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Abstract

Invariance has become increasingly important in computer vision. One type of invariance is viewpoint in-
variance, i.e. properties of viewed objects that are invariant under camera motion. Another important concept is
object invariance, i.e. properties of the image that only depend on mation and not on the viewed objects. The
epipolar constraint in three dimensional vision, isan example of the latter. This paper deals with the generalisa-
tion of the epipolar constraint to multilinear constraints, for two-dimensional vision. In particular, the calibrated
trilinear tensor is studied. It is shown that each such tensor is associated with two different reconstructions. The
ambiguity is closely related to a concept from planar geometry, the so called isogonal conjugacy of two points
with respect to atriangle.

1 Introduction

A central problem in three-dimensional vision is the analysis of object shape and camera motion from images,
obtained by projections. The objective is to calculate the shape of the object using the shapes of the images and
to cal culate the camera matrices, which gives the cameramovement. Traditionally thisis solved by reconstructing
the object and the camera motion at the same time. Recently methods have been devel oped which use invariance.
Two main types of invariance are viewpoint invariance and object invariance. Viewpoint invariant properties are
properties which are intrinsic to the viewed object and independent of camera position or motion. An example
isthe classical crossratio of four collinear points. Such properties can be used to recognise or reconstruct objects
without knowing the relative position of the camerato the object. Another type of invariancy isthe object invariant
properties, i.e. propertiesof imageswhich only depend on cameramotion and not on theviewed object. Anexample
of such aproperty isthe epipolar constraint. These propertieshavetwofold uses. Firstly, the constraintscan be used
to find further image correspondences. Secondly, the constraints give information about the camera motion. This
type of invariancy has becomeincreasingly popular and is currently under intense research. Generalisations of the
multilinear constraints can be found in[4]. Further generalisationsto theinfinitesimal case can befoundin[7]. In
this paper the calibrated trilinear constraint in two-dimensional vision, is studied.

2 Camera Geometry

Consider atwo dimensional world consisting of anumber of object points (U,... ,U"). Each point U isrepresen-
ted in homogeneouscoordinatesso that U = (Ul U, 1) T , whereU; and U, arethe ordinary x and y coordinates
of that point in the plane. It isuseful to think of these homogeneousvectors as being defined only up to scale. Two
representations of the same points are thusU = (U, U, 1)T ~(2U; 2u, 2)T, where we have used ~ to
denote equality up to scale. Theimage u of apoint U with projection matrix P is defined as

Au=PU , )
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Figure 1. Theimage uisthedirection from cameraposition ¢ to the object position with homogeneous coordinates
U. Think of the image of sevaral points as aset of directions.
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Figure 2: The structure and motion problem for two-dimensional calibrated vision. Fig. 2.A: Three images or
sets of directions. Fig. 2.B: The game s to rotate and position each set of direction so that corresponding image
directions meet in one point.

where P isatwo by three matrix, u isatwo vector u = (uy,U,)" and A isanon-zero depth.
We will say that we have uncalibrated cameras if nothing is known about the projection matrices P. The
cameras are said to be calibrated if each matrix is of the type

_ __f(cos(B) —sinB)\ (1 0 —c
P=Ry (I —)= (sjn(e) cos(8) ) (0 1 —c2> : 2
The interpretation of the calibrated camera projection is that u is the direction from camera center ¢ to the object
U, after arotation with angle 6. In Fig. 1 the projection of seven object points onto a pencil of seven directions
isillustrated. Think of each image as such a set of directions. The shape of each image depends on both object
positions (structure) and cameramatrix (motion). One major goal of computer vision is to solve for structure and
motion given only a set of these images.

The structure and motion problem is the problem of finding structure (object positions (U1,... ,U™)) and
motion (anumber of cameramatricesP(t;) at timeinstants (ty, ... ,tm)), using only the measured image directions
ul(t;) ~ P(t)UJ. Asin the three-dimensional case this can only be done up to an arbitrary choice of coordinate
system. For example, in the calibrated camera case, where the camera matrices P(t;) are of type (2), structure and

motion can only be found up to an unknown similarity transformation. A canonic reference frame can be chosen
by Ry =1, c(t;) = 0 and |c(tm)| = 1. Thisgivesaunique (invariant) representation.

3 Thecalibrated trilinear tensor

In this section we will study the two-dimensiona version of the multilinear constraints. These constraints on ca-
mera motion and image positions are interesting for several reasons.

Firstly, they can be used to calculate camera motion from known image correspondences without explicitly
calculating the structure of the object points. This gives usatool to obtain an initial estimate on motion and then
structure. Thisinitial estimate can then be used to find structure and motion with high precision using optimisation
techniques, cf. [8].



Secondly, the multilinear constraints can be used to eliminate erroneousimage correspondences, and may help
in finding new correct ones. Thisis essential for robust, automatic structure and motion agorithms.

In the three-dimensional case, useful information isobtained already for two images, resulting in the calibrated
bilinear form (the essential matrix) and the uncalibrated bilinear form (the fundamental matrix). However, in the
two-dimensional case, no useful information is obtained until we study three images.

Theorem 3.1. Letu=u(ty), 0= u(ty) and G = u(t3) betheimage of the same point at threetime instantst,, t, and
t3, then the following trilinear constraint must hold

¢ Ru G O e
det (A A A) =Y Thiky Gc=0, ©)
¢ Ru 0 ¢ i4

where the three camera matrices are
Pl)=(1 0, Pt)=(R 8, Pt)=(R ¢ . 4
Proof. See[4]. ]

Note that the above constraint involves only the motion parameters (fz, F'i, ¢,€) and not the structure U. The
calibrated trilinear tensor T will now be analysed in more detail. The tensor components T’ can be expressed
using rotation matrices R, R and the vectors €, €. Introduce variables according to the following:

B (C S\ a_ (M) g (€ =) _ (M 5)
st € )’ Vi)’ S &)’ Vo) 7

with ¢; = cos(8;), 53 = sin(B;), ¢, = cos(,), s, = sin(B,). Calculating the tensor components we find

TH=—us+ws, T =vip-hs, TZ=hs—we, T#=-hc+ho,
211 212 221 222 (6)
T =—viC+ Va0, T7= —vi1—hpcy, T =h1C+Vasy, T = —hys .
Theorem 3.2. Atensor T"IKisa calibrated trilinear tensor if and only if
_Tlll + T122 + T212 + T221 -0 , TllZ + TlZl + Tle _ T222 -0 . (7)

When these conditions are fulfilled it is possible to solve (6) for R, R T, T. In general there are two (possibly
complex) solutions.

Proof. Itisstraightforward to show that these two conditions arefulfilled if the tensor componentsis given by (6).
Conversely, assume that the tensor components T*1'K fulfill (7). Introduce variables S, ... ,Sg according to

S =hhc, S=wce, S=hs, S=ws,
S=hc, S$S=wc, S=mhsp, S=ws.

Thetensor components depend linearly on these variables. Using T asavector containing the tensor components,
we have the following relation:

(8)

T 0 0 0 1 0 0 0 -1\ /s
Thz 0O 0 -10 0 1 0 O S
T2 0O -1 0 0 0 0 1 O S
T122 1 0 0 0 -1 0 0 O S
T=ly|={0o 1 0 0 0 -10 offs|=NS: ©)
T212 -1 0 0 0 0 0 0 -1||%
T22 0O 0 01 1 0 0 O S
T222 0O 0 -1 0 0 0 1 O S

The matrix above has rank 6 so for every tensor T € P, the vector S € P’ can be determined to lie on a projective
plane of dimension 2. This plane can be parametrised using Z = (21, 2,23) € P2, asS= 215, + S, + 353 where
S, depends on the tensor components T and

$=(100-1100 -1)", =0 1100110 (10)
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Figure 3: Thefigureillustrates the three images used as input in the example and the two possible solutionsto the
structure and motion problem as obtained from the calibrated trilinear tensor.

are abasis for the nullspace of N. However, from the structure of the variables it follows that

SH=5%  S=55 . (11)
Using these two quadratic constraints we get four solutions up to scale. Two of these are complex and known,
Z=(z,22)=0 1 1), Z=(@2n2z)=0 1 - . (12)

The other two solutions are easily found through a quadratic equation. They can be complex or real depending on
thetensor components. For every real solution Sthat fulfills (9) and (11), it iseasy to solvefor the motion variables,

(Clysl) ~ (S.IJSS) ~ (82784)7 (C2>SZ) ~ (55787) ~ (SG)%))

(hovt) ~ (S5, So)~ (S1,Se),  (aya) ~ (S1, So)~ (S5, i) - (13)

Notethat thereisatwo-fold ambiguity in the solution of the structure and motion problem no matter how many
corresponding points we have. However, the calculations above does not take into account the sign of the direc-
tions. Thus some of the reconstructed points might be in the wrong direction (with negative depth).

Weillustrate thiswith asimple example. InFig. 3.A. threeimages (u?,...u"), (G%,...d") and (G, ...0") of the
same object points are shown. A matrix M is constructed so that
Tlll
T112
diofal uole} uigjol ulodeh el wolg waa gaa) | T
MT=1 5 5 5 5 5 : : Tou [=0.  (14)

U VAV S VA VA T VA VAT A VA VAR VAU VA A G VATA A I i
T221
T222

Thematrix M shouldintheory berank deficient. Inpracticeit hasfull rank dueto errorsin theimage measurements.
In our example a singular value decomposition gives the following singular values

(213 1.84 131 116 108 068 0.64 0.001)

and the vector corresponding to the lowest singular value is chosen as a candidate for the tensor,

T=(-066 -008 -0.17 -0.17 052 -0.13 -0.36 0.27)T
It can now be checked that the tensor componentsfulfill (7), we get
—TH T2 72124 7221 = 0,00040,  TH24 T4 T2 - T%22 = 0.00026 .

From the tensor components the planar subspace of possible vectors Sis calculated. The two solutions satisfying
(11) isfound. From theseit is straightforward to cal cul ate the motion parameters and then the reconstruction. The
result isillustrated in Fig. 3.B and C. Note that in this particular example some reconstructed points have nega-
tive depth. In another example, Fig. 4.A and B, all points have positive depth. This makesit possible to rule out
€rroneous reconstructions.
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Figure 4: Fig. A and B illustrate two reconstructions for the same three images. Notice that the positions of the
cameras are mirrored, and that the position of the object points are completely different. Fig.Cillustrate a point P
and itsisogonal conjugate point P’ with respect to triangle ABC

4 Understanding the ambiguity

In the numerical examples (Fig. 3.B-C and Fig. 4.A-B) one can almost see that the position of the camera centers
in the two reconstructions are reversed. One suspects that the two-fold ambiguity has something to do with planar
geometry. It turns out that the two-fold ambiguity is a consequence of the following theorem, which isillustrated
inFig. 4.C, cf. [1, p. 113]. Further reading can be found in [2, p. 97] and [3, p. 273].

Theorem 4.1. Let ABC be a triangle. Let x, y and z be lines respectively through A, B and C that intersects one
point, say P. Let theline X' be the reflection of x in the bisector of angle A and similarly for y’ and Z, then the three
linesx' y and Z intersect at one point, say P'.

The points P and P’ are called isogonal conjugate points with respect to the triangle ABC. One interesting
property of these points is that they are focal points for a conic inscribed in the triangle, i.e. a conic which are
tangent to all three sides of the triangle.

Thus for each possible solution of the structure and motion problem for three cameras, a conjugate solution
can be found by first taking the isogonal conjugate points and then invert the whole situation. This can be seenin
Fig. 4.A and B.

5 Conclusions

In this paper we have studied the calibrated trilinear tensor in two-dimensional vision. It has been shown that each
trilinear tensor corresponds to two different camera motions. This ambiguity is closely linked to the concept of
isogonal conjugacy. Itisalso shown how thetrilinear tensor can be used to solve the structure and motion problem
using simple linear methods.
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