Reconstruction of Curves inR3, using Factorization and Bundle Adjustment
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Abstract the image curves that are not met in practice. In fact, nei-

In this paper, we extend the notion of affine shape, in- ther smoothness nor continuity is required. Furthermore,
troduced by Sparr, from finite point sets to curves. The the images need not be taken close to each other. Experi-
extension makes it possible to reconstruct 3D-curves up Ments have also proved that it is robust to noise and con-
to projective transformations, from a number of their 2D- V€rgesin onlya feyv 'tEV_ﬁlthﬂS-
projections. We also extend the bundle adjustment tech- A second algorithm is also presented that take advan-
nique from point features to curves. tage of knowledge of the measurement errors in the im-

The first step of the curve reconstruction algorithm is 29€s. This algorithm requires a good starting point, but
based on affine shape, is independent of choice of coordi-"aVe super linear convergence. For finite point configura-
nates, robust, does not rely on any preselected parameterglions, the corresponding algorithm is known as bundle ad-
and works for an arbitrary number of images. In particu- Justment algorithm, in computer vision. Its first extension
lar this means that a solution is given to the aperture prob- 0 curves can be found in [4]. Experiments show that the
lem of finding point correspondences between curves. Theforsin the reconstruction are of the order of measurement
second step takes advantage of any knowledge of measure€/Tors in the images. _ _ _
ment errors in the images. This is possible by extending the Affine shape of finite point configurations, has been in-
bundle adjustment technique to curves. troduced and studied in a series of papers by Sparr, cf. [11],

Finally, experiments are performed on both synthetic [12]. It has proved to be an important tool when analyzir.\g
and real data to show the performance and applicability ('€ 9eometry of cameras and scene. Instead of working

of the algorithm. with camera matrices the method is based on finding re-
lations between linear subspaces, and the composition of
1 Introduction two perspective transformations corresponds to an alge-

braically simple operation of multiplication of the depths

So far this analysis has been confined to finite point sets.
A reconstruction algorithm, by using affine shape, has

been proposed in [12], [8], [5], [9]. It works for arbitrary

in the di . d . q but finite numbers of points and camera views and is based

n the |ﬁerqnt 'mages and a recc.)n-strucnqn Is computed. on aligning subspaces by using orthogonal projections and

By the algorithm proposed here, it is possible to use also maximizing some of the largest eigenvalues of the sum of

?hD-ri:r\r/esr?s Ch?]l’tact?:lstlc fr‘?:tl;]res "; aﬁ[\:ve“ar?ltiw?i:r Frurn tthese projections. The algorithm presented here is based
ime 0 e’r 2 pod dﬁorfpo rve Cbesf reh ened bei ; € emon the algorithm in [12] and an extension of affine shape

ages are needed lor he curves betorehand, but aré Comg,e g0 point configurations to curves.
puted by the algorithm. This is a difficult problem often

referred to as the correspondence problem oatherture Earlier versions of some of the ideas in this paper can
problem P P be found in [2], where the reconstruction of synthetically

enerated open 3D-curves are computed. A restriction is
A first algorithm is presented that is independent of g b p

. . . . that both endpoints have to be identifiable in all images. In
choice of affine coordinates, and works with any number P d

i ken b librated X h [4] an algorithm for closed 3D-curves is presented, but it is
of images, taken by uncal ratq cameras, 1.€. the camera, o med that the images are taken closed to each other in
parameters are allowed to vary in an arbitrary way between o qq 1 get a good initial estimate. None of these restric-

imaging instants. The algorithm makes no assumptions ony;,, is required here. A preliminary study on the possibil-

*This work has been done within then ESPRIT Reactive LTR ptoje ity to extend th.e bundle adjustment teCh.mque to curves can
21914, CUMULI and the Swedish Research Council for EngingeSci- alsp b'e fo.ur'1c.i in [4]. HOWGV?I’, no solution to the problem
ences (TFR), project 95-64-222. of finding initial values are given there.

Projective reconstruction of a 3D-scene from a set of
2D-images is a central problem in computer vision. Usu-
ally afinite set of feature points are extracted, that are-cha
acteristic for the object at hand. These points are idedtifie




We will now uses(@y) in the pinhole camera model. Let
/\ X C R® be a3D-curve and lgr C R? its projective image.
A Fix the setl = [0,1] once and for all and lepy : | — X and

/\/M\ Py | = 9 be parameterizations in extended coordinates,
- N such thatp(t) is the projective image of the poigk (t)

foreacht € I. Then there exists a functian: | — R, called

the depth ofpy and a 3x 4 matrixP (camera matrix), such

e T e thata(t)yoy (t) = Pex(t), t € I, which is another form of
the well-known camera equation. Below we will drop the
Figure 1. From left: 2D-curve  (x(t),y(t)), and 3 ba- index X of @x. We always reserve for the object curve
sis functions  x(t), y(t) and 1(t), for the affine shape andy for the image curve. It can be shown, [1, 3], théat
of the curve is the projective image ok, with corresponding parame-
terizations and@ respectively, and deptltsas above, if
and only if

Another approach can be found in [7, 10], where the
structure and motion of 3D-curves are computed. That as(e) C s(y) - 1)

method relies on a calibrated camera and high order Spat'o'However, to use this, the correspondence between the pa-

temppral derivatives, which are difficult to com.pute in rameterizations oX and 9" must have been established.

practice due to measurement errors and numerical prob--l-hiS is a difficult problem, referred to as tioerrespon-

lems. dence problemor aperture problem. Assuming for the

2 Affine shape of curves moment that the correspondence problem is solved, let
In this section, we will give the necessary mathemati- {27}g * be a sequence of projective imagestoftaken by

cal tools that are needed for the first reconstruction algo- uncalibrated pinhole cameras, with corresponding param-

rithm. The notion of affine shape of curves is introduced eterizationsp; :1 — 9, @:1 — X and depths; : 1 — R.

and, by using this, the condition for when a 2D-curve is a Then, by (1)

projective image of a 3D-curve is given. Furthermore, a

1
proximity measure on the affine similarity of two curves, s(9) C mﬁ iS(llJi) ) )
is introduced, which is to be minimized by the algorithm. Ty G

One appealing property of these tools is that they are inde- .
pendent of the choice of affine coordinates in the images If we assume thak C R® is a closed curve that does not

and space. belong to any affine plane and if the imag¥sare taken
Let X be a curve iR", and let from general locations, then (2) holds with equality, i.e.
@ (t) = (@ a(), - Prn(t)) EXC R, mti m-1
’ SO = gsw), or d@=3 adw) . G
wheret € | =[0, 1], be a parameterization g&f. Theaffine j=0 " =
shapeof is defined as the linear subspace of real valued

Let Py, Pj, Qg andQ; be the orthogonal projections
fromL2(I) ontos(@), s(¥;)/aj, d(¢g) anda;d(y;), respec-
S(x) = 4 f Ji foxdt=0 feL2() tively. These projection operators can explicitly be veritt

) = Jyfdt=0 ~ ' using orthonormal bases. Introduce the notation

functions

It can be shown, cf. [1, 3], tha{@y) is a complete affine 1 » 1.5
invariant. The orthogonal complement s(fpy) is called (flg) :/0 fgdt, 11l :/0 |f|"dt .
thedepth spaced(q@y). Itis a finite dimensional space and ] )

is often easier to work with thas(qy). If the parameteri- ~ USing extended coordinatey = (@1, @2, @3, u), where

zation@y is written in extended coordinates , i@ (t) = @ =1, let {¢1, @, 93,9} be an orthonormal basis for
(@2(0), -, @rn(0), @x s (1), With @rsa(t) = 1, then  AUNQ, @2, s, ). Then
— i An+1 4 . ~
d(@x) =linhull{@x,j}j=; Qo(f) = S (&Hd  Pe(f)=(1=Qg)(f) . (4
i.e. the set of all linear combinations of elements from k=t
{®x,; 'J‘i% Figure 1 shows how a curve iR? is rep- Itis easily seen that the conditions (3) implies that the op-

resented by the three basis functions of the depth spaceeratorPyQ; is the zero operator for every Therefore,



introduce theproximity measure p = 25“;01||P¢Qj||as .
whereH S denotes the Hilbert-Schmidt norm, see [6]. The
HS-norm is independent of the choice of orthonormal ba-
sis. By choosing the first three basis vectfes s, e3} to
spana;d(y;), it follows that||PeQj |5 = Sy [IPee/® -
Thus, if {§j1,D;2,Dj3} is an orthonormal basis of
ajd(Wj), j =0,...,m—1, thenp= 3T} 52, [Ped; k|2
In the next section, we will construct an algorithm that
solves (3), by finding parameterizatiojig and depths;,
in order to obtain a reconstructiem The measure of how
well this is achieved is obtained by the proximity measure
L
3 Reconstruction of 3D-curves, using affine
shape

In the following, letl = [0,1] and {97}a"* be a se-
guence of projective images of an unknown 3D-cukie
Furthermore, let all the parameterizatiaps| — X and
gj:l =9, j=0,..,m-1, be expressed in extended
coordinates. We propose the following algorithm, which
is based on repeatedly findirgjp), adjusting the depths
aj, and the curve parameterizatiapg To obtain a recon-

3.2 Step Il. Computation ofd(¢) givend(y;)

Let {yj1,Pj2, Pj3} be an orthonormal basis for the 3-
dimensional linear spaay;). By (3), the 4-dimensional
linear spaced(g), corresponding to the 3D-curve to be
reconstructed, is the linear span of all basis functions
Yjk, j=0,...,m=1,k=1,2,3, i.e.d(g) = Iinhull{thLk}.

An estimate ofl(¢g) is obtained by solving

m-1 3
min

PoWj il -
dimd((p)=4g()l<;1|l oWj, |

This optimization problem can be solved using singular
value decomposition. Form the symmetric matilx =
{{vi|Vm) }1,m, Wherev = (Wo,1, Wo,2, Po,3, P1,1,- . , Wm—1,3).
Compute a singular valued decompositda=USV'. In

the case of exact data, the matx has rank 4. In the case
of measured data, the matrix which is closest in Frobenius
norm to a matrix of rank 4, i = USVT, whereS is
obtained by setting all but the four largest diagonal ele-
ments inSto zero. An orthonormal basis fal(g) is then
= S;f/zz ViVik, k=1,2,3,4. Thisd(g) solves the op-
timization problem (5).

min
dimd(p)=4

H= (5)

struction, the problem is to find both the parameterizations 3 3 Step IIl. Computation of depths

gj, and the deptha; in (3).

| Initialization : Choose one parameterizatidr in
each image curve, for example by using the im-
age based arc-length. Sef(x) = 1 andd(y;) =
linhull(y;), j =0,...,m—1. One can also use step IV
to update the parameterization of the curves directly.

Il Update the 3D structure of the curve,d(¢): Keep-
ing d(y;) fixed for all j, find Py that minimizegu.

Update the depth parametersn;: Keepingd(¢) and
d(y;) fixed, findaj such thato;jd(;) minimizesp.
Setd(y;) :=a;d(yj), j=0,...,m—1.

Update curve parameterizationt globally: Keep-
ing d(@) andd(y;) fixed, find a transformation such
thattod(y;) minimizespy. Setd(y;) := 1o d(y;),
j=0,...,m—1.

Update curve parameterization locally Keeping
d(g) and d(y;) fixed, find a continuous bijection
yj : I = 1, such thatd(;) oy; minimizespy. Set
d(;) :=d(yj)oyj, j=0,...,m—1and goto Il.

3.1 Step I. Initialization

Let each image curvayj(t) = (Wj1(t), Wj2(t), Wja(t))
be parameterized using scaled image arclength, so
that @;(0) and (1) are the endpoints, and such that
S {W Y2 1 =0,...,m—1, is constant. Initially, let
the depths berj(t) = 1 for all points in all curves, and let
d(g;) = linhull(i1, Wiz, Yis).

Let {yj1,Pj2,Pj3} be an orthonormal basis fai(y;)
and let{@1, @, @3, } be an orthonormal basis for the 4-
dimensional linear spaa (), corresponding to the curve
to be reconstructed. Recall the projection operé&igr
L%(1) — s(9) in (4). We want to solve

3

min 5" [|PeWjca|l?,

i
lojll=1¢=

(6)

For convenience, the indgxs dropped below, since each
image is treated separately. Parametetiagsing a finite
orthonormal basig; according to

n

I x R" 3 (t,x) = a(t,x) = I;x| fi(t) )

and letdy = Py(Pkfi). In the case of non-exact data,
the solution of (6) can be found by singular value decom-
positionUSV' of the matrixM, = z:kgzl{<'ak7||'3k’m>}|r:m.
By taking x as the last column of we obtain the vec-
tor x of unit length which inserted in (7) gives;. Set
d(W;j) = linhull{o; W1, oWz, 0 Yj}.
3.4 Step IV. Global reparameterization

This step is for closed curves and consists of finding the
cyclic translation that minimize the proximity measure.
A closed curve can loosely be characterized as having
start point equal to end point. For open curves, where the
endpoints are detectable in all images, this step IV can be
omitted.



Let {¢j1,Wj2,Wj3} be an orthonormal basis fai(y;) 4 Bundle adjustment for curves

and{@1, ¢, @3, ¢4} an orthonormal basis far(¢). The ob- A bundle adjustment algorithm was developed for esti-
jective is to find a cyclic translationy;, wheret; o f(x) = mating all unknown parameters. This will briefly be de-
f(x—t), such thatfj(t) = T5_, ||PgttWj /|2 is minimized scribed here. Let denote the number of images and
for eachj =0,...m—1. SincePy=1—- Qg andQqis a n the number of points estimated on the reconstructed
projection, it follows that curve. Let9i(s) denote the estimated curve in image
with curve parametes and lets; denote the curve pa-
3 rameter corresponding to the projection of pojrih im-
fi=3 ltWjx— QguWjxl|* =3 Z (@ - agei. Denote bym the bundle of all unknown parameters,
k=1 1sks3 m={PL,...,Pm,X1,.-.,Xn,S11,--. ,Smn}. Each such ele-

ment belongs to a non-linear manifolt,. The goal of the
Let B(x) = Y(—x), then(@ [teWj ) = @ = P;jk(t), where bundle adjustment is to find the parametershat mini-
x denotes cyclic convolution. ) and@ are sampled,  mizes

with the number of samples being fr some integen, m 0 ARX = 9(S))
thenf; can be computed very fast by using the fast Fourier f(m) = Zl z [ A EAT
transform. Step IV can also be used in Step | in order to i=1j=1 On

get a better initial parameterization of the curves. In this

case one compares the shape of each image curve with thgvhereon denotes the estimated standard deviation of the
first image curve image measurement. This will be done by an iterative

method. One such iteration will now be described. As-
sume that an initial estimateg is given. Introduce éocal
3.5 Step V. Local reparameterization parameterizatiom(Ax), aroundmg € M according to

Let {gj1,Pj2,Pj3} be an orthonormal basis fo(y;),
and let{@1, @, @3, } be an orthonormal basis for the 4-
dimensional linear spaa¥ @), corresponding to the curve
to be reconstructed. We want to find a reparameterization
yj in each imagg =0,...,m—1, such that

M x RN 5 (mo, AX) — m(mo,AX) € M,

where N = 9m+ 3n+ mx n. (11 parameters in
each camera matrix, 3 parameters for the coor-
dinates of each reconstructed point and 1 param-

3 eter for each curve parametes;). Let Ax =
z IPe(Wik o i) 12 [Aay, ..., 8m,Aby, ... ,AbhAS ... ,ASny T, SO thatAg;
& ! parameterize changes in camera ma@iandAb; param-

eterize changes in reconstructed pofptandAs;j param-
is minimized over some set of reparameterizations. Again, eterize changes in curve paramedgr Changes in each
we drop the indeX for convenience. Parameterigeby camera matrixR, are parameterized by
using a finite basig,, according to

) P (mo,AX) =R
'XR”B(t,X)—>v(t,X)=t+21x|g|(t), (8) (Aai(l) Aai(2)  Da(3) Aa(4))
= + [ 2&(5) ALa(6) La(7) La(8) ) ,
Agi(9) Aa(10) A(l1) O

where the basis function fulfity (0) = 0 andg; (1) = 0. g,
can for example be a translated and dilated Gaussian func-changes in each object poiid;, by
tion multiplied sif(2rx) in order to fulfill g (0) = g|(1) =

0. The functiony(t, x) is monotonic for smalk, that is Xj +Abj(1)
X-(mo AX) — YJ +Abj(2)
O S wd ()0 tel J’ Zj+4bi(3) |
Fri +|;x|g|()>, el 1

and changes in each curve parameggrpy sj (mo,Ax) =

Sj +As;. Introduce aesidual vectoly, formed by putting

all reprojected errors weighted by estimated standard devi
ations in a column vector = [ey1...emn", Where

if [ is sufficiently small. Se®y(X) = Po(Ykoy(x)) around
x=0. ThenBy(x) ~ O(0) + UxOk(0)x, wherely is the
gradient operator in the-variables. We use this approx-
imation and Gauss-Newton iterations to solve the mini-
mization problem, i.e. finding in (8). We setd(y;) = NijPX) = (sj)
linhull {Wj1 0 v;(x), Wiz 0 Vj (x), Wjzo v; (X)}. e



where as usualjj is chosen to normalize the length of the
image vectol?Xj. These residuals depend on our mea-
sured image curveg; and on our estimated parameters
m. The residual vectoY (Ax) is a non-linear function of
the local parameterization vectak. The sum of squared
residualsf = YTY was minimized with respect to the un-
known parameterdx, using the Gauss-Newton method.

Let
oY

(0, b=Y(0) .

Instead of taking
Ax=—-(ATA)"ATD , (9)

which might be numerically sensitive {ATA) has small
singular values one uses the upddie = —(ATA +
€l)~1ATb, wheree is a ‘small’ positive number.

5 Reconstruction using bundle adjustment
for curves

5.1 Simulated curves

In the first experiment, closed 3D curves were gener-
ated by Monte-Carlo simulations together with 3 camera
matrices. This data was used to obtain 3 corresponding
image curves for each 3D-curve. The image curves were
parameterized by arc-length with random starting point on
the curve. This gives that there are no known point corre-
spondences beforehand. Furthermore, white normally dis-
tributed noise was added to the image curves with varying
degrees of standard deviation Figure 2 shows 3 corre-
sponding image curves when= 1.0-10~3. This noise
corresponds to approximately one pixel i standard devia-
tion for a 350x 400 pixel image. The image curves were
represented by b-splines which also gives a little smooth-
ing. Figure 3 shows the b-spline represented curegs (
together with the reprojection of the reconstructed curve
(+). The points appear to coincide. Figure 4 shows a close
up of the left image in Figure 3. Note that the image points
(o) and reprojected pointsH) still appears to coincide, in-
dicating the precision and robustness of the method. Fig-
ure 4 right shows a projective reconstruction of the object
curve. Figure 5 shows the standard deviation of the resid-
uals from all the experiments as a function of the standard
deviation of the added noise to the images curves. Finally,
the algorithm has a record of converging 100 % of the time
for this kind of experiments, independently of the added
noise, ranging frono = 0too = 3.0- 1073,
5.2 \Verification with point based methods

Experiments with real data and verification of the
method using traditional point based methods was per-
formed as follows. Five images containing curves and eas-
ily extracted corner points were taken. One such image is
shown in Figure 6. Fifteen points were extracted with high

é)

Figure 2. From left: Image 1,2, and 3, with added
white normal noise with standard deviation o=
108

Figure 3. Image curves together with backpro-
jected curve.

Figure 4. From left: Close up of first image, and a
projective reconstruction.

Figure 5. Standard deviation of residuals as a
function of the standard deviation of added white
normal noise to the image curves.
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Figure 6. One of five images used in experiment.
The extracted curves and 20 reprojected points
on each space curve are shown. To the right
is shown a histogram of the residuals (in pixels)

between extracted image curves and reprojected
points of the reconstructed curve. The standard

deviation of these residual i 0.03 pixels.

Figure 7. Reconstruction of curves and the 5 cam-

o ] ) era positions from curve reconstruction + and
precision from each image and point based methods were  point based reconstruction  *. The five camera

used to calculate camera motion (and 3D structure of the  centers overlap in the image.

points) using bundle adjustment. Euclidean reconstroctio
was obtained using the assumption of constant intrinsic pa-
rameters.

Independent of this, three curves were extracted in each
image. Initial estimates, auto-calibration and iteratiee
finement using bundle adjustment for curves was computed [6]
as described in the paper. Figure 6 also show the extracted
curves in one of the images as well as 20 reprojected points [7]
from each of the three 3D curves. A histogram of the errors
between these reprojected points and the measured image

depth spaces. IProc. Conf. Computer Vision and Pat-
tern Recognitionpages 444-449. IEEE Computer Society
Press, 1997.

N. Dunford and J. T. SchwarZnterscience Linear opera-
tors. Spectral theory,2, 1963.

O. D. Faugeras and T. Papadopoulo. A theory of the mo-
tion fields of curves. Int. Journal of Computer Visign
10(2):125-156, 1993.

curves is also shown in Figure 6. The standard deviation of [8] A.Heyden. Projective structure and motion from image se

these errors is approximately03 pixels.

The resulting 3D structure of the curves as well as the
focal points of the camera for the five images is shown in
figure 7. In the same figure is shown the focal points of the
five cameras as computed independently using the point [10]
features. As can be seen in the figure, these two set of
focal points overlap.
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