
Image Segmentation with ContextAnders P Eriksson, Carl Olsson, Fredrik Kahlanderspe, 
alle, fredrik�maths.lth.seCentre for Mathemati
al S
ien
esLund University, Lund, SwedenAbstra
t. We present a te
hnique for simultaneous segmentation and
lassi�
ation of image partitions using 
ombinatorial optimization te
h-niques. By 
ombining existing image segmentation approa
hes with sim-ple learning te
hniques we show how prior knowledge 
an be in
orporatedinto the visual grouping pro
ess through the formulation of a quadrati
binary optimization problem. We further show how su
h to e�
ientlysolve su
h problems through relaxation te
hniques and trust region meth-ods. This has resulted in an method that partitions images into a numberof disjoint regions based on previously learned example segmentations.Preliminary experimental results are also presented in support of oursuggested approa
h.1 Introdu
tionImage segmentation is normally de�ned as the task of distinguishing obje
ts fromba
kground in unseen images. This visual grouping pro
ess is typi
ally basedon low-level 
ues su
h as intensity, homogeneity or image 
ontours. Popularapproa
hes in
lude thresholding te
hniques, edge based methods and region-based methods. Regardless of the method, the di�
ulty lies in formulating anddes
ribing the per
eption of what 
onstitutes foreground and ba
kground in anarbitrary image. Furthermore, su
h a grouping is also highly 
ontextually driven,
ertain image regions may be labeled di�erently depending on the task at hand- are we looking for people, buildings or trees? If one also allows for more labelsthan only foreground and ba
kground, the problem be
omes in
reasingly harderand requires a mu
h higher level of s
ene understanding. And even then, what
onstitutes visually relevant regions is not always obvious.In this paper we make an attempt at addressing the problem of 
ontextu-ally based multi
lass image segmentation. By 
ombining image segmentationapproa
hes with standard learning te
hniques we seek to in
lude prior knowl-edge into the visual grouping pro
ess. Our wish is to segment an image into anynumber of parts based on previously seen and manually annotated examples.The approa
h taken here is based on graph 
ut te
hniques from 
ombinatorialoptimization. This 
hoi
e was motivated by the proven su

ess of these methodsand that it allowed for a straightforward in
orporation of prior knowledge into itsformulation. We show how this problem 
an be stated as a large-s
ale quadrati




0-1 optimization program with linear 
onstraints. Typi
ally, su
h proven NP-
omplete problems are solved by relaxing or simply dropping some 
onstraintsand rewriting the problem as one that 
an be solved e�
iently, see for exam-ple [1℄ for semide�nite relaxation te
hniques. Another popular approa
h is theenergy minimization method of [2℄ for optimizing obje
tive fun
tions that aresubmodular; su
h dis
rete problems 
an be solved exa
tly. Unfortunately, mul-ti
lass labeling does not belong to this set of obje
tive fun
tions. Nevertheless,in [3℄ the authors suggest that these types of problems 
an be approximated bysolving a number of subproblems exa
tly. We argue that this level of a

ura
y isnot required for image segmentation problems, sin
e the problem itself is vaguelyformulated striving for su
h exa
tness may be wasteful.Instead we propose the use of e�
ient relaxation te
hniques 
apable of han-dling large problem instan
es. We have examined two di�erent su
h methods.Spe
tral relaxation is a standard relaxation te
hnique, based on eigenvalue 
om-putations it is well suited for large-s
ale problems. In [4℄, a relaxation te
h-nique for solving non-submodular large-s
ale quadrati
 
ombinatorial optimiza-tion problems is applied to image restoration, binary partitioning and registra-tion. In addition to the theoreti
al developments in this paper, results on ap-plying these two methods to the problem of multi
lass segmentation with priorinformation will be given.2 Combinatorial Optimization and Image SegmentationA graph 
ut is the pro
ess of partitioning a dire
ted or undire
ted graph intodisjoint sets. The 
on
ept of optimality of su
h 
uts is usually introdu
ed byasso
iating an energy to ea
h 
ut. Problems of this kind have been well stud-ied within the �eld of graph theory but 
an for graphs with more than only afew nodes be notoriously di�
ult (that is, NP-hard). Nevertheless, ever sin
e itbe
ame apparent that many low-level vision problems 
an be posed as �nding
uts in graphs, these te
hniques have re
eived a lot of attention in the 
omputervision 
ommunity. Graph 
ut methods have been su

essfully applied to stereo,image restoration, texture synthesis and image segmentation, for example [5�7℄.Below we give a brief overview of graph 
uts for image segmentation as well asan introdu
tion to some basi
 de�nitions.2.1 Graph CutsGiven a graph G = {V,E,W}, where V denotes its nodes, E its edges andW thea�nity matrix, whi
h asso
iates a weight to ea
h edge in E. A 
ut on a graph is apartition of V into k subsets A1, ...Ak su
h that ⋃
Ai = V, Ai

⋂
Aj = ∅, i 6= j.Perhaps the simplest and best known graph 
ut method is the minimal 
utformulation. The min-
ut of a graph is the 
ut that partitions G into disjointsegments su
h that the sum of the weights asso
iated with edges between the



di�erent segments are minimized. That is, the partition that minimizes
Cmin({Ai}

k
i=1) =

k∑

i=1

∑

u∈Ai,v/∈Ai

wuv. (1)However, as this is in most 
ases an NP-hard 
ombinatorial optimizationproblem, the task of �nding the solution 
an be a formidable one. Instead weattempt to �nd su
h 
uts by rewriting the original formulation and by relaxingsome of the 
onstraints and thus arriving at a problem that 
an be e�
ientlysolved. First we will des
ribe how our initial problem of segmenting images is
onne
ted to graphs 
uts.2.2 Graph Representations of ImagesThe general approa
h of 
onstru
ting an undire
ted graph from an image isshown in �g. 2.2. Basi
ally ea
h pixel in the image is viewed as a node in a graph.
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Fig. 1: Graph representation of a 3 × 3 image.Edges are formed between nodes with weights 
orresponding to how alike twopixels are, given some measure of similarity, as well as the distan
e between them.In an attempt to redu
e the number of edges in the graph, only pixels within asmall, predetermined neighborhood N of ea
h other are 
onsidered. Cuts madein su
h a graph will then 
orrespond to a segmentation of the underlying image.Owing to the de�nition of image-pixel resemblan
e this segmentation shouldthen be a partition su
h that pixels 
lose to ea
h other with a high degree ofintensity similarity will end up in the same partition. Any spatial stru
ture inthe image will hopefully be preserved.2.3 In
luding Prior InformationIn order to be able to in
lude prior information into the visual grouping pro
esswe modify the 
onstru
tion of the graphs in the following way. To the graph Gwe add k arti�
ial nodes. These nodes do not 
orrespond to any pixels in theimage, instead they are meant to represent the k di�erent 
lasses the image isto be partitioned into. The 
ontextual information that we wish to in
orporateis modeled by a simple statisti
al model. Edges between the 
lass nodes and theimages nodes are added, with weights proportional to how likely a parti
ular



pixel is to a 
ertain 
lass. With the labeling of the k 
lass nodes �xed, a min-imal 
ut on su
h a graph should group together pixels a

ording to their 
lasslikelihood and still preserving the spatial stru
ture, see �g. 2.
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(b) Corre-sponding graph ���
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(
) Multi
lassmin-
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(d) Result-ing segmen-tationFig. 2: A graph representation of an image and an example three-
lass segmentation.Unnumbered nodes 
orresponds to pixels and numbered ones to the arti�
ial 
lassnodes.2.4 Combinatorial OptimizationIn this se
tion we derive the optimization problem related to (1). Let Z =
[ z1, . . . , zk ] ∈ {−1, 1}n×k denote the n × k assignment matrix for all the nnodes. A 1 in row i of 
olumn j signi�es that pixel i of the image belongs to
lass j, and of 
ourse −1 in the same position signi�es the opposite. If we let W
ontain the inter-pixel a�nities, the min-
ut (without pixel 
lass probabilities)
an then be written

Cmin = inf
Z

k∑

i=1

∑

u∈Ai

v/∈Ai

wuv = inf
Z

∑

i,j,l

wjl(zij − zil)
2 = inf

Z

k∑

i=1

zTi (D −W )zi. (2)Here D denotes diag(W1). The assignment matrix Z must satisfy Z1 = (2 −
k)1. In addition, if the pixel/
lass-node a�nities P = [ p1, . . . , pk ] (that is, theprobabilities of a single pixel belonging to a 
ertain 
lass) are in
luded and alsothe labels of the 
lass-nodes are �xated, we get
Cmin = inf

Z∈{−1,1}n×k

Z1=(2−k)1

k∑

i=1

zTi (D −W )
︸ ︷︷ ︸

L

zi − 2pTi zi = inf
Z∈{−1,1}n×k

Z1=(2−k)1

tr
(
ZTLZ

)
+

+2 [−pT1 , . . . ,−p
T
k ]

︸ ︷︷ ︸

bT






z1...
zk






︸ ︷︷ ︸

z

= inf
z∈{−1,1}nk

Z1=(2−k)1

zT









L 0 . . . 0
0 L . . . 0

0
... . . . 0

0
... 0 L









︸ ︷︷ ︸

A

z + 2bT z.(3)



As z ∈ {−1, 1}nk ⇔ z2
i = 1, we arrive at the quadrati
ally 
onstrained quadrati
program

µ = infz z
TAz + 2bT z (4)s.t. z2
i = 1 (5)

Z1 = (2 − k)1. (6)Sin
e the 
onstraint (5) implies ztz = nk this redundant equality 
an be addedto (4) without 
hanging the problem. The above problem is still equivalent tothe original min-
ut formulation (1). For e�
iently solving this problem we hereturn our attention to two relaxations that are tra
table from a 
omputationalperspe
tive. When dropping the z2
i = 1 and Z1 = (2−k)1 
onstraints we obtainthe problem

µtr = inf
||z||2=nk

zTAz + 2bT z. (7)A 
ommon approa
h for solving this problem is to homogenize (7). That is, weadd an extra variable znk+1 and solve
µspec = inf

||z||2+z2
nk+1=nk+1

(
z

znk+1

)T (
A b

bT 0

) (
z

znk+1

)

. (8)Note that if we add the 
onstraint znk+1 = 1 to (8) we obtain (7). It is therefore
lear that we always have µspec ≤ µtr. Equality will only o

ur if znk+1 happensto be ±1. The reason for solving (8) instead of (7) is that (8) is easily solvedby 
omputing the eigenve
tor 
orresponding to the smallest eigenvalue of thematrix
H =

(
A b

bT 0

)

. (9)The downside is of 
ourse that, in pra
ti
e znk+1 is often quite far away ±1,resulting in poor relaxations. In our 
ase it is easy to see that an in
orre
t valueof znk+1 
hanges the balan
e between the e�e
ts of the quadrati
 smoothingtherm and the linear term 
ontaining the prior information. To remedy thisproblem we propose to solve (7), using a method borrowed from the trust regionproblem.2.5 The Trust Region SubproblemIn this se
tion we review how to solve (7) (see also [4℄, [8℄ and [9℄). A problem
losely related to (7) is
inf

||z||2≤nk
zTAz + 2bT z. (10)This problem is usually referred to as the trust region subproblem. Solving theproblem is one step in a general optimization s
heme for des
ent minimizationand it is known as the trust region method [10℄. Instead of minimizing a generalfun
tion, one approximates it with a se
ond order polynomial zTAz+2bT z+c. A




onstraint of the type ||z||2 ≤ m then spe
i�es the set in whi
h the approximationis believed to be good (the trust region).The trust region subproblem have been studied extensively in the optimiza-tion literature ([8, 9, 11�13℄). A remarkable fa
t is that it is a non 
onvex problemwith no duality gap (see [14℄). This is always the 
ase when we have quadrati
obje
tive fun
tion and only one quadrati
 
onstraint. The dual problem of (10)is
sup
λ≤0

inf
z
zTAz + 2bT z + λ(nk − zT z). (11)In [12℄ is shown that z∗ is the global optimum of (10) if and only if (z∗, λ∗) isfeasible in (11) and ful�lls the following system of equations:

(A− λ∗I)z∗ = −b (12)
λ∗(nk − zT z) = 0 (13)

A− λ∗I � 0. (14)The �rst two equations are the KKT 
onditions for a lo
al minimum, while thethird determines the global minimum. From equation (14) it is easy to see that if
A is not positive semide�nite, then λ∗ will not be zero. Equation (13) then tellsus that ||z||2 = nk. This shows that for an A that is not positive semide�niteproblems (7) and (10) are equivalent. Note that we may always assume that A isnot positive semide�nite in (7). This is be
ause we may always subtra
tmI form
A sin
e we have the 
onstant norm 
ondition. Thus repla
ing A with A−mI forsu�
iently large m gives us an equivalent problem with A not positive de�nite.A number of methods for solving this problem has been proposed. In [13℄semide�nite programming is used to optimize the fun
tion nk(λmin(H(t)) − t),where

H(t) =

(
A b

bT t

)

, (15)and λmin is the algebrai
ally smallest eigenvalue. In [15℄ the authors solve 1
ψ(λ) −

1√
nk

= 0 where ψ(λ) = ||(A − λI)−1b||. This is a rational fun
tion with polesat the eigenvalues of A. To ensure that that A − λI is positive semide�nite aCholesky fa
torization is 
omputed. If one 
an a�ord this, Cholesky fa
torizationis the preferred 
hoi
e of method. However, the LSTRS-algorithm developed in[8℄ and [9℄ is more e�
ient for large s
ale problems. LSTRS works by solving aparameterized eigenvalue problem. It sear
hes for a t su
h that the eigenvalueproblem
(
A b

bT t

) (
y

1

)

= λmin

(
y

1

) (16)or equivalently
(A− λminI)y = −b

t− λmin = −bTy (17)



has a solution. Finding this t is done by determining a λ su
h that φ′(λ) = nk,where φ is de�ned by
φ(λ) = bT (A− λI)†b = −bT y. (18)It 
an be shown that λ gives a solution to (17). Sin
e φ is a rational fun
tion withpoles at the eigenvalues of A, it 
an therefore be expensive to 
ompute. Insteadrational interpolation is used to e�
iently determine λ. For further details see[8℄ and [9℄.Regardless of relaxation the solution will be a ve
tor with 
ontinuous entriesthat will most likely not ful�l 
onstraints (5) and (6). Obtaining a dis
rete so-lution that ful�lls all the 
onstraints of the original problem, from the relaxedoptima - known as rounding - is hen
e ne
essary. From the optima of either re-laxation, the ve
tor z∗, a n× k matrix Z∗ is formed and the dis
rete solution Zis found through non-maximum supression of the rows of Z∗. That is, the largestvalue in ea
h row of Z∗ is set to 1 and the others to −1 thus ensuring that both

Z ∈ {−1, 1}n×k and Z1 = (2 − k)1 holds.3 Experimental ResultsAs mentioned in the previous se
tion prior knowledge is in
orporated into thegraph 
ut framework through the k arti�
ial nodes. For this purpose we need away to des
ribe ea
h pixel as well as model the probability of that pixel belongingto a 
ertain 
lass.The image des
riptor in the 
urrent implementation is based on 
olor alone.Ea
h pixel is simply represented by their three RGB 
olor 
hannels. The prob-ability distribution for these des
riptors are modeled using a Gaussian MixtureModel (GMM).
p(v|Σ,µ) =

k∑

i=1

1
√

2π|Σi|
e(−

1
2 (v−µi)

TΣ−1
i

(v−µi)) (19)From a number of manually annotated training images the GMM parameters arethen �tted through Expe
tation Maximization, [16℄. This �tting is only 
arriedout on
e and 
an be viewed as the learning phase of our proposed method.The edge weight between pixel i and j and the weights between pixel i andthe di�erent 
lass-nodes are given by
wij = e

(− r(i,j)
σR

)
e
(− ||s(i)−s(j)||2

σW
) (20)

pki = α
p(w(i)|i∈k)

P

j
p(w(i)|i∈j) . (21)Here || · || denotes the eu
lidian norm, r(i, j) the distan
e between pixel iand j and λ, σR and σW are tuning parameters weighing the importan
e ofthe di�erent features. Hen
e, wij 
ontains the inter-pixel similarity, that ensuresthat the segmentation more 
oherent. pi des
ribes how likely a pixel is to belong



to 
lass k. α is a parameter weighting the importan
e of spatial stru
ture vs.
lass probability.Preliminary tests of the suggested approa
h were 
arried out on a limitednumber of images. We 
hose to segment the images into four simple 
lasses, sky,grass, bri
k and ba
kground. Gaussian mixture model for ea
h of these 
lasseswas �rstly a
quired from a handful of training images manually 
hosen as beingrepresentative of su
h image regions, see �g. 3. For an unseen image the pixel

Fig. 3: Sample training images.a�nity matrix W and 
lass probabilities were 
omputed a

ording to (20) and(21). The resulting optimization program was then solved using both the spe
tralrelaxation and the trust region subproblem method. The out
ome 
an be seenin �g. 4. Parameters used in these experiments were σR = 1, σW = 1, α = 10and N a 9 × 9 neighborhood stru
ture.Both relaxations produ
e visually relevant segmentations, based on very lim-ited training data our proposed approa
h does appear to use the prior informa-tion in a meaningful way. Taking a 
loser look at the solutions supplied by thetrust region method and the spe
tral relaxation for these two examples does how-ever reveal one substantial di�eren
e. The spe
tral relaxation (8) was rea
hedby ignoring the 
onstraint on the homogenized 
oordinate znk+1 = 1. The so-lutions to the examples in �g. 4 produ
es an homogeneous 
oordinate value of
znk+1 ≈ 120, in both 
ases. As the 
lass probabilities of the pixels are representedby the linear part of eq. 4, the spe
tral relaxation, in these two 
ases, thus yieldsan image partition that that weights prior information mu
h higher than spatial
oheren
e. Any spatial stru
ture of an image will thus not be preserved, thespe
tral relaxation is basi
ally just a maximum-likelihood 
lassi�
ation of ea
hpixel individually.We 
on
lude that the trust region formulation seems provide the degree ofa

ura
y required for these types of problems and that spe
tral relaxation doesnot.



Original images.

(TSP) Resulting 
lass labelling.

(SR) Resulting 
lass labelling.Fig. 4: Example segmentation/
lassi�
ation of an image using both Trust Region Sub-problem (TSP) formulation and Spe
tral Relaxation (SR).



4 Summary and Con
lusionsIn this paper we have proposed a method for multi
lass image segmentation with
ontext. We des
ribes how prior information 
an be brought into a graph 
utframework through the use of terminal node weights and learning te
hniques.In parti
ular, an e�
ient implementation that brings forward the trust regionsubproblem formulation as an alternative to existing approa
hes for �nding theseimage partitions is presented. We also give some promising results on a numberof 
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