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Abstra
tThere are several approa
hes to using nonsti� impli
it linear multistep methodsfor solving 
ertain 
lasses of semi-expli
it index 2 DAEs. Using �-blo
ked dis
retiza-tions, [3℄, Adams{Moulton methods up to order 4 and di�eren
e 
orre
ted BDF [15℄methods up to order 7 
an be stabilized. As no extra matrix 
omputations are re-quired, this approa
h is an alternative to proje
tion methods.Here we examine some variants of �-blo
king. We interpret earlier results asregular �-blo
king and then develop singular �-blo
king. In this nongeneri
 
asethe stabilized formula is expli
it, although the dis
retization of the DAE as a wholeis impli
it. We investigate whi
h methods 
an be stabilized in a broad 
lass ofimpli
it methods based on the BDF � polynomials. The 
lass 
ontains the BDF,Adams{Moulton and di�eren
e 
orre
ted BDF methods as well as other high ordermethods with small error 
onstants. The stabilizing di�eren
e operator � is sele
tedby a minimax 
riterion for the moduli of the zeros of � + � . The 
lass of expli
itmethods suitable as �-blo
ked methods is investigated. With singular �-blo
king,Adams-Moulton methods up to order 7 
an be stabilized with the stabilized method
orresponding to the Adams{Bashforth methods.Key words: di�erential algebrai
 equations (DAE), �-blo
ked methods, multistepmethods, partitioned methods, half expli
it methods, di�eren
e 
orre
tedmultistep methods.Preprint submitted to Elsevier Preprint 13 June 2004



1 Introdu
tionWe shall 
onsider linear multistep dis
retizations of the general semi-expli
itindex 2 DAE in Hessenberg form,_x = f(x; y) (1a)0 = g(x) (1b)where f : Rnx+ny ! Rnx , g : Rnx ! Rny and gxfy is invertible. Su
h problemso

ur in the simulation of e.g. ele
tri
al 
ir
uits and multibody me
hani
s.Several di�erent methods have been proposed for (1) with the goal of in
reas-ing 
omputational a

ura
y and eÆ
ien
y by using half-expli
it or high-ordermethods [1{8,10,13,14℄. In the multistep 
ase, it is ne
essary to over
ome spe-
ial stability 
onditions to use high-order methods rea
hing the multistep orderbarrier. Partitioned multistep methods exploit the stru
ture of (1) to treat thetwo variables or the two equations di�erently. This may result in a more orless 
onventional single dis
retization (
f. [1℄ for a general study, and [2,3℄ for�-blo
ked dis
retizations), or be based on alternating between two impli
it dis-
retizations [5,7℄. In the former approa
h more of the 
lassi
al theory remainsappli
able. In 
ontrast, the latter approa
h requires a more 
omplete re
onsid-eration and yields a more 
omplex 
omputational s
heme. A related approa
his [10℄ whi
h, using 
lassi
al multistep theory, 
onstru
ts two new methods ofmaximal order by 
hoosing \optimal" method 
oeÆ
ients. Finally, proje
tionmethods make expli
it use of g to stabilize a high-order solution by proje
tingit onto the 
onstraints, but this requires additional matrix 
omputations.A multistep method (�; �) is de�ned by its generating polynomials �(�) =Pk0 �j�j and �(�) = Pk0 �j�j. Using the forward shift operator E, we de�nethe di�eren
e operators � = E�k�(E), � = E�k�(E). Thus,�xn = kXi=0 �k�ixn�i �xn = kXi=0 �k�ixn�i :In most 
ases, however, we shall represent the operators � and � in terms ofthe ba
kward di�eren
e operator r = 1� E�1. The methods are normalizedby the requirement �1 = 1.We assume familiarity with our previous paper [3℄, whi
h 
onsidered Euler{Lagrange equations, f(x; y) = f(x) � gTx (x)y, and introdu
ed �-blo
king tostabilize methods su
h as d
BDF and Adams{Moulton (AM) methods, whi
h1 Partially funded by Sim�on Bol��var University Proje
t DID{S1{CB{118 andCONICIT 
ontra
t G-97-000592.2 Partially funded by TFR 
ontra
ts 222/96{520 and 222/95{546.2



are otherwise unstable when dire
tly applied to index 2 problems. The in-stability is 
ir
umvented by adding a stabilizing term to the �rst equation,h�1�xn = � �f(xn)� gTx (xn)yn�� gTx (xn)�yn (2a)0 = g(xn); (2b)with �(�) = Pk0 
j�j having the form � = 
 � rk, where 
 is sele
ted su
h that�(�) + �(�) satis�es the root 
ondition [11℄.By taking � = ��k � rk we obtain an expli
it stabilized formula (�; � + �).This 
ase is non-generi
, as the impli
it methods obtained for values of 
 in aneighborhood of ��k have � + � operators not satisfying the root 
ondition.We refer to the generi
 
ase as regular �-blo
king, and the non-generi
 
ase assingular �-blo
king. In this paper we shall develop the latter te
hnique. Whileregular blo
king 
annot stabilize all AM methods of interest, singular blo
king
an be used to stabilize several more AM methods in whi
h 
ase the stabilizedformulas (�; � + �) 
orrespond to the Adams{Bashforth (AB) methods.In Se
tion 2 we prove a general 
onvergen
e theorem for �-blo
ked dis
retiza-tions of index 2 DAEs and dis
uss some 
omputational aspe
ts. In Se
tion3 we establish a new 
lass of nonsti� di�eren
e 
orre
tion methods, explorewhi
h of the impli
it (IDC) formulas 
an be regularly �-blo
ked and dis
ussappropriate 
hoi
es of methods. Then we show how to obtain a 
lass of expli
itdi�eren
e 
orre
tion (EDC) methods 
orresponding to the IDC methods, andshow how singular blo
king 
orresponds to 
ombining IDC and EDC meth-ods. In Se
tion 4 we verify the theoreti
al results numeri
ally for a nonlineartest problem. We also point to the relation between �-blo
ked methods andthe half-expli
it Runge-Kutta methods whi
h have re
ently been developedfor nonsti� higher index DAEs, 
f. [4,6,8,13,14℄.2 Regular and singular �-blo
ked dis
retizationsIn view of (2), a simple generalization of �-blo
king to the nonlinear semi-expli
it index 2 DAE (1) ish�1�xn = �f(xn; yn) + fy(xn; yn)�yn (3a)0 = g(xn): (3b)As this s
heme requires extra 
omputations of the Ja
obian fy, it is naturalto seek alternative dis
retizations using only fun
tion evaluations. Let (�; �)be impli
it. Introdu
ing ~�xn = Pk1 �k�ixn�i = (�� �k)xn, (1) is dis
retized as3



h�1�xn = �kf �xn; (1 + ��1k �)yn�+ ~�f(xn; yn) (4a)0 = g(xn): (4b)This dis
retization shows that in a �-blo
ked method the operator a
ting on xis �, while the one a
ting on y is the 
orresponding �-blo
ked operator, �+ � .For Euler{Lagrange equations, the dis
retizations above redu
e to (2). By (4)the regularly �-blo
ked dis
retization 
an also be writtenh�1�xn = �kf(xn; yn + Æyn) + ~�f(xn; yn) (5a)0 = g(xn): (5b)Thus, a regularly �-blo
ked method 
an, in prin
iple, be based on a standardmultistep method that solves for xn and zn = yn + Æyn on ea
h step, with amodi�
ation to 
al
ulate and dis
ard Æyn before pro
eeding to the next step,thereby preventing unstable error propagation.2.1 Stabilization obje
tivesIn [3℄ it was shown that di�erent �-blo
ked methods had di�erent stability
hara
teristi
s for the algebrai
 variable. Governed by the roots of the 
hara
-teristi
 equation �(�) + �(�) = 0, the error propagation in y varies both withthe method (�; �) and the stabilizer � . The d
BDF methods have all roots of�(�)+�(�) = 0 at the origin, while Adams methods always have nonzero rootsfor k � 2. The stabilization obje
tive therefore a�e
ts the 
hoi
e of methodand vi
e versa.There are several di�erent ways to 
hoose � . The strongest obje
tive is to re-move the instability 
ompletely rather than just provide suÆ
ient damping. Interms of 
ontrol theory, this is known as deadbeat 
ontrol, [2℄, and 
orrespondsto �(�) + �(�) = 0 having all roots at the origin.Theorem 1 Deadbeat stabilization is equivalent to taking � = 1 � �. Thed
BDF methods are the only k-step methods having 
onvergen
e order p = k+1for the di�erential variables and deadbeat stabilization.PROOF. As � = 
 � rk lest the order of the method drop, we have �(�) =
 � (�� 1)k; hen
e it follows that �(1) = 0, and therefore, by the normalization�(1) = 1, deadbeat requires �(�)+ �(�) = �k. In terms of di�eren
e operators,this 
ondition be
omes � = 1 � � . Hen
e � = 1 � 
 � rk. Order p = k + 1 isthen only attained by taking 
 = 1=(k + 1) and the BDF � operator, i.e., bythe d
BDF methods. � 4



For AM methods the 
hoi
e � = 
 � rk retains the order but 
annot a
hievedeadbeat stabilization; 
onversely the deadbeat stabilizer � = 1 � � is O(h)for k � 2, and 
auses a loss of order. For methods other than the d
BDF onemust therefore settle for a weaker stabilization obje
tive. As a method is stilluseful as long as �(�)+ �(�) satis�es the root 
ondition, we 
hoose a minimax
riterion for the roots as our obje
tive in the regular �-blo
king 
ase.2.2 Singular �-blo
ked dis
retizationsRegular �-blo
king attempts to 
onstru
t an impli
it method (�; � + �), with� = 
 � rk, so that the kth degree polynomial �(�) + �(�) has minimal roots.By 
ontrast, singular �-blo
king sele
ts � = ��k � rk, 
ausing (�; � + �) tobe
ome expli
it. In this 
ase the dis
retization (4) be
omesh�1�xn = �kf �xn; (1�rk)yn�+ ~�f(xn; yn) (6a)0 = g(xn): (6b)This leaves no 
hoi
e for a free parameter 
; we require only that �(�) + �(�)satis�es the root 
ondition at 
 = ��k. Note that, in spite of (�; � + �) beingexpli
it, the s
heme (6) remains an impli
it dis
retization.2.3 Computational aspe
tsTo illustrate singular �-blo
king, we take the AM methods as an example. Inthe 
ase k = 1, i.e. for the trapezoidal rule, singular blo
king takes � = �r=2.The s
heme (6) takes the form of an AM/AB dis
retization,h�1rxn = 12 �f(xn; yn�1) + f(xn�1; yn�1)� (7a)0 = g(xn): (7b)Thus the e�e
t of the blo
king is that the algebrai
 variable is treated by an\expli
it" method, in this 
ase AB1, the expli
it Euler method. The methodworks in the following way. Take n = 1 and suppose that x0 is given; on this�rst step we solve this system simultaneously for x1 and y0. The overall s
hemeis impli
it and the determination of y1 is delayed until the 
omputation of x2.The trapezoidal rule 
an be interpreted both as an AM method and a d
BDFmethod. In the latter 
ase we use regular blo
king to a
hieve deadbeat sta-bilization with � = +r=2, whi
h (in this 
ase) is just the opposite stabilizer5




ompared with singular blo
king. The s
heme (4) takes the formh�1rxn = 12 �f(xn; 2yn � yn�1) + f(xn�1; yn�1)� (8a)0 = g(xn): (8b)This 
orresponds to using a d
BDF/BDF 
ombination, i.e. the trapezoidal rule
ombined with the impli
it Euler method. We note that the s
heme requiresinitial values x0 and y0 and 
omputes x1 and y1 simultaneously on the �rststep. By 
ontrast, the singular blo
king needs only the initial value x0 to getstarted; this may in some situations be more natural.Both te
hniques above yield fully impli
it dis
retizations. A 
omputationalpro
ess akin to the partitioned multistep [5℄, [1, p. 153℄ or Runge-Kutta meth-ods [4,6,8,13,14℄ 
an be obtained if the nonlinear equation is solved by applying�xed point iteration to the di�erential variables and Newton's method to thealgebrai
 variables. The 
omputation is then split into two separate parts, it-erating ba
k and forth between the di�erential equation and the 
onstraint.Thus, one would �rst predi
t x(0)n and then formally solve for x(1)n from (7a) inthe singular 
ase, and from (8a) in the regular 
ase; the latter yieldsx(1)n = xn�1 + h2 �f(x(0)n ; 2� � yn�1) + f(xn�1; yn�1)�; (9)where � =: y(0)n is determined by solving the 
onstraint equation 0 = g(x(1)n )using Newton's method. This is readily seen to be possible due to the index2 assumption of gxfy being invertible. Finally the numeri
al value of x(1)n isobtained by evaluating (9) at the point (x(0)n ; y(0)n ). In this way the impli
itpart of the dis
retization requiring the solution of linear systems of equationsis redu
ed to the 
onstraint equation.Likewise in the singular 
ase we letx(1)n = xn�1 + h2 �f(x(0)n ; �) + f(xn�1; �)� (10)and solve 0 = g(x(1)n ) for � = y(0)n�1. In a similar way we obtain x(1)n by evaluating(10) at the point (x(0)n ; y(0)n�1). The iteration 
an be organized in many di�erentways both for regularly and singularly blo
ked dis
retizations. A natural 
hoi
eis to attempt to use a single Newton iteration for y(l�1) in the 
onstraintequation before x(l) is updated from the dis
retization and then repeat the
omputation. Thus one would use one �xed point and one Newton iterationin tandem in the iterative solution pro
ess.We note in (10) that the singular blo
king te
hnique requires two f evaluationsper iteration. This is justi�ed if the method permits larger steps. For example,in nonsti� 
omputations one may expe
t around 25% larger steps with AM36



than with d
BDF3, due to the smaller error 
onstants of the AM methods(
f. Se
tion 3). Therefore, if the work of f evaluations is Wf and all otherwork (in
luding evaluations of g, Ja
obians, fa
torizations, equation solving,
omputation of divided di�eren
es, 
ontrol strategies for stepsize and iteration,norms, error estimation, et
.) is Wo, then a simple model of total work isWo +Wf for d
BDF3/BDF3 and Wo + 2Wf for AM3/AB3. But if the latterpermits 25% larger steps, total work per integrated unit of time is the same ifWo +Wf = 45 (Wo + 2Wf): (11)AM3/AB3 would therefore be more eÆ
ient if Wf � Wo=3, whi
h is a fairlymodest requirement. Higher order methods further relax this requirement asmay minor di�eren
es in the iteration's rate of 
onvergen
e. In 
on
lusion, thenumber of f{evaluations alone does not re
e
t a
tual method performan
e.2.4 Convergen
eThe 
onvergen
e theorem for �-blo
ked methods in [3℄ is now extended to (1)as follows.Theorem 2 Let (�; �) be a k-step linear multistep method of order p = kor p = k + 1 and 
onsider the dis
retizations (3), (4) and (6) of the index2 problem (1). Further, assume that �(�) + �(�) satis�es the root 
onditionand that �y(tn) = O(hk) for any suÆ
iently smooth fun
tion. If the startingvalues are xi�x(ti) = O(hp) and yi� y(ti) = O(hk) for i = 0 : k� 1, then thedis
retizations (3), (4) and (6) are 
onvergent su
h that, for nh = t 
onstant,xn � x(t) = O(hp) and yn � y(t) = O(hk):PROOF. The proof for the dis
retization (3) is similar to that of Theorem2.1 in [3℄. With the obvious 
hanges in the de�nitions of Aj(h), Q(h) andP (h), substituting �fy for GT and �gx for G, the proof pro
eeds in the samemanner. Sin
e f(xn; yn+�yn)�f(xn; yn) = fy�yn+O((�yn)2) = fy�yn+O(h2k),stability as well as order is preserved also in (4).The basi
 proof of 
onvergen
e from [3℄ needs further modi�
ations to applyto singularly blo
ked dis
retizations (6). These modi�
ations do not 
on
ernthe proof te
hnique, whi
h remains the same, but only the order in whi
hthe variables xn and yn are 
omputed. Thus, as the blo
ked operator � + �
orresponds to an expli
it method, the 
omputation of yn is delayed one step,as shown in the previous se
tion. When this 
omputational pro
ess is des
ribedin 
ompanion matrix form (
p. [3, p. 5℄) there is one less error ve
tor to
onsider: the error in yn does not enter on the present step as yn will not be7




omputed until the next. Therefore the \� blo
k" matrix will also be of onedimension less, i.e., it will be a (k� 1)� (k� 1) matrix, whose eigenvalues arethe k�1 zeros of the (expli
it) blo
ked operator �+� . Note that if k = 1 as in(7), then the � blo
k matrix is void and �+� has no zeros. Thus, (7) pro
eedswith x0 as its single initial value, and on
e y0 is sele
ted su
h that x1 satis�esthe 
onstraints it has no further in
uen
e on the solution. With this ex
eptionof ve
tor and matrix dimensions, the 
onvergen
e proof for singularly blo
keddis
retizations is analogous to that of regularly blo
ked methods. �
3 Di�eren
e 
orre
tion methodsWe are interested in �nding multistep methods (�; �) that 
an be �-blo
kedby an appropriate � . To this end, we will 
onstru
t a family of multistepmethods based on applying di�eren
e 
orre
tions of di�erent orders to theBDF methods. This 
reates a wide 
lass of formulas in
luding BDFs, AMmethods and the d
BDFs as three parti
ular 
ases.Let G�(r) and G�(r) denote the generating fun
tions for the 
oeÆ
ients of �and �, respe
tively, expressed in terms of the ba
kward di�eren
e operator r,in a method 
lass (�; �) pro
eeding with a time-step h. It is then well-known,
p. [12, p. 192�℄, that G�(r)G�(r) = � log(1�r) = h ddt : (12)Here the left equality holds in the sense of analyti
 fun
tions, near r = 0 onthe log 1 = 0 bran
h; 
f. the requirement �(�)=�(�) = log � + O((� � 1)p+1)near � = 1. The right equality holds in the sense of operator 
al
ulus, inwhi
h it represents Taylor's theorem. A
tual operators � and � are obtained astrun
ations of the power series expansions of G�(r) and G�(r), respe
tively.For method 
onstru
tion purposes it is therefore not ne
essary to study the
onvergen
e of these operator series; it is immediately 
lear that h�1�P (t) =� _P (t) for all polynomials with deg(P ) � p, where p is the order of the rationalapproximation �(�)=�(�) � log �.For the BDF methods, it is well-known that the generating fun
tion for the
oeÆ
ients of �BDF is obtained by pres
ribing GBDF� (r) = �BDF = 1. ThusGBDF� (r) = � log(1�r) = r+r2=2+r3=3+� � � . Similarly, the AM methodsare obtained by �xing GAM� (r) = �AM = r; hen
e the generating fun
tion for�AM is GAM� (r) = �r= log(1�r) = 1�r=2�r2=12�r3=24� � � � .8



�i �ij (j = 0; : : : ; 6)r 1 � 12r � 112r2 � 124r3 � 19720r4 � 3160r5 � 86360480r6+ 12r2 1 � 13r2 � 112r3 � 17360r4 � 23720r5 � 1436048r6+ 13r3 1 � 14r3 � 340r4 � 11240r5 � 1093360r6+ 14r4 1 � 15r4 � 115r5 � 370r6+ 15r5 1 � 16r5 � 584r6+ 16r6 1 � 17r6

1

Table 1Impli
it Di�eren
e Corre
tion methods. To obtain the IDCij method, add the termsof �i 
olumnwise down to row i; turn right, sum terms up to order j for �ij , startingwith the unit operator in 
olumn 0. Methods ending in 
olumn j 6= 0 have stepnumber k = j and order p = k + 1. The error 
onstant of ea
h method equals the
oeÆ
ient of the �rst negle
ted term in �ij . For stability i � 6 is required, butfurther terms not shown to the right may be added at wish. The AMk methods
orrespond to the top row (IDC1k), the BDFk to the left 
olumn (IDCk0) and thed
BDFk to the diagonal (IDCkk). All stability regions are bounded ex
ept for theBDFs and the trapezoidal rule, IDC11. Shaded methods 
an be regularly �{blo
ked.3.1 Impli
it di�eren
e 
orre
tion methodsAs all AM methods share the same �AM = r, they 
an be viewed as su

es-sively re�ned methods obtained by in
luding additional di�eren
e 
orre
tionsin the � operator. The same te
hnique 
an be used also when the � operatoris taken from a higher order BDF method. Thus, if we let�BDFi = iXm=1 rmm ; (13)we 
an for ea
h di�erent value of i obtain a new family of methods, referredto as impli
it di�eren
e 
orre
tion methods (IDC methods), by pres
ribingGIDCi(�)� (r) = �BDFi : (14)The generating fun
tion for the 
orresponding � operators then be
omesGIDCi(�)� (r) = � �BDFilog(1�r) : (15)De�nition 3 The IDCij method (�i; �ij) is de�ned by �i = �BDFi and the �ijoperator obtained by expanding ��BDFi = log(1�r) in powers of r, retainingpowers up to order j � 0. 9



AM2 AM3 IDC23 IDC24 IDC34 IDC45 IDC56
� 0:146 0:092 0:158 0:112 0:150 0:139 0:128damping 0.33 0.68 0.50 0.86 0.66 0.81 0.96Table 2Optimal 
oeÆ
ient and 
orresponding damping of �-blo
kable IDCij methods.(Trivial data for the d
BDF methods are not in
luded.)Theorem 4 The IDCij methods are stable and 
onvergent for 1 � i � 6.For j � i the step number is k = j and the 
lassi
al order is p = k + 1. For0 � j < i the methods are identi
al to the BDF methods for whi
h p = k = i.PROOF. We only 
onsider j � i. As the IDC methods are based on the BDF� operators whi
h are known to be stable for k � 6, every IDCij method isstable and 
onvergent for i � 6, independently of j. The order of the d
BDFmethods IDCjj is j+1, [3,15℄, and for ea
h added term in � the order in
reasesby one, independently of i. �As pointed out, the d
BDFk 
an be regularly �-blo
ked for k = 1 : 6, andAMk for k = 1 : 3 by taking � = 
�rk. Like AM methods, not all the IDCs 
anbe regularly �-blo
ked. To investigate when this is possible, we add � = 
 �rkto ea
h � from Table 1 and 
ompute 
 as the minimizer 
� of the largestmodulus of a zero of �(�) + �(�) = �(�) + 
 � (� � 1)k. In Table 1 those IDCijmethods whi
h 
an be stabilized by regular �-blo
king are shaded. Thesein
lude all of the d
BDFs (orders 2{7), the �rst three AM formulas (orders2{4) and �ve new methods: IDC23, IDC24, IDC34, IDC45 and IDC56 (orders4{7). The optimal 
� and the magnitude of the largest zero of �(�) + � �(�) ofthese methods are displayed in Table 2. For a �xed order p, the size of themaximal root diminishes as the row number in
reases. At the same time theerror 
onstant in
reases; a

ura
y is traded for stability.The investigation of IDC methods shows that there is a possibility to use reg-ular �-blo
king with several methods other than those 
onsidered in [3℄. Gooddamping requires that the minimax root j��j be well within the unit 
ir
le.An indi
ation of how large values 
an be tolerated is given by the size of theextraneous roots (roots other than the prin
ipal root � = 1) of �(�) = 0. Forall methods ex
ept d
BDF/BDF, j��j is larger than the maximum extraneousroot of the 
orresponding �(�). Experien
e with BDF and d
BDF methodsfor ODEs shows that the extraneous roots rarely 
ause any diÆ
ulties, yetfor BDF4, 5 and 6, the maximum modulus of the extraneous roots of �(�)are as large as :561, :709 and :863, respe
tively. This indi
ates that all of the�-blo
ked methods above are a

eptable, ex
ept possibly IDC56, 
f. Table 2.10



3.2 Expli
it di�eren
e 
orre
tion methodsWe need a 
onvention for the � operators of expli
it methods. Previously wesplit a k-step operator �xn = �kxn + ~�xn. Thus, for expli
it methods we have� = ~�. Note that b� := E~� has a representation in terms of a polynomial inr of degree at most k � 1. Sin
e ~� = E�1b� and E�1 = 1�r it follows that~� = (1�r)b�, where b� fully 
hara
terizes the ~� of an expli
it method.Lemma 5 Let (�k; �k) be an impli
it k-step method of order p = k or p =k + 1. Then the following fa
torization holds:�k � �k � rk = (1�r) � b�k; (16)where (�k; (1�r) � b�k) is an expli
it k-step method of order p = k.PROOF. Only the statement about method orders needs to be proved. Ifthe impli
it method (�; �) has 
onvergen
e order at least k and we 
hange �by �k � rk = O(hk), then the order of 
onsisten
y drops to k. It follows thatthe expli
it method (�; (1�r)b�) has 
onvergen
e order p = k. �Some parti
ular 
ases of Lemma 5 are of importan
e. For Adams methods,let �AMk and b�ABk denote the � operators of the k-step Adams{Moulton andAdams{Bashforth methods, respe
tively. Then�AMk � �AMkk � rk = (1�r) � b�ABk: (17)More generally, Lemma 5 asserts that to ea
h impli
it method there is anexpli
it method whi
h 
an be obtained through (16). Thus, for ea
h IDCmethod from Table 1, we 
an 
onstru
t its expli
it 
ounterpart, the expli
itdi�eren
e 
orre
tion methods (EDCs). These are still based on the BDF �polynomials, but the generating fun
tion for the 
oeÆ
ients of b�EDC isGEDCi(�)b� (r) = � �BDFi(1�r) log(1�r) : (18)The fa
tor 1 � r in the denominator is a ba
kward shift a

ounting for theexpli
itness of the methods.De�nition 6 The EDCij method (�i; (1�r)b�ij) is de�ned by �i = �BDFi andthe b�ij operator obtained by expanding ��BDFi =((1�r) log(1�r)) in powersof r, retaining powers up to order j � i� 1.Theorem 7 The EDCij methods are stable and 
onvergent for 1 � i � 6.For j � i� 1 the step number is k = j + 1 and the 
lassi
al order is p = k.11



�i b�ij (j = 0; : : : ; 6)r 1 +12r + 512r2 +38r3 +251720r4 + 95288r5 +1908760480r6+12r2 E1 +23r2 + 712r3 +193360r4 +121240r5 +1453130240r6+13r3 E2 +34r3 +2740r4 +151240r5 +401672r6+14r4 E3 +45r4 +1115r5 +2942r6+15r5 E4 +56r5 +6584r6+16r6 E5 +67r6Table 3Expli
it Di�eren
e Corre
tion EDCij methods (�i; (1�r)b�ij). As 1�r is merelya ba
kward shift, the methods 
an be dire
tly read from the table by a

ounting forthis shift. Add the terms of �i 
olumnwise down to row i; turn right, sum terms upto order j for b�ij, starting with the extrapolation operator Ei�1. Methods ending in
olumn j 6= 0 have step number k = j + 1 and order p = k; thus e.g. EDC33 is a4-step, 4th order method. The error 
onstant of ea
h method equals the 
oeÆ
ientof the �rst negle
ted term in b�ij . The ABk methods 
orrespond to the top row.PROOF. Stability and 
onvergen
e follow from the BDF � operators. Byapplying Lemma 5 to the IDC methods for j � i, we obtain the fa
torization(note the index 
onvention)�IDCij � �IDCijk � rk = (1�r) � b�EDCi;j�1; (19)from whi
h the order p = k follows. �The EDCij methods are displayed in Table 3. Their stru
ture is spe
ial. Forexample, EDC34 hasb�EDC34 = 1 +r+r2 + 34r3 + 2740r4 = E2 + 34r3 + 2740r4; (20)where the extrapolation operator E2 = P2m=0rm = 1 + r +r2; these termshave a

ordingly been 
olle
ted in 
olumn 0 of Table 3. In a similar wayEDC32, whi
h is the 3-step, third order Expli
it Di�erentiation Formula EDF3(the expli
it 
ounterpart to BDF3) has b�EDC32 = E2. This is a se
ond orderapproximation to the forward shift (1 � r)�1; note that be
ause EDF3 isan expli
it method its � operator must employ extrapolation on ba
k valuesof f to mat
h the derivative _x(tn) whi
h its (BDF3) � operator attemptsto approximate to third order a

ura
y. The EDFs are displayed in the left
olumn of Table 3; it should be noted that the d
BDFk method (IDCkk) isturned by singular �-blo
king into the the EDFk (whi
h equals EDCk; k � 1;
p. (19)), whereas regular (deadbeat) blo
king turns it into the BDFk.12



i, j : 0 1 2 3 4 5 6 71 { 0:33 0:47 0:63 0:81 0:98 1:162 0:50 0:50 0:61 0:76 0:93 1:103 0:58 0:66 0:77 0:91 1:074 0:71 0:81 0:93 1:065 0:85 0:97 1:096 1 1:13Table 4Magnitude of the largest zero of �(�)� �k � (� � 1)k for singularly �-blo
ked IDCijmethods. The 8th order IDC methods 
annot be stabilized; e.g. in AM7 the maxi-mum root of the �-blo
ked operator �AB7(�) is 1:16.In singular blo
king (1 + ��1k �)yn = (1 � rk)yn = Ek�1yn�1, as � = ��krk.Hen
e the general form of the singularly �-blo
ked dis
retization:h�1�xn = �kf (xn; Ek�1yn�1) + ~�f(xn; yn) (21a)0 = g(xn): (21b)As the y argument in (21a) is just a (k�1)th order predi
tion of yn, the singular(just like the regular) s
heme approa
hes the plain multistep dis
retization ask in
reases. Therefore stability must eventually break down for some k, andwe need to investigate the limitations of singular blo
king.From (19) we know that singular �-blo
king transforms ea
h �IDC into a b�EDC.Hen
e we must examine the b�EDC operators of Table 3. Computing the maxi-mum moduli of the zeros of the 
hara
teristi
 equation b�EDC(�) = 0 yields theresults shown in Table 4. There we see that the singular blo
king is 
apableof stabilizing all AM methods up to the seventh order AM6. Likewise, all IDCmethods shown in Table 1 
an be stabilized, even if the damping (magnitudeof max zero) is often rather weak. Sin
e the AM methods have the smallesterror 
onstants and suÆ
ient damping up to AM5, the suite AM1{5 is likelyto be the best 
hoi
e of singularly �-blo
ked formulas.For ODEs, the most interesting method suites in the IDC Table 1 are the BDF,d
BDF and AM methods. The 
orresponding expli
it methods are primarilyuseful as predi
tors for the above methods; they guarantee, through (19), thatthe predi
tor-
orre
tor di�eren
e is proportional to rkxn, a 
omputationallydesirable property in pra
ti
al implementations, [15℄. In 
onne
tion with �-blo
king, however, one seeks methods superior to the BDFs. For regular �-blo
king the d
BDF methods are the most robust alternative, and for singular�-blo
king an AM/AB 
ombination is the most a

urate. Full method suitesare available in both 
ases, as are alternatives from the IDC/EDC 
lass.13
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Fig. 1. Global error vs. stepsize for di�erential variable x1 (left) and algebrai
variable y (right) for regularly �-blo
ked d
BDF (Æ) and singularly �-blo
kedAdams{Moulton (�) k-step methods.4 Numeri
al veri�
ationTo verify the order of 
onvergen
e of regularly and singularly �-blo
ked formu-las, we have applied the d
BDF/BDF and AM/AB methods to the followingnonlinear index 2 system, _x1 = �2px1y � x2 (22a)_x2 = �y2=x2 (22b)0 = x1x2 + x22 (22
)with initial values x1(0) = 1, x2(0) = �1, y(0) = 1 and analyti
 solutionx1(t) = e�t, x2(t) = �e�t, y(t) = e�t.The problem was solved with the suites of regular d
BDFk/BDFk and singularAMk/ABk formulas for k = 1 : 6 with 
onstant stepsize, taking h = 1=N withN = 6; 9, 12, 18, 24, 36, 48, 72, 96 and 144. The di�eren
e equations weresolved by Newton iteration to full pre
ision. The global errors in the di�erentialvariable x1 and the algebrai
 variable y were measured in the dis
retized L1norm on the interval [0; 1℄ by taking the mean global error over all steps. Thisnorm evens out minor 
u
tuations whi
h often o

ur when errors are measuredat a single point, thereby making it possible also to dis
ern di�eren
es inerror 
onstants. Thus the test is 
onstru
ted to be a numeri
al/mathemati
alveri�
ation of the properties of regular and singular �-blo
king, rather than asoftware test.Figure 1 shows the global errors in x1 and y on [0; 1℄ as fun
tions of the stepsizeh. In every 
ase we observe the predi
ted order, k + 1, for the di�erentialvariable and k for the algebrai
 one, by reading the slope of the 
orrespondinglines. The di�eren
e between ea
h pair of formulas of the same order re
e
tsthe relative size of their error 
onstants. As these are smaller for the AM14



formulas than for d
BDFs, there is a small advantage of the singular �-blo
kedAM methods in the x-approximation. The opposite is true in the 
ase of thealgebrai
 variable y, as the BDFs are more a

urate than the AB formulas.For the higher order dis
retizations, the singular �-blo
king AMk formulasare approximately 3 times as a

urate in x as their 
orresponding regular�-blo
ked d
BDFk dis
retizations, but the latter are approximately twi
e asa

urate in y as their singular 
ounterparts.Finally, we remark that the numeri
al 
omparison [5℄ between a partitionedmethod based on alternating between Adams-Moulton and BDF methods,and the same methods stabilized by regular �-blo
king, as des
ribed in [3℄for the Euler{Lagrange equations, is performed on the same test problem (2Dtru
k model) as was used in [3℄. As expe
ted, this 
omparison shows that thedi�erent approa
hes yield virtually identi
al a

ura
y, thus 
orroborating theresults in [3℄ and the present paper. As for singular �-blo
king vs. regular�-blo
king, the di�eren
e in a

ura
y is only a matter of di�eren
es in error
onstants; hen
e this aspe
t is 
learly demonstrated in the test above. Trueperforman
e evaluation will however require tests whi
h apply a full variable-step 
ode to large-s
ale problems. Su
h tests are beyond the s
ope of thispaper.A
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