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Abstract

The goal of this paper is to give a short historical
overview of multiple view vision and in particular the es-
timation of both camera geometry and scene models using
only images as input. This problem (the structure and mo-
tion problem) can be seen as the mathematical inverse of the
computer graphics problem. The basic structure and motion
problems for different feature types are discussed as well as
some recent methods that estimate not only scene geometry,
but also radiance, irradiance and illumination properties.

1. Introduction

The problem of creating virtual three-dimensional mod-
els of the environment and calculate the image of these ob-
jects from different viewpoints, is one of the ideas behind
computer graphics, see [23, 49]. Already in 1961 a com-
puter game ’Space war’ was developed at MIT using vector
graphics. In 1963 computer graphics (the hidden line al-
gorithm) was developed for rendering simple objects such
as points and lines. As the field of computer graphics de-
veloped, more advanced models were created (hidden sur-
face (1969), diffuse lighting (1971), curved, textured sur-
faces (1974), ray tracing (1980), radiosity (1985), etc) and
used for machine design, architecture, games and special
effects in movies. Today the three-dimensional models can
handle not only lines and points but also surfaces, texture,
specularity, shading and different lighting conditions. It is
now possible to make full-length movies like ‘Toy Story’
using only computer graphics. Episode I of the star wars
saga, ’The Phantom Menace’, uses digital manipulation in
nearly every single frame. The three-dimensional models
are most often created manually, which is difficult and time-
consuming.

Just as part of the field of computer graphics can be seen
as the generation of images of known three-dimensional
models, some problems within the field of computer vision
are their inverses in the mathematical sense, i.e. to calculate

the three-dimensional models from their two-dimensional
images. These images could be virtual, but most appli-
cations of computer vision use a camera as a sensor for
real world objects. Another central problem is to calculate
the position and orientation of the camera with respect to
the scene. These problems are combined in the structure
and motion problem, where structure refers to the three-
dimensional models and motion to the position and orienta-
tion of the camera. The field of computer vision is still at its
early stages. Most of the theory and the algorithms focus on
the reconstruction of simple geometrical features like points
and lines, similar to the field of computer graphics in 1960s,
but there have been recent attempts to deal with more com-
plicated objects. The purpose of this paper is to give an
overview of such attempts and to present some applications
of multiple view vision.

1.1. Examples of multiple view vision

Interaction between computers and the physical world is
an increasingly important area. Cameras are becoming uni-
versal sensors, cheap, widely available. Proper use of these
sensors offer many possibilities in many fields, medicine,
industry, human machine interfaces. There are many such
applications. Here I will only give two examples.

One such example is the use of digital cameras for pre-
cision measurements in industry. One example is the com-
pany IMETRIC in Switzerland that develops algorithms for
structure and motion estimation for points in several im-
ages. Their system is based on placing retroreflective circu-
lar targets on industrial parts. During measurements they
take several images with high-resolution cameras (up to
7168 � 4048 pixels) with flash. They measure the image
positions of these targets with high precision and solve for
structure and motion. Measurement accuracies reach from
1 part in 30,000 to 200,000 of the object size depending on
the camera and the application

Another example is automatic model building from im-
age sequences. Many companies try apply computer vision
in the world of film-making. The idea is to automate a va-



riety of labour-intensive tasks in special effects etc. An ex-
ample of is the company REALViZ, [58] that delivers new
‘software tools that dramatically reduces the time required
to produce high-quality computer-generated images, anima-
tion and 3D models’.

1.2. Overview of the paper

It is difficult to give an overview of structure and mo-
tion estimation. Systems for automatic structure and motion
estimation are complex and involve research in feature de-
tection, matching, geometry, optimization, etc. Here I have
chosen to focus on the geometrical problems in structure
and motion estimation.

Many results in computer vision is an analysis of a spe-
cial case. These solutions are important building blocks for
solution of structure and motion. An overview over some of
these methods are given in Section 2. In Section 3 are de-
scribed so called factorization methods. In Section 4 meth-
ods for calibration and auto-calibration are described. Non-
linear optimization of image residuals or bundle adjustment
methods is discussed in Section 5. Section 6 is devoted
to structure and motion using apparent contours and Sec-
tion 7 describe some recent advances on how to improve
your scene models when you have estimated motion.

2. Special case methods

2.1. Minimal case methods

The classical minimal case problems are for points.
These were formulated and solved already in 1910 by the
German photogrammetrist Erwind Kruppa, [43]. With 5
point correspondences in 2 images (with known internal cal-
ibration), he showed that there are 11 solutions to the struc-
ture and motion problem. Later Demazure [18] showed that
there are in fact only 10 solutions. The uncalibrated case
(7 points in 2 views) has an even older history. A related
problem was formulated by Chasles already in 1855 [13].
Several authors responded to that question and showed that
there are in general 3 solutions to the problem, cf. [29]. See
also [61]. Both of these approaches use the so called epipo-
lar constraint. The projection of scene points can be mod-
eled with a matrix equation
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where x is a 3 vector representing an image point in ho-
mogeneous coordinates, X a 4 vector representing a scene
point in homogeneous coordinates and P is a 3 � 4 matrix
representing camera position, orientation and internal cali-
bration. The multilinear approach is a way to eliminate the

scale factors and the scene structure. There is a essentially
one-to-one mapping from pairs of camera matrices to the
fundamental matrix F
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Each image point correspondence


x1 	 x2 � gives a linear con-

straint on the fundamental matrix:
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The basic idea is to use image points to calculate F using
(3) and the fact that det



F � � 0, and then calculate motion


P1 	 P2 � using (2) and finally structure X from (1).
For uncalibrated cameras there is another interesting

minimal case (6 points in 3 views) that was solved indepen-
dently in [55, 30]. There are in general 3 solutions. Both
can be seen as using the trilinear constraint. Later it was
shown that these two problems (7 points in 2 views and 6
points in 3 views) are dual problems in a sense that was
discovered in [12].

For lines there are several minimal cases. The affine
camera cases ( 6 lines in 3 affine views and 5 lines in 4
affine views) were solved in [4]. The case 9 lines in 3 un-
calibrated views is still unsolved.

2.2. Quasi-linear methods

Besides the minimal cases there is great interest for
so called quasi-linear methods for close to minimal cases.
Many times a minimal case, which might have multiple
solutions and whose solutions involve solving polynomial
equations, is to difficult to implement or impractical to use.
Quasi linear methods use the extra equations to find simple
linear methods for finding the solutions by ignoring some of
the non-linear constraints. The most common quasi-linear
method is the eight-point-algorithm [64, 45, 26]. It is based
on the epipolar geometry. Estimate the fundamental matrix.
The 8 point correspondences give 8 linear constraints (3).
Ignoring the non-linear constraint (det



F � � 0) this deter-

mines F uniquely up to scale.
For three views a similar approach is used to solve the

case of 7 points in 3 views. The idea is based on the trilin-
ear tensor. The same tensor can be used for the case of 13
lines in 3 views or certain combinations of lines and points,
cf. [59, 63, 60, 20, 28, 27]. For four view the quadrilinear
tensor can be used to solve the case of 6 points in 4 views
[32].

2.3. Resection and intersection

If you have more images or features, one common prac-
tice is to solve for a minimal case and then extend the so-
lution to more features and views by so called intersection



and resection. In 1759, Johan Heinrich Lambert, in a trea-
tise "Perspectiva Liber" (The Free Perspective), developed
the mathematical principles of a perspective image using
space resection to find a point in space from which a pic-
ture is made. Resection is thus the method of estimating
the camera geometry in a new view using image features
and estimated scene features. Intersection is the method of
estimating the location of additional features using known
camera positions.

3. Factorization methods

A completely different approach to the structure and mo-
tion problem is to solve for all views and all features si-
multaneously using a factorization approach. The original
idea was presented in [69] which solved the case of points
projected with the affine camera model. The key here is
that under ortographic camera model, a measurement ma-
trix containing all image feature measurements
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is of rank 4 (or rank 3 if the image coordinates are cen-
tered around the center of mass). Using the singular value
decomposition the matrix W can be factored as W � PX
where P contains the motion and X the scene structure. A
more thorough overview is given in [39] This factorization
method has been extended to the other camera models, cf.
[50, 67, 35, 62]. Some of these methods use the notion of
affine shape, which can be seen as dual projective space. It
includes in its method a way of normalization the coordi-
nates, similar to what is proposed in [26]. The factorization
approach has also been extended to lines [56, 48] to com-
binations of points, lines and conics, [37] and also to 3D
curves [9, 10].

4. Auto-calibration methods

Recently there has been an intensive research on the pos-
sibility to obtain reconstructions up to an unknown similar-
ity transformation (often called Euclidean reconstructions)
without using fully calibrated cameras. Since it is only
possible to make reconstruction up to an unknown projec-
tive transformation (often called projective reconstruction)
when nothing about the intrinsic parameters, extrinsic pa-
rameters or the object is known, it is necessary to have some
additional information about either the intrinsic parameters,
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Figure 1. One of five images used in exper-
iment. The extracted curves and 20 repro-
jected points on each space curve are shown.
To the right is shown a histogram of the
residuals (in pixels) between extracted image
curves and reprojected points of the recon-
structed curve. The standard deviation of
these residual is 0.03 pixels.

the extrinsic parameters or the object in order to obtain the
desired Euclidean reconstruction.

A priori information about the object can be used in a
fairly straight-forward manner, see [21]. A priori informa-
tion about the extrinsic parameters, i.e., the camera orbit,
has been investigated by several researchers, e.g. [77].

The camera matrix can be decomposed as P �
K 
 R � 

� Rt ��� , where t is the camera center, R is a rotation
matrix representing camera orientation and K is contains
the internal calibration parameters:

K ���� γ f s f x0

0 f y0

0 0 1

�� � (5)

Here f is camera constant (focal length), s represents skew,
γ represent aspect ratio and



x0 	 y0 � the coordinates of the

principal point.
One common situation is when the intrinsic parame-

ters are constant during the whole (or a part) of the im-
age sequence. Auto-calibration from the assumption of
constant intrinsic parameters is traditionally known as self-
calibration and was the first auto-calibration problem stud-
ied in computer vision. This problem leads to the so called
Kruppa equations. Several attempts to solve this problem
have been made, see [46], [22]. More recent approaches to
self-calibration, using more robust methods, can be found in
[3] (using the more general Kruppa constraints), [53] (using
the so called modulus constraints) and [70] (using the clas-
sical formulation with the absolute conic combined with a
robust estimation method). The absolute conic is a com-
plex conic at the plane at infinity. Basically the calibration
problem boils down to a number of matrix equations:

PiΩPT
i
� µiωi 	�� i � 1 	 ����� m 	 (6)

one equation for each image i with camera matrix Pi. One
wants to solve for the absolute conic Ω and the image of



the absolute conic ωi which in turn is related to the internal
calibration matrix K in (5) according to

λiωi
� KiK

T
i � (7)

During the last years, several attempt has been made to
develop auto-calibration techniques under less restrictions
on the intrinsic parameters of the camera. The first step in
this direction was made in [31] and another in [52], where
the self-calibration method presented in [53] is extended
to allowing changing focal length. In [33] was given for
the first time an existence proof (along with a computation
method) for the possibility to make Euclidean reconstruc-
tion under the assumption of known skew and aspect ratio,
from so called Euclidean image planes.

The next step in the development of flexible calibration
techniques was to weaken the assumptions further. Simul-
taneously, it was proven in [34] and [51] that it is sufficient
to know the skew. In fact, it was even shown in the former
paper the more general result that it is sufficient to know
any one of the intrinsic parameters. Observe that all other
intrinsic parameters are unknown and allowed to vary be-
tween the different imaging instances.

All auto-calibration techniques are based on the assump-
tion of generic camera motion. However, if the camera mo-
tion is not sufficiently general, e.g. pure translation or circu-
lar motion, then one might run into trouble. An interesting
and important subjects in its own is to study these so called
critical motion sequences (CMS). The pioneering work on
CMS is [65] (for self-calibration) followed up by [66] and
[38].

5. Bundle adjustment methods

The problem of obtaining a statistically optimal solu-
tion to the structure from motion problem, have traditionally
been solved using the technique of so called bundle adjust-
ments, see [8]. However, it is only possible to use points in
the traditional approach to bundle adjustments.

In [75] the problem of estimating structure and motion
from line correspondences is analyzed. They discuss both
the question of obtaining an initial estimate and the question
of improving these estimates.

A generalization to combinations of points, lines and
conics has been made in [6]. Also for reconstruction of 3D
curves it has been possible to extend the bundle adjustment
method, [10].

6. Apparent contours

The apparent contours of three-dimensional surfaces
are known to be a rich source of information. Under

known viewer motion, reliable descriptions of curved sur-
faces can be recovered from the apparent contours, cf.
[25, 15, 14, 72, 68]. Inference of 3D shape is even possible
from a single image, cf. [71].

Motion estimation using only deformation of the appar-
ent contour on the other hand is much more difficult. One
reason for this is that the apparent contour changes as the
viewpoint changes. The contour on the surface that gen-
erates the apparent contour is actually different for differ-
ent viewpoints, see Figure 2. Nevertheless, techniques have
been developed for estimating camera motion using only the
deformation of the apparent contours. The key observation
is that for pairs of images, there exists points on the respec-
tive apparent contours that are actually the projection of the
same physical point. These so called epipolar tangency
points can be found and used for estimation of apparent
contours.

Image 4 Image 7Image 1

Figure 2. Image sequence of a statue in a park.
Extracted contour segments are marked in
black. Notice how the contours change as
the camera moves.

The special case of frontier points under orthographic
projection and object rotation around a single axis was con-
sidered in [57, 24]. In [54], although primarily concerned
with stereo calibration from 3D space curves, it was noted
that the intersection of two contours from two discrete view-
points generated a point, visible in both images. This is also
mentioned in [72], where the apparent contours are used for
object modeling. This constraint was exploited in [11] in the
analysis of the visual motion of space curves. An approach
for parallel projection has been presented in [73, 74]. An-
other approach using trinocular stereo has been presented in
[36].

For the general case of motion estimation this was solved
by iterative, optimizing techniques in [5, 2]. For the special
case of circular motion see also [47]. In two recent papers
excellent experimental results have been obtained both for
the case of circular motion [47] and also using a dominant
plane for simplifying the situation [16].

7. Structure estimation with known motion

The resulting scene structure after running for example
the eight point algorithm on a bunch of points is crude and
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Figure 3. A comparison between the motion
computed with the apparent contours, (be-
fore and after bundle adjustment) marked
with crosses and the motion computed with
special points, marked with rings.

uninteresting to look at. The camera motion on the other
hand is completely represented. When the camera motion
has been estimated it is possible to use this camera motion
to further enhance the scene model. This is an important ap-
plication of theory for scene modeling using known camera
motion.

There has been interesting developments in this direc-
tions in the last couple of years. Three main trends are de-
scribed here:

� Dense reconstruction — Methods for estimating dense
textured scene structure by finding corresponding
points in other images.

� Space carving — A method of building up textured
voxel models of the scene by carving away transparent
voxels.

� Illumination models — Methods for estimating illumi-
nation, reflectance and albedo models for the scene.

These methods are very different in character but each give
strikingly realistic scene models.

7.1. Dense reconstruction

One popular method of obtaining a better (more realistic)
scene model is based on finding dense feature correspon-
dences using the estimated camera motion. These methods
were originally developed for calibrated 3D systems. [51].

For stereo rigs a typical method is to use the known
motion (epipolar geometry) to re-map the image to the so
called standard geometry where each horizontal line is an
epipolar line. The correspondence search is then reduced to
a matching of points on the same scan-line. One also use
constraints like order preserving, bidirectional uniqueness

and detection of occlusion, cf. [40]. A dynamic program-
ming scheme can be used to guide the search to the most
probable match [19]. A similar algorithmic idea, but for
more than 2 images has also been developed [41]. These al-
gorithms yield reasonably good results, but have their short-
comings when it comes to more general camera geometry.
In practice different 3D reconstructions obtained from dif-
ferent subsequences of images are fused in a later step.

7.2. Space carving

Another fascinating method for generating 3D models
from images with known camera geometry is the space
carving method, cf. [44]. The method is based on repre-
senting the scene as colored voxels. One starts with a set
of voxels (large enough to include the actual scene. By
examining voxels of the scene models one can determine
if the voxels colors are consistent with the images. If not
these voxels are removed (carved) from the scene model.
This procedure is repeated until the whole model is con-
sistent with the images. The final model is then the hull
of all voxel models consistent with the images. The ap-
proach has several nice theoretical and practical properties:
It is provably correct for arbitrary camera positions, No con-
straints on camera viewpoints are imposed, photo-realistic
models are obtained. There are some practical problems.
With real images it might sometimes happen that a voxel
is erroneously removed. The algorithm then continues to
carve away (non-consistent) voxels of the interior resulting
in big holes in the reconstruction. Since the whole approach
is voxel based, the final modes has a edgy look.

7.3. Illumination models

A third interesting trend is to model not only geometry
and intensity (texture maps) of the model, but also to in-
clude illumination aspects of the model.

In [76, 17] is presented a method for recovering re-
flectance properties of all surfaces in a real scene from a
sparse set of photographs. The approach is based on know-
ing the geometry of both the cameras and the scene and
the light sources (with high accuracy). Using high dynamic
range photographs of the scene one estimates both radiance
and irradiance of the scene. The reflectance properties of a
surface point is often described by bi-directional reflectance
distributions (BRDF). These describe how much light in-
coming from one direction to the point is reflected to the
other directions. Using only a sparse set of images it is not
possible to estimate arbitrary BRDF’s. A solution is to limit
the estimation to low-parameter reflectance models, see also
[42]. A further simplification is made by assuming that the
scene is divided into areas with similar reflectance proper-
ties. Since geometry and reflectance models are estimated it



is possible to render not only new views not only from new
view-points but also with novel lighting conditions, e.g. by
inserting virtual lights or virtual objects with interesting re-
flectance properties.

8. Conclusions

In this paper we have given a very brief overview over
methods and tools for solving some aspects of the structure
and motion problem. It has been shown that, although much
work still is needed, impressive progress has been made
during the last decade. Much is understood about how to
estimate geometric and photometric properties of a static
scene given only images as input. With such impressive
progress we can hope to solve more difficult structure and
motion problems with more automatic methods and more
realistic scene models in the future.

The structure and motion problem is one of the funda-
mental problems of computer vision. Successful solution of
this problem has many interesting applications where scene
modeling and measurements are needed. A successful so-
lution can also be used as a basis for the solution of other
difficult computer vision questions, e.g. recognition, seg-
mentation.

Will the structure and motion problem become so impor-
tant in the future that special hardware will be built, as the
scene modelers in graphic cards of today? Will they ever be
as widespread as the graphic card?
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