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Abstract

The estimation of structure and motion from image
sequences using point, line and conic correspondences
is treated. Recent research has provided tools for ob-
taining good initial estimates of structure and motion
using images of these features. These estimates are,
however, not so accurate. In this paper it is shown
how to obtain statistically optimal estimates of struc-
ture and motion using such image feature correspon-
dences. The question of using proper weighting is im-
portant when different types of features are combined.
Experiments with real data are used to evaluate every
step of the algorithm.

1 Introduction

Using monocular image sequences taken by a camera
that moves relative to a rigid scene, one can gener-
ally determine the parameters of structure and mo-
tion up to an unknown projective transformation, cf.
[3]. If additional information is given, e.g. if the skew
is known or if the internal parameters are known to
be constant, then it is possible to determine the pa-
rameters of structure and motion up to a change of
Euclidean coordinate system and scale, [7]. In order
to understand this process it is convenient to think
of this computation in three steps. Firstly, features
are extracted in each image. Secondly, the interframe
correspondences between the selected features are es-
tablished. Thirdly, the structure and motion is calcu-
lated from these feature correspondences. Each step
is important. The correspondence problem will not
be treated here. Instead the paper will focus on the
accurate estimation of structure and motion with em-
phasis on feature extraction and structure and motion
estimation.

In [17] the problem of estimating structure and mo-
tion from line correspondences is discussed. They dis-
cuss both the question of obtaining an initial estimate
of camera motion using the trilinear constraint for
lines and the question of improving these estimates.
Several authors discuss the problem of obtaining ini-
tial estimates for lines and points [4, 6, 5], and more
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recently using points, lines and conics [9].

Previous work on conic based vision is mostly de-
voted to calculating structure from known motion and
calculating motion from known structure, [10]. Some
work has also been done on the correspondence prob-
lem for conics, [13, 12].

Two major contributions are made in this paper:
the novel algorithms for bundle adjustment of config-
urations of points, lines and conics and the consistent
treatment of uncertainty throughout the whole pro-
cess. We would like to point out the importance of
treating not only the geometric features but also their
uncertainty in every step of the computation.

2 Notations

We will use extended or homogeneous coordi-
nates throughout the paper for geometrical enti-
ties. Thus, a two-dimensional point (z,y) will
be represented as a three-vector x = [x y I]T.
A direction (cos(a),sin(a)) in the two-dimensional
plane will be represented by a three vector n =
[cos(a) sin(a) O]T. Similar notations will be used
for three-dimensional points and directions. We will
assume that the camera is an ideal pinhole camera.
The projection of a three-dimensional point X is con-
veniently represented by a 3 x 4 projection matrix P,
such that
x =PX .

A line in the image will be represented by a vector
l1=1[a b c]T The points of the line fulfill az +
by+c=1Tx = 0. A conic in the image is represented
by a symmetric 3 x 3 matrix C and a quadric in space
by a symmetric 4 x 4 matrix Q. The points of the
conic fulfill x” C~!x = 0 and the points of the quadric
XTQ X = 0. A quadric Q is projected to a conic
C according to

\C =PQPT .

3 Images and Image Features

In this section we will describe how to estimate the
three types of image features that have been used:
image points, lines and conics. The representation
of a point and its uncertainty is straightforward and
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Figure 1: Tllustration of the image acquisition model.
The original intensity distribution Wigeq is blurred by
the kernel h. The blurred signal W is then sampled to
form a discrete signal wp. Finally noise is added. The
result is the measured discrete signal vg = wg + eg.

has been omitted. The representation of the other
primitives and their uncertainty is presented. A brief
discussion on how to estimate these features is also
given.

Pixels

Each image feature is estimated using the informa-
tion in the digital images. In a digital camera, the
blurred image intensity distribution is typically mea-
sured by a CCD array. One can think of each pixel
intensity as the weighted mean of the intensity dis-
tribution in a window around the ideal pixel posi-
tion. Taking the weighted mean around a position
is equivalent to convolution followed by ideal sam-
pling. Due to quantisation and other errors, stochas-
tic errors are introduced. The original intensity dis-
tribution W is first blurred or convoluted with a low-
pass kernel h, Wy, = h x W. Each pixel w(i, j) is
an estimate of this distribution at position (z, ), i.e.
’LU(Z,j) = WbluT(iaj) + e(iaj)7 where the error 6(17.7)
are independent stochastic variables with zero mean
and standard deviation ¢. This is illustrated in Fig-
ure 1.

The digital image of an almost ideal edge is also
shown in Figure 2b. The object in the scene was a
very sharp step edge between black and white. No-
tice that the image is less sharp and discrete. The
particular camera used in Figure 1 measures the in-
tensity with 8-bits. A number between 0 and 255 is
obtained. Experiments have shown that the intensity
errors e(Z, j) in each pixel for this particular camera
can be modeled as independent noise with standard
deviation o =~ 3.

Edge detection

How accurate can the image position of the edge be
estimated in good conditions such as in Figure 2b?
In [2] it is shown that by proper interpolation of the
discrete signal w it is possible to obtain a continu-
ous signal W = W % g + E, where the error E is a
stationary random field. Furthermore it is possible
to calculate the covariance of E. What this means
in practice is that the smoothed intensity W and its
derivatives can be estimated at arbitrary interpolated
positions. This can be used to find the sub-pixel edge
position in the following way: Define a search line

Figure 2: The uncertainty in intensity measurement
causes uncertainty in each edge point position. These
uncertainties in turn cause uncertainty in the extracte
feature.

roughly perpendicular to the edge. Find the position
along that line where the directional derivative of the
interpolated intensity W is the highest. In practice
one first calculates the directional derivative at a dis-
crete number of positions along the search line, then
finds the point where the directional derivative is the
highest. This position is used as an initial estimate in
a Newton Raphson algorithm to find the point with
the highest directional derivative. This idea was used
in [1] and it was shown how to estimate the standard
deviation of the edge point estimate. Thus, the edge
point p and its uncertainty (the standard deviation
os in the direction n of the search line) is calculated
from the image w and its uncertainty (the variance
in each intensity measurements o?).

Lines

The process of fitting lines to extracted edge points
is well known. Figure 2c illustrates several search
lines and the extracted edge point positions. Using
these edge points and their uncertainty, the edge is
estimated using the maximum likelihood method. Let
x; be point number 7, n; the direction of the search
line and o, ; the estimated standard deviation. The

line parameters 1,, = [a b C]T are estimated so
that 171,,, = 1, 1% (x; + s;n;) = 0 and such that

is minimised.

The resulting line parameter 1,, lies on the surface
of the sphere 171,, = 1. It is convenient to measure
small deviations from 1,, in the tangent plane T, to
1,, on the sphere. Thus, for lines ’close’ to 1,,, we use
the following parametrisation

1 =P(1) = 1

local 15 1
In this parametrisation P(1,,) can be regarded as a
stochastic variable with covariance matrix C}. This
matrix is estimated from the line fitting algorithm.
Since the domain of P is two-dimensional, C is (a 3 X
3 matrix) of rank 2. Using the Cholesky factorisation
of the pseudo-inverse le of C we obtain the following
factorisation, LTL = le , where L is a 2 x 3 matrix.



Then, the stochastic variable LP(1,,) has covariance
matrix LC)LT = I. The two variables in LP(l,,) are
uncorrelated and have unit standard deviation.

Conics

The process of fitting conics to extracted edge points
is similar. The goal is to calculate the conic and
its uncertainty from the edge points and their un-
certainty. Figure 2c illustrates several search lines,
the extracted edge point positions. Let x; be point
number ¢, n; the direction of the search line and o ;
the estimated standard deviation. The conic param-
eters u, = [a b ¢ d e f]T
that uZ u,, = 1,

are estimated so

-1

a b c
(Xi + sini) b d e (Xi + sini)T =0
c e f

and such that

i S,'i

is minimised. From the final result we obtain the mea-
sured conic parameters u,, and the covariance matrix
C\.. Again since the conic parameters lie on the sur-
face of a 6 dimensional sphere uZ u,, = 1, the covari-
ance matrix has less than full rank. Small deviations
are measured in the tangent plane 7}, to the sphere
at u,,. Similar to the case of lines, the uncertainty
can be represented by a matrix L (a 6 x 6 matrix in
this case).

4 Initial estimate

A rough estimate of the structure and motion param-
eters is obtained using either projective methods for
points and lines using the trilinear tensor, cf. [16],
shape based factorisation methods for points, cf. [15],
or affine method for points, lines and conics, cf. [8].

The estimate is reasonably correct, but the errors
between the reprojected features and the estimated
features are severe (several pixels).

5 Bundle Adjustment

The idea of the bundle adjustment method is to op-
timize the structure and motion parameters so that
the residual between the measured features and the
reprojected features is small in some sense. For each
feature type it will be shown: how to parametrise lo-
cal changes in structure, how to reproject, and how to
calculate the weighted residuals and their derivatives
with respect to changes in structure and motion.

Points

Three dimensional points are parametrised in

extended coordinates as X = [X Y Z l]T.

Changes in X are parametrised as X(Az) =
[X +Az(1) Y+Az(2) Z+Az3) 1]7. The
projection x, and its derivatives are given by
x, = PX, 0x, = 0PX + P0X. The weighted
residual is measured as

Xp
xp(3)

r=L( —Xm) -

Lines

Three dimensional lines are parametrised using two
points X; and X in extended coordinates. Changes
in X; and X, are parametrised as X;(Az) = X +
Az(1)V; + Az(2)V, and Xp(Az) = X + Az(3)V1 +
Axz(4)V,, where V; and V2 are orthogonal directions
orthogonal to the direction between X; and X,. The
projected line 1, and its derivatives are given by

lp = (le) X (PXQ) s

dl, = (PX;+PIX;)x (PX5)+(PX;) x (OPX,+POX>)

where x denotes vector product. The weighted resid-
ual is measured as

~1,) .

Conics

Three dimensional quadrics are parametrised using
a 4 x 4 symmetric matrix Q. Changes in Q are
parametrised as

Az(l) Az(2) Az(3) Az(4)
_ Az(2) Az(5) Az(6) Az(7)
QAZ) =Q+ |\ 15 Aa() Aals) An(9)
Ac(4) Az(T) Ax(9) Az(10)

The projected conic u, and its derivatives are given
by

C, =PQPT, 9C, = PoQPT+oPQPT+PQIPT .
From the conic C,, and its derivatives the conic vector
up and its derivatives are extracted. The weighted
residual is measured as

Up

T
Um

r=L(

- Upy) -
up m)

Adjustment

The idea of the bundle adjustment is straightforward.
Calculate a vector r containing all weighted residu-
als and its derivatives with respect to changes in all
structure parameters and all motion parameters. The
weighted residuals have been normalised so that they
are approximately uncorrelated with zero mean and
unit variance, using the true values of the motion pa-
rameters. Minimising r in a least squares sense is
therefore statistically optimal in the first order.



Figure 3: Figure 3a shows one image in the exper-
iments. Solid lines represent measured features and
dashed line represent reprojected features. A close-
up is shown of part of a conic in Figure 3b and part
of a line in Figure 3c.

Outlier detection

Since the residuals are normalised, outliers will result
in residuals significantly larger than one. This can be
used to detect and remove outliers.

6 Experimental Validation

Figure 3a shows one of 7 images that were used in
the experiment with overlayed measured lines and
conics and reprojected lines and conics. Figure 3b
shows a close-up centered at a curved part of a conic.
The solid curve illustrates the measured conic and the
dashed line the reprojected conic. The residuals are
of the order of 0.1 pixels. Similarly Figure 3c shows a
close-up centered at a detected line. The solid curve
illustrates the measured line and the dashed line the
reprojected line. Again the residuals are small.

7 Conclusions and Discussions

Conics and lines are important image features. They
contain more information than points. Minimal cases
for structure and motion using conics involve less fea-
tures. This is an advantage in situations where less
features are available. It is easier to detect and track
conics than points. They are more robust and sta-
ble features. This has led to an upsurge in research
on conic based vision. However, when using conics
and in particular in combination with other features,
it is important to treat the uncertainty in a proper
manner. In this paper we have focused on the sys-
tematic treatment of features and their uncertainty
all the way from image acquisition to edge and fea-
ture detection and finally to their proper weighting in
a bundle adjustment method. This treatment makes
it possible to estimate structure and motion in a sta-
tistically optimal way using a combination of points,
lines and conics. The theory predicts that edge points
can be extracted with high precision (approximately
0.1 pixels) and this is verified by the results from the
bundle adjustment.
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