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Conclusion:

We showed a way to make statistical inference in order to determine whether the first smooth
principal component is significant. The inference can be based on functional penalized likelihood.
Estimation and test are both useful for climate change study, in order to describe the change, and
evaluate its significance. The application of the method over the Mediterranean area leads to new
results.

Two main results can be highlighted:

•The change is very significant over the studied region.

•The estimation of the temporal evolution from the re-
gional mean and from the whole dataset yield different
results. The curves presented here are closer to some
CGCMs outputs.

FIG 2: Estimate of the spatial distribution of change g.
The estimated vector̂g is represented after renormalization (the estimated
change in mean temperature between 1900 and 2006 is represented at each
point). White grid-points are not taken into account due to alack of data
over the 1900-2006 period. This spatial pattern is not sensitive to the choice
of ρ.

FIG 1: Estimates of the temporal evolution µ(.).
The temporal evolution functionµ(.) is estimated twice, using two
different values for the smoothing parameterρ. The estimate de-
duced using the strongest value (top figure), is quasi-linear over time.
A second estimate is computed using a smallerρ, in order to deter-
mine whether this result is robust when relaxing the constrain (bot-
tom figure). It can be seen that even with a number of degrees of
freedom relatively high, the estimated temporal evolutionis quasi-
linear. Both signals are strongly significant (p-value< 10−3).1900 1920 1940 1960 1980 2000 2020
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V. Application of the method:

The method is applied to a temperature dataset covering the Mediter-
ranean basin over the 1900-2006 period (HadCRUT3v). The method
allows to perform a detection study without using prior information
from coupled general circulation models (CGCMs).

IV. Null-distribution of v

The null-distribution ofv isn’t known, even
in the caseS = 1, when the variablev has an
explicit form (see?, ? and?, ? for similar
issues). LetDm,C be this null distribution. It
can be shown that

Dm,C = D, ∀m,C, detC 6= 0, (12)

that is to say that the null-distribution ofv
doesn’t depend on the true values of the pa-
rametersm andC. This result allows to com-
puteD easily via bootstrap.

•First order conditions

The first order conditions of (7) can be derived by performingthe
spectral analysis of some matrix. Denotingµ̂ = (µ̂(x1), . . . , µ̂(xT )),� = (IT − 1

T

1T1TT ), and ev1(M ) the first eigenvector of the matrixM ,
these conditions can be written

m̂ = 1

T

	1T , (8)

ĝ = λ.ev1(	��ρ�	T Ĉ−1), with λ given byĝT Ĉ−1ĝ = 1, (9)

µ̂ = �ρ�	T Ĉ−1ĝ, (10)

Ĉ = 1

T

(	�− ĝµ̂T
)(	�− ĝµ̂T

)T
, (11)

where�ρ is the matrix of a scalar product in the spline space. Al-
though explicit solutions are not known, this system of equation al-
lows to numerically compute(m̂, ĝ, µ̂(.), Ĉ), using sequences of es-
timates that converge to the true values.

• Smoothing splines

UnderH1, the computation ofv requires to evaluate
the maximum penalized likelihood estimates:

(m̂, ĝ, µ̂(.), Ĉ) = Argmin(m,g,µ(.),C)

gTC−1g=1 pl(m, g, µ(.), C). (7)

The constraingTC−1g = 1 is added in order to make
the problem well-posed.? showed that smoothing
splines minimize quantities of this form. For minimiz-
ing (7), splines of orderq + 1 are needed, that can be
defined as piecewise polynomials of orderq + 1 with
knots(xt)(t=1,...,T ). Assuming thatµ(.) is a spline, one
only requires to estimate a vector (its coordinates in
the spline basis).

III. Computing v:

II. Testing strategy:

Our goal is to adapt the likelihood ratio test (LRT) to the
model (1) (a LRT cannot be directly implemented). An
adaptation can be proposed by using the penalized−2

log-likelihood function

pl(m, g, µ(.), C) = l(m, g, µ(.), C) + ρ pen(µ(.)), (4)

whereρ is the smoothing parameter. The use of penal-
ization is classical for estimating functions, in order to
require some regularity. We here will focus on penalties
of the form

pen(µ(.)) = ∫ 10 (
µ(q)(t))2

dt. (5)

Note thatq = 2 is often chosen in order to penalize rough-
ness. Finally, we will construct a test based on the vari-
able

v = min

H1 pl(m, g, µ(.), C)−min

H0 pl(m,C). (6)

I. Statistical framework:

We consider the functional model:

ψs,t = ms + gsµ(xt) + εs,t, s = 1, . . . , S, t = 1, . . . , T,
(1)

wherext ∈ [0, 1℄ are known real numbers that can be ran-
dom or deterministic (eg equally spaced), and whereε is
a centered Gaussian noise, the covariance of which satis-
fies

Cov(εs,t, εs′,t′) = Cs,s′ δt,t′, (2)

whereC is an unknownS × S real matrix, and where
δt,t′ = 1t=t′. g is an unknownS-dimensional real vector,
andµ(.) is an unknown real function. The problem dis-
cussed here is to test the hypothesis

H0 : \g µ(.) = 0” vs H1 : \g µ(.) 6= 0” . (3)

Abstract:

We investigate inference in the model (1), in order to esti-
mate the first smooth principal component, and to test its
significance. This model and this test are used to detect
climate change over the Mediterranean basin.
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