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Abstract

In this paper we investigate the geometry and algebra
of multiple projections of lines with affine cameras. Previ-
ously, the case of seven lines in three images has been stud-
ied. It was thought that this was the minimal data necessary
for recovering affine structure and motion and that there are
in general two solutions. It was also thought that these two
solutions persist with more than seven lines. In this paper
it is shown that the minimal cases are six lines in three im-
ages and five lines in four images. These cases are solved
and it is shown that there are in general four solutions in
both problems. Two almost minimal cases (seven lines in
three images and six lines in four images) are solved using
linear methods. Furthermore, it is shown that the solution
is in general unique in these almost minimal cases. Finally,
experiments are conducted on both simulated and real data
in order to show the applicability of the theory.

1. Introduction

One key problem in computer vision is the ability to si-
multaneously calculate the three-dimensional scene struc-
ture and the position and orientation of the camera using
only image features, see [2]. This, so called structure and
motion problem, divides into several different subproblem
depending on the chosen camera model (perspective, affine,
orthographic, etc.) and type of image features (points, lines,
conics, general curves, etc.). In this paper we study the
structure and motion problem for lines under the so called
affine camera. The affine camera model, first introduced
in [13], is a generalization of the orthographic, the weak
perspective and the para-perspective camera models. Sev-
eral algorithms exist for recovering structure and motion,
mostly for points [17, 9], but also for other image features
[10, 11, 15].
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In [14], it was shown that the structure and motion prob-
lem using line features in affine cameras can be reduced to
the structure and motion problem for points in one dimen-
sion less, i.e. for one-dimensional cameras. This simplifica-
tion was obtained by considering the direction of the lines
and neglecting the actual position and was used to solve the
problem of three views of seven lines. It was claimed that
this is the minimal data necessary and that two solutions are
obtained. In this paper we show that although two solutions
can be obtained for the reduced problem (2D points projects
to 1D retina using only directions), only one of the solutions
can be used for the original problem, i.e. when also the po-
sition of the lines are taken into account.

Furthermore, it is shown how to solve the case of 6 lines
in 4 images using the same idea of first studying the line
directions as 2D points projected onto a 1D retina. New
results on a dual hexalinear tensor (for 1D retina) makes
it possible to estimate this almost minimal case linearly.
These results can be used in other contexts as well. Also
in this case there are two solutions to the reduced problem
but only one for the original problem.

In contrast to the results in [14] we show that seven
points in three views is not a minimal case. The minimal
cases for structure and motion for lines are 5 points in 4
images and 6 points in 3 images. In order to solve these
cases, we derive the necessary and sufficient conditions on
the trifocal and quadrifocal tensors under the assumption
of affine cameras. It is shown that each line triplet gives
two constraints on the trifocal tensor. This makes it possi-
ble to solve the case of 6 lines in 3 images and it turns out
that there are in general 4 solutions. Moreover, each line
quadruple gives 9 constraint on the quadrifocal tensor. This
makes it possible to solve the case of 5 lines in 4 images.
There are in general 4 solutions in this case also.

The results presented here are of both practical and theo-
retical interest. The solution to the minimal cases can be
used as initialization for bundle adjustment routines that
calculates maximum likelihood estimates of structure and
motion. Minimal cases are also useful in robust estimation
algorithms like RANSAC or LMS [18, 20] for finding cor-



respondences. The linear algorithms can be used when re-
dundant lines are available to get unique solutions and com-
putationally cheap estimates.

2. Enumerative geometry

In this paper we will use the affine camera model, i.e.
points with coordinates

�
X �Y�Z� are projected to image
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The camera matrixP represents the position and orientation
of the camera. It is only defined up to scale and it is conve-
nient to assume that the scale ofP is chosen so thatp34 � 1.

Lines can be represented in many ways. One way is to
specify one point on the line and the direction of the line.
For 3D lines we get

L � � U � s �D
0� � s � � � �

whereU denotes a point andD a direction, and for image
lines:

l � � u � s �d
0� � s � � � �

whereu and d denotes a point on the line and the direc-
tion respectively. Inserting these line representations in the
affine camera model gives

P �U � s �D
0�� � PU� s �P2�3D

0 � � u � s �d
0� � (1)

whereP2�3 is the upper left 2� 3 sub-matrix ofP. Notice
that the projection ofline directions is

µd � P2�3D � (2)

This can be seen as a projection of a 2D point to a 1D retina
using a general projective camera. This was used in [14] for
the solution of 7 lines in 3 images. Some information is,
however, lost in this simplification. The condition that the
directions fulfils (2) is only anecessarycondition for the
affine reconstruction problem using lines, not a sufficient
condition, since the position of the lines are not taken into
account.

Another representation for image lines is the so called
dual coordinates. In this case a line is represented by three
homogeneous coordinatesl � � a b c�T and the line is given
by lTu � 0, whereu � � x y 1�T and

�
x�y� denote points

on the line. This representation is useful in many situations.

n
m 4 5 6 7 8 9
1 -4 -6 -8 -10 -12 -14
2 -4 -4 -4 -4 -4 -4
3 -4 -2 0 2 4 6
4 -4 0 4 8 12 16
5 -4 2 8 14 20 26

Table 1. The number of excess constraints 2mn��
4n� 8m� 12 for the structure and motion problem

with m images of n points.

For example the problem of determining the 3D line from its
image linesl i , wherei denotes image number, with known
camera matricesPi (so calledintersection) can be solved
by intersecting the planesPT

i l i . A necessary condition for
these planes to meet in a common line is

rank !PT
1 l1 � � � PT

mlm" � 2 �
i.e. each 3� 3 minor of the 4� m matrix above vanish.
These constraints can be formulated in terms of elements of
the so called trifocal and quadrifocal tensors (see Sections 3
and 5).

In order to understand how much information is needed
in order to solve the structure and motion problem, it is use-
ful to calculate the number of degrees of freedom of the
unknown parameters and the number of constraints given
by the projection equation. Each line has four degrees of
freedom and each camera has eight. The solution is only
defined up to an affine transformation, which has dimension
12. Usingn lines andmcameras we thus have 4n� 8m# 12
degrees of freedom in the parameter space. Each mea-
sured line gives two constraints on the estimated param-
eters. Assuming that each line is visible in every image
we get 2mn constraints. The number of excess constraints
2mn# �

4n � 8m# 12� is shown in Table 1. Note that there
are two interesting minimal cases.

1. Three images of six lines (m � 3, n � 6).
2. Four images of five lines (m � 4, n � 5).

In Sections 3 and 5, these cases are analyzed in detail.
By considering line directions only, the problem is trans-

formed to projections of 2D points to a 1D retina, cf. (2).
Using n points andm cameras we thus have 2n � 5m # 8
degrees of freedom in the parameters. Each measured
direction gives one constraint on the estimated parame-
ters. Assuming that each point is visible in every camera
we getmn constraints. The number of excess constraints
mn# �

2n � 5m# 8� is shown in Table 2. Note that here the
minimal cases are

1. Three images of seven lines
�
m � 3�n � 7�.



n
m 4 5 6 7 8 9
1 -1 -2 -3 -4 -5 -6
2 -2 -2 -2 -2 -2 -2
3 -3 -2 -1 0 1 2
4 -4 -2 0 2 4 6
5 -5 -2 1 4 7 10

Table 2. The number of excess constraints mn��
2n� 5m� 8 for the structure and motion problem

with m images of n points.

2. Four images of six lines
�
m � 4�n � 6�.

We will show how both these cases can be solved with linear
algorithms, see Sections 4 and 6.

3. 6 lines in 3 images

Consider three affine cameras
�
P1 �P2 �P3� and three cor-

responding lines,
�
l1 � l2 � l3�. The condition that these three

lines are images of a common 3D line is

rank !PT
1 l1 PT

2 l2 PT
3 l3" � 2 �

Expanding the 3� 3 minors, the constraints can be written
(using Einsteins’ summation convention)

l1i � T jk
i l2j l3k � (3)

where� denotes equality up to scale andT jk
i denotes the

elements of the trifocal tensor, which is defined as

T jk
i

�
P1 �P2 �P3� � εii

�
i
�� det

����Pi
�

1
Pi

��

1

P j
2

Pk
3

�

� �
whereε denotes the permutation tensor. The necessary and
sufficient conditions for the trifocal tensor for projective
cameras are given in [4, 3, 8]. For affine cameras these con-
ditions can be simplified a little.

Theorem 3.1. Necessary and sufficient conditions for an
affine trifocal tensor are
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� 0�
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3 � T31
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� 0�
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3 T13
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1

� 0 �
(4)

Every line correspondence in three images gives two lin-
ear constraints on the trifocal tensor from (3). With 6 lines
we thus get 12 linear constraints from the image data and
11 additional linear constraints from (4). This makes it pos-
sible to parameterize the tensor components using only four
(27# 12# 11� 4) parameters defined up to scale. Inserting
this parameterization into the three third degree polynomial
constraints in (4) gives up to 27 solutions counted with mul-
tiplicity. However, after a more careful examination, onlya
few of these solutions remain.

Theorem 3.2. There are in general4 algebraic solutions to
the problem of recovering structure and motion for6 lines
affinely projected into3 images. These may include complex
and not physically feasible solutions.

Proof. Without loss of generality, one can choose coordi-
nate systems in the images such that the first two lines in
each image have coordinates

�
1�0�0� and

�
0�1�0� respec-

tively, which implies that (3) gives for the first line

T11
2

� T11
3

� 0

and for the second line

T22
1

� T22
3

� 0 �
The componentsT11

1 , T22
2 , T12

1 , T12
2 , T21

1 , T21
2 , T12

3 andT21
3

can be eliminated linearly using the remaining four lines.
This leaves us with the unknownsT31

3 ,T32
3 ,T13

3 andT23
3 and

the three non-linear constraints in (4). Using resultants be-
tween every pair of equations (with a computer algebra sys-
tem like Maple),T31

3 andT32
3 can be eliminated. After re-

moving spurious solutions (arising because of our particular
parameterization of the problem), we end up with a homo-
geneous polynomial equation of degree four inT13

3 andT23
3 .

The roots of this polynomial equation correspond to true so-
lutions.

Algorithm 3.1. (Six lines in three affine views).

1. Calculate the trifocal tensor up to a four-parameter
family of solutions, using the special choice of image
coordinates as above.

2. Eliminate three of the parameters using the necessary
conditions in Theorem 3.1.

3. Solve the fourth degree polynomial equation and sub-
stitute this solution back to get the trifocal tensor.

4. Calculate the camera matrices from the trifocal tensor.

4. 7 lines in 3 images

The structure and motion problem for 7 lines in 3 images,
was solved in [14] using the projection of the line directions.



For completeness an outline of this method is presented here
as well. However, it was claimed that there are two different
solutions, which is true when only the directions of the lines
are considered. We will show that when also the positions
of the lines are taken into account, only one solutions will,
in general, remain.

Definition 4.1. The groupS of planar projective transfor-
mations is defined as the set of equivalence classes of non-
singular 3�3 matrices, where two matrices are considered
equal if one is a scalar multiple of the other.

Definition 4.2. Let the manifold ofrelative orientation
of three 1D cameras be defined as the set of equivalence
classes of three ordered 1D camera matrices

P � ��
P1 �P2 �P3� �Pi � �ai bi ci

di ei fi� �� �
(5)

where the equivalence

�
is defined as

�
P1 �P2 �P3� ���

P1��P2 ��P3�, if and only if�
s � S � �Pi � Pis� i � 1�2�3 �

Definition 4.3. The manifold of two-dimensional trifocal
tensorsT is defined as the equivalence class of 2� 2 � 2
tensors, where two tensors are considered equal if one is a
multiple of the other.

Theorem 4.1. Let d1, d2 andd3 denote three correspond-
ing image line directions. Then the trilinear constraint

∑
i � j �kTi jk di

1 d j
2dk

3
� 0 � (6)

is fulfilled for the2 �2 �2 tensor T, defined by

Ti jk � �
ii
� �

j j
� �

kk
� det

���Pi
�

1

P̄ j
�

2
P̂k

�

3

�
� � (7)

where� ii
� denote the wedge operator

� � � 0 1#1 0� �
Proof. By lining up the equations for projecting a line di-
rectionD j (1)��P1 d1 0 0

P2 0 d2 0
P3 0 0 d3

��� 	
 �
M

����D j#λ1#λ2#λ3

�

� � 0 (8)

we see that the 6� 6 matrix M has a non-trivial nullspace
and therefore its determinant is zero. Since the determinant
is linear in each column it follows that it can be written

detM � ∑
i � j �kTi jk di

1 d j
2dk

3
� 0 � (9)

It is straightforward to calculate the tensor components
from the camera matrices. However, there is a two-fold am-
biguity when going in the other direction.

Theorem 4.2. For each tensor T� T there are two possi-
ble motions inP .

These theorems can be used to solve the 7 lines in 3 im-
ages problem as was done in [14]. However, when going
from line directions to the original problem only one of the
two possible solutions survive.

Another way to solve the problem is to use the affine
trifocal tensor from the previous section. Each line triplet
gives two constraints (3) on the 16 non-zero tensor compo-
nents. Thus with 7 lines it is possible to solve for the tensor
components up to a projective parameter:

T
�
x�y� � Txx � Tyy� �

x�y� � �1 �
The parameter

�
x�y� � �1 can be obtained using the three

non-linear constraints (4). It is then straightforward to com-
pute the three camera matrices uniquely fromT and then
to compute the structure of the lines using resection. Since
there are three non-linear constraints on the two homoge-
neous parameters, there is in general only one solution (as-
suming consistent data, i.e. that at least one solution exists).
This is in contrast with the results presented in [14] where
it is claimed that there are two solutions to the problem.

Algorithm 4.1. (�seven lines in three affine views).

1. Use the directions of the lines to calculate the two-
dimensional trifocal tensor.

2. Calculate the relative orientation of the three 1D cam-
eras up to a two-fold ambiguity.

3. Resolve the ambiguity by considering also the posi-
tions of the lines.

5. 5 lines in 4 images

Consider four affine cameras,
�
P1 �P2 �P3 �P4� and the or-

dinary quadrifocal tensor

Qi jkl �
P1 �P2 �P3 �P4� � det

����P
i
1

P j
2

Pk
3

Pl
4

�

� �
wherePi

1 denotes theith row of P1 etc., see [8, 19]. Nec-
essary conditions for the 81 components of the quadrifocal
tensor for projective cameras are given in [8].



Theorem 5.1. The following conditions are necessary for
the quadrifocal tensor:

detQIJ�� � det

��QIJ11 QIJ12 QIJ13

QIJ21 QIJ22 QIJ23

QIJ31 QIJ32 QIJ33

�� � 0 � (10)

where I�J � 1�2�3, including all permutations of the in-
dices.

For affine cameras it is easy to see that

Qi jkl � 0 when at least two ofi � j �k� l are 3 �
Thus we ’only’ have to deal with 48 non-zero components.

For each line correspondence,l1, l2, l3, l4, we get the
following constraints onQ

Qi jkl l1i l2j l3k � 0� Qi jkl l1i l2j l4l � 0�
Qi jkl l1i l3k l4l � 0� Qi jkl l2j l3k l4l � 0 � (11)

wherel1i , i � 1�2�3 denote the three (dual) coordinates of
the linel1 etc. Although (11) contains 12 equations it turns
out that only 9 are linearly independent in the tensor com-
ponents. To sum up we have 5� 9 � 45 linear constraints
from 5 line correspondences in the 48 tensor components.
This means that we need two further constraints to calculate
the quadrifocal tensor, which means that we have to use the
non-linear necessary conditions in (10).

To simplify the calculations, we may choose new affine
coordinate systems in the images such that the three first
lines in each image have the coordinates

�
1�0�0�, �

0�1�0�
and

�
1�1�1� and further normalize the dual line coordinates

such that the fourth and fifth line have its third coordinate
equal to 1. Using these coordinates in the constraints in (11)
it turns out that

Qi jkl � 0 when at least three ofi � j �k� l are 1 or 2 �
which implies that we now ’only’ have 30 non-zero com-
ponents of the quadrifocal tensor. This simplification is not
necessary to prove the assertion on the number of solutions
neither to calculate the different solutions numerically,but
it decreases the complexity of the coefficients in the subse-
quent polynomial equations considerably.

The constraints in (11) also gives 27 linearly indepen-
dent constraints on the tensor components. Using these
constraints it is possible to constrain the non-zero tensor
components to a three-dimensional linear subspace. This
can explicitly be done by pre-selecting three components,
e.g.Q3211, Q3212 andQ3221, and expressing the remaining
tensor components as linear combinations of these. Consid-
ering the necessary condition detQ�2�1 � 0 gives a third
order homogeneous polynomial constraint in these three

components, where the coefficients are polynomial expres-
sions in the coordinates of the fourth and fifth line. Sim-
ilarly considering the necessary conditions detQ�21� � 0,
detQ��12 � 0 and detQ��21 � 0 gives three further third
order homogeneous polynomial constraint. Taking resul-
tants between these third order polynomials, finding the
least common multiple and eliminating spurious solutions,
gives finally a fourth degree polynomial constraint in one
parameter.

Algorithm 5.1. (Five lines in four affine views).

1. Calculate the quadrifocal tensor up to a three-
parameter family of solutions.

2. Eliminate two out of the three parameters using the
necessary conditions in Theorem 5.1.

3. Solve the fourth degree polynomial equation and sub-
stitute this solution back to get the quadrifocal tensor.

4. Calculate the camera matrices from the quadrifocal
tensor, see [8, 5].

6. 6 lines in 4 images

Below follows a method for reconstructing 6 lines from
4 images. The method is dual (in the sense of [1]) to the one
of solving for 7 lines in 3 images as described in Section 4.

The projection equations for line directions can be writ-
ten as

λi j di j � PiD j � B
�
D j �pi

where

B ��
��XY
1

���� � �X Y 1 0 0 0
0 0 0 X Y 1�

and
pi � !ai bi ci di ei fi "T �

cf. (5). For a specific imagei the projection equations for
all six line directions in the image can be rewritten as (with
image number omitted)����

B�D1� d1 0 0 0 0 0
B�D2� 0 d2 0 0 0 0
B�D3� 0 0 d3 0 0 0
B�D4� 0 0 0 d4 0 0
B�D5� 0 0 0 0 d5 0
B�D6� 0 0 0 0 0 d6

�

�� 	
 �
M

�����
pi�λ1�λ2�λ3�λ4�λ5�λ6

�


� � 0 (12)

Observe that the 12� 12 matrixM has a non-trivial null-
space, implying that its determinant is zero. Since the de-
terminant is linear in each column it follows that it can be
written as

detM � ∑
i � j �k�l �m�nHi jklmndi

1d j
2dk

3dl
4dm

5 dn
6

� 0 � (13)



for a 2�2 �2 �2 �2 �2 tensorH. It is straightforward to
see that the tensor components can be obtained as determi-
nants of the first four rows ofM. The notationB

�
DJ�1 and

B
�
DJ�2 will be used for the two rows of the matrixB

�
DJ�.

The tensor components can be computed from the object
points

�
D1 � � � � �D6� as

H
��

D1 � � � � �D6��i jklmn � �
ii
� � � ��

nn
� det

���������
B

�
D1�i

�

B
�
D2� j

�

B
�
D3�k

�

B
�
D4�l

�

B
�
D5�m

�

B
�
D6�n

�

�






� �
(14)

Theorem 6.1. Let di � j , j � 1� � � � �6 denote the line direc-
tions for sixdifferent lines in the same image. Then the
dual hexalinear constraint (13) is fulfilled for a2 �2 �2 �
2 �2 �2 tensor H, defined by (14).

Definition 6.1. Let the manifoldU of projective shape
of six line directions be defined as the set of equivalence
classes of six ordered line directions

U � ��
��

D1 � � � � �D6� �D j �

��Xj

Yj

Z j

�� ���
� �

where the equivalence

�
is defined as

�
D1 � � � � �D6� ���

D1 � � � � ��D6� if and only if�
s � S � � i �Di � sDi �

Definition 6.2. Let the manifoldH of dual hexalinear ten-
sors be defined as all 2� 2 � 2 � 2 � 2 � 2 tensorsHi jklmn

defined up to scale fulfillingHi jklmn � 0 if not three of the
indices are equal to 1 and the other three indices are equal
to 2 and

H111222� #H222111� H112122� #H221211�
H112212� #H221212� H112221� #H221112�
H121122� #H212211� H121212� #H212121�
H121221� #H212112� H122112� #H211221�
H122121� #H211212� H122211� #H211122�#H121122� H122211� H112212� H112221� 0�

H111222# H112122� H121212#
H122121# H122112� H121221� 0�
H111222� H112122� H121122�

H112212� H121212� H122112� 0�
H121122� H122211# H112212�

2H122121� 2H121221� H112221� 0�
H111222� H112122# H122211#

H121212# H122112� H112221� 0 �

(15)

Notice that 44 out of the 64 components are zero. There are
15 linear constraints among the 20 non-zero components.
Since tensors are equal up to scale this can be considered as
a linear projective space of dimension 4.

Theorem 6.2. The map (14) is well defined fromU to Q .
For each tensor Q� Q there are two possible motions inU.

This can be used to solve the structure and motion for
six lines in four images in the following manner. First con-
sider line directions only. Using the images estimate the
dual hexalinear tensor linearly. From the tensor compute
the two possible solutions for the 3D line directions. Use
this to solve for the original problem. As in the (7 lines in
3 images) case only one of the two solutions survive to the
original problem.

Another solution is to use the ordinary quadrifocal tensor
under the assumption of affine cameras. Each line quadru-
ple gives 9 constraints on the quadrifocal tensor. From
6 lines we get enough information to compute the tensor
uniquely. From the tensor it is straightforward to calculate
the camera matrices (see [8, 5]) and then the 3D structure
of the lines using intersection.

Algorithm 6.1. (�six lines in four affine views).

1. Given at least four images of six points,
2. Calculate the dual hexalinear tensor fulfilling (15) and

the hexalinear constraints

∑
i � j �k�l �m�nHi jklmndi

1d j
2dk

3dl
4dm

5 dn
6

� 0 �
Notice that all constraints on the tensor are linear.
It is thus straightforward to use a linear or svd type
method.

3. Find the two solutions to structure from the tensor
components.

4. For each solution to the structure calculate motion us-
ing resection.

7. Experiments

7.1. Six lines in three images

We have tried the minimal case of 6 lines in 3 images on
real data. In Figure 1 is shown one of three images used.
6 lines of the sculpture was extracted and the 4 solutions
to the structure and motion problem was computed as de-
scribed above. In the figure is also shown the 3D structure
of the lines for the 4 different solutions. Notice that only
one of these four solutions (the lower left one) is correct.
However, all of the four solutions have zero reprojection
residual. More lines or images are needed in order to re-
solve the ambiguity.



7.2. Over determined cases

We have also tried the algorithms for the two over-
determined cases (7 lines in 3 images, 6 lines in 4 images).
These are similar in nature to the well-known eight point
algorithm [12]. In order to obtain stable results one has to
normalize the coordinates of the points and lines, cf. [7]. It
is also useful to consider iterative improvements of the ini-
tial linear estimates, cf. [6], in which one tries to find the
tensor that minimizes geometric errors while fulfilling the
necessary constraints (4) or (10). After solving for the line
structure one can perform a final bundle adjustment.

Notice that in both of these cases there are two solutions
when considering line directions only. The relevant tensors
are uniquely determined but each tensor correspond to two
different structure and motion solutions for the line direc-
tions, cf. Theorem 4.2 and 6.2. However, only one of the
two solutions survive when considering also the positions of
the lines. For the original problem each tensor correspond
to only one structure and motion solution.

For example in a simulated case of 7 lines in 3 views the
2 �2 �2 tensor for the line directions is uniquely given by

T��1 � � 0�18 #0�48
0�017 #0�49� � T��1 � �0�51 0�46

0�10 0�019� �
with two possible solutions for the upper left 2�3 block of
the camera matrices. For the original problem the 3�3 �3
tensor is uniquely given by

T��1 � ��#0�51 #0�46 0
0�18 #0�48 0#66 48 #0�52

�� �
T��2 � ��#0�10 #0�019 0

0�017 #0�49 0#13 1�2 #0�10

�� �
T��3 � �� 0 0 0

0 0 0#0�019 #0�39 0

�� �
with only one possible solution for the camera motion. No-
tice also that the 8 tensor components for the directions can
be found rearranged in the first 2� 2 � 2 part of the tensor
for the original problem.

Figure 2 illustrates this idea for the case of 4 views of
6 lines. A crude implementation of Algorithm 4 was used
to find an initial estimate of structure and motion param-
eters. More work is needed to make our implementation
stable. Nevertheless, the results are good enough to allow
subsequent use of affine or projective bundle adjustment ac-
cording to [16]. The final result has geometric errors in the
order of 0�1 pixels.
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Figure 1. One image of three used in experiment.
Four solutions to the structure and motion prob-
lem with 6 lines in 3 images using real image data.
The lower left solution is the correct one.

8. Conclusions

In this paper, the minimal cases for structure and motion
estimation of line features under the affine camera model,
have been studied. It has been shown that the minimal cases
are 5 lines in 4 images and 6 lines in 3 images. For these
two minimal cases it has been shown that there are in gen-
eral 4 solutions. In the process we have derived the neces-
sary and sufficient conditions for trifocal tensors assuming
affine cameras. We have also derived what we believe to be
necessary and sufficient conditions for quadrifocal tensors
assuming affine cameras.

The almost minimal cases of 7 lines in 3 images and 6
lines in 4 images have also been studied. It has been demon-
strated that there are in general only one solution to these
problems. We have also demonstrated how the so called
dual hexalinear tensors can be used in the case of 4 images.

The algorithms have been studied both on simulated and
real images. The 4 ambiguous solutions to one minimal
case has been illustrated using real data. A further devel-
opment would be to study the geometrical interpretation of



Figure 2. Top left: one of four images with ex-
tracted lines. Top right: reprojected and measured
lines after linear solution (crude implementation).
Bottom left: Result after bundle adjustment as-
suming affine cameras. Bottom right: Result after
projective bundle adjustment.

these ambiguous solutions.
We hope that these new results can be used both for

the theoretical understanding of multiple view geometry for
lines under the affine camera model in general and for the
understanding of these minimal cases in particular. The re-
sults have practical use both for obtaining initial estimates
for structure and motion estimates but also for RANSAC
algorithms for determining line correspondences.
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