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Abstract

There are several approaches to using nonstiff implicit linear multistep methods
for solving certain classes of semi-explicit index 2 DAEs. Using (3-blocked discretiza-
tions, [3], Adams-Moulton methods up to order 4 and difference corrected BDF [15]
methods up to order 7 can be stabilized. As no extra matrix computations are re-
quired, this approach is an alternative to projection methods.

Here we examine some variants of (-blocking. We interpret earlier results as
reqular (-blocking and then develop singular (-blocking. In this nongeneric case
the stabilized formula is explicit, although the discretization of the DAE as a whole
is implicit. We investigate which methods can be stabilized in a broad class of
implicit methods based on the BDF p polynomials. The class contains the BDF,
Adams—Moulton and difference corrected BDF methods as well as other high order
methods with small error constants. The stabilizing difference operator 7 is selected
by a minimax criterion for the moduli of the zeros of o 4+ 7. The class of explicit
methods suitable as §-blocked methods is investigated. With singular S-blocking,
Adams-Moulton methods up to order 7 can be stabilized with the stabilized method
corresponding to the Adams—Bashforth methods.

Key words: differential algebraic equations (DAE), -blocked methods, multistep
methods, partitioned methods, half explicit methods, difference corrected
multistep methods.
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1 Introduction

We shall consider linear multistep discretizations of the general semi-explicit
index 2 DAE in Hessenberg form,

&= f(z,y) (1a)
0= g(z) (1b)

where f: R — R ¢:R" — R™ and g, f, is invertible. Such problems
occur in the simulation of e.g. electrical circuits and multibody mechanics.

Several different methods have been proposed for (1) with the goal of increas-
ing computational accuracy and efficiency by using half-explicit or high-order
methods [1-8,10,13,14]. In the multistep case, it is necessary to overcome spe-
cial stability conditions to use high-order methods reaching the multistep order
barrier. Partitioned multistep methods exploit the structure of (1) to treat the
two variables or the two equations differently. This may result in a more or
less conventional single discretization (cf. [1] for a general study, and [2,3] for
(-blocked discretizations), or be based on alternating between two implicit dis-
cretizations [5,7]. In the former approach more of the classical theory remains
applicable. In contrast, the latter approach requires a more complete reconsid-
eration and yields a more complex computational scheme. A related approach
is [10] which, using classical multistep theory, constructs two new methods of
maximal order by choosing “optimal” method coefficients. Finally, projection
methods make explicit use of g to stabilize a high-order solution by projecting
it onto the constraints, but this requires additional matrix computations.

A multistep method (p, o) is defined by its generating polynomials p(¢) =
Sea;¢7 and o(¢) = Sk 8;¢7. Using the forward shift operator F, we define
the difference operators p = E *p(E), 0 = E *o(F). Thus,

k k
PTy = Qi OTn =Y Br—in—i.

In most cases, however, we shall represent the operators p and ¢ in terms of
the backward difference operator V.= 1 — E~!. The methods are normalized
by the requirement o1 = 1.

We assume familiarity with our previous paper [3], which considered Euler—
Lagrange equations, f(x,y) = f(z) — g% (x)y, and introduced S-blocking to
stabilize methods such as dcBDF and Adams—Moulton (AM) methods, which
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are otherwise unstable when directly applied to index 2 problems. The in-
stability is circumvented by adding a stabilizing term to the first equation,

W pn = o (f(20) = 92 (@n)yn) = 97 (20)TYn (2a)
0= g(x,), (2b)

with 7(¢) = Sk ~,;¢7 having the form 7 = ¢- V¥, where c is selected such that
o(¢) + 7(¢) satisfies the root condition [11].

By taking 7 = —f3; - V¥ we obtain an explicit stabilized formula (p,o + 7).
This case is non-generic, as the implicit methods obtained for values of ¢ in a
neighborhood of —f; have o + 7 operators not satisfying the root condition.
We refer to the generic case as regular (3-blocking, and the non-generic case as
singular (B-blocking. In this paper we shall develop the latter technique. While
regular blocking cannot stabilize all AM methods of interest, singular blocking
can be used to stabilize several more AM methods in which case the stabilized
formulas (p, o + 7) correspond to the Adams—Bashforth (AB) methods.

In Section 2 we prove a general convergence theorem for 3-blocked discretiza-
tions of index 2 DAEs and discuss some computational aspects. In Section
3 we establish a new class of nonstiff difference correction methods, explore
which of the implicit (IDC) formulas can be regularly 3-blocked and discuss
appropriate choices of methods. Then we show how to obtain a class of explicit
difference correction (EDC) methods corresponding to the IDC methods, and
show how singular blocking corresponds to combining IDC and EDC meth-
ods. In Section 4 we verify the theoretical results numerically for a nonlinear
test problem. We also point to the relation between (-blocked methods and
the half-explicit Runge-Kutta methods which have recently been developed
for nonstiff higher index DAEs, cf. [4,6,8,13,14].

2 Regular and singular 3-blocked discretizations

In view of (2), a simple generalization of -blocking to the nonlinear semi-
explicit index 2 DAE (1) is

h’lpxn =0 f(Tn,yn) + fy(@Tn, Un)TYn (3a)
0= g(z). (3b)

As this scheme requires extra computations of the Jacobian f,, it is natural
to seek alternative discretizations using only function evaluations. Let (p, o)
be implicit. Introducing 5z, = >F Bp_iTn_; = (0 — Bi)xn, (1) is discretized as



hilp:cn = ﬂkf (:cn, (1 + ﬂng)yn) + &f(xna yn) (43)
0= g(z,). (4b)

This discretization shows that in a §-blocked method the operator acting on x
is o, while the one acting on y is the corresponding 3-blocked operator, o + 7.
For Euler-Lagrange equations, the discretizations above reduce to (2). By (4)
the regularly 3-blocked discretization can also be written

hilpxn - ﬂkf(xm Yn + 5yn) + &f(xm yn) (53“)
0= g(zn). (5b)

Thus, a regularly -blocked method can, in principle, be based on a standard
multistep method that solves for z, and z, = vy, + dy, on each step, with a
modification to calculate and discard dy, before proceeding to the next step,
thereby preventing unstable error propagation.

2.1 Stabilization objectives

In [3] it was shown that different (-blocked methods had different stability
characteristics for the algebraic variable. Governed by the roots of the charac-
teristic equation o(¢) + 7(¢) = 0, the error propagation in y varies both with
the method (p, o) and the stabilizer 7. The dcBDF methods have all roots of
o(¢)+7(¢) = 0 at the origin, while Adams methods always have nonzero roots
for k > 2. The stabilization objective therefore affects the choice of method
and vice versa.

There are several different ways to choose 7. The strongest objective is to re-
move the instability completely rather than just provide sufficient damping. In
terms of control theory, this is known as deadbeat control, [2], and corresponds
to 0(¢) + 7(¢) = 0 having all roots at the origin.

Theorem 1 Deadbeat stabilization is equivalent to taking 7 = 1 — o. The
deBDF methods are the only k-step methods having convergence order p = k+1
for the differential variables and deadbeat stabilization.

PROOF. As 7 = ¢ V¥ lest the order of the method drop, we have 7(¢) =
c- (¢ —1)¥; hence it follows that 7(1) = 0, and therefore, by the normalization
o(1) = 1, deadbeat requires o(¢) +7(¢) = ¢*. In terms of difference operators,
this condition becomes 0 =1 — 7. Hence 0 =1 —c¢- V*. Order p = k + 1 is
then only attained by taking ¢ = 1/(k 4+ 1) and the BDF p operator, i.e., by
the dcBDF methods. [



For AM methods the choice 7 = ¢ - V¥ retains the order but cannot achieve
deadbeat stabilization; conversely the deadbeat stabilizer 7 = 1 — ¢ is O(h)
for k > 2, and causes a loss of order. For methods other than the dcBDF one
must therefore settle for a weaker stabilization objective. As a method is still
useful as long as o (() + 7(C) satisfies the root condition, we choose a minimax
criterion for the roots as our objective in the regular 3-blocking case.

2.2 Singular B-blocked discretizations

Regular -blocking attempts to construct an implicit method (p, o + 7), with
7 =c- V¥, so that the kth degree polynomial o(¢) + 7(¢) has minimal roots.
By contrast, singular $-blocking selects 7 = — 3, - V¥, causing (p,o + 7) to
become explicit. In this case the discretization (4) becomes

h_lp.’L‘n = ﬁkf (l‘nv (1 - vk)yn) + &f(xna yn) (6&)
0= g(a2). (6b)
This leaves no choice for a free parameter ¢; we require only that o(¢) + 7(()

satisfies the root condition at ¢ = — /3. Note that, in spite of (p, o + 7) being
explicit, the scheme (6) remains an implicit discretization.

2.3  Computational aspects

To illustrate singular -blocking, we take the AM methods as an example. In
the case k = 1, i.e. for the trapezoidal rule, singular blocking takes 7 = —V/2.
The scheme (6) takes the form of an AM/AB discretization,

h'Vz, = % (f(:cn, Yn1) + f(xn_1, ynfl)) (7a)
0=g(z,). (7b)

Thus the effect of the blocking is that the algebraic variable is treated by an
“explicit” method, in this case ABI1, the explicit Euler method. The method
works in the following way. Take n = 1 and suppose that z; is given; on this
first step we solve this system simultaneously for z; and y,. The overall scheme
is implicit and the determination of y; is delayed until the computation of x,.

The trapezoidal rule can be interpreted both as an AM method and a dcBDF
method. In the latter case we use regular blocking to achieve deadbeat sta-
bilization with 7 = +V /2, which (in this case) is just the opposite stabilizer



compared with singular blocking. The scheme (4) takes the form

h~'Vz, = % (f(%, 2Un — Yn—1) + f(zp_1, yn—l)) (8a)
0=g(z,). (8b)

This corresponds to using a dcBDF/BDF combination, i.e. the trapezoidal rule
combined with the implicit Euler method. We note that the scheme requires
initial values xy and 79 and computes x; and y; simultaneously on the first
step. By contrast, the singular blocking needs only the initial value =y to get
started; this may in some situations be more natural.

Both techniques above yield fully implicit discretizations. A computational
process akin to the partitioned multistep [5], [1, p. 153] or Runge-Kutta meth-
ods [4,6,8,13,14] can be obtained if the nonlinear equation is solved by applying
fixed point iteration to the differential variables and Newton’s method to the
algebraic variables. The computation is then split into two separate parts, it-
erating back and forth between the differential equation and the constraint.
Thus, one would first predict #(?) and then formally solve for () from (7a) in
the singular case, and from (8a) in the regular case; the latter yields

h
gjg) =Tn_1 =+ 5 (f(xg)), 277 — ynfl) + f(xn—la ynfl)); (9)

where 1 =: () is determined by solving the constraint equation 0 = g(z{!))
using Newton’s method. This is readily seen to be possible due to the index
2 assumption of g, f, being invertible. Finally the numerical value of (1) is
obtained by evaluating (9) at the point (z(?), y(®). In this way the implicit
part of the discretization requiring the solution of linear systems of equations
is reduced to the constraint equation.

Likewise in the singular case we let

1‘521) =Tp_1+ % (f(x7(7,0)7 77) + f(xn—la 77)) (10)

(0)

and solve 0 = g(x(1) for n = y,;. In a similar way we obtain #(!) by evaluating

n—1
ways both for regularly and singularly blocked discretizations. A natural choice
is to attempt to use a single Newton iteration for =" in the constraint
equation before z() is updated from the discretization and then repeat the
computation. Thus one would use one fixed point and one Newton iteration
in tandem in the iterative solution process.

(10) at the point, (2%, y¥ ). The iteration can be organized in many different

We note in (10) that the singular blocking technique requires two f evaluations
per iteration. This is justified if the method permits larger steps. For example,
in nonstiff computations one may expect around 25% larger steps with AM3



than with dcBDF3, due to the smaller error constants of the AM methods
(cf. Section 3). Therefore, if the work of f evaluations is W and all other
work (including evaluations of g, Jacobians, factorizations, equation solving,
computation of divided differences, control strategies for stepsize and iteration,
norms, error estimation, etc.) is W,, then a simple model of total work is
W, + Wy for dcBDF3/BDF3 and W, + 2W; for AM3/AB3. But if the latter
permits 25% larger steps, total work per integrated unit of time is the same if

4
Wo+ Wy = = (W, +217)). (11)

AM3/AB3 would therefore be more efficient if W, < W, /3, which is a fairly
modest requirement. Higher order methods further relax this requirement as
may minor differences in the iteration’s rate of convergence. In conclusion, the
number of f—evaluations alone does not reflect actual method performance.

2.4  Convergence

The convergence theorem for $-blocked methods in [3] is now extended to (1)
as follows.

Theorem 2 Let (p,0) be a k-step linear multistep method of order p = k
or p =k + 1 and consider the discretizations (3), (4) and (6) of the index
2 problem (1). Further, assume that o(C) + 7(C) satisfies the root condition
and that Ty(t,) = O(h¥) for any sufficiently smooth function. If the starting
values are x; — z(t;) = O(hP) and y; —y(t;) = O(h*) fori=0:k—1, then the
discretizations (3), (4) and (6) are convergent such that, for nh =t constant,

70— 2(t) = O(?) and y, — y(t) = O(h¥).

PROOF. The proof for the discretization (3) is similar to that of Theorem
2.1 in [3]. With the obvious changes in the definitions of A;(h), Q(h) and
P(h), substituting —f, for G” and —g, for G, the proof proceeds in the same

manner. Since f(Tn, Yn+7Yn)—f (Tn, Un) = [uTYn+O(TYn)?) = f,7Yn+O (),
stability as well as order is preserved also in (4).

The basic proof of convergence from [3] needs further modifications to apply
to singularly blocked discretizations (6). These modifications do not concern
the proof technique, which remains the same, but only the order in which
the variables x,, and y, are computed. Thus, as the blocked operator o + 7
corresponds to an explicit method, the computation of ¥, is delayed one step,
as shown in the previous section. When this computational process is described
in companion matrix form (cp. [3, p. 5]) there is one less error vector to
consider: the error in y, does not enter on the present step as y, will not be



computed until the next. Therefore the “# block” matrix will also be of one
dimension less, i.e., it will be a (k —1) x (k — 1) matrix, whose eigenvalues are
the k—1 zeros of the (explicit) blocked operator o + 7. Note that if £ =1 as in
(7), then the 3 block matrix is void and o+ 7 has no zeros. Thus, (7) proceeds
with x( as its single initial value, and once gy is selected such that x; satisfies
the constraints it has no further influence on the solution. With this exception
of vector and matrix dimensions, the convergence proof for singularly blocked
discretizations is analogous to that of regularly blocked methods. [

3 Difference correction methods

We are interested in finding multistep methods (p, o) that can be -blocked
by an appropriate 7. To this end, we will construct a family of multistep
methods based on applying difference corrections of different orders to the
BDF methods. This creates a wide class of formulas including BDFs, AM
methods and the dcBDFs as three particular cases.

Let G,(V) and G, (V) denote the generating functions for the coefficients of p
and o, respectively, expressed in terms of the backward difference operator V,

in a method class (p, o) proceeding with a time-step h. It is then well-known,
cp. [12, p. 192ff], that

G,(V) _ log(1 — V) = h% . (12)

Here the left equality holds in the sense of analytic functions, near V = 0 on
the log1 = 0 branch; cf. the requirement p(¢)/c(¢) = log¢ + O((¢ — 1)P*1)
near ( = 1. The right equality holds in the sense of operator calculus, in
which it represents Taylor’s theorem. Actual operators p and o are obtained as
truncations of the power series expansions of G,(V) and G,(V), respectively.
For method construction purposes it is therefore not necessary to study the
convergence of these operator series; it is immediately clear that h'pP(t) =
o P(t) for all polynomials with deg(P) < p, where p is the order of the rational

approximation p(¢)/o(¢) =~ log(.

For the BDF methods, it is well-known that the generating function for the
coefficients of pPPT is obtained by prescribing GEPF(V) = oBPF = 1. Thus
GPPF(V) = —log(1-V) = V+V?/2+V? /34 ... Similarly, the AM methods
are obtained by fixing G)M(V) = p*M = V; hence the generating function for
o™ is GMM(V) = -V/log(1-V)=1-V/2-V?/12-V3/24 — - - ..



Pi | Oij U=0,...,6)

1 1 o2 1 w3 19 w4 3 5 863 76
Vv 1 _§V _Ev _ﬁv _%v _WV _60480v
+Hvr | 1 -V gV gV BV v
173 173 3 4 11 w5 109 w6
+§V 1 —ZV —EV —mv —%V
14 174 1 w5 3 6
+iv 1 -1y -ivs -3V
1v75 175 5 [
+3V 1 _EV —8—4V
+iVO | 1 Ly
Table 1

Implicit Difference Correction methods. To obtain the IDCizj method, add the terms
of p; columnwise down to row 7; turn right, sum terms up to order j for o;;, starting
with the unit operator in column 0. Methods ending in column j # 0 have step
number k£ = j and order p = k + 1. The error constant of each method equals the
coefficient of the first neglected term in o;;. For stability ¢ < 6 is required, but
further terms not shown to the right may be added at wish. The AMk methods
correspond to the top row (IDC1k), the BDFE to the left column (IDCE0) and the
deBDFE to the diagonal (IDCkk). All stability regions are bounded except for the
BDF's and the trapezoidal rule, IDC11. Shaded methods can be regularly S-blocked.

3.1 Implicit difference correction methods

As all AM methods share the same p*M = V., they can be viewed as succes-
sively refined methods obtained by including additional difference corrections
in the o operator. The same technique can be used also when the p operator
is taken from a higher order BDF method. Thus, if we let

piot =3 —, (13)

m=1 m

we can for each different value of 7 obtain a new family of methods, referred
to as implicit difference correction methods (IDC methods), by prescribing

GIPCO(V) = PP, (14

The generating function for the corresponding o operators then becomes

GIDCi() _ P?DF 1
s (V) =— Tog(1 = V)" (15)

Definition 3 The IDCij method (p;,05) is defined by p; = pPPY and the oy
operator obtained by expanding —pPPY /log(1 — V) in powers of V, retaining
powers up to order j > 0.



AM2 AM3 1IDC23 IDC24 IDC34 IDC45 IDC56

c* 0.146 0.092 0.158 0.112  0.1560  0.139  0.128

damping | 0.33  0.68 0.50 0.86 0.66 0.81 0.96

Table 2
Optimal coefficient and corresponding damping of g-blockable IDC:ij methods.
(Trivial data for the dcBDF methods are not included.)

Theorem 4 The IDCij methods are stable and convergent for 1 < i < 6.
For j > 1 the step number is k = j and the classical order is p =k + 1. For
0 < j < i the methods are identical to the BDF methods for which p = k = i.

PROOF. We only consider j > 7. As the IDC methods are based on the BDF
p operators which are known to be stable for £ < 6, every IDCiz5 method is
stable and convergent for ¢ < 6, independently of j. The order of the dcBDF
methods IDCjj is j+1, [3,15], and for each added term in o the order increases
by one, independently of 7. [

As pointed out, the dcBDFk can be regularly $-blocked for £ = 1 : 6, and
AME for k =1 : 3 by taking 7 = ¢-V*. Like AM methods, not all the IDCs can
be regularly 3-blocked. To investigate when this is possible, we add 7 = ¢- V¥
to each o from Table 1 and compute ¢ as the minimizer ¢* of the largest
modulus of a zero of o(¢) + 7(¢) = o(¢) + ¢+ (¢ — 1)*. In Table 1 those IDCij
methods which can be stabilized by regular (3-blocking are shaded. These
include all of the dcBDFs (orders 2-7), the first three AM formulas (orders
2-4) and five new methods: IDC23, IDC24, IDC34, IDC45 and IDC56 (orders
4-7). The optimal ¢* and the magnitude of the largest zero of o(¢) + 7*({) of
these methods are displayed in Table 2. For a fixed order p, the size of the
maximal root diminishes as the row number increases. At the same time the
error constant increases; accuracy is traded for stability.

The investigation of IDC methods shows that there is a possibility to use reg-
ular 3-blocking with several methods other than those considered in [3]. Good
damping requires that the minimax root |(*| be well within the unit circle.
An indication of how large values can be tolerated is given by the size of the
extraneous roots (roots other than the principal root ¢ = 1) of p({) = 0. For
all methods except dcBDF/BDF, |(*| is larger than the maximum extraneous
root of the corresponding p(¢). Experience with BDF and d¢cBDF methods
for ODEs shows that the extraneous roots rarely cause any difficulties, yet
for BDF4, 5 and 6, the maximum modulus of the extraneous roots of p(()
are as large as .561, .709 and .863, respectively. This indicates that all of the
(-blocked methods above are acceptable, except possibly IDC56, cf. Table 2.

10



3.2 Explicit difference correction methods

We need a convention for the o operators of explicit methods. Previously we
split a k-step operator ox,, = Orx, + dx,. Thus, for explicit methods we have
o = ¢. Note that 6 := F¢ has a representation in terms of a polynomial in
V of degree at most k — 1. Since 6 = E~'6 and E~! = 1 — V it follows that
= (1 — V)&, where & fully characterizes the & of an explicit method.

Lemma 5 Let (pg,01) be an implicit k-step method of order p = k or p =
k + 1. Then the following factorization holds:

o — B V= (1-V)- 5y, (16)

where (pg, (1 — V) - &) is an explicit k-step method of order p = k.

PROOF. Only the statement about method orders needs to be proved. If
the implicit method (p, o) has convergence order at least k£ and we change o
by B - V¥ = O(h*), then the order of consistency drops to k. It follows that
the explicit method (p, (1 — V)&) has convergence order p = k. O

Some particular cases of Lemma 5 are of importance. For Adams methods,
let oAM* and AP denote the o operators of the k-step Adams—Moulton and
Adams-Bashforth methods, respectively. Then

O_AMk _ ﬂ]?Mk . Vk _ (1 _ V) . a_ABk_ (17)

More generally, Lemma 5 asserts that to each implicit method there is an
explicit method which can be obtained through (16). Thus, for each IDC
method from Table 1, we can construct its explicit counterpart, the explicit
difference correction methods (EDCs). These are still based on the BDF p

polynomials, but the generating function for the coefficients of 6"P¢ is
EDCi pi”"
GEPO(7) = - : (18)

(1—V)log(l—V)"

The factor 1 — V in the denominator is a backward shift accounting for the
explicitness of the methods.

Definition 6 The EDCij method (p;, (1 —V)5;;) is defined by p; = pPPF and
the G;; operator obtained by expanding —pPPY /((1—V)log(1—V)) in powers
of V, retaining powers up to order j > 1 — 1.

Theorem 7 The EDCij methods are stable and convergent for 1 < 1 < 6.
For 7 > 11— 1 the step number is k = j + 1 and the classical order is p = k.

11



pi i (1=0,...,6)
1 5 2 33 251 «—4 95 5 19087 w76

v 1 +5V +3Vv2 43V +&lv VAN LAY

12 2v72 7 3 193 w4 121 x5 14531 v76
+§V &1 +§V -I-EV +mv +mv +—30240V
+1v3 & +3v3 +2yd +8lys 1 Alys
+1vi & +ivi +H1Vve +BvS
VP& +3vs 4 Bys
+2VE | & +8v5
Table 3

Explicit Difference Correction EDCij methods (p;, (1 — V)7;;). As 1 — V is merely
a backward shift, the methods can be directly read from the table by accounting for
this shift. Add the terms of p; columnwise down to row ¢; turn right, sum terms up
to order j for 7;;, starting with the extrapolation operator &_;. Methods ending in
column j # 0 have step number £ = j + 1 and order p = k; thus e.g. EDC33 is a
4-step, 4th order method. The error constant of each method equals the coefficient
of the first neglected term in o;;. The ABE methods correspond to the top row.

PROOF. Stability and convergence follow from the BDF p operators. By
applying Lemma 5 to the IDC methods for j > i, we obtain the factorization
(note the index convention)

O_IDCz’j o 5]I€D0ij . Vk — (1 _ V) . a.EDCz’,j—l, (19)

from which the order p = k follows. [

The EDCij methods are displayed in Table 3. Their structure is special. For
example, EDC34 has

2 2

GEPe3t — 1+V+V2+%V3+4—5V4 :82+%V3+4—gv4, (20)
where the extrapolation operator £ = Y2 _o V™ = 1+ V + V?; these terms
have accordingly been collected in column 0 of Table 3. In a similar way
EDC32, which is the 3-step, third order Explicit Differentiation Formula EDF3
(the explicit counterpart to BDF3) has 65P32 = &,. This is a second order
approximation to the forward shift (1 — V)~!; note that because EDF3 is
an ezplicit method its o operator must employ extrapolation on back values
of f to match the derivative #(¢,) which its (BDF3) p operator attempts
to approximate to third order accuracy. The EDFs are displayed in the left
column of Table 3; it should be noted that the dcBDFk method (IDCkk) is
turned by singular $-blocking into the the EDFk (which equals EDCk, k — 1;
cp. (19)), whereas regular (deadbeat) blocking turns it into the BDFE.

12



5, [ 7: 0 1 2 3 4 5 6 7

1 - 033 047 0.63 0.81 0.98 1.16
2 0.50 0.50 0.61 0.76 0.93 1.10
3 0.58 0.66 0.77 091 1.07
4 0.71 081 0.93 1.06
o 0.85 0.97 1.09
6 1 1.13

Table 4

Magnitude of the largest zero of o(¢) — B - (¢ — 1)¥ for singularly S-blocked IDCij
methods. The 8th order IDC methods cannot be stabilized; e.g. in AM7 the maxi-
mum root of the B-blocked operator o*B7(() is 1.16.

In singular blocking (1 + 8, 1)y = (1= VE)y, = &1y 1, a5 7 = — V%
Hence the general form of the singularly -blocked discretization:

h_lpwn = ﬁkf (l‘na gk—lyn—l) + &f(wna yn) (213)

As the y argument in (21a) is just a (k—1)th order prediction of y,,, the singular
(just like the regular) scheme approaches the plain multistep discretization as
k increases. Therefore stability must eventually break down for some k, and
we need to investigate the limitations of singular blocking.

From (19) we know that singular $-blocking transforms each o'°C into a 6¥PC.

Hence we must examine the 6°P¢ operators of Table 3. Computing the maxi-
mum moduli of the zeros of the characteristic equation G¥P¢(¢) = 0 yields the
results shown in Table 4. There we see that the singular blocking is capable
of stabilizing all AM methods up to the seventh order AM6. Likewise, all IDC
methods shown in Table 1 can be stabilized, even if the damping (magnitude
of max zero) is often rather weak. Since the AM methods have the smallest
error constants and sufficient damping up to AM5, the suite AM1-5 is likely
to be the best choice of singularly -blocked formulas.

For ODEs, the most interesting method suites in the IDC Table 1 are the BDF,
dcBDF and AM methods. The corresponding explicit methods are primarily
useful as predictors for the above methods; they guarantee, through (19), that
the predictor-corrector difference is proportional to V*z,, a computationally
desirable property in practical implementations, [15]. In connection with (-
blocking, however, one seeks methods superior to the BDFs. For regular -
blocking the dcBDF methods are the most robust alternative, and for singular
(-blocking an AM/AB combination is the most accurate. Full method suites
are available in both cases, as are alternatives from the IDC/EDC class.
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Fig. 1. Global error vs. stepsize for differential variable z; (left) and algebraic
variable y (right) for regularly (-blocked d¢BDF (o) and singularly S-blocked
Adams-Moulton (x) k-step methods.

4 Numerical verification

To verify the order of convergence of regularly and singularly -blocked formu-
las, we have applied the dcBDF/BDF and AM/AB methods to the following
nonlinear index 2 system,

i’l = —2\/1‘1y — T9 (228,)
.1"2 = —y2/a:2 (22b)
0= 2179 + 75 (22¢)

= —1, y(0) = 1 and analytic solution

with initial values z1(0) = 1, 2o(
wi(t) = et mo(t) = —e ', y(t) = e

)
LT —

The problem was solved with the suites of regular dcBDFk/BDFk and singular
AMFK/ABE formulas for £ = 1 : 6 with constant stepsize, taking h = 1/N with
N =6,9, 12, 18, 24, 36, 48, 72, 96 and 144. The difference equations were
solved by Newton iteration to full precision. The global errors in the differential
variable z; and the algebraic variable y were measured in the discretized L'
norm on the interval [0, 1] by taking the mean global error over all steps. This
norm evens out minor fluctuations which often occur when errors are measured
at a single point, thereby making it possible also to discern differences in
error constants. Thus the test is constructed to be a numerical/mathematical
verification of the properties of regular and singular 3-blocking, rather than a
software test.

Figure 1 shows the global errors in z; and y on [0, 1] as functions of the stepsize
h. In every case we observe the predicted order, k£ 4 1, for the differential
variable and k for the algebraic one, by reading the slope of the corresponding
lines. The difference between each pair of formulas of the same order reflects
the relative size of their error constants. As these are smaller for the AM
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formulas than for dcBDFs, there is a small advantage of the singular 3-blocked
AM methods in the z-approximation. The opposite is true in the case of the
algebraic variable y, as the BDFs are more accurate than the AB formulas.
For the higher order discretizations, the singular (-blocking AMFE formulas
are approximately 3 times as accurate in x as their corresponding regular
(B-blocked dcBDFk discretizations, but the latter are approximately twice as
accurate in y as their singular counterparts.

Finally, we remark that the numerical comparison [5] between a partitioned
method based on alternating between Adams-Moulton and BDF methods,
and the same methods stabilized by regular -blocking, as described in [3]
for the Euler—Lagrange equations, is performed on the same test problem (2D
truck model) as was used in [3]. As expected, this comparison shows that the
different approaches yield virtually identical accuracy, thus corroborating the
results in [3] and the present paper. As for singular -blocking vs. regular
(B-blocking, the difference in accuracy is only a matter of differences in error
constants; hence this aspect is clearly demonstrated in the test above. True
performance evaluation will however require tests which apply a full variable-
step code to large-scale problems. Such tests are beyond the scope of this

paper.
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