]. Instead of minimizing a geheretion, one approximates
it with a second order polynomydlAy + b’y + c. A constraint of the tyggyjj> m
then speci es the set in which the approximation is betekedjood (the trust region).
The trust region subproblem have been studied extensihelpptimization liter-

ature ([18, 19, 23, 22, 17]). A remarkable property of toisl@m is that, even though
it is non convex, there is no duality gap (see [3]). In faxisthlways the case when we
have quadratic objective function and only one quadrafitaiat. The dual problem
of (26) is

supinfyTAy + by + (n yTy): (27)

0

In [22] is shown thay is the global optimum of (26) if and only(yf ; ) is feasible
in (27) and ful lls the following system of equations:

Ay = b (29)
(n y'y) = 0; (29)
A | o: (30)

The rst two equations are the KKT conditions for a localmim, while the third
determines the global minimum. From equation (30) it istea®e that iA is not
positive semide nite, then will not be zero. Equation (29) then tells usjilygit = n.
This shows that for afd that is not positive semide nite problems (24) and (26) are
equivalent. Note that we may always assumaA tisatot positive semide nite in (24).
This is because we may always sulmidadorm A since we have the constant norm
condition. Thus replacimy with A ml for suf ciently largen gives us an equivalent
problem withA not positive de nite.

A number of methods for solving this problem has been piopro§E7] semide -
nite programming is used to optimize the funatiog min(H (t)) t), where
A ib

H(t) = Iy G ; (31)

and i, is the algebraically smallest eigenvalue. In [13] thesasmihm% pl—ﬁ =0

where ( )= jj(A 1) 1%Iojj. This is a rational function with poles at the eigenvalues
of A. To ensure thatth# | is positive semide nite a Cholesky factorization is com-
puted. If one can afford this, Cholesky factorization igréferred choice of method.
However, the LSTRS-algorithm developed in [18] and [19piie ef cient for large
scale problems. LSTRS works by solving a parameterizeal @ggaroblem. It searches
for at such that the eigenvalue problem

A 1ip y y
2 - )
%bT t 1 min 1 (32)

10
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or equivalently

1
(A min 1)y = Eb;
1
t min = ébTy; (33)

has a solution. Finding thiss done by determining asuch that { ) = n, where

is de ned by

1 1
= b (A 1)b= Zby: 34
()=3b (A 1)b= by (34)
It can be shown that gives a solution to (33). Sinceas a rational function with
poles at the eigenvalue#\oit can therefore be expensive to compute. Instead rational
interpolation is used to ef ciently determind-or further details see [18] and [19].

5 Applications

In this section we evaluate the performance of our methaal$efo different appli-
cations that can be solved as binary quadratic problemalgdtitams are compared
with spectral relaxations using Matlab's sparse eigesohadr, SDP relaxations using Se-
DuMi [24] and the spectral bundle algorithm developed byt [8]. Our spectral
subgradient algorithm is implemented in Matlab and therégien algorithm is based
on LSTRS [18] (also Matlab). Note that our implementationsist of simple matlab
scripts while the other software has implementations imd®ff@n highly optimized
for speed).

5.1 Segmentation with Prior Information

In our rst exampe we will compare the trust region methodet@pectral relaxation.
We will see that the spectral relaxation can result in gooers@ations when the extra
variable is not 1. To evaluate the two methods we consider a simple mustgasen-
tation problem with prior information.

5.1.1 Graph Representations of Images

The general approach of constructing an undirected goaphafr image is shown
in 5.1.1. Basically each pixel in the image is viewed as & rrodeaph. Edges are
formed between nodes with weights corresponding to hevivedikpixels are, given
some measure of similarity, as well as the distance bbhaseeimtan attempt to reduce
the number of edges in the graph, only pixels within a snealetermined neighbor-
hoodN of each other are considered. Cuts made in such a grapbmgathtrespond to

a segmentation of the underlying image.

11
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Figure 4: Graph representation 8f a 3 image.

5.1.2 Including Prior Information

To be able to include prior information into the visual grayprocess we modify the
construction of the graphs in the following way. To the g@pre addk arti cial
nodes. These nodes do not correspond to any pixels in teeimatead they are meant
to represent thk different classes the image is to be partitioned into. Tkextal
information that we wish to incorporate is modeled by aesstydistical model. Edges
between the class nodes and the images nodes are addesightghpvoportional to
how likely a particular pixel is to a certain class. Wittabedimg of thé class nodes
xed, a minimal cut on such a graph should group togethés poarding to their class
likelihood and still preserving the spatial structurg, see

M
(@) Original (b) Corresponding (c) Multiclass min- (d) Resulting
image graph cut segmentation

Figure 5: A graph representation of an image and an exam@leldss segmentation.
Unnumbered nodes corresponds to pixels and numberedtheesrtocial class nodes.

5.1.3 Combinatorial Optimization

Next we show how to approximate this problem using theadpeethod and the trust
region method. LeX =[z1;:::;z] 2 f 1;1g" X denote then  k assignment
matrix for all then nodes. Al in rowi of columnj signi es that pixel of the image
belongs to clags and of course 1 in the same position signi es the opposite. If we
letW contain the inter-pixel af nities, the min-cut (withoutgdiclass probabilities) can

12
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then be written

XX X X
Chin = inf Wy = inf Wi (Zij Zj| )2 = inf ZiT(D W)Zil (35)
z i=1 u2A; z il z i=1
V2A;

HereD denotes digifV 1). The assignment matéxmust satisfy 1 = (2 k)1. In

single pixel belonging to a certain class) are includeldatitedabels of the class-nodes
are xated, we get

X
Cmin = inf Al fD W? z 29z = inf tr 2'Lz +
z2f 11g" K _ —{z— z2t 11g" K
z1=¢ K1 't L ) z1=2 K1
2 3 L O 0
ﬁ Z1 0 L 0
T..... T . _ T ] T,
+2H pl,.{z., pkﬂ Z = In:li.:;lg”k z 0 0 z+2b' z: (36)
b7 k zZ1=2 k)1 .
| {z—} 0O : 0 L
z | {z }
A
Asz2f 1;1g®, z?=1,we can write
= inf,z"Az+2b"z (37)
s.t. z22=1 (38)
z1=(2 K1 (39)

The linear subspace of solutiond1o= (2 k) can be parametrizedzas Qy+ v,
whereQ andv can be chosen so ttat Q = | andQTv = 0 andy 2 R"K 1 With
this change in coordinates and by replacing the discrettairdzy = 1 withz" z = nk
we arrive at the following relaxed quadratically corstrairadratic program

= infy(Qy+ v)TA(Qy + v) +2b" (Qy + v);
s.t. 2"z=(Qy+ v)T(Qy+ v) = nk: (40)

For ef ciently solving this problem we here turn our atiarit two relaxations that
are tractable from a computational perspective. Singp(id), we obtain an equivalent
trust region problem an the form

v = inf y Ay +2b'y: (41)

jiyiiz=nk vTv

By adding an extra varialg« 1)+1 asin (2) we obtain the spectral relaxation.

13
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5.1.4 Experimental Results

As mentioned in the previous section prior knowledge ipanated into the graph cut
framework through thk arti cial nodes. For this purpose we need a way to describe
each pixel as well as model the probability of that pixetbejdo a certain class.

The image descriptor in the current implementation is loasedlor alone. Each
pixel is simply represented by their three RGB color chaihel probability distribu-
tion for these descriptors are modeled using a Gaussiare Mgtel (GMM).

. |
S R e

i=1

Pt (42)

From a number of manually annotated training images the Gadingters are then
tted through Expectation Maximization, [4]. This tting only carried out once and
can be viewed as the learning phase of our proposed method.

The edge weight between pixeindj and the weights between pikelnd the
different class-nodes are given by

r(ijo) is(i) s()ii?
wi = gl R )¢ ’ W) (43)
L= p(w(i)ji2k) .
Pai = 'W (44)

Herejj jj denotes the euclidian norngj;j ) the distance between pikeind] .
The tuning parameters r and  weights the importance of the different features.
Hence,w; contains the inter-pixel similarity, that ensures thagebmentation more
coherent.p; describes how likely a pixel is to belong to klassl is a parameter
weighting the importance of spatial structure vs. cldstpity.

Preliminary tests of the suggested approach were caridedaolimited number
of images. We chose to segment the images into four sirepds,ctky, grass, brick
and background. Gaussian mixture models for each of #sses glere rstly acquired
from a handful of training images manually chosen as h@iespr@ative of such image
regions, see gure 6.

For an unseen image the pixel af nity mai¥ixand class probabilities were com-
puted according to (43) and (44). The resulting optimizgtiogram was then solved
using both the spectral relaxation and the trust regionobldap method. The out-
come can be seenin g. 7. Parameters used in these expevenenrt =1, w =1,

=10 andN a9 9neighborhood structure.

Both relaxations produce visually relevant segmentasised on very limited train-
ing data our proposed approach does appear to use thef@maation in a meaningful
way. Taking a closer look at the solutions supplied by gtedgion method and the
spectral relaxation, for these two examples, does hewealkwme substantial difference.
The spectral relaxation was reached by ignoring the icoestthe homogenized coor-
dinatey,« 1)+1 = 1. The solutions to the examplesin g. 7 produces an homageneo
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Figure 6: Sample training images.

coordinate value gf« 1)+1 120, in both cases. As the class probabilities of the pix-
els are represented by the linear part of eq. 37, the gpémtedion, in these two cases,
thus yields an image partition that that weights priomEton much higher than spa-
tial coherence. Any spatial structure of an image will thie preserved, the spectral
relaxation is basically just a maximum-likelihood dasen of each pixel individually.

5.2 Binary Restoration

As a test problem (which can be solved exactly by other,meansj consider the
problem of separating a signal from noise. The $igmali = 1;:::; n is assumed to
take the valuesl. Normally distributed noise with me@rand variatior0:6 is then
added to obtain a noisy sighslg; i = 1;:::;n. Figure 8 (a) and (b) graphs the original
signal and the noisy signal respectively for400. A strategy to recover the original
signal is to minimize the following objective function:
X X X
(xi s+ xi x)?% x2f 11g: (45)
[ i j2N()

HereN (i) means a neighborhoodioin this caséi 1;i + 1g. By adding the (ho-
mogenization) variabkg .1 , the problem can be transformed to the same form as in
(6). Table 1 shows the execution times and Table 2 disgaystdined estimates
for differentn. For the subgradient method, 10 iterations were run anchiiteaation,

the 15 smallest eigenvectors were computed for the appi@xges in (18). Note in
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Original images.

(TSP) Resulting class labelling.

(SR) Resulting class labelling.

Figure 7: Example segmentation/classi cation of an imegebwth Trust Region Sub-
problem (TSP) formulation and Spectral Relaxation (SR).
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n Spectra| Trust region Subgradient SDP
100 | 0.33 0.60 4.21 3.81
200 | 0.30 0.62 6.25 13.4
400 | 0.32 0.68 6.70 180
600 | 0.33 0.80 10.7 637
800 | 0.49 1.40 10.1 2365
1000| 0.37 1.85 15.2 4830

Table 1: Execution times in seconds for the signal problem.

n Spectral Trust region Subgradient SDP
100 24.3 31.6 40.6 53.1
200 27.4 40.5 53.5 76.1
400 74.9 88.4 139 174
600 134 164 240 309
800 169 207 282 373
1000| 178 229 322 439

Table 2: Objective values of the relaxations. A higher veduns i better lower bound
for the (unknown) optimal value.

particular the growth rate of the execution times for the EB#re 8 (b) - (d) shows the
computed signals for the different methods whel00. The results for other values
of n have similar appearance. The spectral relaxations behsweaply) well for this
problem as the estimated value,qf happensto be closetd. Nextwe consider
a similar problem as above, which was also a test probl&nWedlvant to restore the
map of Iceland given in Figure 9.  The objective functioe isaime as in (45), except
that the neighborhood of a pixel is de ned to be all its faghhering pixels. The size
of the image i88 104, which yields a program witl8 104 +1 = 8113 variables. Re-
call that the semide nite primal program will con&ii3 = 65820769variables and
therefore we have not been able to compute a solution witME&D[10], a different
SDP solver was used and the execution time was 64885d.vestempare with the
spectral bundle algorithm [8]. Table 3 gives the execimies &nd the objective values
of the estimations. Figure 10 shows the resulting restertr the different methods.
For the subgradient algorithm, the 4 smallest eigenvateassed in (18). Even though
the spectral relaxation results in a slightly lower objgatue than the trust region, the
restoration looks just as good. Here the last componeptaifinvector 685 which
explains the similarity of these two restorations. Theasligag method yields a solu-

tion with values closer tol as expected. Recall that there is a duality gap which means
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Figure 8: Computed solutions for the signal problemmti100. (a) Original signal,
(b) signal + noise, (c) solution obtained using spectoedtiehs, (d) trust region, (e)
subgradient algorithm and (f) dual semide nite program.

that the optimal solution will not attaip = 1 for alli in general. The spectral bundle
method provides a solution where some pixel values areangechtiian 1. In order
to make the difference between pixels with vall@sd1 visible in Figure 10(d) we
had to replace these pixel values with a smaller valueestitis in the white areas in
Figure 10(d) and the bar close to the vaing-igure 10(d).

5.3 Partitioning

In this section we consider the problem of partitioning agermto perceptionally dif-
ferent parts. Figure 11 (a) shows the image that is to b®padti Here we want to
separate the buildings from the sky. To do this we use tvérglregularization term

X
Wij (Xi Xj )22 (46)

The weightsv; are of the type

(RGR() RoR(j)2 _d(ij )2
wj = e RGE € d (47)
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Figure 9: Map of Iceland corrupted by noise.

Method Time (s)| Lower bound
Spectral 0.48 -1920
Trust region 2.69 -1760
Subgradient, 10 iter. 74.6 -453
Bundle, 5 iter. 150.4 -493

Table 3: Execution times and objective values of the campwer bounds for the
Iceland image.

where RGH) denotes the RGB value of pixahdd(i;j ) denotes the distance between
pixelsi andj. To avoid solutions where all pixels are put in the sami@bpagd to
favour balanced partitions, a term penalizing unbalasiotdrs is added. If one adds
the constraing” x = 0 (as in [10]) or equivalentk/ ee’ x = 0 we will get partitions of
exactly equal size (at least for the subgradient metrstedime add a penalty term to
the objective function yielding a problem of the type

infx"(L+ eeT)x; x;2f 1;1g: (48)

Method Time (s)
Subgradient, 4 iter. 209
Subgradient, 7 iter. 288

Normalized Cut§ 5.5

Table 4: Computing times for the skyline image.
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Figure 10: Top row: relaxed soutions. Middle: threshhslgletdons. Bottom: his-
togram of the estimated pixel values. (a),(e),(i): $peethad, (b),(f),(j): trust region,
(c),(9),(k): subgradient, 10 iterations, (d),(h),(l)mierg's bundle method, 5 iterations.

Observe that this problem is not submodular [11]. Sincezéhefsihe skyline image
(Figure 11(a)) i85 55we obtain a dense matrix of Gig@5 1925 However, be-
cause of the structure of the matrix it is easy to caldutateee T )x which is all that

is needed to employ power iteration type procedures taadigensystems. This type
of matrices are not supported in the spectral bundle spfse@ave cannot compare with
this method. Also, the problem is too large for SeDuMi angl ithao point in running
the trust region method on this problem since the mathias not been homogenized.
Figure 11 (b) shows the resulting partition. Figures 1fl) @ye the relaxed solutions
after 4 and 7 iterations, respectively, of the subgralgierithem. Both relaxed solutions
yield the same result when thresholded at zero. As a compegihiave included the
partitionings obtained from Normalized Cuts [21] whicHiisguently applied method
for segmentation. The reason for the strange partitionifigures 11(c),(d) is that
the Fiedler vector in Normalized Cuts essentially contdires close t00:3 and3:3
and the median is also close @3. Table 4 shows the computing times of the differ-
ent methods. Note that the convergence of the subgradtantrhere is slower than
previously, this is because the eigenvalue calculatiorsdemanding fgt. + ee ™).
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Figure 11: (a) Original image, (b) thresholded segmentétior? iterations of the
subgradient algorithm (white pixels correspond to ose reamining pixels are in the
other class) (c) Fiedlervector thresholded at the mat)idfiedlervector thresholded
at the mean, (e),(f) relaxed (untruncated) solutionsebtaiith 4 and 7 iterations,
respectively, of the subgradient algorithm.

5.4 Registration

In our nal experiments we consider the registration pnolii@ppears as a subproblem
in many vision applications and similar formulations asntheve propose here have
appeared in [2, 20, 25].

Suppose we are given a sehafource points that should be registered to a set of
n target points, whera < n . Letx; denote a binar{0; 1)-variable which is 1 when
source pointis matched to target pointotherwise 0. As objective function, we choose
the quadratic function X

Wik Xij Xkl ; (49)

and setvjy =  1if the coordinates of the source posmisy areconsistemith the
coordinates of the target poiljtst;, otherwisevyq = 0. Two correspondence pairs
are considered to be consistent if the distances arerapfelyxthe same between source
and target pairs, that is,

abgjisi sk i o wii) < (50)
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Figure 12: One random example for the registration proldgfarget pointa = 60
and (b) source points = 15.

for some threshold Each source point is a priori equally likely to be matctzay tof
the target points and hence there is no linear term in thﬂeim@jﬁmnctior\aln addition,
each source point should be mapped to one of the targetgmairitence pXij =1
for alli. Also, two source points cannot be mapped to the same tanget This
can be spﬁci ed by introduci @ 1)-s|acI|<_,variabIe<$q+1 j forj =1;:::;n and the
constraints m as well as l"lIl xj =1 forallj.

By substituting; = 2 2+1 , the problemis turned into a stand@rd; 1)-problem,
but now with linear equality constraints. In the case ofukeregion metl]gd we may
penalize deviations from the linear constraints by addiadiips of the typg i Xij
1)? to the objective function. One could do the same in the cale sfilbgradient
algorithm, however, in this case the penalties have to bgdrned and may therefore
not be P effective as for the trust region method. Instgahge multipliers of the
type «( i Xij )2 g areintroduced. These multipliers can then be handledtityexa
the same way as the Constra('ﬁ\ts 1 = 0. Each constraint gives a new entry in the
subgradient vector which is updated in the same way as before

Xm+1;j = N

22

Table 5: The registration problem with= 15; n = 60.

Method Time (s)
Trust region 1.9
Subgradient, 7 itef.  43.5
Subgradient, 15 iter. 193
SDP 6867
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(@) (b)
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Figure 13: Computed solutions= [ z11;212;:::;Zm+1:n ] for the registration prob-

lem using (a) the trust region method, (b) the subgradi¢ginddné iterations, (c) the
subgradient method, 15 iterations, and (d) SDP with SefiNfigure 12.

We have tested the formulation on random data of variosis Bz, coordinates
for the n target points are randomly generated with a uniform disbrib then we
randomly selectad source points out of the target points, added noise anedagpli
random Euclidean motion. Figures 12 (a),(b) show the tardsiburce points for one
example witm = 15 andn = 60. The threshold is set td0:1. The untruncated
(vectorized) solutions fay are plotted in Figure 13 and the resulting registration for
the subgradient method is shown in Figure 14. The stan@atdhspelaxation for this
problem works rather poorly as the last enfty is in general far from one. The
computing times are given in Table 5. Note that this exaraplagproximately four
times as many decision variables as the largest problewithdad20, 25]. For more
information on the quality of SDP relaxations for this prabthe reader is also referred
to the same papers.
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Figure 14: Registration of the source points to their pon@isg target points, cf. Fig-
ure 12.

6 Conclusions

We have shown how large scale binary problems with qualtiedtores can be solved
by taking advantage of the spectral properties of sucanpsobThe approximation
gap compared to traditional spectral relaxations iseraidydsmaller, especially, for the
subgradient method. Compared to standard SDP relaxét@osmputational effort is
less demanding, in particular, for the trust region mekuddre work includes to apply
the two methods to more problems that can be formulated Withsame framework
and to make an in-depth experimental comparisons. It wealbainteresting to see
how the proposed methods behave in a branch-and-bouittral§ar obtaining more
accurate estimates.
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Bijective Thin-Plate Splines

Anders Eriksson

Centre for Mathematical Sciences
Lund University, Sweden

1.1 Thin-Plate Splines

Thin-plate splines are a class of widely used non-rigid s@pping functions. It is
a natural choice of interpolating function in two dimerssérd has been a commonly
used tool for over a decade. Introduced and developed bynddgtand Meinguet
[6] and popularized by Bookstein [1], its attractions diechn elegant mathematical
formulation along with a very natural and intuitive phlisitepretation.

Consider a thin metal plate extending to in nity in all dioes. At a nite number
of discrete positionis 2 R?,i = 1:::n, the plate is at xed heights see gure 1.1.

Figure 1.1: The shape of a thin metal plate constrainedatcsbene distances above a
ground plane at nine different locations.
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The metal plate will take the form that minimizebéisding enerdgy two dimensions
the bending energy of a plate described by a fug¢kpy) is proportional to
I
Z Z 2 2 2
@g @g @9
J(g) = — +2 — + — dxdy: 11
9« e @xey = @y oo D
Consequently, the metal plate will be described by theofuticht minimizes (1.1)
under the point constrainggt;) = z. It was proven by Duchon [2] that if such a
function exists it is unique.
Givenn point constraint = (ty;t,:::t,), along with the corresponding displace-
ments2 = (z1;22;:::;Zn); Z 2 R. De ne

_ iihii?log(jhijj); jihij > 0;
M=o iihij > 0; 2
wherdj jj is the Euclidian vector norm.

De nition 1.1.1. A thin-plate spline functiog, : R>) R is a minimizer of (1.1) iff it
can be written on the following form

or-2(X) = i (X ti)+ ap+ axXg+ azxy =
i=1
3
(x ty1) L
(x t2)
=12:::n§ . + a a a3 4 x4 5=
{z } : X
T
(X _tn)
|—z "}
) 2 3
s(x)
_ T 1
= a ady az X (13)
X2

wheregr.»(X) i, & satisfy

gr2(ti) = z; (1.4)
X xo X
P = itix = ity =0: (1.5)
i=1 i=1 i=1
Combining (1.3), (1.4) and (1.5) the thin-plate spline @fohbnd by solving the
equations
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1.1. THIN-PLATE SPLINES

T
a
s(t1) 1t ti g ai é= 2,
az
;3
ap
S(tn) 1 th1 tn2 ga Z:Zn; (1.6)
2
a
2 3 :
11 1 gal Z:o; (1.7)
az
2 % 3
TT 0 0 galé:o: (1.8)
az
as
With the symmetrim  n matrix S dened bys; = (ti tj) we can write (1.6)-
(1.8)
2 2 13 2 3
S 1, T z
417 0 05 alZ=405:
TT 0 0o @ 0
| {z } &

(1.9)

If t1;:::;t, are not collinear the symmetric matrixs of full rank (see [3]) and
equation (1.9) has the unigue solution

213 2 3
V4
galé: 1405
ay 0 '
az

(1.10)

Consequently, with the following partition of!
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11 12
1_ .
- 21 22 ’
n n

12 _ ( 21)T ‘N
22. 3 3

the thin-plate spline can be de ned.
De nition 1.1.2. A thin-plate spline under point constraiitand2 can be written

s(x)
T a a 1 _
1 a2 as X1 =

2 2
0 22311— S(X)
- @ 1405A§ 1 é:

gr2(X) =

s oo 1§ 1}

1
= s(x)T 1 x 0 2 (1.11)

Thin-plate splines of this form has a number of desiralglerpes. They are both
continous and smooth interpolants. Equivariance undérgintransformations also
holds.

Lemma 1.1.1. The thin-plate spline are equivariant under similargfotraations.
R?! R20fT.

9 12() = gra( H(X); (1.12)
where
(T)= (T+ 1, 1 1, 2 )R
R 2 0(2);
2 R;
2 R?%:
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Proof.If the transformed spline and its associated variablastisddiey~, from 1.1.2
and the preceding discussion we get

g,= s(x) 1 x 21 B

and
(s(x)i= (x t); (1.13)
gS)n = (6 r,g; (1.14)
~11  ~12 S 1
l= ., —» 411 0 o05: (1.15)
TT 0 0

First, proving the lemma for rotations ofilys T R.
It is readily veri ed that

(s(x))i = (s(xR"))i;
(S)i =(9)i;

~11 _ 11,

and
~2_ 1 0 21.
0 RT '
Which gives
11 3
Grrre(X)= S(xRT) 1 x5 x2 4 1 0 21 O2=
0 RT
11
s(xRT) 1 xRT 21 = gr2(xRT):

Similarly for translatio, = T+ 1, 1 1, 2
Here the following holds

(s(x))i =(s(x  )i;

(S)ij =(9)i;

~11 - 11.

~21 - 1 21.
0o 1 ’
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Which then gives

2 1 3
Gra(X)= sx ) 1 x 4 1 s O 2=
0 |1
11

s(x ) 1 (x ) 21 = Ora(X ):

Finally, scalingl. = T, gives

(s(x))i = (ix  tijj)=

% (X1 ti)?+(x2 ti1)? log (X1 ti)?+(X2 ti1)?
2
> (X1 tg)?+(x2 t;1)® log  2((xa t;1)®+ (X2 t;1)?)

2s(Z)i + 2log( = i

and similarly

(S)j = 2(S)j + Zlog( iiti  tjii%;

It can be veri ed that the matrices that satisfy (1.15) are

a1 1o
2
2 2
THh+Th
~1_ 21 2 11.
o= o log() ;
2 2
T+t Tho
o1 _ 1y
1= -1
21 1 g
2= 2
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Lz 11 3
~21
Or(X)=g12(x)= s(x) 1 X g 3021 222
ik
2 . .. 3
) ix iz ot ) )
= s(%) Taiog( )4 6 mepa T2 oa .
ji* o taji? 3
T
« TH+Th
= s(%) H+log( ) .6 me B
Ti+ T2
TH+Th « «
O N
Ti+ T2
() e Ba LBy X2 2
2 1 11 3
4
N " g o é X
s(*) 1 % 21 2= gr;2(—):
5
2
Combining these three parts completes the proof. O

Lemma 1.1.1 ts nicely in with the metal plate analogy. iRntatcaling and transla-
tion of the location of the point constraints should notttfie bending of the plate but
solely resultin a corresponding alteration of the plat®. dtr intuitive understanding
of this approach it is expected that the interpolation byestuansformed spline should
be equal to a transformation of the original interpolagitimes which is exactly what
this lemma con rms.

Finally, for the matrix 12, the following also holds

Lemma 1.1.2.1f  is the matrix associated with a thin-plate spline mattppant
constrainfB then with

It holds that
()™ =1, (7T1,=0;( "1, =0;
()T =1, (#)TT1=0;(3)'T1=0;
(A)'T2 =1, (P)'T1=0;( )TT1=0: (1.16)
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Proof.
2 3
X 11 12 S 1, T
| = = 21 22 4 1;'1— 0 0 5=
TT 0 O
2 1T 3
llS+ 12 Tr_1|_ 11 1n T
E 1T
218+ 22 Tr_1|_ 21 1n T
)
2 (1)2T
2 9,01 =§ 26 1, T, T, =
12T
2 2 3
Ry, 2Ty BT, 100
=8 Pfa, P'1, Plr,6=40 1 05
%2T1n %2T-|—1 %2T-|-2 0 0 1

O

The thin-plate spline formulation can easily be gendradteehigher dimension
interpolants. With a different bending energy functiod,itsrassociated fundamental

solution (eq. (1.2)), the above lemmas can be extendedhiadgmeralisation. For
more details see [9].

1.1.1 Pair of Thin-Plate Spline Mappings

The thin-plate spline framework can also be employed inrendbn setting, that is
mappings frolR™ to R™. This is accomplished by the combination of several #ti-pl
spline interpolants. In this section we do however resirgglves tm = 2.

If instead of understanding the displacement of the thial plate as occuring or-
thogonally to th€x; x2)-plane view them as displacements af ther x,- position
of the point constraints. With this interpretation, a navetion : R>! R? can be
constructed from two thin-plate splines, each descritanxg-tandx,-displacements
respectively.

2 3
ta
De nition 1.1.3. Given a set of target poifits=[T 1 T 2] = 2 : % ;ti 2 R?2anda

th
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2 3
Y1

set of destination points = [Y 1 Y 5] = 2 : g ; Yi 2 R? A pair of thin-plate splines

Yn
mapping 1.y : R? ! R?is the bivariate functionr .y (x) = ( g1(x); g2(x)), where
01(x) andgx(x) are two thin-plate spline interpolants ensuring the poigti@ints

v (T)=Y.
The two thin-plate splines satisfying these constrants ar
s(x)
@)= grv,00= YI oo 1§} (1.17)

X1
X2

and
s(x)

1
%@(x)=griv,(x)= Y7 0 O 1§ X1
X2

ON

(1.18)

Since we know thagi(T) = Y and o(T) = Y it follows that

Ty (M) =(R(T);R(T)=(Y1;Y2)=Y.
Using (1.11), such a pair of thin-plate splines mapping poife constraintd

andY is given by
ST (X)3= ((x);%(x)) =[ gl&x) gz(Xg)]g =

2
s(x) s(x)
— T 1 1 T 1 1 —
= Y, 0O Y, 0 0 =
X1 X1
X2 X2
0 2 31+
T S(X) 11
_ Yl oo 1§ 1 Zﬁ _ T
_% vyl 0 0 X1 s(x)" 1 X1 X2 a1 Y
X2

(1.19)

Deformations of this type inherits many of the propertibg einderlying thin-plate
spline interpolants. Firstly, pair of thin-plate splingpmimgs are continous, smooth and
surjective interpolants. The domain of these mappingefiRaland at in nity .y
is purely af ne. Equivariance holds, not onlyfoof lemma 1.1.1 but also &h



PAPER IV

Lemma 1.1.3. Thin-plate spline mappings are equivariant under afisfertraations
: R?21 R2ofVY,i.e.

T (VX)) = 1:v (X); (1.20)
where
(Y)=Y + 151 1, 2 ;
2 RZ 2.
2 R?%:
Proof.
1 1, O
T = s 1 ox1 Xz n Y + 6‘ 1 =
1
s(x)T 1 x1 X n Y o+
1 1, 0 .
+ s(x)T 1 x1 X ”n 0 1 =[using lemma 1.1=
n
11
= s 1 x1 X a2 Y o+ = (X))

O

1.2 Bijectivity Constraints on Thin-plate Spline Map-
pings

In spite of its appealing algebraic formulation presentde previous section, thin-
plate spline mappings do have drawbacks and, disregamghngational and numerical
issues, one in particular. Namely, bijectivity is neweedss$n computer vision, non-
linear mappings iR? of this sort are frequently used to model deformations geéna
The basic assumption is that all the images contain sirmitéures and therefore there
should exist mappings between pairs of images that aredstdhome and onto. Hence
bijective mappings are required.

From section 1.1.1 we have a deformatipr that, for a given set of control
pointsT , is parameterized (linearly) by the destination poinitss of interest knowing
whichY gives a bijective deformation, i.e the set

= fY 2 R?"j 1.y (x) is bijectivay:

10



1.2. BIJECTIVITY CONSTRAINTS ON THIN-PLATE SPLINE MAPPINGS

Such a mapping : R? ! R? is locally bijective at a poxt2 R? iff its functional
determinanjJ ( )j is non-zero. Here

@, @
PCry)i= & & (1.21)
@x @%
using eqg. (1.19)
g—;:@—@l s(x)T 1 x1 X2 :i Y, =
s, 00T Mo @1 P2Teo PTovgs
.07 B+ 2Ty (1.22)
and similarly
Ors 900" Be BT vy (1.23)
%= SHOUNEE I Ot (1.24)
g—;: )T T+ 2oy, (1.25)
Where
2 3 2 .. 3
@ Xtz Xi t2) (L+log(jjx  tajj
cor g} £ BppE BIEE B
' @x : ;
(x tn) (><i2 tni ) (1 +log(jix  tnjj))
(xi 1) (log(jjx  tajj))
E (xi  ta)(log(jix tzj))
=Xila+ T + . (1.26)

(5 tn)(0g(iX tnii))

11
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Inserting into (1.21) yields
Ty (X)j=
2,007 e 2T vy 00T e BTy

T T
$,00T B BTy, 00T B 2Ty,

_ O T 11 12T 0 T 11 12T
= 5, (x) + 17 Y1 os,(x) + 37 Y2

{z b {z
=b1(x)T =bo(x)T
SL00T M BT ovs 00T e PToves
{z b {z }
=ba(x)T =b1(x)7
=Y] |bl(x)loz(x)T 2 bz(x)bl(x)T} Y, =
Dt (x)
_1 T T 0 Dt (x) Y1 _
=3 Y1 Y2 Dt (x)T 0 Yo ©
I {z }—{z=}
B (x) ¢
_ 1\?T ¢ = 1 o
= 5¥TB()Y = Shr(Yix): (1.27)

Using lemma 1.1.3; (x) can be simpli ed

0 bic)" = T+ 1=

2 3
(xi t1) (log(jix  tajj))
" E (xi  ta2)(log(iix tzii)) .
= Xj 1I"I + TI + . +

(% tni)(log(jjx tnii))

| }
i(x)
11, =0
= 11Tr; =0 = U i(X) + i12: (128)

Each pointx 2 R? gives a quadratic constraint¥n (Y "Bt (x)¥ & 0) for
local bijectivity. In order to simplify notatiovi, will be used to denote its vectorized
versionY as well. The intended form ¥%f should be clear from the context. Since

T.y IS acontinous mapping, for it to be globally bijective ¢histaint must either be
> 0; 8x 2 R?o0r< 0; 8x 2 R2.

12



1.2. BIJECTIVITY CONSTRAINTS ON THIN-PLATE SPLINE MAPPINGS

The set 1 can thus be written

T =fY 2R?jYTBr(X)Y > 0; 8x 2 R? or
YTBt(x)Y < 0; 8x 2 R%q:

De ning
T =fY 2R™j)YTBr(x)Y > 0; 8x 2 R%g
and with | de ned similarly, one can writer = T [ ;. Seeingthati¥ 2 I
I 0 , , .
then 0 Y 2 ., itdoes, without loss of generality, suf ce to examjne

Hence, references to bijective thin-plate spline mappiifgsm here on be with respect
to the set .

The sought after set is evidently the intersection of aiteimamber of high-
dimensional quadratic forms each on the form (1.27). Ineangttat visualisation one
can take 2-dimensional intersections of these constraimtkot the resulting quadratic
curve for any number of pointsRt, see g. 1.2.

D

Figure 1.2: The constraints imposed by three poif$ am a 2-D af ne subset &°".
Left: The source con guration with three arbitrarily ahpsénts inR? marked. Right:
The three resulting quadratic constraints.

This is clearly a somewhat impractical representatign, ain implicit representa-
tion would be preferrable. That is a funcegyi ) such that
eY)>0, Y2 -T-;
eY) 0, Yz I:

Such an implicit representation of is contained in the af ne variety de ned by the
envelope equations

Y "Bt (X)Y =0; (1.29)
YT Br(x)%,Y =0; (1.30)
Y Br(x)],Y =0: (1.31)

13
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This comes from the fact that equations (1.27) form a fafhejyadrics irR?",
parametrised by points Rf. Then the implicit representation must be a subset of the
envelope of these functions.

An alternative way of viewing these equations is that poitits boundary of
must be global minimizers lof (x;Y ) overR? with global minima 0. With this
interpretation (1.29)-(1.31) are the rst-order-condgifor such a minima.

However, the task of solving this system of log-lineareuist a formidable one
that has yet not been accomplished.

1.3 Properties of T

Despite the high degree of complexity thaposesses there are still a number of prop-
erties that can be identi ed. Firstly, the set in questioalacis of a very familiar shape

Lemma 1.3.1.The closure ofy , cl( 1) is
(i) a generalised double cone

(ii) star-convex around 0

(iiif) connected

Proof.1t is only necessary to show tbit 7) is a cone since this implies star-convex
around 0 and star-convex implies connected.

The closure of 7 can be written

c( 3)=fY 2R™MjYTBr(x)Y 0; 8x 2 R?°gthenforany 2 cl( ;) obviuosly

y, 2R,isalsoir2 cl( 1), hencel( 7)isadouble cone. With a similar reasoning
it can easily be shown that is a double cone with the origin removed. O

The de ning matrix of the quadratic constraBts(x) and its subordinat@ (x)
are also suprisingly simple in their form. Some of theaatbastics can be summed up
in the following two lemmas

Lemma 1.3.2.Then n matrixDt (X) = b1(X)bo(X)T  ba(x)b1(x)T de nedin
section 1.2

(i) is non-zero for al2 R?) b1(x) andb,(x) are never parallel,
(ii) is zero-diagonal,
(i) is skew-symmetric,

(iv) columnrank 2,

q
(v) haseigenvalues i p, p = bi(X)Dr (X)ba(X).

14



1.3. PROPERTIES OF ;

Proof.

(i) The matrixDt (x) de nes the bijectivity constraints ¥nfor a given poink 2
R2. If there exist an such thatt (x) = 0 thenY "B+t (x)Y = 0, for any
destination con guratio¥ . The thin-plate spline mapping is never locally bijective
around that point regardless the choicé.oflowever, since we know that setting
Y = T gives the identity mapping, which is bijective. From thisamhiction it is
concluded thad 1 (x) must be non-zero for all2 R?.

If b1(x) orb(x) are parallel thefi (x) = 0 and the implication follows.
(i) The matrixDt (x) is zero-diagonal since
(D (x)i = (ba(x))i(ba(x))i  (b2(x))i(b1(x))i =0:
(iii) It is skew-symmetric as
Dr ()T = bi(x)b2(x)T  ba(x)bs(x)" ' =

bo(x)b1(x)T  bi(x)ba(x)" =
= b1()bz(x)T  bz()b1(x)T = Dr(x):

(iv) The column rank follows from that each columB in(x) are the linear combina-
tion of non-zero vector non-parallel vedia(x) andb,(x).

(v) Assuming that the eigenvecto8pfx) can be writtew = by(x) + ba(x).
The eigenvalue problem then becomes

Br(x)v= v
bi(x)ba(x)T  ba(Xx)b1(x)T  bi(x)+ by(x) =

=  bi(x)+ ba(x) ;
bi(x)Tha(x)+ ba(x)"ba(x) by(x)+

bi(x)Tb1(x)  bi(x)Tba(x) ba(x) = bi(x)+  ba(x):

Then for equality the following must hold

bi(x)Tha(x) + ba(x)Tbo(x) = ;
bi(x)Tb1(x)  bi(x)Tba(x) =

15
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Eliminating gives

2+ (b1(x)Tb1(X))(b2(x)"b2(x))  (b1(x)"ba(x))? =0

<

u
= p (b1(x)Tb1(X))(b2(x)Tba(x))  (b1(x)"ba(x))? =
| {z }

0 (Cauchy-Schwarz)
q
= i bi(X)T D1 (x)ba(x)):

Sinceb1(x) andb,(x) are never parallelb is always non-zero. Hence the two
non-zero eigenvalueddbf (x) mustbe i p. It can be noted that as these eigen-
values are both imaginary and sums to zeso(( i p) = 0= Tr(Dt(x)))

in accordance with (ii) and (iii).

O

Lemma 1.3.3.Bt(x) = Do(x) DTO(X)
T

2n matrix with column rank 4 and eigenvalugs

is a zero-diagonal, symmgatric

Proof.If v andu are the eigenvectorslia (x) with eigenvaludsp and i p it is
readily shown that i\\// , ivv , illj and iuu are eigenvectors By (Xx)

with eigenvalues p, p, p and p respectively.

Dr(x) O v iov P v

0 Dt (x) v o i pv %

Similarly it can be shown for the remaining three. Zerosthdity, symmetry and col-
umn rank follows trivially from the preceding lemma. O

The matrixB 1 (x) is evidently of high dimension and low rank. Its vector-alhd n
space both vary with A linear subspace Rf" that is a subset of the null space of
Bt (x) for allx 2 R?, as well as parts of the af ne variety of the quadratic @yuati
Bt (X) de nes, can nevertheless be found.

Lemma 1.3.4.The functioht (Y ; x) of eq. (1.27) is the zero-function,

ht(Y;x)= YTB(X)Y =0; 8x 2 R?;

16



1.3. PROPERTIES OF ;

where
N= v= jw2R"; ; 2R?
1n O _ 1n 0
Proof.If Y 2 0 1, thenY = 0 1, Y.

Using lemma 1.1.2 it follows that

170 1, 0

. — T n n —

hT (Y!X) =Y 0 11 BT (X) 0 1n Y=
_ g7t 1D (0L 0 .

0 17Dt (X)1n

Expanding gives
1,D7(x)1n = 10 (b ()b2(x)"  ba(x)by(x)T)1n =

= (17 (x) (2 (x)T10) (1] (x))(bu(x)" 1n)

()= 15( M a0+ 1) =15 M)+ 1, 2=0 _
Ib(x) = 11( M 2x)+ 3= 17 M o(x)+ 1] =0
1Dt (x)1 0
. - T n“T n —
) hi(¥;x)=Y 0 17D (X)1n Y =0.
IfY 2 N thenY = \\,/vv and
ht \\’,vv X = w' w' Br(x) \\,/vv =
0 Dt (x) w
- T T T -
- W w Dt (x) 0 w

= w 'Dr(x)w w "'Dr(x)w=0:

Next we address the issues of boundedness and convexity.

17
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1.3.1 Boundedness

Obviously, from the equivariance property of lemma 1.2 3gthin question is indeed
unbounded. Since the composition of bijective deformasiaiso bijective, any bijective
target con guration can be deformed by any mapping frormbwainded set of bijective
af ne transformation®? ! R? and still belong to T .

However, if the af ne transformations are disregardefl itill unbounded? By
studying one-dimensional intersections of the set, itecsimoln (for speci ¢ con gu-
rationsT ) that the set is indeed bounded if this restriction is intedl Consider the
subseE of con gurations in which the rst three points have the smsitions as cor-
responding points i, i.e.E is formed by perturbing all but the rst three point¥ of
De ne the subset} ¢ as

T =fY 2 Ejhr(Y;x) > 0; 8x 2 R%g:

These are the con gurationsHnwhich gives bijective thin-plate-spline transformations
Now study one-dimensional af ne subspacEsoaitainingr , i.e.

Eq = fT + sdjs 2 Rg;

d . .
whered = dl represents changes in con gurations. Heraust be zero at the
2

elements corresponding to the xed points soERat E. This intersection dfq4
with T g is
Te, = fY 2 Egjhr (Y;x) > 0; 8x 2 R%g:
Here
ht (Y ;x) = he (T + sd;x) = ag(x)s? + by(x)s+ cq(X):

Sinceht (Y ;x) is quadratic in its rst argument, for each pair? R?, we thus get a
guadratic constraint @ Here the coef cients of the second order constraintsare gi

by
aq(x) = d' Bt (x)d;

by(x) = 2T "Bt (x)d; (1.32)
ca(x)= T'Br (X)T:

Lemma 1.3.5.The functioly (X) can be simpli ed as
bu(x) = [b1(x)T ba(x)"]d = b(x)"d:
The functiony (x) is independent of bdtandx. In fact

Ca(x) =2:

18
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Proof.Using lemma 1.1.2 gives
T T
Tibi()=Ti( ™ 100+ $)=T] 1* =1;
T T
Tiba(x)= TI( ™ 2+ 2)=T] % =0;
T T
Tibi(x)= TI( ™ 1)+ ?)=T3 §* =0;
T T
Tyba(x)= TI( ™ 2)+ 2 )=TF % =1:

So
TID7(x)= T1(ba(x)b2(x)"  ba(x)b1(x)") = ba(x)";

TID7(x)= T3 (bi(x)b2o(x)"  b2(x)b1(x)T) = ba(x)":
This implies that
by(x) =2TTB7(x)d =[T] T;IBr(x)d=[ TiDr(x) T{D7(x)ld =
=[b1(x)T b2(x)"]d = b(x)"d
and
Ca(X)=2T BT (X)T =[ba(x)T ba(x)"]T = b1(X) " T1+ bo(x)T T, =2:
O

A suf cent condition on the boundedness pf; , is that there exists a poin2 R?
such thaty (x) < 0 since this will limit the distaneefor which the spline mapping
is bijective. To prove thaty ¢ is unbounded it is suf cient to show that ¢ | is
bounded for every direction i.e. thatag (x) never can be non-negative.

Here we need to study the space of all fundiphg as the directiod is varied.

Lemma 1.3.6.Given a thin-plate-spline de ned Bgparate control points, assume that
the rst three points de ne an af ne basis. All posstldagay(x) given by (1.32) lie in
theD = (n+1)2 n dimensional spacef functions spanned by funajos),

ajj (X) = fo;i (X)f2;5 (x); (1.33)
where
FOEIEE
fa(x) = zg-X)

19
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Proof.The functionaq (x) can be written
aa(x) = d"Br (x)d =2by(x)T(d1d]  d2d])bi(x)" =
=2( 1007 M4 ( )T did]  dad] (M a()+ )=

= )7 M odid]  dod] M o(x)+

{z
zero-diagonal
+2( )7 did]  dad]  o(x) 2( )T didy  dod]  a(X)*
VD
+2( 19)7 did; dod] 7= i fui ()2 (x) =
i=1 j=1
DD
= i & (X)
i=1 j=1

With f;(x) andf,(x) de ned as above. Asthe matri¢ did] d.d] s
zero-diagonal,;; = O for alli = j, except foi = j = 1 giving the dimension of
A. O

Theorem 1.3.1.For a number of gritlsincluding rectangular regular gridis oh with
| < 10andm < 10, the set of perturbations that leave three of the césnregaind
gives bijective thin-plate splines is bounded iniathslii@civhicth; is not parallell ab,.

Proof.The proof follows from explicit study of the basis functipiis) for these grids.
Thus for a given point con guratioh and assuming that three of the point$ ioon-
stitute an af ne basis it is possible to calculate atbas$ifiinctions which contain all
possible functiore (x) with d leaving the af ne basis xed. By studying the feasibility
of the convex set

fz2RP;z60j;Az O;(1"TA)Tz=1g;

with A containing as rows tli® basis functions sampled at a discrete number of points.
It can be shown that there exists no non-negative funati@nexcept the zero function.
The only directiond for whichag (x) is constantly equal to zero are those with which
d; andd, are parallel. O

1.3.2 Convexity

In certain computer vision applications it is desirabled@eformations that map two
or more images onto each other optimally. In optimizat@oryithe main issue is not
that of linearity and nonlinearity, but convexity and nowexity, any convex properties

20
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1.3. PROPERTIES OF

is therefore of great interest. Since the set in questimnirgdrsection of an

+
:
in nite number of non-convex sets, it would be expected tha non-convex. This is

also the case.

of

Lemma 1.3.7.In general 7 is not a convex set.

the

+
T

1. A simple counter-example

> for0
7
where this convexity requirement is not met can be founabsicgl to be a regular

Proof.Proof by counter-example. Fof to be convex then for agy;y, 2
)y2 must also be in

line yi1+(1

3 3rectangular grid, and, y slightly altered versionsiofsee g 1.3.

PR e e e HH
e e e e M W g
AT ! T
i N H
menaunsSil HHERH

i = 2 B e mmE s A E==am =

S EmsEaREmE===so=c=SSaSEEaRmEN

i e N

A I il q

e T BT TP

e R EEEEREe NNy

Top left: Source

N
:
con gurationT , Top right: Target con guratiog1, Bottom left: Target con guration

Figure 1.3: A simple example illustrating the non-copvaxit
y 2, Bottom right: Target con guration;

yi+(@  )yz, =0:4 Clearly;

andy, are bijective buti+, is not.

Adopting the approach of disregarding af ne transfomsftiom section 1.3.1 does
not make the set display any convex characteristics. Agnodh of the preceeding

lemma a counterexample can easily be constructed, see g 1.4
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bs T 15 2 25 3 35 12

Figure 1.4: Example of non-convex intersection Withunder af ne restriction. Here
only the two left-most points in the bottom row are permitigdove in one dimension,
as indicated by the arrows. The resulting set is cleartpmoex.

As it was observed that these non-convex intersectianawafteed points on the
boundary of the convex hull Bf;g; i = 1;::;n. The idea was to examine if not
permitting points on this boundary to move would ensuregimvThis proved not to
be the case, a example of this can be seenin g. 1.5.

Figure 1.5: An example of a non-convex intersection Withith the restriction that
only points in the interior of the convex hullfofg; i = 1;:::;n were permitted to
move.

Apparently T is a highly non-convex set. However, there are restrfotiovtsich
convexity can be achieved.

Lemma 1.3.8.The set | ¢ is convex if the af ne subsfaceN , withN de ned as in
lemma 1.3.4.
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1.4. SUFFICIENT CONDITIONS FOR BIJECTIVITY

Proof.With
ve =Y 2 EjYTB(x)Y > 0;8x 2 R%g;

E=fU+EyjE2R™ "U2R™; y2Rg
we gety = U + Ey. Consequently, using lemma 1.3.4

YTB(x)Y =(U+ Ey)"B(x)(U + Ey) =
= yT(IELI?é&E})y+2UTB(x)y+ UTB(x)U =2UTB(x)y + UTB(x)U:
=0

The set {E is now de ned by linear constraints, a polytope and isdheosinvex. [

Corollary 1.3.1. The feasible bijective thin-plate spline mappings yvtlisplaning one
target point location make up a convex set.

Proof.This follows trivially from lemma 1.3.8 as the correspgradine subset is con-
tained inN O

Finally, there are strong indications thétis star-convex aroufid That is, that
the intersection of 7 and any af ne one-dimensional subspa&btontainingT is
convex. However, proving this statement still remains open

1.4 Suf cient Conditions for Bijectivity

Given the complexity of the set of bijective thin-plateesgéformations, the enterprise
of nding the de ning expressions analytically is a folriedane. Instead one can use
numerical methods to derive conditions gn By nding subsets of 1, through
different relaxation methods, suf cient conditions fectvity can be obtained. In this
section we discuss some of these conditions.

1.4.1 Maximum-Volume Inscribed Sphere

A suf cient condition for bijectivity could be a sph@reontained in 7, so that if
Y 2S) Y 2 7. Obviously the larger the volume of the sphere contain€d im
the better the suf cient condition would be.

LetSg be a sphere with radiRsde ned by an quadratic inequality

1
Sk = d2R»k @de+1>o: (1.34)

Using the notation from section 1.2, is the intersection of quadrics on the form

C(x)= d2R™jd"Br(x)d+2b(x)'d+2 > 0; x 2 R?
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it is clear thaSg TifS C(x); 8x 2 R?

Theorem 1.4.1.A thin-plate spline mappingy : R?> ! R? with n point constraints
T andY is bijective if

1 .
maxyor2( M (X)),

thatis if Y is inside a sphere centerednth radiudR. Here y (x) are the eigenvalues
of the matrix

iy Tii<R=p (1.35)

b1(x)b1(x)T  ba(x)ba(x)T
b1(x)b2(x)T  ba(x)b2(x)T

Proof.The S-procedure, a commonly used method for dealing wilfatjogonstraints
[7], gives thaBgr is inC(x) if there exista O such that

Bt (x) b(x) &l 0

M (x) = (1.36)

b(x)T 2 o 1 ©
Br(x)+ gzl b(x) :
b(x)T 2 0
By the Schur complement, this is equivalent to
1 1 T .
Br(x)+ E| 2—b(x)b(x) 0;
0 2:

Setting =1 gives
Br(x)+ %I b(x)b(x)" =
_ 0 bi(x)b2(x)T  ba(x)b1(x)"
ba(x)b1 ()T b1(x)b2(x)T 0
bi(x)b1(x)T  bi(x)b2(x)T | 1
ba(x)b1(x)T  ba(x)b2(x)T R2

_ il bl(X)bl(X)T bl(x)bZ(X)T (x)
R2 | bz(X)bl(X)T{7b2(X)b2(X)T )

0:

M

This holds ifR—lZ is greater than the largest eigenvalie(af), or

R p ! :
maxyorz( m (X))
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1.4. SUFFICIENT CONDITIONS FOR BIJECTIVITY

Even though this theorem provides a simple suf cient @bt bijectivity it does
require the computation of a large number eigenvaluegeAsadiie computation in-
volving large matrices is a notoriously arduous taskult $f® avoided as much as
possible. Fortunately, a closer look at the nidt{ix) from the preceding theorem
reveals a relatively simple expression of the largestlagefsuch matrices.

Theorem 1.4.2.The largest eigenvalue of a matrix on the form

M = uu’  wvuT
uvt  wl

wherey; u 2 R" and not parallel, is equal to

1
max = 3 uTu+viv+e  (UTu VvTV)2+4(uTv)2 (1.37)

Proof.Assuming that the symmetric rank 4 maliixhas eigenvectors on the form

+ . . .
UT &V Then nding the eigenvaluesif means solving

cu+ dv
w'  uv’ u+av u+ av
vu'  uuT cu+ dv cu+ dv
Multiplying gives
uuTu+ auu'v+ cvu'u+ dvu'v u+ av
uvtu+ auv'v+ cw'u+ dw'v cu+dv
(uUu+au™vV)u+(cu'u+du"v)v _  u + av
(vVTu+ aviv)u+(cv u+ dvlv)v cu + dv
For equality
(uUTu+ au'v) = ;
(cu"u+ du'v) = a;
2 (VTu+av'v)= c;
(cviu+ dviv)= d
must hold.

Continuing solving the equation system yields
(uUTu+ au'v) = ;
(cu"u+ du'v)=(au"u+ a?u’v);
2 (Vu+aviv)= cu"u+ acu'y;
(cviu+ dviv)= du"u+ adu'v:
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Eliminating from the second equation gives

viu+ avlv

uTu+ auTv’

Inserted into the third and fourth equations

(( l‘jTﬂ’;zz “uTu+ duv) = auTu+ au'y;

(U2 VT g+ dvTv) = duTu+ adu™v:
Now solving fod

d= T viu+avlv _
SV U UTur alry)(uTut autv vty

and back-substitition gives a single polynomial equagon i
(ut™v)¥a*+(u™v)?2@BuTu) viv)a®+3u’v((u'u)? (uTu)(v'v))a?+
+(uTu)® Wuw?vv uTu@w™v)? WTu)?v v+ uTu(viv)?
viviuT™v)®a @ u)2uTv+(uTu)(viv)(u'v) @'v)3=0
which can be factorized into

u'™va?+(u'u viv)a u'

v
(uTv)2aZ +2(u"v)(uTuw)a+((uTu)?+(u™v)2 @WTu)(v'v)) =0:

The rst parenthesis gives

s
ars = uTu vlv uTu vlv 2+1_
L2 2uTv 2uTv
T T P T Tyv/)2 Ty)2
(uU'u v'v) (uUTu VvTv)2+4(u'v)
2uTv
and the second
s
s = uTu uTu 2 (UTu)2+(uTv)2  (UTu)(vTv) _
34 uTv uTv (uTv)2
p
ulu (uTv)2  (uTu)(vTv).

uTv
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Finally with = uTu+ au”v the eigenvaluesf can written
q

1
12=UTU+ agu'v= 5 uTu+ vy (UTu  VTV)2 +4(uTv)2
34= U U+agu'v= (UTu)(vTv) (uTv)2
SinceM is a rank 4 matrix andy; :::; 4 6 0 the initial assumption on the form of the

eigenvectors is correct and the non-zero eigenvallieareftne ones given above. It
only remains to determine which of these eigenvaluesaigytst.| Obviously 2
and 3 4. Comparing ; and 3

q 2
Uu+viv)+ (UTu VvTv)2+4(uTv)?

H
[V]\N]
I
N

(uTu)(vlv) (u'v)? = %(uTu)2 (uTu)(vTv) + %(VTV)2+

+(uTv)2+%(uTu+vTv) (UTu VTVv)2+4(uTv)2 =

= §| (uTu) {Z(vTv) +ﬁETzle+
0

q
+}(uTu+vTv) (UTu VTv)2+4(uTv)2 0
{z

{z—} |
0

0
)1
Since 1; 3> Othis impliesthat; > 3. O
Applying this result to theorem 1.4.1 results in the faibpaorollary.

Corollary 1.4.1. The largest eigenvalue of the riva{sty from theorem 1.4.1 is given by

w00 = = boOThX) + BT ba(x)+

2
q
(b ()T bu(x)  bp(x)Tba(x))? +4(lu(x)Th(x))? : (1.38)

Remark 1.4.1.1t can be noted that two of the smaller eigenvaliégxf are identical
to the eigenvalues of the maBix(x).

q
34= ()T (X)) ((X)Th(x))  (B(X)Th(x))? =

[seelemma 1.3.3 D:
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Figure 1.6: The intersection of three arbitrarily chogeerpianes and; along with
the resulting inscribed sphere condition of theorem 1.4.1.

An example of a maximum-volume sphere conditions for &gemece con gura-
tion T is shownin g. 1.6.

1.4.2 Maximum-Volume Inscribed Ellipsoid

The condition from the previous section can be improvedtewth nding the maximum-
volume ellipsoi = d2 R?"jd"Ad+2a'd 1< 0 inscribedin ;. Finding
such extremal volume ellipsoids can be formulated aszaptimproblems [8, 5].

max volume oE
st.E  C(x);8 x 2 R%:

However, since there are nitely many variables and ameimamber of constraints
this is a semi-in nite program [4]. In order to avoid this pr@ximate T by the
intersection of a nite subset of these constraints,

Ci= d2R*™Mjd'Bid+2b'd+2>0;i=1::L; B;=Br(xi); x; 2R?

Using that the volume & is proportional tdog(detA) the maximum-volume in-
scribed ellipsoid optimization problem can be formulated.

Lemma1.4.1.TheellipsoB = d2 R? jd"A d+2a'd 1< 0 wheréA and

28



1.4. SUFFICIENT CONDITIONS FOR BIJECTIVITY

a are the global optimizers of

min log(detA)

Bi b A a :
S.t. qT 2 I aT 1 Oy
i 0
i=1:L

T
is the maximum-volume ellipsoid inscribé(_jlirﬁ :

Proof.The volume of an ellipsoid on the given form is inverselgnticyal tolog det(A).
The constraints follows directly from the S-procedutbesg®of of theorem 1.4.11

This is a non-linear program with a convex objective faratid bilinear matrix
inequality constraints. It can been shown [8] that it is @esoprogram if T is a
convex set. Following that this formulation is less coestrénan lemma 1.4.1, the
ellipsoide should provide a superior suf cient constrainY ofor bijectivity. However,
the disadvantage of this approach is that it involves a ongpetationally complex
optimization problem.

1.4.3 Improving Suf cient Conditions for Bijectivity

The suf cient conditions derived in sections 1.4.1 an& &ré.on a very compact and
simple form but can in cases be overly tight. Using prepaigaeissed in section 1.3,
such convex bounded quadratic constraints can be furginevémh while still keeping
their appealing representation.

First the following lemma that connects the null spaBe of) to bijective target
con gurations is formulated.

Lemma 1.4.2.1f Y gives a bijective bijective mapping, tha is 1, so do all points in

o 0O ,where: 2R

the hyperplarre + 0 1,
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Proof.If Y 2 thenY TB1(x)Y > 0,8x 2 R?.

1, O

1, O
T n —
(Y + 0 1n ) BT (X)(Y + 0 1n )_
—vT T In O
=Y'Br(X)Y +2Y "Bt (x) +
0 1,
, 1 0 "5 o) In 0O _
0 1, T 1
=[ from lemma 1.3.4 we know thatlon 10 is in the null space of
n
Bt (x)forallx 2 R?]= YT Bt (x)Y > 0; 8x 2 R?: (1.39)

O

To each bijective con guration there is an entire set ofatssiocon gurations, guar-
anteed also to be bijective. This, in conjunction with the pooperties of ;- , allows
for the extension of any convex, bounded quadratic sttoistraint as in the ensuing
theorem.

Theorem 1.4.3.1f the ellipsoil = fyjy"Ay +2a’y + ¢ < 0; y 2 R?"gis contained
in T then so is the set

K = fyjyTAy < 0; y 2 R"g; (1.40)
where
A= (a'G "TEETG 'a+ (A GEE'G")
(I GEE'G hHaa'(l (GEE'G HT) (1.41)
and
" #
k1, 0
E = n 1
0 p—ﬁln

HereG is the upper-triangular matrix from the Choleskyédtiotoas = GG .
The seK is a double cone with the origin removed, it cBraaihss also in , i.e.

E K T

Proof.From the cone property of; from lemma 1.3.1, we know thatif2 7 then
the entire liney , 2 Ris also in T, except at the origin. Combined with lemma
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1.4.2 this means thatyif2 T then the linear hull

8 2 3 9
_ 1, 0 4 5ig.. -
Ly = : 0 1, y 18 2 R;

is a subset of7 .
An open bal§ centered an with radiug can be written

S=fyjly mi(y m)<r?y2R¥"g

That is, a poiny is in S if its distance tm is less than.
If S 7 theny 2 T if Ly intersects, i.e. the distance from to Ly is less
thanr. An orthogonal basis foy, can be written

Ly 0 v
1
F = 0 =1y
| — {2 )
E
Here
(I EET) _ .. (1 EET)

¥= y=

YT EENTG EEN)y T yT(l EEN)y

The distancd(m; L) betweem and the hyperplans, is the lenght of the vecter
v=m FF'm=(l FF")m:
Thus we obtain
dm;Ly)2=viv=m'(I FF)'(I FF)ms=
=m"(l 2FFT+FF'FF)m=m'(l 2FFT+FF")m=
=m'(l FF")m:
The constraint® < r then becomes

cl(m;LyO)2 =m'(l FF")m=

2 T 31
h . i E
=m' @ E pULEE) v 4 T T 5Am=
yr( EET)y p UL EE)
yT(I EET)y
— T T (I EET)yy"( EET)T 2.
= | EE <r2
m{ ) y'(I EET)y mer
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Simplyfying
m'(I EET)my"( EET)y
m'( EET)yy"(I EE")"m<r2y"(1 EET)y
y' (m"(1 EET)m)(I EET)
(I EET)mm™( EET)T r?( EET)y<0
y'(m"™ (I EET)m r?)(1 EET)
(I EET)mmT™( EET)T)y<o0
y' m"( EE"Tm 3 (1 EET)mm"T | EET y<O0 (142

Eq. (1.42) can then be generalised to handle ellipsoidabams on the form
E=fyjylAy+2a'y+c<0; y2R"g:

HereA is a symmetric and positive de nite matrix so it has a Chaleskmposition
A = GGT as well as an inverse. Using this we can write

yTAy +2a'y+c=(y+ A la)TA(y+ A 1a)+(| aTA{Zla+c})=
=(G'y+ G'(GG") a)T(G'y+ G"(GG") 1a)++::e
- (i B9 v+ 6ty es
" m
=(y+ M) (y+ m)+€
Inserting this into (1.42) with? =  egives
v m'(l EE" m+€)l (I EE)mm' | EET y=
=y'G a'G "(1 EET G 'a a'A 'a+ o)l
(I' EET)G'aa"™G " | EET G'y=
=y" (a'G "TEETG 'a+ (A GEE'G")
(I GEE'G hHaa"(I (GEETG H)T) y< o0 (1.43)
O

In the case of the maximum-volume inscribed sphere this neghe following
corollary.
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1.5. CONCLUSION

Corollary 1.4.2. A thin-plate spline mappingy : R? ! R? with n point constraints
T,Y andc= p——L __ asde ned in theorem 1.4.1, is bijective if

max, , g2 ( M (X))
YT (TTEE™T+¢ (1 EEDTTT (1 EET)Y <O (1.44)

Proof.Follows trivially from insertion of theorem 1.4.1 into &qiQ). O

1.5 Conclusion

Even though this section does not provide a complete timeibiey et of bijective thin-
plate spline mappings, it does contain a formulation ofthclvatacterize this set, as well
as proofs of many of its properties. It also includes asthscoSsome experimentally
derived indications of other atributes of this set, asswelitaods for nding suf cient
conditions for bijectivity. Future work includes ndingtsgonditions analytically as
well as attempting to further determine its convexity amitness properties.
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Abstract

Image registration is the process of geometrically glignoiror more images.
In this paper we describe a method for registering paitagafdinased on thin-
plate spline mappings. The proposed algorithm minimedsgférence in gray-
level intensity over bijective deformations. By usingaitaguf cient con-
straints for bijectivity and a least squares formulatfoaptimization problem
can be addressed using quadratic programming and a moduss-Rewton
method. This approach also results in a very computatiefing#nt algorithm.
Example results from the algorithm on three different tfpesmges are also
presented.

1.1 Introduction.

This paper addresses the problem of image registraahelprocess of geometrically
aligning two or more images and has been the subject avextsmarch over the last
decade, see [7]. This eld is widely applied in computenyimote sensing and
medical imaging.

The approach presented here is based on the thin-plagersgiping, a commonly
used method for deforming images. Using this mapping we widhdense and bijec-
tive correspondences between pairs of images. In corigiatemnen-linear mappings
in R? of this sort are frequently used to model deformations gegmahe underlying
assumption is that all the images contain similar strsicndetherefore there should
exist mappings between pairs of images that are botharednd onto, i.e. bijective.

1
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The contribution of this paper is in addition to highlightii some interesting prop-
erties of the thin-plate spline mapping also the incoipocdtsuf cient quadratic con-
ditions for bijectivity into that framework. A descriptidihow to combine this into a
simple but ef cient algorithm based on a least-square ization formulation is also
provided. Similar methods have been proposed [5], hovitbeert wddressing the issue
of bijectivity.

1.2 Thin-Plate Spline mappings.

Thin-plate splines are a class of widely used non-rigeligpéirpolating functions. It is

a natural choice of interpolating function in two dimerss#rd has been a commonly

used tool in computer vision for years. Introduced andgedeby Duchon [3] and

Meinguet [6] and popularized by Bookstein [1], its attrasiinclude an elegant mathe-

matical formulation along with a very natural and intyitiwesical interpretation.
Mappings of this type are constructed by combining twgptate-interpolants, each

describing th&- andy-displacements respectively, a new function, the tiénsplane

mapping : R?2 ! R? can be constructed. Given aBedf k control points inR?

and a seY of k destination points alsoR?. It has been shown that such a bivariate

function thatfullls 1.y (tj) = yi; i = 1:kis in the form (for details see [1])
2 wWT 3
Ty (X) = 100 _ s(x) 1 x 4 ¢ 5; (1.1)
’ 2(x) A
where
(h) = jjhijj? log(jjhij); (1.2)
s(x)=[ (x taj) (x )l (1.3)
w ¢ AT = YToo & (1.4)
with
S Lk T
=414 0 05.(8)= (t tij)
TT 0 O
(1.5)

Combining eq. 1.1 and 1.4, and with the block partitioning of 1, the transforma-
tion can be written

11
Tvy(X)= s(X)T 1 X1 X o1 Yo (1.6)

This gives us a deformation.y that for a xed set of control pointsis parameterized
linearly by the destination points

2
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1.3 Thin-Plate Spline Based Image Registration.

The registration of two images requires nding the defrmmet the rst image that
makes it as similar as possible to the second image. Hem-timear deformation
used is the thin-plate spline mapping and the similaricyidarwill simply be the sum
of squared differences in gray-level intensity.
Denote the image to be warp€s; y), the reference imaber (x;y) and the thin-

plate spline mapping by

T(X;Y). Introducing the nite seK = fxq;X52;:::; XN g of points where the two
images are to be compared, typically all the pixel posititres reference image, the
similarity function can then be written

X X
F(Y)= (i(YD?= (1Y) ler)® (1.7)
1

i=1 i=

Minimizing such sum of squares is a frequently occurribiepr@and a number of
methods exist that take advantage of its particular structu

The Gauss-Newton method addresses the problem in a vedeybsitrggppealing
manner. This iterative algorithm converges linearlydsuree minima if the starting
point is suf ciently close. With the Jacobian(®f) = [r1(Y ):::iry (Y)] de ned as the
N 2n matrix(J(Y)); =( @@(—'fj), the gradient and Hessian of eq. 1.7 can be written

rfey)=23(Y)"ri(Y); (1.8)

X
HY)= J(Y)TI(Y)+2  ri(Y)r ?ri(Y): (1.9)
i=1

In order to avoid having to compute the Hessidn (Y ) in every iteration the
second part of eq. 1.9 is assumed small and is simply deggidétdY ) H(Y) =
J(Y)TI(Y).

Now by approximating (Y ) by its second-order Taylor expansion of degree near
Y (we get

FY) PO+ T E(YT(Y Y+
20 YOTRIYY Y= FY) (1.10)

The unconstrained minimization of this quadratic appadiamof the objective func-
tion f{Y ) is carried out by the normal equation,

Yier = Yo (Q(Y)IYV)DIYOri(Y): (1.11)

By applying this method iterativ&ly will then converge to a local minimd ¢Y ).

3
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However, since we want to minimize eq. 1.7 over bijectiy@ngamnly, a slight
alteration of this method is required. From [4] we can obdaivex quadratic suf cient
constraints ol for bijectivity of the mappingr .y (x) onthe formY TAY + b'Y +
¢ 0. As the minimization of eq. 1.10 is now no longer unconstréiire nal step of
the original Gauss-Newton method is replaced by the doaltiy@ibnstrained quadratic
program, also convedf(Y ) is positive de nite

min - Y )= f(Y )+ rf(Y)T(Y Y+
+3(Y  YOTHY Y Yy)
s.t YTAY +b'Y +¢c O

The solutiony of this optimization is taken as the next point in the itarati

At each iteration of the modi ed Gauss-Newton method esjthie computation of
r(Y)=[ru(Y):zry (Y)]T andJ(Y). This can be done very ef ciently. Using eq. 1.6
the mapping of all points M can be written

3
T(X1;Y)
Xn; Y
2T( nY) . 3
s(x1)T 1 Xu X2 21
= g Y =
11
s(xn)T 1 Xmu X(ny 2
| {z }
Hrx
= HT;xY: (1.12)

Since thé&l  2n matrixHt.x is not dependent of it can be precomputed, reduc-
ing the computation of the mappingXfby (Y k) to a single matrix multiplication.
This then allows for an ef cient calculation of the defoimade. The jacobian ofis
also needed,

@
JY)i = — (I Xi:Y lref ) =
(JCY )i @, (1C (xi;Y)) )
@ @
120 (Xi5Y) o 1 (X3 YY)+ 120 (Xi3Y)) = 2(Xi5Y): 1.13
x( (x ))@{j 1(xi;Y)+ 1y (x ))@{j 2(Xi;Y) (1.13)
Herel 0 andl)‘,) are the horizontal and vertical components of the gratilerffarther-
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more, since the mapping (x; Y ) is linear inY its partial derivatives are all constant

T(XY)=[ 1(X0Y) 205 Y)]=Hrx[Y1Y2])

8 H
@ . - T;X .
) i 0 i (1.14)
2 @ . - 0 . '
S Z(XI’Y) Ht.x ij.

So eq. 1.13 can be computed through componentwise mafitgpigcof elements from
19 (xi;Y)), I)‘,)( (xi;Y)) andHt.x Combining all of the above then enables us to
write the proposed algorithm as follows.

Algorithm for thin-plate spline based image registration.

1. Pre-computation.
For a given thin-plate spline source con gurafioand a pair of imagesand
It to be compared at a nite number of positidns fxj;:::; Xy g compute
the following:
The image gradient,l = ( &; %) =121
The matrixHt .x from eq. (1.12)
The quadratic bijectivity constraintsYorfor T, according to [4]
2. Initialization.
Choose an starting poitty for the algorithm. Either by employing some coarse

search method or by simply selectigg= T, the unit deformation.
Setk = 0.

3. lteration start.

Compute & (X; Yi) = Hrx Y.

Find 1 (5 OG YD), 15 (6 i) andl (5 (X; Yi)).

Calculate the residual= 1 ( ¥ (X; Yk))  lrer -

Use eq. 1.13 to determine the Jacobiafy).

Compute the gradiemtf (Y ) and the approximated HesskifY ) ac-
cording to egs. (1.8) and (1.9)

4. Optimization.
Find the solutiorY to the quadratically constrained quadratic program

min f{yY)
st YTAY+b'Y+c O
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5. Parameter update.
SetYg+1 =Y andk = k+1.

6. Return to 3.

1.4 Experimental Results.

We applied the suggested registration algorithm on tffezertitypes of images. First,
a pair of simple, arti cially constructed images. Seamadnagnetic resonance images
of a human brain, the types of images in medical imagingimhgeeregistration tech-
nigues are commonly applied. Finally, we attempted te&atgn of a pair of images
of human faces. In this case the initial assumption of des$e-one mappings does
not necessarily hold as self-occlusion can easily otoesddypes of images. However,
bijective registrations of natural objects like facdba$ gteat interest, for instance in
the automatic construction of the Active Appearance Mdd2]s

For these experiments a source con guratiea a regular rectangul@r 10grid
was used. The quadratic constraint was pre-computed drid ali¢hree instances.
The images used were roud!@9 100pixels in size. On a standard personal computer
the entire registration procedure, including all pre-gtatipns except for the bijectivity
constraints, took approximately 60 seconds. The resuits saen in gs 1.1, 1.2 and
1.3.

In these three experiments our algorithm converges tst at $adisfactory registra-
tion of the image pairs. The arti cial images are overlayga@aecurately, as would be
expected. The images of the faces are also successfetlydedjiiferences are slight but
distinguishable. We believe that this is the result ofrherdal dissimilarities between
the images, such as inconsistent lighting. However, iagh®fthe two magnetic res-
onance images of a human brain the registration procdssniraly successful. Some
of the discernable features does not seem to have bed#ly ovadayed. We assume
that this is caused by shortcomings inherent in our algofitstly, and this was brie y
mentioned earlier, some of the assumptions the GaussiMesthmd, on which our
approach is based, makes requires that the initial staitihgf the algorithm is suf -
ciently close to the global optima. What constitutes snflgiclose is debateable butis a
requirement for the method to converge successfullydigeadd 10grid thin-plate
spline mapping can only parametrize a subset of all bigifirmations d®2 and in
addition, since the bijectivity conditions of [4] are semitbut not necessary, we can
only reach a subset of this set. This means that our mettesappbetter suited for
image registrations requiring smaller deformationsrtiNgess, we do believe that the
results presented here still indicate the applicab#iiclofan algorithm.
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Figure 1.1: Registration of a pair of simple arti cial image

1.5 Concluding Remarks.

In this paper we have presented a method for performingspaggistration of images.
An algorithm, based on the thin-plate spline mapping,da@refy nding the necessary
deformation is proposed. Experiments on three diffeperst of images with promising

results were also presented.
Improvements are still achievable. In order to overcordeatheack of the Gauss-
Newton method an initial stage to the algorithm should bedaddne that performs
a larger-scale optimization, for instance over af nevtfons only, providing a better
starting point for the thin-plate spline mapping optintrafThe number and distribu-
tion of the control points should also be investigated. panés parametrize a larger
subset of the bijective deformations. Obviously, impravéndgijectivity constraints
could also enhance the performance of the algorithm, bus$ ferhaps outside the
scope of the work carried out in this paper. A differenttiviejégnction than eq. 1.7
might also improve on our method. Finally, a more ef cignésentation of the matrix
Ht.x should be examined, as its size grows quadratically wgittetbEthe image, even

for moderately large images the matrix can become unrbémagea
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Imagel . Imagerer

Resulting deformationr Resulting registratidr{ 1).

Figure 1.2: Registration of a pair of brain MR images.
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Imagd . Imagel ref -
s EH EE
Resulting deformationr . Resulting registratidr{ 1).

Figure 1.3: Registration of a pair of images of faces.
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1.1 Introduction

This work is concerned with groupwise image registrat®siniultaneous alignment
of a large number of images. As opposed to pairwise regigteathoice of a reference
image is not equally obvious, therefore an alternateapprost be taken.

Groupwise registration has received equal amounts Gbmatfesm the research
community as pairwise registration. It has been espadtithgsed in shape analysis
under the name Procrustes analysis, [4]. The areas aitimppdire still remote sensing,
medical imaging and computer vision, but now the aggregéiimages allows for a
greater understanding of their underlying distribution.

The focus in this work is towards a speci c task, the use @é iregistration to
automatically construct deformable models for imagsianaly

1.2 Automatic Active Appearance Model Generation
through Groupwise Image Registration

The outset in this work, that of automatic model constnyctioapproached by at-
tempting to extend the algorithm of [6] to handle severgéisndhe method chosen for
representing deformable models was the widely used ppaaeatice Model approach.

Owing to the resemblance between registration of shapddraades, as formu-
lated here, many of the issues encountered in this segtopelea considered by the
shape analysis community [2] and a number of the ideasquidwar are in uenced by
existing shape matching techniques.



PAPER VI

1.2.1 Active Appearance Models

Active Appearance Models (AAM) is a statistical methamdiuoed by Cootes et al. [1],
for interpreting images. From the shape and texture ofsadiff@tterest in a number of
images, compact models based on the distribution of ditesesare formed.

The texture, or appearance of the objects are the grapdeecihtensities and their
shape are usually represented by a nite number of poiatsssippndence through the
entire set of images.

Then, using principal component analysis, eigenspaesergptions of these two
descriptors are extracted. Depending on the applicaioshape parameters are gen-
erally pre-aligned to eliminate effects from translatiafing and rotation. By applying
yet another principal component analysis, this time tb#pesand appearance param-
eters combined, an even more concise model describingt treribility of the objects
of interest is achieved. The resulting active appearafeleisreo compact description
of a deformable model based on prior knowledge of the adsseantacteristics of the
object at hand. Through image synthesis, that is by ttirgAdh to unseen images,
this approach can be used in a wide variety of image apalicisians.

There is however one disadvantage to this method. Thedecmirespondence
calls for manual annotation of landmarks across the entoEtsaining images. A
both tedious and exhausting undertaking. Here an alerappiroach is suggested, the
automatic generation of Active appearance Models throughvigse image registration.

1.2.2 Groupwise Image Registration

Consider a set of images$;; :::; In , @ groupwise registration of this set implies nding
deformationsy;::; n; | : R?! R? that maximizes the similarity between the cor-
responding deformed imade6 1);::;;In ( n). Since registration is carried out with
Active Appearance Models in mind, similarity is de nedwkadbdegree an eigenspace
method can represent the registered images. Using tiee sligtance to the eigenspace
as a measurement of how well one image is represented bstatistical model, the
total dissimilarity between images 1); i In ( n) can be written

X
S(1; N)= (distance between imdge ) andE)? =
I=1

X
= ji0 EETHN( )i (1.1)
1=1

HereE is the M-dimensional orthogonal basis for a conventigeakpiace representa-
tion. The columns dE are the eigenvectors corresponding thlthargest eigenvalues
of the covariance matrix of the statistical distributidgheofmage vectors. As in [6],

comparison is made at a nite number of locatiorR%inthe set of such locations is

2



1.2. AUTOMATIC ACTIVE APPEARANCE MODEL GENERATION
THROUGH GROUPWISE IMAGE REGISTRATION

written asX = fxa;::1;Xp0. The notationl(x) is used to represent images both on
matrix- and vector-form, the intended form should be evfitem the context.

Though this formulation of groupwise registration hasdengage of simplicity,
it is actually ill-posed. A global optima of (1.1) is aahileyaenappingX bijectively
onto one and the same pixel in each image. As this resultsdovagiance between
the deformed imag&g i1;:::; n) will be equal to zero. This is also an issue in shape
analysis and has been identi ed and addressed by [7, 3,r8]it Hesimply ignored,
the assumption is that if the initial starting point of tgeréithm is suf ciently good the
degenerate solution will not be attained but instead timeizgat used will terminate in
the desired local optima. This vagueness stems from tHginggeoblem itself. What
constitutes as similar objects in images is highly siéjétdince, the formulation of a
method for automatically nding and aligning areas witlesiappearance in a number
of images will be equally ambiguous.

With the given problem statement we can move on to the ptdopesigod for nd-
ing local minima to (1.1). A direct optimizing of this olpyectunction is impractical as
this would involve a very large number of varidiléisnes the number of parameters
needed to describe each deformatiorinstead an iterative approach is proposed, by
sequentially attending to each image individually, th&eruoh variables in each opti-
mization step can be greatly reduced. That is the repeai@ization of functions

xP
S =il EET)L( (X)) = (I EET)I( (X)) ]2 (1.2)
j=1

Using the thin-plate spline mapping of chapter 2 in [5] toesgmt the mappings,
along with the sum of squares formulation, (1.2) allowsufch wf the algorithm pro-
posed in [6] to be adopted in groupwise image registratierasbertions made regard-
ing bijective deformation in pairwise image registratostih valid and are hence also
applied here. The residual for imagecomes

n(Y)=(1 EENL( (xY1)); (1.3)

and the corresponding Jacobian

@ _ @ T . -
(Ji(Y 1) @, @, (I EE )L (xi;Y1)
= EET)@,—@:M( (i) )
JiI(Y))=(1  EET)J(Y)): (1.4)
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Here

iy = @(—@”h( (xi; Y1) =

= I ( (xi; Y1) @(@i 1(Xi; Y )+ g ((xiY) @{@; 2Xis Y1) (1.5)
Wherel % (x) andl 2 (x) as the gradient bf(x) andg{”? andg—"? de ned as in [6].

By adhering to the least square formulation of [6] the thigdior pairwise image
registration can be readily extended to handle groupyisseat®n as de ned here. Nei-
ther does this extension make the required computationsasity more demanding,
resulting in an algorithm of comparable computationalleaitypper iteration.

Algorithm for thin-plate spline based groupwise image rsgation.

1. Pre-computation.

For a given thin-plate spline source con gurdfi@ndN images$;:::; 1y to be
compared at a nite number of positiods= fxy;::;; Xpg compute the follow-
ing:
The gradient of all images.
@ @ 0.10
h=(=1i; =1)=[ly;ly]
rh (@Xl. @yl) [T Iy]

The matrixHt .x is de ned as in [6]
The quadratic bijectivity constraints¥rfor T, according to section 1.4 in

(5]

Note that bothHt.x and the bijectivity conditions are independent of which
image they are applied to.

2. Initialization.
Choose starting poins?; :::; Y § for the algorithm.
Compute the initial eigenspace representafidsy nding the eigenvectors cor-
responding to th®l largest eigenvalues of the covariance matrix of
(TG YD) o InCT (X YR))
Setk =0.

3. lteration start.

For each image | from 1 to N
— Compute 1(X; Y[)= Hrx YK
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— Find i ( 7+ OG Y, 1% (706 Y ) andly (1 (X Y ).

— Calculate the residua(Y ) = (I EY(EO)T)Ii( 1 (X; Y])).

— Use (1.4) to determine the JacoliglY ).

— Compute the gradient and the approximated Hessi&(6f) of

(1.2).
rSI(Y) =23y ) n(Y )
Hi (Y1) = 3V )T (Y )
— Optimization.
Find the solutiory to the quadratically constrained quadratic program
min - S(YK)+ 1 S(YRH)T(Y Y]+
30 YOTEY (Y Y
sit: YTAY +b'Y +¢c>0
— Parameter update.

Sety [+t =
k=k+1.

4. Update the eigenspace representation.
ComputeE X from the covariance matrix of

TG YE) o InC T YR))

5. Until convergence return to 3.

1.3 Experimental Results

The proposed algorithm was tested on a set consisting abré@it-ptyle images of

male faces, see gure 1.1. A thin-plate spline mapping@Gtbohtrol points, evenly

spaced on a regular square 10-by-10 grid, was used. Aastheefadairly centered in
the images, the initial deformation$; :::; Y %, were all set to the identity mapping,
centered near the middle of the images, see gure 1.2.
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Figure 1.1: A sample of the dataset used.

Figure 1.2: Examples of the initial deformatiofis

The dimension of the eigenspace representation wad set30. A set of 1600 points
on a40 40grid were used as the set of locations for comp&rison

The algorithm described in the preceeding section waslapghe set of images at
hand, with the above parameters. A termination criteniquiysimiting the number of

iterations t&?200was used. The proposed method did converge and samgeaedusdt
seenin gure 1.3.

Figure 1.3: Resulting registration for the sample images.
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These results are representative of the entire resutipg/ige registration and do in-
dicate the potential of the proposed approach. This camtiher frealized by exam-
iging the evolution of the mean of the registered imagesadteiteration, ., =

Mo T (XK YY), see gure 1.4.

HEEE
HEEH

Figure 1.4: The evolution of the mean imidgg, , (k = 1;10;:::; 200).

Here the increased degree of geometric alignment issgearlyTo quantify the per-
formance of this algorithm further is dif cult, since, asufised earlier, what is meant
by similarity within a set of images is unclear so is thetimlof groupwise image
registration algorithms. Nevertheless, as the outsheveatamatic construction of ac-
tive appearance models, an indication of the quality @fshkimg registration could be
achieved by examining the performance of the models tHaggro

Constructing active appearance models using the proppseach is extremely
straightforward. The required distributions of shape @meheance are given directly
by the parameters of the thin-plate spline mapjingsd the deformed images
L (X Y).



PAPER VI

Using the 400 aligned images an active appearance-likevamdenstructed. In
contrast to [1], here the shape and appearance reprasentatie kept separated in
order to be able to ensure bijective deformations in thg ptiocess as well. WFkh
andE as the eigenspace basis for shape and appearance lyespeetieformation
parameter¥ for an individual mapping can be written as

Y = Fy: (1.6)

Since this constitutes a subsetjof new and hopefully improved bijectivity conditions
(A, bande) can be computed. Using the notation from the de nition efégistration
algorithm the tting of an active appearance model onto agelr(x) is formulated as
minimizing

X0
S(y) = ji(l  EET)I( 1 (X;Fy)iji®= (I EEDI( 1 (XFy)) ]2
j=1
] (1.7)

under the condition of bijective deformations. This ieddly the repeated solution of

min - S(Y¥)+ r S(y*)T(y y)+
+3y YOTHYY Y9
sit: yTAy+D'y+€>0:

An example model- tting procedure on an image not prestm get of registered im-
ages is shown in gure 1.5. Further examples of model amtepéat shown in gures
1.6 and 1.7. These images should be read as follows. THfientgges shows the origi-
nal image with the boundary of the deformed points supegtipdhe resulting defor-
mation can be seen at the top rightimage. The middle row shtvedeft the deformed
imagd ( 1 (X;Fy)) and to the right its eigenspace representaidn ( 1 (X;Fy)).

At the bottom left is the imadé Tl( T (X;Fy);Fy)), this adds the same interpola-
tion errors introduced in the tting procedure to the oafjimage as well. This makes
the evaluation of the quality of the resulting model t moygrejudiced. Finally, the
bottom right shows the tted active appearance modelyadeda the original image.

1.4 Conclusion

A method for carrying out non-linear geometric alignmeatlafge number images,
especially geared towards the automatic generationvef Ampearance Models, has

8
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been proposed here. By adhering to the sum of squarestiomadls] much of the
techniques used there could effortlessly be extendagpwigeamage registration. The
suggested algorithm was tested on a data set of facesemudttheere presented. As the
nature of the problem is such that the evaluation of itsiparioe is highly subjective, in
addition to its ill-posed problem statement. These i$surd Be addressed by adopting
ideas from shape analysis, where similar topics haveviestigdted. Nevertheless, as
the initial results are convincing the presented approesisitow promise.
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Starting image.

Fitting sequence.

Resulting t.

Figure 1.5: An example AAM- tting. The current model sug@vsed onto the original
after number of different iterations of the proposed tiggrithm.
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Figure 1.6: Example AAM ttings.
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Figure 1.7: Example AAM ttings.
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