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Abstract tensions to curves [4]. The work is inspired by the work
on active shape [6] and work on 3D-reconstruction of a de-
Automatic construction of Shape Models from examples hasformable object [1].
been the focus of intense research during the last cou- This paper is organised as follows. In Section 2 the nec-
ple of years. These methods have proved to be useful foessary background on affine shape and shape variation is
shape segmentation, tracking and shape understanding. Ingiven. In Section 3, a new model for shape variation is pre-
this paper novel theory to automate shape modelling is de-sented and a novel algorithm for learning and using shape
scribed. The theory is intrinsically defined for curves al- variation are explained in Section 4. Experiments with this
though curves are infinite dimensional objects. The the- new model are given in Section 5. The model is evaluated

ory is independent of parameterisation and affine transfor- and compared to models built using the minimum descrip-
mations. We suggest a method for implementing the ideasion length.

and compare it to minimising the Description Length of the
model (MDL). It turns out that the accuracy of the two meth- .
ods is comparable. Both the MDL and our approach can get 1.1. Previous Work

stuck at local minima. Our algorithm is less computational Considerm parameterised curves; : [0,1] — R2.
expensive and relatively good solutions are obtained @fter The problem of finding a dense correspondence among
few iterations. The MDL is, however, better suited at fine- the shape boundaries is equivalent of reparameterising the
tuning the parameters given good initial estimates to the shape boundary curves (to obtajn = ¢; o v;), so that
problem. It is shown that a combination of the two methods #;(t) is the point that corresponds #g;(¢) for all (¢,j =

outperforms either on its own. 0,..,m — 1) andt € [0,1]. Herey; : [0,1] — [0, 1] rep-
resents the reparameterisation of curv&he same formu-
1. Introduction lation can be used for, e.g. closed curves by changing the

interval[0, 1] to the circleS?.
Statistical models of shape [7, 10] have turned out to be a There have been many suggestions on how to auto-
very effective tool in image segmentation and image inter- mate the process of building shape models or more pre-
pretation. Such models are particularly effective in mod- cise finding a dense correspondence among a set of shapes
elling objects with limited variability, such as medicator [2, 3, 13, 14, 20, 22]. Many approaches that correspond
gans. to human intuition attempt to locate landmarks on curves

The basic idea behind statistical models of shape is thatusing shape features. [3, 13, 20]. The located features
from a given training set of known shapes be able to de- have been used to establish point correspondences, using
scribe new formerly unseen shapes, which still are represenequal distance interpolation in between. Local geometric
tative. The shape is traditionally described using landwar properties, such as geodesics, have been tested for surface
on the shape boundary. A major drawback of this approach[22]. Different ways of parameterising the training shape
is that during training a dense correspondence between théoundaries have been proposed [2, 14]. The above cited
boundaries of the shapes must be known. In practice thisare not clearly optimal in any sense. Many have stated
has been done by hand. A process that commonly is boththe correspondence problem as an optimisation problem
time consuming and error prone. [5,9, 12, 15, 16].

The goal of this paper is to formulate a new model for  In[16] a measure is proposed and dynamic programming
shape variation of parameterised curves that is invar@nt t is applied to find the reparameterisation functions. A prob-
affine transformations, curve parameterisation and also in lem with this method is that it can only handle contours, for
variant in the ordering of the curves. The model is a gen- which the shape not changes too much, correctly.
eralisation of earlier work on affine shape [17] and its ex-  In [8, 9, 15] the description length of the model is min-



imised. A very successful algorithm but a problem with this whereM is ann x n matrix andt andz aren x 1 matrices.
method is that the objective function is not stated expjicit  a is called nonsingular iflet M # 0. In a natural waya
Besides the optimisation process is often tedious and carcan be extended to a transformati@jh — C7., by letting it
easily get stuck at a local minima. act on all points of the configuration, i.e.

aonao(p11p27"'7pm):
(a(p1),a(p2),---,a(pm)). (2)

Now let A be the group of nonsingular affine transfor-
mationsC)}, — C7,. By the A-orbit of X' is meant the set

2 Preliminaries

The standard shape model used in e.g. [6] describes the vari-
ation of a set of points as linear combinations of a set of
basis vectors

¥ =9 + du. {V|Y=a(X), ac A}

The goal of this paper is to derive a shape theory that iS\ys \write 4 ~ Y, whenX and) are in the same orbit. The
intrinsically defined for curves. Similar to the point thgor .. equivalence classes is denafgd/A. Let
it is reasonable to use a linear model, i.e.

s:Ch 5 CM /A

ilt) = dnpa () + Z Uk (t)- be the natural projection. Thes(X') € C% /A is called the
k=t affineshapeof X € C,.
This implies that the curve; is an affine projection of a It can be shown, [18], that
n dimensional curvey,. Reconstructing from its projec- S eipi =0, 3 & =0
tions1; is identical to the curve reconstruction problem in s(X) = {§ ‘ Xi_’(lzl_m’ ip’ )_ ’ } ,  (3)

computer vision.

Another desirable property of shape models is that they; e 4 linear subspace &™. In particular, this means that
should be invariant to the position and orientation of the 5(x) = s(3) if and only if there exists € A such that

curve in the image. Y = a(X). We will now extend shape to more general sets

. . o m—1
_Inthis Section itis assumed thad curves{c;};_," are  than finite point configurations, as for example curves and
given. Our goal here is to formulate a shape description, g rfaces ifR3.

which is defined for curves, is independent of parameterisa-
tion and ordering of the curves and also invariant to affine .
transformations. 2.2 Extension of shape

We want our curves to be linear combinations of some | et ¥ = (py,...,p,n) C R™ be anm-point configuration
basisg;(i = 1,...,n). This is the mode$ we are looking  jn R, LetI = {1,2,...,m} and
for.

We start with a derivation of affine shape for points. dx: I — X,
This is then generalised to curves. A new shape descrip- i ) ) .
tion model is defined using this theory and an algorithm for € defined bybx (i) = p;, i € I. The definition (3) can
reconstructing the model from example curve§y; } 7" then be rewritten as,

are given. Z f(.’L')¢ (fE) =0
s(X)=3f: IR | &eel ¥ ’ }
| o @ ={s B> wausat
2.1 Affine Shape of Point Configurations , _ _
An extension to more general sets is done by replacing
In this Section affine shape for point configurations is de- the sums with integrals.

scribed. For more details see [4]. When dealing with finite point configurations, as in Sec-

LetCy, be the set of orderesh-point configurations tion 2.1,X denotes an ordered set of points. The ordering
can be considered as a parameterisation of the set. To deal

X = (p1,p2,---,pm) ER™ with more general point configurations, it is convenient to

let X denote point sets, without ordering or parameterisa-

in R*, wherep; € R" is the coordinate vector of point tion. This is done below.

number; in X.
By an affine transformatiorns : R* — R”, is meanta  Definition 2.1. Let X C R™. By aparameterisationof X
map of the form, is meant a surjective map

a(z) = Mz +1t, (1) ox:I— X



wherel = [0, 1] if we consider open curves (add= Stfor 3 Formulating Affine Invariant Ac-
closed curves). By the affine shape is meant the following tive Shape
linear space of functions

s () { f‘ (flx) =0, (FI1) =0, } 3.1 Extensions to shape variation

fer? For the moment assume that the curves are in fact affine

H id . ble f ) 2 projections of a higher dimensional model cu&end that
. herr]e we t|20n5| Zr square integrable functighg(€ L) point correspondences are known. Denote the parameteri-
with the scalar product sations byy : I — X and; : I — )Y, so that for some

affine projectioru;
flar=[ 1
Yi(z) =a;0¢(z), ¢=0,1,....m—1
Often the subscrip®’ of ¢~ is dropped, when it is clear
from the context which configuration is meant. holds for allz € I. Then, by Theorem 2.1
It is sometimes convenient to invoke the constant s(6) C s(s)
function 1 in the parameterisation, writingpy = ¢
(f1,---5Pn, Bnt1), With ¢ y1 = 1, instead ofgpx = Together this implies
(¢1,---,dn). This will be calledextended coordinates g P
Using terminology borrowed from the finite dimensional m—1
case, cf. [19], we define the depth space. s(¢) C ﬂ s(¢;)
0

1=0,1,...,m— 1.

Definition 2.2. Let ¢x = (d1,-.-,Pn,Pnt1), With
ény1 = 1, be a parameterisation & C R” in extended  Given enough different projections there is in general an
coordinates. Then by theepth spaceof ¢ is meantthe  equality in the above equation.

linear subspace df?, Let Py, P;, Q4 andQ; be the orthogonal projections
from L2(I) ontos(¢), s(v;), d(¢) andd(+;), respectively.
d(¢x) = linhull ({ngz "+1) . These projection operators can be explicitly written us-

ing orthonormal bases. For example, using extended coor-
An important property of these spaces are given by the dinates,¢ = (41, ..., ¢n), whereg, = 1, let{¢i, ..., ¢}

following theorem be an orthonormal basis ftinhull(¢, ..., ¢,). Then
Theorem 2.1 (Affine shape theorem) Let B Ly ~
¢x: I - X CR*andgly, : I - X C R™ be parame- Qs(f) = Z<¢k |f>¢'“

terisations as in Definition 2.1. # : R® — R” is an affine k=1

transformation, then and

a:px = ¢h = s(dx) C s(dr)

Py(f) = (1= Q) = F =Y (dulf ) .

— k=1
d(px) D d(¢ly:). The operatorQ; is. thg orthog'onal'projection on the
depth spacel(y;), which is contained in the depth space
Corollary 2.1. Under the assumptions of Theorem 2.1, d(¢). The operatoiP; annihilates every function id(¢)
and thus also every function i(1);). Thus the operator
a:dx = P, P,4Q; is the zero operator for evesy
For real data, these equalities will never hold exactly, due
with @ nonsingular affine transformation to noise and other errors. It is of interest to introduce an
error criteria to minimise.
= Any criterion that is based on the projection operator
s(dx) = s(dlyr). .above.isinvariantto the cho'ice'of affine coordinate system
in the images. Any such criterion also has the property that
Proof. Apply Theorem 2.1i) to a anda!. [ ] all images are treated in a symmetrical fashion and works

for an arbitrary number of images. Such an invariant crite-
For the finite dimensional versions of these, see [19].  rion, is called groximity measure.



There are several possibilities. Using the fact that Itis difficult to minimisey with respect to all parameters

P,Q; = 0 for all ¢, one proximity measure is simultaneously. Itis, however, reasonably fast to solepst
1 [l and Il approximately, as will be demonstrated. Since the
rocedure is iterated, we do not have to be very precise in
p= 3 Py Qillis. procecure © 1 0 not have y P
= each step. Below, we use the proximity measurélotice

) ) however that each step lowers the same error criteria
HereH S stands for the Hilbert-Schmidt norm, see [11], de-

fined by 4.0.1 Step . Initialisation

1All%s = Y 1 e,
k Let each image curve

where{e;}$° is an orthonormal basis fdi?(I). For finite (8 — (o], ) )

dimeniio%gl spaces it is the same as th((a %:robenius norm. Vilt) = Wa (), iz (t), Yis (1))

The HS-norm is independent of the choice of orthonormal be parameterised using scaled image arc-lemgth I,

basis. By choosing it so that the first three basis vectorsso thati;(0) and;(1) are the endpoints, and such that

{e1, e2,e3} spand(y;) (and consequentl? sQ;ej, = 0 for (W) + (Wl)?, i =0,...,m —1,is constant. Initially, let

all k > 3), itis seen that d(v;) = linhull(v;1, Y52, ¥i,3).
3
IPsQill%s = Z 1P e 4.0.2 Step ll. Computation ofd(¢) givend(v;)
k=1 Let {¢i1,%:2,%:3} be an orthonormal basis for the 3-
Thus, if{@’l,di’z,q}m} is an orthonormal basis af(1);), dimensional linear spaaé();). The n-dimensional linear
i=0,...,m—1, it follows that spaced(¢), corresponding to the n-dimensional-curve to be
reconstructed, is then the linear span of all basis funstion
e . bik, i=0,...om—1, k=1,23ie
p= Y S IPadl o $=00m =1, k=123 1o
=0 k=1 d(¢) = linhull{ep; 4, i =0,...,m —1, k=1,2,3}.
Other proximity measures are derived in [4]. An estimate ofi(g) is obtained by solving
m—1 3
4  Algorithm for non-closed curves in g min SN IPwil®. @
=n mEP)I=N 20 k=1

i — am-—1
Infthe follovwg, I_etr{t_ f[_O,dl] and%)_/z}o . be Ia sig;ﬁn::e This optimisation problem can be solved using singular
ofcurves. We wish 1o find an n-dimensional cu a value decomposition. Form the symmetric matrix

represents the shape and shape variations of these curves.

Furthermore, let all the parameterisatiahs I — X and (%0,1|%0,1) coo o (Y01 |¥m=1,3)
¥; : T = Y;,i=0,...,m — 1, be expressed in extended (ozlo1) - (Woz2|Ym_1,3)
coordinates. (Woslvo1) - (Y03|¥m-1,3)

We propose the following algorithm, which is based on M1 = | (4 1|tho 1) ( )

1/11,1|¢m—1,3
repeatedly finding(¢) and the parameterisatiogsg. It is . . .
assumed that the curv has two distinct end points, which ' ' '
can be identified in each image cudg i = 0,...,m — 1. (m-1slbo1) - (Pm-13/¢m-13)
To obtain an n-dimensional reconstruction, that is finding Compute a singular value decompositidi = USV7T,
an n-dimensional shape model, the problem is to find thewherel/ and V' are orthogonal matrices arfflis a non-
parameterisations; negative diagonal matrix. In the case of exact data, the ma-
| Initialisation : Choose one parameterisatipnin each trix. Ml. has ranl@. Inthe case of measured dgta, the matrix
image curve, for example by using the image basedv‘fh'Ch is closqgst in Frobe.mus norm toa mat_nx of ranks
arc-length. Sef(s;) = linhull{w;),i = 0,...,m—1. M = USHV , where§,, is obtained by setting all but the
n largest diagonal elements fito zero. An orthonormal
Il Update d(¢): Keepingd(w;) fixed for all 4, find P, basis ford(¢) can be shown to be
that minimisesu. 1

Il Update parameterisation Keepingd(¢) and d();) O = \/m(vl’wo’l +Vatboz + Vasthost
fixed, find a continuous bijectiony; : I — I, such
thatd(y); o ;) minimisesy. Setd(y;) := d(t; o vi), HVapin + .+ Vamp¥Pm-13), k=10
i=0,...,m—1andgotoll Thisd(¢) solves the optimisation problem (4).




4.0.3 Step lll. Reparameterisation of the image curves

Let {v1,%i2,%i3} be an orthonormal basis fai(t;),

and let{¢s,...,¢n} be an orthonormal basis for the n-
dimensional linear spac&¢), corresponding to the curve
to be reconstructed. We want to find a reparameterisation

in eachimagé = 0,...,m — 1, such that

3
3 1Py ik o NI
k=1

is minimised over some set of reparameterisations. Again,

we drop the index for convenience.
Parameterisg by using a finite basig;, according to

IxR"> (t,z) = y(t,z) =t + ijgj(t), (%)
J

where the basis function fulfi§;(0) = 0 andg;(1) = 0.

g; can for example be a translated and dilated Gaussia

function multiplied bysin(27z) in order to fulfill g;(0) =
g;(1) = 0. The functiorry(¢, z) is monotonic for smalk,

that is

Iy '
Bt :1+;$jgj(t) >0, tel,

if |z| is sufficiently small. This is guaranteed by
2 . 1
|z]* < min =———— (6)

tel 351017

Now study the linearisation @ (z) = Py (¢ o y(z))
aroundr =0, i.e.

Gk(m) ~ G)k(o) + Vzgk(o)ma

whereV is the gradient operator in thevariables. The
derivatives are given by

_ oo

Or,; = 9z =Py (¢Y19;)-

.j =0

The Gauss-Newtorteration for the minimisation problem

F(z) =min Y [04(a)],
k=1

is obtained from the normal equations
—Az = b, 7
where

(Ok,10k,1) (Ok,110k,n)

A=y

k=1 \ (Ok,n|0k,1) (Ok,n|0k,n)

n

and

3
b=> :
k=1 \(0k,n|Ok)

If the solution of (7) gives am not fulfilling (6), or if F'(z)
is larger than¥'(0) due to the non-linearities of the function
F, sinceA is positive definite and thereforeis a descent
direction, it is always possible to decrease the error fonct
by restricting the step length.

After having solved (7) for, (5) defines a reparameter-
isation of the basis fad(y;), and we set

d(%;) = linhull{th;1 0 7;(2), Yi2 © vi(x), Yi3 0 vi(2) }.

Observe that in this step we differentiatg in order to use
the Gauss-Newton iteration. We therefore have to assume
that alsop;; € L*(I).

!
2,

5 Experimental Validation

In the experimental validation we validate our algorithm on
three data sets. One data set of 17 curves of the letter g,
one data set of 23 contours of a hand and one data set of 32
contours of femurs. The curves of the letter g are data sam-
pled by a device for handwriting recognition. The hand out-
lines were segmented out semi-automatically from a video
stream of one hand. The hand were filmed on a dark back-
ground; making it easy to segment out using Dijkstras algo-
rithm. The femurs are taken from X-rays in the supine pro-
jection. The validation will be to show the effectiveness of
the proposed algorithm in locating a dense correspondence
among a set of contours. We use the algorithm in automatic
model building and compare it to using the MDL-approach
[9]. We have been using Thodberg’s efficient implementa-
tion of MDL [21]. MATLAB source code and test data are
available from hht @ nm dt u. dk.

First an experiment on the hand contours. We sample
500 landmarks on each hand contour and build an Active
Shape Model of the (by the proposed algorithm) reparam-
eterised curves. The results are compared to a hand-built
model and a model built from 500 equally spaced land-
marks. On the hand built model 11 landmarks were placed
by hand and in between further points were equally spaced
- making a total of 500 landmarks.

To measure the quality of the model, the compactness
and the ability of the model to generalise is measured. For a
model to be compact the total variatidi and the variance
of each mode of variation should be low, see Table 1.

In Figure 2 we plot the results of running leave-one-out
reconstructions on each model of the hand outlines. The
model is built with all but one example and then fitted to the
unseen example. The plot shows the mean squared approxi-
mation error against number of modes used. This measures



Model ‘ S—

Modes AIAS Hand Built Arc-length by ercnge |
1 0.40 0.67 2.03 ot :
2 0.17 0.35 0.65 :
3 0.09 0.21 0.31 T 1
4 0.04 0.07 0.22 geor 1
5 0.04 0.06 0.10 il .
6 0.02 0.02 0.08
7 001 0.01 0.05 A
Vr  0.79 1.43 359 ) |

Table 1: Table of the total variation and variation of each
mode of the different models. Figure 2: A plot of how the mean square error depends on

number of modes.
j gﬁz
3
4
5

Figure 3: The parameterisations of the letter g. Running the
MDL alone the reparameterisations tend to collapse into a
few points (above). The DL goes down to 45.7 compared to
51.0 for the combined approach. The combined approach
(below) does, however, not collapse.

the ability of the model to represent unseen shape instances
of the object. From Table 1 we see that the AS-model built
from the AIAS-model is the most compact and out of Figure

2 we get that it also generalises the best.

-3 std +3std r -3 std + 3 std

L mode 1 rmode 1

| mode 2 Fmode 2

7mode 3 [ mode 3

Figure 1: To the left thet3 std of the three first modes 47.8 for the femurs. It takes 5 and 8 iterations respectively
of variation of the arc-length parameterised Active Shape before the MDL-approach has passed this value.
model and to the right the three first modes of variation of ~ One must also keep in mind that our method minimises
the AIAS based Active Shape model. the proximity measure and not the DL. The description
length of the model is just evaluated after each iteration of
Our next experiment is to compare the results of building our algorithm for comparison.
shape models automatically using the proposed algorithm In Figure 6 we compare the results of running leave-one-
versus the MDL-approach. For the hand contours we nowout reconstructions on both the MDL method and the pro-
use 128 landmarks for both methods. For the MDL-method posed method. Approximately equally good models; our
nine nodes, for reparameterising the curves, are set on eachnethod in one third of the time.
contour. In Figure 5 it can be seen that the proposed algo- Both the MDL and our approach can get stuck at local
rithm decreases the description length (DL) very fast. In minima. Our algorithm is less computational expensive and
MATLAB on a 1.4 GHz computer we run 72 iterations on relatively good solutions are obtained after a few itersio
both methods. This takes 34 seconds for our method andThe MDL is, however, better suited at fine-tuning the pa-
100 seconds for the MDL-method. Our method is less com-rameters given good initial estimates to the problem. The
putational expensive and relatively good solutions are ob-MDL method tends sometimes to collapse the shapes into
tained after just a few iterations. In the first iteration the one point (since the DL then will be zero). Given good ini-
DL goes down from 80 to 64 for the hand and from 58.4 to tial parameterisations this can be prevented, see Figure 3.
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Figure 5: Comparison of how the DL decreases running
the proposed algorithm for 34 seconds or the MDL for 100
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Figure 7: Comparison of how the DL decreases running the
combined algorithm for 208 seconds or the MDL for 250
seconds. Using only MDL the DL goes down to 41.2 after
250 seconds. The combined passes this already after 15
seconds.

—— MSE MDL on Femur
MSE combined MDL AIAS on Femur]|

150 ) ~ B

Figure 8: A comparison of how the mean square error de-
pends on the number of modes after the combined have been
run 208 seconds and the MDL for 250 seconds.

Combining the two algorithms give a more robust algo-
rithm. First the proposed algorithm is run on the set of fe-
murs for 4 seconds (11 iterations) and then the MDL is run
for 204 seconds. In Figure 7 the DL is plotted for the pro-
posed optimisation scheme and compared to only running
MDL for 250 seconds on the femurs. In Figure 8 the MSE
is plotted of the two femur models.

6. Summary and Conclusions

In this paper a novel method to model shape variation is
proposed. Affine Shape was formerly a theory developed to
construct 3D models of curves and surfaces. Here we ex-
tend the theory of Affine Shape. Combining the main ideas

Figure 6: A comparison of how the mean square error de- of Affine Shape and Active Shape a new approach, called
pends on the number of modes after the proposed algorithmAffine Invariant Active Shape is obtained. It is invariant
has been run for 34 seconds or the MDL for 100 seconds onof affine transformation, invariant to curve parameteiisat

the hand contours.

and ordering of the curves, and also locates a dense corre-



spondence between the curves.

[7] T.F Cootes and C.J. Tayld&tatistical Models of Appearance

It also turns out that there is a relation between construct-

ing 3D models and models of shape variation.

The obijective function to be optimised is differentiable

(8]

and can be written explicitly. This means that each step the

objective function is decreased. In just a few iterations it g

converges and the algorithm is quite fast.

The idea of using proximity measures that are invariant

under choice of coordinate systems is very appealing.

The main contributions of this paper are: 1 novel theory [10]

to explain shape variation, 2 show a connection between

3D-reconstruction and shape modelling, 3 algorithm that in [
just a few iterations locates a parameterisation, 4 conapare
to MDL our approach can faster reach the same results a

MDL.
In our next study we will extend our work to closed

curves, we will test our theory on surfaces and we will try
to improve our models by using algorithms that have been

successful in 3D-reconstruction.
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