
Preface

The topics of my research in mathematics have varied a lot over time as a PhD student.
Beginning in Umeå with extremal graph theory, then combining graph theory with image
analysis in order to do image segmentation and finally investigating and improving the
modified perceptron algorithm, an algorithm that can be used for segmentation.

The results in these different subjects have especially one property in common, that
is that they are mainly proved with different discrete methods. Sometimes, as in the case
of the geometric properties of the unit sphere in the part concerning the perceptron
algorithm, some standard analysis is used and concerning the results about a general
perceptron algorithm we get a constructive method of how to achieve a solution to a
problem taken from functional analysis.

But, the main topics will be discrete, as well in methods used as in the results achieved.
Below is a list of my papers that has had importance for the results presented in the

thesis.

• O. Barr, On extremal graphs without compatible triangles or quadrilaterals, Dis-
crete Mathematics 125 (1994) 31–43.

This paper studies a concept of a more general edge colouring, local edge colour-
ings. The results is about how many edges in a graph that will enforce a cycle of
length three or four to be compatible with the local edge colouring.

• O. Barr, Erdős-Sós Conjecture for Graphs with High Minimum Degree, Research re-
ports, No. 7 (1996), Umeå University, Sweden.

This paper studies the well known conjecture by P. Erdős and V. Sós. Here we get
an extension of Sidorenkos earlier result and thereby results for graphs with large
minimum degree.

• O. Barr, Some Results in Extremal Graph Theory, Research reports, No. 10 (1996),
Umeå University, Sweden.

My Licentiate thesis that was presented at Umeå University in 1996, containing
the two above papers.

• O. Barr, A Note on the Loebl-Komlós-Sós Conjecture, Research Reports, No. 14
(1997), Umeå University, Sweden.
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A first note concerning the conjecture by Loebl, Komlós and Sós. A conjecture
that is related to the previous one by Erdős and Sós.

• O. Barr and R. Johansson, Another Note on the Loebl-Komlós-Sós Conjecture, Re-
search reports, No 22 (1997), Umeå University, Sweden.

A second note concerning the same conjecture as above. My contribution to this
note is to approximately half of its content.

• O. Barr, Properly Coloured Hamiltonian Paths in Edge-coloured Complete Graphs
without Monochromatic Triangles, Ars Combinatorica, Vol. 50, (1998).

A note showing the similarities between finding a properly coloured hamiltonian
path in a complete graph without monochromatic triangles and finding a directed
hamiltonian path in a tournament.

• A. Eriksson, O. Barr and K. Åström, Image Segmentation Using Minimal Graph
Cuts, in: Proceedings SSBA (2006), 45–48.

Here we present some results on how the max-flow min-cut theorem in graph
theory can be used for segmenting images combined with using prior information
concerning what type of pixels that should belong to a certain class.

• O. Wigelius and O. Barr, New Estimates Correcting an Earlier Proof of the Perceptron
Algorithm to be Polynomial , ISSN 1403-9338, LUTFMA-5041-2004.

This paper gives correct estimates of the probability that two n-dimensional unit
vectors have an inner product of at least 1/

√
n. Beside the collaboration between

me and Oscar Wigelius in this paper, we are in debt to Jan Gustavsson in Lund,
who found a flaw in the first proof and also helped us to produce a correct version
of it.

• O. Barr and O. Wigelius, A Deterministic Perceptron-Rescaling Algorithm, published
in Oskar Wigelius’ Licentiate Thesis Some Results on Online Learning Algorithms,
LUTFMA-2013-2004.

Here we present the general idea of how to transform the modified perceptron
algorithm by Dunagan and Vempala from a randomised one to a deterministic
one. The main idea of how to achieve this result was mine, even though we helped
each other with all the details in the paper.

• O. Barr and O. Wigelius, A Deterministic Perceptron-Rescaling Algorithm Finding
an Optimal Solution, published in Oskar Wigelius’ Licentiate Thesis Some Results
on Online Learning Algorithms, LUTFMA-2013-2004.
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As a consequence of the paper above, we show how to find optimal solutions,
instead of only feasible ones, with the modified perceptron algorithm. My work
in this paper was to prove the correctness of the generalised α-perceptron and the
generalised α-wiggle procedure.

• O. Barr, A Deterministic and Polynomial Modified Perceptron Algorithm, Com-
puter Science Journal of Moldova, Vol. 13, No. 3(39), 254–267, (2005).

By rewriting the deterministic modified perceptron algorithm developed in the
papers above, the algorithm is here speeded up using the achieved freedom (from
earlier results) to change some of the constants within the algorithmic structure.
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Chapter 1

Graph Theory
1.1 Introduction

In the beginning of my PhD studies the main focus of my research was directed towards
graph theory and especially some of the problems in the area of extremal graph theory. In
this area you could describe a typical kind of question as "When can you guarantee that
a graph G has a certain property P ?". The property in question is something that can be
decided if a graph has or has not. Examples of this is for instance if it contains a certain
subgraph or has a proper vertex colouring with a certain number of colours. The way
you guarantee this is by a function f on the graph G. Classical formulations in extremal
graph theory can be exemplified by the theorem that says that a certain minimal degree
δ(G) implies that the graph in question must contain a hamiltonian cycle as a subgraph.

Theorem 1.1.1. (Dirac, 1952)

A simple graph with at least n ≥ 3 vertices and minimal degree δ(G) ≥ n
2 contains a

hamiltonian cycle as a subgraph.

Also we can exemplify by reformulating a classical theorem by Vizing.

Theorem 1.1.2. (Vizing, 1964)

A simple graph with maximal degree ∆(G) ≤ k − 1 can always be given a proper vertex
colouring using at most k different colours.

In these cases the function used on the specified graph G was the minimal degree
δ(G), or only δ, and the maximal degree ∆(G), or only ∆, respectively. There are many
other functions to choose from but in our case we will throughout the thesis look at
functions that in one way or another describe the number of edges in proportion to how
many vertices there are in the graph.

Extremal graph theory is a branch of graph theory developed by hungarian mathe-
maticians. Its study was initiated by Turán in 1940, although a special case of his theorem
and several other extremal results had been proved many years earlier. The main exponent
has been Paul Erdős who, through his many papers and lectures, has virtually created the
subject.

In extremal graph theory one is interested in relations between various graph invari-
ants, such as order, size, connectivity, minimum degree, maximum degree, chromatic
number and diameter, and also in the values of these invariants which ensure the graph
to have certain properties.
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CHAPTER 1. GRAPH THEORY

In the chapters 2-4 of this thesis, results concerning the area of extremal graph theory
will be presented. Chapter 2 will introduce the notion of local edge colourings and inves-
tigate the size of a graph, depending on the order of the graph, that is needed to ensure
triangles and quadrilaterals respectively in the graph to be compatible with any local edge
colouring contained in a certain family of colourings. This result has been published in
Discrete Mathematics and been presented at the British Combinatorial Conference (BCC),
[9].

Chapter 3 contains a study of the following well-known conjecture of Paul Erdős and
Vera Sós: If a graph G of order n has a size strictly greater than n

2 (k− 1), then every tree
of size k is contained in G as a subgraph. By adding extra conditions to the conjecture
concerning the minimum degree δ of the graph G, we solve the conjecture for a family
of graphs and also answer the conjecture for every k ≤ 9 in the affirmative. This result
was published in a preprint, [10], and the above two papers together were presented as
my Licentiate thesis, [11], at Umeå University in 1996.

Chapter 4 contains a study of the conjecture by Loebl, Komlós and Sós assuming the
following statement to be true: Any simple graph G of order n with at least n

2 vertices
of degree at least k, contains each tree of size k as a subgraph. Here we will collect the
results from two notes, the first one written by myself, [12], and the second one written
together with Robert Johansson at Umeå University, [13]. The results from the second
note can be estimated to be mine to an extent of approximately fifty percent.

Also a fourth short chapter concerning graph theory is included in this thesis, chapter
5. It contains a result concerning a sufficient condition on an edge colouring of a complete
graph ensuring us to find a properly coloured hamiltonian path. This result has been
published in ARS Combinatoria [14] and presented at British Combinatorial Conference.
It is an often cited fact in surveys concerning this area of graph theory, see for example
[44].

1.2 Notation and Definitions

To avoid confusion in the graph theoretic chapters we will first recall what can be said
to be standard notation, a notation that will be used throughout these chapters. First of
all we have the concept of a graph, usually denoted G. A graph consists of two sets, a
vertex set denoted V (G) and an edge set denoted E(G), where the edge set consists of
unordered pairs from the vertex set V (G). We write this as G = (V (G), E(G)).

We will only consider finite graphs, meaning that the vertex set V (G) is finite. On
top of this we only consider simple graphs, meaning that we do not allow neither loops
nor multiple edges in our edge set E(G). The size of the vertex set V (G) is called the
order of the graph, often denoted by n, and the size of the edge set E(G) is called the
size of the graph, usually denoted by ε(G) or only ε.

In many cases it is of great interest to know how many edges in E(G) that have an
endpoint in a specified vertex v from the vertex set V (G). This number is called the

2



1.2. NOTATION AND DEFINITIONS

degree of the vertex v and is denoted d(v). Sometimes we will be interested in how large
or how small the degrees in a specified graph G can be and we introduce δ(G) and ∆(G)
to represent the minimal respectively the maximal degree that can be achieved in G. If it
is clear from the context what graph G we are discussing we will use the notation δ and
∆ instead. The mean degree in the graph G will be denoted d(v).

Using the notation above, we can introduce the notion of degree of an edge. If {u, v}
is an unordered pair in E(G) we usually denote this edge e as uv. The degree of an edge
is defined by the sum of the degree of its endpoints, so d(e) = d(uv) = d(u) + d(v).
Here we will also make use of the notation d(e) to denote the mean degree of the edges
in the studied graph.

Now, if we study a subset A of the vertex set V (G) we have the following notation:
E(A) is the set of edges induced by A; the set of edges that have both ends in A. Here we
denote the size of E(A) with ε(A). With the induced graph on A, we mean the graph
(A, E(A)). If we have two disjoint subsets, A and B say, from the vertex set V (G), then
ε(A, B) denotes the number of edges between A and B, or in other words, the number
of edges with one end in A and one end in B.

Also we will make use of the concept neighbour in a graph. If A is a subset of
the vertex set, the neighbours to A, denoted N(A), will be defined by those vertices in
V (G) \A such that there is an edge uv where u ∈ A and v ∈ V \A.

Other useful notations are the following: Kn denotes a complete graph on n vertices,
where every possible edge is contained in the edge set. Km,n denotes a complete bipartite
graph on m + n vertices. Here the vertex set is divided into two parts, containing m
and n vertices respectively. The edge set contains all possible edges with one end in each
vertex set. Cr denotes a cycle in a graph on r vertices. Especially we have that C3 = K3

and C4 = K2,2.
Further on, a forest will be an acyclic graph; a graph containing no cycles. A tree will

be a connected forest; a connected acyclic graph. Note that a tree on k edges has k + 1
vertices, or in other words, a tree of size k has order k + 1.

For the reader not familiar with certain classes of trees mentioned later on in the
thesis, we will present proper definitions of stars, double-stars, comets and spiders.

Definition 1.2.1. (star)
A star on k edges is the complete bipartite graph K1,k.

Definition 1.2.2. (double-star)
A double-star with distance r between the centres is a tree obtained from two stars and a
path by identifying the leaves of a path of length r to the centre of each star. If r = 1 we
say that the tree is a double-star omitting the length of the path between the centres of
the two stars.

Definition 1.2.3. (comet)
A comet is a tree obtained from a star and a path by identifying one leaf of the star with
one leaf of the path.

3



CHAPTER 1. GRAPH THEORY

Definition 1.2.4. (spider)
A spider is a tree obtained from a star by subdividing its edges.

Finally we introduce the following notation for the number of cycles in a graph G
with different restrictions. Let τ(k) denote the number of cycles in G of length k, τA(k)
the number of cycles in G of length k with at least one vertex in the subset of vertices
A ⊂ V (G) and τB(k) the number of cycles of length k with at least one edge in the
subset of edges B ⊂ E(G).

4



Chapter 2

Extremal Graphs without
Compatible Triangles or Quadrilaterals
The results presented here concerns a variant of a standard type of problem in extremal
graph theory. The standard problem is the following: Given a graph H , determine the
maximal number of edges in a graph G on n vertices without a copy of H . Or you could
turn things around and ask for the minimal number of edges in G that still enforces H
to be contained in the studied graph G as a subgraph. We will be studying our problems
from both of these perspectives, in order to achieve upper and lower bounds on the
number of edges needed to enforce a copy of H in G.

In the problems considered here we will allow copies of H in G according to the
following rule: For each pair of incident edges in G we decide in advance whether this
pair of edges is an allowed transition (pair) to use or not. After this preliminary step we
look for a copy of H satisfying the restriction that no pair of incident edges in H forms a
forbidden transition. The family of pairs of edges which we allow in the copy of H forms
what is called a transition system in G.

A natural question arises: What is the smallest number of edges we need in the graph
G of order n (no matter where they are situated and which transition system X in some
family of transition systems X we impose on G) to assure us of having a copy of H in G
where all the paths in the copy of H are allowed by the transition system X .

We can also ask us the question how to construct a graph G of order n and decrease
the size by at least one and then find a transition system X in a specified family of transi-
tion systems X such that all copies of H in G have at least one path forbidden according
to the given transition system X .

The above questions are deeply dependent on how we define X , the family of tran-
sition system for a general graph G. Here we will consider transition systems defined
through local edge colourings. This will be defined in the next section.

One common way to obtain a transition system is to partition the set of edges E(G)
into a number of parts, E1, E2, . . . , Em, and prescribe that forbidden transitions (paths
of length two) are exactly those pairs of incident edges that belong to the same part Ei

in the partition. This way of constructing a transition system is equivalent to an ordinary
edge colouring where two incident edges must have different colours to be counted as
an allowed transition. Later on, it will be clear that this is a more restricted family of
transition system than those obtained through a local edge colouring, which we will deal
with below.

There has been substantial research in this area before and below you will find some
of the results that have most similarities with the work presented here. Chen and Daykin,
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CHAPTER 2. EXTREMAL GRAPHS WITHOUT
COMPATIBLE TRIANGLES OR QUADRILATERALS

in [30], give a condition on n and r so that Kn, the complete graph on n vertices, and
Kr,r, the complete bipartite graph on r plus r vertices, contain an X-compatible cycle
of every possible length; here X is derived from an edge colouring where each vertex is
incident with at most k edges of the same colour (in an X-compatible cycle two incident
edges are of distinct colours). For the case k = 2, (plus some bounds on n to take care of
small degenerated cases), Daykin shows in [33] that Kn contains an alternating cycle of
every possible length.

Bankfalvi and Bankfalvi give in [8] a condition on a two-colouring of K2n which is
satisfied if and only if this complete graph on order 2n contains an alternating hamilto-
nian cycle.

G. Sabidussy has conjectured the existence of an X-compatible cycle decomposition,
when X is derived from an eulerian tour. (I have no direct reference for this conjecture;
it is mentioned by Fleischner in [41].) Also to be mentioned is Hellgren’s result in [47]
that if δ ≥ 1

2n then (Gn, Xn/16) has a compatible 2-factor.
For the reader looking for a closer examination of transition systems in general, we

recommend Fleischner’s book [41].
Here we will consider the cases when H is C3 = K3 or C4 = K2,2, a triangle or

a quadrilateral, and X is the family of transition systems of the form Xs, which will be
defined below.

The main results consist of giving upper and lower bounds for ε = |E(G)| where G
is the extremal graph of order n with no Xs-compatible triangle or cycle of length four,
respectively.

2.1 Notation and Definitions

Apart from a few new definitions we will use the standard notation presented in the
previous chapter.

Definition 2.1.1. (Transition System Based on Local Edge Colourings)
Let G = (V (G), E(G)) be a simple graph of order n. A local edge colouring X(v)

at a vertex v ∈ V (G) is a partition of the edges incident to v. A transition system for G,
defined through local edge colourings, is defined by

X =
⋃

v∈V (G)

X(v).

Moreover, if for all vertices v ∈ V (G) the sets in the partition X(v) are of cardinality
at most s + 1, we say that X is of type s. Such a transition system is denoted Xs and
belongs to the family Xs containing all transition systems of type s.

We also have to describe what types of transitions (paths of length two) that become
forbidden under the restriction of our transition system.

6



2.1. NOTATION AND DEFINITIONS

Definition 2.1.2. (Forbidden Transitions)
Let A1, A2, . . . , Ar be the partition X(v), the partition of vertices incident to the vertex
v. A path uvw in the graph G is said to be forbidden if {vu, vw} ⊆ Ai ∈ X(v).
The set of all forbidden transitions in G with a specified transition system X is denoted
by F (G, X). The statement ’xyz and uyv are forbidden transitions’ is depicted in the
figure below.

x

y

z

u

v

Figure 2.1: The paths xyz and uyv are forbidden transitions, indicated with local edge
colours surrounding the vertex y.

Definition 2.1.3. (Compatible with a Transition System)
A subgraph H ⊆ G is said to be compatible with the transition system X , written
H ⊆ (G, X), if no paths of length two in H are forbidden.

Remark 1. F (G, X) = ∅ when X is contained in the family X0. This is the same as
saying that no forbidden transitions will be induced from a partition emerging from a
proper (local) edge colouring. Or, in other words, in a proper edge colouring, all edges
that meet at a vertex have different colours. In this case no forbidden pairs, of incident
edges having the same colour, will emerge.
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Remark 2. The reason for cardinality at most s+1 in a colouring contained in the family
Xs, is that for every edge, incident to a specified vertex v, there is at most s forbidden
ways, when passing the vertex v to another edge.

Definition 2.1.4. Let f(n, H,X ) denote the maximal number of edges in a graph of
order n, such there exists a transition system X ∈ X , such that G does not contain a
subgraph H compatible with the transition system X , i.e.

f(n, H,X ) = max
G,X∈X ,H 6⊆(G,X)

ε(G),

where ε(G) = |E(G)|.

Later on we will do some constructions of graphs to help us estimate the above ex-
pression. Therefore we need a few other definitions as well. First we need the concept
of blowing up a graph by replacing every vertex by s vertices and replace every edge by a
complete bipartite graphs. A proper definition of this concept is:

Definition 2.1.5. G(s) is a graph on ns vertices according to the following rule:

V (G(s)) = ∪n
i=1 ∪s

k=1 vk
i

and the edges in E(G(s)) are defined through the following:

vivj ∈ E(G) if and only if vk
i vl

j ∈ E(G(s))

for all k, l ∈ {1, 2, . . . , s}.

Also we would like to add, to the previous construction, edges such that each vertex
in the original graph G will be replaced by a complete graph on s vertices. More formally:

Definition 2.1.6. G∗(s) = (V (G(s)), E(G(s)) ∪A) where

A = ∪n
i=1Ai and Ai = {vk

i vl
i; k 6= l}.

2.2 Upper and Lower Bounds for Triangles

In this section we will give upper and lower bounds for f(n, C3,Xs). First of all we need
a simple estimate of how many forbidden transitions there can be in total in a graph with
a transition system X taken from the family Xs.

Lemma 2.2.1. The number of forbidden transitions for a graph G with a transition system
from Xs is at most sε, or

|F (G, X)| ≤ sε.

8
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Proof: For every vertex vi in V (G) choose bi and ri such that d(vi) = bi(s + 1) + ri

and 0 ≤ ri ≤ s. We get that

|F (G, S)| ≤
n
∑

i=1

bi

(

s + 1

2

)

+

(

ri

2

)

=
1

2

n
∑

i=1

(bi(s + 1)s + ri(ri − 1)) =

=
1

2

n
∑

i=1

(d(vi)− ri)s + ri(ri − 1) ≤ s

2

n
∑

i=1

d(vi) = sε.

�

In the estimates made below we also need to have a lower bound on how many
different triangles that use a specified edge e in a simple graph of order n. Here we let e
be a short notation for the set {e} in order to use the above definition in a proper way.

Lemma 2.2.2. If d(e) ≥ n + m, where m is a positive integer, then τe(3) ≥ m.

Proof: Let the edge e have ends u and v, and let d(e) ≥ n + m for a positive integer m.
We have that ε({u, v}, {V (G) \ {u, v}) ≥ n− 2 + m and |V (G) \ {u, v}| = n− 2.
Since there are no multiple edges in our simple graph G, there will be at least m vertices
in V (G) \ {u, v} which are neighbours to both u and v. Thus we have that τe(3) ≥ m
and the proof is finished. �

Now, before we prove an upper bound for f(n, C3,Xs), we also need a lemma that
gives us a lower bound for the mean edge degree that enforces a compatible triangle in
the graph G.

Lemma 2.2.3. If X is a transition system from Xs and d(e) > (n + 3s), then (G,X)
contains a compatible triangle.

Proof: Let d(e) > (n + 3s), so that in particular
∑

ei∈E(G)

(d(ei)− n) > 3sε.

This implies that each edge belongs to more than 3s triangles on average using the previ-
ous lemma. Since every triangle is counted three times, we get that

τ(3) > sε ≥ |F (G, X)|,
when using the first lemma of this section. But each transition in X can prevent at
most one triangle from being compatible with X . Thus we have a compatible triangle in
(G, X) and the proof is finished. �

Using this lemma, we can now prove an upper bound for the number of edges in a
graph of order n not containing a triangle compatible to a transition system from Xs.
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Theorem 2.2.1.

f(n, C3,Xs) ≤
1

4
n2 +

3

4
sn.

Proof: The proof is done by contradiction.
Let X be a transition system from Xs and suppose there exist positive integers n and

s such that f(n, C3,Xs) > 1
4n2 + 3

4sn. Take a graph G and a transition system X from
Xs with this property. We know now that

ε >
1

4
n2 +

3

4
sn

and that (G, X) contains no compatible triangles. But this inequality is equivalent to

n

ε

(

2ε

n

)2

> n + 3s,

and since 2ε/n = d(v), we get that

1

ε

n
∑

i=1

(

d(v)
)2

> n + 3s.

But since the sum over the separate degrees squared, will become an even larger entity, we
get that

1

ε

n
∑

i=1

d(vi)
2 > n + 3s.

Now let every edge ei have ends ui and wi for all i ∈ {1, 2, . . . , ε} and rewrite the sum
to

1

ε

∑

uiwi∈E(G)

(d(ui) + d(wi)) =
1

ε

∑

ei∈E(G)

d(ei) > n + 3s.

This reformulation can be done by using the fact that

n
∑

i=1

(d(vi))
2

=
∑

uiwi∈E(G)

(d(ui) + d(wi)) ,

which is true since when you sum over all edges degrees, every single vertex degree d(v)
will contribute with its square value to the sum.

This gives that d(e) > n + 3s, which by a previous lemma implies that there exists a
compatible triangle in (G, X) and we have a contradiction. �

The last theorem is sharp in the case of s = 0, which is the case when we look
for a triangle free graph G with as many edges as possible and no transition system is
considered. The last theorem is also sharp when n = 5 and s = 1 in view of the local
edge colouring as seen in figure 2.2.
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Figure 2.2: Every triangle in this complete graph on five vertices has a forbidden transi-
tion, indicated with local colours where edges meet at a vertex.

After this result, yielding an upper bound for f(n, C3,Xs), we will prove a lower
bound as well. A natural way to achieve a lower bound is by construction. If we can con-
struct a graph G of order n and find a transition system X from Xs that make all present
triangles forbidden, we have found a lower bound on f(n, C3,Xs) by construction. This
is done in a later proposition with help of the following lemma.

Lemma 2.2.4. If G is a triangle-free graph, then we can define a transition system X from
Xs such that (G∗(s + 1), X) has no triangle compatible with the transition system.

Proof: Take a graph G without triangles and construct G∗(s + 1) according to the def-
inition above. Define the transition system X from Xs according to the following: For
every vertex vk

i ∈ V (G∗(s + 1)) and every fixed j, let vk
i vl

j belong to the same set in
the partition X(vk

i ) for every l ∈ {1, 2, . . . , l}. Assume now that (G∗(s + 1), X) con-
tains a compatible triangle, vk1

i1
vk2

i2
vk3

i3
say. If all ij ’s were different, then vi1vi2vi3 would

constitute a triangle in G, which is in conflict with the assumption that G is triangle-free.
Thus, at least two ij ’s are equal and at least one path of length two in the triangle is a
forbidden transition. Consequently, (G∗(s + 1), X) has no compatible triangles. �
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Proposition 2.2.1. For every integer n, choose integers r′ ≤ s + 1 and r′′ ≤ s + 1 such
that

n = 2(s + 1)

⌊

n

2(s + 1)

⌋

+ r′ + r′′ and |(r′ − r′′)mod (s + 1)| ≤ 1,

then it follows that

f(n, C3,Xs) ≥
⌊

n2

4

⌋

+ 2

⌊

n

2(s + 1)

⌋(

s + 1

2

)

+

(

r′

2

)

+

(

r′′

2

)

.

Proof: This is done by using the idea from the previous lemma and a complete bipartite
graph. First partition the integer n in two as equal integer parts as possible. Each of these
two parts will be subdivided into as many parts containing s + 1 vertices as possible.
The remainders will be r′ and r′′ respectively. Group the vertices of a graph of order n
according to this partition of the integer n. Add edges to form a complete graph of every
subdivision of (s + 1), r′ and r′′ vertices. Then add edges to form a complete bipartite
graph between the first two parts that occured in our partition.

The local edge colouring, that will define our transition system is defined as follows.
For every vertex v in the constructed graph, let the edges vu and vw, now only studied
at the local view around the vertex v be in the same partition X(v) if and only if u and
w are contained in the very same Ks+1, Kr′ or Kr′′ . Each colour is represented at most
s + 1 times at each vertex and (G, X) does not contain a compatible triangle according
to our previous lemma.

Now we count the number of edges in the constructed graph that has the required
properties. First we have the number of edges in a maximal complete bipartite graph,
that is ⌊n2/4⌋, then we have the number of edges in a complete graph Ks+1 which is
(

s+1
2,

)

occurring 2⌊n/2(s + 1)⌋ times, and finally two complete graphs of size r′ and r′′

respectively, contributing with
(

r′

2

)

and
(

r′′

2

)

edges to the sum. �

2.2.1 Upper Bound for the Case s=1

In the main section we made upper and lower bounds for a general s. In this subsection
we will consider the case s = 1 and make a sharper upper bound for this more restricted
local edge colouring.

To achieve this we will first prove three preliminary lemmas and one corollary before
we can actually prove a sharper upper bound.

The first lemma is about how many edges there can be in the subgraph induced by
the neighbours to a vertex v, if we have a transition system X from Xs and know that
there are no triangles in the graph compatible to the transition system.

12
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Lemma 2.2.5. If (G, X) has no compatible triangle and X ∈ Xs, then |E(N(v))| ≤
3
2sd(v) for every vertex v in the graph G.

Proof: Take a graph G with properties as said in the lemma and pick any vertex v from
V (G). Each edge in the edge set E(N(v)), together with a pair of edges incident to
v, constitutes a triangle with v as one out of three vertices and, conversely, each triangle
having v as a vertex has exactly one edge in E(N(v)). At the vertex v there are at most
1
2sd(v) transitions of type xvy not compatible with the transition system X from Xs.
For each vertex u ∈ N(v) there are at most s transitions of type xuv not compatible
with the transition system X , since there are at most s edges incident to u contained in
the same set of the partition X(u) as uv. Let v denote the set {v} below, then we get
that

τv(3) = ε(N(v)) ≤ 1

2
sd(v) + sd(v) =

3

2
sd(v)

and the proof is finished. �

The second lemma gives an upper bound on the maximum degree, ∆, of a graph
with a transition system, (G, X), not containing a compatible triangle, when we have a
lower bound of the minimum degree, δ, given.

Lemma 2.2.6. Let (G, X) be a graph, with a transition system X from Xs, not containing
a compatible triangle and with a minimum degree δ ≥ 1

2n + s, then is the maximum degree
∆ bounded above by 1

2n + 2s.

Proof: First we assume that ∆ > δ, otherwise the statement is trivial. Now, take a graph
with a transition system (G, X) as in the lemma and pick a vertex v ∈ V (G) such that
d(v) = ∆ = 1

2n+ s+ a, where a is a positive number. Let T = V (G) \ (N(v)∪{v}).
First assume that T 6= ∅. For every vertex u ∈ N(v), we get that

ε(u, N(v) \ u) ≥ d(u)− |T | − 1 ≥ 2s + a

and consequently

ε(u, N(v) \ u) ≥ 2s + a,

where the mean value is taken over all vertices u ∈ N(v). But since ε(N(v)) ≤ 3
2s∆

according to the previous lemma, we get that

2s + a ≤ ε(u, N(v) \ u) ≤ 3s,

which implies that a ≤ s and ∆ ≤ 1
2n + 2s.

On the other hand, if |T | = ∅, we have for each vertex u ∈ N(v) that
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ε(u, N(v) \ u) ≥ δ − 1 ≥ 1

2
n + s− 1

and thus

1

2
n + s− 1 ≤ ε(u, N(v) \ u) ≤ 3s.

This yields that n ≤ 4s + 2 and we get ∆ ≤ n − 1 ≤ 4s + 1 or, as claimed,
∆ ≤ 1

2n + 2s, by taking the mean value of the two different upper bounds. �

The third lemma on our way to an upper bound tells us that too many edges in a
graph of even order n > 11, expressed as lower bounds on δ and ∆, in a graph with a
transition system X from X1, will enforce a compatible triangle in (G, X).

Lemma 2.2.7. Let G be a graph of even order n and let n > 10, δ ≥ 1
2n + 1, X ∈ X1

and ∆ > 1
2n + 1. Then (G, X) contains a compatible triangle.

Proof: By contradiction. Take a graph G with properties as in the lemma and assume that
it has no compatible triangles. According to the previous lemma we have that ∆ ≤ 1

2n+2
but, since ∆ > 1

2n + 1, it must be the case that ∆ = 1
2n + 2.

Pick a vertex v ∈ V (G) such that d(v) = ∆. Since d(u) ≥ 1
2n + 1, we have that

ε(u, N(v) \ u) ≥ 3 for all vertices u ∈ N(v). But from an earlier lemma we know that
ε(N(v)) ≤ 3

2∆, which can be rewritten as

ε(u, N(v) \ u) ≤ 3.

Thus ε(u, N(v) \ u) = 3 for all u ∈ N(v).
Now, if we take T as in the previous lemma, we have for each vertex u ∈ T that

ε(u, T ) ≥ 1
2n− 3 and consequently

ε(N(v), T ) ≥
(

1

2
n + 2

)(

1

2
n− 3

)

.

On the other hand, we have for each vertex u ∈ T that ε(u, N(v)) ≤ 1
2n + 2 = ∆

and we get that

ε(N(v), T ) ≤
(

1

2
n + 2

)(

1

2
n− 3

)

.

This implies that there must be equality in these two inequalities to avoid contra-
diction and we have that d(u) = 1

2 + 1 if u ∈ N(v) and d(u) = 1
2n + 2 if u ∈ T .

Moreover, T ′ = {v} ∪ T is an independent set and |T ′| = 1
2n− 2.
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Since there is no triangle compatible with X in G, there is especially no compatible
triangle with a vertex in T ′. Each edge in E(N(v)) gives exactly |T ′| triangles with a
vertex in T ′. At each vertex v ∈ T ′ there are at most

1

2
d(v) =

1

2

(

1

2
n + 2

)

transitions not compatible with X . For each vertex u ∈ N(v) = N(T ′) there are at
most 3 transitions not compatible with X of type xuy, where x ∈ N(T ′) and y ∈ T ′.
Thus we get that

τT ′(3) = |T ′|3
2

(

1

2
n + 2

)

≤ |T ′|1
2

(

1

2
n + 2

)

+ 3

(

1

2
n + 2

)

,

which is the same as (1
2n− 2) = |T ′| ≤ 3, but this fact contradicts the assumption that

n > 11 and the proof is finished. �

We get the following corollary as an immediate consequence:

Corollary 2.2.1. If n is odd, n ≥ 13 and ∆ > δ ≥ ⌈ 12n⌉ + 1, then (G, X) has a
compatible triangle.

Proof: Take a graph G with the mentioned properties, choose any vertex v ∈ V (G)
with minimum degree, and let V (Gn−1) = V (G) \ v. Then δ(Gn−1) ≥ ⌈ 12n⌉ =
1
2 (n− 1) + 1 and ∆(Gn−1) ≥ ⌈ 12n⌉+ 1 > 1

2 (n− 1) + 1. Since (n− 1) is even and
(n− 1) ≥ 11, the previous lemma gives that (G, X) contains a compatible triangle. �

Finally we can prove the upper bound for f(n, C3, X1) for graphs of order at least
11.

Theorem 2.2.2. If n ≥ 11, then f(n, C3, X1) ≤
⌈

1
4n2 + 1

2n
⌉

+ 2.

Proof: By contradiction. Let X ∈ X1 and suppose that we have a graph G without
compatible triangles on n ≥ 11 vertices where ε ≥ ⌈ 14n2 + 1

2n⌉ + 3. We divide the
problem in two cases, when n is odd and when n is even.

If n is odd and n ≥ 13 there exists a vertex v ∈ V (G) such that d(v) ≤ ⌈ 12n⌉+ 1
since if d(v) ≥ ⌈ 12n⌉+1 for all v ∈ V (G) we have a compatible triangle by the previous
corollary. Let V (Gn−1) = V (G) \ v.

Clearly, (Gn−1, X) has no compatible triangle and

ε(Gn−1) ≥
⌈

1

4
n2 +

1

2
n

⌉

+ 3−
⌊

1

2
n

⌋

− 1 =

⌈

1

4
(n− 1)2 +

1

2
(n− 1)

⌉

+ 3.

If n is even and n ≥ 12 there exists a vertex v ∈ V (G) such that d(v) ≤ 1
2n, since

if d(v) ≥ 1
2n + 1 for all v ∈ V (G) there will be at least two vertices of degree at least
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1
2n + 2 giving that δ ≥ 1

2n + 1 and ∆ > 1
2n + 1, thus forcing a nonexistent compatible

triangle to be in the graph according to our latest lemma. Let V (Gn−1) = V (G) \ v.
Again (Gn−1, X) has no compatible triangle and

ε(Gn−1) ≥
⌈

1

4
n2 +

1

2
n

⌉

+ 3− 1

2
n =

⌈

1

4
(n− 1)2 +

1

2
(n− 1)

⌉

+ 3.

Repeating the argument we build a chain of graphs embedded in each other which
can be viewed as

G = Gn ⊃ Gn−1 ⊃ Gn−2 ⊃ · · · ⊃ G12 ⊃ G11.

In this chain, no (Gk, X) has a compatible triangle, since (G, X) had none, and by
construction all of them have the property that

ε(V (Gk)) ≥
⌈

1

4
k2 +

1

2
k

⌉

+ 3.

But

ε(V (G11)) ≥
⌈

1

4
112 +

1

2
11

⌉

+ 3 = 39 >
1

4
112 +

3

4
11,

which conflicts with the theorem for an upper bound with a general s in Xs and we have
a contradiction. �

2.3 Upper and Lower Bounds for Quadrilaterals

In this section we will change focus from triangles to cycles of length four and thus find
upper and lower bounds for f(n, C4,Xs). The technique becomes somewhat different
since the whole cycle is not known when we have fixed a path of length two. We start with
a lemma, studying a small case with a complete bipartite graph K2,s+2 with a transition
system X taken from Xs.

Lemma 2.3.1. If (K2,s+2, X), where X ∈ Xs and s ≥ 1, has no compatible cycle of length
four, then there exists a forbidden transition of type v1xv2 ∈ F (K2,s+2), where {v1, v2} is
the small part of the bipartite graph.

Proof: By contradiction. Take a complete bipartite graph K2,s+2 with a transition system
X from Xs and assume that it is enough to have forbidden transitions of type xviy to
assure that there is no compatible cycle of length four. Note that any pair of vertices from
the large part of the bipartite graph constitutes a cycle of length four together with the
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vertices v1 and v2. Also note that both vi has at least two classes in its local colouring,
since the larger part of the bipartite graph has s + 2 vertices and each class in the local
colouring contains at most s + 1 edges. Let A be the vertices in the larger part of the
bipartite graph such that it coincides with a nonempty colour class defined for the vertex
v1. Choose a vertex a ∈ A and study all cycles of form v1av2b, where b 6∈ A. Since we
assumed all cycles of length four to be forbidden at v1 or v2, we conclude that av2b is a
forbidden transition for every b as above. So v2a has the same colour as every v2b. By
a symmetric argument we can conclude that v1a has the same colour as any chosen v1b.
Now |A| = s + 2, and we have a contradiction. �

With this lemma proved we can now prove an upper bound for the number of edges
in a graph with a transition system not containing a compatible cycle of length four. Note
that the lemma is only for complete bipartite graphs of type K2,s+2, but in the theorem
below, we repeat the use of the lemma to handle complete bipartite graphs of type K2,m

when m > s + 2.

Theorem 2.3.1. f(n, C4,Xs) ≤ 1
2n
(√

(s + 1)(n− 1) + 1
4 (s + 1)2 + 1

2 (s + 1)
)

.

Proof: Let X ∈ Xs and let (G, X) be without compatible cycles of length four. Taken an
unordered pair of vertices u and v from V (G) such that u 6= v and let |N(u)∩N(v)| =
m. The repeated use of the previous lemma gives that if m ≥ s + 1 there must be at
least m − s − 1 forbidden transitions uxv, where x ∈ {N(u) ∩ N(v)}. Counting all
forbidden transitions we get that

∑

u6=v

(|N(u) ∩N(v)| − s− 1) ≤ |F (G, X)| ≤ sε

according to the result of the maximum number of forbidden transitions when the tran-
sition system X is taken from the family Xs. This in turn can be rewritten as

∑

u6=v

|N(u) ∩N(v)| ≤ sε + (s + 1)

(

n

2

)

,

which is equivalent to

n
∑

i=1

(

d(vi)

2

)

≤ sε + (s + 1)

(

n

2

)

,

since we are simply counting the number of paths of length two, and we get

n
∑

i=1

d(vi)
2 − (s + 1)d(vi) ≤ (s + 1)n(n− 1).
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Consequently,
(

d(v)
)2

− (s + 1)d(v) ≤ (s + 1)(n− 1).

Completing the square gives us

d(v) ≤
√

(s + 1)(n− 1) +
1

4
(s + 1)2 +

1

2
(s + 1),

or as claimed

f(n, C4,Xs) ≤
1

2
n

(

√

(s + 1)(n− 1) +
1

4
(s + 1)2 +

1

2
(s + 1)

)

.

�

Now, after this upper bound, we are about to make a construction of a graph together
with a transition system to get a lower bound on f(n, C4,Xs). First we start with a
preliminary lemma that will help us with the construction.

Lemma 2.3.2. If G has no cycle of length four as a subgraph, then there exists a transition
system X from Xs such that (G(s + 1), X) has no compatible cycle of length four.

Proof: Take a simple graph G of order n without any cycles of length four and construct
the graph G(s + 1) according to the earlier definition. Remember that we get a graph on
n(s + 1) vertices where we have edges in G(s + 1) depending on where the edges in G
were situated as described in the equivalence below. Now

vivj ∈ E(G)⇔ vk
i vl

j ∈ E(G(s + 1)),

which holds for all i, j ∈ {1, 2, . . . , n} and all k, l ∈ {1, 2, . . . , (s+1)}. Also note that
vk

i vk
j 6∈ E(G(s + 1)) since G was a loop-less graph.
Now construct the local edge colouring X from Xs according to the rule: For every

fixed vertex vk
i ∈ V (G(s + 1)), and for every fixed j ∈ {1, 2, . . . n}, let vk

i vl
j , for all

j ∈ {1, 2, . . . , s + 1} constitute a set in the partition X(vk
i ) This gives that X ∈ Xs.

Assume there is a compatible cycle of length four in (G(s+1), X), say vk1

i1
vk2

i2
vk3

i3
vk4

i4
.

If all ij ’s are different then, because of the construction of G(s + 1), vi1vi2vi3vi4 would
constitute a cycle of length four in G which conflicts with the assumption on G.

Thus ij = ik, for some j and k, and since vij
and vik

cannot be neighbours in the
cycle we have that C4 = vk1

i1
vk2

i2
vk3

i1
vk4

i4
. But this cycle of length four is not compatible

to the given transition system since both vk1

i1
vk2

i2
vk3

i1
and vk1

i1
vk4

i4
vk3

i1
belong to the set of

forbidden transitions F (G(s + 1), X) and the proof is finished. �
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This lemma is helpful when you are about to construct a graph with a transition
system with as many edges as possible not containing a compatible cycle of length four.
You start with a graph G with many edges but still without any cycles of length four,
and then blow it up and impose a transition system as described. In the coming theorem
2.3.2, giving a lower bound on f(n, C4,Xs), we use an idea from [57] to construct
extremal C4-free graphs from a finite projective plane and then using the above lemma.
First, let us recall the definition of a finite projective plane:

Definition 2.3.1. A finite projective plane of order k is formally defined as a set of
k2 + k + 1 points with the properties that:

• Any two points determine a line

• Any two lines determine a point

• Every point has k + 1 lines on it

• Every line contains k + 1 points

(Note that some of these properties are redundant. Also note that these properties can be
fulfilled when k is a prime power)

Out of this definition, we can construct the bipartite point-line-graph P2m, where
m = k2 + k + 1. Letting V (P2m) = {∪ipi} ∪ {∪ili} be the vertex set for our graph,
where each pi is a point and each li is a line in our finite projective plane. The edges will
be defined by

pilj ∈ E(P2m) if and only if pi is on line lj .

Now, if k is a prime power, we can make use of the notion of polarity and arrange the
indices such that the following holds:

pilj ∈ E(P2m) if and only if pj li ∈ E(P2m).

The details can be found in [57].
Now we are ready for the theorem:

Theorem 2.3.2. If n = (s + 1)(k2 + k + 1) and k is a prime power, then

f(n, C4,Xs) ≥
1

2
(n− 1)

√

(s + 1)n− 3

4
(s + 1)2 +

1

2
(s + 1)

Proof: By construction. Let m = k2 + k + 1 and take a point-line-graph P2m of a
projective plane of order k with a polarity, i.e. we can label the points p1, . . . , pm and
the lines l1, . . . , lm such that if pilj ∈ E(P2m) then pjli ∈ E(P2m). Such projective
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planes exist for every prime power k, see [57] for further information. Note that there are
exactly k + 1 edges of type pili in E(P2m).

Now construct P2m(s + 1) and add all (s + 1)k2 missing edges of type pk
i lki to the

edge set E(P2m(s + 1)). Then contract all (s + 1)(k2 + k + 1) edges of this type and
replace all occurrences of multiple edges by simple ones.

The result is a graph G on n = m(s + 1) vertices which we label vk
i where i ∈

{1, 2, . . . , m} and k ∈ {1, 2, . . . , s + 1}, and vk
i is the result of contracting the edge

pk
i lki . We also have that

ε(G) =
1

2

(

(s + 1)2(k + 1)(k2 + k + 1)− (s + 1)(k + 1)
)

.

Define the local edge colouring as follows: For all vertices vk
i ∈ V (G) and for every

fixed j ∈ {1, 2, . . . , m}, colour vk
i vl

j for all l ∈ {1, 2, . . . , s + 1} in the same colour,
unique for this vertex. This gives that our transition system X is of type Xs.

Assume that G has a compatible cycle of length four, say vk1

i1
vk2

i2
vk3

i3
vk4

i4
. If all ij ’s

are different, then vi1vi2vi3vi4 forms a cycle in a contracted P2m, but this is impossible
since P2m is a point-line-graph of a projective plane.

Thus ij = il = i for some j and l. If v
kj

i and vkl

i are not neighbours in the cycle,

say v
kj

i vk2

i2
vkl

i vk4

i4
, then v

kj

i vk2

i2
vkl

i ∈ F (G, X) and is a forbidden transition.

Finally, if v
kj

i and vkl

i were neighbours in the cycle, say v
kj

i vkl

i vk3

i3
vk4

i4
, then p

kj

i lkl

i pk3

i3
lk4

i4
forms a cycle in P2m(s + 1) and pilipi3 li4 is a cycle in P2m, which is impossible by as-
sumption.

Thus (G, X) has no compatible cycle of length four and

ε(G) =
1

2

(

(s + 1)2(k + 1)(k2 + k + 1)− (s + 1)(k + 1)
)

,

which can be rewritten as

1

2
(n− 1)

√

(s + 1)n− 3

4
(s + 1)2 +

1

2
(s + 1),

and the theorem follows. �

2.3.1 Remarks

It can be worth noting that for all fixed s,

lim
n→∞

f(n, C3,Xs)

f(n, C3, X0)
= 1,

while

lim
n→∞, n∈Q

f(n, C4,Xs)

f(n, C4, X0)
=
√

s + 1,
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where Q is the set of all positive integers of the form n = (s + 1)(k2 + k + 1) where s
is an integer and k is a prime power.

Also we have the not so bold conjecture about transition systems not having compat-
ible odd cycles of certain lengths:

Conjecture 2.3.1. For every odd k, k ≥ 5, and for every s ≥ 0 there exists an integer Nk,s,
depending on the chosen integers, such that f(n, Ck,Xs) = ⌊ 14n2⌋ if n ≥ Nk,s.

A more informal way of describing this conjecture is to say that: When we try to
forbid all cycles of a specified odd length of at least 5, and s in our transition system Xs is
held fixed, we will end up with the largest complete bipartite graph (not containing any
odd cycles at all) when we let the number of vertices be large enough.
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Chapter 3

Erdős-Sós Conjecture for Graphs with
High Minimum Degree
This chapter also deals with extremal graph theory and the question dealt with is how
many edges there can be in a graph (depending on the number of vertices) before we can
can be sure of having any tree on k edges present in the graph as a subgraph.

As in many other cases of extremal graph theory, Paul Erdős has made a lot of work
and of course presented loads of conjectures in the area. For this specific problem, Erdős
and Sós conjectured in 1963 that if G is a (simple) graph of order n with more than
n
2 (k − 1) edges, then every tree on k edges is contained in G as a subgraph.

In this chapter we will present some partial results concerning this conjecture. In
particular we prove that the conjecture is true for graphs with minimum degree δ(G) ≥
k−4. A consequence of this result is that the Erdős-Sós conjecture is true for every k ≤ 9.

3.1 Introduction

We shall use standard graph theory notation as presented in the first chapter. For other
theoretic notions not explicitly defined in the chapter, see for example [24], [21] and [37].

In 1959 Erdős and Gallai [38] proved that every graph G, with

ε(G) >
n

2
(k − 1),

contains a path of length k. Later on, in view of this result, Erdős and Sós [37] conjec-
tured the following in 1963:

Conjecture 3.1.1. (Erdős-Sós)
If G is a graph and ε(G) > n

2 (k − 1), then every tree T on k edges is contained in G as a
subgraph.

As many other conjectures, it can be restated in different ways. A common way to
restate this conjecture is to see it as a packing problem as in both [28] and [37]:

Conjecture 3.1.2. (restated)
Suppose that G is a graph of order n and T is any tree of size k. If ε(G) < n

2 (n− k), then
G and T are packable into the complete graph Kn.

Here, packable is the graph theoretic notion defined by the following:
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Definition 3.1.1. Two simple graphs G and H are packable into a complete graph Kn

if and only if there exist two edge-disjoint subgraphs of Kn, G′ and H ′ such that G is
isomorphic to G′ and H to H ′.

Other, less evident, reformulations have been made, e.g. in [63] where Sidorenko
proved that the following statement about the density of the graph is equivalent to the
Erdős-Sós conjecture.

Conjecture 3.1.3. (restated)
Every graph G ∈ Z(T ) has the property p∗(G) ≤ k − 2. (See [63] for explicit definitions.)

We shall use the first stated conjecture throughout this chapter and therefore make
use of the following definition:

Definition 3.1.2. Every graph G with size ε(G) > n
2 (k − 1) is called an Erdős-Sós

graph for trees on k edges. (Or only an Erdős-Sós graph if it is clear from the context
what k is.)

3.2 Earlier Results on the Erdős-Sós Conjecture

The Erdős-Sós conjecture has been proven for many particular families of trees. As men-
tioned in the introduction, Erdős and Gallai proved in [38] that a path on k edges is
contained in every Erdős-Sós graph. The following trivial result shows that a star on k
edges also is contained in every Erdős-Sós graph:

Proposition 3.2.1. If G is an Erdős-Sós graph, then is ∆(G) ≥ k.

Proof: In an Erdős-Sós graph is the mean degree strictly greater than k−1. Consequently,
there must be a vertex of degree at least k. �

There are also proofs for double-stars (a consequence of Sidorenkos result in [63]),
caterpillars with one leg (proven in [25]), comets (proven in [70]), double-stars with
length 2 and 3 respectively between the centres (also proven in [70]), spiders of diameter
at most 4 (proven in [69]) and trees with a vertex incident to at least 1

2 (k − 1) leaves
(proven in [63]). Also, there is a result for general caterpillars (mentioned in [53] to be
proved by Perles in 1990), but since the proof of this fact never has been published, the
result will not be used throughout this chapter. Proper definitions of comets, double-stars
and spiders are presented below in subsection 3.5.2, and also in the beginning of the
thesis.

By the above list we can make the following claim:

Theorem 3.2.1. The Erdős-Sós conjecture is true for every k ≤ 5.
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Remark: Woźniak does count the result of Perles in [53] and gets k ≤ 6 in the claim
above. Without the result about general caterpillars we are left to prove the conjecture for
the tree T where the vertex set V (T ) = {v1, v2, v3, v4, v5, v6, v7} and the set of edges
E(T ) = {v1v2, v2v3, v3v4, v4v5, v2v6, v3v7} to close the case when k = 6.

Figure 3.1: The last remaining tree to close the case k = 6.

By summing up information from [69],[60],[73],[64] and [71] we can also conclude the
following:

Theorem 3.2.2. The Erdős-Sós conjecture is true for every k ≥ n− 3.

It is easy to see that these two claims together implies the following corollary:

Corollary 3.2.1. The Erdős-Sós conjecture is true for every n ≤ 9.

The Erdős-Sós conjecture has also been shown to be true for special families of graphs.
Brandt and Dobson proved in [29] that:

Theorem 3.2.3. The Erdős-Sós conjecture is true for graphs with girth at least 5.

Remark: An earlier, considerably longer proof by Dobson can be found in [36].

Saclé and Woźniak showed that the condition on the graph G could be slightly weaker
and presented the following theorem in [59]:

Theorem 3.2.4. The Erdős-Sós conjecture is true for all graphs that do not contain a subgraph
isomorphic to the cycle C4.

In the last two theorems, set aside the new conditions concerning girth and subgraphs
respectively, it is sufficient for the graph G to degree majorise (k

2 , . . . , k
2 , k) to contain

all trees of size k. We will consider other degree majorizing graphs in connection to the
Erdős-Sós conjecture in next section.

To be mentioned is also Gyárfás, Szemeredi and Tuza’s result in [46]:

Theorem 3.2.5. A k-chromatic graph without triangles and quadrangles contains every tree
on k vertices as an induced subgraph.
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This result is to be compared with the result of Brandt and Dobson above that allowed
us to find the trees as subgraphs of G, but not as induced subgraphs.

There are also results on the Erdős-Sós conjecture in an approximate form as next
theorem by Ajtai, Komlós and Szemeredi. For details see [51] and [1].

Theorem 3.2.6. For every ε > 0 there is a threshold k0 such that the following statement
holds for all k ≥ k0: Every graph with average degree more than (1 + ε)(k− 1) contains, as
subgraphs, all trees with k edges.

It is important to note that the author’s 1991 manuscript contains only the dense case,
that is, when n ≤ Ck. The sparse case needs a modified form of the Regularity Lemma
that is not as compact and as generally applicable as the original Regularity Lemma.

Also to be mentioned is the following approximate result in [48], concerning a con-
jecture by Bollobás, with a proof by Komlós, Sárkőzy and Szemerédi.

Theorem 3.2.7. For every ε > 0 and ∆ there is a threshold n0 such that the following
statement holds for all n ≥ n0 : If T is a tree of order n and maximum degree ∆, and Gn

has minimum degree at least (1 + ε)n
2 , then T is a subgraph of Gn.

3.3 Extension of Sidorenkos Result

In this section we are about to make a generalisation of Sidorenkos theorem from [63],
here presented below:

Theorem 3.3.1. (Sidorenko)
Let G be a simple graph on n vertices. If G degree majorise (⌈k

2⌉, . . . , ⌈k
2⌉, k), then every

tree of size k with at least ⌊k
2⌋ leaves situated at the same vertex is contained as a subgraph in

G, when G is a reduced Erdős-Sós graph.

Now, when approaching the Erdős-Sós conjecture it is often convenient to reduce the
problem to a certain class of Erdős-Sós graphs. The following proposition yields that we
only have to consider connected Erdős-Sós graphs with minimum degree ⌈k

2 ⌉.

Proposition 3.3.1. A smallest counterexample G, i.e. minimal |V (G)|, to the Erdős-Sós
conjecture is connected and has minimum degree δ(G) ≥ ⌈k

2 ⌉.

Proof: First assume that the graph G has more than one component. By the size of G we
know that at least one component has degree strictly greater than k − 1 in average. This
yields that a smallest counterexample is connected.

Now assume that we have a smallest counterexample with minimum degree δ(G) <
⌈k

2 ⌉. That is, there exists a tree Tk on k edges not present as a subgraph in the graph G
and ε(G) > n

2 (k− 1). Removing a vertex of minimum degree together with its incident
edges yields a new graph G′ on n− 1 vertices having more than n−1

2 (k − 1) edges that
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does not contain the earlier specified Tk, contradicting the fact that G was a minimal
counterexample. By this, the proposition must be true, since the conjecture is true for
n = k + 1. �

This proposition makes it natural to consider the following class of Erdős-Sós graphs:

Definition 3.3.1. A graph G is called a reduced Erdős-Sós graph for trees on k edges if
it satisfies

ε(G) >
|V (G)|

2
(k − 1)

and no induced subgraph of G satisfy the same condition. It follows from the proof in the
above proposition that such a graph is connected and has minimum degree δ(G) ≥ ⌈k

2⌉.
(As before, k is omitted if it is clear from the context what it is.)

Now we are prepared to generalise the result of Sidorenko in [63]. First a helpful
lemma, where say that G degree majorise (k−m, . . . , k−m),, instead of simply saying
that δ(G) ≥ r = k −m, to give the reader a hint on how the lemma is used further on
in the chapter:

Lemma 3.3.1. Let G be a simple graph on n vertices and let n > k − m. If G degree
majorises (k −m, . . . , k −m), then every forest F on k −m vertices is contained in G as
a subgraph.

Moreover, any set of vertices in the forest F obtained by picking one vertex from every
component can be identified with any other set of vertices of equal size from V (G). Also, any
other vertex in V (G), outside this chosen set, can be avoided by the forest F .

Proof: By induction on the number of edges in the forest F . The lemma is trivially
true if the forest F does not contain any edges. Now choose a forest F of order k −m
with c components. Then choose one vertex in each component of F and identify this
set of vertices with any set of vertices of equal size from the graph G. Also choose one
vertex, v say, in V (G) to be avoided by the forest F . Assume that we from this starting
position have built the forest F in G except for one edge and one of its incident vertices.
Left is to add one edge and a vertex neither present in F nor equal to v, to a specified
vertex u ∈ V (F ). Since d(u) ≥ k − m there will be at least one edge from u neither
incident with v nor with any vertex in V (F ), due to the minimal degree. Adding this
edge together with its incident vertex completes the proof. �

By the preceeding lemma we can prove the following:

Theorem 3.3.2. Let G be a simple graph on n vertices. If G degree majorise (k −
m, . . . , k −m, k), then every tree of size k with at least m leaves situated at a single vertex,
is contained as a subgraph in G.
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Proof:We only have to consider the case when k > m. Now, pick a graph G and a tree T
as described above and delete a vertex in T with at least m leaves and its incident edges.
Also delete all isolated vertices created by this process. Left is a forest F that fulfils the
lemma above. Choose a vertex v with degree d(v) ≥ k to be the avoided vertex in the
lemma. For every component ci in the forest F , choose the vertex vi that was neighbour
to the deleted vertex to be a chosen representative of the component. In G, choose only
neighbours to v to be identified with each vi. According to our lemma, we can find this
forest with these prescribed vertices and avoid v at the same time. Now adding v, the
edges to each vi and all leaves, which is possible due to the degree of v, yields our tree T .
�

This is a generalisation of Sidorenkos theorem in [63], since putting m = ⌊k
2⌋ and

letting G be a reduced Erdős-Sós graph gives exactly his theorem.
But the proof of the theorem above does not take in account that our object of interest

is reduced Erdős-Sós graphs. In such a graph G we know that the number of edges
is strictly greater than a minimal graph G′ that degree majorises (⌈k

2 ⌉, . . . , ⌈k
2 ⌉, k) if

k > 2. The question to answer is where these edges can be situated. This motivates the
following propositions:

Proposition 3.3.2. Let G be a reduced Erdős-Sós graph. Then d(u) + d(v) ≥ k + 1 if
uv ∈ E(G).

Proof: Assume that d(u) + d(v) ≤ k and that uv ∈ E(G). Then H , the induced
subgraph on V (G) \ {u, v}, is also an Erdős-Sós graph and consequently G was not
properly reduced. �

Proposition 3.3.3. Let G be a reduced Erdős-Sós graph and let the vertices u, v and w
constitute a triangle in G. Then d(u) + d(v) + d(w) > 3⌈k

2⌉.

Proof: Let G be a reduced Erdős-Sós graph. Assume that the vertices u, v and w consti-
tutes a triangle in G and also assume that d(u) + d(v) + d(w) ≤ 3⌈k

2 ⌉. Then is H , the
induced graph on V (G) \ {u, v, w} also an Erdős-Sós graph and consequently G was
not properly reduced. �

With this in mind we can improve our last theorem to enlarge the class of trees for
which the Erdős-Sós conjecture is true. First a lemma concerning degree majorizing
graphs.

Lemma 3.3.2. Let G be a graph that degree majorise (⌈k
2 ⌉, . . . , ⌈k

2 ⌉, k) and let T be a tree

with at least ⌊k
2 ⌋ − 1 leaves at a vertex v. If u is a leaf at distance r from v in T one you

can find two vertices x and y in the graph G such that they constitute the two ends of a path
of length r − 1 such that d(x) ≥ k and d(y) ≥ ⌈k

2⌉ + 1, then T is contained in G as a
subgraph.
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Proof: Take a graph G and a tree T as described above. Let w be the neighbour to the leaf
u in the tree T . The vertices v and w are at distance r − 1 in the tree T .

Now identify the vertex v with x ∈ V (G) and w with y ∈ V (G) and use the
prescribed path in G as the path between v and w in the tree T .

Our aim is to find a copy of T in G. So, start with the prescribed path and add all
edges (to achieve T ) not constituting leaves at v nor the last leaf at w. This is possible due
to the minimum degree in G. Then add the last leaf at the vertex w and finally add the
remaining leaves at the vertex v which is possible due to the prescribed degrees at these
two vertices. �

By this we can prove the following:

Theorem 3.3.3. Every tree T on k edges that has a vertex incident to at least ⌊k
2⌋− 1 leaves

is contained in any Erdős-Sós graph.

Proof: It is enough to prove the theorem for reduced Erdős-Sós graphs.
Later on in the proof we will denote the set of vertices being leaves adjacent to a vertex

v in a tree T by L(v).

Case 1: If k is even.

Take a tree T as above and a reduced Erdős-Sós graph. Putting m = ⌊k
2 ⌋ in our

theorem 3.3.2 above, gives that we can find any tree T , if it contains a vertex v incident
to at least ⌊k

2⌋ leaves. Thus we can find a subtree T ′ to our tree T in the graph G, missing
only the last edge that should be added at a specified vertex u in the corresponding forest
F , the forest induced on the vertex set V (F ) = V (T )\{v, L(v)}, as obtained in the first
lemma of this section. If d(u) > k

2 we can add the edge to our forest, due to the degree
of u, and then join the remaining star with centre at v as in the preceeding lemma 3.3.2.

Now assume that d(u) = k
2 . The neighbours to u, the set N(u), must be contained

in V (F ) ∪ v, where v is the specified vertex in V (T ) with at least ⌊k
2 ⌋ − 1 leaves,

since otherwise there is nothing left to prove. But in this case we know due to an earlier
proposition 3.3.2 that all other vertices in the forest F must have degree at least k

2 + 1,
otherwise the graph G was not properly reduced. If one of these vertices in V (F ) ∪ v,
say w, is a leaf with its edge situated at y, different from both u and v, let T ′′ be T ′ ∪
{uw} \ wy. Since d(y) > k

2 we are finished due to our preceeding lemma 3.3.2 and the
degree of y.

If no such vertex w is present in the forest, we conclude that the tree we are looking
for is two stars joined by a path. If the path is of length at most three, we are finished
due to earlier results found in [63] and [70]. If not, we have a path vx1x2 . . . xr where
the centre of the smallest star, xr, has all vertices in the path as neighbours. With help of
proposition 3.3.2 we know that vxrx1x2 . . . xr−1 is a path in G where d(v) ≥ k and
d(xr−1) > k

2 . Thus our preceeding lemma 3.3.2 closes this case.
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Case 2: If k is odd.

Take a tree as above and a reduced Erdős-Sós graph. The proof of this case follows
almost the case when k is even. If there are two vertices x1 and x2 with properties as x in
Case 1, we can use proposition 3.3.3 and the technique from the first case. Otherwise we
know that the tree has, set aside the vertex identified with v, at most two vertices having
leaves as neighbours. First, if there are two of these vertices, both of them has degree ⌈k

2 ⌉
and have all their neighbours in V (F ) ∪ v yielding that all other vertices in the forest F
has larger degree by proposition 3.3.3. Unless not both x1 and x2 are neighbours to v
in the subtree we can find a path of appropriate length from v to a vertex u such that we
can use the proof technique in lemma 3.3.2 and we are finished. If x1vx2 is a path in the
subtree we can start choosing x1 and x2 such that either is d(x1) > k

2 or x1x2 not an
edge in G as a consequence of the earlier proposition 3.3.3. By the previous lemma 3.3.2
we have finished this sub-case as well.

At last we have to consider the case when T consists of two stars joined by a path. If
the path is of length at most three we are finished due to earlier results in [70]. Otherwise
we have a path vx1x2 . . . xr where the centre of the smallest star, xr, has all vertices in
the path as neighbours. With help of proposition 3.3.3 we know that vxrx1x2 . . . xr−1

or vx1xrxr−1 . . . x2 is a path in G where d(v) ≥ k and d(xr−1) > k
2 . Thus our

preceeding lemma 3.3.2 closes this case. �

This enlarges the set of trees for which the Erdős-Sós conjecture is true and we can
also conclude the following:

Corollary 3.3.1. The Erdős-Sós conjecture is true for every k ≤ 6.

Proof: The only tree left to prove the conjecture for, as remarked in the above section
about earlier results and pictured above in figure 3.1, has a vertex incident to at least
⌊ 62⌋ − 1 = 2 leaves. �

3.4 Erdős-Sós Graphs with High Minimal Degree

The theorem 3.3.2 in the previous section allows us to tell that any Erdős-Sós graph with
minimum degree at least k − 1 contains every tree on k edges as a subgraph.

Corollary 3.4.1. An Erdős-Sós graph G with minimum degree δ(G) ≥ k−1 contains every
tree on k edges as a subgraph.

Proof: Since every tree has a leaf, putting m = 1 in theorem 3.3.2 we get our result. �

But this result can be strengthened by a small observation and by lowering the mini-
mum valency to k − 2.
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Proposition 3.4.1. An Erdős-Sós graph G with minimum degree δ(G) ≥ k − 2 contains
every tree on k edges as a subgraph.

Proof: Using theorem 3.3.2 from the previous section, putting m = 2, we get that the
proposition is true for all trees with at least two leaves situated at the same vertex. Thus
we can assume that T is a tree where all vertices have at most one leaf as a neighbour. In
particular, this implies that the tree T has a path of length two, x1x2x3 say, as a subgraph
where one end of the path is identified with a leaf in T and d(x2) = 2.

Now take a vertex v in the graph G with degree at least k and a largest complete
subgraph Kr in G containing v. We will try to build the tree T as a subgraph to G such
that v is a neighbour to a leaf in T . As in earlier proofs we will wait to add that specific
leaf until the last step. Start at v and build the tree by first using the vertices and edges in
the complete graph Kr containing v. By the minimum degree of G we can add the first
k − 2 edges of the tree T creating a subgraph T ′ of T . We can assume that x2 is the last
added vertex. Leaving the leaf at v for a moment we try to add the second last edge at a
specified vertex u. If that is not possible, the vertex u has exactly the vertex set V (T ′) \ u
as neighbours. This yields that either the chosen complete graph was not the largest one
containing v, in this case we repeat the argument, or else it was a complete graph of order
at least k−1. It is enough to consider the case when the chosen complete graph has order
exactly k − 1.

If v belongs to a path of length two, edge-disjoint from the complete graph Kr, we
identify the earlier mentioned path with this one. Using the complete graph attached to
the path yields the specified tree T as a subgraph of G.

If there is no such path, then G is either not an Erdős-Sós graph with the supposed
minimum degree or else there is a path vxy of length two from v with its middle vertex
x outside the complete graph. But this implies that we can build our tree T with yx as a
leaf attached to the complete graph Kr and finally add the last leaf situated at v because
of the chosen degree of v. �

With a little more effort we can also prove the following result:

Theorem 3.4.1. An Erdős-Sós graph G with minimum degree δ(G) ≥ k−3 contains every
tree T on k edges as a subgraph.

Proof: Putting m = 3 in theorem 3.3.2 gives that the claim is true if the tree T has a
vertex adjacent to at least three leaves. Also we can assume that k ≥ 7 by corollary 3.3.1.
We consider two cases:

Case 1: The tree T has a vertex adjacent to two leaves.
Take a vertex v in the graph G with degree at least k and the largest complete graph

Kr in G containing v. We will try to build the tree T in G such that v is a vertex
adjacent to two leaves. As before, the leaves adjacent to v will be added in the last step in
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CHAPTER 3. ERDŐS-SÓS CONJECTURE FOR GRAPHS WITH HIGH
MINIMUM DEGREE

this process and we always build the tree by using edges from the chosen complete graph
containing v as long as possible.

Start at a vertex v and build the tree by first using the edges and vertices in the chosen
complete graph containing v. By the minimum degree of G we can add the first k − 3
edges of the tree T , creating a subtree T ′ as a subgraph of G. Leaving the leaves at v for
a moment we try to add the third last edge at a specified vertex u in T ′.

First consider the sub-case when u 6∈ Kr. If it is not possible to add an edge to u, the
vertex u has exactly the the vertex set V (T ′) \u as neighbours. This yields that either the
chosen complete graph Kr was not the largest one containing v, in which case we repeat
the argument, or else it is a complete graph of order at least k − 2.

In the second sub-case, assume first that the tree T has a path of length two, x1x2x3

say, ending in a leaf x3 where d(x2) = 2. Then let u = x2 be the last added vertex in
the preceeding process and we are back to our previous case. So we can assume that T
has at least two vertices, x1 and x2 say, with exactly two leaves as neighbours and that at
least one of the, x2 say, is the centre of a star, S3, on three edges such that the remaining
graph, when all edges in S3 are removed as well as all created isolated vertices, also is a
tree. Assume that x1 will be identified with v when we build our tree T in G and let
x2 = u be the second last vertex added in our building process. If r < k − 3 there will
be an edge to add at u, else r was not chosen to be maximal. If r = k − 3 all vertices in
Kr \ v will have at least one neighbour outside the complete graph Kr. Let y be such a
vertex and identify u with y. If |N(y) ∩ {V (Kr) \ v} = 1 we will find our subtree T ′

on k − 2 edges and then we can add the last two leaves at x1 = v because of the degree
of that vertex. If |N(y) ∩ {V (Kr) \ v} > 1 we can choose a vertex from this set to be
one of the leaves from x2 and build a subtree T ′ on k − 3 edges using all vertices in the
complete graph Kr and having u outside the complete graph. Left is only to add the last
leaf at u, which is possible due to the choice of a maximal r, and then to add the leaves
at x1 = v which is possible due to the degree of v.

So, it is enough to consider the case when the complete graph has order exactly k−2.
Note that no vertex in the complete graph but v, has a neighbour outside the complete
graph since otherwise we could enlarge our subtree and finally add the two remaining
leaves at the vertex v.

Now, if we can find a star S3 on three edges, edge disjoint from the complete graph
Kr, with a leaf at v we can find our tree T with the vertex adjacent to two leaves moved to
the centre of the star S3. Assume that this is not possible. The vertex v has a neighbour,
say x, outside the complete graph Kr due to the degree of v. If x is not centre of a star
as described above, all but at most one neighbour to x are in the complete graph. But
since k ≥ 7 we have a contradiction to the fact that x was not a neighbour to a vertex in
V (Kr) \ v.

Case 2: The tree T has no vertex adjacent to more than one leaf.
Take a vertex v in the graph G with degree at least k and the largest complete graph

Kr containing v. We will try to build the tree T in G such that the vertex v is adjacent

32
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to a leaf. As before, the leaf adjacent to v will be added as a last step in this process
and we will always build the tree by using vertices and edges from the complete graph
containing v as long as possible. By the minimum degree we can add the first k−3 edges
of T creating a subtree T ′ as a subgraph in G. The next edge of T can be added unless
r = k−2 and all the vertices in the complete graph Kr except v have all their neighbours
inside Kr. In that case we can find an appropriate tree T ′′ on three vertices rooted in v
outside the complete graph Kr such that T ⊂ (Kr ∪T ′′), otherwise there are vertices in
V (Kr) \ v having neighbours outside the complete graph.

So, we can assume that we have a tree T ′ on k−2 edges and try to add the second last
edge at the specified vertex u. If this is not possible, u has all its neighbours in V (T ′)\u.
Since the vertex u does not have all vertices in the maximal complete graph as neighbours
we know as well that u has every vertex in V (T ′) \ (u ∪ V (Kr)) as a neighbour. At this
stage we can start to build a largest complete graph Ks outside Kr where all vertices have
degree r − 1 into the previous complete graph Kr. Now, when trying to build up our
tree T , we start with using all vertices in Kr and continue by using vertices and edges
in our Ks. Assume that we have found the maximal complete graph Ks and that we
try to add next edge to a specified vertex u in our tree T ′. If this is not possible, u has
r − 1 neighbours to Kr and s − 1 neighbours to the complete graph Ks implying that
r + s = k − 1. Note that the complete graph Ks only has neighbours inside itself and
in the other complete graph Kr, since otherwise we would be able to add one edge to get
a larger subtree on k − 1 edges.

Now, since every vertex in the tree T is adjacent to at most one leaf we know especially
that T has a path of length two as a subgraph where one end of the path is identified with
a leaf and the other end is connected to the remaining of the tree. Due to the minimal
degree in the graph induced by V (Kr) ∪ V (Ks) we can find any tree on k − 2 edges
with any vertex rooted at v using only vertices from the induced graph. If we can find
a path of length two starting at v, not using any other vertices from V (Kr) ∪ V (Ks),
we are finished. Otherwise, since the vertex v is of degree at least k, v has at least two
neighbours, x1 and x2 say, having all their neighbours in V (Kr) ∪ V (Ks). We know
also that both x1 and x2 has no neighbours in Ks and at most r − 1 neighbours in Kr.
Due to the minimal degree we get that r ≥ k − 2. We end up with a complete graph on
at least k − 2 vertices and at least another three vertices, namely x1, x2 and V (Ks) with
at least k− 3 neighbours inside the complete graph Kk−2. If the tree T has at least three
leaves, we identify these with the vertices outside the complete graph Kr and build the
tree inside the complete graph using the fact that k ≥ 7. If T only has two leaves it is a
path and proven to be in G for every Erdős-Sós graph. �

Naturally we have the following corollary:

Corollary 3.4.2. The Erdős-Sós conjecture is true for every k ≤ 7.

Proof: Consider a reduced Erdős-Sós graph G. Since k − 3 ≤ ⌈k
2⌉ ≤ δ(G) if k ≤ 7, the
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corollary is true by the previous theorem. �

Even though the argument becomes more and more technical we can lower the min-
imal degree once again.

Theorem 3.4.2. An Erdős-Sós graph G with minimum degree δ(G) ≥ k−4 contains every
tree T on k edges as a subgraph.

Proof: We examine case by case different classes of trees depending on the vertex in the
tree T with maximal number of leaves adjacent to it.

Case 1: The tree T has a vertex adjacent to at least four leaves.
Putting m = 4 in theorem 3.3.2 yields that this case is true. By the previous corollary

we can also assume that k ≥ 8 in all cases below.

Case 2: The tree T has a vertex adjacent to three leaves.
By using the same argument as in Case 1 in theorem 3.4.1 we only have to consider

the situation when we have at least two vertices in T , x1 and x2 say, such that d(x1) =
d(x2) = 4 and both xi have exactly three adjacent leaves.

Take a vertex v in the graph G with degree at least k and the largest complete graph
containing v. We will try to build the tree T in G such that v is a vertex adjacent to three
leaves, v = x2 say. As in earlier proofs the leaves in the tree T adjacent to v will be added
as a last step in this process and we will always build the tree T by using vertices and edges
from the complete graph Kr containing v as log as possible.

Start at the vertex v and build the tree T by first using the edges and vertices in the
chosen complete graph Kr containing v as possible. By the minimum degree of G we can
add the first k − 4 edges of the tree T , creating a subtree T ′ as a subgraph of G. Leaving
the leaves at v for a moment we try to add the fourth last edge at a specified vertex u in
T ′.

First consider the sub-case when u 6∈ Kr. If it is not possible to add this edge at u,
the vertex u has exactly the vertex set V (T ′) \u as neighbours. This yields that either the
chosen complete graph Kr was not the largest one containing v, in which case we repeat
the argument, or else it is a complete subgraph of order at least k − 3.

Now consider when u ∈ Kr. We can assume that the vertex u is identified with x1

in this case and that this vertex is added as late as possible in the building process. If
r < k − 5 there will be three leaves to add at u, else r was not chosen to be maximal. If
r = k− 5 or r = k− 4 all vertices in Kr \ v will have at least one neighbour outside the
complete graph Kr Let y be such a vertex and identify u with y. If |N(y) ∩ {V (Kr) \
v}| = 1 we will find our subtree T ′ on k − 3 edges, and then we can add the last three
leaves from x2 = v because of the degree of that vertex. If |N(y) ∩ {V (Kr) \ v}| > 1
we can choose a vertex from this set to be one of the leaves from x1 and build a subtree
T ′ on k− 5 or k− 4 edges respectively, using all vertices in Kr and having u outside the
complete graph. Left is now to add the last leaf (or leaves) at u, which is possible due to
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the choice of a maximal r, and then to add the leaves at x2 = v which is possible due to
the degree of the earlier chosen vertex v.

Since the case is trivial if r > k − 3 it is enough to consider when the complete
graph has order exactly k − 3. Note that no vertex in the complete graph Kr but v, has
a neighbour outside the complete graph, since otherwise we could enlarge our subtree T ′

and finally add the remaining leaves at the earlier specified vertex v.
Now, if we can find a star S4 on four edges, edge disjoint from the complete graph Kr

with a leaf at v we can find our tree T with a vertex adjacent to three leaves identified with
the centre of the star S4. Assume that this is not possible. The vertex v has a neighbour,
y say, outside the complete graph Kr due to the degree of v. If y is not a centre of a
star as described above, all but at most two neighbours to y belong to the complete graph
K − r. But since k > 8 we have a contradiction to the fact that the vertex y was not a
neighbour to a vertex in the vertex set V (Kr) \ v.

Case 3: The tree T has a vertex adjacent to two leaves.
By using the same argument as in Case 2 in our previous theorem we can assume

that the tree T does not contain a path of length two, x1x2x3 say, such that x3 is a leaf
and d(x2) = 2. Thus there are at least two vertices y1 and y2 say, such that both are
neighbours with exactly two leaves and d(yi) = 3.

Now take a vertex v in the graph G with degree at least k and the largest complete
graph Kr containing v. We will try to build the tree T in G such that v belongs to the
subgraph T and has two leaves as neighbours, v = y1 say. As before, the leaves adjacent
to v will be added as a last step in this process and we will always build the tree T using
vertices and edges from the complete graph Kr as long as possible. By the minimum
degree of G we can add the first k − 4 edges of T creating a subtree T ′ as a subgraph in
G using the vertex v as described above. We can now assume that there are two leaves left
to add at the last added vertex u = y2 in T and two leaves to add at y1 = v.

First assume there is no edge present in G to add at u = y2 to enlarge our subtree
T ′. By the choice of a maximal r we know that r ≥ k − 3, but if it was an inequality we
would get a contradiction so we can assume that r = k − 3. This implies that no vertex
in V (Kr) \ v has a neighbour outside the complete graph. But this information gives
that we can build a small tree, a subtree to T , rooted at v edge disjoint from the complete
graph Kr due to the minimal degree of v and then finally add vertices and edges from
the complete graph to maintain our desired tree T as a subgraph of G.

Now assume there is only one edge to add at the specified vertex u. At this stage
we can look at the largest complete graph Ks outside the complete graph Kr where all
vertices have degree r − 1 into the previous complete graph Kr. Now, when trying to
build our tree T , we start by using all vertices in Kr and continue by using vertices and
edges in our Ks. Assume that, after finding the maximal Kr have found a maximal Ks

and that we try to add the third last edge to our subtree in our process to find the tree
T as a subgraph of G. If this is not possible, u has r − 1 neighbours in Kr and s − 1
neighbours in Ks implying that r+s ≥ k−2. Note that the complete graph Ks only has
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neighbours inside itself and in the other complete graph Kr, since otherwise we would be
able to add one edge to get a larger subtree on k − 2 edges and finally add the remaining
leaves at the vertex v.

If we can find a star S3 edge disjoint from the complete graphs with a leaf at v we
are done, so assume this is not the case. But the vertex v has a neighbour, w say, outside
the complete graphs due to its degree. Since w is not a centre of a star S3 as mentioned
earlier, all but at most one neighbour is inside V (Kr) ∪ V (Ks). But w can not have a
neighbour inside Ks, and w is not a neighbour to all vertices in the complete graph Kr

yielding that r ≥ k − 4. But in this case we can find any tree on k − 2 edges using Kr,
Ks and w with the vertex v identified with y1 as before. Finally we add the remaining
two leaves at the vertex v.

Case 4: The tree T has vertices only adjacent to at most one leaf.
In the last case we know that no vertex in the tree T is adjacent to more than one leaf.

Therefore there must be at least two paths in T , x1x2x3 and y1y2y3 say, such that x3

and y3 are leaves and d(x2) = d(y2) = 2.
Take a vertex v in the graph G with degree at least k, this vertex will later on be

identified with x2. Consider that we have chosen two maximal complete graphs Kr and
Ks both containing v such that V (Kr) ∩ V (Ks) = v and all vertices in Ks have at
least r − 1 neighbours in Kr. Also choose a maximal complete graph Kt outside the
earlier chosen complete graphs that has at least r− 1 neighbours in Kr and at least s− 1
neighbours in Ks.

By earlier cases and the theorem above we can assume that we are about to add the
second last edge at a specified vertex u. We are also free to choose u = y2. As before,
during the building process we will always build the tree by first using the edges and
vertices from the complete graph Kr as long as possible, then from Ks and finally from
Kt.

First assume that u 6∈ V (Kr)∩V (Ks)∩V (Kt). In this case we can add our second
last edge since otherwise one of the complete graphs was not chosen to be maximal.

So, by earlier cases and theorem 3.3.2 we can conclude that u ∈ V (Kt) and conse-
quently that r + s + t ≥ k − 1 and we can assume to have equality. Note that no vertex
in Kt has a neighbour outside the three chosen complete graphs.

If we can find a path of length two starting at v not using any other vertex in the three
chosen complete graphs, there is nothing more to prove. So, assume this is not the case.
But v has due to its degree two neighbours, w1 and w2 say, outside the chosen complete
graphs. By the earlier arguments both wi must have all its neighbours inside Kr and Ks

and therefore is r + s ≥ k − 2 leaving t = 1 as a last case. Then we will find our tree
T as a subgraph of the induced graph on V (Kr) ∪ V (Ks) ∪ V (Kt) ∪ {w1, w2} by an
argument similar to the last case in the previous theorem. �

Naturally we have the following corollary:

Corollary 3.4.3. The Erdős-Sós conjecture is true for every k ≤ 9.
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Proof: Consider a reduced Erdős-Sós graph G. Since k − 4 ≤ ⌈k
2⌉ ≤ δ(G) if k ≤ 9, the

corollary is true by the previous theorem. �

Also we have a corollary for small n:

Corollary 3.4.4. The Erdős-Sós conjecture is true for every n ≤ 13.

Proof: True by the previous corollary and theorem 3.2.2 �

Another, almost trivial, result is the following:

Proposition 3.4.2. If G is an Erdős-Sós graph with at least ⌈k−9
2 ⌉ vertices of degree n− 1,

then every tree T of size k is contained in G.

Proof: By induction. If k ≤ 9 we know by corollary 3.4.3 that the theorem is true. Now
assume the theorem to be true for all k less than k′, pick k = k′ and take a graph as
above. Removing one vertex v with degree n− 1 and all its incident edges yields a graph
G′ with ε > n

2 (k − 3) where all trees on at most k − 2 edges are present as subgraphs.
Take any tree T on k edges and remove a star Sr to create a subtree on at most k − 2
edges. By induction is T ′ contained in G′ as a subgraph. Adding the earlier removed
vertex v, we let v be identified with the centre of the star Sr and add the remaining edges
incident to v to find that our desired tree T was contained as a subgraph in G. �

3.5 Trees in Coloured Graphs

There seems to be many connections between vertex colouring, the greedy algorithm and
the Erdős-Sós conjecture, but very few results are known in this area. However, Gyárfás,
Szemeredi and Tuza points out the following in [46] as well as Sumner does in [67]:

Theorem 3.5.1. Let G be a k-chromatic graph whose vertices are labelled with 1, 2, . . . , k
according to a good k-colouring. If T is a labelled tree of order k, then G contains a subgraph
isomorphic to T . (The isomorphism is understood to be between labelled graphs.)

Naturally we have the following corollary as an immediate consequence:

Corollary 3.5.1. A k-chromatic graph contains every tree of order k as a subgraph.

But the proof of the theorem above does work with a weaker condition on the graph
G which calls for a new definition:
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Definition 3.5.1. A graph G is called k-greedy if k is the maximal number of colours
used to colour G or any of its subgraphs, using the greedy algorithm. Or more formally,
G is greedy of order

max
ω,G′⊆G

χ(G′, ω),

where ω is an order of the vertex set V (G) and χ(G′, ω) denotes the number of colours
the greedy algorithm uses to colour G′ with the vertices in order ω.

Remark: Beside having a weaker condition, the use of looking at all subgraphs of G is
illustrated by the following example:

The complete bipartite graph Kn,n is always coloured by two colours when using the
greedy algorithm, independent of the vertex order ω. On the other hand, by the following
proposition we know it is (n + 1)-greedy!

Proposition 3.5.1. The complete bipartite graph Kn,n is (n + 1)-greedy.

Proof: Take a complete bipartite graph Kn,n with vertices x1, x2, . . . , xn and y1, y2, . . . , yn

in respectively part of the partition (X, Y ). Remove all edges xiyi when i < n and let
ω = {x1, y1, x2, y2, . . . , xn, yn}. This particular subgraph with this particular order ω
yields an (n+1)-colouring using the greedy algorithm. Since this value attains the upper
bound ∆(Kn,n) + 1 of how many colours the greedy algorithm can result in, we know
that Kn,n is (n + 1)-greedy. �

Using the definition above, we obtain another theorem concerning the colouring of a
graph G and the problem if the graph contains all trees of a certain size.

Theorem 3.5.2. Let G be a k-greedy graph whose vertices are labelled with 1, 2, . . . , k
according to a χ(G′, ω)-colouring. If T is a labelled tree of order k with a specified vertex
v, then T is contained as a subgraph such that v is contained in colour class k and all other
vertices are contained in different colour classes.

Proof: Take a graph G with a χ(G′, ω)-colouring as above. Identify the vertex v in the
tree T with any vertex in colour class k. Assume that a subtree T ′ on k − 1 vertices has
been found having the vertex v in colour class k and the other vertices use colour classes
2, 3, . . . , k − 1. The last vertex to add is a leaf that should be situated at a vertex u in
colour class c. By the structure of the greedy algorithm we know that there is an edge
from u to colour class 1 and so we have found T as a subgraph in G with the prescribed
colourings. �

Remark: We can not obtain an isomorphism between labelled graphs as in theorem 3.5.1
since the notion of k-greedy is weaker than the notion of k-chromatic.
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Since our interest in this paper only is to find a subgraph T in G, not depending on
labels, we can make a statement with slightly weaker conditions as well. We will denote
the set of vertices that have been coloured with colour i by the greedy algorithm Ci.

Corollary 3.5.2. If a graph G contains a vertex v such that the induced graph onV (G) \ v
is a k-greedy graph and v ∈ N(Ck), then is every tree T of size k,i.e. order k + 1, contained
in G as a subgraph.

Proof: Take a tree T , a graph G and a vertex v as above. Choose any leaf u in T and
create the subtree T \ u and the induced graph V (G) \ v. Let x be a neighbour to v in
Ck and y the neighbour to u in T . By the preceeding theorem we can identify y in the
subtree T ′ = T \ u with x in the induced graph on V (G) \ v and find the subtree T ′ as
a subgraph. Adding the leaf v to its neighbour u gives the result. �

Even though this result covers a great deal of the Erdős-Sós graphs, it is hard to
determine if a graph is contained in the class described in the theorem above or not. We
are left with rather non-informative conclusions as the following proposition, a modified
result from [18].

Proposition 3.5.2. For any graph G,

χ(G) ≤ max
ω,G′⊆G

χ(G′, ω) ≤ ∆(G) + 1.

Proof: Since there is at least one ordering ω of the vertex set V (G) such that χ(G, ω) =
χ(G) we get the lower bound. The upper bound is a trivial remark about the greedy
algorithm. �

But the stated corollary above could suggest that the following conjecture is true:

Conjecture 3.5.1. Every Erdős-Sós graph contains a vertex v such that the induced graph on
V (G) \ v is a k-greedy graph and v ∈ N(Ck).

Of course, this would imply that the Erdős-Sós conjecture, the subject of this chapter,
is true as well.

Remark: The conjecture above is easily proven for k ≤ 3.

3.5.1 Heuristics about Graph Colouring

The conjecture above has grown up from thoughts about different results and conjectures
in the area concerning colouring random graphs. For a longer discussion about this
subject, see [18].

Bollobás showed in [22] that for a random graph G where each edge is present with
probability p has a chromatic number χ(G) close to n/2 logb n where b = 1/(1− p).
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One can ask how well the greedy algorithm will work on such a random graph G
with a random order ω of the vertices V (G). Grimmet and McDiarmid showed in [43]
that χ(G, ω) is close to n/ logb n, telling us that it is high probability that the greedy
algorithm will use twice as many colours as needed in a random graph.

In the appendix to [2] Erdős has a discussion about what chromatic number certain
classes of random graphs has. One class, not equal, but pretty close to reduced Erdős-Sós
graphs, is there conjectured to have chromatic number close to its minimum degree.

This heuristic argument could suggest a solution for almost all Erdős-Sós graphs,
since using the greedy algorithm on a reduced Erdős-Sós graph would be close to twice
its minimal degree and then use the above knowledge about those graphs.

But even if this heuristic argument would work in detail there will still be, as in the
case of proofs using the Regularity Lemma, not enough to prove the conjecture in all its
instances.

Also it would be interesting to see results concerning the introduced concept greedy,
or how to colour a graph as bad as possible using the greedy algorithm being allowed to
omit edges in the graph G.

3.5.2 Definitions of Some Classes of Trees

For the reader not familiar with certain classes of trees mentioned in the section about
earlier results we will present proper definitions of double-stars, comets and spiders. These
definitions were also made in the first chapter about graph theory.

Definition 3.5.2. (double-star)
A double-star with distance r between the centres is a tree obtained from two stars and a
path by identifying the leaves of a path of length r to the centre of each star. If r = 1 we
say that the tree is a double-star omitting the length of the path between the centres of
the two stars.

Definition 3.5.3. (comet)
A comet is a tree obtained from a star and a path by identifying one leaf of the star with
one leaf of the path.

Definition 3.5.4. (spider)
A spider is a tree obtained from a star by subdividing its edges.
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Chapter 4

The Loebl-Komlós-Sós Conjecture
4.1 Introduction

In the last chapter we dealt with a conjecture that said that any tree of a specified size was
contained as a subgraph in a graph G if the mean degree was large enough. This chapter
is about a similar problem, but here is the concept of mean degree changed to the concept
of median degree for the studied graph.

As before we shall use standard graph theory notation and we consider only finite
undirected graphs of order n = |V (G)| and size ε(G) = |E(G)|. All graphs will be
assumed to have neither loops nor multiple edges. For other graph theoretic notions not
defined in this or previous chapters, see [21], [24] and [37].

The below conjecture was firstly formulated by Loebl in 1995 in the case k = n
2 and

next generalised by Komlós and Sós.

Conjecture 4.1.1. (Loebl-Komlós-Sós)
If G is a graph of order n and at least n

2 vertices have degree at least k, then G contains all
trees of size k.

This conjecture has some similarities with the conjecture by Erdős and Sós which was
discussed in the previous chapter:

Conjecture 4.1.2. (Erdős-Sós)
If G is a graph of order n with size strictly greater than n

2 (k− 1), then G contains all trees of
size k.

As pointed out by the authors in [49], the condition on the average degree in the
Erdős-Sós conjecture is replaced by a condition on the medium degree in the Loebl-
Komlós-Sós conjecture. For the reader interested in special cases of the Erdős-Sós con-
jecture see for example [10] and [69]. So far, not much has been proved for the Loebl-
Komlós-Sós conjecture, but in [17] we find the following non-trivial results by Bazgan,
Li and Woźniak:

Theorem 4.1.1. If G is a graph of order n and it has at least n
2 vertices with degree at least

k, then G contains a path of length at least k.

Theorem 4.1.2. Let G be a graph of order n where at least n
2 vertices have degree at least k,

then G contains all stars and double-stars of size k.

Since any tree of size at most 4 is a path, star or a double-star, we also have the
following result for small values of k.
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Corollary 4.1.1. The Loebl-Komlós-Sós conjecture is true for every k ≤ 4.

To be mentioned is the approximate result concerning the case k = n
2 by Ajtai,

Komlós and Szemerédi using the Regularity Lemma [48].

Theorem 4.1.3. For every ǫ > 0 there is a threshold n0 such that for all n ≥ n0, if G is a

graph of order n and it has at least (1+ǫ)n
2 vertices of degree at least (1+ǫ)n

2 , then G contains
all trees with n

2 edges.

This result was strengthened later on by Yi Zhao who proved an exact result for the
case k = n

2 and sufficiently large n in [72].

4.2 Results on the Loebl-Komlós-Sós Conjecture

4.2.1 Caterpillars with Many Legs

The aim of this subsection is to show that the Loebl-Komlós-Sós conjecture is true for
all caterpillars with at least k − 4 legs. But since we already know the conjecture to
be true for stars and double-stars, it suffices to prove it true for caterpillars with exactly
k − 4 legs, this will be defined below. We will use the same notation as in [17] letting
B = {v ∈ V (G)|d(v) ≥ k} and S = V (G)−B in a graph satisfying the hypothesis of
the Loebl-Komlós-Sós conjecture. But first we state a theorem of Barr from the previous
chapter, also found in [10], which we will use in the proof of theorem 4.2.2 below.

Theorem 4.2.1. Let G be a graph of order n with more than n
2 (k − 1) edges. If the graph

G has minimum degree δ ≥ k − 4, then G contains every tree of size k.

To avoid confusion we define a caterpillar as follows:

Definition 4.2.1. A caterpillar is a tree such that if we remove all leaves and their incident
edges, the remaining tree is a path. If a caterpillar has r leaves, seen as a tree, we say that
the caterpillar has r − 2 legs. (Assuming all caterpillars to have one head and one tail.)

Remark: In the case, when the tree only consists of one edge and the two vertices at its
ends, we define it as the smallest possible caterpillar. Removing the two vertices and the
edge will result in an empty graph. Questions concerning an empty graph being a path
could be risen, but here we answer that question with a yes, in order to create a proper
definition.

Theorem 4.2.2. If G is a graph of order n and it has at least n
2 vertices of degree at least k,

then G contains all caterpillars with exactly k − 4 legs.

Proof: Let G be a graph as above and assume that the induced graph on B contains a path
of length 2 as a subgraph. Due to the degree of the vertices in B we can add leaves to the
existing path constructing any caterpillar with k − 4 legs.
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Now assume that no such path exists. This implies that every vertex in B sends at
least k − 1 edges into S, forcing S to have order n

2 and every vertex in S to have degree
k − 1. This graph satisfies the hypothesis of the Erdős-Sós conjecture and has minimum
degree k − 1. By theorem 4.2.1 we know that this graph contains all trees of size k. �

4.2.2 Trees with Diameter 4 and Low Central Degree

The aim of this subsection is to prove the Loebl-Komlós-Sós conjecture for trees of diam-
eter four where the central vertex has a degree of at most k

2 . The proof is quite straight-
forward, using the fact from [17] that we only have to consider graphs where S is an
independent set.

Theorem 4.2.3. If G is a graph of order n and it has at least n
2 vertices of degree at least

k, then it contains all trees of size k with a diameter 4 where the central vertex is of degree at
most k

2 .

Proof: Take a graph G and a tree T as above. First assume that the induced graph on B
contains a star of size k

2 , then, due to the degrees of the vertices in B, we are done. So,
we can assume that every vertex in B sends at least k

2 edges into S. But since S is an
independent set and |S| ≤ |B| there must be a vertex v in S sending at least k

2 edges
into B. Now, due to the degrees of the vertices in B, we can find our desired tree T with
its central vertex identified with the vertex v. �

4.2.3 Caterpillars with All Legs at One Vertex

The next family of trees we will prove the Loebl-Komlós-Sós conjecture for is another
subset of caterpillars. We will consider the class of trees of all caterpillars with all legs at
one vertex. Then we conclude that the theorem below, together with the earlier ones in
this section, allow us to say that the Loebl-Komlós-Sós conjecture is true for every k ≤ 6.

Theorem 4.2.4. If G is a graph of order n and it has at least n
2 vertices of degree at least k,

then G contains all caterpillars of size k with all legs at one vertex.

Proof: Take a graph G and a tree T as above. By the theorem of Bazgan, Li and Woźniak
we know there is a path P of length k in the graph G, P = v1v2 . . . vk say. Assuming
that T is not a path, we continue our proof. Knowing that S is an independent set we
know that at least one of two consecutive vertices on the path P must be contained in
B. Let u1u2 . . . ur be the longest path in our tree T and let all legs of this caterpillar be
situated at us. Now if vs is contained in B we identify ui with vi for all i ∈ {1, 2, . . . r}
and use the degree of vs to add all remaining leaves to our desired tree. Otherwise is vs+1

43



CHAPTER 4. THE LOEBL-KOMLÓS-SÓS CONJECTURE

contained in B and we identify ui with vi+1 for all i ∈ {1, 2, . . . r} and use the degree
of vs+1 to add all remaining leaves to T . �

Corollary 4.2.1. The Loebl-Komlós-Sós conjecture is true for every k ≤ 6.

Proof: Every tree of size at most 6 is a caterpillar with at least k− 4 legs, a caterpillar with
all legs situated at the same vertex, a tree of diameter 4 with a central vertex of degree at
most k

2 , or a path. �

Combining this with the result of Bazgan, Li and Woźniak we get a result for small
n.

Corollary 4.2.2. The Loebl-Komlós-Sós conjecture is true for every graph of order at most
10.

4.2.4 Caterpillars with Diameter at most 5

In this subsection we will extend the family of caterpillars where the Loebl-Komlós-Sós
conjecture is true. We will make use of some partial results on the Erdős-Sós conjecture
made earlier in this thesis, that also can be found in [10]. As before, we define B = {v ∈
V (G)|d(v) ≥ k} and S = V (G) \ B. Also, we can suppose that S is an independent
set, otherwise the graph obtained from G by removing the edges between the vertices in
S also would satisfy the hypothesis of the Loebl-Komlós-Sós conjecture, a fact taken from
[17].

Theorem 4.2.5. If G is a graph of order n and it has at least n
2 vertices of degree at least k,

then G contains all caterpillars with diameter at most 5.

Proof: Due to earlier results we only have to consider caterpillars with diameter equal to
5. Take a graph G and a tree T as above. First assume that the induced graph on B
contains a path of length 3 as a subgraph. Due to the degrees of the vertices in B we can
add leaves to the existing path to construct any caterpillar with diameter 5.

Now assume no such path exists and that we are unable to find our tree T in G. Since
the Erdős-Sós conjecture is true for paths we know that the mean degree in the induced
graph on the set B is at most 2. This implies that the mean degree of the vertices in S
is at least k − 2. Let B0 be the set of vertices in B only having neighbours in S and let
B1 = B \ B0. Also, let S0 be the vertices in S having degree at most k − 3 and let
S1 = S \ S0.

Note that there are no edges between B0 and B1, else we could easily find a copy of
our tree T in the graph G. Moreover, there are no edges from B1 to S1 since otherwise
we could construct a path on four vertices, all of them of degree k but one (not being an
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end vertex) of degree k − 2 or k − 1. This path could always be extended to our tree T ,
using the degrees of the vertices, contradicting our assumption.

We can also establish the fact that every vertex v in B0 has at most one neighbour in
S1. Assuming v to have at least two neighbours in S1 yields that we can extend this to a
path on four vertices alternating between the two sets B0 and S1. This path can always be
extended to our caterpillar with exactly k−5 legs, using the degree of the vertices and the
fact that the two vertices in S1 are not joined by an edge, contradicting our assumption.

This implies that every vertex in B has, in average, at least k − 2 neighbours in S0

contradicting the construction of S0 unless it is an empty set. But, if S0 is an empty set,
B0 must be an empty set as well and no vertex in B has a neighbour in S giving us a path
of appropriate length in B which proves our theorem. �

4.2.5 Trees with Diameter at most 4

Above, the Loebl-Komlós-Sós conjecture has been proved true for a subset of the trees of
diameter 4. With some new observations we can conclude that the conjecture is true for
all trees of diameter 4.

Theorem 4.2.6. If G is a graph of order n and it has at least n
2 vertices of degree at least k,

then G contains every tree on k edges of diameter at most 4 as a subgraph.

Proof: Take a graph G as above and a tree T on k edges of diameter at most 4. Let w be a
vertex of T such that the distance to every other vertex in T is at most 2. Put m = d(w),
N(w) = {L1, L2, . . . , Lm} where d(L1) ≤ · · · ≤ d(Lm), p = max{i : d(Li) = 0}
and b = |B|. Note that

p ≥ 2m− k.

If a vertex in S has degree at least m, then, since S is an independent set, it has at least m
neighbours in B. In this case it is easy to find an embedding of T in G due to the degrees
of the vertices in B. Hence suppose that d(v) ≤ m− 1 for all v ∈ S. Then

|E(B, S)| ≤ (m− 1)(n− b).

By the same argument, if a vertex u ∈ B has degree at least m − p in B we can find an
embedding of T . Hence, assume that d(u, B) ≤ m− p− 1 for all u ∈ B. Then we get
the following lower bound:

|E(B, S)| ≥ b(k −m + p + 1) ≥ b(m + 1).

Combining our upper and lower bound on |E(B, S)| we get that 2mb ≤ n(m − 1),
implying that b ≤ n

2 , contradicting the hypothesis of the theorem. �

These results leave us with one remaining tree of size 7 to close the case when k ≤ 7.
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Proposition 4.2.1. The Loebl-Komlós-Sós conjecture is true when k ≤ 7.

Proof: The remaining tree T , to close the case k ≤ 7, can be constructed from a star on
three edges by subdividing two of its edges once and one of its edges twice. Take a graph
with medium degree 7 and a tree T as described. Assume that G is a minimal counter
example, hence we can not find T as a subgraph in G. Now, let T ∗ be the remaining
tree after deleting all leaves and their incident edges from T . If T ∗ is contained in B
we are done due to the degrees of the vertices in B. Since the Erdős-Sós is true for T ∗

we know that the mean degree in the graph induced on B is at most 3. Consequently,
there is a vertex v in S with degree at least 4. We imbed T as follows: Let the centre of
the subdivided star be a vertex v as above with neighbourhood N(v) and continue with
any three neighbours in B. If any of these vertices in N(v) has a neighbour in B we
are done due to the degrees of the vertices in B. So, N(v) must an independent set and
its neighbourhood is a subset of S. Now, if |N(N(N(v)))| > |N(v)| it is clear we can
embed our tree T in G, so assume equality holds. In this case is G\ {N(v)∪N(N(v))}
a smaller counter example than the chosen minimal one and we have a contradiction. �
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Chapter 5

Paths in Complete Graphs
This note concerns simple complete graphs, Kn with a given edge colouring. We will
let Gc denote a graph G whose edges are coloured in an arbitrary way with c colours. A
properly coloured cycle in Gc is a cycle in which adjacent edges have different colours.
Such cycles are termed alternating cycles. In particular we are here interested in alternating
hamiltonian cycles; alternating cycles that pass once through every vertex of the graph. If
this is to hard to achieve, we look for an alternating hamiltonian path; an alternating path
that pass once through every vertex of the graph.

Bollobás and Erdős, in [23] considered this problem in coloured complete graphs
Kc

n, that is, a complete graph coloured with c colours. Let ∆(Gc) denote the maximum
degree in Gc in any one colour. Bollobás and Erdős made the following conjecture:

Conjecture 5.0.1. (Bollobás and Erdős)
Every Kc

n with ∆(Kc
n) ≤ ⌊n/2⌋ − 1 contains an alternating hamiltonian cycle.

This conjecture, if true, would provide a sharp bound, as can be seen by letting
n = 4k+1. Then there clearly exists a K2

n so that both its monochromatic subgraphs are
regular of degree 2k. However, such a graph does not contain an alternating hamiltonian
cycle, since n is odd and there are only two colours to choose from.

The best known result so far towards the above conjecture is due to Alon and Gutin
in [4]:

Theorem 5.0.7. For every ǫ ∈ (0, 1− 1/
√

2) there exists an n0 = n0(ǫ) so that, for every
n > n0, every Kc

n satisfying

∆(Kc
n) ≤ (1− 1/

√
2− ǫ)n

contains an alternating hamiltonian cycle.

Instead of searching for properly coloured hamiltonian cycles as above, we can restrict
ourself to look for properly coloured hamiltonian paths. We drop the restriction on one
single edge, and in this case there are positive results for complete graphs fulfilling the
Bollobás-Erdős condition above as in [7].

Theorem 5.0.8. (Bang-Jensen, Gutin and Yeo)
Every edge-coloured complete graph satisfying the Bollobás-Erdős condition has an alternating
hamiltonian path.

While many other results in this area has concerned necessary conditions on a colour-
ing of a complete graph containing a properly coloured hamiltonian path, we will here
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present, as described in a survey [44], ’a somewhat unexpected result’, a sufficient condi-
tion on a complete graph with the mentioned property. The proof is very similar to the
well known Redei Theorem [56] that ensures a directed hamiltonian path through any
tournament. This result has earlier been published in ARS Combinatoria [14].

Theorem 5.0.9. Every complete graph Kc
n with an edge colouring in c colours, not contain-

ing monochromatic triangles, has a properly coloured hamiltonian path.

Proof: By induction. If n = 1 the result is trivial. Now assume the theorem to be true for
n = k − 1 and take a complete graph on k vertices with an edge colouring as above. By
assumption, any induced subgraph on k−1 vertices has a properly coloured hamiltonian
path, v1v2 . . . vk−1 say. Assume that it is impossible to enlarge the path to a properly
coloured hamiltonian path on k vertices.

Now we know that the edge vkv1 has the same colour as the edge v1v2, otherwise
we could easily do our extension. So, since there are no monochromatic triangles in the
graph, the edge vkv2 must have a different colour from those mentioned earlier. But now,
the colour of vkv2 must be the same as v2v3 has, else is v1vkv2v3 . . . vk−1 a properly
coloured hamiltonian path. By the same argument we get that every pair of edges vkvi

and vivi+1 has the same colour when i ∈ {1, 2, . . . , k − 2}.
In particular we know that vkvk−2 and vk−2vk−1 have the same colour, so the

edge vk−1vk has a different colour from those two edges. But then we know that
v1v2v3 . . . vk−1vk is a properly coloured hamiltonian path, contradicting the assump-
tion that no such path existed. �

This result, with a local restriction implying a global result, could give rise to new
questions concerning which local restrictions that could enforce an alternating hamilto-
nian path or cycle in a Kc

n.
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Chapter 6

Graphs, Segmentation and Linear
Programs
In this chapter we will suggest a method for automatic detection, segmentation and classi-
fication of textured regions in colour images. Beside using the graph theoretic framework,
which has been used before, we will here describe how prior information can be brought
into this framework through the use of terminal node weights and learning techniques.

6.1 Introduction

Graph theory is a relatively new area in mathematics, starting with Euler’s paper from
1736 about the bridges of Königsberg (today Kaliningrad), and has been growing rapidly
during the last fifty years. Numerous of theorems has been proved about the structure
of graphs and other properties. At the same time, along the development of computers,
graph theory has been a very successful way of describing discrete problems and many
graph theoretic algorithms have been developed to solve these problems. Among these
algorithms we find for example the simplex method for solving problems of linear pro-
gramming. This method has an equivalent formulation that uses the graph theoretic
framework.

Here, we will not enumerate all other different kinds of applications of graph theory
that have been made throughout the years, but only discuss a couple of different ways of
segmenting images with the help of graph theory. The first one uses the Ford-Fulkerson
theorem about maximal flow and minimal cut as a main ingredient, and the other method
discussed will be the above mentioned graph theoretic method to solve linear program-
ming, before entering the second half of this thesis that is covering new developments of
the perceptron algorithm.

6.2 Segmentation and Classification

Many day to day tasks for us humans can be seen as tasks where we automatically do
segmentation from images and classifications of what has been seen. For instance, when
we read a text, we have done a lot of preprocessing before we actually can read the words.
The different letters have been segmented out from the background and after this classi-
fied into which letter it intends to represent. These tasks are made with great speed and
they have been modelled by computers to work at great speed as well. Nevertheless, we
can think of much more complex situations where it would take a trained expert many
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minutes to do a proper segmentation and classification. Later on in this chapter we will
exemplify this with the task of segmenting out corals from an underwater image and
classify the coral segments into different species.

This chapter will primarily consider a method to segment an image, even though we
as well take the problem of classification in account. In the coming chapters, that to
largest extent are about the perceptron algorithm, we are instead focusing on the problem
of classification.

6.3 Maximal Flow and Minimal Cut

6.3.1 Introduction

Image segmentation can be defined as the task of distinguishing objects from background
in unseen images. Typically this division is based on low-level cues such as intensity,
homogeneity or contours. Four popular approaches based on such cues are threshold
techniques, edge-based methods, region-based techniques and connectivity-preserving re-
laxation methods.

Regardless of the approach, the difficulty lies in formulating and including prior
knowledge into the segmentation process. How does one describe ones perception of
what constitutes foreground in an arbitrary image through low level cues? As distinguish-
ing between foreground and background becomes harder and requires a higher level of
scene understanding this task becomes increasingly difficult.

In this work we attempt to address this issue. By combining existing image segmen-
tation approaches with simple learning techniques we seek to include prior knowledge
into this visual grouping process. We wish to partition images into two parts based on
previously seen example segmentations.

The approach taken here is based on graph cut techniques. This was motivated by the
simple fact that it has been one of the more successful approaches in image segmentation.
In addition, as it will be seen, it also allowed for a straightforward incorporation of prior
knowledge into its formulation. A suggestion for an efficient implementation along with
some preliminary results on two different types of images are also given.

In terms of computer vision subfields, the proposed technique could be seen as being
placed somewhere between segmentation, classification and detection.

6.3.2 Theory of Graph Cuts

A graph cut is the process of partitioning a directed or undirected graph into disjoint sets.
The concept of optimality of such cuts is usually introduced by associating an energy to
each cut. Problems of this kind have been well studied within the field of graph theory
but can for graphs with more than only a few nodes be notoriously difficult. Nevertheless,
ever since it became apparent that many low-level vision problems can be posed as finding
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energy minimising cuts in graphs these techniques have received increased attention in the
computer vision community. Graph cut methods have been successfully applied to stereo
problems, image restoration, texture synthesis and image segmentation. Below we give a
brief overview of graph cuts for image segmentation as well as an introduction to some
basic definitions.

Given a graph G = {V, E, W}, where V denotes its nodes, E its edges and W the
affinity matrix, which associates a weight to each edge in E. A cut on a graph is a partition
of V into two subsets A and B such that

A ∪B = V, A ∩B = ∅.

Perhaps the simplest and best known graph cut method is the min-cut formulation. The
min-cut of a graph is the cut that partitions G into disjoint segments such that the sum
of the weights associated with edges between the different segments is minimised. That
is, the partition that minimises

Cmin(A, B) =
∑

u∈A,v∈B

Wuv. (6.1)

However, as this is an NP-hard combinatorial optimisation problem, the task of finding
the solution can be a formidable one. In order to overcome this one can relax (6.1) into
a semi-definite program[68], resulting in a convex problem for which efficient solvers
exist. However, the task of finding the solution to the original problem from the relaxed
one still remains an open issue. Another commonly used approach is based on a slight
reformulation of the original min-cut problem. By adding the requirement that two
predefined nodes, denoted terminal nodes or source and sink nodes, in G must be in
separate sets, the complexity of the problem is significantly reduced. Finding the min-cut
separating the source and the sink, the so called s-t cut, can be achieved in polynomial
time [26]. If one views the weights associated to each node as a flow capacity it can be
shown that the maximal amount of a flow from source to sink is equal to the capacity of
a minimal cut. Therefore the min-cut problem is also known as the max-flow problem.

6.3.3 The Image Seen as a Graph

The general approach to constructing an undirected graph from an image is shown below
in figure 6.1.

Basically each pixel in the image is viewed as a node in a graph, edges are formed between
nodes with weights corresponding to how similar two pixels are, given some measure of
similarity, as well as the distance between them. In attempt to reduce the number of edges
in the graph only pixels within a smaller, predetermined neighbourhoodN of each other
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Figure 6.1: Graph representing a 3-by-3 image. (Image courtesy of Yuri Boykov.)

are considered. The two terminal nodes, the source and the sink does not correspond to
any pixel in the image but instead are viewed as representing the object and background
respectively. Edges are formed between the source and sink and all other non-terminal
nodes, where the corresponding weights are determined using models for the object and
background.

The min-cut of the resulting graph will then be the segmentation of the image at
hand. This segmentation should then be a partition such that, owing to the definition
of image-pixel resemblance, similar pixels close to each other will belong to the same
partition. In addition, as a result of the terminal weights, pixels should also be segmented
in such a manner so they end up in the same partition as the terminal node corresponding
to the model (object or background) they are most similar to. An illustration of the
segmentation process can be seen in figure 6.2.

The edge weight between pixel i and j will be denoted W I
ij and the terminal weights

between pixel i and the source (s) and sink (t) as W s
i and W t

i respectively and are given
by

W I
ij = e

(− r(i,j)
σR

)
e
(− ||w(i)−w(j)||2

σW
)
, (6.2)

W s
i = p(w(i)|i∈s)

p(w(i)|i∈s)+p(w(i)|i∈t) , (6.3)

W t
i = p(w(i)|i∈t)

p(w(i)|i∈s)+p(w(i)|i∈t) . (6.4)

Here || · || denotes the Euclidean norm, r(i, j) the distance between pixel i and j and
λ, σR and σW are tuning parameters weighting the importance of the different features.
Hence, W I

ij contains the inter-pixel similarity, that ensures that the segmentation is more

52



6.3. MAXIMAL FLOW AND MINIMAL CUT

Figure 6.2: Example segmentation of a very simple 3-by-3 image. Edge thickness corre-
sponds to the associated edge weight. (Image courtesy of Yuri Boykov.)

coherent. W s
i and W s

i describes how likely a pixel is to being background and foreground
respectively.

6.3.4 Image Descriptors, Pixel Models and Prior Knowledge

As mentioned in the previous section prior knowledge is incorporated into the graph cut
framework through the terminal nodes. For this purpose we need a way to describe each
pixel as well as model the probability of that pixel belonging to the foreground or the
background.

The image descriptors used in the current implementation are based on texture and
colour. For texture descriptors we used the output of a bank of 30 Gabor filters. These
are a type of complex valued filters that are defined by harmonic functions modulated
by a Gaussian distribution. Their close relation to processes in the primal visual cortex
along with a number of additional desirable filter properties has made them very popular
within the image processing community. The three colour channels are simply appended
to this 60-dimensional, real-valued vector resulting in a 63-dimensional descriptor vector
v for each pixel in the image I .

The probability distribution for these descriptors is modelled using a Gaussian Mix-
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ture Model (GMM).

p(v|Σ, µ) =

k
∑

i=1

1
√

2π|Σi|
e(− 1

2 (v−µi)
T Σ−1

i
(v−µi)).

From a number of training images, as exemplified in figure 6.3, with hand labelled regions
the GMM parameters are then fitted through Expectation Maximisation, [34]. This
fitting is only carried out once and can be viewed as the learning phase of our proposed
method.

Figure 6.3: Example training image with two hand labelled regions. Left: sky. Right:
non-sky.

6.3.5 Experiments

The examples presented below are all preceeded by a training phase, one per object class,
as described above. This is the a priori information that will determine the weights of the
edges of the graph that represents the image. The inter-pixel similarity is computed ac-
cording to (6.2) and the terminal weights from (6.3-6.4) and section 3 to form the affinity
matrix. The resulting graph can then be cut, or segmented in low order polynomial time
by the algorithm proposed by [26].

We have evaluated our method on two different images, an underwater image of a
coral reef and an ordinary holiday picture, and three different object categories. In the
coral images the goal was to detect and segment out bleached coral and for the holiday
snaps the two object categories were sky and sand. The results are shown in figs. 6.4 and
6.5.
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Figure 6.4: Segmentation of an image of a coral reef into diseased coral and background
respectively.

For average size images, 320-by-320 pixels, the run-time for this method on a stan-
dard PC is approximately 2 minutes. On the other hand, Håkan Ardö, a colleague in
Lund, has implemented the algorithm with an optimised code for this particular type of
graph, [3], resulting in a solution for the algorithm with at least two frames per second
for images of size 640-by-480 pixels, which in turn can be used for different applications.

6.3.6 Conclusions

In this chapter we have suggested a method for automatic detection, segmentation and
classification of textured regions in colour images. It describes how prior information can
be brought into a graph cut framework through the use of terminal node weights and
learning techniques. An efficient implementation is also presented along with some very
promising results on an underwater image of a coral reef as well as an ordinary holiday
picture.

Future work includes an more thorough examination of different object and back-
ground models. The choice of model order of the Gaussian mixture models should be
made automatic. The image descriptors and the issue of scale invariance needs address-
ing, Finally, multiway segmentation as well as the possibilities of including prior shape
information into the segmentation process could also prove to be promising candidates
for continued research.
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Figure 6.5: Segmentation of an ordinary holiday picture (top) into sky and background
respectively, and into sand and background respectively.

6.3.7 Graph Theory and Linear Programs

In this chapter we have presented some results on how the graph theoretic theorem about
maximal flow and minimal cut can be used to segment images. But this graph theoretic
theorem can be used as a more general tool when constructing algorithms for solving
mathematical problems.

For instance we can solve problems in linear programming, instead of using the well-
known simplex algorithm, by translating the problem to the one of finding a minimal cut
in a graph. For the reader interested in the technical details concerning the translation of
the problem to a graph problem we recommend [31]

Since many of the problems concerning segmentation and classification can be re-
garded as special instances of solving linear programs we will now, for the rest of the
thesis, concentrate on linear programming instead. And even though there are strong
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connections between this subject and graph theory, this will hardly be mentioned later
on. We will take a closer look at the perceptron algorithm instead, another discrete algo-
rithm that has been used for solving these types of questions.
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Chapter 7

The Perceptron Algorithm and Linear
Programs
7.1 Introduction

The Perceptron Algorithm was introduced by Rosenblatt in [58] and has been well-
studied by mathematicians and computer scientists since then. The algorithm is mistake-
driven and has a very simple form of updating.

The perceptron as such was proposed and designed to model the human brain and
the human recognition of visual patterns. The model involved a retina whose elements
(cells) were linked to so called predicates whose purpose was the recognition of elementary
patterns occurring on the retina.

Today, even though the perceptron no longer is thought of as a good model for the
human brain, the algorithm and its developments are used in areas as machine learning,
pattern recognition, separation and segmentation.

By connecting several layers of perceptrons, computer scientists have developed neural
networks, and the simple single layer perceptron is still used for finding feasible solutions
to linear programs.

This thesis will only consider the perceptron algorithm as such and throughout this
work, the interpretation of the algorithm will be as a solver of linear programs, even
though we will discuss some other interpretations briefly.

Here we will show earlier modifications to make it work at a greater speed, but no-
tice that this modification has made the algorithm a randomised one. Further on we
will present a way of dealing with this side-effect, finally yielding an algorithm that is
both faster than the previous modification and at the same time having a deterministic
behaviour. This result in turn can be used for approximating an optimal solution to the
problem of finding a maximal margin for the feasibility version of a linear program, and
so approximate an optimal solution.

7.1.1 A Brief History of the Perceptron Algorithm

The first iterative algorithm for learning (binary) linear classifications is the procedure
proposed by Frank Rosenblatt in 1956 for the perceptron, see [58]. It is an on-line and
mistake-driven procedure, starting at an initial vector w, updating the vector with the
procedure every time a training point is misclassified.

In the case of the (n-dimensional) data being linearly separable, the process ends after
a finite number of steps by presenting a hyperplane, an affine subspace of dimension
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n − 1, which divides the space into two parts, corresponding to the two distinct classes
that we aimed to separate.

To describe the perceptron by Rosenblatt, we introduce some notation: Let X denote
the input space and Y denote the output domain. Usually we have X ⊆ Rn and Y =
{−1, 1} in the case of a binary classification. A training set is a collection of training
examples, which we will denote as

S = ((x1, y1), . . . , (xm, ym)) ⊆ (X × Y )m,

where m is the number of examples. Also we let (w, b) denote a hyperplane with normal
vector w, the distance b from the origin to the hyperplane in the direction of w. further
on, the learning rate will be denoted η. With this we can describe the algorithm as in
[32] for instance:

Algorithm 7.1.1. The Perceptron Algorithm (primal form)
Input: A linearly separable training set S and a learning rate η ∈ R

+.
Output: A hyperplane (w, b) such that yi(w · xi + b) > 0 for every i.

1. w ← 0, b← 0 and R← maxi ‖xi‖
2. repeat

3. for i = 1 to m

4. if yi(w · xi + b) ≤ 0 then

5. w ← w + ηyixi

6. b← b + ηyiR
2

7. end if

8. end for

9. until no mistakes, yi(w · xi + b) ≤ 0, are made within the for loop

10. return (w, b)

For convenience, we will in these chapters discuss the version of the algorithm that,
given a set of points (constraints, or examples) A = ∪iai from Rn finds, if any, a normal
z to a hyperplane through the origin such that z · ai > 0 for every i. (Further on we
will let A also denote the matrix with ai as its row i. Note that we do not have any
zero rows in the matrix A since the inequality is strict). This is, so to say, a hyperplane
through origin such that all points are on the very same side of the hyperplane. Here, the
constraints are all considered to be in the same class, while we on the other hand have
added an extra condition on the hyperplane, namely that it passes through the origin.
Also, the learning rate η is set to 1 for convenience.

This version of the algorithm can easily be described as follows:
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HYPERPLANE THROUGH ORIGIN WITH POSITIVE EXAMPLES

Algorithm 7.1.2. The Perceptron Algorithm
Input: A set of points (constraints) A = ∪iai from Rn.
Output: A normal z to a hyperplane such that z · ai > 0 for every i, if there is such a

solution.

1. Let z=0.

2. If there is a point ai ∈ A such that z · ai ≤ 0, then z ← z + ai.

3. Repeat step 2 until no such points are found and output z.

On top of this, we will normalise the conditions such that all of them have the same
length (‖ai‖ = 1 for simplicity reasons). It is easy to see that if z has positive inner
product with all ai:s, it would also have positive inner product with all ai/‖ai‖ since the
denominator is positive for all constraints.

Do note that the perceptron algorithm will never halt if there is no solution to the
stated problem. In this case there is always at least one constraint misclassified, giving
that we always have to return to step 2.

7.1.2 The Notion of Margin

There is a need to have a way of comparing two different solutions to our studied prob-
lem, in order to be able to choose the best one. To do this we will use the concept of
margin. In this case we let z be a solution to a linear program such that z · ai > 0 for
every ai ∈ A and let P be the hyperplane through origin with z as normal.

Definition 7.1.1. The margin γ(z, A) of a specific solution z to a linear program is the
minimum distance between members of A and the hyperplane P .

But for every posed problem about a linear program we are interested in getting as
large margin as possible, thus we introduce the concept of the maximal margin.

Definition 7.1.2. The maximal margin γ to a linear program is the largest possible
margin that can be attained by letting z vary over all possible solutions.

7.2 Reduction of a Feasible Solution to an LP to a

Hyperplane Through Origin with Positive Examples

In the general case a solution to a Linear Program is a hyperplane that separates positive
and negative examples. But in this thesis we will, as mentioned above, transform the
problem and instead study linear programs with only positive examples, moreover will
the transformation guarantee that there is a solution through the origin. Here is a short
description of how the transformation is made.
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1. Let us start with a linear program with both positive and negative examples and a
separating (n− 1)-dimensional hyperplane P as a solution to the problem, that is:
P separates the negative examples from the positive ones.
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Figure 7.1: Hyperplane that separates positive and negative examples.

2. For all m constraints: add a new coordinate, always with the same nonzero value
(here chosen to be equal to one), to every constraint a, or formally

a← {a1, . . . , an, 1}.

Now we have m constraints in n + 1 dimensions. Since the original problem had
an n − 1-dimensional hyperplane P as a solution, we get that the n-dimensional
hyperplane P ′, which is spanned by P and origin, is a solution to the new problem.

3. Now we construct a new set A of examples by negating all of the negative examples
in the previous set. So, if ai is a negative example, we make the replacement
ai ← −ai. Now all examples are positive and we know that z · ai > 0 for every i,
when z is a feasible solution to our studied problem.
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Figure 7.2: Hyperplane through origin that separates positive and negative examples.

4. Finally we normalise the length of all constraints such that they all have length one.
This operation does not interfere with our separating hyperplane since z · ai > 0
implies that (z · ai)/‖ai‖ > 0.

5. This yields a hyperplane through the origin such that the inner product between a
normal to the hyperplane and all examples from A is strictly positive.

Note that this way of restating the original problem only preserves a feasible solution.
An optimal solution, yielding a maximal margin, might not be preserved during this
transformation of the problem.

7.3 A Classical Theorem Concerning

the Perceptron Algorithm

Obviously this algorithm will never halt if there is no solution to the problem, that would
imply that there always exists a misclassified example yielding a new update. On the other
hand, Novikoff proved the following: If there is a solution to the problem, the algorithm
will halt in a finite number of steps, even if the number of constraints is infinite. We
will now present this classical theorem, but rewritten for the case where we have no bias,
b = 0, and only positive examples of unit length.
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Figure 7.3: Hyperplane through origin having all examples at the same side.

Theorem 7.3.1. The number of mistakes made by the on-line perceptron algorithm, on a
non-trivial set A that has a solution to the problem, is at most (1/γ)2, where γ is the size of
the maximal margin according to the above definition.

Now, since the margin can be any positive number close to zero, this upper bound
of the performance does not say very much. And even though there are many results
showing that the algorithm runs much faster in the usual case, there are constructions
of constraint sets such that the behaviour of the algorithm is exponential in terms of the
number of constraints [6].

Nevertheless, the way the theorem is proved is of interest for further developments of
the Perceptron Algorithm later on in this thesis, and therefore we present a proof of the
theorem.

Proof: We consider the simpler form of the algorithm where the desired hyperplane passes
through origin, thus there is no bias. We further assume that all examples are of unit
length and also positive so we do not have to consider the sign of any constraint.

Now, let z denote a solution where z · ai ≥ γ for every i, and let xt denote the
hypothesis x in the algorithm after t updates. First of all we conclude that

xt · z = xt−1 · z + ai · z ≥ xt−1 · z + γ

for the ai that was the last instance of misclassification yielding an update. This implies,
by induction, that xt · z ≥ tγ.

Similarly, we have

‖xt‖2 = ‖xt−1‖2 + 2(xt−1 · ai) + ‖ai‖2 ≤ ‖xt−1‖2 + 1,
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Figure 7.4: A hyperplane through origin having all examples, now of unit length, at the
same side. This illustrates the transformation of the linear program that is used through-
out the thesis.

since (xt−1 · ai) is negative, which implies that

‖xt‖2 ≤ t.

Combining these two results we get the following squeezing relation:

‖z‖
√

t ≥ ‖z‖‖xt‖ ≥ (xt) · z ≥ tγ,

which implies that t ≤ 1/γ2. �

7.4 The Classical Problem

Concerning the XOR-function

Although the perceptron initially seemed promising, it was quickly proved that a single
perceptron could not be trained to recognise many classes of patterns. This led to the
field of neural network research stagnating for many years, before it was recognised that
a feed-forward neural network with three or more layers (also called a multilayer per-
ceptron) had far greater processing power than perceptrons with one layer (also called
a single layer perceptron) or two. Single layer perceptrons are only capable of learning
linearly separable patterns. In 1969 Marvin Minsky and Seymour showed in a famous
monograph entitled Perceptrons,[52] that it was impossible for these classes of network to
learn an XOR-function. They conjectured (incorrectly) that a similar result would hold
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for a perceptron with three or more layers. The discovery in the 1980s that multi-layer
neural networks did not, in fact, have these problems contributed to the resurgence of
neural network research. More recently, interest in the perceptron learning algorithm has
increased again after Freund and Schapire (1998) presented a voted formulation of the
original algorithm (attaining large margin) and suggested that one can apply the kernel
trick to it. The kernel-perceptron not only handles nonlinearly separable data but can
also go beyond vectors and classify instances having a relational representation (e.g. trees,
graphs or sequences).

7.5 Neural Networks

Neural networks have great advantages of adaptability, flexibility, and universal nonlinear
functional approximators. One of the most popular algorithms in the neural networks
category is the back-propagation algorithm. The back-propagation algorithm performs
supervised learning on a multilayer feed-forward neural network. It is based on Perceptron
algorithm introduced by Rosenblatt that is considered as one of the first machine learn-
ing algorithms. The perceptron algorithm expresses linear decision surfaces. In contrast,
the kind of multilayer networks learned by the back-propagation algorithm are capable
of expressing a rich variety of nonlinear decision surfaces. Its discovery made the neural
networks a tool for solving a wide variety of problems ranging from speech recognition
to complex tasks of particle separation in high energy physics experiments. A multilayer
neural network consists of sensory units (neurons or nodes) divided into 3 layers - an
input layer, one or more hidden layers and an output layer. The units in each layer are
fully connected with the units in the next layer. These connections have weights asso-
ciated with them. Each signal travelling along the link is multiplied by the connection
weight. The input signal propagates through the network in a forward direction, on a
layer-by-layer basis. The training of a network by back-propagation involves three stages:
The feed-forward of the input training pattern, the calculation and back-propagation of
the associated error, and the adjustment of the weights. After training, application of
the net involves only the computations of the feed-forward phase. Even if the training is
slow, a trained net can produce its output very rapidly. An activation function for a back-
propagation net should have several important characteristics: It should be continuously
differentiable, and monotonically non-decreasing. Furthermore, for computational effi-
ciency, it is desirable that its derivative is easy to compute. For the most commonly used
activation functions, the value of the derivative can be expressed in terms of the value of
the function. Usually the function is expected to saturate, i.e. approach finite maximum
and minimum values asymptotically.
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7.6 Linear Programs

The problem solved by the version of the Perceptron Algorithm discussed here, is the
homogenised form of a feasible standard form of a linear program: Find x such that
Ax ≥ 0 and x 6= 0. Here, A is the matrix with ai as row i and x = zT , where z is
the normal of the hyperplane described above. This problem is of great importance, since
it solves max cT x, Ax ≤ b, x ≥ 0 by repeatingly solve the homogenised version and
perform a binary search.

Due to the importance of the problem, many different methods have evolved to find
solutions to it. To mention here is the simplex algorithm, the interior point method,
ellipsoid methods, the perceptron algorithm and the modified perceptron algorithm.

One of the main results of this part of the thesis, is that we present a modified percep-
tron algorithm that is both deterministic and faster than previous versions. This makes
the modified perceptron algorithm even more competitive than before.

7.6.1 Computational Complexity

Popular algorithms for solving standard LP are versions of the simplex algorithm [66];
ellipsoid methods [45]; interior point algorithms [65]; and the perceptron-rescaling algo-
rithm (with possible modifications) [35]. There exist different measures of the complexity
of an algorithm. We will mention three different of them here: worst case, which is given
by the worst probable running time over all datasets, expected complexity, described as the
expected time used by the algorithm when a problem is picked from a uniform distri-
bution, and smoothed complexity, which is defined as the maximum over all inputs of the
expected running time over an input under a Gaussian perturbation with variance σ2.
The following figures can be found in the literature:

• Simplex algorithm: exponential in worst case, but polynomial smoothed complex-
ity [66] (see the same article for a definition of smoothed analysis).

• Interior point methods: O(m3 log(m/σ)) (smoothed complexity) [65], where σ
is defined above.

• Ellipsoid methods: O(mn3〈A, b〉) in worst case, where 〈A, b〉 ≥ mn, [45]. How-
ever, this method does not work on-line, which can be a disadvantage for very large
datasets.

• Perceptron algorithm with rescaling [19]: O(mn4 log n log(1/γ∗)) where

γ∗ = max
x∈Rn

min
i

ai · x
‖ai‖‖x‖

.

(Here ai denotes the i:th row of A.)
This algorithm is not deterministic, but terminates in worst case, with high prob-
ability, in the given time.
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• Modified perceptron algorithm, presented in this thesis, terminates in worst case
in time: O(mn3 log n log(1/γ∗)).

• Modified perceptron algorithm implemented on parallel processors, presented in
this thesis, terminates in worst case in: O(mn2 log n log(1/γ∗)).

• Modified perceptron algorithm, presented in this thesis, terminates in expected
time: O(mn2 log n log(1/γ∗)).

7.6.2 The Case of Semidefinite Programming

Semidefinite programming is an active research area in optimisation and it has important
applications in combinatorial optimisation and control theory. The main discussion in
this subsection is taken from [42] and is included to the thesis to show one important
consequence of speeding up the modified perceptron algorithm.

Semidefinite programming has been discovered as a useful tool in machine learning
with applications in pattern separation, ellipsoids and invariant learning.

Methods for solving semidefinite programs has in many cases been developed in anal-
ogy to linear programming. Algorithms, with the main idea taken from the simplex
method, has been developed for semidefinite programs, but they seem to be of mere
theoretical interest. The ellipsoid method works by searching for a feasible point by re-
peatedly halving an ellipsoid and creating a new smaller ellipsoid in each step, in such
manner that, after repeating the process enough many times, the centre of the last ellip-
soid becomes a feasible point. This method usually attains its worst-case bound and can
be said to have poor performance in practice. The currently most efficient method for
solving a semidefinite program in practise, are different interior point methods. These
methods minimise a linear function on convex sets provided the sets are endowed with
self-concordant barrier functions.

Quite surprising was that Graepel, Herbrich, Kharechko and Shawe-Taylor [42] could
show that the old perceptron algorithm could be modified to solve semidefinite programs.
This was combined with the modified perceptron algorithm by Dunagan and Vempala to
reach a polynomial time algorithm using the perceptron algorithm to solve this problem.
The running time was not at a great speed, but the reason to mention this result here is
that speeding up the modified perceptron algorithm, as done in this thesis, would speed
up the algorithm for solving semidefinite programs using this method as well.

Their aim was to solve a semidefinite program, here expressed by linear matrix in-
equalities:

min
x∈Rn

c
′
x subject to F(x) := F0 +

n
∑

i=1

xiFi � 0,

where c ∈ Rn and Fi ∈ Rm×m for all i ∈ {0, . . . , n}.
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The main ideas in their work can be the described firstly by the following three propo-
sitions:

Proposition 7.6.1. Every semidefinite program is a linear program with infinitely many
linear constraints.

Proposition 7.6.2. Any semidefinite program can be solved by a sequence of homogenised
semidefinite constraint satisfaction problems of the following form:

find x ∈ R
n+1 subject to G(x) :=

n
∑

i=0

xiGi ≻ 0.

Proposition 7.6.3. If the feasible set has a positive radius, then the perceptron learning
algorithm solves a linear constraint satisfaction problem in finitely many steps.

This fact, that the ordinary perceptron algorithm ends in a finite number of steps,
if there is a solution with positive radius, irrespective of the cardinality of the number
of constraints, is an old but very useful result when it comes to study the perceptron
algorithm.

Secondly the authors combine these facts to construct an algorithm to solve the
semidefinite program. In order to make the algorithm terminate in polynomial time,
they use the modified perceptron algorithm, first constructed by Dunagan and Vempala.
So, speeding up the modified perceptron algorithm, as done below, will in turn speed up
this algorithm for solving semidefinite programs.
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Chapter 8

Results on the Perceptron Algorithm
From now on we will discuss changes and new results concerning the modified perceptron
algorithm in order to make it both deterministic and faster than before. We will improve
the performance with a factor of O(n), if looking at the worst case scenario, but also show
that the expected time used by the algorithm will be a factor O(n2) faster than the bound
made by Dunagan and Vempala. The improvements of the algorithm has also changed
it from a randomised one into a deterministic algorithm. The algorithm presented by
Dunagan and Vempala will be presented in detail later on in the thesis, after we have
discussed some geometrical aspects of the unit sphere in n dimensions.

8.1 Geometry Questions for the

Modified Perceptron Algorithm

In the proof of the polynomial termination of the modified perceptron algorithm, Duna-
gan and Vempala use an estimate for the probability of two random unit vectors having
an inner product with each other of at least 1/

√
n. They say that a simple geometric

argument yields that this entity, here denoted Πn is at least 1/8 for all n. Here follows a
more extensive investigation of this probability for two reasons. Firstly, it is an interesting
property when you are about to speed up an algorithm to have as good estimates as possi-
ble. Secondly, we could never find this simple geometric argument giving their estimate,
so we had to ensure us, in one way or the other, that the estimate was correct.

8.1.1 Inner Product Between Two Random Unit Vectors

In the algorithm described by Dunagan and Vempala, the key to prove the performance is
to find a unit vector v having inner product with the optimal, but unknown, unit vector
w of at least 1/

√
n, with a high probability. The value 1/

√
n originates from a proof

made in [35]. Here it is of great importance to, at first, know the probability of two unit
vectors, picked from a uniform distribution, having an inner product of at least 1/

√
n.

First we conclude that we can fix one of the two n-dimensional vectors, say w =
e1 = (1, 0, 0, . . . , 0) which is a vector on the unit sphere. Now, let v = (x1, . . . , xn)
be a randomly chosen unit vector in our n-dimensional space, chosen from a uniform
distribution on the n-dimensional sphere.

In simulations where we pick a random vector of length one, with uniform distri-
bution on the unit ball surface, we first construct ṽ = (x̃1, . . . , x̃n), where each x̃i is
chosen with the same Gaussian distribution, in our case x̃ ∈ N(0, 1). Our vector v is a
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scaling of ṽ such that it has length one, see [54] for more details on the construction of
a uniform distribution on the n-dimensional sphere. The above construction will also be
used in the calculations below.

Let Πn denote the probability that two n-dimensional unit vectors have an inner
product of at least 1√

n
. We calculate the probability of having the desired inner product

and assume that n ≥ 2 since the case n = 1 is trivial.

Pr
(

v · w ≥ 1√
n

)

= Pr
(

x1 ≥
1√
n

)

=
1

2
Pr
(

x2
1 ≥

1

n

)

=
1

2
Pr
( x̃2

1

Σn
i=1x̃

2
i

≥ 1

n

)

=

1

2
Pr
(

x̃2
1 ≥

Σn
i=1x̃

2
i

n

)

=
1

2
Pr
(

x̃2
1(1 −

1

n
) ≥ Σn

i=2x̃
2
i

n

)

=
1

2
Pr
(

x̃2
1 ≥

Σn
i=2x̃

2
i

n− 1

)

.

This can be used for calculating the probability Πn when n tends to infinity. We get
the following proposition, where erf(x) = 2√

π

∫ x

0
e−t2dt:

Proposition 8.1.1.

lim
n→∞

Πn =
1

2

(

1− erf

(

1√
2

))

.

Proof: When n tends to infinity we get that the distribution

Σn
i=2x̃

2
i

n− 1

tends to 1, having zero variance, and so,

lim
n→∞

Πn =
1

2
Pr
(

x̃1
2 ≥ 1

)

.

Then x̃1
2 is χ2(1)-distributed, hence

lim
n→∞

Πn =
1

2

∫ ∞

1

1√
2π

e−
x
2√
x

dx = . . . =
1

2

(

1− erf

(

1√
2

))

.

�

Moreover, there is an other, more direct, way of calculating this probability, which
also gives us an analytical expression for every n. By elementary geometry, we get that the
probability can be expressed by considering sectors of the unit sphere in Rn. The surface
element dS on this hyper-sphere is given by

dS = Cn−1

√

(1− x2)n−3dx,

where Cn−1 is the area of the (n − 1)-dimensional unit sphere. We get the following
theorem:
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Theorem 8.1.1.

Πn = Pr

(

v · w ≥ 1√
n

)

=

∫ 1

1/
√

n

√

(1− x2)n−3dx
∫ 1

−1

√

(1 − x2)n−3dx
,

when n > 2. Both integrals can be calculated by using the substitution x = cos t.

We list the first known exact values and present their approximations for a few finite
cases. A proof showing that Πn always is greater than 1

2 (1−erf(1/
√

2)) will be included
in a section below.

n Πn appr. value
1 1/2 0.5000 . . .
2 1/4 0.2500 . . .

3 1
2 (1− 1/(

√
3)) 0.2113 . . .

4 1/3−
√

3/(4π) 0.1955 . . .

5 1
2 (1− 7/(5

√
5)) 0.1870 . . .

...
...

...
∞ 1

2 (1− erf(1/
√

2)) 0.1587 . . .

The first version of Dunagan and Vempalas algorithm that we read used an incorrect
estimate of the entity Πn, saying that Πn ≥ 1/4. Here we see that the first version of the
proof of Algorithm 1.1 in [35] will fail for n ≥ 3.

(The proof was corrected with a new lower bound, Π ≥ 1/8, directly after the mis-
take was discovered. But a positive effect of this minor mistake was that it triggered us to
a detailed investigation of this geometric property.)

The failure of the first proof was the case since they needed a lower bound of the
probability of at least 1/4 in the estimations on the increase of the margin made in the
proof. Below we will give the exact lower bound, better than the rude estimate 1/8,
for the probability which in turn could be used to estimate optimal choices of different
pre-chosen constants in the algorithm.

8.2 Lower Bound on the Probability of

Two Vectors Having Large Inner Product

For purposes below, we need to show a lower bound for Πn for every n. This will be
proved by first showing that the sequences Π2n and Π2n+1 are decreasing sequences and
then add the earlier information about the first few values of Πn and the limit when n
tends to infinity.
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We were not able to show that the sequence Πn itself is a decreasing sequence, but
we conjecture that this is the case. Our results yields anyhow a lower bound, even though
the sequence Πn might be of a sawtooth shape for large n.

8.2.1 Π
n

is Always Greater than 1

2
(1− erf(1/

√
2))

In order to show that Πn always is big enough for our purposes, we first show the follow-
ing:

Theorem 8.2.1. The series Π2n and Π2n+1 are decreasing.

Proof: First put

In =

∫ 1

1√
n

√

(1 − x2)n−3dx and Jn =

∫ 1

−1

√

(1 − x2)n−3dx.

According to the definition of Πn above, we want to show that In

Jn
≥ In+2

Jn+2
when n > 1.

Partial integration yields:

Jn+2 =
[

x
√

(1 − x2)n−1
]1

−1
−
∫ 1

−1

x
n− 1

2
(1− x2)

n−3
2 (−2x)dx =

−(n− 1)Jn+2 + (n− 1)Jn.

We get that

Jn+2 =
n− 1

n
Jn.

In the same manner we get that:

In+2 =
[

x
√

(1− x2)n−1
]1

1√
n+2

+ (n− 1)

∫ 1

1√
n+2

x(1 − x2)
n−3

2 xdx =

= − 1√
n + 2

√

(

1− 1

n + 2

)n−1

− (n− 1)

∫ 1

1√
n+2

(1 − x2)
n−3

2 (1− x2)dx+

+(n− 1)

∫ 1

1√
n+2

(1− x2)
n−3

2 dx =

= − 1√
n + 2

√

(

1− 1

n + 2

)n−1

− (n− 1)In+2 + (n− 1)In+
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+(n− 1)

∫ 1√
n

1√
n+2

(1− x2)
n−3

2 dx.

Consequently,

In+2 =
n− 1

n
In+

+
n− 1

n





∫ 1√
n

1√
n+2

√

(1− x2)n−3dx− 1

(n− 1)
√

n + 2

√

1−
(

1

n + 2

)n−1


 .

We are finished if we can show that

∫ 1√
n

1√
n+2

√

(1 − x2)n−3dx ≤ 1

(n− 1)
√

n + 2

√

1−
(

1

n + 2

)n−1

.

First we estimate the integral

∫ 1√
n

1√
n+2

√

(1− x2)n−3dx ≤
∫ 1√

n

1√
n+2

x
√

n + 2
√

(1 − x2)n−3dx ≤

≤
[

−
√

n + 2
1

n− 1
(1− x2)

n−1
2

]
1√
n

1√
n+2

=

=
√

n + 2
1

n− 1

√

(

1− 1

n + 2

)n−1

−
√

n + 2
1

n− 1

√

(

1− 1

n

)n−1

.

Now, we are ready if we can show that

√
n + 2

1

n− 1

√

(

1− 1

n + 2

)n−1

−
√

n + 2
1

n− 1

√

(

1− 1

n

)n−1

≤

≤ 1

(n− 1)
√

n + 2

√

(

1− 1

n + 2

)n−1

.

This inequality can be rewritten in a few steps as follows:

(n + 1)

√

(

1− 1

n + 2

)n−1

≤ (n + 2)

√

(

1− 1

n

)n−1

,

(

1− 1

n + 2

)

√

(

1− 1

n + 2

)n−1

≤
√

(

1− 1

n

)n−1

,
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(

1− 1

n + 2

)n+1

≤
(

1− 1

n

)n−1

and by inverting both sides we get that

(

1 +
1

n− 1

)n−1

≤
(

1 +
1

n + 1

)n+1

,

which is true since
(

1 + 1
n

)n
, n = 1, 2, 3, . . . is a monotone increasing sequence. �

Summing up facts concerning Πn, we now know the first few values, the value when
n tends to infinity and that Π2n and Π2n+1 are decreasing sequences when n grows. We
get the following corollary:

Corollary 2.4 For every n,

Πn ≥
1

2
(1 − erf(1/

√
2)).

8.3 How to Make the Perceptron Algorithm Polynomial

The first polynomial algorithm using the perceptron algorithm was created by Dunagan
and Vempala in [35]. Even though the algorithm they constructed was not as fast as
other algorithms mentioned above, it must be said it was a breakthrough for the Percep-
tron Algorithm. After this result, the algorithm could not be counted out, it could be
competitive.

Algorithm 8.3.1. The Modified Perceptron Algorithm (Dunagan & Vempala)
Input: An m× n matrix A.
Output: A point x such that Ax ≥ 0 and x 6= 0.

1. Let B = I , σ = 1/(32n).

2. (Perceptron)

(a) Let x be the origin in R
n.

(b) Repeat at most 16n2 times: If there exists a row a such that a·x ≤ 0, set x = x+ā.

Here ā denotes the normalised vector a/‖a‖.

3. If Ax ≥ 0, then output Bx as a feasible solution and stop.

4. (Perceptron Improvement)

(a) Let x be a random unit vector in Rn.
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(b) Repeat at most (lnn)/σ2 times: If there exists a row a such that ā · x̄ < −σ, set
x← x− (ā ·x)ā. If x = 0, go back to step (a). (This is to assure us of not having the
vector x set to zero)

(c) If there still exists a row a such that ā · x̄ < −σ, restart at step (a). (This takes care
of the situation of a bad choice of the randomly chosen vector x)

5. If Ax ≥ 0, then output Bx as a feasible solution and stop.

6. (Rescaling)

Set A← A(I + x̄x̄T ) and B ← B(I + x̄x̄T ).

7. Go back to step 2.

It is not evident that this algorithm will terminate. But Dunagan and Vempala proved
that the margin of the Linear Program will increase in mean, when many rescalings are
made inside the algorithm. This will in turn make the margin so large such that the
Perceptron part (2) of the algorithm will return a feasible solution to the problem of the
Linear Program.

Beside the size of the running time (O(mn4 log n log(1/ρ)), where ρ is approxi-
mately the size of margin γ), the algorithm they presented was randomised, as seen in
step 4 (a) above. This means that the result was given in the mentioned time with very
high probability. This is unfortunate, since exceeding the specified time will not always
imply that no solution exists. This property will be desired later on in the thesis when we
are about to estimate the maximal margin.

Dunagan and Vempala posed an open question whether or not there was a determin-
istic version of their algorithm.

8.3.1 Making a Deterministic and Polynomial Perceptron Algorithm

Here, we answer the above stated question in the affirmative, according to a result by Barr
and Wigelius presented in [16]. The drawback of the first deterministic and polynomial
perceptron algorithm was that it ran a factor 2n slower than the algorithm presented
by Dunagan and Vempala. On the other hand it gave us a freedom to alter different
constants in the algorithm such that it could run even faster than before. This will be
dealt with later on.

A positive consequence was that the deterministic algorithm could present a definitive
answer if the stated linear program was solvable or not. A fact that will make us construct
an algorithm that approximates a solution to the stated linear program with maximal
margin.

Also, the construction of the algorithm suggests a natural way to implement the prob-
lem on parallel processors in order to speed up the process even further.
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8.3.2 How to Make it Deterministic

First of all we can conclude that it is due to the random choice of a unit vector inside the
algorithm that makes the algorithm of Dunagan and Vempala a randomised one. The
question to put is if there is a way of choosing appropriate vectors so that we can keep
control of the number of iterations being made inside the algorithm.

The success of the algorithm depends on choosing a unit vector that has an inner
product of at least 1/

√
n with a feasible solution z to the posed problem. But since we

do not know a solution to the problem, we can ask us if we can have a set V of vectors,
where at least one vector v ∈ V has the mentioned property. The answer to this is
positive. The set V = ∪n

i=1{ei,−ei} where ∪n
i=1{ei} constitutes an orthonormal basis

for Rn will do, according to the following proposition.

Proposition 8.3.1. Let V = ∪n
i=1{ei,−ei}, where ∪n

i=1{ei} constitutes an orthonormal
basis for Rn. Now, for every unit vector w ∈ Rn,

max
v∈V

w · v ≥ 1√
n

.

Proof: First assume that ei is the vector with a 1 in the i:th coordinate and zero elsewhere.
Now let w = (w1, . . . , wn). At least one wi must have an absolute value of at least
1/
√

n, otherwise ‖w‖ < 1. This yields that there exists at least one vector v ∈ V such
that w · v ≥ 1/

√
n as stated above. To generalise this statement for any orthonormal

basis, we only have to consider the rotation symmetry of Rn. �

To make the algorithm deterministic, we will now run the algorithm in 2n parallel
tracks. And instead of using the origin in step 2(a) and a random unit vector in step 4(a),
we will use vectors from our set V and update them for each iteration in the algorithm.
Since one of parallel tracks will come closer and closer to a solution for each round, this
specific track will terminate in the time mentioned above. But, we are running 2n tracks,
and the total running time will be a factor 2n greater than before.

In practice, this is an advantage since the algorithm will tell us how to make use of
parallel processors in a practical situation, making the algorithm fast when implemented.

8.4 How to Speed Up the Perceptron Algorithm

In order to speed up the algorithm, a deep analysis of all estimates done by Dunagan
and Vempala has been done. As a result of this σ can be enlarged to 1/(32

√
n) and the

16n2 in step 2(b) can be reduced to 4n. These alterations will speed up the process with
a factor of order O(n) for one start vector. Also, new estimates in the margin growth
causes another factor of order O(n) for one start vector. So, in total, the algorithm will
run a factor 2n slower to make it deterministic, but a factor O(n2) faster due to new
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estimates, yielding a modified perceptron algorithm running a factor O(n) faster than
previous results made. These calculations are upper bounds on the worst time taken by
the algorithm to produce a feasible solution.

8.4.1 The Deterministic Modified Perceptron Algorithm

Now, we are ready to go into details with the topic of this chapter.
Below we can study the general structure of the algorithm, breaking it up into smaller

parts that will be presented further on. Important is though that we are running the
algorithm in 2n parallel tracks. This does not imply that we have to run the algorithm
on parallel processors, only that we do each step for every single track before going to the
next step.

Algorithm 8.4.1. The Modified Perceptron Algorithm
Input: An m× n matrix A.
Output: A vector x such that Ax ≥ 0 and x 6= 0 or "No solution exists".

1. Initials

Choose R = 4n (where n is the dimension of the Linear Program) and put σ = 1
32

√
n

.

Let B = I and V = ∪n
i=1{ei,−ei}, where ∪n

i=1{ei} constitutes an orthonormal
basis for R

n.

2. Wiggle Phase

Let U = ∅. For each vector v ∈ V , run the Wiggle Algorithm, collecting all returned
corresponding vectors u in U .

V ← U .

3. Check for no solution

If V = ∅, then output "No solution exists" and stop.

4. Rescaling Phase

Normalise every vector in V . That is, for every v ∈ V , let v ← v
‖v‖ .

For each vector v in V (at most 2n), together with its corresponding matrices A and
B, run the Rescaling Algorithm.

5. Perceptron Phase

For each vector v ∈ V , run the Perceptron Algorithm for at most R rounds with v as
the initial vector.

6. If no feasible solution was obtained in the last iteration of the algorithm, go back to step
2.
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Note that it is only during the first time in the wiggle phase, the set V consists of an
orthonormal basis. The important thing is that there will always be at least one vector
v ∈ V having an inner product with z of at least 1/

√
n, if there is a solution to the

problem. The concept could be described as follows: sometimes we throw away a vector
from the set V , but never throw away the good ones.

Also, we must remind the reader that, even though we start with the two matrices, A
and B, we will do different updates to these matrices for every vector in V . So we will
have up to 2n parallel tracks of A and B matrices.

Note that there are more things to show than only to describe the smaller algorithms
used inside the larger structure. We have to show that they work, to calculate the com-
plexity and to prove that the main algorithm always will return a correct answer in the
time mentioned above.

First we describe the Wiggle Algorithm:

Algorithm 8.4.2. Wiggle Algorithm
Input: An m× n matrix A, a vector v ∈ Rn and a set of vectors U .
Output: One of the following three: A solution x to Ax ≥ 0, an updated vector v that

will be put in U or the empty set ∅ (also to be put in U ).

1. If a·v
‖a‖‖v‖ < −σ for some row a ∈ A,

then v ← v −
(

a
‖a‖ · v

)

a
‖a‖ .

2. Repeat step 1 at most (log n)/σ2 times.

3. If a·v
‖a‖‖v‖ ≥ −σ for every row a ∈ A, then U ← U ∪ v.

4. If Av ≥ 0, then output Bv as a feasible solution and stop. (Here you choose the
matrices A and B that corresponds to the specified vector v.)

This algorithm is shown, in [20], to output a vector v in at most (lnn)/σ2 steps, if
the input vector v satisfies v · z ≥ 1/

√
n, where z is a unit vector that solves Ax ≥ 0.

Thus, we have to insure us that at least one of our starting vectors in V does have this
property. But this was shown in the earlier proposition presented above.

It is of interest for later calculations to see how this estimate is done, so we will
here present a proof for the upper bound number of iterations in the σ-relaxed wiggle
algorithm.

Theorem 8.4.1. The number of updates made within the σ-relaxed wiggle algorithm is
bounded above with t ≤ (ln n)/σ2.

Proof: Let z be a unit vector that correctly classifies all examples ai in A. Suppose that
an initial unit vector x0 satisfies x · z ≥ 1/

√
n. Denote the vector achieved in t updates
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within the algorithm by xt. Notice first that in each update made, xt ·z does not decrease
with increasing t because

xt · z = (xt−1 − (xt−1 · ai)ai) · z = xt−1 · z − (xt−1 · ai)(z · ai) ≥ xt−1 · z

where the last inequality holds because xt−1 misclassifies ai. On the other hand, |xt|2
does decrease significantly because

|xt|2 = |xt−1 − (xt−1 · ai)ai|2 = |xt−1|2 − 2(xt−1 · ai)
2 + (xt−1 · ai)

2 ≤

≤ |xt−1|2(1− σ2)

using the Pythagorean Theorem. Thus, after t iterations |xt| ≤ (1 − σ2)
t
2 . Since |xt|

cannot be less than |x · z|, this means that the number of iterations t satisfies

(1− σ2)
t
2 ≥ 1√

n
,

which implies that t ≤ (lnn)/σ2. �

Also we must calculate the complexity of running through the Wiggle Algorithm
once:

Proposition 8.4.1. The number of iterations inside the Wiggle Algorithm is of order

O(mn2 log n).

Proof: The inner loop of the algorithm requires at most one matrix-vector multiplica-
tion, time O(mn), and a constant number of vector manipulations, time O(n). This
is repeated at most (log n)/σ2 = 322n log n times. So, the overall time bound is
O(mn2 log n). �

The following rescaling procedure is a simple matrix-matrix multiplication, being of
order O(n2).

Algorithm 8.4.3. Rescaling Phase
Input: a vector v and its
corresponding matrices A and B.
Output: rescaled matrices A and B.

1. A← A(I + v
‖v‖

v
‖v‖

T ).

2. B ← B(I + v
‖v‖

v
‖v‖

T ).
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The important thing to prove for this part, is that for at least one of our 2n parallel
processes, the matrices will be stretched in a direction such that the margin increases in
the new problem Ax ≥ 0. The proof of this follows substantially the proof in [35], but
using some other in-data and new estimates. The reason for letting ρ ≤ 1/(2

√
n) in

the following theorem is that if ρ would be larger, the algorithm will halt later on in the
Perceptron phase.

Theorem 8.4.2. Suppose ρ ≤ 1/(2
√

n), σ = 1/(32
√

n) and n ≥ 2. Let A′ be obtained
from A by one iteration of the algorithm (where the problem is not solved). Let ρ′ and ρ be the
margins of the problems A′x ≥ 0 and Ax ≥ 0 respectively. Also assume that we are studying
one of those processes running parallel, where v · z ≥ 1/

√
n and z is a feasible solution, of

length one, to Ax ≥ 0. Then ρ′ ≥ (1 + 1
4 )ρ.

Proof: Let ai, i = 1, . . . , m be the rows of A at the beginning of some iteration, for
one of the parallel processes having v · z ≥ 1/

√
n, where z is a feasible solution. Below

we drop the index i, and usually denote a row ai only with a). Let z be the unit vector
satisfying ρ = mini

a
‖a‖ · z, and let σi = a

‖a‖ · v. After the wiggle phase, we get a vector
v such that a

‖a‖ · v = σi ≥ −σ for every i.
As described in the algorithm, let A′ be the matrix obtained after the rescaling step,

i.e. a′
i = ai + (ai · v)v. Finally define z′ = z + α(z · v)v, where

2α + 1 = ρ
√

n

or to put it another way
α = (ρ

√
n− 1)/2.

Even though z′ might not be an optimal choice, it is enough to consider this one element
to lower bound ρ′. We have ρ′ ≥ minj

a′

‖a′‖ · z′

‖z′‖ . Below we are about to get an estimate
where we can drop the variable j and show that ρ′ grows as stated in the theorem.

We will first prove that a′

‖a′‖ · z′ cannot be too small. Note that

a′

‖a′‖ · z
′ =

a
‖a‖ + ( a

‖a‖ · v)v

‖ a
‖a‖ + ( a

‖a‖ · v)v‖ · z
′ =

[ a
‖a‖ + ( a

‖a‖ · v)v][z + α(z · v)v]
√

1 + 3( a
‖a‖ · v)2

by using the definitions of a′ and z′ respectively. Now, multiplying things together, and
using that a

‖a‖ · z ≥ ρ, a
‖a‖ · v = σi and that v · v = 1 we get that the expression is at

least
ρ + (2α + 1)σi(z · v)

√

1 + 3σ2
i

= ρ
1 +
√

nσi(z · v)
√

1 + 3σ2
i

when substituting the chosen value of α.
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So, our aim now is to show that this expression is always greater than

ρ
1− σ√
1 + 3σ2

,

no matter of what value we have on σi. First we start with the case of a positive σi.
In this case we would like to show that

1 +
√

nσi(z · v)
√

1 + 3σ2
i

≥ 1− σ√
1 + 3σ2

= C(σ) = C(1/32
√

n) = C

where we know that 0 ≤ σi ≤ 1 and 1/
√

n ≤ (z · v) ≤ 1. So, we want to show that

1 +
√

nσi(z · v) ≥ C
√

1 + 3σ2
i ,

and since everything is positive we can square both sides yielding

1 + 2
√

nσi(z · v) + nσ2
i (z · v)2 ≥ C2(1 + 3σ2

i ).

Thus, we want to show that

f(σi, (z · v)) = 1 + 2
√

nσi(z · v) + nσ2
i (z · v)2 − C2(1 + 3σ2

i )

is a positive function within the given limits of the variables σi and (z · v).
Examining the partial derivatives of the above function f , with respect to the two

variables, σi and (z · v), we get two conditions,

2
√

n(z · v) + 2nσi(z · v)2 − 6C2σi = 0

2
√

nσi + 2nσ2
i (z · v) = 0,

for having extremal points within the rectangle defined by the limits of the two variables.
Since the second condition gives that (z · v) is negative, we can conclude that our

studied function will have its minimum value somewhere on the boundary of the rectan-
gle defined by the restrictions of our two variables.

Checking the four sides of the rectangle, we get that our expression is positive on the
boundary as long as n ≥ 2 which we know from the statement in the theorem. (Anyhow,
solving the linear program in one dimension is a trivial task).

On the other hand, if σi is negative we get that the expression a′

‖a′‖ · z is at least

ρ
31

32
√

1 + 3σ2
,

since 0 ≥ σi ≥ −σ and (z · v) ≤ 1.
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Now we are about to bound ‖z′‖ from above, and for convenience we study the
square of it, ‖z′‖2. We know that

‖z′‖2 = ‖z + α(z · v)v‖2 = 1 + (α2 + 2α)(v · z)2

Inserting our known α = (ρ
√

n− 1)/2 we get that

‖z′‖2 = 1 + ((α + 1)2 − 1)(v · z)2 ≤ 1− 7

16
=

9

16
,

since α + 1 ≤ 3/4.
Using the identity

1√
1 + β

≥ 1− β

2

for β ∈ (−1, 1), we find that the total estimate for the new margin is

ρ′ ≥ ρ

(

1− 1

25
√

n

)(

1− 3

211n

)(

4

3

)

≥ 5

4
ρ,

when σi is positive. Otherwise, when σi is negative we get that

ρ′ ≥ ρ

(

31

32

)(

1− 3

211n

)(

4

3

)

≥ 5

4
ρ.

This estimate will be enough to fulfill the demand we have on the margin to increase with
a large proportion, giving us a guarantee for one of the 2n different tracks to terminate
fast enough to speed up the algorithm in total. �

Now we describe the classical Perceptron Algorithm, but reduced to at most n steps,
being an important component of the modified algorithm.

Algorithm 8.4.4. Perceptron Algorithm
Input: A starting vector v from V .
Output: A feasible solution Bv or a new updated vector v.

1. If there is a row a in A such that v · a ≤ 0, then v ← v + a/‖a‖.

2. If Av ≥ 0, then output Bv as a feasible solution and stop.(Here you choose the matrices
A and B that corresponds to the specified vector v.)

3. Repeat the two steps above at most R = 4n times.

The behaviour of this algorithm is well-studied, and we know from, for example,
[32] that it produces a feasible solution if the problem has a margin ρ of size at least
1/
√

R = 1/(2
√

n). Also we can conclude that:
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Proposition 8.4.2. The number of iterations inside the Perceptron Algorithm is of order
O(mn2).

Proof: The algorithm will perform at most one matrix-vector multiplication in its inner
loop (made at time O(mn)) and a constant number of vector manipulations (in time
O(n)). This is done at most 2n times. So we get O(mn2). �

Lemma 8.4.1. The number of times we repeat step 2-5 in Algorithm 8.4.1 for a single start
vector is at most of order O(log(1/ρ)).

Proof: As we have seen above, at least one of our 2n parallel processes will start with a
vector v satisfying v · z ≥ 1/

√
n where z is a feasible unit vector. So, after the wiggling

phase, the resulting vector will be a proper direction for rescaling, this enlarges the radius
ρ with a factor of size at least (1 + 1/4). But since the perceptron stage will terminate,
yielding a feasible solution if ρ ≥ 1/(2

√
n), we know that our algorithm will terminate

after k proper rescalings when

ρ

(

1 +
1

4

)k

≥ 1

2
√

n
.

This yields that k = O(log(1/ρ)) �

Summing up the information we have got, we get the complexity of the algorithm in
total.

Theorem 8.4.3. The modified Perceptron Algorithm returns an answer in time

O

(

mn3 log n log

(

1

ρ

))

.

Proof: The algorithm runs in 2n parallel processes. The wiggle algorithm runs for at most
210n logn times, each round taking time O(mn). The rescale process takes O(n2) and
the Perceptron algorithm runs for at most n times, each round taking time O(mn). All
these three stages are repeated at most O(log(1/ρ)) times. So we get that the total time
is

O

(

2nO

(

log

(

1

ρ

))

(210mn2 log n + O(n2) + mn2)

)

=

= O

(

mn3 log n log

(

1

ρ

))

.

�
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8.4.2 Parallel Processors

The way the algorithm is structured, it falls naturally into 2n parts that can run on
separate processors, since the algorithm or the outcome from any one of these parts is not
dependent on any result or subresult from the other parts. This implies that if we run
the algorithm on 2n processors, we will solve the problem even faster. We conclude this
remark with the following corollary:

Corollary 8.4.1. The modified Perceptron Algorithm, when ran on 2n parallel processors,
will return an answer in time

O

(

mn2 log n log

(

1

ρ

))

.

But when the algorithm is used for a problem in a large number of dimensions, this
would result in twice as large number of processors. What you would like, is to reduce the
number of processors if possible. And since the structure of the algorithm indicate that
each processor is using one of the 2n start vectors, we would ask ourselfs if it is possible
to reduce the number of start vectors in some way. Certainly we could reduce it by one,
since if we rotate all m examples in such a way that a1 = e1, a unit vector from the used
orthonormal basis, we know for sure that the start vector −e1 does not have an inner
product with the optimal solution z greater than 1/

√
n, since z · e1 ≥ 0. But running

on 2n or 2n− 1 processors does not make a big difference.
Instead, we continue this idea of rotating a random example, and rotate example a1

to the point (1/
√

n, . . . , 1/
√

n). Now we have to ask ourselves if this would reduce the
number of start vectors. If this was possible we would have to prove that any solution z
of unit length, where z · (1/

√
n, . . . , 1/

√
n) ≥ 0, fulfills the following: z · ei ≥ 1/

√
n

for at least one i. Unfortunately this is not the case when the number of dimensions are
greater than 2, so we have to analyse the problem even further.

The restriction for a start vector ei or −ei to end up as a solution to the problem
when running the algorithm, is that its inner product with a unit length solution z is at
least 1/

√
n, comes from the estimates made within the σ-relaxed wiggle procedure, and

is a number that can be changed without interfering with other parts in the algorithm.
Though, changing this number does imply that we have to recalculate how many times
this procedure should be ran.

The intention here is to show that changing 1/
√

n to 1/n would imply that a ro-
tation, as described briefly above, reduces the number of needed start vectors by fifty
percent. At the same time the running time will increase with at most a factor two, thus
preserving the magnitude of the running time.

In order to achieve this we have to prove the following theorem:

Theorem 8.4.4. If
n
∑

i=1

xi ≥ 0 and

n
∑

i=1

x2
i = 1
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then is xi ≥ 1/n for some i.

To prove the above statement we will start with mentioning Jensen’s inequality that
will be used later on.

Theorem 8.4.5. (Jensen’s inequality)

If f(x) is a convex function and
∑k

i=1 αi = 1, then

k
∑

i=1

αif(xi) ≥ f

(

k
∑

i=1

αixi

)

.

We will use this inequality for the following corollary:

Corollary 8.4.2. For every combination of realvalued xi:s we have that

1

k

k
∑

i=1

x2
i ≥

(

1

k

k
∑

i=1

xi

)2

.

Proof: Use Jensen’s inequality by letting f(x) = x2, a convex function, and let αi = 1/k
for every i. �

With this in mind we can prove the following helpful lemma:

Lemma 8.4.2. If
∑k

i=1 x2
i = B and x̃i =

√

B/k for every i, then

k
∑

i=1

x̃i ≥
k
∑

i=1

xi.

Proof: We can assume that
∑k

i=1 xi ≥ 0, since the statement becomes trivial otherwise.
Then is the statement in the lemma equivalent to

(

k
∑

i=1

√

B

k

)2

≥
(

k
∑

i=1

xi

)2

,

which in turn is equivalent to

kB ≥
(

k
∑

i=1

xi

)2

.
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But this is equivalent to

1

k

k
∑

i=1

x2
i ≥

(

1

k

k
∑

i=1

xi

)2

,

which was proven in the above corollary. �

Also we will need the following easily proven propositions:

Proposition 8.4.3. If
∑k

i=1 x2
i = B and xi ≥ 0 for every i, then there exists a j such that

xj ≥
√

B/k.

Proof: By contradiction. Assume that xj <
√

B/k for every j. Then we get

B =

k
∑

i=1

x2
i < k

B

k
= B,

which is a contradiction. �

Proposition 8.4.4. If yj ≥ 0 for every j, then is

l
∑

j=1

y2
j ≤





l
∑

j=1

yj





2

.

Proof: The proposition follows from the fact that





l
∑

j=1

yj





2

=

l
∑

j=1

y2
j + 2

∑

i<j

yiyj ≥
l
∑

j=1

y2
j ,

when every yj ≥ 0. �

Now we are prepared to prove theorem 8.4.4 stated above:

Proof: We set out to prove the following eqivalent statement: If
∑n

i=1 ai ≥ 0 and
∑n

i=1 a2
i = A, then is ai ≥

√
A/n for some i. First we sort and renumber the ai:s

according to the following:

{a1, . . . , an} = {x1, . . . , xk,−y1, . . . ,−yl},
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where xi ≥ 0 and yi ≥ 0 for every i, k ≥ 1 and l ≥ 0. Then we have that

k
∑

i=1

xi ≥
l
∑

j=1

yj and
k
∑

i=1

x2
i +

l
∑

j=1

y2
j = A.

Now, let
∑k

i=1 x2
i = B. If x̃i =

√

B/k for every i we have, according to our lemma
above, that

k
∑

i=1

x̃i ≥
l
∑

j=1

yj and that
k
∑

i=1

x̃2
i +

l
∑

j=1

y2
j = A.

If we now show the theorem for x̃i instead, we are about to show that x̃i =
√

B/k ≥√
A/n, where n = k + l. According to the proposition above, we have in this case also

proved the theorem for some xi. Therefore we can suppose that

x1 = x2 = · · · = xk = x

and that our aim is to show that x ≥
√

A/n.
The case l = 0 is trivial since that implies that x =

√
A/n. If l ≥ 1 we can, instead

of consider y1, . . . , yl, consider ỹ1 =
∑l

j=1 yj and let ỹ2 = ỹ3 = · · · = ỹl = 0. This is

possible since
∑l

j=1 ỹj =
∑l

j=1 yj and Ã =
∑l

j=1 ỹ2
j ≥

∑l
j=1 y2

j = A according to
our second proposition above.

Since n = k + l and
√

A/(k + 1) ≥
√

A/(k + l) it will be enough to consider the
case when l = 1, where we denote y1 by y. Now we have got that

k
∑

i=1

xi = kx ≥ y and kx2 + y2 = A.

We want to show that
x ≥

√

kx2 + y2/(k + 1),

but this is equivalent to

x2 ≥ kx2 + y2

(k + 1)2
,

which is equivalent to
x2(k2 + k + 1) ≥ y2,

which is true since kx ≥ y and k2x2 ≥ y2. �

Proposition 8.4.5. The σ-relaxed wiggle procedure, starting with a vector x0 that satisfies
x0 · z ≥ 1/n, where z is a solution of unit length, will end in at most 2(lnn)/σ2 iterations.
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Proof: Let z be a unit vector that correctly classifies all examples ai in A. Suppose that an
initial unit vector x0 satisfies x ·z ≥ 1/n. Denote the vector achieved in t updates within
the algorithm by xt. Notice first that in each update made, xt · z does not decrease with
increasing t because

xt · z = (xt−1 − (xt−1 · ai)ai) · z = xt−1 · z − (xt−1 · ai)(z · ai) ≥ xt−1 · z

where the last inequality holds because xt−1 misclassifies ai. On the other hand, |xt|2
does decrease significantly because

|xt|2 = |xt−1 − (xt−1 · ai)ai|2 = |xt−1|2 − 2(xt−1 · ai)
2 + (xt−1 · ai)

2 ≤

≤ |xt−1|2(1 − σ2)

using the Pythagorean Theorem. Thus, after t iterations |xt| ≤ (1 − σ2)
t
2 . Since |xt|

cannot be less than x · z, this means that the number of iterations t satisfies

(1− σ2)
t
2 ≥ 1

n
,

which implies that t ≤ (2 lnn)/σ2. �

This implies that, if we rotate the set of examples such that one example becomes
(1/
√

n, . . . , 1/
√

n) and change the number of rounds taken through the wiggle pro-
cedure, we only have to consider the n unit vectors in our orthnonormal base as start
vectors.

Corollary 8.4.3. An n-dimensional problem can be solved on n processors in time

O

(

mn2 log n log

(

1

ρ

))

.

8.4.3 Expected Time for the Modified Perceptron Algorithm

The above discussions about the performance of the modified perceptron algorithm has
all the time been a discussion about the worst case scenario. An interesting question to
ask, after the above discussion, is how often we are ending up in this scenario. In some
algorithms you end up in the worst case scenario most of the time, but in others not.
Here we will show that the expected performance of the modified perceptron algorithm
is in the general case a factor n faster than the previous calculated worst case time that
was of order

O

(

mn3 log n log

(

1

ρ

))

when not using parallel processors.
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Here we are going to use the 2n different start vectors as in the described algorithm,
but we are going to choose them randomly and then calculate the expected time the
algorithm will use before it returns a feasible solution to the linear program. We will use
the earlier worst case estimates for each part of the algorithm and only make an estimate
for how many start vectors that will be used before the algorithm terminates.

So, we start with a linear program having a feasible solution z of unit length, a solu-
tion that is picked from a uniform distribution on the n-dimensional sphere. We know
from earlier results in this chapter that when we choose one of our 2n start vectors at
random, we have a probability of Πn of choosing a correct one from start and the algo-
rithm will terminate. Otherwise, with probability 1−Πn, we will choose another of our
start vectors to run the algorithm with. Same again, with probability at least Πn (we have
taken away one bad start vector) the algorithm will terminate, and with a probability of
at most 1−Πn we choose yet another start vector for our algorithm. We know the time
complexity for the worst case, running through all these 2n cases, but the expected time
for terminating the algorithm will be bounded above according to the following:

Proposition 8.4.6. The expected number of start vectors used by the modified perceptron
algorithm, used on a problem with a solution taken from a uniform distibution, is bounded
above by 7.

Proof: Let T denote the worst time taken for the algorithm used on one start vector. If it
ends after the k:th choice, the algorithm has used at most time kT to find a solution and
halt. The expected time used will be bounded by

ΠnT + Πn(1−Πn)2T + Πn(1−Πn)23T + · · ·+ Πn(1−Πn)2n2nT

= ΠnT (1 + 2(1−Πn) + 3(1−Πn)2 + · · ·+ 2n(1−Πn)2n) ≤

≤ ΠnT

∞
∑

n=1

n(1−Πn)n−1.

But using that

f(y) =

∞
∑

n=0

yn =
1

1− y

and

f ′(y) =

∞
∑

n=1

nyn−1 =
1

(1 − y)2

by differentiating, we can substitute with y = 1 − Πn, yielding that our first expression
is bounded above by

ΠnT
1

Π2
n

= T
1

Πn
≤ 7T
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for every n, since

Πn ≥
1

2
(1 − erf(1/

√
2)) >

1

7
.

�

This implies that the expected time taken for the algorithm to return an answer is
at most 7T while the worst case scenario gave an upper bound on 2nT , where n is the
number of dimensions on the stated problem.

Corollary 8.4.4. The expected time for the modified perceptron algorithm to solve a problem
is at most

O

(

mn2 log n log

(

1

ρ

))

.

8.5 A Generalized Perceptron

One of the things mathematicians are up to, is to investigate if there are possibilities to
generalize the results achieved. In this short section we will mention some natural ways to
extend the results concerning the perceptron algorithm presented in this thesis. Instead
of speaking about vectors in euclidian space, we will consider more general mathematical
entities, and find some non-trivial results concerning these spaces.

8.5.1 Inner Product Spaces

When you go through the details of the proofs concerning the perceptron algorithm and
its modifications, there is one thing they seem to have in common. All the proofs (maybe
for simplicity) concern points and/or vectors in the euclidian space Rn, but in most cases
there are no restrictions to instead speak about real inner product spaces. However, when
starting to look at spaces with an infinite number of dimensions, we could perhaps end
up in some difficulties.

8.5.2 Real Inner Product Spaces of Finite Dimension

In the case of a real inner product space with a finite number of dimensions, there are
really no problems to generalize the earlier theorems concerning the perceptron algorithm.
We start with the classical theorem, that informs us about the number of updates that can
be made at most by the on-line perceptron algorithm. Here we make some conclusions
where the algorithm is as before, but changing the dot-product for an inner product
throughout the algorithm.

Theorem 8.5.1. The number of mistakes made by the on-line perceptron, on a non-trivial set
A (from a real inner product space of finite dimension) that has a solution to the problem, is
at most (1/γ)2, where γ is the size of the maximal margin according to the above definition.

92



8.5. A GENERALIZED PERCEPTRON

Proof: First recall the definition of the margin made earlier in the thesis, and conclude
that the definition is suitable for our purposes when switching to an inner product space.
As before we consider the simplier form of the algorithm where the hyperplane to find
passes through origin, thus there are no bias, and that all examples are of unit length and
also positive, so we do not have to consider the sign of any constraint.

Now let z denote a solution where 〈z, ai〉 ≥ γ for every i, and let xt denote the
hypothesis x in the algorithm after t updates.

〈xt, z〉 = 〈xt−1, z〉+ 〈ai, z〉 ≥ 〈xt−1, z〉+ γ

for the ai that was the last instance of misclassification yielding an update. This implies,
by induction, that 〈xt, z〉 ≥ tγ.

Similarly, we have

‖xt‖2 = ‖xt−1‖2 + 2〈xt−1, ai〉+ ‖ai‖2 ≤ ‖xt−1‖2 + 1

since 〈xt−1, ai〉 is negative, which implies that

‖xt‖2 ≤ t.

Combining these two results we get the following squeezing relation:

‖z‖
√

t ≥ ‖z‖‖xt‖ ≥ 〈xt, z〉 ≥ tγ,

which imply that t ≤ 1/γ2. �

In a similar way we can conclude that all previous results concerning finite euclidian
space can be modified to any real inner product space of finite dimension. The general-
ization is a bit more intricate though if we start to consider spaces of infinite dimensions.

8.5.3 Real Inner Product Spaces of Infinite Dimensions

To illustrate the new situation when dealing with an infinite number of dimensions in an
inner product space we start with the following proposition as an example:

Proposition 8.5.1. Let A = ∪iei be an orthogonal basis of unit vectors of our infinite
dimensional inner product space. Also let A be our set of examples for an on-line perceptron
algorithm. Even though there is a solution z, such that 〈z, ei〉 > 0 for every i, the algorithm
will never halt.

Proof: First we can conclude that

z =

{

1,
1

2
, . . . ,

1

n
, . . .

}
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is a feasible solution to our problem. But as long as the algorithm has passed through a
finite number of steps, there are still an infinite number of examples being misclassified
by the algorithm. �

But there might be ways to deal with this problem. One way could be to only look
for solutions where 〈z, ei〉 ≥ 0, then the algorithm in this case would halt after the first
hypothesis. But this could still get us into trouble due to the number of dimensions.

What is needed to consider, to assure us of having a terminating algorithm, is prob-
lems with strictly positive margin γ. In the example given above we get that the margin
is γ(z, A) = infn

1
n = 0 which in turn made our algorithmic procedure to go on for

ever. The observant reader has already noted that the property of having a solution with
a strictly positive margin is a necessary condition for our algorithm to end in a finite
number of steps from the proof above, but it is worth to point out here in the case of an
infinite number of dimensions in our problem.

So with the above discussion we can conclude the same theorem for real inner product
spaces of infinite dimensions:

Theorem 8.5.2. The number of mistakes made by the on-line perceptron, on a non-trivial set
A (from a real inner product space of infinite dimension) that has a solution to the problem, is
at most (1/γ)2, where γ is the size of the maximal margin according to the above definition.

Proof: Same as in theorem 8.5.1. �

This is perhaps a bit surprising. Not only that the perceptron algorithm could handle
an infinite number (of any cardinality) of examples and halt after a finite number of
updates, but also an infinite number of dimensions and still halt after a finite number of
updates, as long as the solution to the problem has a strictly positive margin.

Anyhow, now we have an algorithm that in a practical way can find a separating
hyperplane between two disjoint convex sets, as done in the area of functional analysis.
We know the following theorem from any introduction in functional analysis, (usually in
a much more general form):

Theorem 8.5.3. Two disjoint, convex and compact sets A and B in a real inner product
space can be strictly separated by a hyperplane.

The proof of this existence theorem uses the Hahn-Banach theorem, that in its own
turn uses a Zorn’s lemma argument.

But now, by the above discussion, we can construct such a hyperplane, with a fi-
nite number of updates made within the perceptron algorithm, as long as the minimum
distance between the sets is strictly positive.

Restating the problem without bias and no negative examples, we can for instance use
the generalized perceptron algorithm to solve the following example problem:

Proposition 8.5.2. Assume we have a collection A = ∪i∈Ifi of real-valued functions in
L2[x] and we know that there exists a real-valued function g ∈ L2[x] such that 〈fi, g〉 ≥
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γ > 0 for every i ∈ I . Then we can find a real-valued function g′ ∈ L2[x] such that
〈fi, g

′〉 > 0 for every i ∈ I with a finite number of updates made within the perceptron
algorithm.

Proof: The space made up by all real-valued L2[x]-functions is a real inner product space
under its usual inner product 〈f, g〉 =

∫

fgdx. So, the generalized perceptron algorithm
will end after a finite number of updates since the margin γ is strictly positive. �

Remark: Complex Inner Product Spaces

In the case of complex inner product spaces we immediatly get a problem of interpretation
of the original problem. Say that we are looking for an element x such that 〈x, ai〉 ≥ 0
for every element ai ∈ A. Then we do not really know how to interpret 〈x, ai〉 ≥ 0,
since the inner product returns a complex number. But we could restrict ourselfs to only
look at the real part, and solve the problem as before.
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Chapter 9

Finding Maximal Margins with the
Modified Perceptron Algorithm
In this chapter we construct an iterated perceptron-rescaling algorithm that approximates
an optimal solution, among the feasible solutions, for a linear program, terminating in
median time O(k2mn7/2). Here n is the number of dimensions, m is the number of
constraints and k reflects that the answer given by the algorithm differs at most with 2−k

from an optimal solution to the problem.
Linear programs (LP) arise naturally in many areas. The standard form of LP is

max cT x, Ax ≤ b, x ≥ 0,

where x, c ∈ Rn, b ∈ Rm and A is an m × n matrix of real numbers. The feasibility
version of a standard form LP neglects the objective function cT x. It can be shown
(cf. [45]) that an approximate solution to an LP always can be found by repeatedly solving
its feasibility version. The feasibility standard form of an LP, in its turn, can be reduced
to the homogenised form

Ax ≥ 0 , x 6= 0.

These methods of rewriting standard LP allow for a wide variety of solution techniques
for linear programs to exist.

Here we are, for simplicity, only considering linear programs where each constraint
(or example) ai has unit length. The different parts of the algorithm could be adjusted for
the more general case, but this is not done here for clearity reasons. It is important though
to note that you can not transform a general problem to one with every constraint having
unit length, as before, and guarantee the same optimal solution. The transformation is
only successful when looking for a feasible solution.

9.1 Introduction to the Iterated

Perceptron-Rescaling Algorithm

The algorithms presented earlier in the thesis are for finding feasible solutions to the above
stated problem. But many times we are not only interested in finding a solution, but to
find as good solution as possible. First of all we must define what makes a solution better
than another, and then outline a strategy for how to achieve this.

The aim of this chapter is to show that a generalised form of the deterministic algo-
rithm presented in [15] can be used to construct an iterative algorithm that converges to
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an optimal solution. This perceptron-rescaling algorithm will work in polynomial time,
speaking in median behaviour terms.

9.1.1 Comparison of Solutions

A feasible solution to the problem Ax ≥ 0 is a hyperplane through origin having all
datapoints ai on the same side of the hyperplane. A measure of how good this solution is,
is to determine the minimal distance from all datapoints to the hyperplane. This distance
is usually called the margin. So if x is the unit vector normal to the hyperplane, pointing
towards the half-space containing the data set, the margin α for this feasible solution is
defined as

0 < α = min
i

x · ai

‖ai‖
.

An optimal solution is consequently defined as a feasible solution that maximises
the margin above. So if X is the set of all unit vectors being a feasible solution to the
problem, we have that an x ∈ X that maximises the margin is an optimal solution to the
problem. The margin for an optimal solution will be denoted γ∗. Also, if x1 and x2 are
two different unit normal vectors, both defining feasible solutions for our problem with
margins α1 and α2 respectively, we say that x1 is better than x2 if α1 > α2. The idea of
using an iterated perceptron to find such an optimal solution originates from [5].

9.1.2 Outline of the Algorithmic Strategy

Before going into details of the final algorithm, we begin with an outline of our strategy.
We can think of the important part of the algorithm as a Black Box where the input is an
m×n matrix A and a margin α, and the output is either 0 (zero), saying that no feasible
solution with margin at least α exists, or 1, where 1 says that there is a feasible solution
with a margin of size at least α.

This oracle, our Black Box, makes it possible for us to determine γ∗ with accuracy
2−k with k questions given to the oracle. This is the case since the margin in our refor-
mulation of the problem never exceeds 1.

Algorithm 9.1.1. Approximating the Optimal Margin with a Black Box
Input: An m× n matrix A and a positive integer K .
Output: An interval of size 2−K containing the optimal margin γ∗.

1. Let I = [0, 1], k = 1 and α = 2−1.

2. Let k ← k + 1.

3. Input A and α in the Black Box.
If the output of the Black Box is 0, let I ← I \ (α, 1] and α← α− 2−k.
If the output of the Black Box is 1, let I ← I \ [0, α) and α← α + 2−k.
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4. If k ≤ K , goto 2, otherwise output I .

The resulting output is an interval of length 2−K , giving an approximation to γ∗.
We have omitted to output the normal x giving this solution in order to simplify the later
coming algorithms in this paper.

9.1.3 The Black Box

The most crucial part in the construction of the Black Box is to both have the possibility
of a definitive YES and a definitive NO in the output answer. Many algorithms, finding
a feasible solution to a linear program, have only a definite answer in the affirmative, but
for our purposes this is not a sufficient condition. The algorithm inside the Black Box
can be based on any linear program solver having the above properties. Here we will use
a modified perceptron-rescaling algorithm, based on results by Dunagan and Vempala
in [35], made deterministic by the authors in [15], which is a necessary condition for
this Black Box to behave properly, and made working at a greater speed in the previous
chapter.

9.2 A Deterministic Perceptron-Rescaling Algorithm

Now we present a deterministic version of the perceptron-rescaling algorithm suggested
in [35]. This construction will correspond to a Black Box as described above, but only
made for one single question, namely if there exists a feasible solution at all, that is having
α = 0 as input. Further on we will prove that this algorithm can be generalized to handle
questions for a general α.

Algorithm 9.2.1. (Dunagan &Vempala, modified by Barr & Wigelius)
Input: An m× n matrix A.
Output: A point (vector) x such that Ax ≥ 0 and x 6= 0.

1. Let B = I , σ = 1
32

√
n

and V =
⋃n

i=1{ei,−ei}.

2. (Perceptron Phase)
(a) Let x be the origin in Rn.
(b) Repeat at most 4n times:
If there exists a row a in A such that a · x ≤ 0,
then x← x + a/‖a‖.

3. If Ax ≥ 0, then output Bx as a feasible solution and stop.

4. (Wiggling Phase)
(a) For each vector v0 ∈ V :
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• Let v = vi. Repeat at most ln n
σ2 times the following wiggling procedure :

If there exists a row a such that a·v
‖a‖‖v‖ < −σ,

then v ← v − ( a
‖a‖ · v) a

‖a‖ .

• If Av ≥ 0, then output Bv as a feasible solution and stop.

(b) Let V =
⋃{v| a·v

‖a‖‖v‖ ≥ −σ}.

5. (Rescaling Phase; in at most 2n directions)
For each i:
(a) let
A← A(I + v

‖v‖
v

‖v‖
T ) and

B ← B(I + v
‖v‖

v
‖v‖

T )

(b) Run the perceptron at most 4n times on each A.
If it terminates with the solution x, output Bx as a feasible solution and stop.

6. If no feasible solution has been obtained in step 5, go back to step 4.

9.3 The Black Box for a General α

The above presented algorithm consists of three major parts; the perceptron phase, the
wiggling phase and the rescaling phase. The aim now is to prove that we can make
general updates, dependent of α in the perceptron phase and in the wiggling phase. Also
we must show that the rescaling phase still works. Furthermore, we are going to calculate
the complexity of this iterated perceptron.

We could describe the algorithm as follows: A positive return from the perceptron
phase will correspond to output 1 from the Black Box; and a negative return from the
wiggling phase, meaning that we end up with V = ∅, will correspond to output 0 from
the Black Box. The rescaling phase, combined with the other phases, is a construction
to assure us of a polynomial behaviour of the algorithm, and at the same time a way of
altering between the two phases that corresponds to a definite YES and a definite NO.

9.3.1 The Perceptron Phase

The proofs and discussions made here can easily be generalised to a general perceptron
with labels, bias and learning rate. But for clarity of our presentation we have chosen
to use our reformulation of the problem where all constraints ai are on the unit sphere.
First we present the α-Perceptron Algorithm, a general form of the perceptron made by
Rosenblatt (cf [58]). Another similar generalization has been discussed and analysed by
Amiran Ambroladze [5]. In the algorithm, ai denotes the vector defined by the i:th row
of A.
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Algorithm 9.3.1. The α-Perceptron Algorithm
Input: An m× n matrix A, with each row vector on the unit sphere, and an α ∈ [0, γ∗).
Output: A point (vector) x such that Ax > α.

1. x← 0.

2. for i = 1 to m
if ai · x

‖x‖ ≤ α, then
x← x + ai

end if
end for

3. Repeat 2 until no updates are made within the for-loop.

Now we need to know that this algorithm terminates and also how fast this happens
in terms of the number of updates made within the algorithm in terms of α, γ∗ and
γ = γ∗ − α.

Theorem 9.3.1. Suppose there exists a unit vector z such that ai · z ≥ γ∗ for every i. Then
the number of updates made by the on-line α-perceptron algorithm is at most 2

γ2γ∗ .

Proof: Let xt denote the vector x in the algorithm after t updates made. First of all we
conclude that

xt · z = xt−1 · z + ai · z ≥ xt−1 · z + γ∗,

which implies (by induction) that xt · z ≥ tγ∗. Similarly, we have ‖xt‖2 =

‖xt−1‖2+2(xt−1·ai)+‖ai‖2 = ‖xt−1‖2+2(xt−1 ·ai)+1 ≤ ‖xt−1‖2+2α‖xt−1‖+1

≤ ‖xt−1‖2+2α‖xt−1‖+α2−α2+1 = (‖xt−1‖+α)2−α2+1 ≤ (‖xt−1‖+γ∗−ε)2,

if t is big enough (implying that ‖xt−1‖ is big enough) and γ∗− ε ≥ α, for convenience
we put ε = 1

2 (γ∗ − α) = 1
2γ. This implies that ‖xt‖ only grows with at most γ∗ − ε if

t is big enough. So when t is big enough, t > C say, we have that ‖xt‖ ≤ ‖xC‖+ (t−
C)(γ∗ − ε) at the same time as xt · z ≥ tγ∗.

The two inequalities combined give the relations

‖xC‖+ (t− C)(γ∗ − ε) ≥ ‖xt‖ ≥ xt · z ≥ tγ∗,

which together imply the bound
‖xC‖

ε
≥ t.

An analysis of ‖xC‖, using that (‖xC‖+ α)2−α2 + 1 ≤ (‖xC‖+ γ∗− ε)2 is fulfilled,
shows that

‖xC‖ ≥
1− (γ∗ − ε)2

2ε
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which will be the case after at most 1−(γ∗−ε)2

2εγ∗ steps. But this implies that ‖xC‖ ≤ 1
2εγ∗

and we get that
1

2ε2γ∗ ≥ t.

This finishes the proof. �

9.3.2 The Wiggling Phase

The wiggling phase in the above described algorithm is an idea of a modified perceptron
algorithm that was presented in [20]. This algorithm was later used in [35] to construct a
perceptron-rescaling algorithm that terminates in polynomial time. In [15] the algorithm
was made deterministic, a condition that is necessary for our purposes. Here we will, as
in the subsection above, present a generalized form with an α-dependent update.

Algorithm 9.3.2. The α-Wiggling Algorithm
Input: An m× n matrix A, α ∈ [0, 1], σ and any n-dimensional unit vector x.

Output: A unit vector x such that x·(ai−αx)
‖x‖‖ai−αx‖ ≥ −σ or ∅, the empty set.

1. If x·(ai−αx)
‖x‖‖ai−αx‖ ≥ −σ for every ai, halt and output x.

2. for i = 1 to m

if x·(ai−αx)
‖x‖‖ai−αx‖ < −σ, then

x← x− x·(ai−αx)
‖ai−αx‖

(ai−αx)
‖ai−αx‖

end if
end for

3. Repeat 1 and 2 at most (lnn)/σ2 times. Otherwise output ∅, the empty set.

The case when ∅ is returned implies that the input vector x in the algorithm was a
bad choice for the wiggling procedure. In every stage we will start to wiggle 2n vectors,
chosen such that at least one is a good inititial vector for the wiggling procedure under
the condition that α ≤ γ∗.

Theorem 9.3.2. If Ax ≥ α has a solution z with norm 1 and the input vector x satisfies
x · z ≥ 1/

√
n, then the α-wiggling algorithm produces a vector x such that

x · (ai − αx)

‖x‖‖ai − αx‖ ≥ −σ

is true for every row ai in A. This is done in at most (ln n)/σ2 steps.
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Proof: Let z be a unit vector that correctly classifies every row ai in A, or in other words
(z ·ai) > 0, and suppose that x ·z ≥ 1/

√
n. Let xt denote the vector x in the algorithm

after t updates. Notice that in each update made, xt · z does not decrease because

xt · z =

(

xt−1 −
xt−1 · (ai − αxt−1)

‖ai − αxt−1‖
(ai − αxt−1)

‖ai − αxt−1‖

)

· z =

xt−1 · z −
(

xt−1 · (ai − αxt−1)

‖ai − αxt−1‖
(ai − αxt−1)

‖ai − αxt−1‖

)

· z ≥ xt−1 · z

since ai · z ≥ α, xt−1 · z ≤ 1 and xt−1 · (ai − αx) < 0 due to the last update made.
On the other hand, ‖xt‖2 does decrease significantly because

‖xt‖2 =

∥

∥

∥

∥

xt−1 −
(

xt−1 ·
(ai − αxt−1)

‖ai − αxt−1‖

)

(ai − αxt−1)

‖ai − αxt−1‖

∥

∥

∥

∥

2

=

‖xt−1‖2 − 2

(

xt−1 ·
(ai − αxt−1)

‖ai − αxt−1‖

)2

+

(

xt−1 ·
(ai − αxt−1)

‖ai − αxt−1‖

)2

=

‖xt−1‖2 −
(

xt−1 ·
(ai − αxt−1)

‖ai − αxt−1‖

)2

≤ ‖xt−1‖2(1− σ2).

Thus, after t iterations, ‖xt‖ ≤ (1 − σ2)t/2. Since ‖xt‖ cannot be less than xt · z, this
means that the number of iterations t satisfies (1 − σ2)t/2 ≥ 1/

√
n, which implies that

t ≤ (ln n)/σ2 (using a Taylor expansion). �

This procedure will be repeated inside the Black Box for each vector belonging to
a certain vector set V , that from the beginning contains 2n vectors. If the process ter-
minates with all vectors in V being put to ∅, then V itself is the empty set. This will
correspond to the answer 0, zero, from the Black Box.

9.3.3 The Rescaling Phase

Every vector that has not been set to the empty set in the wiggling phase is a potentially
good direction to rescale the dataset with. This rescaling will increase γ and help the
perceptron phase to terminate in its fixed number of steps. So, inside the Black Box, we
rescale in the different directions contained in V and then run the perceptron phase for
each rescaling made. If a solution exists and γ is big enough in one of these cases, the
process will halt and return a vector for the solution (and the Black Box will output 1). If
this is not the case, the wiggling phase will take over again.

Now we want to prove that γ = γ∗ − α grows after each rescaling phase, under
the condition that we rescale in a correct direction. We do know that at least one of the
directions in V is correct due to a proposition in [15]. We will also use the fact from [15]
that the theorem is true for α = 0.
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Algorithm 9.3.3. Rescaling Phase
Input: An m× n matrix A and a rescaling direction (a unit vector) x.
Output: An m× n matrix A.

1. A← N [A(I + xxT )]; where N [·] is the function normalising each row in the input
matrix.

2. Output A

Theorem 9.3.3. Suppose that γ < 1/(2
√

n) and let σ ≤ 1/(32
√

n). If x·(ai−αx)
‖x‖‖ai−αx‖ ≥

−σ is true for every row ai in A, then γ̂ ≥ γ(1 + 1
4 ).

Proof: Suppose x·(ai−αx)
‖x‖‖ai−αx‖ ≥ −σ is true for every row ai in A. Then we know that

x

‖x‖ · ai ≥ −σ‖ai − αx‖ + α‖x‖ ≥

≥ −σ(‖ai‖+ α‖x‖) + α‖x‖ ≥ −σ + (1 − σ)α‖x‖ ≥ −σ.

We know from the previous chapter that γ̂∗ ≥ γ∗(1 + 1
4 ) and thus

γ̂ = γ̂∗ − α ≥ γ∗
(

1 +
1

4

)

− α ≥
(

1 +
1

4

)

(γ∗ − α) =

(

1 +
1

4

)

γ.

This concludes the proof. �

9.4 The Iterated Perceptron-Rescaling Algorithm

Now, after the sub-algorithms and theorems in the last section, we are able to put together
the iterated perceptron-rescaling algorithm. The wiggling and rescaling phases increase γ
and γ∗ gradually to 1/(2

√
n) so that the perceptron will finally need at most 8n3/2 steps

to terminate.

9.4.1 Inside the Black Box

Algorithm 9.4.1. The Black Box
Input: An m× n matrix A and an α ∈ [0, 1].
Output: 1 if there exists a feasible solution to Ax ≥ α, 0 otherwise.

1. σ ← 1/(32
√

n), V = ∪1≤i≤n{ei,−ei}, U = ∅.

2. Run the α-perceptron phase with at most 8n3/2 updates.
If Ax ≥ α at any stage, halt and output 1.
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3. for i = 1 to |V |
Run the α-wiggling phase with vi, yielding an updated vi and let U ← U ∪ vi

end for
Let V ← U and U ← ∅.

4. If V = ∅, halt and return 0.

5. Rescale in every direction stored in V and store each updated A.

6. Run the α-perceptron phase with at most 8n3/2 updates for each new Ai.
If Ax ≥ α at any time, halt and return 1.

7. Return to the wiggling phase (step 3) and wiggle each updated vi with respect to its
corresponding matrix Ai.

Putting this into the scheme of Algorithm 2.1, we now have an algorithm that ap-
proximates γ∗ with precision 2−k if we run through the algorithm k times. Furthermore
we have the following estimate of the median time complexity, when we use the result of
the worst case behaviour discussed in the previous chapter. Note that the extra factor of
O(
√

n) origins from the generalized perceptron:

Theorem 9.4.1. In median time O(k2mn7/2), the iterated perceptron-rescaling algorithm
will approximate γ∗ with precision 2−k.

Proof: Using the calculations from the previous chapter it is easy to show that running
through the Black Box once, giving answer 1, takes time at most O(mn7/2 log 1

γ ), where
γ = γ∗ − α . Now assume that the optimal margin is of size γ∗ and that we run the
Black Box k times. Letting γ∗ vary with a uniform distribution in (0, 1] we get that the
size of γ = γ∗ − α ≥ 1/2k+1 in all k runs for at least half of all γ∗. This yields that our
algorithm will terminate in median time O(k2mn7/2). �

Remark:While the perceptron part of this algorithm is not suitable for investigating a
negative margin (since adding a misclassified vector might decrease the inner product
with a solution z), it is possible to interpret the wiggle procedure in this case. You can
say that an example ai is misclassified by xt when xt · ai ≤ γ, even if γ is negative. All
estimates in the proofs above will still hold, but there is no help to get in the interaction
with the perceptron part. The details of this result will not be presented in this thesis
though.
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Chapter 10

Conclusions
Now we are about to sum up the different topics and results of this thesis. They can be
subdivided into two major categories: Graph Theory and The Perceptron Algorithm.

10.1 Graph Theory

Most of the results falling into this category concerns the subtopic extremal graph theory.
A topic that search answers to questions like "When can we guarantee a graph G to have
a property P ?"

Short Cycles in Transition Systems

Here we give upper and lower bounds on the number of edges needed in a transition
system to assure us of having a cycle of length three or four compatible with the transition
system. This is made for a natural family of transition systems.

The Erdős-Sós Conjecture

The conjecture states how many edges a graph G needs, to assure us of having all trees of
a certain size k contained as a subgraph. Here we make an extension of Sidorenkos earlier
results and use that to prove the conjecture true for every k ≤ 9 and for graphs with high
minimum degree.

The Loebl-Komlós-Sós Conjecture

The conjecture states how large median degree a graph G needs, to assure us of having all
trees of a certain size k contained as a subgraph. With help from results concerning the
Erdős-Sós conjecture we conclude the conjecture to be true for every k ≤ 7.

Properly Coloured Hamiltonian Path

This result shows that every edge-coloured complete graph not containing a monochro-
matic triangle contains a properly coloured (or alternating) hamiltonian path.

Image Segmentation using Graph Theory

Here we show how the max-flow – min-cut theorem can help us to segment an image in
a proper and considerably fast manner.
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10.2 The Perceptron Algorithm

The perceptron algorithm was developed by Dunagan and Vempala into the Modified
perceptron algorithm. Here we take the modifications and developments a couple of
steps further.

The Geometry of the n-dimensional sphere

To sort things out for the modified algorithm, we get proper estimates of the probability
that two n-dimensional unit vectors have an inner product of at least 1/

√
n.

Making the Algorithm Deterministic

The algorithm made by Dunagan and Vempala had the drawback of not being a deter-
ministic one. Here we show how modifications can establish this desired property.

Speeding up the Algorithm

The modifications of making the algorithm deterministic made it a factor O(n) slower.
Here we speed up the algorithm to a pace O(n) faster than the modified algorithm pre-
sented by Dunagan and Vempala.

Also we show that the expected time for the algorithm is another factor O(n) faster
than the upper bound made on the worst case.

Finding an Optimal Margin

Here the two main ingredients in the algorithm, the Perceptron Phase and the Wiggle
Phase, are generalized in such a manner that we can construct an algorithm approximating
an optimal margin instead of only finding a feasible solution.
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[29] S. Brandt and E. Dobson The Erdős-Sós Conjecture for Graphs of Girth 5, Discrete
Math. 150 (1996), 411–414.

110



BIBLIOGRAPHY

[30] C. C. Chen and D. E. Daykin, Graphs with hamiltonian cycles having adjacent
lines different colours, J. Combin. Theory Ser. B 21 (1976) 135–139.

[31] V. Chvátal, Linear Programming, W. H. Freeman and Company, New York, (1983).

[32] N. Cristianini and J. Shawe-Taylor, Support Vector Machines, Cambridge, 2000.

[33] D. E. Daykin, Graphs with cycles having adjacent lines different colours, J. Combin.
Theory Ser. B 20 (1976) 149–152.

[34] A. Dempster, M. Laird and D. Rubin, “Maximum likelihood from incomplete data
via the EM algorithm” J. R. Stat. Soc., 1977.

[35] J. Dunagan and S. Vempala, A Simple Polynomial-time Rescaling Algorithm for Solv-
ing Linear Programs, ACM STOC 2004, 315–320.

[36] E. Dobson, Some problems in extremal and algebraic graph theory, Ph.D. Disserta-
tion, Lousiana State University, Baton Rouge, 1995.
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