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Motion Estimation in Image Sequences Using
the Deformation of Apparent Contours

Kalle Astrdom, Member, IEEE Computer Society, and Fredrik Kahl

Abstract—The problem of determining the camera motion from apparent contours or silhouettes of a priori unknown curved three-
dimensional surfaces is considered. In a sequence of images, it is shown how to use the generalized epipolar constraint on
apparent contours. One such constraint is obtained for each epipolar tangency point in each image pair. An accurate algorithm for
computing the motion is presented based on a maximum likelihood estimate. It is shown how to generate initial estimates on the
camera motion using only the tracked contours. It is also shown that in theory the motion can be calculated from the deformation of
a single contour. The algorithm has been tested on several real image sequences, for both Euclidean and projective reconstruction.
The resulting motion estimate is compared to motion estimates calculated independently using standard feature-based methods.
The motion estimate is also used to classify the silhouettes as curves or apparent contours. This is a strong indication that the
motion estimate is of good quality. The statistical evaluation shows that the technique gives accurate and stable results.

Index Terms—Motion, surface geometry, silhouette, epipolar constraint.

!

1 INTRODUCTION [

HE apparent contours of three-dimensional surfaces are

known to be a rich source of information. Under known
viewer motion, reliable descriptions of curved surfaces can
be recovered from the apparent contours, cf.! [19], [12], [10],
[30], [28], [8]. Inference of 3D shape is even possible from a
single image, cf. [29]. In this paper, we consider the problem
of determining the camera motion from the deformation of
apparent contours. The 3D structure js not assumed to be
known a priori.

Motion estimates are needed in various situations, e.g.,
navigation, object grasping and, as mentioned, surface re-
covery. It is shown how special points on the apparent
contour, called frontier points or epipolar tangency points, can
be detected in image sequences and used to recover the
viewer motion.

The special case of frontier points under orthographic
projection and object rotation around a single axis was con-
sidered in [24], [18]. In [23], although primarily concerned
with stereo calibration from 3D space curves, it was noted
that the intersection of two contours from two discrete
viewpoints generated a point, visible in both images. This is
also mentioned in [30], where the apparent contours are
used for object modeling. This constraint was exploited in
[9] in the analysis of the visual motion of space curves. An
approach for parallel projection has been presented in [31],
[32]. Another approach using trinocular stereo has been
presented in [20].

In [1], [11], it was shown how the viewer motion can be
calculated from the constraints on the camera motion and
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the epipolar tangency points. However, only a pair of im-
ages was considered. In this situation the problem is often
ill-conditioned and therefore it is difficult to accurately es-
timate the motion parameters. We extend this idea to treat
each pair in an image sequence simultaneously to obtain
more stable results and to recover the full motion of the
camera. We show how an initial estimate of the camera
motion can be obtained using only the tracked apparent
contours. A fully automatic and practically working algo-
rithm is developed. The algorithm is extensively tested on
real image sequences and the results are validated in sev-
eral independent ways. This is done for the case of an un-
calibrated camera. For a camera with unknown and possi-
bly varying intrinsic parameters, it is well-known that the
motion can only be recovered up to a projective transfor-
mation, cf. [15], [26]. By assuming constant intrinsic pa-
rameters of the camera, Euclidean reconstruction of the
motion is possible, cf. [16], [2]. The methodology in this
paper can also be employed to calculate camera motion
with calibrated cameras. A preliminary version of this work
was presented in [21].

Given a sequence of images, the objective is to recover
the motion of the camera from the deformation of apparent
contours. In other words, we want to find the camera ma-
trix for each image in the sequence. Considering a pair of
camera matrices, the epipolar geometry can be expressed in
terms of the fundamental matrix. All epipolar tangency
points seen from these two views obey the epipolar con-
straint and this can be used to find the viewer motion that
is compatible with all the fundamental matrices of the se-
quence. Additional insight to the problem is given by ex-
amining a dual formulation of the generalized epipolar
constraint.

The paper is organized as follows. In Section 2, the
viewing geometry of contours and the generalized epipolar
constraint are described. An algorithm based on a maxi-
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mum likelihood estimate of this constraint is given in Sec-
tion 3. In Section 4, extensive experiments on real image
sequences are presented together with a statistical evalua-
tion. The limitations of the method are also described. Fi-
nally, Section 5 contains a brief conclusion.

2 THE VIEWING GEOMETRY OF CONTOURS

2.1 Understanding the Viewing Geometry

Introduce a coordinate system in the image and an object
coordinate system in 3D space. It turns out that it is con-
venient to express points in so-called homogeneous coordi-
nates. A point U in the scene with coordinates (X, Y, Z) is
represented in homogeneous coordinates as U = [X Y Z 1]".
Vectors are considered to be equal in homogeneous coordi-
nates if they are a nonzero multiple of each other. Similarly
in the image, a point with coordinates (x, y) is represented
in homogeneous coordinates as u = [x y 1]". The projection
of a point can then conveniently be represented by a 3 x 4
camera projection matrix P. A point U in the scene with
homogeneous coordinates is projected to the point u in the
image according to

x
Au=AMy|=PU, A=z0, 1)
1

where X is a scale factor. The camera projection matrix can
be factorized as

P=K[R (-Ro)], @)

where K contains information about the internal calibration
of the camera, R is a rotation matrix representing camera
orientation, and c is the camera center or focal point.

Consider a curved surface, for example the one illus-
trated in Fig. 1 and the image of that surface. For an arbi-
trary camera position, the contour generator of a surface is
defined as the locus of the points on the surface for which
the tangent planes contain the camera center. The contour
generator divides the surface into the visible part and the
occluded part. In turn, the apparent contour is defined as the
image of the contour generator.

An abstract concept called the dual space gives addi-
tional insight. Consider a plane in the object world, which
will be referred to as the primal space. Its equation can be
written

aX+bY+c¢Z+d=0. 3)

Represent the plane by a homogeneous vector IT = [a b ¢ d]".
Notice that IT and 2I1 represent the same plane since the
equation is homogeneous. It is natural to think of each
plane as being a point in P’. The set of all planes forms the
dual space. We say that the plane in the primal space corre-
sponds to a point in the dual space (or the dual of a plane is
a point). The class of all points and the class of all planes are
symmetrically related to each other. The dual of a point is
the set of planes that go through the point. These planes
form a plane in the dual space as can be seen by (3). Thus a
point in the primal space corresponds to a plane in the dual
(or the dual of a point is a plane). To every property of
planes in the geometry of points, there corresponds a prop-

contour generator

camera center apparent contour., ¥

Fig. 1. The projection of a contour generator.

erty of points in the geometry of planes. This is the Princi-
ple of Duality, cf. [25]. For smooth surfaces, the dual is de-
fined as the set of planes that are tangent to the surface.
Most often the tangent planes form a surface in the dual
space. For special types of surfaces, like ruled surfaces the
tangent planes form a curve in the dual space.

Consider again the viewing geometry of smooth sur-
faces. The set of tangency planes to the surface at the con-
tour generator is precisely the set of planes that both are
tangent to the surface and go through the camera center. In
other words, it is the intersection of the dual of the surface
with the dual of the camera center, cf. Fig. 2. Thus, this set
of tangency planes in the primal space corresponds to a
curve on the dual surface. The projection of such a tangency
plane, I, onto the image plane is a line, as can be seen in
Fig. 1. If this line ax + by + ¢ = 0 is represented by homoge-
neous coordinates I = [a b c]', then the constraint that the
world point U lies in the plane I is the same as saying that
its projection PU must lie in the line [, i.e.,

mu=I>PU=0.
Since this is valid for all points U, it follows that
=Pl

Let s be the curve parameter of the apparent contour. For
each point u(s) on the curve, calculate the tangent line to the
curve I(s). Then the curve in the dual space can be obtained
as TI(s)= P'l(s). Thus a curve on the dual surface is easily
obtained from the apparent contour in the image if the
camera matrix is known.

2.2 The Generalized Epipolar Constraint
2.2.1 Two Images

Now consider the same surface seen from two viewpoints.
As before, it is assumed that image and object coordinate
systems have been chosen. Denote the projections by cam-
era matrices P, for the first image and P, for the second im-
age. The contour generator is viewpoint dependent. There-
fore the contour generators are different for the two images.
The points that belong to both contour generators can be
seen in both images.

Consider the camera centers at two different time in-
stants, c(t,), ¢(t,). A point U is projected onto the two images
to image points u, and u, according to

Au, =P, Uand Au,=P,LL
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Fig. 2. The dual of the surface is a surface. The dual of the camera center is a plane. The intersection of the dual surface with the dual of the

camera center is the dual contour generator.

Primal
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Dual

camera centers

epipolar tangency plane

Fig. 3. The epipolar tangency plane is a surface tangent plane that also contains two camera centers. The point of tangency to the surface is the
epipolar tangency point. The dual of an epipolar tangency plane is a point, i.e., the point in the intersection of the dual surface and the dual of the

camera centers.

This can be rewritten as a matrix equation

u P ou 0 u
M| -4, =(P1 01 u] 4 |=0.
-, 2 2N\ -2,

Notice that M is a 6 x 6 matrix that has a nontrivial null
vector. Therefore the determinant must be zero. The deter-
minant is bilinear in u, and u,, and can therefore be written as

u Fu, = 0.

This constraint is called the epipolar constraint and F is
called the fundamental matrix. Since the constraint is linear
in each image point, it is also called the bilinear constraint.
The 3 x 3 matrix F can easily be calculated from the camera
matrices P, and P,. The element on position (7, j) of matrix F
can be expressed as (-1)" times the determinant of the 4 x 4
matrix formed by removing row i from P, and row j from P,
and then stacking the resulting 2 x 4 matrices on top of each
other.

A similar constraint can be derived for the apparent
contours of surfaces and curves. Consider all the tangent
planes of the surface that go through the two camera cen-
ters, cf. Fig. 3. These are called the set of epipolar tangency
planes. In each image, the epipolar tangency planes are pro-

jected to a set of lines, the epipolar tangency lines. They all go
through a point, the epipole ¢, and each line is tangent to the
apparent contour. The tangent points on the apparent con-
tour are called epipolar tangency points. This leads to the fol-
lowing theorem, formulated in [1].

THEOREM 2.1. Given two images, and the epipoles e, and e, the
set of lines through e, in image one, which are tangent to an
apparent contour, and the corresponding set of epipolar tan-
gency lines in image two, are projectively related.

This is called the generalized epipolar constraint. Notice
that only a few points on the apparent contours, the epipo-
lar tangency points, can be used in the constraint.

Returning to the dual formulation. The dual of the first
camera center ¢, is a plane II,. Each point in the plane I,
corresponds to a plane in the primal space that goes
through c,. Similarly, the dual of the second camera center c,
is a plane TL,. The intersection I1,, of T, and IT, corresponds
to all planes (the epipolar planes) in the primal that go
through both camera centers ¢, and c,.

Let I, be the dual of the apparent contour in the image,
i.e., the tangency lines to the apparent contour in the image
plane. Recall that P/l (s) is a curve in the dual space that
lies both in the dual surface and in IT,. Similarly, for the sec-
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Fig. 4. lllustration of the generalized epipolar constraint.

ond image, P, 1,(s) lies in the dual to the second camera
center IT,. The two curves PlTll(s) and PZle(s) should inter-
sect on IT,,. This is the dual formulation of the generalized
epipolar constraint.!

2.2.2 Many Images

Consider a sequence of m images. For each image pair we
obtain several generalized epipolar constraints. In the dual

space we obtain m curves (P'L(s), ..., Pl (s)) that ac-
P 14 mem

cording to the generalized epipolar constraint should in-
tersect pairwise. These curves all lie on the dual to the
surface.

Let F; denote the fundamental matrix between image i
and image j, where 1 <i <j <m. Let K, denote the number
of corresponding epipolar tangency points between image i
and image j. Finally, let u, denote the epipolar tangency
point k in image i with respect to camera center j, where
1 < k < K. Notice that u,, and u, are corresponding points,
that K, = K, and that Fi]. = P],T Then, the generalized epipo-

lar constraint can be expressed by the classical epipolar
equation
T

Uy Ejth = 0. )
The points u,, and u, are in epipolar correspondence. An
illustration of the situation is given in Fig. 4. Notice that
the epipoles, e, of image i and e, of image j, can be ob-
tained as the left and right null space of the fundamental

Fije ji

can be obtained from the epipolar tangency constraint, i.e.,
det[eﬁ Ui (ui/k)j =0 and det[eﬁ Ui (uﬁk)s] =0 (5)

where subscript s denotes differentiation with respect to
the parameterization of the apparent contours. Thus, we
are interested in computing two quantities, the funda-
mental matrices and the epipolar tangency points. If the

matrix, i.e., egFij =0 and = 0. The tangency points

1. Given many images, each curve PiTl[.(s) lies on the dual surface. This

gives a representation of the dual surface in terms of a family of curves. The
primal surface is obtained by computing the dual to the dual surface.

fundamental matrix F; is known, the epipolar tangency
points u, and u,, k=1, ..., K;, can be calculated, and vice
versa.

REMARK. The generalized epipolar constraint holds, not
only for apparent contours, but for three-dimensional
curves as well. Therefore we do not have to know in ad-
vance whether a curve is the image of a contour genera-
tor or of a curve.

3 COMPUTATION OF CAMERA MOTION

After discussing the principles, we will now describe all
steps involved in the computation of the camera motion.
We show how to obtain both projective and Euclidean re-
construction of the motion from an uncalibrated camera.
The process can be made fully automatic, i.e., no human
intervention is needed. The steps involved are:

1) detection and tracking of the apparent contours in all
images,

2) initial estimate of motion, and

3) iterative refinement of the motion estimate.

The refinements of the estimate are based on a maximum
likelihood method which is a natural way to estimate pa-
rameters given noisy input data. The method is standard,
cf. [13]. Each step in the iterative refinement involves the
following computations:

1) calculation of the fundamental matrices from the
camera matrices, and their derivatives with respect to
the camera matrices,

2) calculation of the epipoles from the fundamental ma-
trices, and their derivatives with respect to the camera
matrices,

3) finding points u, on the apparent contours where the
tangents go through the epipoles, and their deriva-
tives with respect to the camera matrices,

4) calculating the likelihood L and its derivative with re-
spect to the camera matrices, and

5) updating the camera matrices.

In short, the following formula refines the motion estimate:
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ij i duiji
P (Fy, 532) = (e, %) — (uign, 58%) — (L, 2) ]

T

refinement

Each step in this procedure will now be described in a
little more detail in the two following subsections. Section
3.4 gives a short summary of the algorithm for projective
reconstruction, and Section 3.5 extends the algorithm to
obtain a Euclidean reconstruction of the camera motion.

3.1 Extraction and Tracking of Contours

An important part of the calculation of motion from the
deformation of apparent contour is the extraction and
tracking of the apparent contours. This is a difficult practi-
cal problem which has received considerable attention, see
[7]. The notion of snake has been used for this purpose, see
[22]. Roughly speaking, a snake is a parameterized B-spline
curve, whose parameters are changed dynamically to fit the
apparent contour. The spline curve wriggles to adapt the
image, thus resembling a snake. The curve is represented as
a collection of B-spline segments, where each segment is
represented by four control points (x, y,), i = 1, ..., 4. These
points generate a segment of the contour u(s), according to

[O, 1] 35— u(s) =

1 4 10 1 X W
2 31|-3 0 3 0 Xy Y 2
[155 5]3—6 30—6_363 yzeR
-1 3 3 1
Xy Ys

see [17, p. 493]. This representation has several nice proper-
ties. The contour obtained by joining the segment generated
by control points (1, 2, 3, 4) and the segment generated by
control points (2, 3, 4, 5) automatically has continuous sec-
ond derivatives, unless some of the control points coincide.
Closed contours are easily represented using the control
points cyclically.

The snake is matched to the contour in two steps.
Euclidean transformations are first applied. This ensures a
fast, robust, but rough positioning of the snake in the new
image, cf. Fig. 5a and Fig. 5b. The snake is then deformed to
match the new image, cf. Fig. 5c. The procedure is ex-
plained in more detail in [14].

To deform the snakes, a subpixel edge detector is em-
ployed, that not only gives the location of the contour but
also a confidence interval in the normal direction of the
curve. This is done with the technique described in [3]. For
clear, well-defined edges, like the ones in Fig. 5, the indi-

A

i
el

vidual edge positions can be found with a standard devia-
tion of about on 1/100th of a pixel. Additional errors are
introduced in the B-spline fit and in the radial and tangential
distortion of the camera. The errors caused by the B-spline fit
are of order 1/10th of a pixel. This uncertainty measure is
important and will be used in the maximum likelihood es-
timator. Different epipolar tangency points are weighted
according to the uncertainty in their positioning. The bias
caused by distortion was unknown prior to the experiment.
This will be commented upon in the statistical evaluation
later.

A rough estimate of point correspondences is obtained as
a by-product of the snake type tracking. These correspon-
dences are used to calculate an initial estimate of motion
parameters as described in the next section.

3.2 Initial Hypothesis of Motion

If the epipoles are known, the epipolar tangency points can
be computed and given the epipolar tangency points the
epipolar geometry can be recovered. However, there is no
analytic way of calculating the motion parameters from the
apparent contours. An initial estimate of the motion pa-
rameters is needed in order to use the generalized epipolar
constraints. In some situations, partial knowledge of the
motion can be obtained by other means, e.g., using motion
sensors or prediction from motion history.

In general, no a priori information is available. However, as
a by-product of the snake tracker, approximate point corre-
spondences are obtained for two consecutive images. They are
not true correspondences in the sense that they are images of
the same point, since the contour sweeps over the surface and
because of the aperture problem for curves. The error caused
by these effects is normally small compared to the motion
between different apparent contours. This suggests that the
approximation error may be negligible, and that the technique
can be used to get an initial estimate of motion.

Thus the initial hypothesis of the camera matrices is ob-
tained by assuming that points of the apparent contours are
images of the same point in space. A point-based structure
and motion algorithm is used to calculate the m camera
matrices P, ..., P, from these approximate point correspon-
dences, see [27].

3.3 Iterative Refinement of Camera Matrices
3.3.1 Calculation of Fundamental Matrices

Consider image i and image j and assume that an estimate
of the two corresponding 3 x 4 camera matrices P, and P, are

Fig. 5. The snake (A) is used as a template to track the contour in the next image. A rough positioning is found by allowing rigid motion of the
snake (B). The new snake is then found by allowing the snake to deform (C).






























