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Abstract.

Implicit Runge-Kutta methods are efficient for solving stiff ODEs and DAEs. To
bridge the gap between their theoretical analysis and practical implementation, we
introduce the notion of the (A, K)-approximate Runge-Kutta process to account for
inevitable iteration errors. We prove iteration error bounds uniform with respect to
stiffness, and investigate stage derivative reuse for methods having a first explicit stage.
The latter technique may result in significant performance gains, also when such meth-
ods are used as error estimators. Previous computational heuristics can therefore be
replaced by a consistent approach supported by theoretical analysis. The approximate
but well-defined computational process is evaluated using approved test problems.
AMS subject classifications: 65L05.
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1 Introduction

We shall consider Runge—Kutta methods for the numerical solution of dynam-
ical systems of the form

(1.1) By = f(t,y),

where B € R™? and f : R x R? - R?. The problems to be considered are
ODEs with B = I; and DAEs. For simplicity we shall drop ¢ from (1.1) as the
generalization of the techniques developed in this paper to the nonautonomous
case is straightforward.

An s-stage Runge-Kutta method with coefficients (4, b) applied to (1.1) ad-
vances the numerical solution a step of size h from (t,,y,) by applying three
sets of equations,

(1.2a) Y = 1@y, +(A®I;)hY
(1.2h) BY; F(Yi); i=1:s
(1.2¢) Yni1 = Yo+ (07 @ LAY
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The first, (1.2a), defines the stage manifold, which gives a linear relation between
stage values Y and stage derivatives! V. In tandem with the differential equation
(1.2b), it uniquely determines the stage values and derivatives under reasonable
conditions on method coefficients A and problem properties in terms of B and f,
cf. [KS91]. Finally, the quadrature formula (1.2¢) provides a numerical solution
(tns1sYnt1)-

The two equations (1.2a) and (1.2b) can in general not be solved exactly (ex-
ceptions are when (1.1) is linear or in the ODE case when the method (A, b) is ex-
plicit). Therefore some iterative procedure must be used, causing the equations
to hold only approximately. The possibilities and consequences of a systematic
approach to approzrimate the Runge-Kutta equations, however, have not been
adequately analyzed in the literature. It is nevertheless known that different ap-
proaches may have a significant impact on performance. For example, for ODEs
with B = I, (1.2¢) is equivalent to

(1.3) Ynt1 = yn + (0" @ L)hF(Y),

with (el @ I;)F = fo(el ®1;). If the system is stiff (i.e. if the Lipschitz constant
L[hf] > 1) and the stage values Y are only approximate, then the evaluation of
hF(Y") “can be disastrously inaccurate”, cf. [Sha80], as this may strongly amplify
approximation errors in Y. In contrast, if approximate stage derivatives have
been computed it should be preferable to use the quadrature formula (1.2c)
instead. Moreover, for the more general problem (1.1) this quadrature formula
must be used as (1.3) has no counterpart in DAEs. Such considerations have
led to the recommendation to solve for the scaled stage derivatives hY instead
of the stage values Y.

A related problem is found in algebraically accurate (i.e. el A = bT) implicit
RK methods having a first explicit stage, such as the Lobatto I1Ia methods (e.g.
the trapezoidal rule). In such “FSAL” (first [stage] same as last) methods, one
has a choice of reusing the last stage from the previous step or recomputing
the derivative at the starting point of the current step. The latter approach
leads to problems similar to the one mentioned above; an error in y, might
be strongly amplified. Stage derivative reuse is sometimes advocated to save
function evaluations, but more importantly it may overcome amplification of
errors, reduce error transport and achieve better overall performance at the
price of utilizing a method which strictly is not a true one-step method. A
similar stage derivative reuse technique can also be employed to construct less
sensitive error estimators for e.g. Radau ITa methods, cf. [HW96b, p. 123], where
the difficulties can be attributed to a first explicit stage in the estimator.

The aim of this paper is to address these issues by defining an approximate
Runge-Kutta process, in which the equations (1.2) are approximated in a very
specific way. We show that in spite of approximation errors it is possible to
achieve error bounds which are uniform with respect to stiffness, and we extend
this approach to stage derivative reuse methods, which are analyzed in detail.
The problem of constructing error estimators is also considered.

L Although they are not functions of ¢, we denote stage derivatives by Y.
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2 The approximate Runge—Kutta process

We shall define an approximate RK process from the elements of (1.2) and
note that in the exact RK process the stages are defined as the solution of (1.2a)
and (1.2b). As the latter is generally some transcendental equation, numerically
exact solutions cannot be obtained. We may nevertheless require (1.2a) to hold
exactly (or down to roundoff level) and contain the remaining errors of the
approximate stage in (1.2b).

DEFINITION 2.1. The stage manifold at n is defined by

(2.1) M) ={(U,0) e R*? : U=10n+ (A I;)hU}.

Assuming that the system consisting of (1.2a) and (1.2b) is uniquely solvable for
any ¥, in a sufficiently large domain, we make the following definition:

DEFINITION 2.2. The exact stage pair (U*(n),hU*(n)) at n is the unique
solution of the system of equations

(2.2a) U = 1en+ (A Iy)hU
(2.2b) BU; = f(Uy); i=1:s.

We obviously have (U*(n), hU*(n)) € M(n). The computation of this point is,
however, terminated after a finite number of iterations, so that only an approx-
imation is obtained. As pointed out before, we require (2.2a) to hold, i.e. we
consider computations which yield iterates on the stage manifold M(n).

DEFINITION 2.3. Let K € R**® be nonsingular. (U(n), hU(n)) € M(n) is
called a (A, K)-approximate stage pair at 1 if

(2.3) I(K  1a)(hU (1) — hU*(m)|| < A.

The set of (A, K)—approximate stage pairs is a ball of radius A restricted to the
stage manifold. Two particular cases are especially important. First, a (A, I)—
approximation bounds stage derivative errors by ||hU(n) — hU*(n)|] < A. Sec-
ond, choosing K = A and using (2.2a), we find that a (A, A)-approximation
correspondingly bounds stage errors by |[U(n) — U*(n))|| < A. In the theoret-
ical analysis (A, A)-approximations have been discussed, [NT86], and several
Runge-Kutta codes also aim for (A, A)-approximations with a suitable choice
of A, cf. [HW96b, p. 120-121], [NT86]. In the following we let (U (n), hU (1))
denote a (A, K)—approximate stage pair at 7.

DEFINITION 2.4. Let U(n; A) denote a (A, K)-approzimate stage derivative.
A (A, K)-approximate Runge-Kutta step from 1 is a map Rﬁ defined by

(2.4) RY ==+ (0O @ L)hU(n; A).

The exact Runge-Kutta step from n is the map RY.
The exact RK process is obtained by taking n = y, and advancing the solution
by the exact Runge—Kutta step; since U*(y,) =Y we have y,11 = R%(yn). An
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approximate step on the other hand will generate a sequence {u,, } deviating from
{yn}. Starting at n = u,,, an exact RK step yields u},,; = R (u,). By contrast,
a (A, K)-approximate step yields un 41 = R4 (uy,), where u,41 depends on the
accuracy of the (A, K)-approximate stage pair, which is in principle controlled
by the choice of K, the value of A and the iterative process used to obtain
this approximate stage. As A — 0, however, a single approximate step tends
to the exact RK step. Similarly, the approximate RK process tends to the
exact RK process, since iteration errors are added to the truncation errors and
therefore enter the error propagation in a similar way. This requires in practical
computations that A be related to the truncation error tolerance.

To bound the errors we specify the norms as follows. We denote the norm on
R? (“problem space”) by |-|y. The error bounds depend in a characteristic way
on method parameters, which are measured in terms of |-|gx on R*® (“method
parameter space”). Finally we construct a norm || -|| on R*¢ (“stage space”) from
the two first norms by

(2.5) U= 1(1Uslys -5 1Usly) T Ir-
For our conclusions to hold, we define
(2.6) b7 Irxc = [0, |uly = |Tulp,

where T' € R%*? is nonsingular and |-|,, is the usual /¥ norm. Note that [b”|rx =
|bT|p = |bly, where 1/p + 1/q = 1. Further we have

(2.7) o @ ull = [vlrx - [uly, 4@ JI| = [Alrk - |1y,

where v € R®, u € R?, A € R**® and J € R¥*?. Although this construction
is sufficiently general it may be preferable to make problem and method norms
entirely independent so that a correctly adapted algorithm, based on parameters
measured by |-|rk, can be used without change for any user—selected problem
norm. This can be achieved by choosing |-|rx as either one of the ' or [*°
norms, combining it with an arbitrary |-, through (2.5). The basic multiplicative
properties (2.7) still hold in this case. Inner product norms are covered by (2.6),
taking the 12 norm on the method parameter space.

THEOREM 2.1. Let K be nonsingular, let (U, hU) be a (A, K)—approzimate
stage pair at w,, and let u,11 be the corresponding (A, K)—approzimate Runge—
Kutta step from u,. We then have the following
Stage error bounds:

(2.84) -0 < AJAK g
(2.8b) Ui = U, < A-lef AK gk
Stage derivative error bounds:

(2.9a) |h0 —hU*|| < A-|K™'|rk
(2.9b) \WU; —hU?|, < A-lelK Y rk
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(2.9¢) W (U) ~hf U], < A-L[f]- e AR nk

Quadrature error bound:

(2.10) |Un+1 - U;;+1|y <A- |bTK71|RK'

Proof. By (2.2a) the difference between U(n) and U*(n) satisfies

-0 = A IR0 R
I(AK =" & L)(K ® L) (hTT — KO

|AK71|RK -AL

IN

Bounds for individual stages are obtained by considering

Ui =Ufly, = (el @ L)(U-U"),
(€T AK™" @ I)(K @ I,)(hU — hU™)],
el AK " |ric||(K & 1) (hU — RUT*)|| .

IN

The two stage derivative bounds (2.9a) and (2.9b) follow by applying similar
techniques to ||AU — hU*|| = |[(K— @ I;)(K ® I;)(hU — hU*)||. The bound
(2.9¢) is a straightforward Lipschitz condition, where the lub Lipschitz constant
with respect to |-|, is defined by Ly [f] = sup,,, | f(u) — f(v)]y/|u — v],. Finally,
we obtain (2.10) by |uny1 — ufi ]y = |07 @ Iy)(hU — hU*)|,. O

The implications of the theorem are displayed in Table 2.1, where the bounds
are given for the cases K = I; and K = A. The theorem assumes that K is
invertible, but by minor extensions of the proof it can be shown that A need
only be invertible in three of the bounds in the right column of Table 2.1. More-
over, for algebraically accurate methods (b7 = eI’ A) the (A, A)-bound for the
quadrature error simplifies to A - [el|gx = A, even if A should be singular (e.g.
for the Lobatto IIla methods) as b is then in the range of AT. Note that some
bounds are simplified by |-|rk being an [P norm, for which |e] |rx = 1.

The importance of a (A, K)—approximate step is that it bounds the influence
of iteration errors on the end point of a step. The choice K = A corresponds to
a termination criterion for stage values. As A~! appears in some of the (A, A)—
bounds, however, special care may have to be taken for methods having a large
|A7"|rk. In that case small stage errors do not imply a small error at the end
point. The choice K = I; is then preferable, corresponding to a termination
criterion based on stage derivatives. Other values of K may also be of interest.
We note e.g. that the implementation of RApAUS [HW96b, p. 121-122] uses
a transformation of A to block diagonal form, and a corresponding accuracy
criterion should then be used.

We further note that the bounds for |hf(U;) — hf(U})|, are nonuniform with
respect to stiffness, as measured by the Lipschitz constant L, [hf]. This indicates
that for stiff ODEs it is of importance not to approximate stage derivatives by



6 H. OLSSON AND G. SODERLIND

(A, K)—approximation error bounds

Quantity (A, Is)-bound (A, A)-bound
o —u~ A - [Alrk A

\U; — UZy A-leT Alrk A

|hT — hU*|| A A A RK
|hU; — hU |y A A-lef A gK
|hf(Ui) — hf (U )y A-Ly[hf]-lef Alrk A Ly[hf]
[unt1 —uy gy A b7k A-pT A7 gk

Table 2.1: Iteration error bounds implied by Theorem 2.1.

f(U;) when the stage value U; is in error, cf. Figure 2. We shall next analyze
this difference briefly.

Let B = I; and consider the ODE g = f(y). Further, assume that the method
(A,b) has an invertible A. For a (A, K)-approximate stage pair at n and the
corresponding exact stage pair we let 6U = U —U* and 6U = U — U* denote the
errors of the stage values and the stage derivatives, respectively. From this we
obtain two different expressions for the relation between U and dU. Because
(U, hU) is on the stage manifold,

(2.11) hoU = (A~ @ I4)6U,

which shows that the stage derivative error is uniformly bounded in terms of the
stage error and vice versa:

(2.12) 1h8U | < |A™ rxc - 6T, 16U < |Alr - [|ROU].

The exact stage pair satisfies the ODE, i.e.

(2.13) RU* = (I, @ hf)(U*),

but the approximation has a residual hp,

(2.14) hU = (I, @ hf)(U) + hp,

which may be very large if L,[hf] > 1, i.e. in the presence of stiffness. Since
(2.15) hU = (I, @ hf)(U) — (I, @ hf)(U*) + hp

must be uniformly bounded according to the left inequality of (2.12), there must
be a considerable cancellation between hp and (Iy ® hf)(U) — (Is ® hf)(U*).
We therefore conclude that if hp is large, then ||(Is @ hf)(U) — hU*|| > ||héU||
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hy = hf(y)
hy
. Y=1Yn+hy
hU*
hU
hf(U)
U U* Y

Figure 2.1: The exact stage pair (Yn+t1,h¥n+1) is the intersection of the stage
manifold y = y, + hy and the nonlinear manifold hy —hf(y) = 0, here illustrated
for the implicit Euler method. We require iterates to remain on the stage mani-
fold as opposed to requiring hyy = hf(y). When L,[hf] is large (“stiffness”), the
latter approach may incur large errors in the stage derivative, but the former
yields uniform error bounds.

and (I, @ hf)(U) is inferior to hU as an approzimation to hU*. The reason for
defining the (A, K)-approximation as restricted to the stage manifold is thus
that it is possible to obtain error bounds which are uniform with respect to
stiffness. The (A, K)-approximate RK step, u, 1 = u, + (b7 @ Id)hU, admits
such uniform error bounds, which cannot be obtained if the quadrature were to
proceed by the formula u, 11 = u, + (b7 @ I)(Is @ hf)(U), cf. (1.3). We remark
that, while this is the theoretical motivation behind the definitions proposed in
this paper, it may in some cases still be possible to achieve acceptable results
with (1.3); even in the presence of stiffness it is not always the case that ||hp||
is large—in many stiff problems the stiff subspace varies sufficiently slowly for
the Newton iteration to generate accurate approximations to stage derivatives
within a few iterations.

3 Stage derivative reuse

Some implicit RK methods have a first explicit stage, which—in the case of
ODEs—formally requires the evaluation of f(uy). If the method in addition is
algebraically accurate (b7 = e A), the stage pair from the previous step contains
U, = u, as well as the corresponding stage derivative, Us = 1, which is the
accepted (A, K)—approximation to Us* = f(u}). We can then reuse i, on the
next step to avoid a reevaluation of f(u,) which may incur greater errors than
those present in ,. Examples where this technique can be employed are the
Lobatto ITTa methods, ESDIRK methods [AC90, Kva92|, and embedded error
estimators for algebraically accurate methods such as Radau ITa. The latter
methods provide 1, and it is common to embed an error estimator with a first
explicit stage, [HW96b, p. 123]. Such estimators may however overestimate stiff
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error components unless special care is taken; here we suggest stage derivative
reuse (SDR), i.e. reusing 1,,, to overcome these problems.
We partition an RK method (A4, b) with an explicit first stage as

=Gy =)

where we assume that A is invertible and that b7 = el A (also written b7 = &7 A).
The stages are partitioned conformally, with Y; denoting the first stage and Y
the vector of the remaining stages. Moreover, if the method is algebraically
accurate the sth stage pair satisfies (Y, YS) = (Yn+1,Ynt1)-

The SDR. computational process starts a step from a pair (n, k7). To define
this process we follow the same outline as in the true one-step case treated in

the previous section.
DEFINITION 3.1. The SDR manifold at (n, hn) is defined by

(3.1) M, hij) = {(V,hV) € M(n) = (Vi,hVi) = (, hap)}.

We note that this implies a further restriction of the previously defined stage
manifold M(n). Next we assume that, for any (n, k) in a sufficiently large
domain, the system

(3.2a) V = ien+taohy+(Ael)hV
(3.2b) BV, = f(V;); i=2:s

has a unique solution, denoted by (V*(n, hn), h‘}*(n, hn)).
DEFINITION 3.2. The exact SDR pair at (n, hn) is defined by

53 Vo= () hV*(n,hﬁ)=<h‘}*?: hm)‘

The exact SDR pair is therefore in M(n, h1}). We also note that for the exact
Runge-Kutta process, the exact stage pair at y, is identical to the exact SDR
pair at (yn, hyn), where g, is the last stage derivative on the previous step, equal
to f(y,) in the case of ODEs. Thus,

(3.4) U*(yn) = V*(yn, hijn) =Y, U*(yn) = V*(yna hipn) = Y.

In the SDR process, only s—1 stages are computed on each step, and we therefore
define norms analogous to (2.5) and (2.6) by |[V|| = |(|Valy,---,|Vily)T|sDR,
where |67 |spr = |7, is defined on R*™" and |-|, remains unchanged.

DEFINITION 3.3. Let K € RC™YX6~Y e nonsingular. (V(n, k1), hV (n, hij)) €
M(n, ki) is called a (A, K)-approximate SDR pair at (1, h1)) if

(3.5) (K @ L)(hV (5, b)) — hV* (5, b)) || < A.
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(A, K)—approximation error bounds

Quantity (A, Is—1)-bound (A, A)-bound
v —v= A -]Alspr A

Vi = Vily A-|e] Alspr A

IV = V| A A-JA"YspR
[hV; — bV |y A A-|eTA spr

Table 3.1: Tteration error bounds implied by Theorem 3.1.

DEFINITION 3.4. Let (V(n, hij; A), RV (n, hip; A)) denote a (A, K)—approzimate
SDR pair. A (A, K)-approximate SDR step from (n, hn) is a map ShA,

(3.6) Sit o (b)) = (Vi(n, hat A), BV (n, hij; A)).

The exact SDR step from (n, h1)) is the map Sp.
Thus the approximate SDR. computational process takes (1, h1}) = (vp, hty,) and
advances one step by computing (v,t1,h0n41) = S,LA(vn,hi)n). The effects of
iteration errors are then bounded in a way analogous to Theorem 2.1.
THEOREM 3.1. Let (A,b) be an algebraically accurate Runge—Kutta method
with a first explicit stage. Further, let (V,hV) be a (A, K)-approzimate SDR
pair at (vn, hiy), and let (vng1, Monit) be the corresponding (A, K)—approzimate
SDR step from (v,,hv,). Then the bounds given in Table 8.1 hold and

(3.72) [vnt1 = vhialy A-|eTAK ' spr = A [bTK™'|spr,

<
(3.7b)  |Aip1 — hifqly < A-[ETK Yspr.

Proof. For i = 2 : s the s — 1 vector & denotes el with its first element
removed. The bounds of Theorem 2.1 then remain valid when K is replaced by
K, Aby A, el by éT and |-|rk by |-|spr- Since (4,b) is algebraically accurate
the bounds (3.7) correspond to i = s in Table 3.1. O

4 Stability

In order to investigate error propagation, we first need to establish the ba-
sic stability properties of SDR methods. To this end we consider the linear
test equation, §y = Ay, for which the true one-step Runge-Kutta method yields
Yn+1 = R(2)yn, where R) = R(z) is a rational function of z = hA. In a similar
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way an exact SDR step yields S = S(z), where S(z) becomes a 2 X 2 ma-
trix. For the linear test equation hV*(n,hn) = 2V*(n,hn), and (3.2a) yields
V¥(n,hn) = eI (I — zA)~(1n + ahs). Hence

(4.1) S(z) = C) (- 24t a).

THEOREM 4.1. S(2) is a rank 1 matriz with eigenvalue R(2) and
(12) §7(2) = R™L(2)8(2),
i.e. S(z) is power-bounded (stable) if and only if |R(z)] < 1.

Proof. The nonzero eigenvalue of S(z) is obviously éX(I — zA)~1(1 + za) =
1+ 2bT(I — zA)~'1 = R(z). Consequently S(z)/R(z) is an oblique projector,
therefore idempotent, and (4.2) follows. O

Thus the stability of the Runge—Kutta method is preserved in SDR mode. More-
over, a sequence of n exact SDR steps is equivalent to taking one exact SDR
step followed by n — 1 exact Runge—Kutta steps. The propagation matrix S(z)
also has special structure in the nonstiff (z — 0) and stiff (z — o0) limits,
respectively. Thus, provided that A is invertible,

4y s0=(p) B0 w).  se=(7) (~eiT R0,

Therefore, S(0) projects errors in the data (v,,hv,) entirely onto vy, ;. On
the other hand, S(c0) projects errors in stiff/algebraic components of (v, hoy,)
entirely onto hv}; ; while vy, |, is left unaffected by previous errors; the behavior
of an A-stable SDR method is in this regard similar to that of an L-stable
Runge-Kutta method, irrespective of the value of R(c0).

Variable stepsize computations require special analysis. Let h, denote the
step from t,, to tp41, define z, = h, A, and let w, = h,/hp—1 denote the ratio
between two consecutive steps. The data available at the start of the step are
(Un, hp—10,). A single step can then be written

() () -5 (2 ()

This implies that the error in the previous stage derivative is amplified by the
stepsize ratio w, before being propagated by S(z,). Power boundedness there-
fore depends on the stepsize rescaling matrix ,, = diag(l w,) in (4.4). Mul-
tiplying out S(z,)Q,S(2z,—1) we note that the range of S(z,_1) is spanned by
(1 z,_1)T, which is transformed into (1 z,,)” by €,. Since the latter vector is an
eigenvector of S(z,) it follows that S(2,)Q2,S(2n-1) = R(2n)2nS(2n—1). Repet-
itive application of this formula yields the variable-step analogue of (4.2),

(4.5a) H (25)9; - S(20) H (2)9; - S(20)

j=1 j=1
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n

(4.5b) = (é hn(; h0> ,1:[1 R(z) - S(z0).-

This appears to be a potentially unrestrained propagation of errors; in a typical
stiff problem the stepsize may accumulate a growth of many orders of magnitude
which is directly reflected by the size of h,/ho. As long as this stepsize ratio is
finite, however, the method may take any number of steps, showing that the error
amplification is not a matter of instability—stability is again equivalent to that
of the Runge-Kutta method via [[; R(z;). As for the error amplification due to
variable steps, (4.5b) shows that this only affects the stage derivatives {h,—10,}
and not the solution {v,} itself. In order to examine this amplification, while
making a fair comparison between the exact Runge-Kutta and SDR methods,
we assume that the starting value 7 is in error by a quantity dn. The true one-
step method will during n steps propagate this error by R(z;) to an error du,,.
If we compute the derivative at the nth step, the derivative will have an error
hét, = zpdu,. Therefore

(16) () = (1) o0 101 R(z;).

For the SDR method, the errors (dn, hdn) in the starting point are correlated.
Because the SDR procedure requires a plain Runge-Kutta step to start the
process, we consider this first step to be a (A, K)—approximate step?. As this
solution is required to be in the manifold M(n, hn), the errors are related as in
(2.11), i.e. (6n, hdn) = (ET6VO,eT A=16V0). After n exact SDR steps this error
is propagated by (4.5b) into

(4.7a) <}f§’5n> _ <(1) hn(;hO)jli[lR(zj)-S(zo) <Z§{4}> 5V70

(4.7b) = < ! ) eI — zA)™" (1T + aeT A1) §V° ﬁ R(zj)

Zn

(;) Sur f[R(zj).

This demonstrates that the error propagations of the Runge-Kutta and the
corresponding SDR method are very similar; the difference lies only in the first
step, where the SDR, method has the advantage over the Runge—Kutta method
concerning projecting stiff errors entirely onto the derivatives, thus implying
smaller errors in the solution. In other respects the two techniques can be
expected to yield very similar results, even in the variable step case.

j=1

(4.7¢)

21f the first step were an ezact Runge-Kutta step, then the following sequence of exact
SDR steps is equivalent to taking only exact Runge—Kutta steps.
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5 Propagation of iteration errors

The structure of the error propagation carries over also to the full nonlinear
case. An exact SDR step yields a solution (v}, ,,?},,) which satisfies the dif-
ferential equation, i.e. Bv}, , = f(v;,1). A subsequent exact SDR step from
this point is then identical to an exact Runge-Kutta step, in analogy with (4.2).
A Runge-Kutta step from vy, ,; computes the first stage derivative which must
satisfy the differential equation at the starting point; this computation merely
recreates information already available from the preceding exact SDR step.

By (2.4) the exact Runge-Kutta solution {y,} is given by the recursion

(5.1) Ys1 = R (W).

The computed approximate SDR solution is a sequence {(vy, hty,)} where
(5.2) (Ung1, Ming1) = S5 (Un, hy).

An exact SDR step from any SDR solution point (v, ho,,) is a local solution
(5.3) (vk 1, Wl ) = Sp(vn, hiy,).

Similarly we define

(5.4) (v, b)) = Sp(n—1, hin—1);  (v3%, hosy) = Sp(vg, hoy),

where v}%, = R)(v}). With this notation, we decompose the global iteration
error e, = v, — Y, from the (A, K’)fapproximate SDR steps into two parts,

(5.5) en = (vp —v)) + (v — yn)-

The global iteration error e,y; = vp4+1 — Ynt1 on the next step can then be
decomposed into three parts, cf. Figure 5.1,

(5.6) ent1 = (Uns1 = vni1) + (Vngr = 00%) + (Up51 = Ynta),

where the first is the error incurred by ShA on the present step due to terminating
the iteration with a (A, K)-approximate solution; |vn41 — v, ], is bounded
in accordance with (3.7a) of Theorem 3.1. The second part is the (A, K)-
approximation error v, — v} of the previous step (5.5) propagated by a single
exact SDR step S,

(5.7) (U2+1:h1":z+1) - (v;;il’h’[)’:;il) = S}?(“m hiy) — 82(”;: h{’:z):

which has the desired property of projecting stiff /algebraic errors onto the deriva-
tive; the size of v, | — vy% |, needs closer examination. Finally the third part,

(5.8) Upt = Y1 = R (05) = R (),

is the error v} — yp, of (5.5) propagated by the exact Runge-Kutta method in a
way which is well studied in the literature in connection with global truncation
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Figure 5.1: Propagation of iteration errors in SDR methods. Points generated
by the SDR method (&'hA or &) are indicated by ‘e’ while points generated
by the exact RK method (RY) are indicated by ‘o’. Arrows indicate local and
propagated iteration errors. For details, see text.

error propagation; [vy* | — Yny1|y can therefore in principle be considered to be
a small addition to the usual global error propagation.

We shall estimate |v};,; —v7% |- To this end we introduce the data vector for
the SDR step, g(n, h)) = 1® n+ @ ® hij. Because it is linear in its arguments,
dg = g(n+on, hn+ hén) — g(n, hn) = g(dn, hdn). Rewriting (3.2), we obtain

(5.92) hV = (A @ L) (V — g(n, b))

(5.9b) (I, ® B)hV = (I,_1 @ hf)(V).

Consequently, (A~ @ B)(V — g(n, b)) = (I,_1 ® hf)(V), with formal solution
V(n, b)) = (Ies ® B— A® hf) ™ ((TIo—1 ® B)g(n, ha})), which yields

(5.108) vi,, = (T @I) (i ® B—A@hf)™ ((Toos @ B)g(vn, hin))
(5.10b) vyt = (éF @) (liei®B—A® hf)71 ((Is—1 ® B)g(vy,, hiy,)).

We therefore have the bound
(5.11) [opi1 = vnialy < |67 IspR L - [lg(8vn, hdtn)|l,

where v, = v, — v} and hdv, = hv, — ho}, and where the Lipschitz constant

L= L(I,.1®B-A® hf)fl(Is,l ® B)] is defined via g(n, b)) = V (5, h1)) as

— 15V|| _ |V (1 + dn, hap + hén) — V (n, hap) | _
590 109l sn,mén£0 llg(6n, hén)|]

In the case of ODEs, when B = I, we have

(5.12) L

R . 1 1
(5.13) L=L[(I-A®hf) ]gmzwom),
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provided that the logarithmic Lipschitz constant (cp. logarithmic norm) satisfies
hM[A® f] < 1. Since |¢L|spr = 1 the bound (5.11) can then be written

* *k ||g(§Un,h§Un)||
5.14 Vi —w < 1910, BIU)N
( ) | n+1 n+1|y—1_hM[A®f]
showing that under a suitable monotonicity condition such as M [A ® f] <0,
there holds |v}; | —v% 1], < [|dg||; more generally, the perturbation bound (5.11
is in principle independent of stiffness.

It remains to bound ||g(dvy,, hd0y,)||. A minor extension of Theorem 3.1 yields

(5.15a)  [lg(6vn, hévn)|| = (1@ a)(vn —v}) + (& ® L) (hoy — hi})]|
(5.15b) < A-|[I"K™'|spr + A - |aé] K~ |spr.

Thus, in conclusion we have

(5.16a)  |vnt1 = vnyaly A-[e] K™ [spr

<
(5.16b) oy —viialy < A-L- (17K spr + [a67 K [sor),

where the first inequality is the error contribution from the present (A, K)—
approximate step and the second is the corresponding error from the previous
step, propagated by an exact SDR step. We summarize as follows.

THEOREM 5.1. Let an algebraically accurate Runge—Kutta method with a
first explicit stage be applied in SDR mode to (1.1). If each step is (A, K)-
approximate, then

(7) the local iteration error is bounded by (5.16a);

(#3) the local iteration error from the previous step is propagated by the exact
SDR map S} and is bounded by (5.16b), where L is defined by (5.12);

(iii) the global iteration error is propagated by the exact RK map R.

We note in particular that |11, — 0 as A — 0, and that the bound (5.16b)
is in principle uniform with respect to stiffness. The effect of the SDR time-
stepping is local and comes from the exact SDR step producing vy, , | —vy;% 1; this
local contribution to the error is essentially devoid of errors in the stiff/algebraic
components which are largely suppressed by SY, implying that on subsequent
steps no such errors will be propagated by the underlying algebraically accurate
Runge-Kutta method. This implies that the error transport is identical to that of
the exact Runge—Kutta method, only the iteration error increments are different.

To illustrate Theorem 5.1 we consider the trapezoidal rule (@ = A = b = 1/2)
applied to an ODE g = f(y). The monotonicity condition M[f] < 0 implies
L=L[I-(h/2)f) Y] <1forall h>0,and for K = A the bounds in (5.16) are
both 2A. Similarly, for K =1, the bounds are also the same, A. This indicates
a restrained error propagation by Sp. The application of the trapezoidal rule in
SDR mode is equivalent to using the implicit midpoint rule on a staggered grid
while considering the midpoints as the solution {v,}.
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In DIRK methods, it is natural to solve for stage values sequentially, instead
of through a simultaneous iteration on all stages, in order to obtain a (A, K)-
approximate step. The bounded propagation of iteration errors shows that such
an approach is feasible; a full analysis for such an iteration scheme is possible
and yields results similar to those presented here.

6 SDR in error estimators

The advantage of SDR for methods with a first explicit stage is that the
SDR step has a behavior similar to that of an L-stable method. This technique
can be put to effective use in the error estimator for RADAUS, cf. [HW96b, p.
123]. As error estimators are only used locally they do not affect global error
propagation except indirectly by inducing different stepsize sequences. SDR in
error estimators will generally carry less error from the previous step than if
the true one-step error estimator were used. In addition it is less expensive by
saving one function evaluation per step.

The embedded error estimator for RADAUS5 is described by the Butcher tableau

and has an explicit first stage. However, it is apparently not used in SDR mode
and may consequently grossly overestimate stiff/algebraic errors. As a remedy,
the estimate is “filtered” [HW96b, p. 123] to quench these errors. An alternative
approach achieves a corresponding effect by instead using an error estimator of
the form

00 0 0
c| 0 A 0
1 l;o b— 'yez ¥
yl| 0 b 0
g b b—rel v

where v is chosen such that the available iteration matrix can be used for the
computation of the extra stage and by = 1/50 is optimized with respect to error
magnitude, [dSS97]. Both estimators gain significantly in performance from
reusing the stage derivative from the last step. The cost is lower in both cases and
the improved estimator also has better properties, supported by analysis. These
techniques can easily be employed by designing the embedded error estimators
properly for algebraically accurate Runge—Kutta methods.

To give a simplified explanation of why SDR. performs better, we consider the
embedded reference method of the first method above, which yields

Unt1 = Yn + I;Ohf(yn) + (I;T ® I)hY
in true one-step mode and
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in SDR mode, where ¢, is the accepted last stage derivative from the previous
step. For simplicity, consider the linear test equation y = Ay with z = h\. For
the true one-step estimator, we obtain

Z)n-&-l =Yn + BOZyn + ZI;T([ - ZA)_l]lyna
while the SDR estimator results in
Gt = Yn + bohgm + 207 (I — zA) ™ y,,.

The disadvantage of the true one-step estimator is that if y, deviates from its
exact value, then this deviation is amplified by a factor bpz, which is unbounded
as |z] = oo. In contrast, if in the SDR estimator hg, is inaccurate, then the
latter deviation is only amplified by a constant factor BO, and for varying step-
sizes the influence is proportional to the step-size ratio. The SDR estimator is
therefore less affected by the use of an approximate RK process, as Theorem 3.1
provides a stiffness independent bound for the error in hy.

7 Iteration and truncation errors

A well-known technique for achieving global errors proportional to a given
tolerance ¢ is to control the local error per unit step. While this approach is less
efficient for stiff problems, one may as a remedy scale the “unit stepsize” locally
and still achieve tolerance proportionality, according to [DB94]. We follow this
approach and model truncation errors in terms of a local time scale 7(t). Thus,
rather than assuming that the local error asymptotically is |I(2)|, &~ c(t)h(t)PT,
we make the modified asymptotic assumptions

(7.1) 1)y ~ - (/TP 1By & & (h(t)/7(8)PF,

where the left formula models the local error and the right the local error esti-
mate. Further we shall assume that local extrapolation is used, i.e., p > p+ 1,
and aim to control local errors per scaled unit step h/7(t). We shall investigate
how to select the local truncation error bound Ayyyne, which will also tell us how
to select the iteration error bound A in the approximate RK process.

By keeping the error estimate |I(t)], & Airune, the above asymptotic assump-
tions yield ¢(h/7)?T! & Agrune, and it follows that h/7 ~ (Agpunc /€)Y P, For
the local error I(t) we therefore have

|l(t)|y (Atmmc>p/(ﬁ+1)
Re | ——— -

(7.2) Syl -

In order to obtain a globally e-approximate solution we thus require

(7.3) Ap =6 (Z)(ﬁ+1)/p

/b

= Utrunc

This indicates how to select the local error tolerance when the orders of the error
and error estimator satisfy p > p + 1. It should be compared to the settings in
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Table 7.1: Estimated error coefficients for selected RK methods.

Method Ctall Cbhushy Call ébushy firunc  [iter
esdirk23a 2.6e-2 1.0e-2 | 7.9e-2 7.9e-2 3 3
esdirk34a, 2.7e-2  7.8e-4 | 5.9e-2 7.5e-3 2 2
esdirk4b5a, 4.9e-4 4.8e-5 | 2.8¢-4 3.9e-5 0.6 5
sd34var 1.0e-3 6.0e-4 | 1.1e-3 1.4e-2 14 6
Radaulla(p=>5) | 1.4e-4 1.4e-5 | 3.3e-4 33e4| 04 6

the code RADAUS, [HW96a], where p = 5 and p = 3, and Aypyne is chosen
proportional to £*/¢ instead of €*/® as indicated by the analysis above. This
difference is due to the fact that RADAU5 uses an error per step criterion, whereas
our analysis is based on an error per unit time scale criterion. As a result, we
may expect RADAUS to allow too large errors for strict tolerances €, and recent
tests (see [dS95]) confirm that an order of magnitude stricter tolerance does not
gain an entire magnitude in the achieved global error. The earlier version of
RADAU5 used in [HW96b| had Aypyune = €, and thus decreased the global error
more than an order of magnitude given a corresponding tolerance decrease.

In order to set Aypyne correctly, we need an estimate of fgpync, Which de-
pends on the constants ¢ and ¢, which in turn are problem as well as method
dependent. Since the global error will always have an unknown proportional-
ity factor, we may however model these constants in a way which accounts for
method dependencies. As the constants depend on certain elementary differen-
tials, we shall compare the coefficients in front of like differentials in the Taylor
expansions of the method and its estimator. We choose to study two particu-
lar trees, the “tall” tree and the “bushy” tree, which correspond to two extreme
cases, linear constant coefficient ODEs and pure quadrature. To this end, we
estimate can = (BT AP1—1)/(p+ 1)! and cpushy = (bT'c? — 1)/(p+ 1)!, and put
¢* = max(Chyshy, Ctall), With corresponding definitions of éan, éhushy and ¢*. We
finally estimate pitpune BY fitrune = ¢/ (¢*)®#+1D/P Table 7.1 contains approx-
imate values of fizryne for some of the implicit RK methods which have been
used to verify the resulting strategy in practical computations. The method
coefficients (A,b,b) of the ESDIRK-methods are available in [Kvae92] and those
of sd34var can be found in [Ols95]. We remark that the Radaulla method here
uses the scaled error estimator with by = 1/50, [dSS97].

Turning to the iteration error, we need an accurate solution for two reasons:
(7) the error estimate should be accurate and not contaminated by iteration
errors, (4) iteration errors should only make a negligible contribution to the
global error. The first item is treated in [NT86] and we will amend these results.
In particular, we need to set the value of A/A¢yun. properly.

Let the iteration error tolerance be Aj,.. For Runge-Kutta methods with
invertible A, a (Ajer, K)-approximate step is then in error by Ao, |bT K~k
at the end-point of the step. (We will not consider SDR methods here, as the
results are completely analogous.) To have a global iteration error less than ke,
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where a suitable fraction is k¥ < 0.1, we require

A TK—l
(7.4) w < ke.
n Tn

Relating this to the truncation error, note that h/7 ~ (g/c)'/?. We thus take

K
: Aipor = fliger - ot pH1)/p
(7.5) tor = Miter " TR € :

where liter = ¢ /7P is estimated by ftiter for selected RK methods as listed in
Table 7.1. We note that Aj., is proportional to er+)/p a9 opposed to A¢rune
which is proportional to e®+1)/?. For example, in the three-stage Radau ITa
method this requires that Az, be proportional to €2/ Ajpyne. In the present
version of RADAUS, [HW96a] a similar rescaling, but with different exponents,
is used, although no theoretical justification is provided. The tests in [HW96b)]
use an earlier version of RADAUS.

The chosen value for Aj;.,» needs to be complemented with some safety nets.
Thus, we make sure that the iteration error does not give a significant contribu-
tion to the actual local error estimate, and we require

(7.6) Aiter < fzllnly
RO b)TK71|RK

where £y is sufficiently small, say ko = 0.1. Here |ln|, = (hn/hn_1)2T" ln_1],
is an extrapolation of the local error estimate from the previous step, indicating
how large an error is expected on the present step while the iteration has not yet
been completed. Should this projected value be very small, we allow a threshold
value based on Aypyne, and set

(77) An e min <Aiter’ Ko maX(|ln|y, Atrunc/100)> ’

(b —0)TK~"|rk
where A,, is the value which is used in actual computation on the nth step.

8 Numerical tests

In this section on testing we will consistently use the strategies from [OS96]
for refactorization with predictive stepsize selection taken from [Gus94]. We
shall first use an artificial problem to verify the effects of SDR vs. RK as well as
assess the effects of reevaluating the right-hand side of an ODE. We shall then
test some representative problems from [dS95, dSvdVS95].

The possible disadvantage of reevaluating f will depend on the variations of the
Jacobian in the stiff subspace. We therefore need a problem with the following
properties: (i) stiffness, i.e., Ly[hf] large, (i) non-trivial solution in a slowly
varying stiff subspace, (ii7) significantly varying Jacobian along the solution,
independently of stiffness. Note that it is not sufficient that the Jacobian varies
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Figure 8.1: Work (number of steps) as a function of tolerance e € [1072,1071],

and stiffness parameter k € [10%,10'6]. The top graphs were computed with
an SDR implementation of esdirk23a, while the graphs on the bottom were
obtained with the same method in true RK mode. The graphs on the right
correspond to an implementation where f is reevaluated after the iteration has
been terminated. Only the recommended SDR, approach (top left) shows a
stiffness independent computational efficiency. (Tests requiring more than 103
steps are not included.)

considerably in a neighborhood of the solution, cf. Example 2 in [vDS94], but
the variations must also occur along the solution.
We consider the quasi-linear problem

d

%(z —pyt) = =) (2 — (@),

where we seek z(t). The initial value is taken as z(0) = ¢(y(0)) so that the exact
solution is y(t). The equation is rewritten

where we have chosen ¢(y) = y? and

P(t) = k(2 + sin(0.41/2(1))); y(t) = 100(1 + 0.8sin(y(t))),

so that the parameter & > 0 can be used to control stiffness. The computational
results are presented in Figure 8.1.
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Chemakzo problem solved with esdirk45a
10 T T T

Number of steps

101 I I I I I
10° 10" 10° 10° 107 10°®

Achieved average global error

10°°

Hires problem solved with esdirk45a

T T T =

Number of steps

10" 10" 10 10 107 10 10"
Achieved average global error

Figure 8.2: Test of reevaluations of f. Solid line: SDR, dotted line: RK, dashed
line: RK with reevaluation of f after the iteration has been terminated. Reeval-
uation of f is inefficient for loose tolerances.

We then considered problems from [dSvdVS95]. The ODEs from this test set
can be divided into three groups. Problems where it is harmless to reevaluate
f for esdirk4ba are: chemakzo, medakzo; problems where reevaluating f has
significant drawbacks but there is little difference between RK and SDR (i.e.,
f(Y1) may be reevaluated) are: pollu, hires, ringmod; problems where SDR is
essential are: emep. Using Radaulla with SDR error estimator, however, yields
approximately the same results as with the corresponding true one-step error
estimator. We conclude that there are important applications for which SDR
is instrumental. Moreover, for problems where true RK works well, SDR, shows
a similar performance; SDR performance is never inferior to that of true one-
step RK methods. We give representative graphs from each of these types in
Figures 8.2 and 8.3.

In order to obtain regular graphs the global error is measured in the discretized
L' norm on the interval of integration by taking the mean global error over all
steps, where the error pointwise is measured in an absolute 2-norm. In the emep
problem we multiply all errors by a constant factor 1071°. The work is measured
by the total number of steps. The benefit of not reevaluating f is even more
pronounced in terms of the number of function evaluations.

By using new algorithm for the rescaling of the error and the iteration er-
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Achieved average global error

Figure 8.3: SDR vs. RK for emep problem solved with esdirk45a. Solid line:
SDR, dotted line: true RK. SDR requires fewer steps for loose tolerances.

ror tolerance, the 3-stage Radaulla-method with the third order error estima-
tor from [dSS97] in SDR mode was used to solve representative problems from
[dSvdVS95]. The results presented in Figure 8.4 were obtained. The tolerance
adapted choice of A, given by (7.5) was compared to various fized ratios for
Niter [ Atrune to verify that the new strategy is consistently close to the opti-
mum. Although not always optimal, this strategy may often obtain as much as
a doubled efficiency, demonstrating that correctly adapted termination criteria
have a significant influence on computational performance.

9 Conclusions.

This paper defines the approximate Runge-Kutta computational process by
introducing (A, K)—-approximate solutions to the Runge-Kutta equations. It-
eration error bounds are derived in terms of A. For methods involving a first
explicit stage, we also define and analyze the effects of stage derivative reuse. A
tolerance adapted choice of A is presented, and the theoretical analysis is verified
for several RK methods applied to a number of computational problems.

The goal has been to eliminate some of the heuristics found in most implemen-
tations and replace the strategies by techniques which, supported by theoretical
analysis, are proven to work well in computational practice. All tests have been
carried out ceteris paribus, i.e., they are carried out within the same implemen-
tation, while only changing the parameters or strategies in question and keeping
all other details the same.

Theoretical analysis as well as computational experiments show that the new
strategies have a significant influence on computational performance.
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