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t.Impli
it Runge�Kutta methods are e�
ient for solving sti� ODEs and DAEs. Tobridge the gap between their theoreti
al analysis and pra
ti
al implementation, weintrodu
e the notion of the (�; K)�approximate Runge�Kutta pro
ess to a

ount forinevitable iteration errors. We prove iteration error bounds uniform with respe
t tosti�ness, and investigate stage derivative reuse for methods having a �rst expli
it stage.The latter te
hnique may result in signi�
ant performan
e gains, also when su
h meth-ods are used as error estimators. Previous 
omputational heuristi
s 
an therefore berepla
ed by a 
onsistent approa
h supported by theoreti
al analysis. The approximatebut well-de�ned 
omputational pro
ess is evaluated using approved test problems.AMS subje
t 
lassi�
ations: 65L05.Key words: Runge�Kutta, 
omputational pro
ess, stage derivative reuse, error bound.1 Introdu
tionWe shall 
onsider Runge�Kutta methods for the numeri
al solution of dynam-i
al systems of the form B _y = f(t; y);(1.1)where B 2 IRd�d and f : IR � IRd ! IRd. The problems to be 
onsidered areODEs with B = Id and DAEs. For simpli
ity we shall drop t from (1.1) as thegeneralization of the te
hniques developed in this paper to the nonautonomous
ase is straightforward.An s�stage Runge�Kutta method with 
oe�
ients (A; b) applied to (1.1) ad-van
es the numeri
al solution a step of size h from (tn; yn) by applying threesets of equations, Y = 1l
 yn + (A
 Id)h _Y(1.2a) B _Yi = f(Yi); i = 1 : s(1.2b) yn+1 = yn + (bT 
 Id)h _Y :(1.2
)



2 H. OLSSON AND G. SÖDERLINDThe �rst, (1.2a), de�nes the stage manifold , whi
h gives a linear relation betweenstage values Y and stage derivatives1 _Y . In tandem with the di�erential equation(1.2b), it uniquely determines the stage values and derivatives under reasonable
onditions on method 
oe�
ients A and problem properties in terms of B and f ,
f. [KS91℄. Finally, the quadrature formula (1.2
) provides a numeri
al solution(tn+1; yn+1).The two equations (1.2a) and (1.2b) 
an in general not be solved exa
tly (ex-
eptions are when (1.1) is linear or in the ODE 
ase when the method (A; b) is ex-pli
it). Therefore some iterative pro
edure must be used, 
ausing the equationsto hold only approximately. The possibilities and 
onsequen
es of a systemati
approa
h to approximate the Runge�Kutta equations, however, have not beenadequately analyzed in the literature. It is nevertheless known that di�erent ap-proa
hes may have a signi�
ant impa
t on performan
e. For example, for ODEswith B = Id, (1.2
) is equivalent toyn+1 = yn + (bT 
 Id)hF (Y );(1.3)with (eTi 
Id)F = f Æ(eTi 
Id). If the system is sti� (i.e. if the Lips
hitz 
onstantL[hf ℄� 1) and the stage values Y are only approximate, then the evaluation ofhF (Y ) �
an be disastrously ina

urate�, 
f. [Sha80℄, as this may strongly amplifyapproximation errors in Y . In 
ontrast, if approximate stage derivatives havebeen 
omputed it should be preferable to use the quadrature formula (1.2
)instead. Moreover, for the more general problem (1.1) this quadrature formulamust be used as (1.3) has no 
ounterpart in DAEs. Su
h 
onsiderations haveled to the re
ommendation to solve for the s
aled stage derivatives h _Y insteadof the stage values Y .A related problem is found in algebrai
ally a

urate (i.e. eTs A = bT ) impli
itRK methods having a �rst expli
it stage, su
h as the Lobatto IIIa methods (e.g.the trapezoidal rule). In su
h �FSAL� (�rst [stage℄ same as last) methods, onehas a 
hoi
e of reusing the last stage from the previous step or re
omputingthe derivative at the starting point of the 
urrent step. The latter approa
hleads to problems similar to the one mentioned above; an error in yn mightbe strongly ampli�ed. Stage derivative reuse is sometimes advo
ated to savefun
tion evaluations, but more importantly it may over
ome ampli�
ation oferrors, redu
e error transport and a
hieve better overall performan
e at thepri
e of utilizing a method whi
h stri
tly is not a true one�step method. Asimilar stage derivative reuse te
hnique 
an also be employed to 
onstru
t lesssensitive error estimators for e.g. Radau IIa methods, 
f. [HW96b, p. 123℄, wherethe di�
ulties 
an be attributed to a �rst expli
it stage in the estimator.The aim of this paper is to address these issues by de�ning an approximateRunge�Kutta pro
ess, in whi
h the equations (1.2) are approximated in a veryspe
i�
 way. We show that in spite of approximation errors it is possible toa
hieve error bounds whi
h are uniform with respe
t to sti�ness, and we extendthis approa
h to stage derivative reuse methods, whi
h are analyzed in detail.The problem of 
onstru
ting error estimators is also 
onsidered.1Although they are not fun
tions of t, we denote stage derivatives by _Y .



THE APPROXIMATE RK COMPUTATIONAL PROCESS 32 The approximate Runge�Kutta pro
essWe shall de�ne an approximate RK pro
ess from the elements of (1.2) andnote that in the exa
t RK pro
ess the stages are de�ned as the solution of (1.2a)and (1.2b). As the latter is generally some trans
endental equation, numeri
allyexa
t solutions 
annot be obtained. We may nevertheless require (1.2a) to holdexa
tly (or down to roundo� level) and 
ontain the remaining errors of theapproximate stage in (1.2b).Definition 2.1. The stage manifold at � is de�ned byM(�) = f(U; h _U) 2 IR2sd : U = 1l
 � + (A
 Id)h _Ug:(2.1)Assuming that the system 
onsisting of (1.2a) and (1.2b) is uniquely solvable forany yn in a su�
iently large domain, we make the following de�nition:Definition 2.2. The exa
t stage pair (U�(�); h _U�(�)) at � is the uniquesolution of the system of equationsU = 1l
 � + (A
 Id)h _U(2.2a) B _Ui = f(Ui); i = 1 : s:(2.2b)We obviously have (U�(�); h _U�(�)) 2 M(�). The 
omputation of this point is,however, terminated after a �nite number of iterations, so that only an approx-imation is obtained. As pointed out before, we require (2.2a) to hold, i.e. we
onsider 
omputations whi
h yield iterates on the stage manifold M(�).Definition 2.3. Let K 2 IRs�s be nonsingular. (U(�); h _U (�)) 2 M(�) is
alled a (�;K)�approximate stage pair at � ifk(K 
 Id)(h _U(�) � h _U�(�))k � �:(2.3)The set of (�;K)�approximate stage pairs is a ball of radius � restri
ted to thestage manifold. Two parti
ular 
ases are espe
ially important. First, a (�; Is)�approximation bounds stage derivative errors by kh _U(�) � h _U�(�)k � �. Se
-ond, 
hoosing K = A and using (2.2a), we �nd that a (�; A)�approximation
orrespondingly bounds stage errors by kU(�) � U�(�))k � �. In the theoret-i
al analysis (�; A)�approximations have been dis
ussed, [NT86℄, and severalRunge�Kutta 
odes also aim for (�; A)�approximations with a suitable 
hoi
eof �, 
f. [HW96b, p. 120-121℄, [NT86℄. In the following we let (U(�); h _U (�))denote a (�;K)�approximate stage pair at �.Definition 2.4. Let _U(�; �) denote a (�;K)�approximate stage derivative.A (�;K)�approximate Runge�Kutta step from � is a map R�h de�ned byR�h : � 7! � + (bT 
 Id)h _U(�; �):(2.4)The exa
t Runge�Kutta step from � is the map R0h.The exa
t RK pro
ess is obtained by taking � = yn and advan
ing the solutionby the exa
t Runge�Kutta step; sin
e _U�(yn) = _Y we have yn+1 = R0h(yn). An



4 H. OLSSON AND G. SÖDERLINDapproximate step on the other hand will generate a sequen
e fung deviating fromfyng. Starting at � = un, an exa
t RK step yields u�n+1 = R0h(un). By 
ontrast,a (�;K)�approximate step yields un+1 = R�h (un), where un+1 depends on thea

ura
y of the (�;K)�approximate stage pair, whi
h is in prin
iple 
ontrolledby the 
hoi
e of K, the value of � and the iterative pro
ess used to obtainthis approximate stage. As � ! 0, however, a single approximate step tendsto the exa
t RK step. Similarly, the approximate RK pro
ess tends to theexa
t RK pro
ess, sin
e iteration errors are added to the trun
ation errors andtherefore enter the error propagation in a similar way. This requires in pra
ti
al
omputations that � be related to the trun
ation error toleran
e.To bound the errors we spe
ify the norms as follows. We denote the norm onIRd (�problem spa
e�) by j�jy. The error bounds depend in a 
hara
teristi
 wayon method parameters, whi
h are measured in terms of j�jRK on IRs (�methodparameter spa
e�). Finally we 
onstru
t a norm k �k on IRsd (�stage spa
e�) fromthe two �rst norms by kUk = j(jU1jy; : : : ; jUsjy)T jRK:(2.5)For our 
on
lusions to hold, we de�nejbT jRK = jbT jp; jujy = jTujp;(2.6)where T 2 IRd�d is nonsingular and j�jp is the usual lp norm. Note that jbT jRK =jbT jp = jbjq, where 1=p+ 1=q = 1. Further we havekv 
 uk = jvjRK � jujy; kA
 Jk = jAjRK � jJ jy;(2.7)where v 2 IRs, u 2 IRd, A 2 IRs�s and J 2 IRd�d. Although this 
onstru
tionis su�
iently general it may be preferable to make problem and method normsentirely independent so that a 
orre
tly adapted algorithm, based on parametersmeasured by j�jRK, 
an be used without 
hange for any user�sele
ted problemnorm. This 
an be a
hieved by 
hoosing j�jRK as either one of the l1 or l1norms, 
ombining it with an arbitrary j�jy through (2.5). The basi
 multipli
ativeproperties (2.7) still hold in this 
ase. Inner produ
t norms are 
overed by (2.6),taking the l2 norm on the method parameter spa
e.Theorem 2.1. Let K be nonsingular, let (U; h _U) be a (�;K)�approximatestage pair at un, and let un+1 be the 
orresponding (�;K)�approximate Runge�Kutta step from un. We then have the followingStage error bounds: kU � U�k � � � jAK�1jRK(2.8a) jUi � U�i jy � � � jeTi AK�1jRK(2.8b)Stage derivative error bounds:kh _U � h _U�k � � � jK�1jRK(2.9a) jh _Ui � h _U�i jy � � � jeTi K�1jRK(2.9b)



THE APPROXIMATE RK COMPUTATIONAL PROCESS 5jhf(Ui)� hf(U�i )jy � � � Ly[hf ℄ � jeTi AK�1jRK(2.9
)Quadrature error bound:jun+1 � u�n+1jy � � � jbTK�1jRK:(2.10)Proof. By (2.2a) the di�eren
e between U(�) and U�(�) satis�eskU � U�k = k(A
 Id)(h _U � h _U�)k= k(AK�1 
 Id)(K 
 Id)(h _U � h _U�)k� jAK�1jRK �� :Bounds for individual stages are obtained by 
onsideringjUi � U�i jy = j(eTi 
 Id)(U � U�)jy= j(eTi AK�1 
 Id)(K 
 Id)(h _U � h _U�)jy� jeTi AK�1jRKk(K 
 Id)(h _U � h _U�)k :The two stage derivative bounds (2.9a) and (2.9b) follow by applying similarte
hniques to kh _U � h _U�k = k(K�1 
 Id)(K 
 Id)(h _U � h _U�)k. The bound(2.9
) is a straightforward Lips
hitz 
ondition, where the lub Lips
hitz 
onstantwith respe
t to j�jy is de�ned by Ly[f ℄ = supu 6=v jf(u)� f(v)jy=ju� vjy. Finally,we obtain (2.10) by jun+1 � u�n+1jy = j(bT 
 Id)(h _U � h _U�)jy.The impli
ations of the theorem are displayed in Table 2.1, where the boundsare given for the 
ases K = Is and K = A. The theorem assumes that K isinvertible, but by minor extensions of the proof it 
an be shown that A needonly be invertible in three of the bounds in the right 
olumn of Table 2.1. More-over, for algebrai
ally a

urate methods (bT = eTs A) the (�; A)�bound for thequadrature error simpli�es to � � jeTs jRK = �, even if A should be singular (e.g.for the Lobatto IIIa methods) as b is then in the range of AT . Note that somebounds are simpli�ed by j�jRK being an lp norm, for whi
h jeTi jRK = 1.The importan
e of a (�;K)�approximate step is that it bounds the in�uen
eof iteration errors on the end point of a step. The 
hoi
e K = A 
orresponds toa termination 
riterion for stage values. As A�1 appears in some of the (�; A)�bounds, however, spe
ial 
are may have to be taken for methods having a largejA�1jRK. In that 
ase small stage errors do not imply a small error at the endpoint. The 
hoi
e K = Is is then preferable, 
orresponding to a termination
riterion based on stage derivatives. Other values of K may also be of interest.We note e.g. that the implementation of Radau5 [HW96b, p. 121-122℄ usesa transformation of A to blo
k diagonal form, and a 
orresponding a

ura
y
riterion should then be used.We further note that the bounds for jhf(Ui)� hf(U�i )jy are nonuniform withrespe
t to sti�ness, as measured by the Lips
hitz 
onstant Ly[hf ℄. This indi
atesthat for sti� ODEs it is of importan
e not to approximate stage derivatives by



6 H. OLSSON AND G. SÖDERLIND(�;K)�approximation error boundsQuantity (�; Is)�bound (�; A)�boundkU � U�k � � jAjRK �jUi � U�i jy � � jeTi AjRK �kh _U � h _U�k � � � jA�1jRKjh _Ui � h _U�i jy � � � jeTi A�1jRKjhf(Ui)� hf(U�i )jy � � Ly[hf ℄ � jeTi AjRK � � Ly[hf ℄jun+1 � u�n+1jy � � jbT jRK � � jbTA�1jRKTable 2.1: Iteration error bounds implied by Theorem 2.1.f(Ui) when the stage value Ui is in error, 
f. Figure 2. We shall next analyzethis di�eren
e brie�y.Let B = Id and 
onsider the ODE _y = f(y). Further, assume that the method(A; b) has an invertible A. For a (�;K)�approximate stage pair at � and the
orresponding exa
t stage pair we let ÆU = U�U� and Æ _U = _U� _U� denote theerrors of the stage values and the stage derivatives, respe
tively. From this weobtain two di�erent expressions for the relation between ÆU and Æ _U . Be
ause(U; h _U) is on the stage manifold,hÆ _U = (A�1 
 Id)ÆU;(2.11)whi
h shows that the stage derivative error is uniformly bounded in terms of thestage error and vi
e versa:khÆ _Uk � jA�1jRK � kÆUk ; kÆUk � jAjRK � khÆ _Uk :(2.12)The exa
t stage pair satis�es the ODE, i.e.h _U� = (Is 
 hf)(U�);(2.13)but the approximation has a residual h�,h _U = (Is 
 hf)(U) + h�;(2.14)whi
h may be very large if Ly[hf ℄� 1, i.e. in the presen
e of sti�ness. Sin
ehÆ _U = (Is 
 hf)(U)� (Is 
 hf)(U�) + h�(2.15)must be uniformly bounded a

ording to the left inequality of (2.12), there mustbe a 
onsiderable 
an
ellation between h� and (Is 
 hf)(U) � (Is 
 hf)(U�).We therefore 
on
lude that if h� is large, then k(Is 
 hf)(U)� h _U�k � khÆ _Uk
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yU�U

h _U�h _Uhf(U)
y = yn + h _yh _y = hf(y)

Figure 2.1: The exa
t stage pair (yn+1; h _yn+1) is the interse
tion of the stagemanifold y = yn+h _y and the nonlinear manifold h _y�hf(y) = 0, here illustratedfor the impli
it Euler method. We require iterates to remain on the stage mani-fold as opposed to requiring h _y = hf(y). When Ly[hf ℄ is large (�sti�ness�), thelatter approa
h may in
ur large errors in the stage derivative, but the formeryields uniform error bounds.and (Is
 hf)(U) is inferior to h _U as an approximation to h _U�. The reason forde�ning the (�;K)�approximation as restri
ted to the stage manifold is thusthat it is possible to obtain error bounds whi
h are uniform with respe
t tosti�ness. The (�;K)�approximate RK step, un+1 = un + (bT 
 Id)h _U , admitssu
h uniform error bounds, whi
h 
annot be obtained if the quadrature were topro
eed by the formula un+1 = un+(bT 
 Id)(Is
hf)(U), 
f. (1.3). We remarkthat, while this is the theoreti
al motivation behind the de�nitions proposed inthis paper, it may in some 
ases still be possible to a
hieve a

eptable resultswith (1.3); even in the presen
e of sti�ness it is not always the 
ase that kh�kis large�in many sti� problems the sti� subspa
e varies su�
iently slowly forthe Newton iteration to generate a

urate approximations to stage derivativeswithin a few iterations.3 Stage derivative reuseSome impli
it RK methods have a �rst expli
it stage, whi
h�in the 
ase ofODEs�formally requires the evaluation of f(un). If the method in addition isalgebrai
ally a

urate (bT = eTs A), the stage pair from the previous step 
ontainsUs = un as well as the 
orresponding stage derivative, _Us = _un, whi
h is thea

epted (�;K)�approximation to _U�s = f(u�n). We 
an then reuse _un on thenext step to avoid a reevaluation of f(un) whi
h may in
ur greater errors thanthose present in _un. Examples where this te
hnique 
an be employed are theLobatto IIIa methods, ESDIRK methods [AC90, Kvæ92℄, and embedded errorestimators for algebrai
ally a

urate methods su
h as Radau IIa. The lattermethods provide _un, and it is 
ommon to embed an error estimator with a �rstexpli
it stage, [HW96b, p. 123℄. Su
h estimators may however overestimate sti�



8 H. OLSSON AND G. SÖDERLINDerror 
omponents unless spe
ial 
are is taken; here we suggest stage derivativereuse (SDR), i.e. reusing _un, to over
ome these problems.We partition an RK method (A; b) with an expli
it �rst stage asA = �0 0~a ~A� ; b = �b1~b�where we assume that ~A is invertible and that bT = eTs A (also written ~bT = ~eTs ~A).The stages are partitioned 
onformally, with Y1 denoting the �rst stage and ~Ythe ve
tor of the remaining stages. Moreover, if the method is algebrai
allya

urate the sth stage pair satis�es (Ys; _Ys) = (yn+1; _yn+1).The SDR 
omputational pro
ess starts a step from a pair (�; h _�). To de�nethis pro
ess we follow the same outline as in the true one-step 
ase treated inthe previous se
tion.Definition 3.1. The SDR manifold at (�; h _�) is de�ned byM(�; h _�) = f(V; h _V ) 2 M(�) : (V1; h _V1) = (�; h _�)g:(3.1)We note that this implies a further restri
tion of the previously de�ned stagemanifold M(�). Next we assume that, for any (�; h _�) in a su�
iently largedomain, the system ~V = ~1l
 � + ~a
 h _� + ( ~A
 Id)h ~_V(3.2a) B _Vi = f(Vi); i = 2 : s(3.2b)has a unique solution, denoted by ( ~V �(�; h _�); h ~_V �(�; h _�)).Definition 3.2. The exa
t SDR pair at (�; h _�) is de�ned byV �(�; h _�) = � �~V �(�; h _�)� ; h _V �(�; h _�) =  h _�h ~_V �(�; h _�)! :(3.3)The exa
t SDR pair is therefore in M(�; h _�). We also note that for the exa
tRunge�Kutta pro
ess, the exa
t stage pair at yn is identi
al to the exa
t SDRpair at (yn; h _yn), where _yn is the last stage derivative on the previous step, equalto f(yn) in the 
ase of ODEs. Thus,U�(yn) = V �(yn; h _yn) = Y; _U�(yn) = _V �(yn; h _yn) = _Y :(3.4)In the SDR pro
ess, only s�1 stages are 
omputed on ea
h step, and we thereforede�ne norms analogous to (2.5) and (2.6) by k ~V k = j(j ~V2jy; : : : ; j ~Vsjy)T jSDR,where j~bT jSDR = j~bT jp is de�ned on IRs�1 and j�jy remains un
hanged.Definition 3.3. Let ~K 2 IR(s�1)�(s�1) be nonsingular. (V (�; h _�); h _V (�; h _�)) 2M(�; h _�) is 
alled a (�; ~K)�approximate SDR pair at (�; h _�) ifk( ~K 
 Id)(h ~_V (�; h _�)� h ~_V �(�; h _�))k � �:(3.5)



THE APPROXIMATE RK COMPUTATIONAL PROCESS 9(�; ~K)�approximation error boundsQuantity (�; Is�1)�bound (�; ~A)�boundk ~V � ~V �k � � j ~AjSDR �jVi � V �i jy � � j~eTi ~AjSDR �kh ~_V � h ~_V �k � � � j ~A�1jSDRjh _Vi � h _V �i jy � � � j~eTi ~A�1jSDRTable 3.1: Iteration error bounds implied by Theorem 3.1.Definition 3.4. Let (V (�; h _�; �); h _V (�; h _�; �)) denote a (�; ~K)�approximateSDR pair. A (�; ~K)�approximate SDR step from (�; h _�) is a map S�h ,S�h : (�; h _�) 7! (Vs(�; h _�; �); h _Vs(�; h _�; �)):(3.6)The exa
t SDR step from (�; h _�) is the map S0h.Thus the approximate SDR 
omputational pro
ess takes (�; h _�) = (vn; h _vn) andadvan
es one step by 
omputing (vn+1; h _vn+1) = S�h (vn; h _vn). The e�e
ts ofiteration errors are then bounded in a way analogous to Theorem 2.1.Theorem 3.1. Let (A; b) be an algebrai
ally a

urate Runge�Kutta methodwith a �rst expli
it stage. Further, let (V; h _V ) be a (�; ~K)�approximate SDRpair at (vn; h _vn), and let (vn+1; h _vn+1) be the 
orresponding (�; ~K)�approximateSDR step from (vn; h _vn). Then the bounds given in Table 3.1 hold andjvn+1 � v�n+1jy � � � j~eTs ~A ~K�1jSDR = � � j~bT ~K�1jSDR;(3.7a) jh _vn+1 � h _v�n+1jy � � � j~eTs ~K�1jSDR:(3.7b)Proof. For i = 2 : s the s � 1 ve
tor ~eTi denotes eTi with its �rst elementremoved. The bounds of Theorem 2.1 then remain valid when K is repla
ed by~K, A by ~A, eTi by ~eTi and j�jRK by j�jSDR. Sin
e (A; b) is algebrai
ally a

uratethe bounds (3.7) 
orrespond to i = s in Table 3.1.4 StabilityIn order to investigate error propagation, we �rst need to establish the ba-si
 stability properties of SDR methods. To this end we 
onsider the lineartest equation, _y = �y, for whi
h the true one-step Runge�Kutta method yieldsyn+1 = R(z)yn, where R0h = R(z) is a rational fun
tion of z = h�. In a similar



10 H. OLSSON AND G. SÖDERLINDway an exa
t SDR step yields S0h = S(z), where S(z) be
omes a 2 � 2 ma-trix. For the linear test equation h _V �s (�; h _�) = zV �s (�; h _�), and (3.2a) yieldsV �s (�; h _�) = ~eTs (I � z ~A)�1(~1l� + ~ah _�). Hen
eS(z) = �1z� ~eTs (I � z ~A)�1�~1l ~a�:(4.1)Theorem 4.1. S(z) is a rank 1 matrix with eigenvalue R(z) andSn(z) = Rn�1(z)S(z);(4.2)i.e. S(z) is power-bounded (stable) if and only if jR(z)j � 1.Proof. The nonzero eigenvalue of S(z) is obviously ~eTs (I � z ~A)�1(~1l + z~a) =1 + zbT (I � zA)�11l = R(z). Consequently S(z)=R(z) is an oblique proje
tor,therefore idempotent, and (4.2) follows.Thus the stability of the Runge�Kutta method is preserved in SDR mode. More-over, a sequen
e of n exa
t SDR steps is equivalent to taking one exa
t SDRstep followed by n� 1 exa
t Runge�Kutta steps. The propagation matrix S(z)also has spe
ial stru
ture in the nonsti� (z ! 0) and sti� (z ! 1) limits,respe
tively. Thus, provided that ~A is invertible,S(0) = �10��R(0) b1�; S(1) = �01��� ~eTs ~A�1~1l R(1)�:(4.3)Therefore, S(0) proje
ts errors in the data (vn; h _vn) entirely onto v�n+1. Onthe other hand, S(1) proje
ts errors in sti�/algebrai
 
omponents of (vn; h _vn)entirely onto h _v�n+1 while v�n+1 is left una�e
ted by previous errors; the behaviorof an A-stable SDR method is in this regard similar to that of an L-stableRunge�Kutta method, irrespe
tive of the value of R(1).Variable stepsize 
omputations require spe
ial analysis. Let hn denote thestep from tn to tn+1, de�ne zn = hn�, and let !n = hn=hn�1 denote the ratiobetween two 
onse
utive steps. The data available at the start of the step are(vn; hn�1 _vn). A single step 
an then be written� vn+1hn _vn+1� = S(zn)� vnhn _vn� = S(zn)�1 00 !n�� vnhn�1 _vn� :(4.4)This implies that the error in the previous stage derivative is ampli�ed by thestepsize ratio !n before being propagated by S(zn). Power boundedness there-fore depends on the stepsize res
aling matrix 
n = diag(1 !n) in (4.4). Mul-tiplying out S(zn)
nS(zn�1) we note that the range of S(zn�1) is spanned by(1 zn�1)T , whi
h is transformed into (1 zn)T by 
n. Sin
e the latter ve
tor is aneigenve
tor of S(zn) it follows that S(zn)
nS(zn�1) = R(zn)
nS(zn�1). Repet-itive appli
ation of this formula yields the variable-step analogue of (4.2),nYj=1S(zj)
j � S(z0) = nYj=1R(zj)
j � S(z0)(4.5a)



THE APPROXIMATE RK COMPUTATIONAL PROCESS 11= �1 00 hn=h0� nYj=1R(zj) � S(z0):(4.5b)This appears to be a potentially unrestrained propagation of errors; in a typi
alsti� problem the stepsize may a

umulate a growth of many orders of magnitudewhi
h is dire
tly re�e
ted by the size of hn=h0. As long as this stepsize ratio is�nite, however, the method may take any number of steps, showing that the errorampli�
ation is not a matter of instability�stability is again equivalent to thatof the Runge�Kutta method via Qj R(zj). As for the error ampli�
ation due tovariable steps, (4.5b) shows that this only a�e
ts the stage derivatives fhn�1 _vngand not the solution fvng itself. In order to examine this ampli�
ation, whilemaking a fair 
omparison between the exa
t Runge�Kutta and SDR methods,we assume that the starting value � is in error by a quantity Æ�. The true one-step method will during n steps propagate this error by R(zj) to an error Æun.If we 
ompute the derivative at the nth step, the derivative will have an errorhÆ _un = znÆun. Therefore� ÆunhÆ _un� = � 1zn� Æ� nY0 R(zj):(4.6)For the SDR method, the errors (Æ�; hÆ _�) in the starting point are 
orrelated.Be
ause the SDR pro
edure requires a plain Runge�Kutta step to start thepro
ess, we 
onsider this �rst step to be a (�;K)�approximate step2. As thissolution is required to be in the manifold M(�; h _�), the errors are related as in(2.11), i.e. (Æ�; hÆ _�) = (~eTs ÆV 0; ~eTs ~A�1ÆV 0). After n exa
t SDR steps this erroris propagated by (4.5b) into� ÆvnhÆ _vn� = �1 00 hn=h0� nYj=1R(zj) � S(z0)�~eTs Is�1~eTs ~A�1� ÆV 0(4.7a) = � 1zn� ~eTs (I � z0 ~A)�1 �~1l~eTs + ~a~eTs ~A�1� ÆV 0 nYj=1R(zj)(4.7b) = � 1zn� Æv1 nY1 R(zj):(4.7
)This demonstrates that the error propagations of the Runge�Kutta and the
orresponding SDR method are very similar; the di�eren
e lies only in the �rststep, where the SDR method has the advantage over the Runge�Kutta method
on
erning proje
ting sti� errors entirely onto the derivatives, thus implyingsmaller errors in the solution. In other respe
ts the two te
hniques 
an beexpe
ted to yield very similar results, even in the variable step 
ase.2If the �rst step were an exa
t Runge�Kutta step, then the following sequen
e of exa
tSDR steps is equivalent to taking only exa
t Runge�Kutta steps.



12 H. OLSSON AND G. SÖDERLIND5 Propagation of iteration errorsThe stru
ture of the error propagation 
arries over also to the full nonlinear
ase. An exa
t SDR step yields a solution (v�n+1; _v�n+1) whi
h satis�es the dif-ferential equation, i.e. B _v�n+1 = f(v�n+1). A subsequent exa
t SDR step fromthis point is then identi
al to an exa
t Runge�Kutta step, in analogy with (4.2).A Runge�Kutta step from v�n+1 
omputes the �rst stage derivative whi
h mustsatisfy the di�erential equation at the starting point; this 
omputation merelyre
reates information already available from the pre
eding exa
t SDR step.By (2.4) the exa
t Runge�Kutta solution fyng is given by the re
ursionyn+1 = R0h(yn):(5.1)The 
omputed approximate SDR solution is a sequen
e f(vn; h _vn)g where(vn+1; h _vn+1) = S�h (vn; h _vn):(5.2)An exa
t SDR step from any SDR solution point (vn; h _vn) is a lo
al solution(v�n+1; h _v�n+1) = S0h(vn; h _vn):(5.3)Similarly we de�ne(v�n; h _v�n) = S0h(vn�1; h _vn�1); (v��n+1; h _v��n+1) = S0h(v�n; h _v�n);(5.4)where v��n+1 = R0h(v�n). With this notation, we de
ompose the global iterationerror en = vn � yn from the (�; ~K)�approximate SDR steps into two parts,en = (vn � v�n) + (v�n � yn):(5.5)The global iteration error en+1 = vn+1 � yn+1 on the next step 
an then bede
omposed into three parts, 
f. Figure 5.1,en+1 = (vn+1 � v�n+1) + (v�n+1 � v��n+1) + (v��n+1 � yn+1);(5.6)where the �rst is the error in
urred by S�h on the present step due to terminatingthe iteration with a (�; ~K)�approximate solution; jvn+1 � v�n+1jy is boundedin a

ordan
e with (3.7a) of Theorem 3.1. The se
ond part is the (�; ~K)�approximation error vn � v�n of the previous step (5.5) propagated by a singleexa
t SDR step S0h,(v�n+1; h _v�n+1)� (v��n+1; h _v��n+1) = S0h(vn; h _vn)� S0h(v�n; h _v�n);(5.7)whi
h has the desired property of proje
ting sti�/algebrai
 errors onto the deriva-tive; the size of jv�n+1 � v��n+1jy needs 
loser examination. Finally the third part,v��n+1 � yn+1 = R0h(v�n)�R0h(yn);(5.8)is the error v�n � yn of (5.5) propagated by the exa
t Runge�Kutta method in away whi
h is well studied in the literature in 
onne
tion with global trun
ation
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Figure 5.1: Propagation of iteration errors in SDR methods. Points generatedby the SDR method (S�h or S0h) are indi
ated by `�' while points generatedby the exa
t RK method (R0h) are indi
ated by `Æ'. Arrows indi
ate lo
al andpropagated iteration errors. For details, see text.error propagation; jv��n+1 � yn+1jy 
an therefore in prin
iple be 
onsidered to bea small addition to the usual global error propagation.We shall estimate jv�n+1�v��n+1jy. To this end we introdu
e the data ve
tor forthe SDR step, g(�; h _�) = ~1l 
 � + ~a
 h _�. Be
ause it is linear in its arguments,Æg = g(�+ Æ�; h _�+hÆ _�)�g(�; h _�) = g(Æ�; hÆ _�). Rewriting (3.2), we obtainh ~_V = ( ~A�1 
 Id)( ~V � g(�; h _�))(5.9a) (Is�1 
B)h ~_V = (Is�1 
 hf)( ~V ):(5.9b)Consequently, ( ~A�1 
B)( ~V � g(�; h _�)) = (Is�1 
 hf)( ~V ), with formal solution~V (�; h _�) = �Is�1 
 B � ~A
 hf��1�(Is�1 
B)g(�; h _�)�, whi
h yieldsv�n+1 = (~eTs 
 Id)�Is�1 
B � ~A
 hf��1�(Is�1 
B)g(vn; h _vn)�(5.10a) v��n+1 = (~eTs 
 Id)�Is�1 
B � ~A
 hf��1�(Is�1 
B)g(v�n; h _v�n)�:(5.10b)We therefore have the boundjv�n+1 � v��n+1jy � j~eTs jSDRL̂ � kg(Ævn; hÆ _vn)k;(5.11)where Ævn = vn � v�n and hÆ _vn = h _vn � h _v�n, and where the Lips
hitz 
onstantL̂ = L[�Is�1 
B � ~A
 hf��1(Is�1 
B)℄ is de�ned via g(�; h _�) 7! ~V (�; h _�) asL̂ = supÆg 6=0 kÆ ~V kkÆgk = supÆ�;hÆ _� 6=0 k ~V (� + Æ�; h _� + hÆ _�)� ~V (�; h _�)kkg(Æ�; hÆ _�)k :(5.12)In the 
ase of ODEs, when B = I , we haveL̂ = L[�I � ~A
 hf��1℄ � 11� hM [ ~A
 f ℄ = 1 +O(h);(5.13)



14 H. OLSSON AND G. SÖDERLINDprovided that the logarithmi
 Lips
hitz 
onstant (
p. logarithmi
 norm) satis�eshM [ ~A
 f ℄ < 1. Sin
e j~eTs jSDR = 1 the bound (5.11) 
an then be writtenjv�n+1 � v��n+1jy � kg(Ævn; hÆ _vn)k1� hM [ ~A
 f ℄ ;(5.14)showing that under a suitable monotoni
ity 
ondition su
h as M [ ~A 
 f ℄ � 0,there holds jv�n+1�v��n+1jy � kÆgk; more generally, the perturbation bound (5.11)is in prin
iple independent of sti�ness.It remains to bound kg(Ævn; hÆ _vn)k. A minor extension of Theorem 3.1 yieldskg(Ævn; hÆ _vn)k = k(~1l
 Id)(vn � v�n) + (~a
 Id)(h _vn � h _v�n)k(5.15a) � � � j~1l~bT ~K�1jSDR +� � j~a~eTs ~K�1jSDR:(5.15b)Thus, in 
on
lusion we havejvn+1 � v�n+1jy � � � j~eTs ~K�1jSDR(5.16a) jv�n+1 � v��n+1jy � � � L̂ � (j~1l~bT ~K�1jSDR + j~a~eTs ~K�1jSDR);(5.16b)where the �rst inequality is the error 
ontribution from the present (�; ~K)�approximate step and the se
ond is the 
orresponding error from the previousstep, propagated by an exa
t SDR step. We summarize as follows.Theorem 5.1. Let an algebrai
ally a

urate Runge�Kutta method with a�rst expli
it stage be applied in SDR mode to (1.1). If ea
h step is (�; ~K)�approximate, then(i) the lo
al iteration error is bounded by (5.16a);(ii) the lo
al iteration error from the previous step is propagated by the exa
tSDR map S0h and is bounded by (5.16b), where L̂ is de�ned by (5.12);(iii) the global iteration error is propagated by the exa
t RK map R0h.We note in parti
ular that jlitern+1jy ! 0 as � ! 0, and that the bound (5.16b)is in prin
iple uniform with respe
t to sti�ness. The e�e
t of the SDR time-stepping is lo
al and 
omes from the exa
t SDR step produ
ing v�n+1�v��n+1; thislo
al 
ontribution to the error is essentially devoid of errors in the sti�/algebrai

omponents whi
h are largely suppressed by S0h, implying that on subsequentsteps no su
h errors will be propagated by the underlying algebrai
ally a

urateRunge�Kutta method. This implies that the error transport is identi
al to that ofthe exa
t Runge�Kutta method, only the iteration error in
rements are di�erent.To illustrate Theorem 5.1 we 
onsider the trapezoidal rule (~a = ~A = ~b = 1=2)applied to an ODE _y = f(y). The monotoni
ity 
ondition M [f ℄ � 0 impliesL̂ = L[(I� (h=2)f)�1℄ � 1 for all h > 0, and for ~K = ~A the bounds in (5.16) areboth 2�. Similarly, for ~K = 1, the bounds are also the same, �. This indi
atesa restrained error propagation by S0h. The appli
ation of the trapezoidal rule inSDR mode is equivalent to using the impli
it midpoint rule on a staggered gridwhile 
onsidering the midpoints as the solution fvng.



THE APPROXIMATE RK COMPUTATIONAL PROCESS 15In DIRK methods, it is natural to solve for stage values sequentially, insteadof through a simultaneous iteration on all stages, in order to obtain a (�;K)-approximate step. The bounded propagation of iteration errors shows that su
han approa
h is feasible; a full analysis for su
h an iteration s
heme is possibleand yields results similar to those presented here.6 SDR in error estimatorsThe advantage of SDR for methods with a �rst expli
it stage is that theSDR step has a behavior similar to that of an L-stable method. This te
hnique
an be put to e�e
tive use in the error estimator for Radau5, 
f. [HW96b, p.123℄. As error estimators are only used lo
ally they do not a�e
t global errorpropagation ex
ept indire
tly by indu
ing di�erent stepsize sequen
es. SDR inerror estimators will generally 
arry less error from the previous step than ifthe true one-step error estimator were used. In addition it is less expensive bysaving one fun
tion evaluation per step.The embedded error estimator forRadau5 is des
ribed by the But
her tableau0 0 0
 0 Ay 0 bŷ b̂0 b̂and has an expli
it �rst stage. However, it is apparently not used in SDR modeand may 
onsequently grossly overestimate sti�/algebrai
 errors. As a remedy,the estimate is ��ltered� [HW96b, p. 123℄ to quen
h these errors. An alternativeapproa
h a
hieves a 
orresponding e�e
t by instead using an error estimator ofthe form 0 0 0 0
 0 A 01 b̂0 b̂� 
eTs 
y 0 b 0ŷ b̂0 b̂� 
eTs 
where 
 is 
hosen su
h that the available iteration matrix 
an be used for the
omputation of the extra stage and b̂0 = 1=50 is optimized with respe
t to errormagnitude, [dSS97℄. Both estimators gain signi�
antly in performan
e fromreusing the stage derivative from the last step. The 
ost is lower in both 
ases andthe improved estimator also has better properties, supported by analysis. Thesete
hniques 
an easily be employed by designing the embedded error estimatorsproperly for algebrai
ally a

urate Runge�Kutta methods.To give a simpli�ed explanation of why SDR performs better, we 
onsider theembedded referen
e method of the �rst method above, whi
h yieldsŷn+1 = yn + b̂0hf(yn) + (b̂T 
 I)h _Yin true one-step mode andŷn+1 = yn + b̂0h _yn + (b̂T 
 I)h _Y



16 H. OLSSON AND G. SÖDERLINDin SDR mode, where _yn is the a

epted last stage derivative from the previousstep. For simpli
ity, 
onsider the linear test equation _y = �y with z = h�. Forthe true one-step estimator, we obtainŷn+1 = yn + b̂0zyn + zb̂T (I � zA)�11lyn;while the SDR estimator results inŷn+1 = yn + b̂0h _yn + zb̂T (I � zA)�11lyn:The disadvantage of the true one-step estimator is that if yn deviates from itsexa
t value, then this deviation is ampli�ed by a fa
tor b̂0z, whi
h is unboundedas jzj ! 1. In 
ontrast, if in the SDR estimator h _yn is ina

urate, then thelatter deviation is only ampli�ed by a 
onstant fa
tor b̂0, and for varying step-sizes the in�uen
e is proportional to the step-size ratio. The SDR estimator istherefore less a�e
ted by the use of an approximate RK pro
ess, as Theorem 3.1provides a sti�ness independent bound for the error in h _y.7 Iteration and trun
ation errorsA well-known te
hnique for a
hieving global errors proportional to a giventoleran
e " is to 
ontrol the lo
al error per unit step. While this approa
h is lesse�
ient for sti� problems, one may as a remedy s
ale the �unit stepsize� lo
allyand still a
hieve toleran
e proportionality, a

ording to [DB94℄. We follow thisapproa
h and model trun
ation errors in terms of a lo
al time s
ale �(t). Thus,rather than assuming that the lo
al error asymptoti
ally is jl(t)jy � 
(t)h(t)p+1,we make the modi�ed asymptoti
 assumptionsjl(t)jy � 
 � (h(t)=�(t))p+1; jl̂(t)jy � 
̂ � (h(t)=�(t))p̂+1;(7.1)where the left formula models the lo
al error and the right the lo
al error esti-mate. Further we shall assume that lo
al extrapolation is used, i.e., p � p̂ + 1,and aim to 
ontrol lo
al errors per s
aled unit step h=�(t). We shall investigatehow to sele
t the lo
al trun
ation error bound �trun
, whi
h will also tell us howto sele
t the iteration error bound � in the approximate RK pro
ess.By keeping the error estimate jl̂(t)jy � �trun
, the above asymptoti
 assump-tions yield 
̂(h=�)p̂+1 � �trun
, and it follows that h=� � (�trun
=
̂)1=(p̂+1). Forthe lo
al error l(t) we therefore havejl(t)jyh=� � 
 ���trun

̂ �p=(p̂+1) :(7.2)In order to obtain a globally "-approximate solution we thus require�trun
 = 
̂ � �"
�(p̂+1)=p = �trun
 � "(p̂+1)=p:(7.3)This indi
ates how to sele
t the lo
al error toleran
e when the orders of the errorand error estimator satisfy p > p̂+ 1. It should be 
ompared to the settings in
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oe�
ients for sele
ted RK methods.Method 
tall 
bushy 
̂tall 
̂bushy ~�trun
 ~�iteresdirk23a 2.6e-2 1.0e-2 7.9e-2 7.9e-2 3 3esdirk34a 2.7e-2 7.8e-4 5.9e-2 7.5e-3 2 2esdirk45a 4.9e-4 4.8e-5 2.8e-4 3.9e-5 0.6 5sd34var 1.0e-3 6.0e-4 1.1e-3 1.4e-2 14 6RadauIIa(p=5) 1.4e-4 1.4e-5 3.3e-4 3.3e-4 0.4 6the 
ode Radau5, [HW96a℄, where p = 5 and p̂ = 3, and �trun
 is 
hosenproportional to "4=6 instead of "4=5 as indi
ated by the analysis above. Thisdi�eren
e is due to the fa
t that Radau5 uses an error per step 
riterion, whereasour analysis is based on an error per unit time s
ale 
riterion. As a result, wemay expe
t Radau5 to allow too large errors for stri
t toleran
es ", and re
enttests (see [dS95℄) 
on�rm that an order of magnitude stri
ter toleran
e does notgain an entire magnitude in the a
hieved global error. The earlier version ofRadau5 used in [HW96b℄ had �trun
 = ", and thus de
reased the global errormore than an order of magnitude given a 
orresponding toleran
e de
rease.In order to set �trun
 
orre
tly, we need an estimate of �trun
, whi
h de-pends on the 
onstants 
 and 
̂, whi
h in turn are problem as well as methoddependent. Sin
e the global error will always have an unknown proportional-ity fa
tor, we may however model these 
onstants in a way whi
h a

ounts formethod dependen
ies. As the 
onstants depend on 
ertain elementary di�eren-tials, we shall 
ompare the 
oe�
ients in front of like di�erentials in the Taylorexpansions of the method and its estimator. We 
hoose to study two parti
u-lar trees, the �tall� tree and the �bushy� tree, whi
h 
orrespond to two extreme
ases, linear 
onstant 
oe�
ient ODEs and pure quadrature. To this end, weestimate 
tall = (bTAp1l� 1)=(p+ 1)! and 
bushy = (bT 
p � 1)=(p+ 1)!, and put
� = max(
bushy; 
tall), with 
orresponding de�nitions of 
̂tall, 
̂bushy and 
̂�. We�nally estimate �trun
 by ~�trun
 = 
̂�=(
�)(p̂+1)=p. Table 7.1 
ontains approx-imate values of ~�trun
 for some of the impli
it RK methods whi
h have beenused to verify the resulting strategy in pra
ti
al 
omputations. The method
oe�
ients (A; b; b̂) of the esdirk-methods are available in [Kvæ92℄ and thoseof sd34var 
an be found in [Ols95℄. We remark that the RadauIIa method hereuses the s
aled error estimator with b̂0 = 1=50, [dSS97℄.Turning to the iteration error, we need an a

urate solution for two reasons:(i) the error estimate should be a

urate and not 
ontaminated by iterationerrors, (ii) iteration errors should only make a negligible 
ontribution to theglobal error. The �rst item is treated in [NT86℄ and we will amend these results.In parti
ular, we need to set the value of �=�trun
 properly.Let the iteration error toleran
e be �iter . For Runge-Kutta methods withinvertible A, a (�iter ;K)-approximate step is then in error by �iter jbTK�1jRKat the end-point of the step. (We will not 
onsider SDR methods here, as theresults are 
ompletely analogous.) To have a global iteration error less than �",
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tion is � � 0:1, we require�iter jbTK�1jRKhn=�n � �":(7.4)Relating this to the trun
ation error, note that h=� � ("=
)1=p. We thus take�iter = �iter � �jbTK�1jRK � "(p+1)=p;(7.5)where �iter = 
�1=p is estimated by ~�iter for sele
ted RK methods as listed inTable 7.1. We note that �iter is proportional to "(p+1)=p as opposed to �trun
whi
h is proportional to "(p̂+1)=p. For example, in the three-stage Radau IIamethod this requires that �iter be proportional to "2=5�trun
. In the presentversion of Radau5, [HW96a℄ a similar res
aling, but with di�erent exponents,is used, although no theoreti
al justi�
ation is provided. The tests in [HW96b℄use an earlier version of Radau5.The 
hosen value for �iter needs to be 
omplemented with some safety nets.Thus, we make sure that the iteration error does not give a signi�
ant 
ontribu-tion to the a
tual lo
al error estimate, and we require�iter � �2jl̂njyj(b� b̂)TK�1jRK ;(7.6)where �2 is su�
iently small, say �2 = 0:1. Here jl̂njy = (hn=hn�1)p̂+1jln�1jyis an extrapolation of the lo
al error estimate from the previous step, indi
atinghow large an error is expe
ted on the present step while the iteration has not yetbeen 
ompleted. Should this proje
ted value be very small, we allow a thresholdvalue based on �trun
, and set�n = min �iter ; �2max(jl̂njy;�trun
=100)j(b� b̂)TK�1jRK ! ;(7.7)where �n is the value whi
h is used in a
tual 
omputation on the nth step.8 Numeri
al testsIn this se
tion on testing we will 
onsistently use the strategies from [OS96℄for refa
torization with predi
tive stepsize sele
tion taken from [Gus94℄. Weshall �rst use an arti�
ial problem to verify the e�e
ts of SDR vs. RK as well asassess the e�e
ts of reevaluating the right-hand side of an ODE. We shall thentest some representative problems from [dS95, dSvdVS95℄.The possible disadvantage of reevaluating f will depend on the variations of theJa
obian in the sti� subspa
e. We therefore need a problem with the followingproperties: (i) sti�ness, i.e., Ly[hf ℄ large, (ii) non-trivial solution in a slowlyvarying sti� subspa
e, (iii) signi�
antly varying Ja
obian along the solution,independently of sti�ness. Note that it is not su�
ient that the Ja
obian varies
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Figure 8.1: Work (number of steps) as a fun
tion of toleran
e " 2 [10�2; 10�14℄,and sti�ness parameter k 2 [104; 1016℄. The top graphs were 
omputed withan SDR implementation of esdirk23a, while the graphs on the bottom wereobtained with the same method in true RK mode. The graphs on the right
orrespond to an implementation where f is reevaluated after the iteration hasbeen terminated. Only the re
ommended SDR approa
h (top left) shows asti�ness independent 
omputational e�
ien
y. (Tests requiring more than 105steps are not in
luded.)
onsiderably in a neighborhood of the solution, 
f. Example 2 in [vDS94℄, butthe variations must also o

ur along the solution.We 
onsider the quasi-linear problemddt (z � '(y(t)) = � (t) � (z � '(y(t))) ;where we seek z(t). The initial value is taken as z(0) = '(y(0)) so that the exa
tsolution is y(t). The equation is rewritten_z(t) = '0(y(t)) _y(t)�  (t) � (z � '(y(t)));where we have 
hosen '(y) = y2 and (t) = k(2 + sin(0:4pz(t))); y(t) = 100(1 + 0:8 sin(y(t)));so that the parameter k > 0 
an be used to 
ontrol sti�ness. The 
omputationalresults are presented in Figure 8.1.
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Figure 8.2: Test of reevaluations of f . Solid line: SDR, dotted line: RK, dashedline: RK with reevaluation of f after the iteration has been terminated. Reeval-uation of f is ine�
ient for loose toleran
es.We then 
onsidered problems from [dSvdVS95℄. The ODEs from this test set
an be divided into three groups. Problems where it is harmless to reevaluatef for esdirk45a are: 
hemakzo, medakzo; problems where reevaluating f hassigni�
ant drawba
ks but there is little di�eren
e between RK and SDR (i.e.,f(Y1) may be reevaluated) are: pollu, hires, ringmod; problems where SDR isessential are: emep. Using RadauIIa with SDR error estimator, however, yieldsapproximately the same results as with the 
orresponding true one-step errorestimator. We 
on
lude that there are important appli
ations for whi
h SDRis instrumental. Moreover, for problems where true RK works well, SDR showsa similar performan
e; SDR performan
e is never inferior to that of true one-step RK methods. We give representative graphs from ea
h of these types inFigures 8.2 and 8.3.In order to obtain regular graphs the global error is measured in the dis
retizedL1 norm on the interval of integration by taking the mean global error over allsteps, where the error pointwise is measured in an absolute 2-norm. In the emepproblem we multiply all errors by a 
onstant fa
tor 10�10. The work is measuredby the total number of steps. The bene�t of not reevaluating f is even morepronoun
ed in terms of the number of fun
tion evaluations.By using new algorithm for the res
aling of the error and the iteration er-
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Required precisionFigure 8.3: SDR vs. RK for emep problem solved with esdirk45a. Solid line:SDR, dotted line: true RK. SDR requires fewer steps for loose toleran
es.ror toleran
e, the 3-stage RadauIIa-method with the third order error estima-tor from [dSS97℄ in SDR mode was used to solve representative problems from[dSvdVS95℄. The results presented in Figure 8.4 were obtained. The toleran
eadapted 
hoi
e of �iter given by (7.5) was 
ompared to various �xed ratios for�iter=�trun
 to verify that the new strategy is 
onsistently 
lose to the opti-mum. Although not always optimal, this strategy may often obtain as mu
h asa doubled e�
ien
y, demonstrating that 
orre
tly adapted termination 
riteriahave a signi�
ant in�uen
e on 
omputational performan
e.9 Con
lusions.This paper de�nes the approximate Runge�Kutta 
omputational pro
ess byintrodu
ing (�;K)�approximate solutions to the Runge�Kutta equations. It-eration error bounds are derived in terms of �. For methods involving a �rstexpli
it stage, we also de�ne and analyze the e�e
ts of stage derivative reuse. Atoleran
e adapted 
hoi
e of � is presented, and the theoreti
al analysis is veri�edfor several RK methods applied to a number of 
omputational problems.The goal has been to eliminate some of the heuristi
s found in most implemen-tations and repla
e the strategies by te
hniques whi
h, supported by theoreti
alanalysis, are proven to work well in 
omputational pra
ti
e. All tests have been
arried out 
eteris paribus, i.e., they are 
arried out within the same implemen-tation, while only 
hanging the parameters or strategies in question and keepingall other details the same.Theoreti
al analysis as well as 
omputational experiments show that the newstrategies have a signi�
ant in�uen
e on 
omputational performan
e.REFERENCES[AC90℄ R. K. Alexander and J. J. Coyle. Runge-Kutta methods anddi�erential-algebrai
 systems. SIAM Journal on Numeri
al Anal-
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Figure 8.4: Test of error res
aling strategies. Left: global error vs. toleran
eplots show a good toleran
e proportionality. Right: CPU time vs. global error;toleran
e adapted strategy (solid line) is 
ompared to various �xed values of the�iter=�trun
 (`�'). The problems are from top to bottom: pollu, 
hemakzo,emep, ringmod.
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