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‘ Abstract I

Building computationally feasible spatial models
for large data sets is a challenging problem. In
this work, a new flexible class of spatial models is
introduced. The models can be used for data in
R? or on the sphere, and can easily be made non-
stationary. Results are illustrated with global total
column ozone data.

‘ 1. Spatial Differential Models I

The Matérn family of covariance functions is a pop-
ular choice for modeling spatial data. As noticed
by [1], a random process on R? with a Matérn co-
variance function can be viewed as the solution to
the stochastic differential equation

(K* = A)2X(s) = W (s), (1)

where W (s) is Gaussian white noise. Here, we
are interested in building models for data on 2-
manifolds, such as R* or the sphere, and we can
then take the solution to (1) as the definition of a
Matérn field. A natural generalization of (1) is the
system of stochastic differential equations

£1X0<S) = W(S),

X(S) = LQXO(S), (2)

where £, and L, are some differential operators.
The system generates a quite general class of ran-
dom fields, even if we restrict operators £, and £,
to operators closely related to (1). We restrict £,
to the form

ni ‘
L=]]1-VT4V)?
1=1
for some symmetric positive semi definite matrices
A;, and «; € N. We further restrict £5 to the form

ng
Ly=]]b:i+B'V)
1=1
for some b; € R and some vector B;. For the solu-
tions X to exist in the usual sense, the order of the

operator £, must be smaller than that of £,. Non-
stationarity is easily introduced in these models by

500

450

1400

1350

300

250

200

Non-stationary Global Models

David Bolin, Finn Lindgren

Mathematical Statistics, Lund University

bolindmaths.lth.se

allowing the parameters in the differential opera-
tors to depend on location. This approach will be
used in Section 3.

Many different types of covariance functions can
be obtained from the model (2). We can obtain
standard Matérn fields by letting £, be the iden-
tity operator and £, = (x> — A)2. But also differ-
ent types of oscillating covariance functions can be
obtained. Some examples are shown in Figure 1.

Figure 1: Some examples of covariance functions

of random fields obtained from (2) with different
parameters.

‘ 2. Efficient Computations |

In order to apply these models on large data sets,
we use the computationally efficient Markov ap-
proximations obtained by the method introduced
In [2]. The method is based on a Finite Element
approach, and utilizes sparse matrices to reduce
the computational cost for many operations, typi-
cally from O(m?) to O(n?), where m is the number
of observations, and n is the number of basis func-
tions used in the Finite Element model.

The unknown variance and differentiation parame-
ters, ¢, in the model can be estimated by numeri-
cal optimization of the marginal likelihood 7(v|Y),
where Y is the measured data. Uncertainty esti-
mates can then be obtained by the methods de-
veloped in [3].

‘ 3. Application: Ozone Data |

On October 24, 1978, NASA launched the near-
polar, Sun-synchronous orbiting satellite Nimbus-
7. The satellite carried a Total Ozone Mapping

cO

MOCS

Spectrometer (TOMS) with the purpose of ob-
taining daily high-resolution global maps of atmo-
spheric ozone. Once the data is received by the
satellite, it is calibrated and preprocessed into spa-
tially and temporally irregular Total Column Ozone
(TCO) measurements following the satellite orbit.
In what follows, we will analyze TCO from October
1st, 1988.

3.1 Statistical Model
We assume the following model for the ozone X:

(k2 — A)% Xo(s) = W (s)
X(s) = p(s)+ ¢(s) (L+ B(s)'V) Xo(s).

In other words, we assume that the ozone can
be modeled as a Gaussian field X(s) with some
mean value pu(s) and a covariance structure that
is obtained by applying the differential operator
o(s) (14 B(s)"V) to a stationary Matérn field. We
model 1(s), ¢(s), and B(s) using basis functions,

,LL(S> = Zk,m ,Uk:,mYk,m<3)a
B(s) = >, BrFi(s),

¢(s) = exp (ka Cbk,myk,m(S)) :

where Y}, is the spherical harmonic of order &
and mode m, and the functions Fj are chosen
as a basis for a vector field on the sphere. The
data, Y (s), is assumed to be observations of the
latent field X (s) under Gaussian measurement
noise £(s) with a constant variance o:

Y(s)=X(s)+ E(s).

3.2 Resulis

Using the first four spherical harmonics as basis
functions for the mean, the first nine for the vari-
ance, and 11 basis functions for the vector field B,
the model contains 26 parameters in total. Using
a basis of 9002 piecewise linear functions induced
by a triangulation of the Earth, we use the approx-
imation procedure in Section 2 and estimate the
parameters through numerical optimization. Fig-
ure 2 shows the resulting TCO estimate (left) and
the Kriging standard errors (right). The results are
based on 87035 data points, and took approxi-
mately 39 minutes to compute using Matlab on a
dual CPU (2x2.1 GHz) personal computer.
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Figure 2: Ozone estimate (left) and Kriging standard errors (right) in Dobson units
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