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Abstract.

In his 1958 thesis Stability and Error Bounds [3], Germund Dahlquist introduced
the logarithmic norm in order to derive error bounds in initial value problems, using
differential inequalities that distinguished between forward and reverse time integra-
tion. Originally defined for matrices, the logarithmic norm can be extended to bounded
linear operators, but the extensions to nonlinear maps and unbounded operators have
required a functional analytic redefinition of the concept.

This compact survey is intended as an elementary, but broad and largely self-
contained, introduction to the versatile and powerful modern theory. Its wealth of
applications range from the stability theory of IVPs and BVPs, to the solvability of
algebraic, nonlinear, operator, and functional equations.
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1 Introduction

Let |- | denote a vector norm on C¢ as well as its subordinate matrix (operator)
norm on C4*¢. The classical definition of the logarithmic norm of a matrix A,

. |[T+hA -1

@ ulA) = g,

)

was introduced in 1958 independently by Dahlquist [3] and Lozinskii [17]. The
limit exists on account of every norm being left and right Gateaux differentiable,
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[7, p. 49]. The left and right limits generally do not coincide; they will turn out
to be related to greatest lower bounds (left limit) and least upper bounds (right
limit), respectively.

Here, p[A] is readily seen to be a right G-differential, [18, p. 66]. It fails to be
a G-derivative as the logarithmic norm is a sublinear functional on C**¢, i.e.,
A + B] < plA] + p[B]. In a few special cases p[] may nevertheless be linear.
For example, if A = X € C we have

(1.2) Al = [Al; p[A] =ReA.

Just as the operator norm measures “magnitude,” the logarithmic norm may be
viewed as an extension of the notion of “real part.” For the spectrum of a general
matrix A it holds that

(1.3) plAl < |A[; afA] < plA],

where p[A] = max; |\;| is the spectral radius and o[A] = max; Re A; is the spectral
abscissa. For a given norm, equality is not often attained in (1.3), but there are
important exceptions. For example, the Euclidean norms, | - |2 and pus[], are
sharp for the entire class of normal matrices.

Further, in analogy with (1.1), one notes that

. plI+hA] -1
(1.4) alA] = hli%l-i- -

However, p[] is not submultiplicative and a[-] is not subadditive; this severely
limits the use of these functionals in stability theory. The spectrum alone cannot
characterize stability: while the spectrum is topologically invariant, stability is a
topological notion. Nevertheless, the logarithmic norm has many links to spectral
bounds, resolvents, Rayleigh quotients, and the numerical range of an operator,
see e.g. [24, Ch. 17]. For instance, pu[A] is the maximum real part of the numerical
range, [21]. Several special fields in mathematics, such as semigroup theory, rely
on notions that are directly related to the logarithmic norm.

There are only a few published surveys of the logarithmic norm and its appli-
cations, see e.g. [9, 20], although there are other sources that provide an excellent
introduction, e.g. [8, pp 27-35]. These references focus on the original definition
(1.1) and its applications to initial value problems for ODEs, emphasizing stabil-
ity and perturbation theory. By reconsidering the definition of pu[-], however, the
logarithmic norm can be extended to nonlinear maps [21]; unbounded operators;
matrix pencils [14]; and to maps on nonlinear manifolds [15]. Today’s theory is
far richer than was originally expected, and the formalism can conveniently be
used in an abundance of applications.

The original idea behind introducing the logarithmic norm was therefore to
derive a topological (norm) condition on A that would guarantee that solutions
to a linear dynamical system

(1.5) T=Ax+r
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remain bounded whenever r is a bounded function of ¢. For ¢ > 0 the norm of x
satisfies a differential inequality,

(1.6) D x| < plA] - |=] + |r(®)]

where D} is the upper right Dini derivative with respect to time t. The upper
left and right Dini derivatives are defined for a function ¢(¢) by

(1.7) (thw) (t) = limsup w .
h—0+

Using this notion, the following simple analysis of (1.5) led to (1.1):
|z(t + k)| — |2(8)]

(1.8a) D/ |z| = limsup

h—0+ h

_ o z@) + ha(t)] — [2()]

(1.8b) o hli%l-‘r h

|+ hA)z(@)] — | ()]
(1.8¢) < Jlim h +[r()]
(1.84) < tm TEPAZ L)) )
(1.8¢) = plA] - [z()] +[r(t)]-

The crucial step was to avoid using the triangle inequality |I + hA| < 1+ h|A|
in (1.8d), as this would lead to the uninteresting differential inequality,

(1.9) D x| < Al Jz(t)] + |r(®)],

where forward and reverse time can no longer be distinguished. Consequently,
every estimate of |z| would grow exponentially. By contrast, as Dahlquist re-
marked, “[the logarithmic norm] can be a negative number” (original emphasis;
we also note that the term “logarithmic norm” is not used in the original ref-
erence), [3, p. 11]. Thus (1.6) does not only distinguish between forward and
reverse time; it may also distinguish between stable and unstable systems.

The sensitivity to the sign of the operator is a key feature of the logarithmic
norm. For example, describing irreversible processes, diffusion-type equations
are well-posed in forward time but ill-posed in reverse. This will be reflected
by the logarithmic norm, making it useful also in semi-group theory. Another
example is in feedback control theory, where negative feedback is commonly used
to stabilize a system.

In this paper we will first review the “classical” theory, which is concerned with
matrix bounds and where the logarithmic norm is defined by (1.1). We will then
develop a general theory, establishing the logarithmic norm within a framework
of nonlinear functional analysis. To this end we shall replace the definition (1.1)
and introduce a more general concept, extending the functional y[] to nonlinear
maps as well as to unbounded operators. The basic relation (1.1) will however
still hold for all bounded linear maps.
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The extended theory will be shown to apply to initial and boundary value
problems; to PDEs; to “algebraic” nonlinear equations; in discretization theory;
and in questions of stability and error bounds. In particular, we will see how
the logarithmic norm is related to, and can quantify, notions such as definite-
ness, ellipticity and monotonicity. A simple proof of the uniform monotonicity
theorem will be given, and we will finally look at finite difference discretization
theory and how the logarithmic norm links the Browder and Minty theorem to
the Lax equivalence theorem.

2 Classical theory

Let us assume that A is a constant matrix. By integration of (1.6), one finds
the basic perturbation bound

t
(2.1) jo(t)] < ez (0)] +/ el =Tl ()| dr
0

for t > 0. There are two cases of special interest. First, if » = 0, an initial
excitation z(0) from the zero equilibrium yields the solution z(t) = e!“x(0). By
(2.1) we then have |e*4z(0)| < e*l4)|2(0)| for every 2(0) and ¢ > 0, hence the
following bound, [3, p. 14]:

PROPOSITION 2.1. Let A € C¥*%. The matriz exponential is bounded by

(2.2) letA] < el >0,

Thus, if p[A] < 0 the zero solution is stable, with exponential stability when-
ever u[A] < 0. In particular, the condition u[A] < 0 implies that the matrix
exponential is a contraction (semi-) group, i.e., [et4| < 1 for t > 0.

The second special case is obtained by taking 2(0) = 0. A perturbation r # 0
then leads to the following bound:

PROPOSITION 2.2. Let A € C™4 and let (0) = 0 in (1.5). The solution x(t)
is then bounded by

ethlAl _ 1

23) ()] < g, ()

on compact intervals [0, T].

In the case u[A] < 0, the bound (2.3) also holds on infinite intervals. Define
[7]lcc = sup;>g |7 (t)]; we then have the uniform bound

7]l

(2.4) lollee < =27

which demonstrates stability, now in the sense that x depends continuously on
the perturbation r. In other words, if ||r||cc — 0 then ||z]o — 0.

Specializing further, consider & = Az + r with p[A] < 0 and r = const. As
p[A] < 0, homogeneous solutions decay (see (2.1)); we can conclude that A is
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nonsingular and that there exists a unique stable equilibrium 2 = —A~!r. Take
z(0) = —A~1r. By (2.4) we then have |A~1r| < —|r|/u[A] for all r. Hence we
have the following unexpected, but important, algebraic property:

PROPOSITION 2.3. Let A € C4*%, Then

1
-1

(2.5) Al <0 = |A7| < A
The condition u[A] < 0 generalizes the notion of a negative definite matrix, and
Proposition 2.3 is a special case of the uniform monotonicity theorem, [18, p.
167], [8, p. 147]. The propositions above also apply to bounded linear operators.
Moreover, in (1.6) the matrix A could also be time-dependent. As u[A(t)] is
then time-dependent as well, a simple modification of (2.1) is needed.

In Stability and Error Bounds [3], Dahlquist considered (1.5) as a variational
equation modelling the error propagation in strongly stable time-stepping meth-
ods. Without going into full detail, r(¢) then represents a defect, while x(t)
represents the accumulated global error at time ¢. Assuming that ||r||. = KhP,
where h is the step size and x a constant, the global error is bounded by (2.3),
where u[A] captures the dynamics of the problem. The method is convergent, as

eTrlAl _q
plA]

at a fixed time T'; the global error can be made arbitrarily small by reducing h.
Before the advent of logarithmic norms, “classical” convergence proofs (still

seen in many texts) derived estimates using the Lipschitz constant, |A|, essen-
tially starting from (1.9). Then

(2.6) |x(T)| < Cp(T) - kR, with Cp(T) =

eTlAl —1

(2.7) [2(D)] < Cu(T) - wh?, - with C(T) = —

Although it mathematically proves convergence, this bound is seriously flawed.
In his lectures, Dahlquist suggested considering e.g. |A| = 10 and T' = 10; then
CrL(T) ~ 3-10*2. “Such ‘constants’ do not belong in numerical analysis!”, he
exclaimed with fervor; and one learned to look twice at every O(hP) claim.

Yet this is a benign example, for in stiff problems the product T'|A| may be
huge. For example, consider a parabolic equation solved by the method of lines.
Then one typically has ps[A] < 0 in (2.6), implying that the error is uniformly
bounded for t > 0. The bound (2.7), however, is now “wrong in principle,” as
Dahlquist put it, [6], as it estimates the error for the ill-posed, reverse time
problem. Since |A| = | — AJ, these cannot be distinguished, see (1.9).

Still, (2.7) is often called “sharp,” although (2.6) is sharper as a matter of
course. This can be illustrated by considering A = A € C; then (1.2) shows that
(2.6) is sharp for any A € C, while (2.7) is merely sharp on a set of measure zero,
i.e., when A € RT. For more general spaces, however, even (2.6) often signifi-
cantly overestimates the error. Nevertheless, its ability to distinguish between
forward and reverse time sets it apart both in theory and practice.



6 GUSTAF SODERLIND

Both [3, 8] and the surveys [9, 20] provide tables for how to compute u[A] for
the most common norms, as well as numerous basic properties of the logarithmic
norm. We refer to [8, p. 35] for a summary; most of these properties will be found
below in a more general functional analytic setting.

In spite of its virtues, the logarithmic norm needs critical examination. In
particular, as the original definition (1.1) excludes applications that are well
within reach, it appears to be unfortunately chosen. For example, noting that a
one-step method with stability function R(z) approximates e"” by the rational
matrix function R(hA), we have

. |R(hRA)| -1
@9 A = Ji EEGE
If used as a definition, (2.8) might admit unbounded linear operators, e.g. for
subdiagonal Padé approximations like R(z) = 1/(1—2z). Moreover, inner product
norms offer further alternatives for unbounded operators. Considerations of this
kind eventually led to redefinitions of the logarithmic norm in order to extend
its applicability.

3 Lipschitz maps

Leaving the classical theory, we first turn to nonlinear maps. For a long time
linearization was used, with the logarithmic norm applied to the Jacobian. The
modern approach, however, is functional analytic.

Let f: D C X — X. We define two functionals, the least upper bound (lub)
and greatest lower bound (glb) Lipschitz constants, by

utv lu — | uzv |u — v

)

for u,v € D, where the domain is assumed to be path-connected, see [21]. With
these definitions, it holds that

(3-2) U =] <[f(u) = )] < L[f] - Ju—2].

If I[f] > O, then f(u) — f(v) implies that w — v. Then f is an injection, with
an inverse on f(D), just as a matrix A is invertible if its glb is strictly positive.
Moreover, L[f~!] = I[f]~!, where L[f~1] is naturally defined over f(D).

One easily shows that the lub Lipschitz constant is an operator semi-norm,
generalizing the matrix norm: if f = A is a linear map then L[A] = |A|. Hence
L[] has left and right G-differentials. For the class of Lipschitz maps, this allows
us to define two more functionals on D, the lub logarithmic Lipschitz constant
and the glb logarithmic Lipschitz constant, by

LI+ hf] - LI +hfl —
(3.3) M[f]:hli%i%; m[f]:hli%i%’

where we note that the lub logarithmic Lipschitz constant generalizes the usual
logarithmic norm; for every matrix A we have M[A] = u[A]. The glb logarithmic
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Lipschitz constant satisfies m[f] = —M|[—f]; this is an analogy to the relations
I[f]=L[f~']7" and glb[A] = [A~!|7".

The logarithmic Lipschitz constants have a number of important properties
that are useful in nonlinear analysis. We state them without proof; all of them
are easily proved. The left inequality of Proposition 3.1.1 corresponds to the
uniform monotonicity theorem, see also (3.4) below.

PRroproSITION 3.1. Let f and g be Lipshitz on a domain D. Then

1 1] < MIf] < LIf)

2. M[f +zI]=M[f]+Rez

3. Mlaf] = aM]|f], a>0

4- M[f]+mlg] < M[f +g] < M[f] + M[g].

With the definitions above, the classical theory is fully extended to nonlinear
problems. This includes initial value problems of the form & = f(x), as well
as algebraic equations of the general form f(x) = y, [21]. For example, (2.5)
becomes

e~
(3.4) M[f]<0 = L[f7']< M
A map with M[f] < 0 is called uniformly negative monotone; (3.4) says that f
is then an injection, and has a Lipschitz continuous inverse defined on f(D). As
a result, the equation f(z) =y has a unique solution « € D for any y € f(D).
For the problem & = f(z), error bounds like (2.3) and (2.6) carry over, with
p[A] replaced by M|[f]. Hence questions of stability, convergence and error
bounds do not require linearization in this setting. As for stability, the difference
between two solutions v and v to & = f(z) satisfies the differential inequality

(3.5) Df [u— v < M[f]- |u —vl.

We now assume that (I + hf)(D) C D for 0 < h < &y, and denote the flow by
el . 2(0) — x(t) (where, obviously, the flow has the group properties %/ = I;
(et)=1 = e~t/; and etfe*/ = e(t+9)]). Then we have, by (3.5),

(3.6) L[etf] < etM[f]; t>0.

For example, if M[f] < 0, then L[e!/] < 1 on D for ¢ > 0, implying that solutions
to the dynamical system & = f(x) are exponentially stable. Thus, to a monotone
vector field f there corresponds a contractive flow et/ .

4 Monotonicity and contractivity

A few numerical methods preserve this relation between monotonicity and
contractivity, and approximate the flow by discrete contractive maps. As an
example, the implicit Euler method applied to & = f(x) yields the recursion

(4.1) Tpir = (I —hf) Han).
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Consider the map g := hf —1I, and assume that g(D) = X (this allows the recur-
sion above). Apply (3.4) under the assumption M[g] < 0 and use Proposition
3.1.2-3 to obtain, for h positive,

1
< —
= 1= hM[f]

In particular, if M[f] < 0, then (I — hf)~! is a contraction for all h > 0. Not
only is the continuous flow contractive, but so is the discrete flow. Moreover,
this holds irrespective of the size of hL[f], which makes the property of interest
in the analysis of stiff systems.

In 1963, Dahlquist introduced A-stability [4], as a method criterion to guaran-
tee that every scalar problem & = Az with Re A < 0 also has bounded numerical
solutions, replicating the mathematical behaviour. As we saw in Section 2, if a
one-step method is applied to a linear system, we obtain z,+; = R(hA)x,. The
method is A-stable if R maps the left half-plane C~ into the unit disk. Inter-
estingly, by a minor modification (from polynomials to rational functions) of an
operator theoretical result due to von Neumann [25], we have the following:

PROPOSITION 4.1. Let R(z) be a rational function, and let |-|2 and ps[-] be the
FEuclidean norm and logarithmic norm, respectively. Let A be a linear operator.
If Rez <0 = |R(2)| <1, then Vh > 0, us[hA] <0 = |R(hA)|2 < 1.

Thus every A-stable one-step method applied to a linear, constant coefficient,
monotone problem in Hilbert space preserves contractivity. This raises new and
important questions: can this result be generalized to e.g. (¢) arbitrary norms;
(4i) nonlinear dynamics; and (44) multistep methods?

As for general norms, the answer is no: the method’s order cannot exceed
p = 1 for contractivity in the max norm, [22]. Thus the implicit Euler method
is essentially the only method for which we have a result of the type (4.2).

The increasing interest in nonlinear stability concepts led in the 1970s to the
study of dissipative problems, where inner products were used. Thus, if we let
(-, -y#¢ denote an inner product on a (complex) Hilbert space H, we have

(4.3) My[f] = sup Re <u< __U» f(u)_— >f(“)>7nt7
u#v U—0v,u —V)H

(4.2) AM[f] <1 = L[I—-hf)"Y

which is equivalent to (3.3) if f is Lipschitz. The functional My[-] still has all
the properties in Proposition 3.1.

Again, f is uniformly negative monotone if My[f] < 0, in which case the con-
tinuous flow is contractive. Would A-stability be sufficient in order to preserve
contractivity? Ideas related to this question can be found already in [4], and were
successively refined when Dahlquist introduced the notion of G-stability for mul-
tistep methods. In turn, Butcher introduced B-stability for one-step methods [1]
and derived the necessary conditions on the method coefficients for B-stability.
An example is the trapezoidal rule and the implicit midpoint method. Both are
A-stable and share the same stability function,

_14z/2

R(z) = 1_72/27
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but only the implicit midpoint method is B-stable (preserves contractivity).
When applied to # = f(x), they produce two different recursions,

(4.4a) Topr = (I=(h/2f) o (I+(h/2)f) ()  (TR)
(4.4b) Tupr = (T+(h/2)f) o (I—(h/2)f) (zn). (IM)

Due to non-commutativity, R(z) alone cannot fully characterize a method in
the nonlinear case, implying that the methods have different nonlinear stability
properties. Here only the second method above can be shown to be preserve
contractivity, on account of the polarization identity in Hilbert space, [21]. This
differs from the case in Proposition 4.1, where linear operators commute.

For multistep methods, Dahlquist proved that G-stability is equivalent to A-
stability in 1978, [5]. In view of (4.4) this claim needs qualification: it only
applies to the class of “one-leg” methods. But each multistep method has a
“one-leg twin” method, with identical linear stability properties. For example,
the implicit midpoint method is the one-leg twin of the trapezoidal rule. The
point was that if the one-leg method was contractive, then its multistep twin
could trivially be proved stable, although not contractive.

The desire to derive error bounds under the sole assumption My [f] < 0, i.e.,
irrespective of the size of the Lipschitz constant hL[f], led to the theory of
B-convergence, [11, 16]. This departs from classical convergence theory, as the
usual Lipschitz continuity (boundedness) assumption is dropped.

For mathematical (but not numerical) applications a theory for unbounded
operators already existed. In nonlinear dissipative evolution equations, the con-
tractivity and convergence of the implicit Euler method are used as standard
proof techniques for existence and uniqueness, [2]. Nevertheless, in order to con-
sider a numerical treatment of unbounded operators, such as partial differential
operators and their discretizations, one must consider alternative definitions of
the logarithmic norm. For evolutions in Hilbert space (4.3) has recently been
used to improve convergence results for Runge-Kutta and multistep methods,
[12, 13]. For Banach space applications, special techniques are needed.

5 TUnbounded operators in Banach space

In Banach spaces one can emulate some of the properties in Hilbert space
theory by the use of semi-inner products, [7, p. 123].

DEFINITION 5.1. Let X be a real Banach space. For u,v € X the left (-,-)—
and right (-, )+ semi-inner products are defined by

o lu At holl = Jlu]

5.1 = 1 _.

(5.1) (u,v)+ = Jlul lim, 5

As every norm possesses left and right G—differentials, the limits in (5.1) exist.
From (5.1) it follows that the semi-inner product induces the norm in the usual
way: (u,u)+ = |lul|?>. Conversely, if the norm || - || is induced by a true inner
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product, then (u,v)yx = (u,v). One of the most important properties of the
semi-inner products is that they satisfy the Cauchy—Schwarz inequalities

(5.2) —llull- vl < (u, v)2 < Jlul] - vl

The following elementary properties of the semi-inner products are straightfor-
ward consequences of the vector norm properties:

PRrROPOSITION 5.1. For u,v,w € X,

1. (u,—v)x = —(u,v)5

2. (u,aw)y = o(u,v)1; a>0

3. (u,v)- + (u,w)x < (u,v4+w)x < (u,v)4 + (u,w)4.

Each equality and inequality of Proposition 5.1 is two-fold: one combines the
left and right semi-inner products by choosing either the upper or the lower
subscripts. Proposition 5.1.3 shows that the two semi-inner products are almost
equal. Equality holds, i.e. (u,v)+ = (u,v)_, if and only if the dual space X* is
strictly convex. That condition excludes || - | o0, but the two semi-inner products
are nevertheless equal a.e. in this topology, [7, p. 124].

Semi-inner products are directly related to the upper Dini derivatives through

(uaﬂ):l:
[l

(5.3) Dif|ull = [l

see [7, p. 124]. Differential inequalities generalizing (1.6) and (3.5) are then
obtained by defining the logarithmic Lipschitz constants accordingly. Therefore,
in view of (4.3) and (5.3), we make the following, fully general, definition.

DEFINITION 5.2. Let f : X — X. The least upper bound logarithmic Lipschitz
constants with respect to the semi-inner products (-,-)+ are defined by

(5.4) ME[f] = sup (u—wv, f(u) = f(v), .

urtv lu = ]2

Similarly, we define the greatest lower bound logarithmic Lipschitz constants by

(5.5) m*[f] = inf

The classical definition (1.1) is a G-differential of a supremum, the Lipschitz
constant. The extended definition (5.4) is essentially the converse, the supre-
mum of an expression containing a G-differential. Although [20] comes close
to suggesting a similar idea, this approach was never explored in the classical
theory, as dissipative evolution equations were not considered.

Comparing (5.4) to (3.3), we note that M~[f] < M*[f] < M[f] for any f.
However, M~ [f] = M*[f] = M[f] if the norm is induced by an inner product.
Further, the basic properties of the logarithmic Lipschitz constant (5.4) show
that Definition 5.2 is compatible with, and covers, the previous theory:
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PROPOSITION 5.2.

1. =I[f] < M*[f] < L[f]

2. M*[f + zI] = M*[f] + Rez
3. M*[af] = aM*[f], a>0
4. ME[f +g] < ME[f] + MT[g].

The inequalities of Proposition 5.2.4 combine the left and right semi-inner prod-
ucts (as in Proposition 5.1, one chooses either the plus or the minus signs).
Since subadditivity is important when deriving stability conditions and pertur-
bation bounds, one may prefer to use the right semi-inner product and M*[f],
even if marginally stronger results might be obtained with the left. As already
mentioned, the left inequality of Proposition 5.2.1 merits special attention:

PROPOSITION 5.3. (Uniform Monotonicity Theorem) Let D C X be path-
connected and assume that f : D — f(D) C X. Then

1 1
(5.6) M*[f]<0 = L < = 3=

Using semi-inner products, the proof is completely elementary. By combining
the lower Cauchy—Schwarz inequality (5.2) with (5.4) we have

= oll - ) — F@) < (- v, fl) — f(0)), < ME[F] - u— ]2

Hence
sup — ”f(u) — f(U)H < M:I:[f] <0
uFv HU_UH

and it follows that
—I[f] < MF[f] <0,
see (3.1). Therefore, I[f] > —M¥*[f] > 0 implies that f~! exists on f(D), and

1 1
L[f ]S_MT[f]’

where L[f~!] is defined on f(D). If D = X one needs to prove, in addition, that
f~1is defined on all of X; this usually follows by coercivity.
6 TUnbounded operators in Hilbert space

Although the definitions above are general, Hilbert space theory offers the most
important examples of how to use the logarithmic norm in infinite dimensional
spaces. As a simple illustration, we consider the 1D reaction—diffusion problem

(61) Ut = Ugy + g(u)
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with boundary data u(t,0) = u(t,1) = 0. We let H = L2[0,1] and consider
functions u,v € H} N H? C L?[0, 1], with the usual inner product and norm,

1
(6.2) (v = / w(@p(@)de;  Jul = u ).

Introduce the operator f = 9?/0x2 + g, consisting of the unbounded diffusion
operator 0%/0x?, with a bounded (Lipschitz) nonlinearity g representing the
reaction part. The problem (6.1) is then an ODE on a Hilbert space,

(6.3) i = f(u).

We are interested in the stability of w(t, ) as ¢ — oo, and whether there is a
unique equilibrium solution, satisfying the two-point boundary value problem

(6.4) W gw) =0 u(0) = u(l) =0,

where ’ denotes d/dz. The logarithmic Lipschitz constant answers both ques-
tions, the first via Dini derivatives and differential inequalities, and the second
via the uniform monotonicity theorem.

We first need to find My[d?/dz?] on H} N H?[0,1]. Integrating by parts,
making use of the homogeneous boundary conditions, we find

1 1
("o = (ol == [l @) < [ fule) e =~ e
0 0

where the standard Sobolev—type inequality at the center is easily proved by
Fourier analysis. Hence (u,u”)y < —7m%(u,u)s for all u € HE N H?[0,1], with
equality for the function u(x) = sinmz. We therefore have:

PROPOSITION 6.1. Let My[-] be defined by (4.3). Then, on Hi N H?[0,1],
(6.5) My [d?/da?] = —72.

Equivalently, my[—d?/dz?] = 72. This quantifies the ellipticity of —d?/dz?2.
We now investigate the stability of (6.1). As My[] is subadditive, it holds that
(6.6)  My[f] = My[0?/02” + g] < My[0?/02”] + My[g] = —7° + My[g].

Let w and v be two different solutions of (6.1). Then, using Dini derivatives and
the differential inequality (3.5), we have

(6.7) lut, ) = v(t, 2 < A= (0, ) = v(0, )¢

Hence if the reaction term satisfies My [g] < 72 (this allows “stiff” reactions but
limits their instability) the solution u(t, ) of the system is exponentially stable.

Moreover, whenever My[g] < 72, (6.4) is readily seen to have a unique solu-
tion. By (6.6), the map f = d?/dz? + g is then uniformly negative monotone,
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with a Lipschitz continuous inverse on L2[0, 1] according to the uniform mono-
tonicity theorem 5.3. This analysis applies to perturbations of the type

(6.8) v+ g(v) = p(x),

with p € L?[0, 1], using the original, unperturbed boundary conditions for v. As
Ly[f~1] < —1/My[f], one then obtains

pll >
(6.9) fu—vlhe < 2
Hence p — 0 implies © — v, and the solution therefore depends continuously on
the data, cf. (2.4). For clarity, the norm of the “data space,” || - || 2, is here dis-
tinguished from the norm on the “solution space” H} N H? C L? of continuously
differentiable functions. The conditions above are sufficient conditions only, and
solutions may both exist and be unique under weaker conditions.

Discretization. The simplest finite difference method for (6.1) on an equidis-
tant grid with Az = 1/(N + 1) approximates u,, by central differences

Vo1 — 20; + Vg1
Az? ’

(6.10) Ugpy N

with boundary conditions vg = 0 and vy 41 = 0. The diffusion equation u; = Uy,
is therefore approximated by a method of lines ODE system,

(6.11) b = Taqv,

where v;(t) = u(t,i - Ax), and the N x N Toeplitz matrix Ta,, approximating
0? /022 on the grid, is given by

1 .
(6.12) Trr = A—m?tndlag(l -2 1).

The eigenvalues of Th, are known analytically, and are given by

km

(6.13) Me(Taz) = —4(N +1)* sin? AN+ 1)

k=1,...N.

For k < N, these are in very good agreement with the eigenvalues of 9%/922,
which are \,(0?/02%) = —(kx)? for k € ZT. Moreover, as Ta, is normal, its
Euclidean logarithmic norm equals its spectral abscissa, A;(Ta.). Hence

4 A
(6.14) w2lTag] = — A2 sin? sz = —7m? + Az?7 /12 + O(Az?).
The logarithmic norm of the discretization is therefore very close to that of the
continuous problem, My[0%/02%] = —72. The method of lines ODE (6.11) has
exponentially stable solutions, as well as a unique equilibrium (which for the
homogeneous diffusion problem is the trivial solution 0).
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Can one compare pz[] on RN to My[-] on HE N H?? The answer is yes: for
the continuous problem the norm is the standard L? norm, and

1 N
1
2 2 2 2 2
= de ~ —— | = Ax - =
l|ul|% /0 lu(x)|” dz N1 21 |vi T - |vf3 vllAzs

where the integral is approximated by the trapezoidal rule, and u(z;) by v;. The
norm ||v||a. is the discrete L? norm, with the corresponding operator norm

| Av]|A Az -|Av]3 5
(6.15) ||AH2A = sup L = sup = |Al5.
g0 AL ezo Az fuf3 ?

Likewise, uas[A] = p2[A]. Therefore the Euclidean logarithmic norm pg[Ta,] is
the discrete counterpart to the L? logarithmic Lipschitz constant My [0?/02?)].

Stability, CFL conditions, and stiffness. Due to the stiffness of the system
(6.11), explicit methods suffer severe step size restrictions caused by stability
conditions. Consider the explicit Euler method with step size At,

(616) Vj41 = (I + At - TAm)Uj'

As the Euclidean norm is sharp for normal matrices in general and symmetric
matrices such as Ta, in particular, stability can in this particular case be studied
in terms of eigenvalues. As I+ At-Ta, is symmetric as well, the solution remains
bounded if and only if

(6.17) [T+ At-Taglz < 1.
Here |I + At - Tazla = p[I + At - Tay]. Therefore, by (6.13),

At
(6.18) |I + At - TAw‘Q = |1 + At - )\N(TAI)| = |1 - 4A—l’2(1 — O(ALL'Q)) ‘

We may therefore approximate the stability condition (6.17) by

At
6.19 1-4—|<1
(6.19) -4l < 1,
which leads to the classical CFL condition At/Az? < 1/2.
The CFL condition can be linked to stiffness. In order to do this, we note
that in the case above, |I + At - Tagzlo = At - |Taz|2 — 1. Hence the exact CFL
condition

2
6.20 At < ——.
(620 = Tnrls
This condition is identical to the classical view on stiffness around 1970: an
explicit method requires At - L[f] to be small, therefore (some) “problems with
large Lipschitz constants” would be stiff.
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But that characterization fails to distinguish forward and reverse time. In-
stead, we express (6.17) in terms of the glb logarithmic Lipschitz constant (cf.
Section 3 and (5.5)), once again using the sharpness of the Euclidean norms:

(6.21) I+ At-Tagls = —mo[l + At-Tag] = —1 — mo[At - Ta,] < 1.

Hence the exact CFL condition can now be written

2

(6.22) At < — Tl

, orequivalently At < ———.
NQ[_TAI]

Just as L[eAtf] < eA+M1f] measures maximal perturbation growth over an inter-
val At in forward time, Lfe=2*/] < e=2t"If] measures perturbation sensitivity
in reverse time. This suggests that stiffness can be measured by the product
|At-m][f]|. Stiffness thus depends in part on the problem, as quantified by m/[f],
and in part on the method and accuracy criterion, which together determine At.

The CFL condition (6.22) is interpreted as expressing the fact that the flow
of (6.11) is “nearly” a semigroup. Therefore, the reverse time problem is numer-
ically ill conditioned, as can be expected from time discretizations of parabolic
problems. But this is a general property of stiff dissipative problems. Although
not formulated mathematically, similar thoughts have occurred in the literature:
“A way we prefer for describing the latter condition is that [v(¢)] is very unstable
in the opposite direction [of time]”, see [19, p. 4].

Turning now to implicit methods, we apply the implicit Euler method to (6.11):

(6.23) vi1 = (I = At-Tag) ;.

As a symmetric matrix has a symmetric inverse, (6.23) is stable if and only if
(6.24) (I = At-Ta,) 'y < 1.

Now, as pa[At - Ta,] ~ —At -2 < 1 we can apply (4.2) and obtain

1 ~ 1

-1
6.25 I—At-Ta, < ~
(6.25) ( aa) 2 < 1 — po[At-Tar] 1+ AL-72

<1

The method is unconditionally stable for At > 0; there is no CFL condition.
Finally, if we look at the trapezoidal rule (Crank—Nicolson method) we have

At _ At
(6.26) v = (I = 5 Ta) Y+ 5 Tac)v,
and the method is stable if
At _ At
(6.27) (1= 5 Tae) (T4 5 Taa)l2 < 1.

Here Th, is linear, allowing us to apply von Neumann’s Proposition 4.1. Hence,
as p2[Ta,] < 0, the Crank-Nicolson method is contractive for every At > 0,
showing its unconditional stability.



16 GUSTAF SODERLIND

Above only the linear diffusion part has been treated. For the fully nonlinear
reaction-diffusion problem one needs estimates based on the subadditivity of the
logarithmic Lipschitz constant, see (6.6), but they may no longer be sharp.

Error analysis, stability and convergence. Logarithmic norms can also be
used to analyze the stationary problem (6.4), which after discretization becomes

(6.28) Tazv + G(v) =0,

where v; = u(z;) and the function G is defined by G;(v) = g(v;). The numerical
solution satisfies the boundary conditions vy = vy = 0.

To represent the exact solution of (6.4) we introduce the vector U with com-
ponents U; = u(x;) and boundary conditions Uy = Uy1 = 0. Similarly, let U”
have components U/ = u”(x;). Then uv” + g(u) = 0 may be written

(6.29) U'+GU)=0
on the grid {z;}. Inserting the exact, global, solution U into (6.28) we obtain

where the residual § = U” — Ta,U is the “local error.” (One hastens to add
that “global residual” would technically be a more appropriate term.) By Taylor
series expansion of u(x), we find

(6.31) §=U" — TaU = 11 Az? + yoAxt 4 ...
provided that w is sufficiently differentiable. Therefore, as Ax — 0, we have
(6.32) TaU+GU) — U"+GU).

In other words, (6.28) is consistent with (6.4). In order to prove that the finite
difference approximation is also convergent, we need to prove that the global
error ¢ = v — U — 0 as Az — 0. In a formal error analysis we find the
global error by solving (6.28) and (6.30). To this end we introduce the map
Fay := Tha, + G. If this map is invertible we have

(6.33a) v = FiH0)
(6.33D) U = FxL-9),

and hence the global error bound
(6.34) lo = Ullas < La[Fxz] - 18] ac,

provided that the stability condition Lo[Fx}] < oo holds. This will follow from
the uniform monotonicity theorem, but as we are working with different spaces
as Az — 0, we need to establish that F&; exists and is Lipschitz equicontinuous
with respect to Az — 0. This requires a single constant 0 < C, < oo such that



THE LOGARITHMIC NORM. HISTORY AND MODERN THEORY 17

Ly[FX}] < Oy, for the entire family of maps {Fy!} with 0 < Az < h. Then
convergence will follow from consistency in accordance with the Lax principle.

For the map Fa, we have Ms[Fa,] < ua[Taz] + Ma[G]. Therefore, by (6.14),
it holds that Ms[Fa.] < 0 if

(6.35) Ms[G] < 7% — Az?7* /12 + O(Azx?).

However, for the continuous problem we saw that My[g] < 72 guarantees a
unique solution, cf. (6.9), and we need to show that Ms[G] ~ My]g].
In order to find M>[G], we need to compute, for suitably defined V and W,

_ (V-W)HG(V) - GW))
(6.36) Ms[G] = Vsigv TS .

Let v,w € H} N H? and define V; = v(z;) and W; = w(x;). Then, by invoking
the trapezoidal rule for numerical integration,

1
(v —w,g(v) — g(w))p = / (v —w) (g(v) — g(w)) dz
N

Az (Vi = Wi) (g(Vi) — g(W7))

=1

= Ax(V-W)T(G(V) - GW)),

Q

and likewise |jv — wl|3, = fol |v —w|?dz ~ Az|V —W]|3. Both approximations
hold with an error bounded by CAx2. Hence, by (6.36), it holds that

(6.37) Ma[G] = Myg] + O(Az?).

As a consequence, (6.35) is merely a discrete counterpart to the assumption
My [g] < 72. Let us therefore suppose that M>[Fa,] < 0. By the uniform mono-
tonicity theorem, it then follows that FA_; is indeed Lipschitz equicontinuous.
Moreover, for all Az — 0, we have the uniform bound

1 1
(6.38) folfarl <= t2[Tas] + Ma[G]

Now, by combining (6.31) and (6.34) it follows that

(6.39) v = Ullae = BrAz® + BoAzt + ...
Therefore the discretization method is convergent of second order.

7 Stability and error bounds: a functional analytic setting

A formal setting reveals that the analysis above is of general interest in nu-
merical analysis. Consider the operator equation

(7.1) F(z) =y,
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where F is a bijection of the form F : Dom(F) C £+ X — Im(F) C Y. Here X
and Y are Banach spaces equipped with with norms ||-||x and ||-||y, respectively,
and £ + X denotes an affine space so that initial or boundary conditions can be
accounted for. The solution of (7.1) is written z = F~1(y).

If we introduce perturbed data § = y + dy, we obtain a perturbed solution
T =x+ 0z = F(y + dy). Stability is now a matter of bounding the deviation
dx in terms of the data perturbation dy. For the two neighboring solutions

r+ox = F ly+oy)
@ FHy)
the difference dx can be bounded by
(7.2) 162l x < Lxy [F~ '] I6ylly,

where the Lipschitz constant Lxy[F 1] is defined as

(7.3) LXY[}—*l] — sup | F~(ya) — fﬁl(yl)”X‘
Y17y2 ly2 — v1lly

In general, stability means that such a Lipschitz constant exists and is finite,
i.e., Lxy[F~1] < C. Stability is therefore equivalent to a continuous data de-
pendence, referred to as “well-posedness” in mathematics. In numerical analysis,
however, stability is not only a qualitative property. It is often quantified, and
measured in terms of the size of Lxy[F~!]. Depending on the context, this
Lipschitz constant is referred to as the “stability constant” or the (absolute)
“condition number.” If small, the problem is considered “well-conditioned.”

ExXAMPLE 7.1 In the analysis of initial value problems @ = Az with data
x(0) = xo, Lyapunov stability of the zero solution is characterized as a continuity
condition: x = 0 is stable if

(7.4) Ve>0 30>0: |z <d = ||2]co <e.
In terms of the flow of the ODE, e : xy ~— x(¢), we have
(7.5) ()] < Je4] - |z)-

Therefore the zero solution is stable if |e“‘| < C for all t > 0, in which case we
can take 6 = ¢/C. Thus Lyapunov stability follows if the one-parameter family
(group) of maps {e*4} is equicontinuous (with respect to matrix-vector multi-
plication) on ¢ € [0,00). (Recall that a bounded linear operator is continuous.)
In other words, the stability constant C' must hold uniformly for all maps in the
family. According to Proposition 2.1, the logarithmic norm condition u[A] <0
is sufficient for stability, and implies that we can take C' = 1.

EXAMPLE 7.2 In numerical analysis the Lax Principle plays an important role.
The operator equation is often a parameterized family of numerical problems

(7.6) Go(zg) = vy; 6 — 0+
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that approximate a limiting mathematical problem F(x) = y. The parameter 6
can e.g. be a discretization parameter or the accuracy of finite precision arith-
metic; it is of interest to study stability as § — 04. We define the error by

(7.7) 0xg = xg — .

The residual is found by inserting the exact solution = into the numerical prob-
lem, and it is defined by

(7.8) dyg =y — Go(x).
Assuming that F and the family {Gy} are invertible, we then formally have
lzo —alx = (G5 —F") Wlx

1(Gs" =G5 'GoF ") (W)l x
Lxy[Gy ']y — Go(x)|y.

IN

We therefore have an error bound in terms of the residual,

(7.9) 1620]lx < Lxy[Gg ]+ lloyelly,

which illustrates the Lax Principle: consistency and stability imply convergence.
These notions have the following precise interpretations:

e Consistency: the residual satisfies ||0yg||ly — 0 as § — 0+. This is equiv-
alent to Gg — F (limit in the sense of strong convergence).

e Numerical stability: ny[ga_l] < C as 6 — 0+. This is equivalent to
Lipschitz equicontinuity of the family of inverse maps {G, 1}.

o Convergence: the error satisfies ||0z¢]|x — 0 as @ — 0+. This is equivalent
to G, ' — F=1 (limit in the sense of strong convergence).

The Lax Principle is therefore merely a matter of continuity: if the approximat-
ing family of numerical problems has equicontinuous inverses, then the numerical
error can be made arbitrarily small by making the residual sufficiently small.

While it is usually straightforward to construct methods such that the resid-
ual is forced to zero (consistency), it is considerably harder to prove that the
method is also numerically stable. As we have seen in the previous sections, the
uniform monotonicity theorem offers a path around this difficulty: if M[Gy] < 0,
then L[G, '] < —1/M[Gy]. Hence the logarithmic Lipschitz constant elegantly
bridges the gap between the uniform monotonicity theorem and the Lax Princi-
ple: assuming that the numerical family of maps is negative monotone not only
guarantees stability but immediately gives us the stability constant as well.

This approach, however, has its own difficulties. For example, one may know a
priori that F is monotone (see e.g. Proposition 6.1, or more generally, consider
the Laplacian with Dirichlet boundaries), implying that M[F] < 0. The crucial
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X Y
f
T e > @ y
Ty Ty
Xy Yy
Yo
Ty
Q\\ Gy ! g&\
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Figure 7.1: Discretization of operator equation F(x) =y. Here 6 is a discretiza-
tion parameter and I'y represents a restriction (grid map) from the space X to
Xp and from Y to Yy. Convergence requires [[dxg|| — 0 as § — 0+; this will
follow from consistency, ||0yg|| — 0, provided that we have numerical stability,
ie., if G, ! is Lipschitz equicontinuous. Diagram adapted from Stetter [23].

question is then whether the discrete operator, Gy, “inherits” that monotonicity,
i.e., whether

(7.10) M[F]<0 = MGy <O.

Such a requirement typically restricts the choice of discretization methods; this
is e.g. the central issue in the theory of B— and G-stability, see Section 4 above.
Similarly, Section 6 above deals with the corresponding questions in a simple
initial-boundary value problem, where we need to infer numerical stability from
mathematical stability.

Example 7.2 above is simplified. Figure 7.1 offers a more complete illustration,
in which the original mathematical problem, F(xz) = y, is set in a different
space than the family of numerical problems, Gg(z9) = yo. Here yo = Tyy is a
restriction to a finite dimensional, discrete space. The analysis takes the form

I6zollx, = 11(95 ' To—ToF ") (v)llx,
(Gy'To = Gy ' GoT'oF ") ()l xs

Lx,v,[G5 ']+ (ToF — GoT'g) (2)ly,

= Lx,v[G5 1 lvo — Go(xo)llv, = Lx,v, 1G5 '] 16yolly,-

IN

This is a forward error analysis. The role of the restriction operator I'y is of
particular importance. In a backward error analysis, one would try to derive an
error bound based on the assumption that the numerical solution can be iden-
tified to be the exact solution of a perturbed mathematical problem. The error
bound would then be expressed in terms of the Lipschitz constant Lxy [F~1].
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Such a backward error bound is however impossible, for structural reasons:
above T'y appears to the left of 7!, preventing the derivation of a rigorous
backward error bound by extracting the desired Lipschitz constant. On the other
hand, I'y appears to the right of G, ! and presents no difficulties there. Thus one
can only derive a rigorous forward error bound. Consequently, numerical stability
is necessary. Although this is known to every numerical analyst, it is of some
interest that this is a structural (algebraic) property, due to non-commutativity,
and independent of application or the type of discretization method.
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