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Abstract

In the high-level operations of computer vision it
1s taken for granted that image features have been
reliably detected. This paper addresses the problem
of feature exiraction by scale-space methods. This
paper is based on two key ideas: to investigate the
stochastic properties of scale-space representations
and to investigate the interplay between discrete and
continuous images. These tnvestigations are then
used to predict the stochastic properties of sub-pizel
feature detectors.

1 Introduction

Low level image processing is often used to detect
and localise features such as edges and corners. It
is also used to correlate or match small parts of
one image with parts in another. Methods for do-
ing this have been developed for some time, see
[6, 9,10, 11, 14, 18, 19, 22]. However, the stochastic
analysis of these algorithms have often been based
upon poorly motivated stochastic models. In par-
ticular, the effects of image discretisation, interpo-
lation and scale-space smoothing is often neglected
or not analysed in detail.

In this paper, image acquisition, interpolation
and scale-space smoothing are modelled into some
detail. Image acquisition is viewed as a composi-
tion of blurring, ideal sampling and added noise,
similar to [20]. The discrete signal is analysed after
interpolation. This makes it possible to detect fea-
tures on a sub-pixel basis. Averaging or scale-space
smoothing is used to reduce the effects of noise. To
understand feature detection in this framework, one
has to analyse the effect of noise on interpolated
and smoothed signals. In doing so a theory is ob-
tained that connects the discrete and continuous
scale-space theories.

The paper is organised as follows. Section 2 tre-
ats the image acquisition model. In Section 3 a
method is proposed where the discrete scale-space
is induced from the continuous scale-space theory.
The stochastic properties of the intensity error fi-
eld are discussed in Section 4. A short introduction

to stationary random fields is given and some im-
portant results that are relevant for our model are
demonstrated. The ideas are verified with numeri-
cal experiments on real images. The sub-pixel edge
detector is studied in Sections 5. Sub-pixel correla-
tion is investigated in Section 6.

2 Image acquisition

To model the image acquisition process, the inten-
sity distribution that would be caught by an ideal
camera is first affected by aberrations in the optics
of the real camera, e.g. blurring caused by spherical
aberration, coma and astigmatism. Other aberra-
tions deform the image, like Petzval field curvature
and distorsion, see [13]. Such distorsion can ty-
pically be handled by geometric considerations in
mid-level vision and will not be commented upon
here. One way to model camera blur is to convolve
the 1deal intensity distribution with a kernel corre-
sponding to the smoothing caused by the camera
optics. This process also removes some amount of
the high spatial frequencies.

In a video-camera, the blurred image intensity
distribution is typically measured by a CCD ar-
ray. One can think of each pixel intensity as the
weighted mean of the intensity distribution in a
window around the ideal pixel position. Taking the
weighted mean around a position is equivalent to
first convolving with the weighting kernel and then
ideal sampling. Finally, due to quantisation and
other errors, stochastic errors are introduced.

Led by this discussion we will use the following
image acquisition model:
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where upper case letters, W, denote signals with
continuous parameters, whereas lower case letters,
w, denote discrete signals. Here, and often in the
sequel, we use the word signal synonymously with
function, and discrete signal synonymously with se-
quence or function defined on Z", for some n. These
three steps of blurring, sampling and noise will now
be discussed in a little more detail.



Wideal w wo vo

D
>
blur sampling

Figure 1: Tllustration of the image acquisition mo-
del. The original intensity distribution Wigea 1s
blurred by the operator h corresponding to camera
optics blur and digitisation blur . The blurred sig-
nal W is then sampled to form a discrete signal wy.
Finally noise is added. The result is the measured
discrete signal vg = wqg + eg.

Here blurring is modelled as an abstract operator
h, such that W = h(Wigea1). We assume that no
aliasing effects are present, when the function W is
sampled at integer positions. This makes it possible
to reconstruct W from the sampled data.

Assumption 2.1. All energy in the high spatial
frequencies is cancelled before sampling. The fun-
ction W is band-limited, i.e. W € B(R"™), where

B(R™) = {W € Ly(R™) | supp FW C (—1/2,1/2)"}

In the definition of the Fourier transform, we use
the formula

FW(f) = W(T)e_m”f‘TdT ,
]Rn

(2)

where f -7 denotes scalar product.
The sampling is assumed to be ideal. Introduce
the sampling or discretisation operator, D : B — s,

3)

Note that the sampling operator maps a continuous
signal W onto a discrete signal w.

w(i, ) = (DW)(i, j) = W(i. j) -

Finally notse is assumed to be an additive sta-
tionary random field. Experimentally it is verified
that the errors in individual pixel intensities often
can be modelled as independent random variables
with similar distribution.

These assumptions will serve as an initial model.
Further improvements can be made by a more detai-
led camera acquisition model. Nevertheless, these
assumptions will help us to model and analyse the
next stage, namely estimating the continuous image
intensity distribution from the discrete image. Ob-
viously, it is impossible to reconstruct the original
intensity distribution Wigear without prior know-
ledge. It is, however, reasonable to try to estimate
the blurred and distorted intensity distribution W,
or to estimate an even more blurred version.

3 Interpolation and smoot-

hing

Scale-space theory and its application to computer
vision is discussed briefly in this section. A more
thorough treatment is given in [16]. The idea is to
associate to each signal a family of signals smoot-
hed to different degrees. Each such signal captures
the behaviour of the signal at one scale. The idea
of smoothing is useful to attenuate high-frequency
noise without disturbing the low-frequency compo-
nents of the signal. There i1s a trade-off in choo-
sing the smoothing parameter. The real strength
in using the scale-space approach is the possibi-
lity to study the whole scale-space representation,
This will, however, not be pursued in this paper.
The emphasis will be made to study the stochastic
properties of each scale-space representation sepa-
rately.

In the continuous case,
Gaussian kernel

Gy(z) =

smoothing with the
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is very natural. In fact, under some consistency
conditions (symmetry, semi-group property, non-
creation of local extrema), the Gaussian kernel is
the only choice that gives a consistent scale-space
theory, cf. [5, 15, 16, 23]. The smoothing operator
Sp represents convolution with the Gaussian kernel
Gy A signal W is represented at scale b by its
smoothed version W,:

WbZSb(W)ZGb*W . (5)

The signal W, is called the scale-space represen-
tation of W, at scale b. In the sequel subscripts
are used to denote different scales. This scale-
space representation has several advantages. Local
structure decreases as scale increases. No local ex-
trema are created. Another nice feature is that the
smoothed function W, has continuous derivatives of
arbitrary order. A third useful property is that the
high frequency components of the noise are attenu-
ated as scale increases. By using multidimensional
Gaussians, there is a natural generalisation to fun-
ctions W of several variables. However, some of the
nice properties are lost when doing so.

Scale-space theory in the discrete time case has
been investigated in [16]. Tt turns out that just
by sampling a continuous scale-space kernel, one
obtains a discrete scale-space kernel. However, in
doing so one does not obtain a scale-space theory
with all the nice features of the continuous scale-
space theory. There are difficulties with fine scales.
In particular it is difficult to define higher order
derivatives at fine scale levels. For the same rea-
son it is difficult to define local extremum and zero
crossings for fine scales. The semi-group property
is lost. These questions are discussed in [16].



Interpolation and smoothing

The main idea of our approach is to induce the di-
screte signal, the scale spaces, etc. from the associ-
ated interpolated quantities. By an interpolation or
restoration method we mean an operator that maps
a discrete signal, w, to a continuous one, W. The
following types of interpolation operators I will be
used:

W(s) = (Irw)(s) = Y F(s — ijw(i) . (6)
2

The ideal interpolation operator I = I, 18 of spe-

cial interest.

We propose to use ideal low-pass interpolation
I, and discretisation D as mappings between the
continuous and discrete signals to solve the resto-
ration and discrete scale-space problems. In other
words we relate the discrete and continuous signals
through the operations of discretisation and ideal
low-pass interpolation. This is illustrated by the
diagram:

T

Wsw
D

(7)

where D is the discretisation operator and I is the
ideal interpolation operator.

Note that if the camera induced blur cancels the
high frequency components in W as in Assump-
tion 2.1, the deterministic restoration Wy = I(wq)
is equal to W.

Using these definitions,; the discrete and conti-
nuous scale-space representations can be defined
simultaneously and consistently. We propose the
following:

1. If the primary interest is the interpolated con-
tinuous signal, then restore the scale-space
smoothed continuous signal W, from the di-
screte signal wq first using ideal interpolation
and then continuous scale-space smoothing.

2. If the primary interest is a discrete scale-space
representation, then use the induced represen-
tation from the continuous scale-space, as de-

fined in (7).
The procedure is illustrated by the diagram:
Wo ; W

D
Wy —— ws

(8)

Thus, from the discrete signal wq, the continu-
ous scale-space smoothed signal W, is obtained as
Wy = Sp(I(w)). The discrete scale-space signal
wp = sp(wo), is induced from the continuous scale-
space signal, i.e.

def

‘lUbZSb(wo) = D(Sb(I(UJO))) ) (9)

where s; 1s introduced as the discrete scale-space
smoothing operator. Notice that s; is a convolution
with a kernel g,

9o = D(Gp x sinc) . (10)

The differences between this approach and others,
like the sampled Gaussian approach, is very small
for large scales but significant for small scales. In
fact it can be shown that

|| sinc ¥Gp, — G5 <

1

bﬁ@( ™V2) , (1)
where @ is the normal cumulative distribution fun-
ction. Notice that the right hand side is small when
b is large. The sampled Gaussian approach is also
equivalent to using interpolation with the delta dis-
tribution followed by Gaussian smoothing. This is
illustrated in Figure 2. The main motivation for
using ideal low-pass interpolation is, however, that
the approach is well suited for stochastic analysis
as will be shown later. Observe that the interpo-
lated signal W is smooth. Thererfore, there is no
difficulty in defining higher order derivatives.

This scale-space theory has several theoretical ad-
vantages: It works for all scales. The semi-group
property, s /75 /5 = S /75, holds. The coupling to
continuous scale-space theory gives a natural way to
interpolate in the discrete space. There are no dif-
ficulties in defining derivatives at arbitrary scales.
It is possible to calculate derivatives at arbitrary
interpolated positions. Operators which commute
in the continuous theory automatically commute in
the discrete theory. The effect of additive stationary
noise can easily be modelled. It makes it possible
to compare the real intensity distribution with the
interpolated distribution. There is, however, a price
to pay. The discrete scale-space smoothing operator
sp 1s a convolution with the discrete function

gb = D(sinc xGy) ,

i.e. sp(w) = gp * sp. In practice this scale-space
theory is difficult to use for small scale parameters,
because of the large tail of the sinc function. Ho-
wever, the function sinc *Gp has a very small tail for
larger scales. In practise one may use the approxi-
mation sinc xGy & Gy for large scales, according to
(11). This simplifies implementation substantially.

4 The random field model

The discrete image vy = wg+eg is analysed directly
or through scale-space smoothing, as illustrated by
the diagram:

Wo + Fo PR wo + €g

We + Ep -, wp + €p



Figure 2: Tllustration of interpolation using the
sampled Gaussian function. In the figure the signals
Wy (dashed) and Sy (75(wo)) (full) is shown for b =
0.2, 0.4 and 0.6 The approximation Sy(/5(wg)) ~
Wy 1s poor, for small scale parameter . The ap-
proximation is, however, good for large scale para-
meter.

Note that all operations are linear. The stochas-
tic and deterministic properties can, therefore, be
studied separately and the final result is obtained
by superposition. Thus with an a priori model on
Wideal, for example an ideal edge or corner, it is
possible to predict the deterministic parts W; and
wp. The stochastic properties of the error fields eg,
ey, Fy and Ey, will now be studied.

Stationary random fields

The theory of random fields is a simple and po-
werful way to model noise in signals and images.
Stationary or wide sense stationary random fields
are particularly easy to use. Denote by & the ex-
pectation value of a random variable.

Definition 4.1. A random field X(¢) with ¢ €
R™ is called stationary or wide sense stationary,
if its mean m(t) = mx(t) = E[X(t)] is con-
stant and if its covariance function rx(t1,12) =
EN(X(t1) —m(t1))(X (t2) —m(t2))] only depends on
the the difference 7 = t; — t5. A random field
X (t) with ¢ € R” is called sirictly stationary if
for all (t1,...,%,) and all 7 the stochastic variable
(X(t1),...,X(tn)) has the same probability distri-
bution as (X (t1 +7),..., X (tn + 7). [ ]

For stationary fields we will use rx(s,t) and
rx(s — t) interchangeably as the covariance func-
tion. The analogous definition is used for a sta-
tionary field in discrete parameters. The notion of
spectral density

Rx(f) = (Frx)(f) = / rx(r)e= T Tdr (13)

is also important. Again the same definition can
be used for random fields with discrete parame-
ters s € Z", but whereas the spectral density for
random fields with continuous parameters is defi-
ned for all frequencies f, the spectral density of di-
screte random fields is only defined on an interval
f € [-1/2,1/2]". Introductions to the theory of
random processes and random fields are given in

[1, 7, 8]. In these books you will find that convolu-
tion, discretisation and derivation preserves statio-
narity.

w= D(W) = ry = D(rw)
Y=hxX = RYIRx|.7:h|2
Y =X = ry:—r;(

We will now show that the ideal interpolation I pre-
serves stationarity as well. First we will analyse the
one-dimensional case. To do this we need a lemma
concerning an infinite series:

Lemma 4.1.

Z sinc(s — @) sinc(t — 1) = sinc(s — t) .

i

(14)

Proof. The proof follows from a simple calculations
and a formula for summation of a standard series
see [21]. Hence,

Z sinc(s — @) sinc(t — i) =
_Z sin(m(s — 7)) sin(w(t — 7)) _

23—2)(t—z)

sm sin (7t
_Z ms)sin(mt) _

7r2s—z )t —19)

:sm(ﬂ's) sin(mt) Z : 1 _ (15)

2 Nt — )

:Sin(“) ° in(t) - i - (cot(mt) — cot(ms)) =
_ sin(ms) cos(mt) — sin(wt) cos(7s) _
(s —1)
_sin(m(s —t)) .
_W =sinc(s — t) .

This lemma will now be used in the proof of the
following theorem, which describes the stochastic
properties of the restored signal at scale zero.

Theorem 4.1. If e(i) is a stationary discrete
stochastic process with zero mean and covariance
function

re(i, ) = re(i —J)
such that r. € I[P, for some p < oo, then the ideal
interpolation at scale zero,

E(s) = Zsinc(s —1)e(i)

7

(16)

1s a well defined random process, with convergence
in quadratic mean. Moreover, FE 1s stationary with
covariance function

re(T) = I(re)(r) = > re(k)sine(r — k) .

k

(17)



Proof. To prove that F(s) is well defined we need
to prove that ) .sinc(s — i)e(i) converges in the
quadratic mean for every s. Let

Sm = Z sinc(s — )e(i) .

lil<m

Convergence in quadratic mean can be established
using the Cauchy criterion by showing that

E[1Sm — Sul?]1 =0,

as m,n — 00 .

Here

E[lSm — Sal?] =
= Z sinc(s — @) sinc(s — j)E[eie;] =

n<|j|<m

= Z sinc(s — 1) sinc(s — j)re (i — j) .

n<|i|<m
n<|jl<m

(18)

This tends to zero as m,n — oo if the double sum

Zsinc(s — i) sinc(s — j)re (i — j)

0,7

is absolutely convergent. Making the change of va-
riables, k = i — j,1 = s — i, the double sum can be
rewritten as

Z |sinc(s — i) sinc(s — j)re(i — J)| =
= Z | sinc(l) sinc(k — U)re (k)| <

i
i

< lre(k)] D Isine(l)|| sine(k = )] . (19)

Here ¢, j and k are integers whereas s and therefore
also [ are real numbers. The second sum is the
discrete convolution of |sinc(s+-)| and |sinc(s+-)|.
Both sequences lie in [P for every p > 1. Since, by
Young’s inequality, see [12], the convolution of two
functions of type I and [? is I" with 1/p+ 1/q =
1+ 1/r, the convolution is of type I” for every r =
p/(2 — p), with p > 1. Hence the sequence f given
by
F(k) =" [ sinc(l)]| sinc(k — 1)
1

belongs to [P for every p > 1. Holder’s inequality
then gives that

Y Ire(R)I£ (k)] (20)

is absolutely convergent if r. € I for some ¢ < co.
It now follows that mpg(s) = &[>, sinc(s —
i)e(i)] = > ,sinc(s — i)€[e(i)] = 0. To prove that

E(s) is stationary we need to prove that the cova-
riance rg(s,t) only depends on the difference s —¢.
The covariance of E(s) and E(t) is given by

sinc(s — 1) sinc(t + k — ). (k) =

= Ere(k) sinc(s—t—k)=1I(re)(s—1), (21)

where we have used Lemma 4.1 to obtain the last
but one equality. Thus the continuous random pro-
cess F(s) is stationary with covariance function as
described. ]

The corresponding theorem in higher dimensions
can be proved in exactly the same manner.

Thus, all operations in the commutative diagram
(12) preserve stationarity. This simplifies the mo-
delling of errors in scale-space theory. The effects of
the operators I, D, Sy and sp on covariance r and
spectral density R are all known by now.

It is often convenient to assume that the discrete
noise eg can be modelled as white noise, i.e.

if k=0,
if k # 0.

It can then be shown that the covariance function
of the interpolated and smoothed error field is

rg, = ¢ sinc LW (22)
Remark. The restored image intensity distribu-
tion V, is a sum of a deterministic part W and a
stationary random field Ej. Notice that the restora-
tion and the residual are invariant of the position of
the discretisation grid. The effect of discretisation
is thus removed. ]

5 Edge detection

Stochastic analysis of sub-pixel edge detectors, is
one application of the defined theory. To do this we
have to model the edge Wigeal and the blur operator
h. For simplicity, the edge modelled as an ideal
step function, i.e. as the Heaviside function with
height A and the smoothing operator A is modelled
as convolution with kernel A, which is assumed to
fulfill Assumption 2.1, and to be approximately a
Gaussian of width a,

h,~ G,y . (23)

One-dimensional edges are found as local maxima
of the derivative of the interpolated and smoothed



signal
‘/b = Gb * 1(60 + D(ha * I/Videal)) .

According to the above theory V; is a sum of a deter-
ministic part Wy, = G * hy * Wigeal and a stochastic
part Ep with covariance function Rp = Re|be|2.
Using a model also of r., in this case as white noise
with standard deviation ¢, it is thus possible to cal-
culate the distribution of the estimated edge posi-
tion. This has to be done numerically in most cases,
but using reasonable approximations and simplifi-
cations the distribution can be approximated as a
normal distribution with zero mean and variance,
see [4]

o2~ €2 3(‘12 + bz)Sﬁ

- 4A2p (24)

These approximation are only valid when a and b
are fairly large. It is straightforward to calculate
the distribution of estimated edge positions nume-
rically and to get results which are valid for a grea-
ter range of the parameters. Nevertheless, (24) is a
short analytical expression which describes the loca-
lisation variance for a large range of the parameters.
The variance is inversely proportional to the square
of the edge height A. The variance also decreases
with increasing scale parameter b at low levels and
increases at high levels. This is illustrated in Fi-
gure 3. In fact the choice of scale parameter b that
minimises the variance is b = av/5.

Standard deviation

Scale Parameter b

Figure 3: Theoretical standard deviation of edge
localisation error versus scale parameter b at dif-
ferent camera blur parameter ¢ = 0.4,0.5,...,1.0.
The intensity jump is A = 50 and the standard de-
viation in each pixel i1s € = 3. The approximations
in the calculations are good when b is larger than

0.8.

The one-dimensional analysis can be generalised
to two dimensions in a straightforward manner. As
before image acquisition is modelled as convolution
with kernel h followed by discretisation and ad-
ded noise: vg = D(h * Wigeal) + €. The discrete
image 1s then analysed through ideal interpolation

and smoothing: V, = Sp(I(vg)). Tt is quite popular
to define edges as points where the gradient mag-
nitude is maximal in the direction of the gradient,
le.

(VW) (VW) Ve =0, (25)

cf. [16]. Several simplifications will be made. We
will study the stability of edges with respect to a
given search direction n, i.e. edges are defined as
points where

()T (V*WV)a =0 . (26)

Let the true edge v be parametrised by curve pa-
rameter 7. Apply the edge detector in search direc-
tion 7 from every point y(7). The detected edge
can then be parametrised as () = y(7) + z(7)n,
where z describes the deviation of the detected edge
from the true edge.

Tt turns out that the errors z(7) along the edge
is approximately a stationary process with respect
to curve parameter 7, with covariance function

22(a® + 52)36—72/(462)

ra(r) =€ A2 cosb a

3 3 ) 9 1 ) 4
<16b6 — W(Tsm(a)) + 64b10(751n(a)) )

(27)

This could be used to extract the mean value of the
random process related to the line. The mean value
can be used as the estimated location of the line. If
we assume that the search direction differs at most
5 degrees from the perpendicular direction to the
edge we get the following estimate of the covariance
function

ar 2 1 12)3 _
23(‘1_ +bn ) e—T(4b)
8A2b6
Notice that the parameter 7 i1s measured as the ar-
clength along the edge. This has been verified both

in simulation, Figure 4 and with real data, Figure 5.
In the experiment with real data, five images were

r.(7) ~ 1.1€

(28)

taken of the same planar curve. The edge curve was
then extracted from each of the five images and alig-
ned. The residuals z; in the normal direction with
respect to arclength 7 is shown in Figure 5.

Since the edge is detected as the solution to the
equation

W, =0,

we can regard the edge as a level set to W' . This
makes it possible to use a more refined analysis than
the approximation with the tangent line described
above. This is discussed in detail in [17].

6 Sub-pixel correlation

Analysis of sub-pixel correlation is another applica-
tion of our scale-space theory. Correlation is usually



Figure 4: Results from two-dimensional edge detec-
tion with simulated data. Left: Edge position errors
in a direction roughly perpendicular to the edge at
different positions along the edge. The result from
four simulations are shown. Distant errors are not
correlated but there is a high correlation between
edge position errors at spatially close positions. The
residuals can be modelled as samples of a random
process with respect to the parametrisation of the
curve. Right: Theoretical and estimated covariance
functions for the residual error process.
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Figure 5: Five edge residuals z(7), empirically
estimated after projective alignment of the extrac-
ted contours from five different images of the same
curve.

done on pixel level, where a regions of one image is
translated in whole pixel units and matched to parts
of a second image so that the sum of squared diffe-
rences are minimised. The stochastic errors of pixel
correlation is difficult to analyse, mainly because
the translation between the regions in the two ima-
ges usually is of sub-pixel type.

A substantial improvement is obtained by using
scale-space restoration of continuous images. This
makes it possible to correlate regions in two images
with sub-pixel translations with much higher preci-
sion than obtained by ordinary methods. Further-
more, a proper modelling of the residual field makes
it possible to analyse the stochastic properties of the
localisation error. The idea is that, at least locally,
the images only differ by an unknown translation p.

Denote by V.= W + E and V = W 4 E the resto-

Figure 6: Regions in two images are correlated with
sub-pixel translations using least squares of the re-
siduals of the restored continuous scale-space repre-
sentation at scale b = 0.9. The accuracy of the sub-
pixel translation can be analysed through stochastic
models of the residual field. The residual V}, — V},,
shown in a different scale, can also be used to em-
pirically estimate the stochastic properties of the
error field Ep.

red intensity fields in two images for a fixed scale b.
The deterministic functions are identical except for
a translation. For a fixed translation pg = (p1, p2),
we thus have

To determine the translation h with sub-pixel accu-
racy a least squares integral is minimised,

)= [ o=+

The result of such a minimisation is shown in Fi-
gure 6.

Furthermore, the residual field V (t) =V (t4p) can
be used to empirically study the stochastic proper-
ties of the camera noise eg.

The quality of the estimated sub-pixel transla-
tion,

p = argmin F(p) ,

can be analysed using the statistical model given
above. Let X = p — py be the error in estimated
translation. By linearising the function F it can be
shown, see [2, 3], that the probability distribution of
X can be approximated with a normal distribution
with zero mean and covariance matrix given by

C=CX]~A'BA™T | (29)
A:Q/ VT (t)dt | (30)
t1EQ

B [ (VW) p)e) (VW) - (31)

7 Conclusions

In this paper we have modelled the image acqui-
sition process, taking into account both the deter-
ministic and stochastic aspects. In particular the



discretisation process is modeled in detail. This in-
terplay between the continuous signal and its discre-
tisation is very fruitful and the increased knowledge
sheds light on scale-space theory, feature detection
and stochastic modelling of errors.

The relation between the continuous signal and
its discretisation is used to obtain an alternative
scale-space theory for discrete signals. It is also
used to derive methods of restoring the continuous
scale-space representation from the discrete repre-
sentation. This enables us to calculate derivatives
at any position and of any scale.

Furthermore, the stochastic errors in images are
modelled and new results are given that show how
these errors influence the continuous and discrete
scale-space representations and their derivatives.
This information 1s crucial in understanding the
stochastic behaviour of scale-space representations
as well as fundamental properties of feature de-
tectors. In particular, we have analysed a simple
sub-pixel edge detector and a sub-pixel correlator
in detail.

From the covariance function it is possible to give
confidence interval of the detected position of the
edge. We have shown that the location of the edge
at different positions along the edge can be regarded
as a random process. Furthermore, the covariance
function of this random process can be calculated
and expressed in terms of the variance of the noise,
the widths of the Gaussian kernels and the search
angle relative to the true normal of the line.

In order to validate the theory, experiments and
simulations both on real and simulated data have
been presented. Good agreement with the theore-
tical model is achieved.

The work can be extended in several directions.
Edges were modelled as straight ideal step edges. It
would be interesting to study the effect (the bias)
caused by other types of edges and the effect of high
curvature edges. The model of image acquisition,
interpolation and scale space smoothing can also
be used to analyse other feature detectors.
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