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Abstract

In this paper we investigate the geometry and alge-
bra of multiple one-dimensional projections of a two-
dimensional environment. This is relevant for one-
dimensional cameras, e.g. as used in certain autonomous
guided vehicles. It is also relevant for understanding the
projection of lines in ordinary vision. A third applica-
tion is on ordinary vision of vehicles undergoing so called
planar motion. The structure and motion problem for
such cameras is studied and the two possible minimal
cases is solved. The technique of solving these ques-
tions reveal interesting ambiguities. It is shown that
for each solution with three images there is an ambigu-
ous solution. It is also shown that for each solution for
four points there is an ambiguous solution. The con-
nection between these two different types of ambiguities
are also given. Although the paper deals with calibrated
cameras, it is shown that similar results holds for uncal-
ibrated cameras.

1 Introduction

Understanding of one-dimensional cameras is important
in several applications. In [7] it was shown that the
structure and motion problem using line features in the
special case of affine cameras can be reduced to the
structure and motion problem for points in one dimen-
sion less, i.e. one-dimensional cameras. This was used
to solve the problem of three views of seven lines. Two
solutions are obtained. However, no geometrical inter-
pretation of these two solutions were given.

Another area of application is vision for planar mo-
tion. It is shown that ordinary vision (two-dimensional
retina) can be reduced to that of one-dimensional cam-
eras if the motion is planar, i.e. if the camera is rotating
and translating in one specific plane only, cf. [1]. A typ-
ical example is the case where a camera is mounted on
a vehicle that drives on a flat plane or flat road.

Our personal motivation, however, stems from the ap-
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Figure 1: a: A laser guided vehicle. b: A laser scanner
or angle meter.

plication of autonomous guided vehicles, which are im-
portant components for factory automation. Such ve-
hicles have traditionally been guided by wires buried in
the factory floor. This gives a very rigid system. Re-
moval and change of wires is cumbersome and costly.
The system can be drastically simplified using naviga-
tion methods based on a laser sensor and computer vi-
sion algorithms. With such a system the position of
the vehicle can be computed instantly. The vehicle can
then be guided along any feasible path in the room. This
paper deals with some navigation problems for a laser
guided vehicle. The navigation system uses strips of in-
expensive reflector tape (called reflectors or beacons)
which are put on walls or objects along the route of the
vehicle, cf. [5]. The laser scanner, also called angle
meter or meter, measures the direction from the ve-
hicle to the beacons, but not the distance. This is the
information used to calculate the position of the vehicle.

One interesting problem is the so called surveying
problem, cf. [2]. This is the procedure to obtain a map
of the unknown positions of the beacons using images at
unknown position and orientation. This is usually done



off-line, once and for all, when the system is installed
and then occasionally if there has been changes in the
environment. High-accuracy is needed, since the map
has to be hard-coded in the system. The performance
of the navigation routines depends on the precision of
the surveyed map. The surveying problem is in essence
a structure and motion problem, i.e. one tries to solve
for both the structure (the map) and the motion of the
vehicle.

Note that the discussion here is focused on finding
initial estimates of structure and motion estimates. In
practice it is necessary to refine these estimates using
non-linear optimization or bundle adjustment, cf. [8].

2 Scanner geometry

A laser navigated vehicle is shown in Figure 1.a. The
laser scanner, which is shown in detail in Figure 1.b, is
mounted on the top of the vehicle. A laser beam gen-
erated by a vertical laser in the scanner, is deflected
by a rotating mirror, at the top of the scanner. Thus,
the laser beam scans the room at a fixed height. When
the laser beam hits a beacon (a retroreflective tape, also
shown in Figure 1.a), a large part of the light is reflected
back to the scanner. The reflected light is processed to
find sharp intensity changes. When this happens the
bearing a of the laser beam relative to a fixed direction
of the scanner is stored. The time ¢ when the reflection
occurs is also stored. All beacons are identical. This
means that the identity of a beacon cannot be deter-
mined from a single measurement.

Introduce an object coordinate system which will be
held fixed. The bearing o defined above, depends on
the position of the beacon (U, U,) and of the position
(Py, Py) and orientation Py of the scanner according to

a(P,U) = atan2(Uy — P,,U, — P,) =Py , (1)

where atan2 is the four quadrant inverse tangent as ex-
plained in [6]. The vector (P, P, Py) is called the cam-
era state.

The above equation (1) for the measured bearing is
non-linear. A somewhat simpler represention of the
same equation can be obtained as follows. Introduce
alternative representations for the bearing

cos(a)] ,

a—u= [sin(a)

for the beacon position

U,
Uz, Uy) «— U = |U,| ,
1

and for the camera state

cos(Pp)

B in(Pg)| (1 O
(Po, Py, Pg) & P = — sin(Py) i 0][

-P,
cos(Pg)[|10 1 —P,
(2)
Using these notations equation (1) can be written
Au=PU . (3)

The alternative representation for the camera state
above will be called the camera matrix. Notice that
the structure of this 2 x 3 matrix is

P:[—ab . cci] ! )

with a? + 5% = 1. Tt is straightforward to obtain the
elements (a, b, ¢, d) of the camera matrix from the meter
state (P,, Py, Py) and vice versa.

It is sometimes useful to consider dual image coordi-
nates

a+— v = [sin(a) cos(a)] , (5)

so that vu = 0. This is particularly useful since it sim-
plifies the camera constraint as

Avu=0=vPU . (6)

Problem formulation

Motivated by the previous section the structure and mo-
tion problem will now be defined.

Problem 2.1. Given n bearings from m different posi-
tions
wj, t1=1,..., mji=1,...,n
the surveying problem is to find the depths \; ; > 0,
the reconstructed points U; and the camera matrices P;
such that
Aijuij = PiUj,

Vi=1,...,m,j=1,...,n .

We consider two solutions (\;;,U;,P;) and
(Ai,j,U;, P;) to the surveying problem to be the
same if they are related by a similarity transformation,

i.e. if there exists a transformation matrix

peos(f) —psin(d) A
s= | usin(d) pcos(d) B
0 0 1

such that l?j = SU]', ]31 = /,L.Pz'Sil, S\i’j = ,U,)\i,j.

In order to understand how much information is
needed in order to solve the structure and motion prob-
lem, it is useful to calculate the number of degrees of
freedom of the problem and the number of constraints



n

m| 1 2 3 4 5 6 7

1 o -1 -2 3 -4 -5 -6
2(-2 -2 -2 -2 -2 -2 -2
314 3 -2 -1 0 1 2

4|16 4 -2 0 2 4 6

5|1-8 5 -2 1 4 7 10
6 -10 6 -2 2 6 10 14

Table 1: The number of excess constraints mn — (2n +
3m — 4) for the structure and motion problem with m
images of n points.

given by the projection equation. Each object point has
two degrees of freedom and each camera state has three.
Since it is only possible to obtain solutions to the prob-
lem up to a change of euclidean coordinate system and
change of scale four degrees of freedom are removed.
Each measured bearing gives one constraint on the esti-
mated parameters. Assuming that each point is visible
in every camera we get mn constraints. The number of
excess constraints mn— (2n+3m—4) is given in Table 1.
Disregarding the case of 1 point in 1 image, there are
two interesting cases where the number of constraints is
exactly equal to the number of degrees of freedom in the
estimated parameters. These two cases

1. Three images of five points (m=3, n=5).
2. Four images of four points (m=4, n=4)

will be called the minimal cases of the structure and
motion problem.

3 Intersection and the discrete
multilinear constraint

In this section the simpler problem of determining the
position of an object point using bearings from several
known locations is studied. This problem is usually re-
ferred to as intesection or reconstruction in the lit-
erature.

Problem 3.1. Given m bearing directions
w, t=1,...,m

from m known meters states
P, i=1,....,m

to one object point U in unknown position the inter-
section problem is to find the depths A; > 0 and the
object point U such that

/\iuiZPiU, Vi:l,...,m .

Each measured bearing from known position con-
strains the location of the object point to the line of
sight. The equation for this line is simplest to de-
rive using dual image coordinates v. According to (6)
v;P;U = 0, thus 1; = v;P; is the line of sight. The
geometric interpretation of the intersection problem is
to intesect these m lines (11,...,1l;) at a point. The
problem has no solution using only one measurement,
but using two bearings the solution is in general unique.

Algorithm 3.1. (Intersection).

1. Given m bearing directionsv;, i1 =1,...,m from
m known meters states P;, i =1,...,m form a
matrix

viP;
M= .
Vo P

2. Perform a singular value decomposition of M,

M=UXV
3. the last column of V is the vector U that minimises
MU, i.e. the solution to the intersection problem
that minimises the errors in 1,U = 0.

The calibrated trilinear tensor

The case of three cameras is of particular importance.
Using three measured bearings from three different
known location, the object point is found by intersecting
three lines. This is only possible if the three lines ac-
tually do intersect. This gives an additional constraint,
which can be formulated in the following way:

Theorem 3.1. Let uy, j, uz ; and us ; be the bearing
directions to the same object point from three different
camera states. Then the trilinear constraint

AP J ko _
§ :Tl,J,kul,Ju2,Ju3,J =0, (7)
.5,k

is fulfilled for some 2 X 2 x 2 tensor T'.

Proof. By lining up the camera equations

P, w,y O 0 _I;J
P, 0 u,; O _/\LJ =0 (8
P; O 0 wuyy _/\:j

~~

M

we see that the 6 x 6 matrix M has a non-trivial right-
nullspace. Therefore its determinant is zero. Since the
determinant is linear in each column it follows that

— ik
det M =Y Tijpuj yuj jui; =0, (9)
5,k

for some 2 x 2 x 2 tensor T'. [ |



The calibrated trilinear tensor T = T j ; in (7) will
now be analysed in more detail. Note that the con-
straint above only involves the motion parameters and
the bearing directions. It does not involve the structure
parameters U. The tensor components can be calcu-
lated from the motion parameters. In fact they are sub-
determinants of the first three columns of the matrix M.
If we denote the rows of camera matrix P; by P} P?%,
the components can be obtained as

Pi’

Tijk = Nior Njjr Agrr det P%
k’

P3

(10)

where the tensor A is defined as A = ¢ *01 . If the object
coordinate system is changed

P1 l—)f’l :Pls, le—)].az =P25, P3 l—)f’3 :P3S,

where s € S denotes a 3 X 3 transformation matrix, the
tensor components change according to

~ ~ !

Ti,j,k = Nsir Njjr Nk det

P‘%I detsz,uTi’j’k y (11)
P¥
| & 3

Nigt /\]‘]‘I Nk det

with g = dets. A change of coordinate system only
changes the magnitude of the tensor.

It is natural to think of the tensor as being defined
only up to scale. Two tensors T' and T are considered
the same if they differ only by a scale

T~T, 3u#0,T=uT

As discussed in Section 2 only the relative motion of

the camera is important.

Definition 3.1. Let the manifold of relative orienta-
tion of three cameras be defined as the set of equivalence
classes of three ordered camera matrices

b
P= {(Pl,Pz,P3)|P1: <—al§1 aj Ccli)}/z

where the equivalence is defined as
(P1, P2, P3) = (P1,P3,P3),
e8P ~Ps, 1=1,2,3. (12)

Thus the above discussion states that the map
(P1,P2,P3) — T is in fact a well defined map from
the manifold of equivalence classes P to 7.

Theorem 3.2. A tensor T; ;1 is a calibrated trilinear
tensor if and only if

—Ti11 + Thi22 + To12 + T221 = 0,

(13)
Ti12 +Ti21 + To11 — T222 =0 .

When these constraints are fulfilled it is possible to solve
(10) for (P1,P2,P3). There are in general two solu-
tions, possibly non-real. The map (10) is a well defined
two-to-one map from P to tensors in T, fulfilling (13).

The proof can be found in [3].

4 The surveying problem for
three images

The previous section on the calibrated trilinear tensor
has provided us with the tool for solving the structure
and motion problem for three cameras of at least five
points.

Algorithm 4.1. (Structure and motion from

three images).

1. Given three images of at least five points,

u;, +=1,...,3,7=1,...,n,n>5 .

Denote by w/ =wuy,; by w/ = Uy ; and by @7 = uy ;.

2. Calculate the trilinear tensor T' that fulfills the lin-
ear constraints (13) and 3=, ; , Ti,j’ku’i,Ju%’Ju’;,J =
0,vVJ=1,...n.

8. Calculate the vector T that minimises MT = 0 and
fullfills the constraints (13).

4. Calculate the two possible solutions to the relative
orientation (Py, Py, P3) from T according to the
proof of Theorem 3.2.

5. For each solution to the motion calculate structure
according using intersection (Algorithm 3.1).

Note that there is a two-fold ambiguity in the solution
of the structure and motion problem, irrespective of the
number of corresponding points. Additional points will
help in estimating the tensor more accurately but will
not be able to rule out one of the two possible solutions
to structure and motion problem. The geometric inter-
pretation of the second solutions is based on isogonal
conjugacy, c.f. [3]. The calculations above do, however,
not take the sign of the directions into account. Thus
some of the reconstructed points sometimes have nega-
tive depth. This does not, however, guarantee unique-
ness in general.
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Figure 2: a: Three images. b: The first solution. c: The
second solution.

Example 4.1. We illustrate the discussion above with
a simple example. Figure 2 shows three images of the
same object points. Algorithm 4 above is used to find
the two possible solutions to the structure and motion
problem. These are also shown in Figure 2. Note that
in this example all points in both reconstruction have
the correct orientation. ]

5 Resection

In this section the problem of determining the camera
state using the bearings to reflectors with known coor-
dinates is studied. This problem is usually referred to as
resection or absolute orientation in the literature.

Problem 5.1. Given n bearing directions

uy;, J=1,...,n

from an unknown meters state to n object points in
known position U; the resection problem is to find
the depths Ay > 0 and the camera matriz P such that

)\JUJ:PUJ, VJ=1,...,n.

Using the dual coordinates for image bearings (cf.
(6)): 0 = v;PU,, a constraint is obtained which is
linear in the camera matrix. Denote by p = (a,b,c,d)”
the vector containing the four parameters of the camera
matrix, cf. (4): Introduce the operator D : R® — R2*4
according to

X

X Y Z o
b g _(Y—XOZ>

Observe that PU = D(U)p. Thus it is possible to re-
arrange the equations so to obtain a linear constraint
of the following type. 0 = v;PU; = v;D(U,)p. Each
measured bearing gives one linear constraint on the el-
ements p of the camera matrix. Since P2 + P2 = 1,
the unknown camera matrix has three degrees of free-
dom. With two bearings the position of the camera is
constrained to that of a circle through the two object
points. With at least three measured bearings to known
positions the solution is in general unique.

Algorithm 5.1. (Resection).

1. Given n bearing directions uy, J = 1,...,n to

n known object points Uy, J =1,...,n form a
matric
VlD(Ul)
M = (14)
v, D(U,)

2. Perform a singular value decomposition of M,
M =UXV

where U and V are orthogonal matrices and X is a
diagonal matriz with decreasing non-negative num-
bers on the diagonal.

3. The last column of V is the vector p that minimises
the constraint v;PU; = v;D(U;)p = 0,J =
1,...,n.

6 Solution to the problem of four
points in four images

Resection using three points has in general a unique

solution. It does not put any extra constraints on the

images. However, resection using four points is only

possible if some additional constraints are fulfilled. The
projection equations

Aryury =PU; = DU )ps

for a specific image I can be rewritten as

D(U;) usj; 0 0 0 Ij\’
DUy) 0 w, 0 0 || M|
DUs) 0 0 wus O —/\?z -
R D(U4) 0 VO 0 ur,4 B _/\174
N
(15)

Observe that the 8 x 8 matrix N has a non-trivial right-
nullspace. Therefore its determinant is zero. Since the
determinant is linear in each column it follows that it
can be written as

_ . i .3 kool
det N = E : QZ,J,k,luI,luI,zuI,SuIA =0,
,5,k,1

(16)

for some 2x2x2x2tensor Q). It is relatively straightfor-
ward to see that the tensor components can be obtained
as determinants of the first four columns of N. The no-
tation D(U;)! and D(U;)? will be used for the two
rows of the matrix D(U). The tensor components can



be computed from the object points (Uy, Uz, Uz, Uy)
as

Qijrr = Niwr Njjr Apr A det (17)

This proves the following theorem.

Theorem 6.1. Letu;j, ur2, urz andus4 be the bear-
ing directions to four different points in the same
image. Then the dual quadrilinear constraint (16) is
fulfilled for some 2 x 2 x 2 x 2 tensor Q, defined by (17).

Instead of having a number of constraints involving
motion parameters, structure parameters, image mea-
surements and depths we obtain a constraint involving
image measurements and structure parameters only.

The tensor components @Q; ;x; depend on the struc-
ture of the four points: (U, Uy, Uz, Uy). Similar to the
calibrated trilinear tensor it can be shown that the map-
ping from structure parameters to tensor components is
a two-to-one mapping.

Definition 6.1. Let the manifold / of Euclidean
shape of four points be defined as the set of equiva-
lence classes of four ordered points

X

YJ / ~

1

(U17U27U3aU4) = (ﬁzaﬁ;,ﬁ;,ﬁ;),
ds € S,VIﬁ; ~sUy .

U= (U17U27U35U4)|UJN

where the equivalence is defined as

(18)

Definition 6.2. Let the manifold Q. of dual calibrated
quadrilinear tensors be defined as all 2 x 2 x 2 x 2 tensors
Qijr defined up to scale fullfilling

Q1111 =0, Q2222 =0,
Q1112 = —Q2221,
Q1122 = Q2211,
Q1212 = Q2121,
Q1222 = —Q2111,
Q2122 — Q2111 + Q2221 + Q2212 = 0,
Q2211 + Q2121 + Q2112 =0 .

Q1121 = _Q2212’
Q1211 = _Q21227

Q1221 = Q2112, (19)

Theorem 6.2. A tensor Q;jr; s a calibrated dual
quadrilinear tensor if and only if (19) are fulfilled. When
these constraints are fulfilled it is possible to solve (17)
for the structure. There are two solutions. The map
(17) is a well defined two-to-one map from U to tensors

m Q..

7 Solution to the problem of four
points in four images

The previous section on the dual calibrated quadrilin-
ear tensor has provided us with the tool for solving the
structure and motion problem for at least four images
of four points.

Algorithm 7.1. (Structure and motion from four
points).

1. Given at least four images of four points,

2. Calculate the dual gquadrilinear tensor fullfilling
(19) and the gquadrilinear constraints

. i J k | _
E Q,’]7k,lu171u1,2u1’3u1’4 =0, I=1,..,m.
i,5,k,1

3. Find the two solutions to structure from the tensor
components, c.f. Theorem 6.2.

4. For each solution to the structure calculate motion

using resection (Algorithm 5.1).

Example 7.1. Using the following bearing measure-
ments

ar.g J

I 1 2 3 4

1 -2.3562 2.3562 1.1844 -0.76025
2 -2.1588 2.6779 0.78328 -0.99563
3 -2.5636 2.5536  1.7567  -1.1651
4 -2.3562  2.8198  2.0054 -1.312

we obtain two possible solutions on the meter states
and the object positions. These are illustrated in Fig-
ure 3. Notice that additional images can only be used
for estimating the tensor components with greater ac-
curacy. They cannot be used to distinguish between the
two solutions.

8 Duality between number of

points and number of images

In Section 4 it was shown that the problem of 5 points
in 3 images have in general two solutions. It is also
shown that if there is a solution to the problem of more
than 5 points in 3 images, then there are 2 solutions.
Similarly in Section 7 it is shown that the problem of
4 points in 4 images has two solutions. If there is a
solution to the problem of 4 points in more than four
images then there are 2 solutions. The problem of at
least five points in at least 4 images is overdetermined
and if there is a solution it is in general unique. The
situation is illustrated in Table 2.
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Figure 3: Two different solutions to the structure and
motion problem with four images of four points. The im-
age directions are shown as unit vectors from the center
of the camera. The object points are shown as small
stars.

n
m| 3 4 5 6 7
2100 00 0 00 o®
3|0 o© 2 2 2*
4 |0 2 1* 1* 1%
5|00 2 1* 1* 1*
6 |0 2 1* 1* 1*
7|00 2 1* 1* 1%

Table 2: The number of solutions to the surveying prob-
lem with m images of n points.

Connection to uncalibrated cameras

In this paper it has been assumed that bearings are mea-
sured and therefore that the camera matrix has the spe-
cial form given by (4). In many situations it can be of
interest to study the structure and motion problem for
so called uncalibrated cameras. This is identical to the
surveying problem, except that the camera matrix is al-
lowed to be a general 2 x 3 matrix. The difference in
the study of minimal cases is however slight, due to the
following theorem.

Theorem 8.1. Knowing that the camera is corrected
for internal calibration is equivalent to seeing two extra

points (the circular points) in each image.

Proof. If the camera is corrected for internal calibration
and has the following structure

a b c
P—[—bad]’

then the image of the two circular points

is known to be

()

(Pu+PbI)01:P01, (Pa—PbI)C2:P02 .
———— ———
Al )\2

since

On the other hand, in the projective case, if we change
the image coordinates so that u;; = ¢; and u; 2 = ¢ and
also choose object coordinate system so that U; = C}
and Uy = (5 then the projection matrices must have
the form of a calibrated camera matrix since

M =P+ Pl
Ao=P; — Pl

AT
—A2f

=P+ Popl,
=Py — Pyl

(20)
(21)

But then we have ()\1 + )\2) = 2P1,1 and (Al + )\2)[ =
2P2’2I SO Pl,l = P2’2. Furthermore, ()\1 — Az) = 2P1’21
and ()\1 — )\2)[ = 2P2’1 SO P1’2 = _P2,1- | |

Corollary 8.1. The wuncalibrated surveying problem
with n points and m images is equivalent to the cali-
brated surveying problem with n — 2 points in m images.

Thus it follows that for the uncalibrated surveying
problem, the two minimal cases are three images of
seven points and four images of six points. In both of
these two situations there is an two-fold ambiguity in
the solution. The ambiguity is not resolved by adding
points in the three image case or adding images in the
six point case.

The Table 2 has a symmetric appereance. This can
be showed using a technique that Carlsson developed in
[4]- The technique that he used for uncalibrated projec-
tions from 3D to 2D is here exploited for uncalibrated
projections from 2D to 1D:

Theorem 8.2 (Carlsson Duality). The uncalibrated
surveying problem with n points and m images is equiv-
alent to the uncalibrated surveying problem with m + 3
points and n — 3 images.

Proof. This is simplest seen by choosing the image co-
ordinates of the first three points according to

w()e me() ()

(22)



and the object coordinates of the first three points ac-
cording to

(23)

Since \;u; = P;U; it follows that the camera matrix
has the following form

(i 0 Vs
P= (0 Vs V3)
The camera equation for the remaining points

iy = (U1V1 + U3V3)

UsVa + UsVs (24)

is the symmetric in camera parameters (V1, Va2, V3) and
structure parameters (U, Uz, Us). Thus any algorithm
for solving n points in m images can be used to solve
the m + 3 points in n — 3 images. ]

Theorem 8.3. The calibrated surveying problem with
n points and m images is equivalent to the calibrated
surveying problem with m + 1 points and n — 1 images.

Proof. This follows immediately from Theorem 8.1 and
Theorem 8.2. ]

According to the theorem the 4-points-in-4-images-
problem is equivalent to the 5-points-in-3-images-
problem. This explains the symmetry in Table 2.

9 Conclusions

In this paper we have introduced the minimal condi-
tions for solving the structure and motion problem for
cameras with one-dimensional retina. The emphasis has
been on calibrated cameras.

For the minimal case of three images with five points
it was shown how to solve the problem using the cali-
brated trilinear tensor. It was shown that the there is
a two-to-one map from the relative orientation of three
cameras to the calibrated trilinear tensor. This explains
why there are two solutions to the structure and motion
problem for three cameras.

For the minimal case of four images with four points
it was shown how to solve the problem using the dual
calibrated quadrilinear tensor. It was shown that there
is a two-to-one map from the shape of four planar points
to this tensor. This explains why there are two solutions
to the structure and motion problem for four points.

Finally the connection with the calibrated and the
uncalibrated cameras are given. From this it follows
that similar results holds for three images with seven
points and for four images with six points.

Using the duality of Carlsson it is then shown that
the above two types of ambiguities are in fact dual to
each other.
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