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Q"m W mnU µ[A] = lim
h→0+

|I + hA| − 1

h
,
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y ~ l T W�� q*{ W�X�Y 2;F 2(]�3N:85 4 ?9H � Y 3�F H BtH 3�D �@2�5x2�?�:8F F[u 4 6 57683o>(6@H 5M>(H 4 2��g3 Y 2�u�E H F FL39I7?95 6@Ix3396=K�2�?92�F[:*392 4 396=�@?92/:*392/D"3AF 6nEA2�?AK�6@I75 4 D�QSF 2(]�3 F H BtH 3�U
:85 4 F 2/:@D"3AI7T7T�2�?�K�6@I75 4 D�QS?9H � Y 3F H BtH 3�U l ?92/DJTL2/>�39H <82�F u W�o2�?92 l µ[A]
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d×d l H W 2 W l
µ[A + B] ≤ µ[A] + µ[B] W # 5R:t]S2�E�DJT�2/>(H[:8F�>�:@DJ2�D µ[·]

BO:nu 572�<82�?J3 Y 2�F 2/D9DoK�2=F H 572/:8? W,76@? 2(P7:8BtT7F 2 l H ] A = λ ∈ C
EA2 Y :n<@2

Q"m W � U |A| = |λ| ; µ[A] = Reλ.
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Q"m W z#U ρ[A] ≤ |A| ; α[A] ≤ µ[A],

E Y 2�?92 ρ[A] = maxi |λi|
H[D,3 Y 2 &32���h(d�b9a*^gb9a��*c4(5&A:85 4 α[A] = maxi Reλi
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Q"m W � U α[A] = lim
h→0+

ρ[I + hA] − 1

h
.
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H�DG3 Y 2
BO:*PxH B=I7B ?92/:8F@TM:8?J3�68]g3 Y 2
5gI7Bt2�?9H[>�:8F

?�:857�@2 l y � m�{ W/A 2�<@2�?�:8FMDJT�2/>(H[:8Fx\M2�F 4 D
H 5OBO:*3 Y 2�BO:*39H[>�D l DJIM> Y :@D
DJ2(BtH[�@?96@IxT 3 Y 2�6@?9u l ?92�F u6@5 576839H 6@5MDA3 Y :*3N:8?92 4 H ?92/>�39F u�?92�F[:*392 4 396 3 Y 2�F 6@�#:8?9H 3 Y BtH[>N576@?9B W
X�Y 2�?92;:8?92N6@57F u�:Z]S2�E T7I7K7F H[D Y 2 4 DJI7?9<@2�uxD
68],3 Y 2�F 6@�#:8?9H 3 Y BtH[>o576@?9BV:85 4 H 3�D�:8T7T7F H %>�:*39H 6@5MD l DJ2�2
2 W � W y q l ��B { l :8F 3 Y 6@I7� Y 3 Y 2�?92A:8?92
683 Y 2�?kDJ6@I7?�>(2/DG3 Y :*3kT7?96*<gH 4 2A:85Z2(P7>(2�F F 2�5#3H 5@39?96 4 IM>�39H 6@5 l 2 W � W y s l T7T � ~DCgz#rn{ W�X�Y 2/DJ2o?92(]S2�?92�5M>(2/D�]S6x>(IMD
6@5t3 Y 2N6@?9H �@H 5M:8F 4 2(\M57H 39H 6@5Q"m W mnU�:85 4 H 3�D�:8T7T7F H[>�:*39H 6@5MD�396;H 57H 39H[:8Fx<8:8F I72AT7?96@K7F 2�BOD�]S6@?FE�v�8
D l 2�BtT Y :@DJH |�H 57�;D"3�:8K7H F %H 3�ut:85 4 T�2�?J39I7?9KM:*39H 6@5=3 Y 2�6@?9u W$G u=?92/>(6@5MDJH 4 2�?9H 57�N3 Y 2 4 2(\M57H 39H 6@5O68] µ[·] l Y 6*EA2�<82�? l 3 Y 2F 6@�#:8?9H 3 Y BtH[>
576@?9B >�:85tK�2 2(Pg392�5 4 2 4 396�576@57F H 572/:8?�BO:8T7D y � m�{3�#I75#KL6@I75 4 2 4 6@T�2�?�:*396@?�D��BO:*39?9H P�T�2�5M>(H F[D�y m � {3��:85 4 396OBO:8TMD�6@5�576@57F H 572/:8? BO:857H ]S6@F 4 D;y mnrn{ W
X 6 4 :nu�H DA3 Y 2�6@?9u�H[D]0:8?N?9H[> Y 2�?o3 Y :85RE�:@Do6@?9H �@H 5M:8F F u�2(PxTL2/>�392 4Gl :85 4 3 Y 2=]S6@?9BO:8F H[DJB >�:85 >(6@5#<@2�57H 2�5#39F u KL2IMDJ2 4 H 5 :85�:8K7I75 4 :85M>(2;68]�:8T7T7F H[>�:*39H 6@5MD W
X�Y 2�6@?9H[�@H 5M:8F�H 4 2/:�KL2 Y H 5 4 H 5#39?96 4 IM>(H 57��3 Y 2�F 6@�#:8?9H 3 Y BtH[>t576@?9B E�:@D;3 Y 2�?92(]S6@?92t396

4 2�?9H <82�:Z396@TL6@F 6@�@H[>�:8FkQS576@?9B�UA>(6@5 4 H 39H 6@5�6@5 A 3 Y :*3oE
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Q"m W r@U ẋ = Ax+ r
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?92�BO:8H 5�K�6@I75 4 2 4 E Y 2�572�<82�? r H[DA:ZKL6@I75 4 2 4 ]SI75M>�39H 6@5 68] t W ,M6@? t ≥ 0
3 Y 2�576@?9B 68] xD9:*39H[D"\M2/D�: 4 H �L2�?92�5@39H[:8F,H 572/w#IM:8F H 3"u l

Q"m W " U D+
t |x| ≤ µ[A] · |x| + |r(t)| ,

E Y 2�?92 D+
t

H[D�3 Y 2=I7T7T�2�?N?9H � Y 3��Zc�iMc ���(b�c��*a*d�c�� � E H 3 Y ?92/DJT�2/>�3 396O39H Bt2 t W X�Y 2ZI7T7T�2�?F 2(]�3N:85 4 ?9H � Y 3ovNH 57H 4 2�?9H <8:*39H <@2/D�:8?92 4 2(\M572 4 ]S6@?o: ]SI757>�39H[6@5 ψ(t)
K#u

Q"m W ~8U (

D±
t ψ

)

(t) = lim sup
h→0±

ψ(t+ h) − ψ(t)

h
.

�NDJH 57� 3 Y H[D 576839H 6@5 l 3 Y 2;]S6@F F 6*E H 57�ODJH BtT7F 2�:85M:8F uxDJH[DA68] Q"m W r@U
F 2 4 396 Q"m W mnU):

D+
t |x| = lim sup

h→0+

|x(t+ h)| − |x(t)|

h

Q"m W s@:#U

= lim
h→0+

|x(t) + hẋ(t)| − |x(t)|

h

Q"m W s8K�U

≤ lim
h→0+

|(I + hA)x(t)| − |x(t)|

h
+ |r(t)|

Q"m W s@>/U

≤ lim
h→0+

|I + hA| − 1

h
|x(t)| + |r(t)|

Q"m W s 4 U

= µ[A] · |x(t)| + |r(t)|.
Q"m W s82nU

X�Y 2=>(?9IM>(H[:8F�D"392�TRE�:@D�396�:n<@6@H 4 IMDJH 57�O3 Y 2Z39?9H[:857�@F 2�H 572/w#IM:8F H 3"u |I + hA| ≤ 1 + h|A|H 5pQ"m W s 4 U l :@DA3 Y H[D E
6@I7F 4 F 2/: 4 396t3 Y 2;I757H 5#392�?92/D"39H 57� 4 H �L2�?92�5#39H[:8F,H 572/w#IM:8F H 3�u l
Q"m W q#U D+

t |x| ≤ |A| · |x(t)| + |r(t)|,

E Y 2�?92Z]S6@?9E�:8? 4 :85 4 ?92�<@2�?�DJ2�39H Bt2t>�:85 576 F 6@57�@2�?NKL2 4 H[D"39H 57�@I7H[D Y 2 4 W ? 6@5MDJ2/w#I72(5#39F u l2�<82�?9u 2/D"39H BO:*392�68]
|x|
E
6@I7F 4 �@?96nE 2(PxT�6@572�5#39H[:8F F u W9G u >(6@5@39?�:@D"3 l :@DZv�: Y F[w#I7H[D"3Z?92�%BO:8?9}82 4Gl .�y 3 Y 2=F 6@�#:8?9H 3 Y BtH[>�576@?9B { h�a*i *7�Oa�i�� `#a*d�c�� �ti+(xf *7�(b 0 QS6@?9H �@H 5M:8F,2�BtT Y :@DJH[D��E
2�:8F[DJ6 5768392O3 Y :*3Z3 Y 2O392�?9B .�F 6@�#:8?JH 3 Y BtH[>t576@?9B 0 H[D�57683=IMDJ2 4 H 5 3 Y 2�6@?9H �@H 5M:8F�?92(]4%2�?92�5M>(2nU l y z l T W m@m({ W X�Y IMD�Q"m W " U 4 6g2/D�57683=6@57F u 4 H[D"39H 57�@I7H[D Y KL2(3�EA2�2�5 ]S6@?9E�:8? 4 :85 4?92�<82�?�DJ2N39H Bt2��7H 3oBO:nu�:8F[DJ6 4 H[D"39H 57�@I7H[D Y KL2(3�EA2�2�5 D"3�:8K7F 2�:85 4 I75MD"3�:8K7F 2ZDJuxD"392�BOD W

X�Y 2 DJ2�5MDJH 39H <gH 3"u�396O3 Y 2=DJH �@5 68]k3 Y 2=6@T�2�?�:*396@?oH[DN:O}82�u�]S2/:*39I7?92Z68]k3 Y 2=F 6@�#:8?9H 3 Y BtH[>
576@?9B W ,76@?=2(P7:8BtT7F 2 l�4 2/D9>(?9H K7H 57�RH ?9?92�<82�?�DJH K7F 2OT7?967>(2/D9DJ2/D lk4 H �LIMDJH 6@5�%�3�ugTL2�2/w#IM:*39H 6@5MD:8?92OEA2�F F % T�6#DJ2 4 H 5p]S6@?9EA:8? 4 39H Bt2�K7Ix3 H F F % T�6#DJ2 4 H 5 ?92�<82�?�DJ2 WRX�Y H[DZE H F FAK�2�?92��M2/>�392 4K#u 3 Y 2OF 6@�#:8?9H 3 Y BtH[>=576@?9B l BO:8}gH 57��H 3�IMDJ2(]SI7F
:8F[DJ6 H 5 DJ2�BtH % �@?96@I7T 3 Y 2�6@?9u W�� 57683 Y 2�?2(P7:8BtT7F 2AH[D�H 5=]S2�2 4 KM:@>9}=>(6@5@39?96@F#3 Y 2�6@?9u l E Y 2�?92Ni���`#a*d�c�� ��]S2�2 4 KM:@>9}ZH[Dk>(6@BtBt6@57F u�IMDJ2 4396OD"3�:8K7H F H |�2�:ODJuxD"392�B W
# 5=3 Y H[D�T7:8TL2�?kEA2AE H F Fg\M?�D"3�?92�<gH 2�Ep3 Y 2F.">(F[:@D9DJH[>�:8F 0 3 Y 2�6@?9u l E Y H[> Y H[Dk>(6@5M>(2�?9572 4 E H 3 YBO:*39?9H P=KL6@I75 4 D�:85 4 E Y 2�?92�3 Y 2 F 6@�#:8?9H 3 Y BtH[>A576@?9B H[D 4 2(\M572 4 Kgu Q"m W mnU W�� 2oE H F Fx3 Y 2�5
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Q � W mnU |x(t)| ≤ etµ[A]|x(0)| +
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etµ[A] − 1
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2=3 Y 2�5 Y :/<@2 |A−1r| ≤ −|r|/µ[A]

]S6@?;:8F F
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E H 3 Y CM (T ) =

eTµ[A] − 1

µ[A]
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:8T7T7?96nPxH BO:*392/D
ehA

K#u�3 Y 2Z?�:*39H 6@5M:8F
BO:*39?9H P�]SI75M>�39H 6@5

R(hA) l E
2 Y :/<@2

Q � W s#U µ[A] = lim
h→0+

|R(hA)| − 1

h
.

# ]NIMDJ2 4 :@D : 4 2(\M57H 39H 6@5 l Q � W s#U�BtH � Y 3t: 4 BtH 3 (xi�*�_ (xi����7�R^ c�i���a*b _721�(bJa*d�_*b7& l 2 W � W ]S6@?DJI7K 4 H[:8�@6@5M:8F ��: 4�� :8TxT7?96nPxH BO:*39H 6@5MDGF H }@2 R(z) = 1/(1−z) W � 6@?92�6*<@2�? l H 57572�?�T7?96 4 IM>�3576@?9BOD�68�L2�?�]SI7?J3 Y 2�?A:8F 392�?95M:*39H <@2/D�]S6@?
I75#KL6@I75 4 2 4 6@T�2�?�:*396@?�D W ? 6@5MDJH 4 2�?�:*39H 6@5MD�68]�3 Y H[D}gH 5 4 2�<@2�5@39IM:8F F u F 2 4 396 ?92 4 2(\M57H 39H 6@5MD�68]�3 Y 2 F 6@�#:8?9H 3 Y BtH[>Z576@?9B H 5 6@? 4 2�?N396�2(Pg3�2(5 4H 3�D :8T7T7F H[>�:8K7H F H 3"u W
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1,2/:n<gH 57� 3 Y 2Z>(F[:@D9DJH[>�:8FL3 Y 2�6@?9u l EA2�\M?�D"3 39I7?95 396O576@57F H 572/:8? BO:8TMD W ,76@?N: F 6@57� 39H Bt2F H 572/:8?9H |/:*39H 6@5�E�:@D
IMDJ2 4Gl E H 3 Y 3 Y 2;F 6@�#:8?9H 3 Y BtH[>N576@?9BV:8T7T7F H 2 4 396 3 Y 2 -#:@>(6@K7H[:85 WkX�Y 2Bt6 4 2�?95�:8T7T7?96#:@> Y l Y 6nEA2�<@2�? l H[D�]SIx5M>�39H 6@5M:8F�:85M:8F u#39H[> W1,2(3

f : D ⊂ X → X W � 2 4 2(\M572Z3"EA6O]SI75M>�39H 6@5M:8F[D l 3 Y 2�^ ��a &�d6( 2�21�(b *�_ (xi��pQSF I7K�U:85 4 `8b!��a*d �)&�d
^ _��F�(b *�_ (xi�� QS�@F K�U %kc 2+&�h�egc�d�
th�_*i1&�d�a*iMd & l Kgu

Q0z W mnU L[f ] = sup
u6=v

|f(u) − f(v)|

|u− v|
; l[f ] = inf

u6=v

|f(u) − f(v)|

|u− v|
,

]S6@?
u, v ∈ D l E Y 2�?92N3 Y 2 4 6@BO:8H 5�H[D�:@D9DJI7Bt2 4 396 K�2�TM:*3 Y %�>(6@57572/>�392 4Gl DJ2�2=y � m�{ W � H 3 Y3 Y 2/DJ2 4 2(\M57H 39H 6@5MD l H 3 Y 6@F 4 DA3 Y :*3

Q0z W � U l[f ] · |u− v| ≤ |f(u) − f(v)| ≤ L[f ] · |u− v|.

# ] l[f ] > 0 l 3 Y 2�5 f(u) → f(v)
H BtT7F H 2/Do3 Y :*3 u → v WNX�Y 2�5 f H[D�:85 H 5���2/>�39H 6@5 l E H 3 Y:85 H 5#<@2�?�DJ2�6@5

f(D) l ��IMD"3N:@D�: BO:*39?9H P A H[D�H 5g<@2�?J39H K7F 2;H ]�H 3�D��@F K H[D D"39?9H[>�39F u�T�6#DJH 39H <@2 W
� 6@?92�6n<@2�? l L[f−1] = l[f ]−1 l E Y 2�?92 L[f−1]

H[D�5M:*39I7?�:8F F u 4 2(\7572 4 6*<@2�? f(D) WEN572�2�:@DJH[F u D Y 6*EoD;3 Y :*3=3 Y 2�F I7K 1,H TMD9> Y H 39| >(6@57D"3�:85@3=H[D=:85 _721�(b9a*d�_*b &��(f c4��iL_*b�f l�@2�572�?�:8F H |�H 57�=3 Y 2ZBO:*39?9H P 576@?9B :�H ] f = A
H[Do:tF H 572/:8?oBO:8T 3 Y 2�5 L[A] = |A| W �o2�5M>(2

L[·] Y :@D�F 2(]�3
:85 4 ?9H � Y 3
��% 4 H �L2�?92�5#39H[:8F[D W ,M6@?k3 Y 2o>(F[:@D9Dk68]G1,H TMD9> Y H 39| BO:8TMD l 3 Y H[D�:8F F 6*EoDIMDN396 4 2(\M572 3"E
6�Bt6@?92=]SI75M>�39H 6@5M:8F[D�6@5 D l 3 Y 2 ^ (+*t^ _9`#a*b�c�dSegf c0h(%kc 2+&�h�egc�d�
 h�_*i1&�d�a*iMd:85 4 3 Y 2=`8^ *Z^ _9`#a*b�c�dSegf c0h %kc 2+&�h�egc�d�
th�_*i1&�d�a*iMd l Kgu

Q0z W z#U M [f ] = lim
h→0+

L[I + hf ] − 1

h
; m[f ] = lim

h→0−

L[I + hf ] − 1

h
,

E Y 2�?92�EA2;5768392�3 Y :*3�3 Y 2;F I7K�F 6@�#:8?9H 3 Y BtH[>�1,H TMD9> Y H 39|�>(6@5MD"3�:85#3 �@2�572�?�:8F H |�2/D�3 Y 2;IMDJIM:8F
F 6@�#:8?9H 3 Y BtH[>�576@?9B �*]S6@?�2�<@2�?9u;BO:*39?9H P A E
2 Y :n<@2 M [A] = µ[A] WkX�Y 2��@F K=F 6@�#:8?9H 3 Y BtH[>
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1,H TMD9> Y H 39| >(6@5MD"3�:85@3�D9:*39H[D"\M2/D m[f ] = −M [−f ]
�M3 Y H[DoH[DN:85R:85M:8F 6@�@uO396O3 Y 2=?92�F[:*39H 6@5MD

l[f ] = L[f−1]−1 :85 4 glb[A] = |A−1|−1 W
X�Y 2�F 6@�#:8?9H 3 Y BtH[>�1,H TMD9> Y H 39| >(6@5MD"3�:85#3�D Y :/<@2�: 5gI7B=K�2�? 68] H BtTL6@?J3�:85@3 T7?96@T�2�?J39H 2/D

3 Y :*3�:8?92;IMDJ2(]SI7F�H 5 576@5xF[H 572�:8?N:85M:8F uxDJH[D W � 2=D"3�:*392�3 Y 2�B E H 3 Y 6@Ix3NT7?96x68] �M:8F F,68]k3 Y 2�B
:8?92�2/:@DJH F u T7?96*<@2 4 W X�Y 2�F 2(]�3tH 572/w#IM:8F H 3�u 68]���?96@T�6#DJH 39H 6@5 z W m W m�>(6@?9?92/DJT�6@5 4 D;396R3 Y 2I757H ]S6@?9BVBt6@5768396@57H[>(H 3"uO3 Y 2�6@?92�B l DJ2�2�:8F[DJ6 Q0z W � U
K�2�F 6*E W���������������������	��!#"$!�% �(d

f
a*i��

g
*7� %kc 2+&9egc�d�
t_*i a �@_*fOa*c�i

D &�' e1�(i
0 & −l[f ] ≤M [f ] ≤ L[f ]
� & M [f + zI] = M [f ] + Re z
� & M [αf ] = αM [f ], α ≥ 0
� & M [f ] +m[g] ≤M [f + g] ≤M [f ] +M [g].

� H 3 Y 3 Y 2 4 2(\M57H 39H 6@5MDo:8KL6n<@2 l 3 Y 2Z>(F[:@D9DJH[>�:8FL3 Y 2�6@?9u�H[D�]SI7F F u�2(Pg392�5 4 2 4 396O576@57F H 572/:8?T7?96@K7F 2�BOD W X�Y H[D=H 5M>(F I 4 2/D H 57H 39H[:8FA<8:8F I72�T7?96@K7F 2�BODZ68] 3 Y 2�]S6@?9B ẋ = f(x) l :@D=E
2�F F:@DZ:8F �@2�K7?�:8H[>t2/w#IM:*39H 6@5MD�68] 3 Y 2��@2�572�?�:8F�]S6@?9B f(x) = y l y � m�{ W ,76@?=2(P7:8BtT7F 2 l Q � W r@UK�2/>(6@Bt2/D

Q0z W � U M [f ] < 0 ⇒ L[f−1] ≤ −
1

M [f ]
.

� BO:8T E H 3 Y M [f ] < 0
H[DN>�:8F F 2 4 I757H ]S6@?9BtF u 572��#:*39H <82�Bt6@5768396@572���Q0z W � U�D9:nuxD�3 Y :*3 fH[D�3 Y 2�5 :85OH 5���2/>�39H 6@5 l :85 4 Y :@D
:=1,H TMD9> Y H 39|�>(6@5#39H 5gI76@IMD�H 5g<@2�?�DJ2 4 2(\M5x2 4 6@5 f(D) W � D: ?92/DJI7F 3 l 3 Y 2�2/w#IM:*39H 6@5 f(x) = y Y :@D :tI757H[w#I72�DJ6@F Ix39H 6@5 x ∈ D

]S6@?o:85gu
y ∈ f(D) W,M6@?o3 Y 2 T7?96@K7F 2�B ẋ = f(x) l 2�?9?96@?oK�6@I75 4 DNF H }@2 Q � W z#Uo:85 4 Q � W " Uo>�:8?9?9u 6n<@2�? l E H 3 Y

µ[A]
?92�T7F[:@>(2 4 K#u M [f ] W �o2�5M>(2 w#I72/D"39H 6@5MD 68] D"3�:8K7H F H 3"u l >(6@5#<@2�?9�@2�5M>(2 :85 4 2�?9?96@?K�6@I75 4 D 4 6�57683�?92/w#I7H ?92AF H 572/:8?9H |/:*39H 6@5ZH 5=3 Y H[D�DJ2(3J39H 57� W�� D�]S6@?�D"3�:8K7H F H 3"u l 3 Y 2 4 H �L2�?92�5M>(2K�2(3"E
2�2�5 3"EA6ODJ6@F Ix39H 6@5MD

u
:85 4 v 396 ẋ = f(x)

D9:*39H[D"\M2/D
3 Y 2 4 H �L2�?92�5#39H[:8F,H 572/w#IM:8F H 3�u

Q0z W r@U D+
t |u− v| ≤M [f ] · |u− v|.

� 2=576*E :@D9DJI7Bt2�3 Y :*3 (I + hf)(D) ⊂ D
]S6@?

0 ≤ h < ε0 l
:85 4R4 2�5768392Z3 Y 2 �M6nE Kgu

etf : x(0) 7→ x(t)
QSE Y 2�?92 l 6@Kg<gH 6@IMDJF u l 3 Y 2 �M6*E Y :@Do3 Y 2 �@?96@I7T T7?96@T�2�?J39H 2/D e0f = I

�
(etf )−1 = e−tf

�M:85 4 etfesf = e(t+s)f U W
X�Y 2�5 EA2 Y :n<@2 l Kgu Q0z W r@U l
Q0z W " U L[etf ] ≤ etM [f ]; t ≥ 0.

,76@?�2(P7:8BtT7F 2 l H ] M [f ] < 0 l 3 Y 2�5 L[etf ] < 1
6@5
D
]S6@?

t > 0 l H BtT7F ugH 57�N3 Y :*3�DJ6@F Ix39H 6@5MD396N3 Y 2 4 ug5M:8BtH[>�:8FgDJuxD"392�B ẋ = f(x)
:8?92
2(PxT�6@572�5#39H[:8F F u�D"3�:8K7F 2 W�X�Y IMD l d�_Za;fO_*iL_*d�_*i��� �9h�d _*b��F�(^ �

f
dSe1�(b!� h�_*b�b��)&327_*i�� & a h9_*iMd�b9a@h(d�c�� ����_��

etf W

�	� ) ' )û¾/) ' .�Á@.6¾ 
@À ' +©Á@) ' ¾0¿�ÀKÁ~¾/.�
,.6¾ 

� ]S2�E 5#I7Bt2�?9H[>�:8FNBt2(3 Y 6 4 D�T7?92/DJ2�?9<@2�3 Y H[D�?92�F[:*39H 6@5 KL2(3�EA2�2�5 Bt6@5768396@57H[>(H 3�u :85 4>(6@5@39?�:@>�39H <gH 3"u l :85 4 :8T7T7?96nPxH BO:*392�3 Y 2 �M6*EjKgu �*c�&�h(b!�(d � h�_*iMd�bJa@h�d0c�� �RfOa72+& W � D�:85

2(P7:8BtT7F 2 l 3 Y 2�H BtT7F H[>(H 3 8�I7F 2�?oBt2(3 Y 6 4 :8T7T7F H 2 4 396 ẋ = f(x)
ugH 2�F 4 DA3 Y 2�?92/>(I7?�DJH 6@5

Q �MW mnU xn+1 = (I − hf)−1(xn).
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? 6@5MDJH 4 2�?�3 Y 2 BO:8T g := hf−I l :85 4 :@D9DJI7Bt2A3 Y :*3 g(D) = X
Q�3 Y H[D�:8F F 6nEoD�3 Y 2�?92/>(I7?�%

DJH 6@5 :8K�6*<@2nU W � T7T7F u Q�z W � UoI75 4 2�?;3 Y 2O:@D9DJI7BtTx39H 6@5 M [g] < 0
:85 4 IMDJ2 ��?96@TL6#DJH 39H 6@5z W m W � Cgz�396t6@Kx3�:8H 5 l ]S6@? h TL6#DJH 39H <82 l

Q �MW � U hM [f ] < 1 ⇒ L[(I − hf)−1] ≤
1

1 − hM [f ]
.

# 5RTM:8?J39H[>(I7F[:8? l H ] M [f ] < 0 l 3 Y 2�5 (I − hf)−1 H[D;: h9_*i�d0b9a@h(d�c0_*i ]S6@?;:8F F h > 0 W = 6836@57F u H[D;3 Y 2�>(6@5#39H 5#I76@IMD��M6*E >(6@5#39?�:@>�39H <@2 l K7Ix3tDJ6�H[D�3 Y 2 4 H[D9>(?92(392��M6nE W � 6@?92�6*<@2�? l3 Y H[D Y 6@F 4 DAH ?9?92/DJT�2/>�39H <@2N68]�3 Y 2�DJH |�2�68] hL[f ] l E Y H[> Y BO:8}82/D
3 Y 2;T7?96@T�2�?J3"ut68]�H 5#392�?92/D"3H 5 3 Y 2�:85M:8F u7DJH[DA68]kD"39H � DJuxD"392�BOD W
# 5 m/q " z l v�: Y F[w#I7H[D"3�H 5#39?96 4 IM>(2 4 � %�D"3�:8K7H F H 3"u�y � { l :@D�:;Bt2(3 Y 6 4 >(?9H 392�?9H 6@5=396Z�@IM:8?�:85�%392�2 3 Y :*3
2�<@2�?9u=D9>�:8F[:8?�T7?96@KxF[2(B ẋ = λx

E H 3 Y Reλ ≤ 0
:8F[DJ6 Y :@D�K�6@I75 4 2 4 5gI7Bt2�?9H[>�:8FDJ6@F Ix39H 6@5MD l ?92�T7F H[>�:*39H 57�t3 Y 2ZBO:*3 Y 2�BO:*39H[>�:8F�K�2 Y :/<gH[6@Ix? W � DoE
2=D9:nE H 5 A 2/>�39H 6@5 � l H ]�:6@572�%�D"392�TOBt2(3 Y 6 4 H[DA:8T7T7F H 2 4 396 :ZF H 572/:8?�DJuxD"392�B l EA2N6@Kx3�:8H 5 xn+1 = R(hA)xn

W�X�Y 2
Bt2(3 Y 6 4 H[D � %�D"3�:8K7F 2 H ] R BO:8TMD�3 Y 2tF 2(]�3 Y :8F ]4% T7F[:8572 C

− H 5#396 3 Y 2tI757H 3 4 H[DJ} W # 5#392�?�%2/D"39H 57�@F u l K#u�:ZBtH 576@?�Bt6 4 H \�>�:*39H 6@5 Q�]S?96@BCT�6@F ug576@BtH[:8F[D�396 ?�:*39H 6@5M:8F7]SI75M>�39H 6@5MD�U
68]�:856@T�2�?�:*396@?A3 Y 2(6@?92(39H�>(:8FG?92/DJI7F 3 4 I72;396O<86@5 = 2�I7BO:8575 y � r/{ l EA2 Y :n<@2�3 Y 2;]S6@F F 6nE H 57�+:������������������������!#"$! % �(d
R(z)

*7�Na�b9a*d�c0_*iLa*^ �!(xiLh(d�c0_*i��ka*i��;^ �(d
|·|2

a*i��
µ2[·]

*7� dSe1�
� (Mh(^ c ���9a*i iL_*b�f a*i���^ _J`#a*b�c�dSegf c�h iL_*b�f���b!�)&321��h(d�c�� �(^ ; & % �(d A *!�taO^ c�i���a*b _721�(b9a*d�_*b &
� �

Re z ≤ 0 ⇒ |R(z)| ≤ 1
�
dSe1�(i

∀h > 0
�
µ2[hA] ≤ 0 ⇒ |R(hA)|2 ≤ 1 &

X�Y IMDA2�<@2�?9u � %�D"3�:8K7F 2�6@572�%�D"392�T�Bt2(3 Y 6 4 :8T7T7F H 2 4 396t:=F H 572/:8? l >(6@5MD"3�:85@3 >(6g2���>(H 2�5#3 lBt6@5768396@572oT7?96@K7F 2�B H 59�oH F K�2�?J3 DJTM:@>(2oT7?92/DJ2�?9<@2/D
>(6@5@39?�:@>�39H <gH 3"u WkX�Y H[DA?�:8H[DJ2/D�572�E :85 4H BtT�6@?J3�:85#3�w#I72/D"39H 6@5MD�: >�:85 3 Y H[DN?92/DJI7F 3�K�2=�@2�572�?�:8F H |�2 4 396�2 W � W Q"c"UN:8?9K7H 39?�:8?9u�576@?9BOD��Q"c�c�U�576@57F H 572/:8? 4 ug5M:8BtH[>�D��7:85 4 Q"c�c�c"U�B=I7F 39H[D"392�T�Bt2(3 Y 6 4 D	�
� D ]S6@?O�@2�5x2�?�:8F�576@?9BOD l 3 Y 2 :85MDJEA2�?tH[D 576+:�3 Y 2�Bt2(3 Y 6 4 H D 6@? 4 2�?O>�:85757683t2(P7>(2�2 4

p = 1
]S6@?�>(6@5#39?�:@>�39H <gH 3�u H 5 3 Y 2=BO:*P 576@?9B l y ��� { WNX�Y IMDo3 Y 2=H BtT7F H[>(H 3 8�I7F 2�?�Bt2(3 Y 6 4H[D�2/D9DJ2�5#39H[:8F F uO3 Y 2�6@57F u�Bt2(3 Y 6 4 ]S6@? E Y H[> Y EA2 Y :n<@2�: ?92/DJI7F 3 68]�3 Y 2;3�ugTL2�Q �MW � U W

X�Y 2ZH 5M>(?92/:@DJH 57�tH 5#392�?92/D"3oH 5 576@57F H 572/:8?ND"3�:8K7H F H 3�u�>(6@5M>(2�Tx3�D F 2 4 H 5�3 Y 2Om/qg~ B DA396t3 Y 2D"39I 4 u�68] 4 H[D9DJH TM:*39H <@2=T7?96@K7F 2�BOD l E Y 2�?92=H 57572�?�T7?96 4 IM>�3�DNE
2�?92=IMDJ2 4 W;X�Y IMD l H ]�EA2=F 2(3
〈·, ·〉H 4

2�5768392�:85�H 57572�? T7?96 4 IM>�3o6@5�:�Q0>(6@BtT7F 2(PMU��oH F K�2�?J3NDJTM:@>(2 H l EA2 Y :n<@2

Q �MW z#U MH[f ] = sup
u6=v

Re 〈u− v, f(u) − f(v)〉H
〈u− v, u− v〉H

,

E Y H[> Y H[D�2/w#I7H <*:8F 2�5#3N396 Q0z W z#U H ] f H[D�1,H TMD9> Y H 39| W�X�Y 2Z]SI75M>�39H 6@5M:8F MH[·]
D"39H F F Y :@D�:8F F

3 Y 2�T7?96@T�2�?J39H 2/DAH 5���?96@T�6#DJH 39H 6@5�z W m W
� �#:8H 5 l f H[D
I757H ]S6@?9BtF ut572��#:*39H <@2oBt6@5768396@572oH ] MH[f ] < 0 l H 5�E Y H�> Y >�:@DJ2 3 Y 2�>(6@5�%39H 5#I76@IMD �M6nE H[DN>(6@5#39?�:@>�39H <82 W�� 6@I7F 4 � %�D"3�:8K7H F H 3"u KL2=DJI
��>(H 2�5#3�H 5 6@? 4 2�? 396�T7?92/DJ2(?9<@2>(6@5@39?�:@>�39H <gH 3"u�� # 4 2/:@D,?92�F[:*392 4 396o3 Y H[D�w#I72/D"39H 6@5=>�:85�KL2�]S6@I75 4 :8F ?92/: 4 uNH 5�y � { l :85 4 E
2�?92DJIM>�>(2/D9DJH <82�F uZ?92(\M572 4 E Y 2�5Ov�: Y F[w#I7H[D"3�H 5#39?96 4 IM>(2 4 3 Y 2 576839H 6@5 68]����3&�d�a�*(c�^ c�d<;�]S6@?�B=I7F %39H[D"392�TtBt2(3 Y 6 4 D W # 5 39I7?95 l G Ix3�> Y 2�?�H 5#39?96 4 IM>(2 4 �6�3&�d�a�*(c�^ c�d<;Z]S6@?�6@572�%�D"392�TtBt2(3 Y 6 4 D y m({:85 4 4 2�?9H <82 4 3 Y 2=572/>(2/D9D9:8?9u�>(6@5 4 H 39H 6@5MDo6@5�3 Y 2ZBt2(3 Y 6 4 >(6g2���>(H 2�5#3�D ]S6@? G %�D"3�:8K7H F H 3"u W

� 5 2(P7:8BtT7F 2ZH[D 3 Y 2�d�b9a72�� 
/_*c �@a8^kb)(x^ �=:85 4 3 Y 2�c�f�2�^ c0h(cSd f c �727_*c�iMd f �(dSe7_D� W G 683 Y :8?92
� %�D"3�:8K7F 2�:85 4 D Y :8?92�3 Y 2ZD9:8Bt2�D"3�:8K7H F H 3�u�]SI75M>�39H 6@5 l

R(z) =
1 + z/2

1 − z/2
,
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K7Ix3 6@57F u 3 Y 2pH BtT7F H[>(H 3 BtH 4 T�6@H 5#3 Bt2(3 Y 6 4 H�D G %�D"3�:8K7F 2 QST7?92/DJ2�?9<@2/D >(6@5#39?�:@>�39H <gH 3�u7U W
� Y 2�5 :8T7T7F H 2 4 396 ẋ = f(x) l 3 Y 2�u�T7?96 4 IM>(2�3�EA6 4 H �L2�?92(5#3o?92/>(I7?�DJH 6@5MD l

xn+1 =
(

I − (h/2)f
)−1

◦
(

I + (h/2)f
)

(xn)
Q X > UQ �MW � :#U

xn+1 =
(

I + (h/2)f
)

◦
(

I − (h/2)f
)−1

(xn).
Q # � UQ �MW � K�U

vNI72 396 576@5�%�>(6@BtBZIx3�:*39H <gH 3"u l R(z)
:8F 6@572�>�:85757683t]SI7F F u > Y :8?�:@>�392�?9H |�2 : Bt2(3 Y 6 4 H 53 Y 2;576@57F H 572/:8? >�:@DJ2 l H BtT7F ugH 57� 3 Y :*3�3 Y 2�Bt2(3 Y 6 4 D Y :n<82 4 H �L2�?92�5@3o576@57F H 572/:8? D"3�:8K7H F H 3"uT7?96@T�2�?J39H 2/D W �o2�?92�6@57F u 3 Y 2 DJ2/>(6@5 4 Bt2(3 Y 6 4 :8K�6*<@2�>�:85pKL2 D Y 6*E 5 396 K�2 T7?92/DJ2(?9<@2>(6@5@39?�:@>�39H <gH 3"u l 6@5�:@>�>(6@I75#3
68],3 Y 2 27_*^ a*b�c 
/a*d�c0_8iRc ���(iMd�c�d<; H 59�oH F K�2�?J3�DJTM:@>(2 l y � m�{ W�X�Y H[D
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TM:8?J39H[:8F 4 H �L2�?92�5#39H[:8F6@T�2�?�:*396@?�Do:85 4 3 Y 2�H ? 4 H[D9>(?92(39H |/:*39H 6@5MD l 6@572=BZIMD"3�>(6@5MDJH 4 2(?�:8F 392�?95M:*39H <@2 4 2(\M57H 39H 6@5MDN68]3 Y 2�F 6@�#:8?9H 3 Y BtH[> 576@?9B W ,76@?Z2�<86@F Ix39H 6@5MD�H 5 �oH F K�2�?J3 DJTM:@>(2 Q �MW z#U Y :@D�?92/>(2(5#39F u KL2�2�5
IMDJ2 4 396 H BtT7?96n<@2O>(6@5g<82�?9�@2�5M>(2 ?92/DJI7F 3�D;]S6@? > I757�@2�C��;Ix3J3�:�:85 4 B=I7F 39H[D"392�T Bt2(3 Y 6 4 D ly m � l m/z/{ W ,76@? G :85M:@> Y DJTM:@>(2;:8T7T7F H[>�:*39H[6@57D l DJT�2/>(H[:8FL392/> Y 57H[w#I72/Do:8?92�572�2 4 2 4 W
��� ' »
)�- ' +��g+ ) � �I¿�ÀI¾/)û¿�½O. '�� À ' ÀKÁ�	 ½ ��ÀKÁ �
# 5 G :857:@> Y DJTM:@>(2/Dt6@572R>(:85 2�B=I7F[:*392RDJ6@Bt2�68]�3 Y 2 T7?96@T�2�?J39H 2/DtH 5 �oH F K�2�?J3�DJTM:@>(2

3 Y 2�6@?9uOKgu�3 Y 2�IMDJ2;68]�DJ2�BtH % H 57572�? T7?96 4 IM>�3�D l y ~ l T W m � z*{ W
�	��
 �3� ������������!#"$! % �(d

X
*7� a�b!�9a*^ �Na*iLa@h�e &327a@h!� &�
 _*b u, v ∈ X

�
dSe1�Z^ ���9d
(· , ·)−a*i��Ob�c `negd

(· , ·)+
&��(ftc���c�iMi��(b 2�b9_D� (Mh(d &=a*b!� ��� ��i��7� *�;

Q�r W mnU (u, v)± = ‖u‖ lim
h→0±

‖u+ hv‖ − ‖u‖

h
.

� Do2�<@2�?9u�576@?9B T�6#D9DJ2/D9DJ2/D F 2(]�3;:85 4 ?9H � Y 3;��C 4 H �L2�?92�5@39H[:8F[D l 3 Y 2ZF H BtH 3�DNH 5 Q�r W mnU�2(PxH[D"3 W,7?96@B Q�r W mnU�H 3 ]S6@F F 6nEoD
3 Y :*3�3 Y 2�DJ2�BtH % H 57572�?�T7?96 4 IM>�3�H 5 4 IM>(2/DA3 Y 2;576@?9BCH 5�3 Y 2;IMDJIM:8FEA:nu�:
(u, u)± = ‖u‖2 W ? 6@5g<@2�?�DJ2�F u l H ]A3 Y 2�576@?9B ‖ · ‖

H[D�H 5 4 IM>(2 4 Kgu : 39?9I72OH 57572�?



m B ������� 9�* ����	�
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T7?96 4 IM>�3 l 3 Y 2�5 (u, v)± = 〈u, v〉 W EN572 68]o3 Y 2�Bt6#D"3tH BtTL6@?J3�:85@3tT7?96@T�2�?J39H[2�D 68]o3 Y 2DJ2�BtH % H 57572�? T7?96 4 IM>�3�D�H[DA3 Y :*3 3 Y 2�u D9:*39H[D"]SuO3 Y 2 ? :8IM> Y u@C A > Y EA:8?9|�H 572/w#IM:8F H 39H 2/D
Q�r W � U −‖u‖ · ‖v‖ ≤ (u, v)± ≤ ‖u‖ · ‖v‖.

X�Y 2�]S6@F F 6*E H 57��2�F 2�Bt2�5@3�:8?9u T7?96@T�2�?J39H 2/D 68]�3 Y 2 DJ2�BtH % H 57572�?oT7?96 4 IM>�3�Do:8?92=D"39?�:8H � Y 3J]S6@?�%EA:8? 4 >(6@5MDJ2/w#I72�5M>(2/DA68]�3 Y 2�<@2/>�396@?�576@?9BVT7?96@T�2�?J39H 2/D�:
��������������������� ��!#"$! 
 _*b u, v, w ∈ X

�
0 & (u,−v)± = −(u, v)∓
� & (u, αv)± = α(u, v)±; α ≥ 0
� & (u, v)− + (u,w)± ≤ (u, v + w)± ≤ (u, v)+ + (u,w)±.

8
:@> Y 2/w#IM:8F H 3�u :85 4 H 572/w#IM:8F H 3�u 68] ��?96@T�6#DJH 39H 6@5 r W mOH[D�3"E
6�%�]S6@F 4 : 6@572�>(6@B=K7H 572/D;3 Y 2F 2(]�3�:85 4 ?9H � Y 3�DJ2�BtH % H 57572�?OT7?96 4 IM>�3�DOK#u > Y 6g6#DJH[5x� 2�H 3 Y 2�?O3 Y 2 I7T7TL2�?�6@?t3 Y 2 F 6*EA2�?DJI7KMD9>(?9H Tx3�D W ��?96@T�6#DJH 39H 6@5�r W m W z�D Y 6*EoD�3 Y :*3
3 Y 2o3�EA6 DJ2(BtH %�H[5x572�?
T7?96 4 IM>�3�D
:8?92o:8F Bt6#D"32/w#IM:8F W 8
w#IM:8F H 3�u Y 6@F 4 D l H W 2 W (u, v)+ = (u, v)− l
H ]
:85 4 6@57F u H ]k3 Y 2 4 IM:8F�DJTM:@>�2 X∗ H[D

D"39?9H[>�39F ut>(6@5#<@2(P WkX�Y :*3A>(6@5 4 H 39H 6@5O2(P7>(F I 4 2/D ‖ · ‖∞ l K7Ix3
3 Y 2o3"E
6=DJ2�BtH % H 57572�?
T7?96 4 IM>�3�D:8?92�572�<@2�?J3 Y 2�F 2/D9D�2/w#IM:8F,: W 2 W H 5 3 Y H[DA396@TL6@F 6@�@u l y ~ l T W m � � { WA 2�BtH % H 57572�?
T7?96 4 IM>�3�D
:8?92 4 H ?92/>�39F u ?92�F[:*392 4 396�3 Y 2NI7T7T�2�?AvNH 57H 4 2�?9H <*:*39H <@2/D�3 Y ?96@I7� Y
Q�r W z#U D±

t ‖u‖ =
(u, u̇)±
‖u‖2

‖u‖,

DJ2�2py ~ l T W m � � { W vNH �L2�?92�5@39H[:8FNH 572/w#IM:8F H 39H 2/DO�@2�572�?�:8F H |�H 57� Q"m W " Ut:85 4 Q0z W r@Ut:8?92 3 Y 2�56@Kx3�:8H 572 4 Kgu 4 2(\M57H 57��3 Y 2oF 6@�#:8?9H 3 Y BtH[>�1,H TMD9> Y H 39|N>(6@5MD"3�:85@3�D�:@>�>(6@? 4 H 57�@F u W�X�Y 2�?92(]S6@?92 lH 5�<gH 2�E 68]�Q �MW z#U�:85 4 Q�r W z#U l EA2�BO:8}82�3 Y 2;]S6@F F 6*E H 57� l ]SI7F F u��@2�572�?�:8F lx4 2(\M57H 39H 6@5 W
�	��
 �3� ��������� ��! ��!�% �(d

f : X → X & ' e1��^ ��a &�d$( 2�21�(b *�_ (xi��Z^ _J`#a*b�c�dSegf c0h�%kc 2+&�h�egc�d�
h9_*i1&�d�a*iMd & ��c�dSe�b!�)&32���h(dAd�_OdSe1� &��(f c4��c�iMi��(b�2�bJ_D� (Mh(d &
(· , ·)±

a*b�� ��� ��i��!�9*�;

Q�r W � U M±[f ] = sup
u6=v

(

u− v, f(u) − f(v)
)

±

‖u− v‖2
.

��c�f c�^ a*b�^ ; � �F� ��� ��i���dSe1��`8b!��a*d �)&�d
^ _��F�(b *�_ (xi��O^ _9`#a*b�c�dSegf c0h %kc 2+&�h�egc�d�
Oh9_*i1&�d�a*iMd & *�;

Q�r W r@U m±[f ] = inf
u6=v

(

u− v, f(u) − f(v)
)

±

‖u− v‖2
.

X�Y 2 >(F[:@D9DJH[>�:8F 4 2(\M57H 39H 6@5 Q"m W mnUZH[D : ��C 4 H �L2�?92�5#39H[:8FA68]�: DJI7T7?92�BZI7B l 3 Y 2�1,H TMD9> Y H 39|>(6@5MD"3�:85@3 WRX�Y 2�2(Pg392�5 4 2 4 4 2(\M57H 39H 6@5 Q�r W � U;H[DZ2/D9DJ2�5#39H[:8F F uR3 Y 2 >(6@5g<82�?�DJ2 l 3 Y 2 DJI7T7?92�%BZI7B 68]N:85 2(PxT7?92/D9DJH 6@5 >(6@5#3�:8H 57H 57� : ��C 4 H �L2�?92�5#39H[:8F W � F 3 Y 6@I7� Y y ��B {o>(6@Bt2/D >�F[6#DJ2396RDJI7�@�@2/D"39H 57� : DJH BtH F[:8?ZH 4 2/: l 3 Y H[D=:8T7T7?96#:@> Y E�:@D�572�<82�?Z2(PxT7F 6@?92 4 H 5 3 Y 2�>(F[:@D9DJH[>�:8F3 Y 2�6@?9u l :@D 4 H[D9DJH TM:*39H <82;2�<@6@F Ix39H 6@5 2/w#IM:*39H 6@5MD�E
2�?92;57683N>(6@5MDJH 4 2�?92 4 W
? 6@BtTM:8?9H 57�pQ�r W � UN396 Q0z W z#U l EA2O5768392t3 Y :*3 M−[f ] ≤ M+[f ] ≤ M [f ]

]S6@?=:85gu
f W�o6nEA2�<@2�? l M−[f ] = M+[f ] = M [f ]

H ]�3 Y 2Z576@?9B H[DoH 5 4 IM>(2 4 Kgu�:85 H 57572�?NT7?96 4 IM>�3 W,7I7?J3 Y 2�? l 3 Y 2�KM:@DJH[>�T7?96@T�2�?J39H 2/DZ68]�3 Y 2 F 6@�#:8?9H 3 Y BtH[>O1,H TMD9> Y H 39| >(6@5MD"3�:85#3 Q�r W � UZD Y 6nE3 Y :*3NvN2(\M5xH 39H 6@5Rr W � H[Do>(6@BtTM:*39H K7F 2;E H 3 Y l :85 4 >(6n<@2�?�D l 3 Y 2�T7?92�<gH 6@IMD
3 Y 2�6@?9u�:
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��������������������� ��! ��!
0 & −l[f ] ≤M±[f ] ≤ L[f ]
� & M±[f + zI] = M±[f ] + Re z
� & M±[αf ] = αM±[f ], α ≥ 0
� & M±[f + g] ≤M±[f ] +M+[g].

X�Y 2oH 572/w#IM:8F H 39H 2/D�68]���?96@T�6#DJH 39H 6@5�r W � W � >(6@B=KxH[5x2 3 Y 2NF 2(]�3�:85 4 ?9H � Y 3ADJ2�BtH % H 57572�?�T7?96 4 %IM>�3�D Q0:@DOH 5 ��?96@T�6#DJH 39H 6@5 r W m l 6@572R> Y 6g6#DJ2/DO2�H 3 Y 2�?O3 Y 2 T7F IMD�6@?O3 Y 2RBtH 5gIMD�DJH �@5MD�U WA H 5M>(2ZDJI7KM: 474 H 39H <gH 3"u H[D H BtTL6@?J3�:85@3oE Y 2�5 4 2�?9H <gH 57��D"3�:8K7H F H 3�u�>(6@5 4 H 39H 6@5MDo:85 4 TL2�?J39I7?�%KM:*39H 6@5�KL6@Ix5 4 D l 6@572ZBO:nu�T7?92(]S2�? 396�IMDJ2;3 Y 2=?9H � Y 3�DJ2�BtH % H 57572�?oT7?96 4 IM>�3�:85 4 M+[f ] l2�<82�5RH ]�BO:8?9�@H 5M:8F F u D"39?96@57�@2�? ?92/DJI7F 3�DoBtH � Y 3NKL2Z6@Kx3�:8H 572 4 E H 3 Y 3 Y 2ZF 2(]�3 W � DN:8F ?92/: 4 uBt2�5@39H 6@572 4Gl 3 Y 2�F 2(]�3oH 572/w#IM:8F H 3"u�68]���?96@T�6#DJH 39H 6@5 r W � W m�Bt2�?9H 3�D DJTL2/>(H[:8F,:*3J392�5@39H 6@5 :
��������������������� ��! ��!CQ �o57H ]S6@?9B � 6@5768396@57H[>(H 3"u X�Y 2�6@?92�B�U�% �(d D ⊂ X

*7� 27a*dSe5�
h9_*iMi��9h(d �7��a*i���a &7&)(xf �ZdSe7a*d

f : D → f(D) ⊂ X &�' e1�(i

Q�r W " U M±[f ] < 0 ⇒ L[f−1] ≤ −
1

M±[f ]
.

�NDJH 57�ODJ2�BtH % H 57572�?�T7?96 4 IM>�3�D l 3 Y 2;T7?96x68]�H[D�>(6@BtT7F 2(392�F uO2�F 2�Bt2�5#3�:8?9u W G u�>(6@B=K7H 57H 57�3 Y 2O^ _��F�(b ? :8IM> Y u@C A > Y E�:8?9|NH 572/w#IM:8F H 3"u Q�r W � U
E H 3 Y Q�r W � U
EA2 Y :n<82

−‖u− v‖ · ‖f(u) − f(v)‖ ≤
(

u− v, f(u) − f(v)
)

±
≤M±[f ] · ‖u− v‖2.

�o2�5M>(2
sup
u6=v

−
‖f(u) − f(v)‖

‖u− v‖
≤M±[f ] < 0

:85 4 H 3 ]S6@F F 6*EoDA3 Y :*3
−l[f ] ≤M±[f ] < 0,

DJ2�2OQ0z W mnU W�X�Y 2�?92(]S6@?92 l l[f ] ≥ −M±[f ] > 0
H BtT7F H 2/D�3 Y :*3 f−1 2(PxH[D"3�D 6@5 f(D) l :85 4

L[f−1] ≤ −
1

M±[f ]
,

E Y 2�?92 L[f−1]
H[D 4 2(\M572 4 6@5 f(D) W # ] D = X

6@572 572�2 4 D�396�T7?96*<@2 l H 5�: 474 H 39H 6@5 l 3 Y :*3
f−1 H[D 4 2�\M572 4 6@5 :8F FG68] X �x3 Y H[D�IMDJIM:8F F uO]S6@F F[6nEoD�Kgu�>(6x2�?�>�H[<gH 3�u W
� � ' »
)�- ' +��g+ ) � �I¿�ÀI¾/)û¿�½O. '�� . � » �-¿�¾�½ ��ÀKÁ �
� F 3 Y 6@I7� Y 3 Y 2 4 2(\757H 3�H 6@5MD,:8KL6n<@2�:8?92��@2�572�?�:8F l �oH F K�2�?J3�DJTM:@>(2�3 Y 2�6@?9uN68�L2�?�DL3 Y 2�Bt6#D"3H BtT�6@?J3�:85#3o2(P7:8BtT7F 2/D 68] Y 6*E 396�IMDJ2�3 Y 2ZF 6@�#:8?9H 3 Y BtH[>�576@?9B H 5 H 5x\M57H 392 4 H Bt2�5MDJH 6@5M:8FDJTM:@>(2/D W � D :tDJH BtT7F 2�H F F IMD"39?�:*39H 6@5 l EA2�>(6@5MDJH 4 2�?�3 Y 2Om/v ?92/:@>�39H 6@5�C 4 H �LIMDJH 6@5�T7?96@K7F 2�B

Q "7W mnU ut = uxx + g(u)



m � ������� 9�* ����	�
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E H 3 Y K�6@I75 4 :8?9u 4 :*3�: u(t, 0) = u(t, 1) = 0 W � 2�F 2(3 H = L2[0, 1]
:85 4 >(6@5MDJH 4 2�?]SI75M>�39H 6@5MD

u, v ∈ H1
0 ∩H2 ⊂ L2[0, 1] l E H 3 Y 3 Y 2�IMDJIM:8FGH 57572�? T7?96 4 IM>�3o:85 4 576@?9B l

Q "7W � U 〈u, v〉H =

∫ 1

0

u(x)v(x) dx; ‖u‖2
H = 〈u, u〉H.

# 5@39?96 4 IM>(2=3 Y 2t6@TL2�?�:*396@? f = ∂2/∂x2 + g l >(6@5MDJH[D"39H 57� 68]
3 Y 2tI75gK�6@I75 4 2 4 4 H �LIMDJH 6@56@T�2�?�:*396@?
∂2/∂x2 l E H 3 Y : K�6@I75 4 2 4 Q01,H TMD9> Y H 39|nUt576@57F H 572/:8?9H 3"u g ?92�T7?92/DJ2�5#39H 57� 3 Y 2?92/:@>�39H 6@5�TM:8?J3 W�X�Y 2�T7?96@K7F 2�B Q "7W mnU
H[D�3 Y 2�5 :85 E�v�8 6@5 : �oH F K�2�?J3NDJTM:@>(2 l

Q "7W z#U u̇ = f(u).

� 2�:8?92�H 5#392�?92/D"392 4 H 5p3 Y 2�D"3�:8K7H F H 3"u 68] u(t, ·) :@D t → ∞ l :85 4 E Y 2(3 Y 2�?Z3 Y 2�?92�H[D=:I757H[w#I72;2/w#I7H F[H K7?9H I7BjDJ6@F Ix39H 6@5 l D9:*39H[D"]SugH 57� 3 Y 2;3"E
6�% TL6@H 5@3 KL6@I75 4 :8?9uO<8:8F I72;T7?96@K7F 2�B
Q "7W � U u′′ + g(u) = 0; u(0) = u(1) = 0,

E Y 2�?92 ′ 4 2�5768392/D d/dx W�X�Y 2OF 6@�#:8?9H 3 Y BtH[> 1,H TMD9> Y H 39|�>(6@57D"3�:85@3Z:85MDJEA2�?�D�K�683 Y w#I72/D %39H 6@5MD l 3 Y 2=\M?�D"3N<gH[:�vNH 57H 4 2�?9H <8:*39H <@2/Do:85 4R4 H �L2�?92�5#39H[:8F�H 572/w#IM:8F H 39H 2/D l :85 4 3 Y 2 DJ2/>(6@5 4<gH[:=3 Y 2�I757H ]S6@?9BVBt6@5768396@57H[>(H 3"uO3 Y 2�6@?92�B W
� 2R\M?�D"3�572�2 4 396 \M5 4 MH[d2/dx2]

6@5
H1

0 ∩ H2[0, 1] W # 5@392��@?�:*39H 57�pK#u TM:8?J3�D lBO:8}gH 57�tI7DJ2�68]�3 Y 2 Y 6@Bt6@�@2�572�6@IMDAK�6@I75 4 :8?9u�>(6@5 4 H 39H 6@5MD l EA2�\M5 4

〈u, u′′〉H = −〈u′, u′〉H = −

∫ 1

0

|u′(x)|2dx ≤ −π2

∫ 1

0

|u(x)|2dx = −π2〈u, u〉H,

E Y 2�?92�3 Y 2�D"3�:85 4 :8? 4 A 6@K�6@F 2�<@C@3"ugT�2�H 572/w#IM:8F H 3"u :*3 3 Y 2 >(2�5@392�?tH[Dt2/:@DJH F u T7?96*<@2 4 Kgu,76@I7?9H 2�?;:85M:8F uxDJH[D W �o2�5M>(2 〈u, u′′〉H ≤ −π2〈u, u〉H
]S6@?�:8F F

u ∈ H1
0 ∩ H2[0, 1] l E H 3 Y2/w#IM:8F H 3�u�]S6@?�3 Y 2;]SI75M>�39H 6@5 u(x) = sinπx W � 2;3 Y 2�?92(]S6@?92 Y :n<@2�:������������������������!#"$!�% �(d

MH[·]
*7� ��� ��i��7� *�; + � & � - & ' e1�(i���_*i H1

0 ∩H2[0, 1]
�

Q "7W r@U MH[d2/dx2] = −π2.

8
w#I7H <8:8F 2�5#39F u l mH[−d2/dx2] = π2 W;X�Y H[D�w#IM:85#39H \M2/Do3 Y 2 �(^�^ c 2�d�c0h(c�d<; 68] −d2/dx2 W
� 2�5x6*E H 5g<@2/D"39H �#:*392N3 Y 2ZD"3�:8K7H F H 3"u�68] Q "7W mnU W � D MH[·]

H[D DJI7KM: 474 H 39H <@2 l H 3 Y 6@F 4 DA3 Y :*3

Q "7W " U MH[f ] = MH[∂2/∂x2 + g] ≤MH[∂2/∂x2] +MH[g] = −π2 +MH[g].

1,2(3
u
:85 4 v KL2o3"E
6 4 H �L2�?92�5#3 DJ6@F Ix39H 6@5MD�68]
Q "7W mnU W�X�Y 2�5 l IMDJH 57� vNH 57H 4 2�?9H <*:*39H <@2/D
:85 43 Y 2 4 H �L2�?92�5@39H[:8F,H 572/w#IM:8F H 3"u Q0z W r@U l EA2 Y :n<@2

Q "7W ~8U ‖u(t, ·) − v(t, ·)‖H ≤ e(MH[g]−π2)t ‖u(0, ·) − v(0, ·)‖H.

�o2�5M>(2�H ]�3 Y 2;?92/:@>�39H 6@5O392�?9BjD9:*39H[D"\M2/D MH[g] < π2 Q�3 Y H[D :8F F 6*EoD ."D"39H � 0 ?92/:@>�39H 6@5MD
K7Ix3F H BtH 3�DA3 Y 2�H ?oH 5MD"3�:8K7H F H 3"u7U�3 Y 2ZDJ6@F Ix39H 6@5 u(t, ·) 68]�3 Y 2ZDJuxD"392�BVH[D�2(PxT�6@572�5#39H[:8F F u�D"3�:8K7F 2 W
� 6@?92�6*<@2�? l E Y 2�572�<@2�? MH[g] < π2 l Q "7W � U�H[DN?92/: 4 H F u�DJ2�2�5 396 Y :n<82 :OI757H[w#I72tDJ6@F I�%39H 6@5 W G upQ "7W " U l 3 Y 2 BO:8T f = d2/dx2 + g

H[DN3 Y 2�5 I757H ]S6@?9BtF u 572��#:*39H <82=Bt6@5768396@572 l
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 m/z

E H 3 Y :�1,H TMD9> Y H 39| >(6@5#39H 5#I76@IMDoH 5g<@2�?�DJ2�6@5 L2[0, 1]
:@>�>(6@? 4 H 57�t396O3 Y 2=I757H ]S6@?9B Bt6@5x6�%396@57H[>(H 3�u�3 Y 2�6@?92�B r W z W�X�Y H[Do:85M:8F uxDJH[D�:8T7T7F H 2/DA396tTL2�?J39I7?9KM:*39H 6@5MDA68]�3 Y 2;3�ugTL2

Q "7W s#U v′′ + g(v) = p(x),

E H 3 Y p ∈ L2[0, 1] l IMDJH 57�Z3 Y 2�6@?9H �@H 5M:8F l I757T�2�?J39I7?9KL2 4 K�6@I75 4 :8?9ut>(6@5 4 H 39H 6@5MD�]S6@? v W � D
LH[f−1] ≤ −1/MH[f ] l 6@572�3 Y 2�5�6@Kx3�:8H 5MD

Q "7W q#U ‖u− v‖H ≤
‖p‖L2

π2 −MH[g]
.

�o2�5M>(2
p→ 0

H BtT7F H 2/D
u→ v l :85 4 3 Y 2;DJ6@F Ix39H 6@5�3 Y 2�?92(]S6@?92 4 2�T�2�5 4 D�>(6@5#39H 5#I76@IMDJF uO6@53 Y 2 4 :*3�: l >�] W Q � W � U W ,76@?o>(F[:8?9H 3�u l 3 Y 2�576@?9BV68]�3 Y 2 . 4 :*3�: DJTM:@>(2 l 0 ‖ · ‖L2 l H[D Y 2�?92 4 H[D %39H 57�@I7H[D Y 2 4 ]S?96@B 3 Y 2�576@?9B 6@5O3 Y 2 ."DJ6@F Ix39H 6@5�DJTM:@>(2 0 H1

0 ∩H2 ⊂ L2 68]�>(6@5#39H 5#I76@IMDJF u
4 H �L2�?92�5@39H[:8K7F 2o]SI75M>�39H 6@5MD W�X�Y 2N>(6@5 4 H 39H 6@5MD
:8KL6n<@2o:8?92NDJI
��>(H 2�5@3�>(6@5 4 H 39H 6@5MD�6@57F u l :85 4DJ6@F Ix39H 6@5MD�BO:/u�KL683 Y 2(PxH[D"3N:85 4 K�2�I757H[w#I72�I75 4 2�? EA2/:8}@2�? >(6@5 4 H 39H 6@5MD W

� .�½uÁ~¿ �-¾/. ��ÀX¾/.0) ' Â X�Y 2 DJH BtT7F 2/D"3k\M57H 392 4 H �L2�?92�5M>(2�Bt2(3 Y 6 4 ]S6@?oQ "7W mnU�6@5 :85 2/w#I7H 4 H[D %3�:85@3o�@?9H 4 E H 3 Y ∆x = 1/(N + 1)
:8T7T7?96nPxH BO:*392/D

uxx

K#u >(2�5#39?�:8F 4 H �L2(?92�5M>(2/D

Q "7W m B U uxx ≈
vi−1 − 2vi + vi+1

∆x2
,

E H 3 Y K�6@I75 4 :8?9u�>(6@5 4 H 39H 6@5MD v0 = 0
:85 4 vN+1 = 0 WkX�Y 2 4 H �LIMDJH 6@5=2/w#IM:*39H 6@5 ut = uxxH[DA3 Y 2�?92(]S6@?92�:8T7T7?96/PxH BO:*392 4 K#u : Bt2(3 Y 6 4 68]kF H 572/D�E�v�8 DJuxD"392�B l

Q "7W m@mnU v̇ = T∆xv,

E Y 2�?92 vi(t) ≈ u(t, i · ∆x) l :85 4 3 Y 2 N × N X 6g2�T7F H 39|=BO:*39?9H P T∆x l
:8T7T7?96/PxH BO:*39H 57�

∂2/∂x2 6@5 3 Y 2;�@?9H 4Gl H[D �@H <@2�5 K#u

Q "7W m � U T∆x =
1

∆x2
tridiag

(

1 − 2 1
)

.

X�Y 2;2�H �@2�5g<*:8F I72/D�68] T∆x

:8?92�}g576*E 5�:85M:8F u#39H[>�:8F F u l :85 4 :8?92��@H <@2�5 Kgu

Q "7W m/z#U λk(T∆x) = −4(N + 1)2 sin2 kπ

2(N + 1)
; k = 1, . . . N.

,76@?
k � N l 3 Y 2/DJ2O:8?92=H 5 <@2(?9u �@6g6 4 :8�@?92�2�Bt2�5@3;E H 3 Y 3 Y 2t2�H �@2�5g<*:8F I72/DN68] ∂2/∂x2 lE Y H[> Y :8?92 λk(∂2/∂x2) = −(kπ)2

]S6@?
k ∈ Z

+ W � 6@?92�6*<@2�? l :@D T∆x

H[D�576@?9BO:8F l H 3�D8�IM>(F H 4 2/:85�F 6@�#:8?9H 3 Y BtH[>N576@?9BV2/w#IM:8F[D�H 3�D DJTL2/>�39?�:8FG:8KMD9>(H[D9D9: l λ1(T∆x) W �o2�5M>(2

Q "7W m � U µ2[T∆x] = −
4

∆x2
sin2 π∆x

2
= −π2 + ∆x2π4/12 + O(∆x4).

X�Y 2;F[6@�#:8?9H 3 Y BtH[>N576@?9BV68]�3 Y 2 4 H[D9>(?92(39H |/:*39H 6@5�H[D�3 Y 2�?92(]S6@?92;<82�?9u�>(F 6#DJ2�396t3 Y :*3o68]�3 Y 2>(6@5@39H 5gI76@IMDoT7?96@K7F 2�B l MH[∂2/∂x2] = −π2 W X�Y 2ZBt2(3 Y 6 4 68]�F H 572/D E�v�8�Q "7W m@mnU Y :@D2(PxT�6@572�5#39H[:8F F upD"3�:8K7F 2�DJ6@F Ix39H 6@5MD l :@D EA2�F F :@D : I757H[w#I72 2/w#I7H F H K7?9H I7B QSE Y H[> Y ]S6@?=3 Y 2
Y 6@Bt6@�@2�572�6@IMD 4 H �LIMDJH 6@5�T7?96@K7F 2�BVH[D�3 Y 2;39?9H <gH[:8F,DJ6@F Ix39H 6@5 0

U W



m � ������� 9�* ����	�
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�����	

? :85R6@572 >(6@BtTM:8?92 µ2[·]
6@5

R
N 396

MH[·]
6@5

H1
0 ∩H2 � X�Y 2 :85MDJEA2�?NH[DNu@2/D�:A]S6@?

3 Y 2Z>(6@5@39H 5gI76@IMD�T7?96@K7F 2�BC3 Y 2�576@?9BVH[D�3 Y 2�D"3�:85 4 :8? 4 L2 576@?9B l :85 4

‖u‖2
H =

∫ 1

0

|u(x)|2 dx ≈
1

N + 1

N
∑

1

|vi|
2 = ∆x · |v|22 =: ‖v‖2

∆x,

E Y 2�?92A3 Y 2oH 5@3�2(�@?�:8F7H[D�:8T7T7?96/PxH BO:*392 4 KguZ3 Y 2�39?�:8TL2�|�6@H 4 :8Fg?9I7F 2 l :85 4 u(xi)
Kgu

vi
W�X�Y 2

576@?9B
‖v‖∆x

H[DA3 Y 2 4 H[D9>(?92(392 L2 576@?9B l E H 3 Y 3 Y 2Z>(6@?9?92/DJT�6@5 4 H 57�=6@TL2�?�:*396@?A576@?9B

Q "7W mnr@U ‖A‖2
∆x = sup

v 6=0

‖Av‖2
∆x

‖v‖2
∆x

= sup
v 6=0

∆x · |Av|22
∆x · |v|22

≡ |A|22.

1,H }82�E H[DJ2 l µ∆x[A] ≡ µ2[A] W�X�Y 2�?92(]S6@?92 3 Y 2 8�IM>(F H 4 2/:85�F 6@�#:8?9H 3 Y BtH[> 576@?9B µ2[T∆x]
H[D

3 Y 2 4 H[D9>(?92(392�>(6@I75@392�?9TM:8?J3�396 3 Y 2 L2 F 6@�#:8?9H 3 Y BtH[>�1,H TMD9> Y H 39|Z>(6@5MD"3�:85#3 MH[∂2/∂x2] W
��¾uÀX»k. � .6¾ 
�� ��� � Á@) ' +�.6¾/.0) ' ½��XÀ ' +­½0¾/.�� ' �I½u½�Â vNI72�396 3 Y 2
D"39H �L572/D9D,68]g3 Y 2
DJuxD"392�B

Q "7W m@mnU l 2(PxT7F H[>(H 3tBt2(3 Y 6 4 DtDJIx�L2(?ODJ2�<82�?92 D"392�T DJH |�2�?92/D"39?9H[>�39H 6@5MD=>�:8IMDJ2 4 KgupD"3�:8K7H F H 3"u>(6@5 4 H 39H 6@5MD W ? 6@5MDJH 4 2�?�3 Y 2�2(PxT7F H[>(H 368�I7F 2�?oBt2(3 Y 6 4 E H 3 Y D"392�T DJH |�2 ∆t l
Q "7W m " U vj+1 =

(

I + ∆t · T∆x

)

vj .

� DN3 Y 2 8�IM>(F H 4 2/:85 576@?9B H[D;D Y :8?9T ]S6@?;576@?9BO:8F�BO:*39?9H[>(2/DNH 5 �@2�572�?�:8Fk:85 4 DJugBtBt2(39?9H[>BO:*39?9H[>(2/D�DJIM> Y :@D T∆x

H 5=TM:8?J39H[>(I7F[:8? l D"3�:8K7H F H 3"u�>�:85=H 5Z3 Y H[D�TM:8?J39H[>(I7F[:8?k>�:@DJ2
K�2�D"39I 4 H 2 4H 5Z392�?9BOD�68]M2�H �@2�5g<*:8F I72/D W�� D I+∆t·T∆x

H[D�DJugBtBt2(39?9H[>
:@D�EA2�F F l 3 Y 2 DJ6@F Ix39H 6@5=?92�BO:8H 5MDK�6@I75 4 2 4 H ]oa*i���_*iM^ ;Oc �
Q "7W m*~8U |I + ∆t · T∆x|2 ≤ 1.

�o2�?92
|I + ∆t · T∆x|2 = ρ[I + ∆t · T∆x] W�X�Y 2�?92(]S6@?92 l Kgu Q "7W m/z#U l

Q "7W m/s#U |I + ∆t · T∆x|2 = |1 + ∆t · λN (T∆x)| = |1 − 4
∆t

∆x2

(

1 − O(∆x2)
)

|.

� 2�BO:/u�3 Y 2(?92(]S6@?92�:8T7T7?96nPxH BO:*392N3 Y 2ZD"3�:8K7H F H 3"u�>(6@5 4 H 39H 6@5 Q "7W m*~8U
Kgu

Q "7W m/q#U |1 − 4
∆t

∆x2
| ≤ 1,

E Y H[> Y F 2/: 4 DA396t3 Y 2Z>(F[:@D9DJH[>�:8F ? ,k1 >(6@5 4 H 39H 6@5 ∆t/∆x2 ≤ 1/2 W
X�Y 2 ? ,k1 >(6@5 4 H 39H 6@5 >�:85 K�2�F H 57}82 4 396 &�d�c ��i��)&7& W # 5p6@? 4 2�?Z396 4 6R3 Y H[D l E
2�57683923 Y :*3NH 5 3 Y 2=>�:@DJ2Z:8K�6*<@2 l |I + ∆t · T∆x|2 = ∆t · |T∆x|2 − 1 W �o2�5M>(2;3 Y 2Z2(P7:@>�3 ? ,k1>(6@5 4 H 39H 6@5

Q "7W ��B U ∆t ≤
2

|T∆x|2
.

X�Y H[DO>(6@5 4 H 39H 6@5 H[DOH 4 2�5@39H[>�:8F 396 3 Y 2R>(F[:@D9DJH[>�:8F�<gH 2�E 6@5 D"39H �L572/D9D�:8?96@I75 4 m/qg~ B :�:852(PxT7F H[>(H 3NBt2(3 Y 6 4 ?92/w#I7H ?92/D ∆t · L[f ]
3�6OKL2=DJBO:8F F l 3 Y 2�?92(]S6@?92�Q0DJ6@Bt2nUF.�T7?96@K7F 2�BOD E H 3 YF[:8?9�@2;1,H TMD9> Y H 39|Z>(6@5MD"3�:85#3�D 0 EA6@I7F 4 KL2�D"39H � W
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 mnr

G Ix3 3 Y :*3t> Y :8?�:@>�392�?9H |/:*39H 685 ]0:8H F[DZ396 4 H[D"39H 57�@I7H[D Y ]S6@?9E�:8? 4 :85 4 ?92�<@2�?�DJ2O39H Bt2 W # 5�%D"392/: 4Gl EA2 2(PxT7?92/D9D=Q "7W m*~8U H 5R392�?9BOD�68]�3 Y 2t�@F KRF 6@�#:8?9H 3 Y BtH[>Z1,H TMD9> Y H 39|t>(6@5MD"3�:85#3tQ0>�] WA 2/>�39H 6@5�zt:85 4 Q�r W r@UJU l 6@5M>(2�:8�#:8H 5 IMDJH 57� 3 Y 2ZD Y :8?9T7572/D9DA68]�3 Y 2 8�IM>(F H 4 2/:85 576@?9BOD�:
Q "7W � mnU |I + ∆t · T∆x|2 = −m2[I + ∆t · T∆x] = −1 −m2[∆t · T∆x] ≤ 1.

�o2�5M>(2�3 Y 2�2(P7:@>�3 ? ,k1p>(6@5 4 H 39H 6@5�>�:85�5x6*E KL2;E ?9H 3J392�5

Q "7W ��� U ∆t ≤ −
2

m2[T∆x]
,
6@? 2/w#I7H <*:8F[2(5#39F u

∆t ≤
2

µ2[−T∆x]
.

-@IMD"3�:@D
L[e∆t·f ] ≤ e∆t·M [f ] Bt2/:@DJI7?92/D�BO:*PxH BO:8F#TL2�?J39I7?9KM:*39H 6@5Z�@?96nE�3 Y 6*<@2�?k:85ZH 5#392�?�%

<*:8F
∆t
H 5 ]�6@?9E�:8? 4 39H Bt2 l L[e−∆t·f ] ≤ e−∆t·m[f ] Bt2/:@DJI7?92/DATL2�?J39I7?9KM:*39H 6@5 DJ2�5MDJH 39H <gH 3"u

H 5 ?92�<@2�?�DJ2 39H Bt2 W X�Y H[D�DJI7�@�@2/D"3�D 3 Y :*3 &�d�c ��i��)&7&Rh�a*i *7�Rf ��a &7(xb!�7� *�; dSe1� 2�bJ_D� (Mh(d
|∆t ·m[f ]| W/A 39H �L572/D9D
3 Y IMD 4 2�TL2�5 4 DNc�i 27a*b�d
_*i�dSe1� 2�b9_�*(^ �(f l :@DAw#IM:85@39H \M2 4 Kgu m[f ] l:85 4 c�i 27a*b�d
_*i�dSe1�Nf �(dSe7_D�Oa*i��ta@h9h�(xbJa@h�;Oh(b�c�d �(b�c0_*i l E Y H[> Y 396@�@2(3 Y 2�? 4 2(392�?9BtH 572 ∆t W
X�Y 2 ? ,k1 >(6@5 4 H 39H 6@5 Q "7W ��� UoH[D;H 5@3�2(?9T7?92(392 4 :@D�2(PxT7?92/D9DJH 57��3 Y 2 ]0:@>�3;3 Y :*3;3 Y 2 �M6*E68]
Q "7W m@mnUkH[D/.�572/:8?9F u 0 :=DJ2�BtH �@?96@I7T WkX�Y 2�?92(]S6@?92 l 3 Y 2;?92(<@2�?�DJ2 39H Bt2;T7?96@K7F 2�B H[D
5gI7Bt2�?�%H[>�:8F F u H F Fk>(6@5 4 H 39H 6@572 4Gl :@DN>�:85 K�2=2(PxT�2/>�392 4 ]S?96@Bj39H Bt2 4 H[D9>(?92(39H |/:*39H 6@5MD 68]�TM:8?�:8K�6@F H[>T7?96@K7F 2�BOD W G Ix3�3 Y H[D H[D : �@2�572�?�:8F�T7?96@TL2�?J3�uO68]�D"39H � 4 H[D9DJH TM:*39H <@2;T7?96@K7F 2�BOD W � F 3 Y 6@I7� Y57683�]S6@?9B=I7F[:*392 4 BO:*3 Y 2�BO:*39H[>�:8F F u l DJH BtH F�:8?k3 Y 6@I7� Y 3�D Y :/<@2 6x>�>(I7?9?92 4 H 5t3 Y 2oF H 392�?�:*39I7?92�:. � EA:nu=E
2 T7?92(]S2�?�]S6@? 4 2/D9>(?9H K7H 57�;3 Y 2 F[:*3J392�?
>(6@5 4 H 39H 6@5tH[D�3 Y :*3Ny v(t) {MH[D�<82�?9u=I75MD"3�:8K7F 2H 5 3 Y 2;6@T7TL6#DJH 392 4 H ?92/>�39H 6@5 y 68]�39H Bt2({ 0�l DJ2�2ty m/q l T W1� { WX Ix?957H 57�o576nE 396 H BtT7F H[>(H 3�Bt2(3 Y 6 4 D l E
2
:8T7T7F uo3 Y 2�H BtT7F H[>(H 3 8�I7F 2�?�Bt2(3 Y 6 4 396ZQ "7W m@mnU):

Q "7W � z#U vj+1 =
(

I − ∆t · T∆x

)−1
vj .

� D :ODJugBtBt2(39?9H[>�BO:*39?9H P Y :@D :tDJugBtBt2(39?9H[>�H 5g<82�?�DJ2 l Q "7W � z#U
H[D D"3�:8K7F 2�H ]�:85 4 6@57F u�H ]
Q "7W � � U |

(

I − ∆t · T∆x

)−1
|2 ≤ 1.

= 6nE l :@D µ2[∆t · T∆x] ≈ −∆t · π2 < 1
EA2�>�:85�:8T7T7F u Q �MW � UA:85 4 6@Kx3�:8H 5

Q "7W � r@U |
(

I − ∆t · T∆x

)−1
|2 ≤

1

1 − µ2[∆t · T∆x]
≈

1

1 + ∆t · π2
< 1.

X�Y 2;Bt2(3 Y 6 4 H[D (xiLh�_*i��*c�d�c0_*iLa*^�^ ; &�d�a�*(^ � ��_*b ∆t > 0
�x3 Y 2�?92;H[D 576 ? ,k1p>(6@5 4 H 3�H 6@5 W,�H 5M:8F F u l H ]kEA2;F 6x6@}�:*3 3 Y 2;39?�:8T�2�|�6@H 4 :8FL?9I7F 2OQ ? ?�:857}@C = H[>(6@F[DJ6@5�Bt2(3 Y 6 4 UAEA2 Y :n<82

Q "7W � " U vj+1 =
(

I −
∆t

2
T∆x

)−1(
I +

∆t

2
T∆x

)

vj ,

:85 4 3 Y 2�Bt2(3 Y 6 4 H[DoD"3�:8K7F 2;H ]

Q "7W � ~8U |
(

I −
∆t

2
T∆x

)−1(
I +

∆t

2
T∆x

)

|2 ≤ 1.

�o2�?92
T∆x

H[DN^ c�i��9a*b l :8F F 6*E H 57��IMD�396 :8T7T7F u <@6@5 = 2�I7BO:8575 H D ��?96@TL6#DJH 39H 6@5 �MW m W �N2(5M>(2 l:@D
µ2[T∆x] < 0 l 3 Y 2 ? ?�:857}@C = H[>(6@F[DJ6@5 Bt2(3 Y 6 4 H[D >(6@5#39?�:@>�39H <@2O]S6@?=2�<@2�?9u ∆t > 0 lD Y 6nE H 57�tH 3�D I75M>(6@5 4 H 39H 6@5M:8F,D"3�:8K7H F H 3"u W



m " ������� 9�* ����	�
���
�����	

� KL6n<@2;6@57F u�3 Y 2�F H 572/:8? 4 H �LIMDJH 6@5�TM:8?J3 Y :@D�KL2�2�5�39?92/:*392 4 W ,76@?�3 Y 2;]SI7F F u�576@57F H 572/:8??92/:@>�39H 6@5�% 4 H �LIMDJH 6@5 T7?96@K7F 2�B�6@572 572�2 4 D�2/D"39H[BO:*392/DkKM:@DJ2 4 6@5 3 Y 2NDJI7KM: 474 H 39H <gH 3"u=68]�3 Y 2F 6@�#:8?9H 3 Y BtH[>�1,H TMD9> Y H 39|�>(6@5MD"3�:85#3 l DJ2�2OQ "7W " U l K7Ix3 3 Y 2�u�BO:/u�576OF 6@57�@2�?�K�2ZD Y :8?9T W
� ¿�¿*)û¿&À ' À � 
`½/.�½ �X½0¾uÀX»k. � .6¾ 
 À ' +­Á@) ' 
 �I¿�� � ' Á ��Â 1,6@�#:8?9H 3 Y BtH[>�576@?9BOD,>�:85Z:8F[DJ6�KL2

IMDJ2 4 396=:85M:8F ug|�2�3 Y 2ND"3�:*39H 6@5M:8?9uZT7?96@K7F 2�B Q "7W � U l E Y H[> Y :*]�392�? 4 H[D9>(?92(39H |/:*39H 6@5tK�2/>(6@Bt2/D
Q "7W � s#U T∆xv +G(v) = 0,

E Y 2�?92 vi ≈ u(xi)
:85 4 3 Y 2o]SI75M>�39H 6@5 G H[D 4 2(\M5x2 4 K#u Gi(v) = g(vi)

W�X�Y 2N5#I7Bt2�?9H[>�:8F
DJ6@F Ix39H 6@5�D9:*39H[D"\M2/D
3 Y 2�KL6@I75 4 :8?9u�>(6@5 4 H 39H 6@5MD v0 = vN+1 = 0 W
X 6O?92�T7?92/DJ2�5@3 3 Y 2=2(P7:@>�3NDJ6@F Ix39H 6@5�68]oQ "7W � U�E
2ZH 5#39?96 4 IM>(2�3 Y 2Z<@2�>�396@? U E H 3 Y >(6@B %T�6@572�5#3�D

Ui = u(xi)
:85 4 KL6@I75 4 :8?9u�>(6@5 4 H 39H 6@5MD U0 = UN+1 = 0 W�A H BtH F[:8?9F u l F 2(3 U ′′

Y :/<@2�>(6@BtT�6@572�5#3�D U ′′
i = u′′(xi)

W�X�Y 2�5 u′′ + g(u) = 0
BO:nu�K�2�E ?9H 3J392�5

Q "7W � q#U U ′′ +G(U) = 0

6@5�3 Y 2��@?9H 4 {xi}
W # 5MDJ2�?J39H 57� 3 Y 2�2(P7:@>�3 l �@F 6@KM:8F l DJ6@F Ix39H 6@5 U H[5@396RQ "7W � s#U
E
2�6@Kx3�:8H 5

Q "7W z B U T∆xU +G(U) = −δ,

E Y 2�?92O3 Y 2 ?92/DJH 4 IM:8F δ = U ′′ − T∆xU
H[DZ3 Y 2 .�F 6x>�:8F
2�?9?96@? W 0 Q EN572 Y :@D"392�5MDZ396 : 4743 Y :*3 .��@F 6@KM:8F7?92/DJH 4 IM:8F 0 E
6@I7F 4 392/> Y 57H[>�:8F F u K�2N:�Bt6@?92o:8T7T7?96@T7?9H[:*392�392�?9B W U G u X :/ugF 6@?DJ2�?9H 2/DA2(PxTM:85MDJH 6@5 68]

u(x) l EA2;\75 4
Q "7W z7mnU δ = U ′′ − T∆xU = γ1∆x

2 + γ2∆x
4 + . . .

T7?96n<gH 4 2 4 3 Y :*3 u H[DoDJI
��>(H 2�5@39F u 4 H �L2�?92�5#39H[:8K7F 2 W�X�Y 2�?92(]�6@?92 l :@D ∆x→ 0 l E
2 Y :n<82

Q "7W z � U T∆xU +G(U) → U ′′ +G(U).

# 5 683 Y 2�?oE
6@? 4 D l Q "7W � s#UAH[DN>(6@5MDJH[D"392�5@3NE H 3 Y Q "7W � U W # 5�6@? 4 2�? 396OT7?96*<@2�3 Y :*3o3 Y 2�\M57H 392
4 H �L2�?92�5M>(2 :8T7T7?96nPxH BO:*39H 6@5 H[Dt:8F[DJ6 >(6@5g<82�?9�@2�5#3 l EA2�572�2 4 3�6 T7?96n<@2O3 Y :*3 3 Y 2 �@F 6@KM:8F2�?9?96@?

ε = v − U → 0
:@D

∆x → 0 W # 5 :p]S6@?9BO:8F�2�?9?96@?�:85M:8F uxDJH[D�E
2 \M5 4 3 Y 2�@F 6@KM:8FA2�?9?96@? K#u DJ6@F <gH 57� Q "7W � s#U=:85 4 Q "7W z B U W X 6 3 Y H[Dt2�5 4 E
2�H 5#39?96 4 IM>(2�3 Y 2�BO:8T
F∆x := T∆x +G W # ]�3 Y H[D BO:8T H[D�H 5g<@2�?J39H K7F 2;EA2 Y :n<@2

v = F−1
∆x(0)

Q "7W z@z@:#U
U = F−1

∆x(−δ),
Q "7W z@z8K�U

:85 4 Y 2�5M>(2;3 Y 2��@F 6@KM:8FL2�?9?96@?�K�6@I75 4
Q "7W z � U ‖v − U‖∆x ≤ L2[F

−1
∆x ] · ‖δ‖∆x,

T7?96n<gH 4 2 4 3 Y :*3N3 Y 2 &�d�a�*(c�^ c�d<;�h�_*i��*c�d�cS_*i L2[F
−1
∆x ] < ∞ Y 6@F 4 D W�X�Y H[DoE H F F,]S6@F F 6*E ]S?96@B3 Y 2�I757H ]S6@?9BjBt6@5768396@57H[>(H 3"u�3 Y 2(6@?92�B l K7Ix3�:@D E
2Z:8?92�E
6@?9}gH 57�tE H 3 Y 4 H �L2(?92�5#3�DJTM:@>(2/D:@D

∆x→ 0 l EA2o572�2 4 396=2/D"3�:8K7F H[D Y 3 Y :*3 F−1
∆x

2(PxH[D"3�D
:85 4 H[D %kc 2+&�h�egc�d�
 ����(xc0h�_*iMd�c�i+(M_ (5&E H 3 Y ?92/DJT�2/>�3 396 ∆x→ 0 W
X�Y H[D ?92/w#I7H ?92/D�:ODJH 57�@F 2�>(6@5MD"3�:85#3 0 < Ch <∞
DJIM> Y 3 Y :*3
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 m*~

L2[F
−1
∆x ] ≤ Ch

]S6@?Z3 Y 2 �(iMd�c�b!����a*f c�^ ; 68] BO:8TMD {F−1
∆x}

E H 3 Y 0 < ∆x ≤ h W X�Y 2�5>(6@5#<@2�?9�@2�5M>(2�E H F FG]S6@F F 6nE ]S?96@B >�6@5MDJH[D"3�2(5M>(u�H 5 :@>�>(6@? 4 :85M>(2NE H 3 Y 3 Y 2Z1,:*P�T7?9H 5M>(H T7F 2 W,M6@?A3 Y 2�BO:8T F∆x

EA2 Y :n<82 M2[F∆x] ≤ µ2[T∆x] +M2[G] W�X�Y 2�?92(]S6@?92 l Kgu Q "7W m � U lH 3 Y 6@F 4 DA3 Y :*3 M2[F∆x] < 0
H ]

Q "7W z#r@U M2[G] < π2 − ∆x2π4/12 + O(∆x4).

�o6nEA2�<@2�? l ]�6@?O3 Y 2 >(6@5@39H 5gI76@IMDOT7?96@K7F 2�B EA2RD9:nEV3 Y :*3 MH[g] < π2 �@IM:8?�:85#392�2/Dt:
I757H[w#I72�DJ6@F[Ig3�H 6@5 l >�] W Q "7W q#U l :85 4 EA2;572�2 4 396�D Y 6nE 3 Y :*3 M2[G] ≈MH[g] W# 5�6@? 4 2�?A396t\M5 4 M2[G] l E
2�572�2 4 396�>(6@BtT7Ix392 l ]S6@?oDJI7H 3�:8K7F u 4 2(\M572 4 V :85 4 W l

Q "7W z " U M2[G] = sup
V 6=W

(V −W )T
(

G(V ) −G(W )
)

|V −W |22
.

1,2(3
v, w ∈ H1

0 ∩H2 :85 4R4 2(\M572 Vi = v(xi)
:85 4 Wi = w(xi)

W�X�Y 2�5 l Kgu H 5g<@6@}gH 57�3 Y 2;39?�:8T�2�|�6@H 4 :8FL?9I7F 2�]S6@? 5gI7Bt2�?9H[>�:8FGH 5#392��@?�:*39H 6@5 l

〈v − w, g(v) − g(w)〉H =

∫ 1

0

(

v − w
)(

g(v) − g(w)
)

dx

≈ ∆x

N
∑

i=1

(Vi −Wi)
(

g(Vi) − g(Wi)
)

= ∆x(V −W )T
(

G(V ) −G(W )
)

,

:85 4 F H }@2�E H[DJ2 ‖v −w‖2
H =

∫ 1

0
|v −w|2 dx ≈ ∆x|V −W |22

W G 683 Y :8T7T7?96nPxH BO:*39H 6@5MD
Y 6@F 4 E H 3 Y :85 2�?9?96@?�K�6@I75 4 2 4 Kgu C∆x2 W �o2�5M>(2 l Kgu Q "7W z " U l H 3 Y 6@F 4 DA3 Y :*3
Q "7W zg~8U M2[G] = MH[g] + O(∆x2).

� D�:p>(6@5MDJ2/w#I72�5M>(2 l Q "7W z#r@U H[D�Bt2�?92�F u : 4 H[D9>(?92(392R>(6@I75#392�?9TM:8?J3O396 3 Y 2 :@D9DJI7BtTx39H 6@5
MH[g] < π2 W 1,2(3�IMDk3 Y 2�?92(]S6@?92 DJI7T7T�6#DJ2�3 Y :*3 M2[F∆x] < 0 W$G uZ3 Y 2oIx57H ]S6@?9B Bt6@576�%396@57H[>(H 3�u 3 Y 2�6@?92�B l H 3Z3 Y 2�5p]S6@F F 6nEoD;3 Y :*3 F−1

∆x

H�D�H 5 4 2�2 4 1,H TMD9> Y H 39|�2/w#I7H[>(6@5#39H 5#I76@IMD W
� 6@?92�6n<@2�? l ]S6@?o:8F F ∆x→ 0 l E
2 Y :n<82�3 Y 2�I757H ]S6@?9BjK�6@I75 4
Q "7W z@s#U L2[F

−1
∆x ] ≤ −

1

µ2[T∆x] +M2[G]
.

= 6nE l K#u >(6@B=K7H 57H 57� Q "7W z7mnUA:85 4 Q "7W z � U
H 3 ]S6@F F 6*EoD
3 Y :*3
Q "7W z@q#U ‖v − U‖∆x = β1∆x

2 + β2∆x
4 + . . .

X�Y 2�?92(]S6@?92N3 Y 2 4 H[D9>(?92(39H |/:*39H 6@5�Bt2(3 Y 6 4 H[D >(6@5g<82�?9�@2�5#3�68]�DJ2/>(6@5 4 6@? 4 2�? W

� ��¾uÀX»k. � .6¾ 
VÀ ' + �-¿�¿*)û¿¼»
)�- ' +�½���À�� - ' Á~¾/.0) ' À � À ' À � 
�¾/.�Á­½
�-¾0¾/. ' �
� ]S6@?9BO:8F�DJ2(3J39H 57� ?92(<@2/:8F[DN3 Y :*3�3 Y 2�:85M:8F uxDJH[D;:8K�6*<@2 H[D�68]A�@2�572�?�:8FkH 5#392�?92/D"3�H 5 5gI�%

Bt2�?9H[>�:8FG:85M:8F u7DJH[D W ? 6@5MDJH 4 2�?A3 Y 2�6@TL2�?�:*396@?A2/w#IM:*39H 6@5
Q ~ W mnU F(x) = y,



m/s ������� 9�* ����	�
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�����	

E Y 2�?92 F H[D�:=K7H ��2/>�39H 6@5�68],3 Y 2�]S6@?9B F : Dom(F) ⊂ ξ+X → Im(F) ⊂ Y W �o2�?92 X:85 4 Y :8?92 G :85M:@> Y DJTM:@>(2/D�2/w#I7H T7TL2 4 E H 3 Y E H 3 Y 576@?9BOD ‖·‖X

:85 4 ‖·‖Y l
?92/DJT�2/>�39H <@2�F u l:85 4 ξ +X 4 2�5768392/D�:85 : �O572�DJTM:@>(2;DJ6=3 Y :*3 H 57H 39H[:8FG6@?�K�6@I75 4 :8?9u�>(6@5 4 H 39H 6@5MD�>�:85�K�2:@>�>(6@I75@392 4 ]S6@? W�X�Y 2�DJ6@F Ix39H 6@5 68] Q ~ W mnU
H[D E ?9H 3J392�5 x = F−1(y) W# ]oEA2�H 5@3�?96 4 IM>(2�T�2�?J39I7?9K�2 4p4 :*3�: ỹ = y + δy l EA2�6@Kx3�:8H 5 : T�2�?J39I7?9K�2 4 DJ6@F Ix39H 6@5

x̃ = x+ δx = F−1(y + δy) WFA 3�:8K7H F H 3"u�H[D�576*E :=BO:*3J392�? 68]�KL6@I75 4 H 57�=3 Y 2 4 2�<gH[:*39H 6@5
δx
H 5 392�?9BOD�68]�3 Y 2 4 :*3�: TL2�?J39I7?9KM:*39H 6@5 δy W ,76@?�3 Y 2;3"E
6O572�H � Y KL6@?9H 57�tDJ6@F Ix39H 6@5MD

x+ δx = F−1(y + δy)

x = F−1(y)

3 Y 2 4 H �L2�?92�5M>(2 δx >�:85 KL2;KL6@I75 4 2 4 Kgu
Q ~ W � U ‖δx‖X ≤ LXY [F−1] ‖δy‖Y ,

E Y 2�?92�3 Y 2Z1,H TMD9> Y H 39|Z>(6@5MD"3�:85#3 LXY [F−1]
H[D 4 2(\M572 4 :@D

Q ~ W z#U LXY [F−1] = sup
y1 6=y2

‖F−1(y2) −F−1(y1)‖X

‖y2 − y1‖Y

.

# 5p�@2�572�?�:8F l D"3�:8K7H F H 3"u Bt2/:85MD�3 Y :*3tDJIM> Y :R1,H TMD9> Y H 39| >(6@5MD"3�:85@3=2(PxH[D"3�D=:85 4 H[D�\M57H 392 lH W 2 W l LXY [F−1] ≤ C W A 3�:8K7H F H 3�uRH�DN3 Y 2�?92(]S6@?92 2/w#I7H <*:8F 2�5#3�396 : >(6@5#39H 5#I76@IMD 4 :*3�: 4 2�%T�2�5 4 2�5M>(2 l ?92(]S2�?9?92 4 396Z:@D .�EA2�F F % T�6#DJ2 4 572/D9D 0 H 5OBO:*3 Y 2�BO:*39H[>�D W # 5t5gI7Bt2(?9H�>(:8FM:85M:8F uxDJH[D l
Y 6nEA2�<@2�? l D"3�:8K7H F H 3"u H[DN57683N6@57F u�:�w#IM:8F H 3�:*39H <@2�T7?96@TL2�?J3�u W6# 3NH[DN68]�392�5 w#IM:85#39H \M2 4Gl :85 4Bt2/:@DJI7?92 4 H 5 392�?9BOD 68]N3 Y 2 DJH |�2�68] LXY [F−1] W vN2�TL2�5 4 H 57� 6@5 3 Y 2R>(6@5@392(Pg3 l 3 Y H[D1,H TMD9> Y H 39| >(6@5MD"3�:85@3�H[D�?92(]S2�?9?92 4 396 :@DO3 Y 2 ."D"3�:8K7H F H 3"u >(6@5MD"3�:85#3 0 6@?O3 Y 2 Q0:8KMDJ6@F Ix392nU.">(6@5 4 H 39H 6@5 5#I7B=K�2�? W 0 # ]�DJBO:8F F l 3 Y 2�T7?96@K7F 2�BVH[D >(6@5MDJH 4 2�?92 4 .�EA2�F F %�>(6@5 4 H 39H 6@572 4 W 0
����������� �
	�!#" # 5 3 Y 2 :85M:8F uxDJH[Dt68]�H 57H 39H[:8FN<*:8F I72 T7?96@K7F 2�BOD ẋ = Ax

E H 3 Y 4 :*3�:
x(0) = x0 l

% ;@a72�(xiL_ � &�d�a�*(c�^ c�d<;�68]73 Y 2�|�2�?96;DJ6@F Ix39H 6@5=H[Dk> Y :8?�:@>�392�?9H |�2 4 :@Dk:�>(6@5#39H 5gI7H 3�u>(6@5 4 H 39H 6@5 : x = 0
H[D &�d�a�*(^ ��H ]

Q ~ W � U ∀ε > 0 ∃δ > 0 : |x0| < δ ⇒ ‖x‖∞ < ε.

# 5 392�?9BOD�68]�3 Y 2��M6*E 68]�3 Y 2 E�v�8 l etA : x0 7→ x(t) l EA2 Y :/<@2
Q ~ W r@U |x(t)| ≤ |etA| · |x0|.

X�Y 2�?92(]S6@?92�3 Y 2=|�2�?96ODJ6@F Ix39H 6@5 H[DND"3�:8K7F 2�H ] |etA| ≤ C
]S6@?N:8F F

t ≥ 0 l H 5 E Y H[> Y >�:@DJ2�E
2>�:85�3�:8}82
δ = ε/C WAX�Y IMDo1,u#:8T7Ix576*<�D"3�:8K7H F H 3"u�]S6@F F 6*EoD�H ]k3 Y 2Z6@572�% TM:8?�:*Bt2(392�?A]0:8BtH F[uQS�@?96@I7T�U 68]
BO:8TMD

{etA}
H[D � ��(xc0h�_*iMd�c�i+(M_ (5&�QSE H 3 Y ?92/DJT�2/>�3�396 BO:*39?9H P5C#<@2/>�396@?NBZI7F 39H %

T7F H[>�:*39H 6@5�U�6@5
t ∈ [0,∞) W Q > 2/>�:8F F,3 Y :*3�:tKL6@I75 4 2 4 F H 572/:8?o6@T�2�?�:*396@? H[DN>(6@5#39H 5gI76@IMD W U# 5�683 Y 2�?AE
6@? 4 D l 3 Y 2�D"3�:8K7H F H 3"uO>(6@5MD"3�:85#3 C BZIMD"3 Y 6@F 4 I757H ]S6@?9BtF u ]S6@?A:8F F�BO:8TMD
H 5O3 Y 2]0:8BtH F u W
� >�>(6@? 4 H 57�O396 ��?96@TL6#DJH 39H 6@5 � W m l 3 Y 2=F 6@�#:8?9H 3 Y BtH[>�576@?9B >(6@5 4 H 39H 6@5 µ[A] ≤ 0H[D DJI
��>(H 2�5#3 ]S6@?oD"3�:8K7H F H 3"u l :85 4 H BtT7F H 2/DA3 Y :*3oEA2�>�:85 3�:8}82 C = 1 W

����������� ��	�! � # 5 5gI7Bt2�?9H[>�:8Fg:85M:8F uxDJH[D,3 Y 2�%�a�)
�Ab�c�iLh(c 2�^ � T7F[:nuxDk:85=H BtT�6@?J3�:85#3k?96@F 2 W
X�Y 2;6@TL2�?�:*396@?A2/w#IM:*39H 6@5 H[D�68]�392�5 : TM:8?�:8Bt2(392�?9H |�2 4 ]0:8BtH F u�68]�i+(xf �(b�c0h9a*^12�bJ_�*(^ �(f &
Q ~ W " U Gθ(xθ) = y; θ → 0+
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 m/q

3 Y :*3�:8T7T7?96/PxH BO:*392Z:tF H BtH 39H 57�RfOa*dSe1�(fOa*d�c0h�a*^+2�b9_�*(^ �(f F(x) = y W�X�Y 2ZTM:8?�:8Bt2(392�? θ>�:85R2 W � W K�2t: 4 H[D9>(?92(39H |/:*39H 6@5RTM:8?�:8Bt2(392�?N6@?N3 Y 2O:@>�>(I7?�:@>(u 68]�\M57H 392tT7?92�>(H[DJH[6@5R:8?9H 3 Y %Bt2(39H[>��7H 3oH[D�68]kH 5@392�?92/D"3 396OD"39I 4 u D"3�:8K7H F H 3"u�:@D θ → 0+ W � 2 4 2(\M572;3 Y 2 �(b�b9_*b=Kgu
Q ~ W ~8U δxθ = xθ − x.

X�Y 2 b!�)&�c � (Ma*^�H[DA]S6@I75 4 Kgu�H 5MDJ2�?J39H 57�Z3 Y 2;2(P7:@>�3 DJ6@F Ix39H 6@5 x H 5#396=3 Y 2;5gI7Bt2�?9H[>�:8FLT7?96@K�%F 2�B l :85 4 H 3oH[D 4 2(\M572 4 Kgu

Q ~ W s#U δyθ = y − Gθ(x).

� D9DJI7BtH 57� 3 Y :*3 F :85 4 3 Y 2;]0:8BtH F u {Gθ}
:8?92;H 5#<@2�?J39H K7F 2 l E
2;3 Y 2�5 ]S6@?9BO:8F F u Y :n<@2

‖xθ − x‖X = ‖
(

G−1
θ −F−1

)

(y)‖X

= ‖
(

G−1
θ − G−1

θ GθF
−1

)

(y)‖X

≤ LXY [G−1
θ ] · ‖y − Gθ(x)‖Y .

� 2;3 Y 2�?92(]S6@?92 Y :n<@2�:85 2�?9?96@?AKL6@I75 4 H 5 392�?9BOD 68]�3 Y 2�?92/DJH 4 IM:8F l
Q ~ W q#U ‖δxθ‖X ≤ LXY [G−1

θ ] · ‖δyθ‖Y ,

E Y H[> Y H F F IMD"39?�:*392/D�3 Y 2;1�:*P���?9H 5M>(H T7F 2�:oh�_*i1&�c�&�d3��iLh�;Oa*i�� &�d�a�*(c�^ c�d<;tc�f�2�^ ;�h�_*i�� �(b�`@�(iLh7� W
X�Y 2/DJ2;576839H 6@5MD Y :n<82�3 Y 2;]S6@F F 6*E H 57�tT7?92/>(H[DJ2�H 5#392�?9T7?92(3�:*39H 6@5MD�:

• � _*i1&�c�&�d �(iLh�;�:�3 Y 2�b��)&�c � (Ma*^�D9:*39H[D"\M2/D ‖δyθ‖Y → 0
:@D
θ → 0+ W�X�Y H[DoH[D 2/w#I7H <@%:8F 2�5#3 396

Gθ → F
QSF H BtH 3oH 5 3 Y 2ZDJ2�5MDJ2;68]�D"39?96@57�t>(6@5#<@2�?9�@2�5M>(2nU W

• � (xf �(b�c0h�a*^6&�d�a�*(c�^ c�d<;+: LXY [G−1
θ ] ≤ C

:@D
θ → 0+ W X�Y H[DtH[DO2/w#I7H <8:8F 2�5@3O396%kc 2+&�h�egc�d�
 ����(xc0h�_*iMd�c�i+(xc�d<;O68]�3 Y 2;]0:8BtH F u�68]kH 5#<@2�?�DJ2;BO:8TMD {G−1

θ } W

• � _*i�� �(b�`@�(iLh7��:�3 Y 2 �(b�b9_*boD9:*39H[D"\M2/D ‖δxθ‖X → 0
:@D
θ → 0+. X�Y H[D�H[D�2/w#I7H <*:8F 2�5#3396

G−1
θ → F−1 QSF H BtH 3NH 5�3 Y 2ZDJ2�5MDJ2;68]�D"39?96@57�t>(6@5g<@2�?9�@2�5M>(2/U W

X�Y 2�1�:*P(��?9H 5M>(H T7F 2NH[D�3 Y 2�?92(]S6@?92oBt2�?92�F uO:�BO:*3J392�?A68]�>(6@5#39H 5#I7H 3"u�:kH ]G3 Y 2;:8T7T7?96/PxH BO:*3�%
H 57�o]0:8BtH F u;68]M5#I7Bt2�?9H[>�:8F#T7?96@K7F 2�BOD Y :@D�2/w#I7H[>(6@5@39H 5gI76@IMD�H 5#<@2�?�DJ2/D l 3 Y 2�5Z3 Y 2A5#I7Bt2�?9H[>�:8F2�?9?96@?�>�:85�K�2;BO: 4 2Z:8?9K7H 39?�:8?9H F uODJBO:8F F,K#u�BO:8}gH 57� 3 Y 2�?92/DJH 4 IM:8FGDJI
��>(H 2�5#39F u DJBO:8F F W
� Y H F 2=H 3�H[DoIMDJIM:8F F u�D"39?�:8H � Y 3J]S6@?9E�:*? 4 396�>(6@5MD"39?9IM>�3NBt2(3 Y 6 4 DNDJIM> Y 3 Y :*3N3 Y 2=?92/DJH 4 %IM:8F�H[D�]S6@?�>(2 4 396R|�2�?96 Q0>(6@5MDJH[D"392�5M>(u7U l H 3 H[DZ>(6@5MDJH 4 2�?�:8K7F u Y :8? 4 2�?;396RT7?96*<82t3 Y :*3Z3 Y 2Bt2(3 Y 6 4 H[DA:8F[DJ6Z5gI7Bt2�?9H[>�:8F F uOD"3�:8K7F 2 W � D
EA2 Y :/<@2�DJ2�2�5�H 5�3 Y 2�T7?92�<gH 6@IMD
DJ2/>�39H 6@5MD l 3 Y 2I757H ]S6@?9B Bt6@5768396@57H[>(H 3�u=3 Y 2�6@?92�B 68�L2�?�D
:;TM:*3 Y :8?96@I75 4 3 Y H[D 4 H ��>(I7F 3�u�:kH ] M [Gθ] < 0 l3 Y 2�5 L[G−1

θ ] ≤ −1/M [Gθ]
W �o2�5M>(2O3 Y 2OF 6@�#:8?9H 3 Y BtH[>t1,H TMD9> Y H 39|�>(6@5MD"3�:85#3Z2�F 2��#:85@39F[u

K7?9H 4 �@2/D�3 Y 2;�#:8T�K�2(3"E
2�2�5�3 Y 2�I757H ]S6@?9BCBt6@5768396@57H[>(H 3"u 3 Y 2�6@?92�BC:85 4 3 Y 2;1�:*P���?9H 5M>(H %T7F 2�:�:@D9DJI7BtH 57�=3 Y :*3�3 Y 2;5gI7Bt2�?9H[>�:8F�]0:8BtH F u�68]�BO:8TMDAH[D�572��#:*39H <@2NBt6@5768396@572�57683 6@57F u
�@IM:8?�:85@392�2/D�D"3�:8K7H F H 3"u�K7Ix3NH BtBt2 4 H[:*392�F u��@H <@2/D�I7D�3 Y 2ZD"3�:8K7H F H 3"u�>(6@5MD"3�:85#3o:@D�EA2�F F W
X�Y H[D�:8T7T7?96#:@> Y l Y 6nEA2�<@2�? l Y :@D�H 3�D�6nE 5 4 H ��>(I7F 39H 2/D W ,76@?k2(P7:8BtT7F 2 l 6@572�BO:/uZ}g576*E a2�b�c0_*b�c
3 Y :*3 F H[D Bt6@5768396@572OQ0DJ2�2�2 W � W ��?96@T�6#DJH 39H 6@5 "7W m l 6@? Bt6@?92��@2�572�?�:8F F u l >(6@5MDJH 4 2�?3 Y 2Z1�:8T7F[:@>(H[:85�E H 3 Y vNH ?9H[> Y F 2(3oK�6@I75 4 :8?9H 2/D�U l H BtT7F ugH 57� 3 Y :*3 M [F ] < 0 W�X�Y 2�>(?9IM>(H[:8F



��B ������� 9�* ����	�
���
�����	

X Y

x • • y-F

?

Γθ

?

Γθ

Xθ Yθ

xθ
• • y0�

G−1
θ

x0 • •
yθ�

@
@@R

δxθ

@
@@R

δyθ

,�H �@I7?92�~ W m�: �Zc�&�h(b!�(d�c 
/a*d�c0_*i _ �;_721�(b9a*d�_*b ����(Ma*d�c0_*i F(x) = y & �o2�?92 θ H[D�: 4 H[D9>(?92(39H |/: %39H 6@5 TM:8?�:8Bt2(392�?N:85 4 Γθ

?92�T7?92/DJ2�5#3�Do:O?92�D"3�?9H[>�39H 6@5pQS�@?9H 4 BO:8T�U�]S?96@BV3 Y 2 DJTM:@>(2 X 396
Xθ

:85 4 ]S?96@B Y
396
Yθ
W ? 6@5g<@2�?9�@2(5M>(2t?92/w#I7H ?92/D ‖δxθ‖ → 0

:@D
θ → 0+

�k3 Y H[DZE H F F
]S6@F F 6nE ]S?96@B >(6@5MDJH[D"392�5M>(u l ‖δyθ‖ → 0 l T7?96*<gH 4 2 4 3 Y :*3;EA2 Y :n<82 5#I7Bt2�?9H[>�:8F�D"3�:8K7H F H 3"u lH W 2 W l H ] G−1

θ

H[D 1,H TMD9> Y H 39|�2�wgIxH�>�6@5#39H 5gI76@IMD W vNH[:8�@?�:8BV: 4 :8Tx392 4 ]S?96@B A 392(3J392�?Zy � zn{ W

w#I72/D"39H 6@5�H[D
3 Y 2�5�E Y 2(3 Y 2�?A3 Y 2 4 H[D9>(?92(392�6@T�2�?�:*396@? l Gθ l
.�H 5 Y 2�?9H 3�D 0 3 Y :*3�Bt6@5768396@57H[>(H 3"u lH W 2 W l E Y 2�3 Y 2�?

Q ~ W m B U M [F ] < 0 ⇒ M [Gθ] < 0.

A IM> Y : ?92/w#I7H ?92�Bt2�5#3�3"ugT7H[>�:8F F u�?92/D"39?9H[>�3�DA3 Y 2Z> Y 6@H[>(2;68] 4 H[D9>(?92(39H |/:*39H 6@5 Bt2(3 Y 6 4 D��x3 Y H[DH[D
2 W � W 3 Y 2�>(2�5#39?�:8F�H[D9DJI72NH 5O3 Y 2N3 Y 2�6@?9u 68] B Ct:85 4 G CgD"3�:8K7H F H 3"u l DJ2�2 A 2/>�39H 6@5 � :8K�6*<@2 WA H BtH F[:8?9F u l A 2/>�39H 6@5 " :8K�6*<@2 4 2/:8F[DZE H 3 Y 3 Y 2 >(6@?9?92/DJT�6@5 4 H 57�Rw#I72/D"39H 6@5MD=H 5 : DJH BtT7F 2H 57H 39H[:8F C#K�6@I75 4 :8?9u=<8:8F I72oT7?96@K7F 2�B l E Y 2�?92oEA2o572�2 4 396=H 5x]S2�?A5#I7Bt2�?9H[>�:8FLD"3�:8K7H F H 3�u ]S?96@BBO:*3 Y 2�BO:*39H[>�:8F,D"3�:8K7H F H 3"u W8�P7:8BtT7F 2N~ W � :8KL6n<@2AH[D�DJH BtT7F H \M2 4 W ,�H �@I7?92o~ W mA68�L2�?�Dk:�Bt6@?92�>(6@BtT7F 2(392AH F F IMD"39?�:*39H 6@5 lH 5 E Y H[> Y 3 Y 2 6@?9H �@H 5M:8FoBO:*3 Y 2�BO:*39H[>�:8FoT7?96@K7F 2�B l F(x) = y l H[D�DJ2(3�H 5 : 4 H �L2�?92�5#3DJTM:@>(2Z3 Y :85 3 Y 2=]0:8BtH F u 68]�5gI7Bt2�?9H[>�:8F�T7?96@K7F 2�BOD l Gθ(xθ) = y0
W �o2�?92 y0 = Γθy

H[D�:
?92/D"39?9H[>�39H 6@5�396�:=\M57H 392 4 H Bt2�5MDJH 6@5M:8F l74 H[D9>(?92(392�DJTM:@>(2 W�X�Y 2Z:85M:8F uxDJH[D
3�:8}@2/D
3 Y 2;]S6@?9B

‖δxθ‖Xθ
= ‖

(

G−1
θ Γθ − ΓθF

−1
)

(y)‖Xθ

= ‖
(

G−1
θ Γθ − G−1

θ GθΓθF
−1

)

(y)‖Xθ

≤ LXθYθ
[G−1

θ ] · ‖(ΓθF − GθΓθ) (x)‖Yθ

= LXθYθ
[G−1

θ ] · ‖y0 − Gθ(x0)‖Yθ
= LXθYθ

[G−1
θ ] · ‖δyθ‖Yθ

.

X�Y H[DZH[D : ��_*b �
a*b�� �(b�b9_*b�a*iLa*^ ; &�c�& W X�Y 2�?96@F 2�68]�3 Y 2�?92/D"39?9H[>�39H 6@5p6@T�2�?�:*396@? Γθ

H[D=68]
TM:8?J39H[>(I7F[:8?AH BtTL6@?J3�:85M>(2 W$# 5�: *9a@h����
a*b!�9�(b�b9_*b=a*iLa*^ ; &�c & l 6@572�EA6@I7F 4 39?9ut396 4 2�?9H <@2;:852�?9?96@?oK�6@I75 4 KM:@DJ2 4 6@5 3 Y 2t:@D9DJI7BtTx39H 6@5�3 Y :*3�3 Y 2=5gI7Bt2�?9H[>�:8FkDJ6@F Ix39H 6@5R>�:85RK�2 H 4 2�5�%39H \M2 4 396OK�2;3 Y 2Z2(P7:@>�3oDJ6@F Ix39H 6@5 68]�:tT�2�?J39I7?9K�2 4 BO:*3 Y 2�BO:*39H[>�:8FGT7?96@K7F 2�B W
X�Y 2�2�?9?96@?K�6@I75 4 E
6@I7F 4 3 Y 2�5�K�2�2(PxT7?92/D9DJ2 4 H 5 392�?9BOD�68]�3 Y 2Z1,H TMD9> Y H 39|Z>(6@5MD"3�:85#3 LXY [F−1] W



����
 
�� � 9 ������������� �������
	����4��������
 9 ��	 ����	�
���� ����
�����
 � m

A IM> Y :RKM:@>�}gEA:8? 4 2�?9?96@?ZK�6@I75 4 H[D Y 6*EA2�<82�?=H BtT�6#D9DJH[KxF[2 l ��_*b &�d�b)(Mh(d<(xb9a*^
b���a &�_*i1&�::8K�6*<82
Γθ
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683 Y 2�?
Y :85 4Gl Γθ

:8T7T�2/:8?�DG396N3 Y 2;b�c `negd�68] G−1
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