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Abstract

In this paper we investigate the geometry and alge-
bra of multiple one-dimensional projections of a two-
dimensional environment. This is relevant for one-
dimensional cameras, e.g. as used in certain autonomous
guided vehicles. It is also relevant for understanding the
projection of lines in ordinary vision. A third applica-
tion is on ordinary vision of vehicles undegoing so called
planar motion. The structure and motion problem for
such cameras is studied and the two possible minimal
cases is solved. For each solution with three images it
can be shown tat there is an ambiguous solution. For
each solution for four points there is also an ambiguous
solution.

1 Introduction

Understanding of one-dimensional cameras is important
in several applications. In [5] it was shown that the
structure and motion problem using line features in the
special case of affine cameras can be reduced to the
structure and motion problem for points in one dimen-
sion less, i.e. one-dimensional cameras. This was used
to solve the problem of three views of seven lines. Two
solutions are obtained. However, no geometrical inter-
pretation of these two solutions were given.

Another area of application is vision for planar mo-
tion. It is shown that ordinary vision (two-dimensional
retina) can be reduced to that of one-dimensional cam-
eras if the motion is planar, i.e. if the camera is rotating
and translating in one specific plane only, cf. [1, 3]. A
typical example is the case where a camera is mounted
on a vehicle that drives on a flat plane or flat road.

Our personal motivation, however, stems from the ap-
plication of autonomous guided vehicles. The navigation
system uses strips of inexpensive reflector tape (called
reflectors or beacons) which are put on walls or ob-
jects along the route of the vehicle, cf. [4]. The laser
scanner, also called angle meter or meter, measures
the direction from the vehicle to the beacons, but not

the distance. This is the information used to calculate
the position of the vehicle.

One interesting problem is the so called surveying or
the structure and motion problem. This is the procedure
to obtain a map of the unknown positions of the beacons
using images at unknown position and orientation.

Note that the discussion here is focused on finding
initial estimates of structure and motion estimates. In
practice it is necessary to refine these estimates using
non-linear optimization or bundle adjustment, cf. [6].

2 Scanner geometry

A laser navigated vehicle measures the direction (bear-
ing) in a horizontal plane to beacons on the walls.
Introduce the following notation for the bearing

cos(a)] ,

a—u= [sin(a)

for the beacon position in the plane

U,
Uz, Uy) «— U = Uy ] ,
1

and for the camera state, i.e. the position and orien-
tation of the camera:

_ | cos(Py) sin(Pp)| [1 0 —-P,
(Po, Py, Py) — P = [— sin(Py) cos(Py)| |0 1 -P,|"
(1)
Using these notations the projection equation is
Au=PU. (2)

Tt is sometimes useful to consider dual image coordinates
a+— v =[—sin(a) cos(a)], (3)

so that vu = 0. This is particularly useful since it sim-
plifies the camera constraint (2) as

Avu =0 =vPU. (4)



Structure and Motion

Motivated by the previous sections the structure and
motion problem will now be defined.

Problem 2.1. Given n bearings from m different posi-
tions
I=1,...

uy,j, ,m,J=1,...,n

the surveying problem is to find the depths A1 ; > 0,
the reconstructed points

X
U;=1|Y;
1

and the camera matrices

_ ar b[ Cr
PI o (—b] ar d]) ’ (5)
such that
/\[’JUI’JZPIUJ, VI:l,...,m,J:l,...,n.

It is often convenient to consider things to be equal
if they are equal up to scale. The notation ~ will be
used to denote equality up to scale. As an example
two camera matrices P and P are considered equal if
P ~ P. The reason for this is that P and P give the
same projections. Only the scale factor A is different.

Definition 2.1. The group of similarity transforma-
tions is defined as

Ccos(@) —Csin(f) A
S=<s~ [Csin(d) Ccos(d) B (6)
0 0 1
We consider two solutions (Ars,U;,P;) and

(Ar,7,U;,Py) to the surveying problem to be the same
if they are related by a similarity transformation. If
there exists a transformation matrix s such that

U, =sUy,
f’[ = /,LPIS_l s
ALy = BALg-

then both (AI,J,UJ,PI) and (S\I,J,ﬁj,laj) give the
same projections uy j, since
vIi=1,...

Ar,gur g =PrUy, ,m,J=1,...,n.

)\;’JUI,JZﬁIfjJ, ‘v’I=1,...,m,J:1,...,n.

In order to understand how much information is
needed in order to solve the structure and motion prob-
lem, it is useful to calculate the number of degrees of
freedom of the problem and the number of constraints
given by the projection equation. Each object point has

Table 1: The number of excess constraints mn — (2n +
3m — 4) for the structure and motion problem with m
images of n points.

n
m| 1 2 3 4 5 6 7
1,0 -1 -2 -3 -4 -5 -6
2(1-2 -2 -2 -2 -2 -2 -2
3|4 -3 -2 -1 0 1 2
416 4 -2 0 2 4 6

two degrees of freedom and each camera state has three.
The solution is only defined up to a similarity transfor-
mation (6). This manifold S has dimension 4. Using n
points and m cameras we thus have 2n + 3m — 4 degrees
of freedom in the parameters. Each measured bearing
gives one constraint on the estimated parameters. As-
suming that each point is visible in every camera we
get mn constraints. The number of excess constraints
mn — (2n + 3m — 4) is given in Table 1. Disregarding
the case of 1 point in 1 image, there are two interesting
cases:

1. Three images of five points (m=3, n=5).
2. Four images of four points (m=4, n=4)

will be called the minimal cases of the structure
and motion problem.

3 The calibrated trilinear tensor

The case of three cameras is of particular importance.
Using three measured bearings from three different
known location, the object point is found by intersecting
three lines. This is only possible if the three lines ac-
tually do intersect. This gives an additional constraint,
which can be formulated in the following way

Theorem 3.1. Let u; j, us ; and us ; be the bearing
directions to the same object point from three different
camera states. Then the trilinear constraint

Z Ti,j,kui,Jug,Ju]?f,J =0, (7)
4,k
is fulfilled for some 2 x 2 x 2 tensor T'.

Some properties of the calibrated trilinear tensor 7' =
T;jx in (7) will now be analysed in more detail. The
tensor components can be calculated from the motion
parameters alone. If we denote the rows of camera ma-
trix P by P} P? it can be shown that

Pi

_

Tijk = Niir Njjr Nikr det P';
P
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Figure 1: a: Three images. b: The first solution. ¢: The
second solution.

where the tensor A is defined as

A= G’ ‘01> . (8)

It is natural to think of the tensor as being defined
only up to scale. Two tensors T' and T' are considered
the same if they differ only by a scale

T~T<— 3u#0,T=ul

Let 7 denote the set of equivalence classes of trilinear
tensors fulfilling:

—Th11 + Th22 + To12 + To21 = 0,

9
Ti12 + Tho1 + To11 — To22 = 0. ©)

As discussed in Section 2 only the relative motion of
the camera is important.

Definition 3.1. Let the manifold of relative orienta-
tion of three cameras be defined as the set of equivalence
classes of three ordered camera matrices

b
P = {(P]_,P27P3)|PI = (—aé] aj ((j:i) }/ -

where the equivalence is defined as

(P17P27P3) = (ﬁaﬁ;aﬁg)v ds€ Saﬁ ~ PlsaI: 15273'

Theorem 3.2. Let T and P be defined as above then
the map

T:-P—T
i
P (10)
T(P1,P2,P3)ijr = Niir Ajj» Arr det | P2
P

s a well defined two-to-one mapping.

This can be used to solve the structure and motion
problem for three images of at least five points.

4 The dual quadrilinear tensor

Resection using three points has in general a unique
solution. It does not put any extra constraints on the
images. However, resection using four points is only

possible if some additional constraints are fulfilled. The
projection equations

Arjury =P;U; = D(Ujy)pr

for a specific image I can be rewritten as

D(U;) uj; 0 0 0 _I;I
DUs) 0 wup 0 0 _/\’*1 _o
D(U3) 0 0 us s 0 _)\1’2 -
D(U4) 0 0 0 ur 4 13
~ -~ ) —>\1,4
M
(11)

Observe that the 8 x 8 matrix M has a non-trivial right-
nullspace. Therefore its determinant is zero. Since the
determinant is linear in each column it follows that it
can be written as

_ o i J k o
det M = E : Qz,J,k,lu1,1u1,2uI,3u1,4 =0,
3,7,k,1

(12)

for some 2 x2x2x 2 tensor Q. It is relatively straightfor-
ward to see that the tensor components can be obtained
as subdeterminants of the first four rows of M. The no-
tation D(U;)! and D(U;)? will be used for the two
rows of the matrix D(U). The tensor components can
be computed from the object points (U;, Uy, Uz, Uy)
as

Q((U1,U2,Us, Us))ijrr = Nist Ajjr At Ny det

Instead of having a number of constraints involving
motion parameters, structure parameters, image mea-
surements and depths we obtain a constraint involving
image measurements and structure parameters only.

The tensor components @; jx,; depend on the struc-
ture of the four points: (U, Uy, Us, Uy). Similar to the
calibrated trilinear tensor we will show that the map-
ping from structure parameters to tensor components is
a two-to-one mapping.

Definition 4.1. Let the manifold ¢/ of Euclidean
shape of four points be defined as the set of equiva-
lence classes of four ordered points

X
U= (U1,0;,U03,Uy) |U;~ | Y /’1

1

where the equivalence is defined as

(U17U27U37U4) jad (I,j-;.y mamam)v
Js € S,VIU; ~sU;.



Table 2: The number of solutions to the surveying prob-
lem with m images of n points. Superscripted stars in-
dicate overdetermined situations.

n
m| 3 4 5 6 7
2|00 00 00 00 o
3| oo 2 2 2*
4 |0 2 1* 1* 1%
5|00 2 1* 1* 1*
6 |oc0 2 1* 1* 1*

Definition 4.2. Let the manifold Q. of dual calibrated
quadrilinear tensors be defined as all 2 x 2 x 2 x 2 tensors
Qijri defined up to scale fullfilling

Q1111 =0,

Q2222 = 0,

Q1112 = —Q2221,

Q1121 = —Q2212,

Q1122 = Q2211,

Q1211 = —Q2122,

Q1212 = Q2121,

Q1221 = Q2112,

Q1222 = —Q2111,

Q2122 — Q2111 + Q2221 + Q2212 = 0,
Q2211 + Q2121 + Q2112 =0 .

Theorem 4.1. A tensor Q“F! is a calibrated dual
quadrilinear tensor if and only if (14) are fulfilled. When
these constraints are fulfilled it is possible to solve (13)
for the structure. There are two solutions.

The Table 2 has a symmetric appereance. This can
be shown using a duality that was developed by Carls-
son in [2]. According to this duality the 4-points-
in-4-images-problem is equivalent to the 5-points-in-3-
images-problem. This explains the symmetry in Table 2.

5 Conclusions

In this paper we have introduced the minimal condi-
tions for solving the structure and motion problem for
cameras with one-dimensional retina. The emphasis has
been on calibrated cameras.

For the minimal case of three images with five points
it was shown how to solve the problem using the cali-
brated trilinear tensor. It was shown that the there is
a two-to-one map from the relative orientation of three
cameras to the calibrated trilinear tensor. This explains
why there are two solutions to the structure and motion
problem for three cameras.

For the minimal case of four images with four points
it was shown how to solve the problem using the dual
calibrated quadrilinear tensor. It was shown that there
is a two-to-one map from the shape of four planar points
to this tensor. This explains why there are two solutions
to the structure and motion problem for four points.

Using the duality of Carlsson it is then shown that
the above two types of ambiguities are in fact dual to
each other.
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