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Abstract

In this paper we investigate, determine and classify the critical configurations
for solving structure and motion problems for 1D retina vision. We give a
complete categorization of all ambiguous configurations for a 1D (calibrated
or uncalibrated) perspective camera irrespective of the number of points and
views. It is well-known that the calibrated and uncalibrated case are linked
through the circular points. This link enables us to solve for both cases si-
multaneously. Another important tool is the duality in exchanging points
and cameras and corresponding Cremona transformation. These concepts
are generalized to the 1D case and used for the investigation of ambiguous
configurations. Several examples and illustrations are also provided to explain
the results and to provide geometrical insight.

1 Introduction

A key problem in computer vision is to recover the shape of an object from
a number of its images. This is known as the structure and motion problem.
Most work has so far been concentrated on the 2D images of a 3D object
[9, 13]. This inverse problem has a number of inherent ambiguities. One
well-studied ambiguity is when the visible features lie on a special surface,
called a critical surface, and the cameras have a certain position relative



to the surface. Critical surfaces or “gefihrlicher Ort” were already studied
by Krames [17] based on a monograph from 1880 on quadrics [23]. In the
case of one-dimensional cameras, the situation is less clear. The purpose of
this paper is to investigate and classify all critical configurations for the 1D
perspective camera.

One-dimensional cameras have proven useful in many applications. In [22,
3] it was shown that the structure and motion problem using lines for affine
cameras can be reduced to the structure and motion problem for 1D cameras.
Another area of application is vision for planar motion. The ordinary 2D
retina vision can be reduced to that of 1D cameras if the motion is planar,
i.e. the camera is rotating and translating in one specific plane, cf. [1, 10].
A typical example is the case where a camera is mounted on a vehicle that
moves on a flat plane.

The 1D camera may also serve as a good model for the navigation system
in laser guided vehicles, called LGV. The vision system uses strips of reflector
tape which are put on walls or objects along the route of the vehicle, cf. [15].
The laser scanner measures the direction from the vehicle to the beacons.
This information is used to calculate the position of the vehicle. One example
of an LGV is shown in Figure 1.

In this paper the critical configurations for structure and motion estima-
tion with 1D retina cameras are studied and classified. A complete cate-
gorization of the different ambiguities is given, both for calibrated and un-
calibrated cameras. The paper is primarily based on three mathematical
tools:

e The connection between the calibrated and uncalibrated case through
the circular points.

e The camera-point duality and the Cremona transformation that makes
it possible to switch roles between cameras and points.

e Multiview geometry using multilinear constraints. For the 1D retina
case there is only the trilinear tensor and its dual.

The approach taken here is much inspired by the works of Carlsson |7, §],
Hartley and Debunne [12] and Maybank [19].

Prior work on critical configurations has been focused on the 2D perspec-
tive camera. For critical surfaces and curves, see [17, 14, 6, 18, 20, 11] and
for critical camera motions (in the context of auto-calibration), see [26, 16].
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Figure 1: a: A laser guided vehicle. b: A laser scanner or angle meter.

In [2, 22|, the 1D camera was studied and it was shown that there are in
general two solutions to the structure and motion problem for three views
and any number of points. This was further investigated in [4|. It was shown
that it is in general possible to solve the structure and motion problem if one
has at least 4 points in 4 view or 5 points in 3 views (calibrated case). For
the uncalibrated case, two more points are needed. Algorithms for solving
the structure and motion problem under different settings were also given.

The results presented here are of both practical and theoretical interest.
On a theoretical level, the 1D retina version of camera-point duality and the
Cremona transformation can be very useful and provide valuable insight into
these problems. A complete classification of critical configurations is useful
in practical situations when designing measurement paths for structure and
motion estimation. Naturally, one wants to avoid the critical configurations.
Although it is quite unlikely that a real life situation is exactly critical, near
critical configurations are likely to show up as badly conditioned estimation
problems.

2 The 1D perspective camera

The camera model considered in this paper is the 1D analogue of the 2D
perspective camera, cf. [9, 13].

Introduce an object coordinate system which will be held fixed with re-
spect to the object. Place the camera centre at the origin and let the camera
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Figure 2: The 1D perspective camera.

axis be aligned with the Y-axis. See Figure 2 for an illustration. Then, a
point (X,Y) in the plane is projected to a point z on the image line as

xz%. (1)

Using homogeneous coordinates the above projection can be written as a
linear equation,

X

AE =12 Y %y & a=Pu, (2)
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where A is a scalar factor, u and U are homogeneous coordinate vectors
for points on the line and plane, respectively. If the camera centre is at
position C = (C,, Cy) and the camera axis is not aligned with the Y-axis,
the projection becomes

M= [R —-RC|U, (3)

where R is a 2 x 2 rotation matrix encoding the orientation of the camera.

The 1D perspective camera has also two intrinsic parameters. One is the
focal length, which denotes the distance from the camera centre to the image
line, and the other one is the principal point, which denotes the point on the
image line where the camera axis intersects. In the projection equation (3),
the focal length is set to one and the principal point to zero. For arbitrary
values of focal length f and principal point z(, the projection is

Au = [{; ﬂ [R -RC]U=K[R —-RC|U. (4)



(Us, Uy)

Y
a(P,U)
Py L z

(Pz, Py)

Figure 3: The figure illustrates the measured angle « as a function of scanner
position (P, P,), scanner orientation Py and beacon position (U, Uy).

When the calibration matrix K is a priori known the camera is said to be
calibrated. When K is unknown, and thus the camera is uncalibrated, it
can be regarded as a projection from the projective plane P? to the projective
line P*.

An alternative derivation of the camera model originates from the area
of laser guided vehicles. See Figure 1.a. for an example. The laser scanner,
which is shown in detail in Figure 1.b, is mounted on the top of the vehicle.
A laser beam generated by a vertical laser in the scanner is deflected by a
rotating mirror. Thus, the laser beam scans the room at a fixed height. When
the laser beam hits a beacon (a retroreflective tape, also shown in Figure 1.a),
a large part of the light is reflected back to the scanner. The reflected light
is processed to find sharp intensity changes. When this happens the bearing
a of the laser beam relative to a fixed direction of the scanner is stored.

The bearing o defined above depends on the position of the beacon
(U, Uy) and of the position (Cy, Cy) and orientation Cy of the scanner, cf.
Figure 3, according to

a=arg(U, — Cp +i(U, — Cy)) — Cy, (5)

where arg is the complex argument (the angle of the vector (U, —Cy, U, —Cy)
relative to the positive z-axis).

The above equation (5) for the measured bearing is non-linear. A some-
what simpler representation of the same equation can be obtained as follows.



The vector between the camera centre and the beacon can be written as

cos(a+Cy)|  [Us—Cy| |1 0 —C, Z‘”
sinfae+Cq)|  |U,—Cy| |0 1 =Cy 1y

By multiplying each side with a rotation matrix one obtains

Y o] e e |

u p-[R —RC] =~

The above equation is of the same form as (3) and thus can be regarded
as a calibrated camera. Here we have assumed that the beacon is at a finite
position, but the camera equation extends to points at infinity as well.

In conclusion, the 1D perspective camera can be modelled by the equation

Au=PU, (6)

where nothing is assumed about the 2 x 3 matrix P in the uncalibrated case,
whereas in the calibrated case the matrix P is have the additional constraints:

P =Py, Py1 =—-Piy . (7)

3 Problem formulation

Motivated by the previous sections the structure and motion problem will
now be defined. We formulate it in an uncalibrated camera setting.

Problem 3.1. Given n image points from m different positions
urJ, I:1,...,m, le,...,n

the structure and motion problem s to find the depths Ar; > 0, the
reconstructed points
Xy
U,;=1Y;
Zy



and the camera matrices

such that
)\I’JUI,J:PIUJ, VI:I,...,m,J:L...,n.

It is often convenient to consider things to be equal if they are equal up
to scale. The notation ~ will be used to denote equality up to scale. As an
example, two camera matrices P and P are considered equal if P ~ P. The
reason for this is that P and P give the same projections. Only the scale
factor A is different.

A projective transformation is a bijective transformation from P" to P"
which can be written, using homogeneous coordinates,

AU = TU, for some XA #0,

where T is a non-singular (n+1) x (n+1) matrix. The projective transforma-
tions form a group, which can be obtained from GL(n + 1) by identification
of proportional matrices. A subgroup of GL(n + 1) is the group of similarity
transformations, which is defined by restricting the transformation matrices
to the following form

AR C

o 5]
where R is a n X n rotation matrix, A a scalar, C a n vector.

We consider two solutions (A7 s, Uy, P;) and (5\1,], Uy, P;) to the struc-

ture and motion problem to be the same if they are related by a projective
transformation. If there exists a transformation matrix T such that

ﬁJ == TUJ ,
ﬁI = N’PITil )
S\I,J = WALJ,

then both (A\; s, Uy, Pr) and (j\I,J,ﬁJ,PI) give the same projections uy,j,
since
)\LJHIJZPIUJ, VI:1,...,m,J:1,...,n.



5\I7JUI7J::§16J, VIzl,...,m,le,...,n.

If the cameras are calibrated, then the camera matrices are of the follow-

ing form
. ar b] Cr
PI - (—bI ar d[) ’

and by analogy to the uncalibrated case, two solutions (A7, U;,P) and
(5\1, 7,U;, P) to the structure and motion problem are considered to be the
same if they are related by a similarity transformation.

Algorithms for solving the structure and motion problem have previously
been presented in, e.g., [2, 22, 4]. Using only two cameras, it is not possible
to calculate both structure and motion as any two lines in the plane always
intersect. With three measurements of an object point in the plane, there is
an addition constraint that the three corresponding lines actually intersect.
This can be formulated in the following way.

Theorem 3.1. Let uy 5, us ; and uz ; be the image points of the same object
point from three different camera positions. Then the trilinear constraint

i j k
E :Ti,j,kul,Juz,Ju?,,J =0, (8)
1,5,k

18 fulfilled for some 2 X 2 x 2 tensor T.

Proof. By lining up the camera equations

P1 uy,g 0 0 _-[)J\-J
P, 0 uy O B /\1"’ =0 (9)
A\P; 0 0 uy) | /\zj
~- ,

we see that the 6 x 6 matrix M has a non-trivial right nullspace. Therefore
its determinant is zero. Since the determinant is linear in each column it
follows that it can be written as

det M = Zﬂ,j,kuiJu‘g,Jug,J =0, (10)
1,5,k

for some 2 x 2 x 2 tensor 7. O



Note that the constraint above only involves the motion parameters and
the image points. It does not involve the structure parameters U. The tensor
components can be calculated from the motion parameters. If we denote the
rows of camera matrix P; by P P2 it is straightforward to see that the tensor
components are sub-determinants of the first three columns of the matrix M.
In fact the components can be obtained as

le.,

Ejk = /\ii’/\jj’/\kk’ det P%
P¥

3

where the tensor A is defined as

It is natural to think of the tensor as being defined only up to scale. Two
tensors 1" and T are considered equal if they differ only by a scale factor

T~T.

Let 7 denote the set of equivalence classes of trilinear tensors.
As discussed in Section 2 only the relative motion of the camera is im-
portant.

Definition 3.1. Let the manifold of relative orientation of three cameras
be defined as the set of equivalence classes of three ordered camera matrices

ar by ¢
fp:{(Pl,Pz,Pz)‘P1:<dj e; fj)}/:

where the equivalence s defined as
(Pl, P2, Pg) =~ (f)l, f)z, f)g), dT € GL(3), isj ~ PIT,
forI =1,23.

The tensor and its relationship to P has thoroughly been studied in [4].
One key result is the following theorem.



Theorem 3.2. The map

T:P—T

Py (1)
T(P1,P2,P3)ijr = N Njjr Are det | P

P

18 a well defined two-to-one mapping.

This implies that for three cameras and any number of points seen in
these views, there are always two possible solutions and without any further
information, one cannot tell which solutions is the correct one. An additional
camera will in general lead to a unique solution.

The two solutions are related by a Cremona transformation [21, 2]. The
two solutions coincide in the special case where the three camera centers
are aligned. In the special case of calibrated cameras the transformation is
well-known to be the so called isogonal conjugacy, cf. [5, p. 113].

4 The uncalibrated vs the calibrated case

If a camera is calibrated, its camera matrix takes the special form (3), while
an uncalibrated camera matrix is allowed to be a general 2 x 3 matrix. We
have also seen that in the uncalibrated case the solution is in general only de-
termined up to an unknown projective transformation while in the calibrated
case the solution is determined up to an unknown similarity.

Another way to characterize the difference between the calibrated and
uncalibrated case is through the use of the circular points, see [24].

Theorem 4.1. Knowing that the camera is corrected for internal calibration
is equivalent to seeing two extra points (the circular points) in each image.

Proof. In this proof the ¢ will be used for the complex number ¢ = /—1. If
the camera is corrected for internal calibration and has the following structure

a b c
-t 0l
then the image of the two circular points
1 1
Cl = 7 02 = —1



1 1
‘:] = . ‘:2 = .

(a+bz) Ci = PCl, ((l —bl) Cy = PCQ
T v

since

On the other hand, in the projective case, if we change the image coordinates
so that u;; = ¢; and u;2 = ¢2 and also choose object coordinate system so
that U; = C; and U, = C, then the projection matrices must have the form
of a calibrated camera matrix since

A =P11+ Py, Mi=Pyq + Py, (12)
Ay =Py — Py, Xt =Py — Pyoi (13)
But then we have
(A1 + A2) =2Py 4
(A1 + A2)i = 2P 51
so P11 = P35 And also
(A1 — Ag) = 2P o0
(A1 — A9)i = 2Py,
so Pio=—Py, O

An important implication of the the theorem that will be used vividly in
the sequel is the following corollary.

Corollary 4.1. The uncalibrated structure and motion problem with n points
and m images is equivalent to the calibrated structure and motion problem
with n — 2 points in m images.

To get the equivalence of the two problems, any 2 of the n points in the
uncalibrated problem are chosen and considered to be the circular points.
In this setting the uncalibrated problem becomes calibrated, but with two
points less.



5 The camera-point duality and the Cremona
transformation

5.1 The uncalibrated case

In 7] Carlsson showed that there is a dual relationship between object points
and camera centres for an uncalibrated 2D camera. This duality holds also
for the case of uncalibrated projections from 2D to 1D, cf. [4].

Following the terminology introduced by Hartley and Debunne [12], the
Carlsson duality can be expressed by a certain Cremona transformation.
Cremona transformations are birational transformations of a linear space
into another (or the same) space, see [25, p. 20]. Here we will use a specific
Cremona transformation, the so called standard quadratic transformation,
see |25, p. 47].

Definition 5.1. The mapping I' : P2 — P? given by
(X,Y,Z)— (YZ,XZ,XY)

will be called the standard quadratic transformation. The image of a point U
under T' will be denoted U’.

The mapping is not defined for any points on the lines joining (1,0, 0),
(0,1,0),(0,0,1). These three points are called base points of the map.

Theorem 5.1. The uncalibrated structure and motion problem with n points
and m 1mages s equivalent to the uncalibrated structure and motion problem
with m + 3 points and n — 3 images.

Proof. The proof is based on using three (of the n) points as partial basis
points, e.g. the first three points. Without loss of generality one may change
projective coordinate systems, both in the images and in the scene. Change
image coordinate system so that

w () we() we()

U1:

O O =
c
)
|
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The projection equation A\;u; = PU; for these three points puts linear con-
straints on the camera matrix. It follows that the camera matrix has the
following form

1l o0 L
P= (%1 1 _%) , (14)
where C = (Cy, Cs,Cs) is the camera centre. Note that C is in the right
nullspace of P. If C is any point in P2, then the matrix of form (14) will

be denoted by Pc. Now, for any point U = (Uy, Us, Us), let U’ = I'(U) and
C’' =T(C) where I'(+) is the Carlsson map. Note for instance that

1 1 1
U =T(U) = (U1, Uy, U3) = (UyUs, Uy U, U Us) ~ (—, —, —).
( ) ( 1,2, 3) ( 2U3,U1U3, U1 2) (Ul’Uz,U,g)
It follows that
LG 9 _&
PcU (5 8:)=(2z 2z>=Pu'C'- (15)
GGl \ TG

Thus, I' interchanges the roles of object points and camera centres. Thus
solving m points in m images is equivalent to solving m + 3 points in n — 3
images. 0

It will be useful to know how the Carlsson map acts on other geometric
objects than object points and camera centres.

Lemma 5.1. The Carlsson map transfers (i) a line passing through two
general points Uy and U, to a conic through the dual points U}, Ul and the
three base points and (i) a cubic curve passing through the three base points
to a cubic curve passing through the three base points.

Proof. See Page 49, Theorem V in [25]. O

5.2 The calibrated case

In the calibrated case we have two points for “free” (the circular points).
These can be used as two of the three base points in forming the camera-
point duality. Only one additional points is then needed. For simplicity we
will think of this one base point as the origin.



Figure 4: Example of a calibrated Cremona transformation.

Theorem 5.2. The calibrated structure and motion problem with n points
and m images is equivalent to the calibrated structure and motion problem
with m + 1 points and n — 1 images.

Proof. This follows immediately from Theorems 4.1 and 5.1. 0

The calibrated Cremona transformation can be derived by changing co-
ordinate systems from the one used in the uncalibrated case, to one where
the circular points serve as base points as well.

Lemma 5.2. Consider the calibrated Cremona transformation
(X,Y,2)— (XZ,~-YZ,X*+Y?). (16)

The transformation has the property that from every point A the angle mea-
sured to an arbitrary point B relative to the origin is the same as the angle
from the dual point B’ to the point A’.

The lemma is illustrated by Figure 4. Notice that the triangle OAB is
congruent to OB'A’; the triangles OCD is congruent to OD'C’ and similarly
for any triangle with O as one of the vertices. This means that if we measure
bearings from any set of camera positions (Cy,...,Cy,) to the the points
(X4, ...,X,) we will get the same angles as we would if we measured from

(X!,...,X") to (C},...,CL).



So an algorithm that solves the structure and motion problem for a par-
ticular configuration can also be applied to solve for the dual configuration,
cf. [12].

1. Dualize image measurements. Subtract from each measured bearing
from a given camera the bearing to the first point. Form the dual
measurements by transposing the roles of cameras and points for in all
views to all points but the first. Add zeros to the first column.

2. Solve the dual structure and motion problem.
3. Dualize the measurements, camera positions and object points.
The calibrated Cremona transformation has several interesting properties.

Lemma 5.3. The dual of a line not passing through the base point is a circle
through the base point. The dual of a cubic passing through the base point and
the circular points is a cubic passing through the base point and the circular
points.

6 Basic ambiguities

We have seen previously that a solution to the structure and motion prob-
lem is only determined up to an unknown projective transformation. Also,
for three cameras and any number of points, there is a two-fold ambiguity
according to Theorem 3.2. Additionally, there are two basic ambiguities that
will be discussed here.

The problem of calculating object points using known camera positions
is known as intersection. There is one critical configuration for which there
is not a unique solution.

Theorem 6.1. Consider the case of several views of one point with known
camera matrices. The intersection problem is ambiguous if and only if all
camera centres and the point lie on a line.

Proof. 1f all camera centres and the object point are aligned, then any point
on that line will generate the same image. Thus it is it easy to see that such
a configuration is ambiguous. If the camera centres are not aligned with the
point, then there are lines from (at least) two views which have a unique
intersection. U



Figure 5: Left: The intersection ambiguity, where a point U and several
camera centres C lie on a line. Right: The dual resection ambiguity, where
a camera centre C and several points U lie on a conic curve.

Resection is the problem of calculating camera positions using image mea-
surements and known object points. In this case, the critical configurations
are not obvious.

Theorem 6.2. Consider m > 4 object points with known positions and one
unknown camera. The resection problem is ambiguous if and only if all points
and the camera centre lie on a conic curve.

Proof. Consider first the critical configuration for the intersection problem,
i.e. one point and n > 1 camera centres lying on a single line. The configu-
ration is still ambiguous if more object points are added. Four points (where
no three are on a line) and several n > 1 cameras are ambiguous if and only
if one of the points and all camera centres are on a single line. If the other
three points are taken as base points, the dual statement is (using Lemma 5.1
for the line): m > 4 object points and one camera centre are ambiguous if
and only if all points and the camera centre lie on a conic curve. O

The intersection and resection ambiguities are illustrated in Figure 5. The
calibrated version follows from Lemma 5.3.

Corollary 6.1. Consider m > 2 object points with known positions and one
unknown camera. The calibrated resection problem is ambiguous if and only
if all points and the camera centre lie on a circle.

7 Three view ambiguities

A structure and motion problem with three views can be ambiguous in three
ways.



1. The alternative reconstructions have the same relative camera motion.

2. The alternative reconstruction have different relative camera motion,
but the corresponding trilinear tensor is the same.

3. The alternative reconstructions have different relative camera motion
and the corresponding trilinear tensor is different.

For case one there is a unique relative motion, so one can without loss of
generality assume that the camera positions are known. The alternative
reconstruction differs in at least one of the object points. This can only
happen if the camera centres and that point is collinear, see Theorem 6.1.
For case two, Theorem 3.2 shows that for each trilinear tensor there are two
possible relative orientations. Thus any three view problem is critical in the
sense that there are at least two possible solutions. For the third case, we
ask if there are cases where there might be more than two solutions to the
structure and motion problem, i.e. when the tensor is not uniquely defined.
We will call this case a three view ambiguity.

We are now ready to state the theorem describing exactly when there are
three view ambiguities. For an example, see Figure 6.

Theorem 7.1. The structure and motion problem for three views and arbi-
trary number of points is ambiguous if and only if the three camera centres
and all the object points lie on a cubic curve.

There is an interesting special case when all the points and at least one
of the camera centres lie on a conic. It fits into the theorem since there is
a cubic consisting of the conic through the points and one camera centre
and a line through the remaining camera centres. The cubic thus covers all
points and camera centres. The problem is then critical in the sense that the
resection problem for the first camera is critical, cf. Theorem 6.2.

Proof. Consider a situation where there is an ambiguity. Consider one of the
solutions to the problem. For this solution there is a placement of cameras,
A, B and C. The condition that there is an ambiguous solution is equivalent
to saying that there is an alternative tensor Tj;;, such that

Z ﬂjkaibjck =0 s (17)



(i) (ii) (iii)

Figure 6: Three cameras (circles) are viewing 22 points (crosses). All three
configurations (out of a one-parameter family) are consistent with the 1D
image points. The 25 plane points lie on a cubic.

where a, b and ¢ are image points in the three images respectively. Introduc-
ing the notation A’ for row i of camera matrix A and similarly for camera
matrices B and C, the image coordinates are given by:

a'=A'X, b'=BX, c'=CX.

By inserting this into (17) we see obtain the following constraint on possible
object points:

p(X) =) Ty(A'X)(B/X)(C*X) = 0,

The constraint on the object point X is a third degree polynomial in X € P2,
This shows that all object points pass through this cubic curve. To see
that the camera centres lie on the same curve it is sufficient to observe that
AF =0, when F is the camera centre for camera one. This gives directly that
p(F) = 0. Notice that the structure and motion problem is in general well
defined for 7 points in 3 views. With 6 object points and 3 camera centres,
there is in general a unique cubic curve passing through these points. That
the Tth object point also lie on this curve is exceptional. To show the only
if part we consider an object where all camera centres and object points lie
on an arbitrary third degree polynomial. Without loss of generality we may
change both object coordinate system and image coordinate system so that

1 00 100 010
A_<O 1 O)’B_<00 1>’C_<00 1)



as long as the three cameras are not on a line.
The mapping from ambiguous tensors to cubic curves is a linear mapping.
Each ambiguous tensor which has eight parameters

T = (Ti11, Tuiz, Thor, Thoz, Torn, Tonz, Toon, Toze)™
corresponds to a cubic curve
p(X) =) T;(AX)(BX)(C'X) =0,
where the coefficients
¢ = (Ca3, Carys Carzs Cay?s Cayzs Caz?s €y Cyz, Cya2y C3)

of the polynomial p(X) depend linearly on the tensor coefficients

c=MT. (18)
h

For this particular choice of coordinates matrix M becomes

I
coocococococoro
coococococoroo
coococorocooco
cooco~ococooo
cocooccorococo
cooccoroooo
corocoococococo @
ocroococococooo

It is straightforward to see that the matrix M has rank 7. Notice that the
true tensor is a null vector to the matrix, so M must have rank less than or
equal to 7. If the three camera centres happen to be on a line, it is easy to
check that the corresponding mapping is also linear with rank 7. The space
of tensors is a projective space of dimension 7. Since the true tensor Ti e
maps onto the null vector, the mapping (18) is in fact constant on linear
combinations of a tensor 7" and Tiye, i.€.

MOT + pTire) ~ MT

. In other words lines in the tensor space through 7}, are mapped onto the
same cubic. This space of lines is a projective space of dimension 6. The
mapping (18) is in fact a bijective mapping from this space (which can be
identified with P®) to the manifold of cubic curves that pass through the
three camera centres (also P9).

Since the mapping is bijective, our arbitrary third degree curve on which
the object points lie, correspond to an ambiguous tensor (in fact a one pa-
rameter family of tensors). Thus the structure and motion problem for that
case is critical. This concludes the proof. O



From the principle of duality, the following theorem is obtained.

Theorem 7.2. The structure and motion problem for any number of views of
6 points is ambiguous if and only if the camera centres and the object points
lie on a cubic curve.

Proof. The image under the Carlsson map of a cubic curve through the base
points is again a cubic curve through the base point, cf. Lemma 5.1. The
dual of 3 cameras and n points is m = n — 3 cameras and 6 points. So by
the principle of duality and Theorem 7.1, the statement is proved. O

8 General n points in m views ambiguity

Up to now, we have limited either the number of cameras or the number
of points considered. Based on the previous results, the general problem
will now be solved. A natural generalization of the three view case for the
word “ambiguous” is that the alternative reconstructions have different rela-
tive camera motion and for each triplet of cameras theree exists ambiguous
solution with different trilinear tensor. A measurement situation still admits
alternative solutions if all cameras and at least one point are colinear or if all
points and at least one camera lies on a conic. If for some triplet of cameras
the relative motion is determined by measurements, then all the points are
also uniquely determined. The ambiguity must then lie in one of the other
cameras. This is a resection ambiguity. For the remaining of this section it
will thus be assumed that for each triplet of cameras the ambiguous solution
admits a different trilinear tensor.

Theorem 8.1. A 1D structure and motion problem is ambiguous (in the
above sense) regardless of the number of cameras and points if and only if all
the camera centres and the object points lie on a common third degree curve.

Proof. We begin by showing that a problem is ambiguous if all points lie on
a third degree curve. Assume that camera centres and object points lie on
a third degree curve c. By first restricting the problem to only 6 points, we
know from Theorem 7.2 that the configuration is ambiguous and there is (at
least) one-parameter family of solutions. Now, consider a 7th point on the
curve c. We need to show that the constraints generated by the projection
equation for this extra point does not break the ambiguity. However, all
these constraints reduce to trilinear constraints, as there are no higher order
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Figure 7: The figure illustrates three solutions (out of a one-parameter fam-
ily) to the same structure and motion problem. There are 82 cameras (circles)
viewing 15 points (crosses). It is critical because all 97 points lie on a cubic.

constraints for 1D camera motion, cf. [4]. Thus, it suffices to consider three
arbitrary cameras P;, P; and Pj. In the proof Theorem 7.1, we showed that
the map from stars of tensors to cubic curves (through the camera centres)
is bijective. So, from ¢ and the three cameras centres, a star of tensors
ATy + uTs, where (A, u) € P!, is obtained. But according to the proof of
Theorem 7.1, as long as the 7th point is on ¢, all tensors in AT} + uT; are
still valid solutions.

To show that each ambiguous problem has the property that all points lie
on a third degree curve we use a proof by contradiction. Assume, thus that
there exist ambiguous problems with m views of n points such that the m+n
points do not lie on a common third degree curve. Such problems must have
m > 3 and n > 6 because of Theorems 7.1 and 7.2 respectively. Study such
a problem where m + n is minimal. If we remove one point or one camera,
we obtain an ambiguous problem with one point less. By the assumption
these m + n — 1 points must lie on a third degree curve. In particular, this
means that all 10 point subconfigurations must lie on a third degree curve.
According to Lemma A.1, all m + n points then lie on a cubic curve. Thus
all ambiguous configurations have the property that all m + n points lie on
a third degree curve. O

In Figure 7 an example of a critical configuration is illustrated. Even
though there are 82 views of 15 points, the 1D images alone cannot disam-
biguate between a one-parameter family of solutions. Another example is
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Figure 8: Three solutions (out of a one-parameter family) to the same struc-
ture and motion problem. In the example, the camera moves in a corridor
with scene points on both walls, which is quite common in robot naviga-
tion. There are 25 cameras (circles) viewing 29 points (crosses). It is critical
because all 54 points lie on a cubic.

Ambiguity projective case | Euclidean case

Intersection Line Line

Resection Conic Circle

Structure and motion | Cubic Cubic through circular points

Table 1: Table illustrating the three different types of ambiguities for both
the projective and the Euclidean case.

illustrated in Figure 8, where a camera moves along corridor which is fre-
quently occurring in practical situations.

9 Conclusions

We have given a complete categorization of all ambiguous configurations for
the structure and motion problem in 1D retina vision. The main ambiguity
is when all object points (regardless of how many) and all camera centres
(again, regardless of the number of cameras) lie on a cubic curve.
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Appendix

Lemma A.1l. Let Q,Q,, ..., Qn denote N > 10 arbitrary points in P?. If,
for each combination of 10 points, there exists a cubic curve through these

10 points, then there exists a cubic curve through all N points.
Proof. For each point Q; = (X;,Y;, Z)7, let Q; = (X3, X?Y;, ..., Z3)7, i.e.

a 10 vector containing all cubic monomials. Then, Q; lies on a cubic with
coefficients ¢ = (¢,3, €2y, ..., ¢;2)7 if and only if ¢"'Q; = 0. Further, let

M:[Ql Q2 QN},

which is a 10 X N matrix. As each combination of 10 points lies on a cubic,
it follows that each 10 x 10 submatrix of M has a non-empty left nullspace.
This implies that rank M < 9 and there is non-empty left nullspace of M.
Let cj; be a vector in that nullspace. Thus CIA:IQz = 0 and all points lie on
the cubic corresponding to cpy. OJ
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