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Abstract

In this paper, we propose an algorithm for doing re-
construction of general 3D-curves from a number of
2D-images taken by uncalibrated cameras. No point
correspondences between the images are assumed. The
curve and the view points are uniquely reconstructed,
modulo common projective transformations and the
point correspondence problem is solved. Furthermore,
the algorithm is independent of the choice of coordina-
tes, as it is based on orthogonal projections and aligning
subspaces. The algorithm is based on an extension of
affine shape of finite point configurations to more ge-
neral objects.

1. Introduction

Affine shape of finite point configurations, has been
introduced and studied in a series of papers by Sparr,
see for example [8], where a reconstruction algorithm,
for arbitrary numbers of points and images, was pro-
posed. This was based on aligning subspaces by using
orthogonal projections and maximising some of the lar-
gest eigenvalues of the sum of these projections. That
algorithm is here extended and modified to handle cur-
ves as well. Furthermore, no point correspondences
between the different images are needed. For simpli-
city, however, correspondences are assumed at the ends
of each curve. Recent progress [2] has made it possible
to relax this assumption. The algorithm is independent
of the choice of coordinates and generic in numbers of
images taken.

Another approach can be found in [5, 6] where
a theory for computing the structure and motion of
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three-dimensional curves is developed. It is shown
that the image of three-dimensional curves obey seve-
ral constraints at each point. These constraints involve
high order spatio-temporal derivatives of the image
curve and camera motion. Thus, the derivatives of ca-
mera motion can, in theory, be found by using the de-
rivatives of image curve motion. These derivatives are,
however, difficult to obtain due to numerical problems.

Yet another contribution can be found in [7, 3, 1],
where image-motion constraints that hold for certain
points on the curve are developed. These constraints
are more robust and can be applied to the silhouette
of curved surfaces, but they do not exploit the full
structure of the curve reconstruction problem.

The method developed here are somewhat similar to
subspace methods developed for points [8] and as such
they can be seen as a generalisation of [9] for points un-
der orthography transformations to curves under per-
spective transformations.

2. Affine Shape

Our aim is to extend the algorithm for projective
reconstruction of finite point configurations to recon-
struction of general curves with no point correspon-
dences known between the images, except at the ends
of each curve. We would also like the conditions for pro-
jective reconstruction to be independent of the choice
of coordinates, generic in the number of images, robust
and easy to extend to recursive algorithms, where more
and more images are taken into account. First we give
a few definitions.

Let X = {p;}]" C R™ be an ordered point configu-
ration in R™ and define the affine shape of X as the
linear space

5(X) = {5

Zfipi =0, Zéi =0, &€ R}. (1)
i=1 i=1



It can be shown (see [8]) that s(X) is a complete af-
fine invariant, that is, there exists a nonsingular affine
transformation a, such that X; = a(X>) if and only if
S(Xl) = S(Xg).

The definition (1) can be rewritten by introducing
functions f : I — R and a bijective map ¢ : I — X C
R™, which we call a parametrisation of X'. Then (1)
becomes

s(X) = {f

S F0)8) =0, 3 £) = 0}

i€l il

and for m points in R”, we could for example take I =
{1,2,...,m}, f(i) = & and ¢(i) = p;- An extension
to more general sets is done by substituting the sums
with integrals.

Let I C R* for some k be a compact set and denote
the space of measurable functions f : I — R, such that

1/p
TR ( / Ifl”dw> < o0,

by LP(I). Let 1/p+1/¢ =1, with 1 < p < oo and let
f € LP(I) and g € L(I). Then the integral

(Flo)s = / f(@)g(x)dz,

is defined and L?(I) and L%(I) are dual to each other.
This means that, for every linear and continuous fun-
ctional T : LP(I) — R, there exists one and only one
u € L(I), such that T'(-) = (u|-); and vice versa.

Now let X C R”, be a fairly arbitrary set as for
example a connected curve or a surface in R® and let
¢ : I — X be a parametrisation of X. Then ¢ =
(¢1,...,0n) and if ¢; € LI(I) for every j, we define
the affine shape by

s(@) ={f [ {flo)r =0, (f1)r=0, f e LP(I)}.

This linear space of functions can of course be infinite
dimensional. Moreover, the shape s(¢) is not entirely
an intrinsic property of X, as it changes with different
parametrisations ¢ of X. This is why we denote shape
by s(¢) instead of s(X) and this non intrinsic pro-
perty causes problems when no point correspondences
between the images are assumed.

We will now use s(¢) in the pinhole camera model.
Let Y be the projective image of X € R3. Let ¢ : I —
Y and ¢ : I — X, be parametrisations such that ¢ (x)
and ¢(z) are corresponding points in the image and R3
respectively, for each € I. Then for some o : I =& R
and projection matrix P,

a(z)p(z) = Po(z), ze€l (2)

and we call a the depth of ¢. It can be shown that )
is the projective image of X with corresponding para-
metrisations ¥ and ¢ respectively and depth « if and
only if

as(¢) C s(¥). 3)

This relation will be the starting point for a reconstruc-
tion algorithm. As noted above, the shapes of X and
Y depend on the parametrisations ¢ and 1. We refer
to this as the parametrisation problem or corre-
spondence problem and solving this for general cur-
ves in R? is one of the contributions of this paper. For
the moment assume that the point correspondences are
known.

For this situation let X be a fixed object and
{y,-}j;‘ol a sequence of projective images of X. De-
note by ¢ : I - X and ¢; : I — );, parametrisations
so that for some P; and «a; : I = R,

a(z)(r) = Po(z),

holds for all z € I. Then, by (2) and (3) for several
images,

1=0,1,...,m—1

m—1

s() C )

=0

1
—s
a;

(¢l)a

or equivalently, by multiplying both sides by «y,

m—1
aos(¢) C s(vo) () @is(i),
i=1
where ¢; = ap/a; are called kinetic depths. Since
s(¢) is usually unknown, we replace ags(¢) by s(¢)
and get the relation

5(8) C (o) [ wss(®). @)

i=1

This freedom in replacing aps(¢) by s(4) is just the
non uniqueness of projective reconstructions. As re-
constructions, any element in the orthogonal comple-
ment of s(¢) will do and all other equally valid recon-
structions can be obtained by multiplying both sides
of (4) with functions «, such that the product is still a
shape space, that is, all its elements have integral zero.

3. Applications to curve reconstruction

Assume that X C R® is a curve, with finite exten-
sion, such that X does not belong to any affine plane
and assume that the images ); are taken from gene-
ral locations and not only from some affine plane. Let
p=2and I =[0,1]. Then L%(I) is a Hilbert space



and because of the generality of the curve and camera
positions, a dimensionality argument (or rather by co-
dimensionality) implies that (4) becomes the equality

m—1

s(¢) = s(¢o) ﬂ ais(i), (5)

i=1

or by considering the orthogonal complement

st (¢) = 5™ (vo) +Zq’1 ( (6)

where ¢; 1 = 1/g¢; and the sum of two linear subspaces
is defined by A+ B={a+b |a € B, b€ B}.In fact,
since X is a general curve, s(¢) has codimension equal
to four and in the same way ¢;s(¢;) have codimensions
three for all ¢ and since these ¢;s(1);) do not coincide
the right hand side of (4) has codimension four as well.

Assume that the curves are open, that is they have
different starting and ending points. This condition is
needed since we have to be able to make correspon-
dences between these end points in different images,
but this is also all we need. The points in between on
the curves are now not assumed to have known corre-
spondences. The problem is then to find both para-
metrisations of Y; (i.e ¢;) and the kinetic depths ¢; in
(6) for obtaining a reconstruction s ().

Introduce the following notation. Let Px be the ort-
hogonal projection onto s(¢), P; the orthogonal projec-
tion onto ¢;s(¢;) and let @ x be the orthogonal projec-
tion onto s*(¢), and similarly Q; the orthogonal pro-
jection onto q; lgl (1;). These projection operators can
be explicitly written using orthonormal bases. For ex-
ample, let X be written in extended coordinates, that
is, we add the number 1 as a fourth coordinate for each
point and let ¢ = (¢1, P2, P3,¢4) : I — X be a para-
metrisation with ¢4(t) = 1. Let {¢1, 2, 3, ds} be an
orthonormal basis for 1h(¢1, @2, ¢3, ¢4), where lh deno-
tes the linear hull or linear span of a set. Then the
projection operators can explicitly be written as

Qx(f) =D _(Pel £)dn
k=1

and as Px(f) = (I — Qx)(f)- The condition (5) and
(6) can be rewritten using the projection operators as
either of the following four conditions

e The operator .- L > ! P, acts as the unity opera-
tor on s(@).

e The operator Px -1 22"261 P; is equal to Px

1 m—1
e The operator - > .2 " @Q; has only four non-zero

eigenvalues.

e The operator Px@Q; is the zero operator for every
i.

These equalities will never hold exactly due to noise
and other errors. It is of interest to introduce error
criterias to minimise. One interesting application of
the theory of affine shape is the following observation.

Any criteria that is based on the linear spaces or the
projection operators above is invariant of the choice
of affine coordinate system in the images. Any such
criteria also has the property that all images are treated
in a symmetrical fashion and is generic in the number
of images taken. Such an invariant criteria or measure,
will be called a proximity measure.

There are several possibilities. One possibility is the
following proximity measure, based on the fact that
PxQ; = 0 for all 4,

m—1
= IPxQills
i=0

where the the operator norm HS is the Hilbert-
Schmidt norm, see [4]. For finite dimensional spaces,
this norm is the same as the Frobenius norm. The
H S-operator norm is given by

IAIEs = D llAexll®
k

where e; is an orthonormal basis for L?(I). The norm
is independent of the choice of basis. By choosing this
basis such that the three first components {e;, es,e3}
span g; Ls+(1;) (and consequently PxQ;er = 0 for all
k > 3), it is seen that

3
IPxQillds = D 1Pxexll® -
k=1

Thus, if {1/3,',1, 1/32-,2, @,3} is an orthonormal basis of each
q; ‘st (1) it follows that

-1

3

3
> I1Pxdiell?

k=1

1§
<

i

4. Algorithm construction

In the following, let I = [0,1] and let all the
parametrisations ¢ and ; be in extended coordina-
tes and we set Y; = lh{yug; ', viagq; ', vizg; '} and
X = {1, P2, P3,04}. These spaces are usually re-
ferred to as depth spaces, [§].

We propose the following algorithm which is based
on repeatedly finding s(¢), adjusting the kinetic depths
¢; and the parametrisations of );.



I Imitialise: Choose one parametrisation v; in each
image curve by for example using the image based
arc-length. Set g;(z) = 1 and Y; = 1h(v);), for all
i.

IT Update X: Keeping Y; fixed for all ¢, find Px
that minimises px.

IIT Update g;: Keeping X and Y; fixed, find ¢; such
that q;lYi minimises p. Set Y; := q;lYi.

IV Update parametrisation: Keeping X and Y;
fixed, find a continuous bijection ; : I — I, such
that Y; o y; minimises u. Set Y; :=Y; o~y; and go
to II.

It is difficult to minimise p with respect to all pa-
rameters. It is, however, reasonably fast to solve each
of the three steps II to IV approximately as will be
demonstrated. Furthermore, since we iterate the pro-
cedure over and over, we do not have to be very precise
in each step.

4.1. Step |. Initialisation

Let each image curve ¥;(t) = (¢i1(t), ¥i2(t), 1) be
parametrised using scaled image arclength ¢ € I so
that ;(0) and ;(1) are the endpoints and such that
(¥4)? + (l)? is constant. Let the depth initially
be ¢;(t) = 1 for all points in all curves and Y; =
1h(4;1,1i2,1). Furthermore, we use the proximity me-
asure u, when describing each step of the algorithm in
more detail below.

4.2. Step |1. Computation of X givenY;

Let {¢i1,%i2,%:,3} be an orthonormal basis for the
3-dimensional linear space Y;. The 4-dimensional linear
space X = s+ (¢) corresponding to the reconstructed
curve is then given by the linear span of all basis fun-
ctions ¢; 5, 1 =0,..., m—1, k=1,2,3.

X=Mh{Yi, i=0,..., m—1, k=1,2,3.}
Even if the basis functions 1; are slightly incorrect
due to measurement errors, slightly incorrect kinetic
depths or incorrect parametrisations, an approximate
basis for X can be found by solving

m—1 3
o o
= i D D IPxbl® (D
= =

This can be solved using singular value decomposition.
Form the symmetric matrix

Wolvo,1) oo (Yo,1|¥m-1,3)

<¢0,2|¢0,1) .- <¢0,2|¢m71,3>

<¢0,3|¢0,1) <¢0,3|¢m71,3>

Mi= 1 (41,1]tho,1) (V1,1 1%m—1,3)
(Gmoraltor) - (Gmroldm 1)

Compute a singular valued decomposition M; =
USVT, where U and V are orthogonal matrices and
S is a non-negative diagonal matrix. The matrix M;
should have rank 4, but if it is not, then the matrix
M, which is closest in Frobenius norm with rank 4, is
obtained as M = US,V7T, where S, is obtained from
S by setting all but the four largest diagonal elements
in S to zero. An orthonormal basis for X can then be
given as

1
o = 5 (V1001 + Vo rtbo,2 + Vs ktpo,3 +
.k

)

Virpthr1 + oo+ Vam e ¥Um-13),

k=1,2,3,4. (8)

This X solves the optimisation problem (7).
4.3. Step 111. Computation of kinetic depths

Let {w;1,%i2,%i3} be an orthonormal basis for Y;
and let {¢1, @2, 3, #1} be an orthonormal basis for the
4-dimensional linear space X = s*(¢), corresponding
to the reconstructed curve. Introduce the projection
operator Px orthogonal to X according to

4
Pxf=f=>_ oi{$;lf).

j=1

We want to find q{l so that waikqf is small, e.g. by
minimising

; |Px g |

for all g; ' with ||g;*|| = 1. For convenience we drop
the index ¢ for the index of the image, since each image
is treated separately. Parametrise ¢~ using a finite
basis f; according to

n
R*>z—q Yz) = ijf]- .
j=1

The projection Pxt¢rg~'(z) = Y (Px(Wrfi))z; =
>_; Uk,jz; should be close to zero, where we have in-
troduced Yx; = Px (V1 f;)-



The least squares solution with respect to the scalar
product can be found by singular value decomposition
USVT of the following matrix

3 [ 1) oo (PkalPrN)

My=>"

F=U\ (kN [9k,1) (Ok,N[k,N)

By taking x as the last column of V' we obtain the
vector z of unit length which minimises

ﬁTﬁE:W%¢ML(%W?

Set Y; = Ih{q; "vi, q; "bin, g i}

4.4. Step V. Repar ametrise each image curve

Let {v1,%2,%i3} be an orthonormal basis for Y;
and {¢1, P2, 03,04} an orthonormal basis for the 4-
dimensional linear space X = s*(¢), corresponding to
the reconstructed curve. We want to find a reparamet-
risation 4; in each image i, such that Px (i o i) is
small by minimising

3
Z | Px (ko)

over some set of reparametrisations. Again, we drop
the index ¢ for convenience, since each image 4 can be
treated independently. Parametrise «y using a finite ba-
sis g; according to

R* >z —y(tz)=t+ Za:jgj(t)
J
where the basis function fulfill g;(0) = 0 and g;(1) = 0.
The function (¢, z) is monotonic for small z such that

Iy
yri 1+;wjg;(t) >0,

A conservative bound on |z| is to take

1
max; 32 19; ()

= Px (¢ 0 v(2))

0<t<1.

|z <

9)

Now study the linearisation of O(z)
around z = 0,

Ok (z) = Or(0) + V,04(0) =

The derivatives are given by

00 _
e 6$] z=0 a

Px (¢1,95) -

SR\
N

Figure 1: Six images of a curve.

The Gauss-Newton iteration for the minimisation pro-

blem s
z) = min Y _ [0k ()|
k=1

is given by the normal equations Ax = b , where

3 [ Ok110k,1) (Ok,110k,N)
A=> | :
k=1 \(Ok,~ |Ok,1) 0k, |0k,N)
and

3 <0k,1|®ik)
k=1 \ (6k,n|Oir)

If the solution of the normal equations gives an x that
is to large according to (9) or if F(z) is larger than
F(0) due to the non-linearities of the function F', then
it is always possible to decrease the error function by
restricting the step length since A is positive definite
and therefore z is a descent direction.

The result is a reparametrisation of the basis for Y;
and we set

Y; = h{va 0 vi(@), i 0 vi(z), ¥iz 0 i(x)} -
5. Experimental Validation

The following experimental validation was perfor-
med. A simulation was made with 6 images of a curve
as shown in Figure 1.

In each image i the curve was parametrised accor-
ding to arclength (1;1(s),%:2(s),1). Note that the
start and endpoints of these curves were assumed to be
known, but that points with the same curve parameter
s in different images are not necessarily in correspon-
dence. For each curve ); a space Y; = lh{4); 1,%;2,1}



Figure 2: The reconstructed curve (*) and ground truth (-)
after the first and the 20'th iteration.

was chosen. Twenty iterations of the algorithm were
then performed and after each step, the proximity me-
asure u was stored, and the reconstructed curve was
compared with ground truth. Figure 2 shows the re-
constructed curve after the first and after the 20’th
iteration. Notice the relatively good alignment already
after the first iteration.

Since L?(I) is infinite in dimension, it is convenient
to consider a subspace of finite dimension and approx-
imate the “real” functions, with some function in U.
This makes it easier to represent functions by expan-
sions in a basis of U. In the experiments, two diffe-
rent choices of finite subspaces U of L?(I) were tried.
One choice is to use finite sampling in the frequency
domain, i.e. each component is represented by Fourier
coefficients up to a certain order. Another choice of
representation is to use finite sampling in the spatial
domain. Each function f € L?(I) is thus approximated
with a piecewise constant function.

6. Conclusions

In this paper we have presented an extension of af-
fine shape to measurable sets and shown its applicabi-
lity to the reconstruction of three-dimensional curves
from its two-dimensional projections. The resulting al-
gorithms seem to give reasonable good estimates alre-
ady after a few iterations. The convergence properties
of the algorithms have, however, not been examined
thoroughly. This is an interesting aspect for continued
research.

The idea of using proximity measures that are inva-
riant under choice of coordinate systems is very appe-
aling. However, if additional information are given, e.g.
about the noise of the measured image curves, then this
could be used to estimate structure and motion on a
statistical basis. Such algorithms typically involve op-
timisation and can be sensitive on the choice of initial
estimates. The algorithm presented in this paper seems
to be efficient at giving good initial solutions. An ex-

tension to incorporate such statistical refinements will
be presented in [2].

Another interesting and important aspect is to in-
corporate further experiments on real image sequences
to obtain more information about the strengths and
weak points of the algorithm. Although the algorithms
used so far assume that the two end-points of the curve
can be detected in each image, it is possible to extend
the theory to deal with closed curves and partially oc-
cluded curves. This investigation, [2], will be conti-
nued.
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