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Projective reconstruction of a 3D-scene from a set of 2D-images is a central
problem in computer vision. Usually a finite set of feature points are extracted,
that are characteristic for the object at hand. These points are identified in the
different images and a reconstruction is computed. By the algorithm proposed
here, it is possible to use also 3D-curves as characteristic features in a reliable
way. Furthermore, no point correspondences between the different images are
needed for the curves beforehand, but are computed by the algorithm. This is a
difficult problem often referred to as the correspondence problem or the aperture
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Abstract

In this paper, we extend the notion of affine shape, introduced by
Sparr, from finite point sets to curves. The extension makes it possible to
reconstruct 3D-curves up to projective transformations, from a number
of their 2D-projections. We also extend the bundle adjustment technique
from point features to curves.

The first step of the curve reconstruction algorithm is based on affine
shape, is independent of choice of coordinates, robust, does not rely on
any preselected parameters and works for an arbitrary number of images.
In particular this means that a solution is given to the aperture problem
of finding point correspondences between curves. The second step takes
advantage of any knowledge of measurement errors in the images. This is
possible by extending the bundle adjustment technique to curves.

Finally, experiments are performed on both synthetic and real data to
show the performance and applicability of the algorithm.
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A first algorithm is presented that is independent of choice of affine coordi-
nates, and works with any number of images, taken by uncalibrated cameras, i.e.
the camera parameters are allowed to vary in an arbitrary way between imaging
instants. The algorithm makes no assumptions on the image curves that are
not met in practice. In fact, neither smoothness nor continuity is required. Fur-
thermore, the images need not be taken close to each other. Experiments have
also proved that it is robust to noise and converges in only a few iterations.

A second algorithm is also presented that take advantage of knowledge of
the measurement errors in the images. This algorithm requires a good starting
point, but have super linear convergence. For finite point configurations, the
corresponding algorithm is known as bundle adjustment algorithm, in computer
vision. Its first extension to curves can be found in [4]. Experiments show that
the errors in the reconstruction are of the order of measurement errors in the
images.

Affine shape of finite point configurations, has been introduced and studied
in a series of papers by Sparr, cf. [11], [12]. It has proved to be an important
tool when analyzing the geometry of cameras and scene. Instead of working
with camera matrices the method is based on finding relations between linear
subspaces, and the composition of two perspective transformations corresponds
to an algebraically simple operation of multiplication of the depths. So far this
analysis has been confined to finite point sets.

A reconstruction algorithm, by using affine shape, has been proposed in
[12], [8], [5], [9]- It works for arbitrary but finite numbers of points and camera
views and is based on aligning subspaces by using orthogonal projections and
maximizing some of the largest eigenvalues of the sum of these projections. The
algorithm presented here is based on the algorithm in [12] and an extension of
affine shape of finite point configurations to curves.

Earlier versions of some of the ideas in this paper can be found in [2], where
the reconstruction of synthetically generated open 3D-curves are computed. A
restriction is that both endpoints have to be identifiable in all images. In [4] an
algorithm for closed 3D-curves is presented, but it is assumed that the images
are taken closed to each other in order to get a good initial estimate. None of
these restriction is required here. Furthermore, it is also shown how occlusion
can be handled, by reconstructing parts of curves. A preliminary study on the
possibility to extend the bundle adjustment technique to curves can also be
found in [4]. However, no solution to the problem of finding initial values are
given there.

Another approach can be found in [7, 10], where the structure and motion of
3D-curves are computed. That method relies on a calibrated camera and high
order spatio-temporal derivatives, which are difficult to compute in practice due
to measurement errors and numerical problems.



Figure 1: From left: 2D-curve (z(t),y(t)), and 3 basis functions z(t), y(t) and
1(t), for the affine shape of the curve

2 Affine shape of curves

In this section, we will give the necessary mathematical tools that are needed
for the first reconstruction algorithm. The notion of affine shape of curves is
introduced and, by using this, the condition for when a 2D-curve is a projective
image of a 3D-curve is given. Furthermore, a proximity measure on the affine
similarity of two curves, is introduced, which is to be minimized by the algo-
rithm. One appealing property of these tools is that they are independent of
the choice of affine coordinates in the images and space.
Let X be a curve in R”, and let

dx(t) = (pa1(t),--.,pan(t)) € X CR" ,

where ¢t € I =[0,1], be a parametrisation of X. The affine shape of is defined
as the linear subspace of real valued functions

s(px) = {f ‘ ﬁ }cﬁt"foz O fe L2(I)}

It can be shown, cf. [1, 3], that s(¢x) is a complete affine invariant. Further-
more, the shape s(¢x) is not an intrinsic property of X, as it changes with
different parametrisations ¢x. This is why we denote shape by s(¢x) instead
of s(X). This ambiguity causes problems, especially when we are computing
the reconstruction of a 3D-curve, from a set of 2D-images of it, and no point
correspondences between the images are assumed. The orthogonal complement
of s(¢x) is called the depth space, d(¢x). It is a finite dimensional space and
is often easier to work with than s(¢x). If the parametrisation ¢ is written
in extended coordinates , i.e. dx(t) = (Pdx1(t),...,Pxn(t),dx nt1(t)), with
¢X,n+1(t) =1, then

d(¢x) = linhul{gx ;}74 |

i.e. the set of all linear combinations of elements from {45,\;,]-};‘;1. Figure 1
shows how a curve in R? is represented by the depth space. We will now use
s(¢x) in the pinhole camera model. Let X C R® be a 3D-curve and let ) C R?
its projective image. Fix the set I = [0,1] once and for all and let ¢ : I — X
and ¢y : I — Y be parametrisations in extended coordinates, such that ¢ (t)
is the projective image of the point ¢x(t) for each ¢ € I. Then there exists



a function « : I — R, called the depth of ¢x and a 3 x 4 matrix P (camera
matrix), such that

a(t)py(t) = Pox(t), tel,

which is another form of the well-known camera equation. Below we will drop
the index X of ¢x. We always reserve ¢ for the object curve and v for the
image curve. It can be shown, [1], that Y is the projective image of X', with
corresponding parametrisations ¢ and ¢ respectively, and depths a as above, if
and only if

as(¢) C s(¥) . (1)

However, to use this, the correspondence between the parametrisations of X’
and )Y must have been established. This is a difficult problem, referred to as the
correspondence problem or aperture problem. Assuming for the moment
that the correspondence problem is solved, let {Y; gl_l be a sequence of pro-
jective images of X', taken by uncalibrated pinhole cameras, with corresponding
parametrisations ¢; : [ — )i, ¢ : I — X and depths «; : I — R. Then, by (1)

~s() - 2

If we assume that X C R® is a closed curve that does not belong to any affine
plane and if the images ); are taken from general locations, then (2) holds with
equality, i.e.

()= () 3ol or d(6)= 3 agdlws) - ®

Let Py, P;, Q4 and Q; be the orthogonal projections from L?(I) onto
s(9), s(v;)/ e, d(¢) and o;d(1);), respectively. These projection operators can
explicitly be written using orthonormal bases. Introduce the notation

1 1
(flg) = / fodt, NI = / fPRdt

Using extended coordinates, ¢ = (41, d2, 3, 4), where ¢4 = 1, let {@1, 2, B3, da }
be an orthonormal basis for linhull(¢y, @2, @3, #4). Then

4
Qu(f) =D (BlNdr,  Pylf) = (T - Qy)(f) - (4)

k=1

It is easily seen that the conditions (3) implies that the operator P4Q; is the
zero operator for every j. Therefore, introduce the proximity measure

—

m—

p= IPyQjllks -

Jj=0



where HS denotes the Hilbert-Schmidt norm, see [6]. The HS-norm is inde-
pendent of the choice of orthonormal basis. By choosing the first three basis
vectors {e1, ez, ez} to span a;d(¢;), it follows that

3
IPsQjlis =D IPsexll® -
k=1

Thus, if {1/3,-71,1/31-’2,1/7,-73} is an orthonormal basis of a;d(v;), j =0,...,m —1,

then
m—1 3

p=Y ) 1Pyl

j=0 k=1

In the next section, we will construct an algorithm that solves (3), by finding
parametrisations ¢; and depths «;, in order to obtain a reconstruction ¢. The
measure of how well this is achieved is obtained by the proximity measure pu.

3 Reconstruction of 3D-curves, using affine shape

In the following, let I = [0,1] and {);}7*~" be a sequence of projective images of
an unknown 3D-curve X. Furthermore, let all the parametrisations ¢ : I — X
and ¢; : I = )Y, j = 0,...,m — 1, be expressed in extended coordinates.
We propose the following algorithm, which is based on repeatedly finding s(¢),
adjusting the depths «;;, and the curve parametrisations ;. To obtain a recon-
struction, the problem is to find both the parametrisations ¢;, and the depths
aj in (3)

I Initialization: Choose one parametrisation v¢; in each image curve, for
example by using the image based arc-length. Set o;(z) =1 and d(¢;) =
linhull(+;), j = 0,...,m — 1. One can also use step IV to update the
parametrisation of the curves directly.

II Update the 3D structure of the curve, d(¢): Keeping d(¢;) fixed for
all j, find Py that minimizes p.

IIT Update the depth parameters o;: Keeping d(¢) and d(¢;) fixed, find
o such that o;d(t);) minimizes u. Set d(v¢;) 1= a;d(¢;), 7 =0,...,m—1.

IV Update curve parametrisation 7 globally: Keeping d(¢) and d(¢;)
fixed, find a transformation 7, such that 7od(¢;) minimizes u. Set d(v;) :=
Tod(y;),j=0,...,m—1.

V Update curve parametrisation locally: Keeping d(¢) and d(v;) fixed,
find a continuous bijection 7; : I — I, such that d(v;) o y; minimizes p.
Set d(v;) :=d(v;) 074, §=0,...,m —1 and go to IL

Before going into the details below, the iterative algorithm can be explained
more intuitively as follows. Start by an arc-length based initial parameterization



of the curves. Then iterate by updating the structure (object parameters), i.e.
d(¢), the motion (camera parameters), i.e. a; and the correspondences (param-
eterization of the curves), i.e. d(¥;). Updating the correspondences is done in
two steps. In IV the parameterization of each curve is fixed apart from a cyclic
permutation of the points. Here the goal is to find correspondences between
the present points on the curve. In V the parameterization of each curve is up-
dated, giving new points on the curve to continue with. Step IV is not essential
when a fairly good estimate of the correspondences has been obtained. Step IV
might also be used in the initialization to find a good initial correspondence, by
substituting d(®) with d(¥4).

3.1 Step I. Initialization

Let each image curve v;(t) = (¥;j1(t),%;j2(t),%;3(t)) be parametrised using
scaled image arclength ¢ € I, so that ¢;(0) and ¢;(1) are the endpoints, and
such that 22:1{1/);- L)}, 7 =0,...,m—1, is constant. Initially, let the depths
be a;(t) = 1 for all points in all curves, and let d(t);) = linhull(t;1, ¥s2, ¥i3)-

3.2 Step II. Computation of d(¢) given d(v;)

Let {¢;1,%j2,%;3} be an orthonormal basis for the 3-dimensional linear space
d(¢;). By (3), the 4-dimensional linear space d(¢), corresponding to the 3D-
curve to be reconstructed, is the linear span of all basis functions ¥, %, j =
0,...,m—1, k = 1,2,3, i.e. d(¢) = linhull{e);r}. An estimate of d(¢) is
obtained by solving

m—1 3
min = min P2 5
dimd(¢):4/“‘ dim d(¢)=4 ; ; 1P,k ll (5)

This optimization problem can be solved using singular value decomposition.
Form the symmetric matrix My = {(v;|vm) }i,m, Where

v = (%0,1,%0,2,%0,3, V1,1 -+, ¥m-1,3) -

Compute a singular valued decomposition M; = USV7T. In the case of exact
data, the matrix M; has rank 4. In the case of measured data, the matrix which
is closest in Frobenius norm to a matrix of rank 4, is M = US4V, where S,
is obtained by setting all but the four largest diagonal elements in S to zero.
An orthonormal basis for d(¢) is then ¢ = Sj /> Y, uVik, k = 1,2,3,4. This
d(¢) solves the optimization problem (5).

3.3 Step III. Computation of depths

Let {¢;1,%;2,%;3} be an orthonormal basis for d(v;) and let {¢1, @2, p3, P4} be
an orthonormal basis for the 4-dimensional linear space d(¢), corresponding to



the curve to be reconstructed. Recall the projection operator Py : L2(I) — s(¢)
in (4). We want to solve

3
n Y IPstkasl’,  §=0,...,m—1. (6)

mi
||=1
llej =1 .=

For convenience, the index j is dropped below, since each image is treated
separately. Parametrise o using a finite orthonormal basis f; according to

I xR > (t,z) = alt,z) = Zzlfl(t) (N
=1

and let 9x; = Py(¢rfi). In the case of non-exact data, the solution of (6)
can be found by singular value decomposition USVT of the matrix M, =
Eizl{(ﬁk,l [O%,m)}7m- BY taking z as the last column of V' we obtain the vector
z of unit length which inserted in (7) gives a;. Set d(¢;) = linhull{a;v;1, 012, a3}

3.4 Step IV. Global reparametrisation

This step is divided into two parts. The first is used for closed curves and con-
sists of finding a cyclic translation and the second part, that is used for parts of
curves, consists of finding an affine transformation of the curve parametrisation.
A closed curve can loosely be characterized as having start point equal to end
point. For open curves, where the endpoints are detectable in all images, this
step IV can be omitted.

Closed curves:
Let {¢;1,%;2,%;3} be an orthonormal basis for d(¢;) and {1, d2,¢3,¢4} an
orthonormal basis for d(¢). The objective is to find a cyclic translation 7,
where 7z o f(z) = f(z —t), such that

3
£i®) =) IPgres il
k=1

is minimized for each j = 0,...m—1. Since Py = I - Qg and Qg is a projection,
it follows that

3
fi= Z b h — Qomethj il =3 — Z (| Tetin)? -
k=1 1<k<3
114

Let z/v)(x) = ¢(—=z), then (¢i|79; k) = ¢ * zﬁj’k(t), where * denotes cyclic con-
volution. If 9;; and ¢; are sampled, with the number of samples being 2" for
some integer n, then f; can be computed very fast by using the fast Fourier
transform. Step IV can also be used in Step I in order to get a better initial
parametrisation of the curves. In this case one compares the shape of each im-
age curve with the first image curve.



Parts of curves:
Let {1,%;2,%;3} be functions on R that form a basis for d(1;), under the mea-

sure
dt, te][0,1],
du(t) =
uit) {0, otherwise .

Note that the first function is a constant function and that the basis is not
necessarily orthogonal. As above let {¢1, @2, ¢3, ¢4} be an orthonormal basis
for d(¢). The objective is to find an affine transformation a, ; : R — R, defined
by aq:(z) = az +t, such that

file,t) = ||P¢Pj[(¢j)oaa,t||2

is minimized for each j = 0,...m — 1. A problem is that even if {1,%;2,%;3}
happens to be an orthonormal basis for d(¢;), the composed functions {1, ;2 o
Qa,t,Yj300a ¢ } may be far from being an orthonormal basis. However, a Hilbert-
Schmidt like orthogonalization process gives that e; = 1,

ey = 1/11 B <’¢’17 1) . ’(/12 — <1/J2, 1)
VIl = @, 12 /el — (¢, 1)2

and

€5 = Y1 — (¥1,1) + Y2 — (Y2, 1)
VIl = @1, 1)2 /Il = (92, 1)

form an orthogonal basis for d(¢), with

) <¢1’¢2> - <¢1a 1><¢2a 1>
VIl — @1, 12/ ][9] — (2,1)2

llezl” = 2

and

49 (1,%2) — (1,1)(h2, 1) _
Vl? = (1, 1)2y/[[92]]? — (2, 1)?

llesll” =2

It follows that

2

3
€ikO0n. t ejkoaat
fila,t) = Z €jkC0ait €k Olay
a k=1 llej.k © aol| ¢||ej,k°aa,t||
2
€5,k O Qat

1<k<3< lles, © aa,tl| ’
1<1<4

where {e;x}3_, is an orthogonal basis for d(¢;) as above. All the involved
scalar products can be computed as a function of ¢, by using FFT, which makes
the computation of f; of complexity O(M N log(N)), if the ca:s are sampled at
M values and the t:s at N values.



3.5 Step V. Local reparametrisation

Let {t;1,%j2,%;3} be an orthonormal basis for d(¢;), and let {¢1, @2, ¢3, ¢4} be
an orthonormal basis for the 4-dimensional linear space d(¢), corresponding to
the curve to be reconstructed. We want to find a reparametrisation v; in each
image 7 =0,...,m — 1, such that

3
2
D Py o)
k=1
is minimized over some set of reparametrisations. Again, we drop the index j
for convenience. Parametrise v by using a finite basis g;, according to

IxR* >3 (t,z) > y(t,z) =t+ z":a:lgl(t) , (8)
=1

where the basis function fulfill g;(0) = 0 and g¢;(1) = 0. g; can for example be a
translated and dilated Gaussian function multiplied sin(27z) in order to fulfill
91(0) = g;(1) = 0. The function v(t, z) is monotonic for small z, that is

oy "
=1+ mgt)>0, tel,
ot +l:1$lgz()

if || is sufficiently small. Set ©(z) = Pg(¢)x o y(z)) around z = 0. Then
Or(z) = 04(0)+V,04(0)z, where V,, is the gradient operator in the z-variables.
We use this approximation and Gauss-Newton iterations to solve the minimiza-
tion problem, i.e. finding z in (8). We set d(¢;) = linhull{ep;1 o v;(x), 42 ©
75(2), %53 © 75 ()}

4 Bundle adjustment for curves

A bundle adjustment algorithm was developed for estimating all unknown pa-
rameters. This will briefly be described here. Let m denote the number of images

and n the number of points estimated on the reconstructed curve. Let Y;(s) de-

note the estimated curve in image ¢ with curve parameter s and let s;; denote the

curve parameter corresponding to the projection of point j in image 1. Denote by

m the bundle of all unknown parameters,m = {Py,... , Py, X1,... , Xpn, 811, -« » Smn }-
Each such element belongs to a non-linear manifold, M. The goal of the bundle
adjustment is to find the parameters m that minimizes

Fm) =D IPX; = V(sig)I?

i=1 j=1

This will be done by an iterative method. One such iteration will now be
described. Assume that an initial estimate mg is given. Introduce a local
parametrisation m(Ax), around mg € M according to

M x RN 5 (mg, Ax) = m(mg, Ax) € M,



where N = 9m+3n+mxn. (11 parameters in each camera matrix, 3 parameters
for the coordinates of each reconstructed point and 1 parameter for each curve
parameter s;;). Let Ax = [Aay,... ,Aap,Aby,... ,Ab, Asyy ... , As,n]T, so
that Aa; parametrise changes in camera matrix P; and Ab; parametrise changes
in reconstructed point X; and As;; parametrise changes in curve parameter s;;.
Changes in each camera matrix, P;, are parametrised by

Pi(mg, Ax) = P;

Aai(1)  Aai(2) Aai(3) Aai(4)
+ | Aai(5) Aai(6) Aai(7) Aai(8) ] ,

changes in each object point, X;, by

Xj (mo, AX) =

and changes in each curve parameter, s;;, by

Sij (mo, AX) =855 + Asz-j .
Introduce a residual vector Y, formed by putting all reprojected errors weighted
by estimated standard deviations in a column vector

Y = [611 .. .em"]T

b

where

On
where as usual \;; is chosen to normalize the length of the image vector F;X;.
These residuals depend on our measured image curves ); and on our estimated
parameters m. The residual vector Y (Ax) is a non-linear function of the local
parametrisation vector Ax. The sum of squared residuals f = Y7Y was min-
imized with respect to the unknown parameters Ax, using the Gauss-Newton
method. Let oY
A=——(0), b=Y(0) .

Instead of taking

Ax = —(ATA) 14Ty , (9)

which might be numerically sensitive if (A7 A) has small singular values one
uses the update
Ax = —(ATA+eI)71ATD

where € is a ‘small’ positive number.
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Figure 2: From left: Image 1,2, and 3, with added white normal noise with
standard deviation o = 1073.

Figure 3: Image curves together with backprojected curve.

5 Reconstruction using bundle adjustment for curves

5.1 Simulated curves

In the first experiment, closed 3D curves were generated by Monte-Carlo simu-
lations together with 3 camera matrices. This data was used to obtain 3 corre-
sponding image curves for each 3D-curve. The image curves were parametrised
by arc-length with random starting point on the curve. This gives that there are
no known point correspondences beforehand. Furthermore, white normally dis-
tributed noise was added to the image curves with varying degrees of standard
deviation o. Figure 2 shows 3 corresponding image curves when ¢ = 1.0- 1073,
This noise corresponds to approximately one pixel i standard deviation for a
350 x 400 pixel image. The image curves were represented by b-splines which
also gives a little smoothing. Figure 3 shows the b-spline represented curves
(o) together with the reprojection of the reconstructed curve (+). The points
appear to coincide. Figure 4 shows a close up of the left image in Figure 3.
Note that the image points (o) and reprojected points (+) still appears to co-
incide, indicating the precision and robustness of the method. Figure 4 right
shows a projective reconstruction of the object curve. Figure 5 shows the stan-
dard deviation of the residuals from all the experiments as a function of the
standard deviation of the added noise to the images curves. Finally, the algo-
rithm has a record of converging 100 % of the time for this kind of experiments,
independently of the added noise, ranging from o = 0 to ¢ = 3.0- 1073,

Figure 4: From left: Close up of first image, and a projective reconstruction.
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Figure 5: Standard deviation of residuals as a function of the standard deviation
of added white normal noise to the image curves.

Figure 6: The first and last image in a controlled experiment of 100 images
where the curve was rotated 0.3 degrees per frame and translated 1 mm per
frame.

5.2 Images of real curves

We have also checked our algorithms on real data in a carefully controlled situa-
tion. A three dimensional curve was placed on a table which can be rotated and
translated in a well defined manner. One hundred images were then taken as the
table was rotated at 0.3 degrees per frame with a velocity of 1 mm per frame.
The first and last of these images are shown if figure 6. The curves in these one
hundred images were extracted with sub-pixel accuracy. These were then fed
to the shape based factorization algorithm. After 20 iterations the difference
between measured and reprojected curves were in the order of X pixels. This
intermediate result was then fed into the bundle adjustment routine assuming
general projective cameras. Then followed autocalibration (assuming constant
intrinsic parameters) and finally bundle adjustment (again assuming constant
intrinsic parameters). In the final resul the difference between measured and
reprojected curves were in the order of X pixels. In figure 7 is shown the recon-
structed 3D curve as well as the focal point of the camera relative to the curve
during all of these 100 images. In order to validate this approach the estimated
rotational velocity was compared to the ground truth (0.3 degrees per frame).
This comparison is shown in figure 8.

12



Figure 7: The reconstruction of the space curve and the focal points of the

cameras using the 100 images of the rotating table.
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Figure 8: The estimated rotational velocity compared to the nominal 0.3 degrees

per frame.
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Figure 9: One of five images used in experiment. The extracted curves and
20 reprojected points on each space curve are shown. To the right is shown
a histogram of the residuals (in pixels) between extracted image curves and
reprojected points of the reconstructed curve. The standard deviation of these
residual i 0.03 pixels.

5.3 Verification with point based methods

Experiments with real data and verification of the method using traditional
point based methods was performed as follows. Five images containing curves
and easily extracted corner points were taken. One such image is shown in
Figure 9. Fifteen points were extracted with high precision from each image and
point based methods were used to calculate camera motion (and 3D structure
of the points) using bundle adjustment. Euclidean reconstruction was obtained
using the assumption of constant intrinsic parameters.

Independent of this, three curves were extracted in each image. Initial es-
timates, auto-calibration and iterative refinement using bundle adjustment for
curves was computed as described in the paper. Figure 9 also show the ex-
tracted curves in one of the images as well as 20 reprojected points from each
of the three 3D curves. A histogram of the errors between these reprojected
points and the measured image curves is also shown in Figure 9. The standard
deviation of these errors is approximately 0.03 pixels.

The resulting 3D structure of the curves as well as the focal points of the
camera for the five images is shown in figure 10. In the same figure is shown
the focal points of the five cameras as computed independently using the point
features. As can be seen in the figure, these two set of focal points overlap.
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