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TABLE oF FORMULZAE

Probability theory
Basic probability theory

Let S be a sample space, and let P be a probability on S. Then, for all events A, B, A;, A,, . ..

(1) Kolmogorov’s axioms

(1.1) 0<P(A) <1
(1.2) P(S) =1
(1.3) P(AU B) =P(A) + P(B), if A and B are disjoint.

(2) P(AUB) =P(A)+P(B) - P(AN B).
(3) A and B are independent <= P(A N B) = P(A) P(B).

(4) Conditional probability: P(B| A) = P(;X(Z)B)

(5) Law of total probability: P(B) = Z P(B|A;)P(A;),

i=1

whenever Ay, ..., A, are pairwise disjoint and satisfy U A, =S.
=1
P(B|A;)P(A;) P(B|A;)P(A4;)

(6) Bayes theorem: P(A4;|B) = P(B) - Z;P:] P(B|Aj)P(A;)’

whenever Ay, ..., A, are pairwise disjoint and satisfy U A =S.
k=1

One-dimensional random variables
(7) Distribution function for the random variable X: Fx (z) = P(X < z).

(8) Probability-mass function for the discrete random variable X: px (x) = P(X = x).
o dF X (1‘)

(9) Density function for the continuous random variable X: fx(x)
differentiable.

(10) If X is discrete, then

Pla< X <b)=Fx(b) = Fx(a)= > px(a)
z€la;b]
px ()#0

If there is no element z in ]a; b] such that px (z) # 0, then Fx (b) — Fx(a) = 0.
(11) If X is continuous, then

b
Pm<XSM:ﬁ@%Jﬂ@:/fﬂ@m

for all x where Fx is
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Two-dimensional random variables

(12) Joint distribution function for the two random variables X and Y:

Fxy(z;y) =P(X <2nY <y)

(13) Joint probability-mass function for the two discrete random variables X and Y:
pxy(zy) =P(X =2nY =y)

(14) Joint density function for the two continuous random variables X and Y

O*Fx.y(z;y)

fX;Y(ﬂU;Z'J) = 9z Oy

for all (x; y) where the derivative exists.

(15) If X and Y both are discrete:

P(X;Y)eA) = Z px;y (T3y)
(zy)eA
px;y (%3y)#0

If there is no pair (;) in A such that px (z) # 0, then P((X;Y) € A) = 0.
(16) If X and Y both are continuous:

P((X:Y) € 4) = / P (@3 y) d(as y)

(zy)eA
Conditional distributions
(17) Conditional distribution function: Fx|y (z;y) = P(X <z |Y = y).
(18) Conditional probability-mass function for the discrete random variable X:

pX\Y(xQZU) =PX =z|Y =y)

Px;v (z3y)
= 2 s O
If Y is also discrete, then px|y (z;y) = { Py (y) py(y) 7

(19) Conditional density function for the continuous random variable X:
aFX\Y(l‘; Y)
fX|Y(u”U7il/) =T o
fxiv (z5y)
= 2 N O
If Y is also continuous, then fxy (z;y) = fr ) ) #
=0, fr(y) =0.
(20) Bayes theorem:
_ pxpy(@y)py () 0
(20.1) X discrete and Y discrete: py|x (y; ) = px(2) » px(@) £ 0,
=0, px(x) =0.
_ pxy(@y)-fy(y) 0
(20.2) X discrete and Y continuous: fy|x (y; ) = px(z) » px(@) £ 0,
=0, px(z) =0.
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_ Ixiy(zy)py (y)
(20.3) X continuous and Y discrete: py|x (y; ) = { Fx(@) - Ix@) £,
_ Ixiy (@59) fy (v)
(20.4) X continuous and Y continuous: fy|x (y; ) = { Fx(x) - Sx(@) #£0,
=0, fX (x) =0.

(21) Marginal probability-mass function for the discrete random variable X:

(21.1) Y is discrete: px (x Z pX|y zyy) - py(y Z px:v(z;y)
PY(?JF&O PX;Y(m;y)?éO
o
(21.2) Y is continuous: px (z) = / px|y($;y) - fy(y) dy
— 00

(22) Marginal density function for the continuous random variable X:

(22.1) Y is discrete: fx(x Z fxy (@39) - py (v)

( )#0
(22.2) Y is continuous: fx(z / Ixyy(;y) - fr(y)dy —/ fxy(x;y)dy
(23) If X and Y are independent,
(23.1) then Fixy (z3y) = Fx () - Fy (y),
23.2) then px.y (z; px(x) - py (y) if X and Y are discrete,
( )

y) =
) = Fx (),

(23.2)

(23.3) then fx.v(z;y) = fx(z) - fy(y) if X and Y are continuous,
(234) then Fle(SC, y

(23.5) then pxy (75 y) = px (z) if X is discrete,

(23.6) then fxy(7;y) = fx(z) if X is continuous.

Law of total probability again
Law of total probability: Let A be an event.

(24) If X is a discrete random variable, then P(A) = Z P(AIX =z) - px(z).
px (x)#0

(25) If X is a continuous random variable, then P(A) = / P(AIX =2)- fx(z)dx

—00

Expectation, variance, and the like

(26) Let g be a real-valued function  ~ g(x). Then the expectation of g(X) is given by

(26.1) E(9(X)) = > gl)px(x),  if X is discrete,
px (z)#0

(26.2) E(9(X)) —/ 9(x) fx(z)dz, if X is continuous.

—00

(27) Let g be a real-valued function (x;y) ™ g(x;y). Then the expectation of g(X;Y) is given by

(27.1) E(g(X;Y)) = Z g(z;y) pxy (T3 y)s if X and Y are discrete,

px;y (%5y)#0

iii
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(27.2) E(9(X;Y)) = / / g(z;y) fxv(x;y)d(z; y), if X and Y are continuous.

(28) Variance: V(X) = E((X - E(X))2> = E(X?) — (E(X))%

(29) Standard deviation: D(X) = /V(X).
(30) Coefhicient of variation: R(X) = D(X)/E(X).
(31) Covariance: C(X;Y) = E((X — E(X)) (Y - E(Y))) = E(XY) — E(X)E(Y).

(32) C(X;X)=V(X).

C(X;Y)
D(X)D(Y)"

(34) Expectation is linear, i.e. E(aX 4+ 0Y') = aE(X) + bE(Y).

(33) Coefficient of correlation: p(X;Y) =

(35) V(aX £bY) = a®V(X) + PV(Y) £ 2ab C(X,Y).

(36) Covariance is bilinear, i.e. C(aX 4+ bY;cZ) = acC(X; Z) 4+ beC(Y; Z)
and C(cZ;aX +bY) = caC(Z; X) + cbC(Z;Y).

(37) For independent random variables X, Y: E(XY) = E(X) E(Y).

(38) Gauss' approximations: Let ¢ be a real-valued function (z1;22;...;2,) ~ g(x1;22;. .. 2p).
Then

E(g(X1;...5Xn)) =~ g(E(X1);...;E(XR)).

V(g(Xi;.. 5 Xn)) =~ ZC%V(XiH‘z Z cic; C(Xi; Xj),
=1

1<i<n
1<j<n
i<j
0
where ¢; = g}, (E(X1)i. i E(Xa)) = 5-(E(X)); .. s E(X,)).

Normal (Gaussian) distribution
(39) Univariate normal (Gaussian) distribution (¢ > 0):

X—-m
o

X € N(m;o?) & € N(0; 1)

(40) Bivariate normal (Gaussian) distribution: Let my, my, 01, 02, and ¢ be real numbers (o7 > 0,
0y >0,—1<0<1).If(X;Y) € N(my;my; 1% 02%; 0), then

1 - ( ! )2.((1_'”;1)2"_(1!_7"2'2)2 _zg'x_ml'y_mz)
40.1) fxyy(w;y) = e *7F o 72 S
( ) ( ) 2TEO'10'2\/1—Q2
(40.2) X € N(my;01?), Y € N(my;02?), C(X;Y) = po102, p(X;Y) =,
2
803) Fyy o) = =y (s bmeoom))

V2ro1y/1 — 02

ie.aN(my + 07 (y — ma); 012(1 — ¢?)) distribution,
(40.4) aX +bY € N(am; + bmy; a’0,? + b*02? + 2abpo,03) for all real numbers @ and b.



TABLE OF FORMULA v

Limit theorems

(41) Law of Large Numbers (LLN):
Let X1, X3, ... beindependent and identically distributed random variables whith existing expecta-
tion E(X;) = m. Then

v, = SRt R g,
n

din — oo.

(42) Central Limit Theorem:
Let X, Xs,..., X, be independent and identically distributed random variables whith existing
expectation E(X;) and existing standard deviation D(X;) = 0 < 0o. Then

Y, =X +...+ X, € AsN(n-m;n-o?),
when n — oo.

(43) We have approximately

(43.1) Bin(n;p) =~ Po(np) if p<{5andn > 10.
(43.2) Bin(n;p) ~ N(np;np(l1—p)) if np(l—p) > 10.
(43.3) Po(m) ~ N(m;m) if m>15.

Sums of random variables

(44) Let X; € N(mq;012), ..., X, € N(my;0,2) be n independent, normally distributed random
variables. For any set ¢y, ..., ¢, of n real numbers, we have

n n n
Z cX; €N (Z Ccimi; Z cizaﬁ) .
i=1 i=1 i=1
(45) If X; and X are independent, then
(45.1) X, € Bin(ni;p), X, € Bin(na;p) = X+ X5 € Bin(n; + n2;p).

(45.2) X, € Po(mu), X, € Po(m,) = X1+ X, € Po(mi +m,).
(45.3) X; € Gamma(a;b), X; € Gamma(az;b) = Xi+ X, € Gamma(a; + az;b).

(45.4) X1 e X*(f1), X2 € X*(f2) = Xi+XoexX*(fi+ f)

Statistics

Point estimation

Let 2y, ...,xy be observations of n independent, identically distributed random variables with expectation
m and standard deviation 0. Then unbiased estimations of m and o are given by

1 n
4 *:— ’LAZ*
(46) m n;_lx z

(47) () = 3 m) mknown.

i=1

1
(48) (‘72)* =5’ = Z(xz — :f)z, m unknown.
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Confidence intervals

(49) Let 9 be some parameter, and let @ (r.v.) be an estimator of ¥ such that @ is (approximately)
normally distributed with expectation 9. Let 9* be the estimate of ¥, i.e. let ¥* be the observation

of ©". Then
Iy =[9" — )\(1_7)/2~d(@*); 9+ A(l—v)/z’d(@*)] (two-sided),
Iy = [0" — A\—-d(O); 0] (one-sided, bounded below),
Iy = [—00; 0" + A -d(O")] (one-sided, bounded above)

are confidence intervals for 1) with approximative confidence level vy (v is typically “large”, v = 0,95,
v =0,99,...). Here, d(©") is the standard error of the estimator ©™.

d(0") = =D(6") if D(O") is known and independent of ¥,
= (D(©%))" if D(O") is unknown or dependent on ¥.

Examples (¢ is the parameter):

(49.1) Observations: 1, ..., Tp,.
Random variables lying behind the observations: X, ..., X,,.
Model: X, ..., X, are ID with E(X;) = ... = E(X,,) =Y and D(X;) = ... = D(X,) = 0.

o is known and independent of ). The number n is “large”.

Estimate, standard error: [19* =z,d(O) = \UF} where T = % o @i
n

(49.2) Observations: 1, ..., Tp,.
Random variables lying behind the observations: X, ..., X,,.
Model: X, ..., X, are ID with E(X;) = ... = E(X,) =Y and D(X;) = ... =D(X,) = 0.
0 is unknown but independent of ¥. The number 7 is “large”.

S

Estimate, standard error: &9* =7z,d(0") = \F} whereZ = L3 2,5 = \/ﬁ S (z — )2
n

(49.3) Observations: 1, ..., Tp,.
Random variables lying behind the observations: X, ..., X,,.
Model: X; € N(9;0?), ..., X, € N(¢;0?) are IID. The standard deviation o is krown and
independent of . Of course, o > 0.

. _ g _
Estimate, standard error: | ¥* = 7, d(O") = ], where T = % Yo T

NG

Comment: The intervals will be exact.

(49.4) Observations: 1, ..., Tp,.
Random variables lying behind the observations: X, ..., X,,.
Model: X; € N(¥;0?), ..., X,, € N(¥;0?) are IID. The standard deviation o is unknown but
independent of ¥J. Of course, o > 0.

s
Estimate, standard error: | V* = z, d(©") = \/ﬁ} where T = %Z?:l Ti, § = ﬁ o (s — z)2

Comment: The intervals will be exact if the standard-normal quantile is replaced by a t(n — 1)

quantile. Otherwise, the approximative interval is inaccurate unless 7 is "large”.



TABLE OF FORMULZE vil

(49.5) Observations: 7, ..., Tp,.
Random variables lying behind the observations: X1, ..., X,,.
Model: X; € Po(¥), ..., X,, € Po(¥}) are IID. It is so that n-1¢ > 15.

Estimate, standard error: | 0* = Z,d(©") = /= | where Z = 1 3% | ;.

Comment: It must be verified that n-9* > 15; then use that E?:l x; = n-9*.

(49.6) Observation: .
Random variable lying behind the observation: X.
Model: X € Bin(n; ). Itis so that n-9-(1 — ) > 10.
9 - (1 —9%)
—
Comment: [t must be verified that n9*-(1 —9*) > 10; then use that x-(n— ) /n = n¥* (1 —9*).

Estimate, standard error: | 9" = L d(e") =
n

Hypothesis testing
(50) Let ¥ be a parameter. We want to test the simple hypothesis
H : ¥ =9
on the significance level o (v is typically “small”, & = 0,05, @ = 0,01, ...). Then the test will be

Reject Hy S Y&l
Do notreject Hy & o€l

where I is a confidence interval of 1) with (approximative) confidence level 1 — cv.

If Hy : 9 # 9, then choose I to be two-sided.
If H; : ¢ > Y9, then choose I to be one-sided and bounded below.
If Hy : ¥ < 1y, then choose I to be one-sided and bounded above.

Miscellaneous

The Poisson process

Let N (t) be the number of events taking place in the time interval ]0; ¢]. If N'(¢) is a Poisson process with
constant intensity A, then

(51) N(t) € Po(At).

(52) Time lags between consecutive events are independent and exponentially distributed with expecta-
tion 1/\.

(53) The number of events occurring in a time interval I; and the number of events occurring in another
time interval I, are independent if I} and I, are disjoint.

Quantiles

Quantiles is the same as fractiles. Let o be a real number such that 0 < o < 1. Let X be a continuous
random variable with distribution function F'x.

(54) The a-quantile (denoted x,,) is defined to be any number such that

P(X >z4) =« or, equivalently, Fx(zy)=1-— .
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(55) 174 = 025 is called the upper (distribution) quartile.
Ty )y = o5 is called the (distribution) median.
T3/4 = To75 is called the lower (distribution) quartile.
Z0,01> £0,02> - - - » £0,98> L0,99 are called the (distribution) percentiles.

(56) Quantiles A\, based on the standard-normal distribution are denoted \y: If X € N(0; 1), then

P(X > \) =« & O(N\y) =1—« & Ao = 0711 - a),

where ®1(. . .) is the inverse function of ®. (So, ®~1(...) has nothing to do with

1
5"

(56.1) Examples:

a=01 = A\,=1281551...
a=005 = A\, =10644853...
a=0025 = A,=1959963...
a=001 = M\, =2326347...

(56.2) A\i—a = — Ao (for all & such that0 < av < 1)

Log-normal distribution

(57) Let X bealog-normally distributed random variable, i.e. In X € N(m; 0?) or ln(%/z) € N(0; 0?).
Then the coefficient of variation is given by

D(X) _

=+Veo —1
E(X)
(58) Let X and X, be two independent random variables. Then
In X; € N(my;01?), In X5 € N(my; 022) = In(X %1 X552) € N(kymy4-koma; k2o 2+ ka2 02)
Maximum and minimum

Let X1, ..., X,, be n independent, identically distributed random variables with distribution function
Fx(z). If we define

KXiax = max(Xy;...5X,) and X, = min(Xy;...5 X,),
then

(59)  Fx,.(2) = (Fx(2))",
(60)  Fx,.(2)=1—(1-Fx(2))".
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Table of distributions
Distribution Para.m?:ter Expectation Variance
restrictions
(61) = CIGE) 0 ez iy €22
= 5 n—min(n; smin(n; —n
Hypergeometric ~ p(2) = ) ’ YO MEZ neglly FENST OGNy
distribution =0; otherwise N € Z[1;N,+N,]
(62)
i i = (Mp"(1 —p)" ™% e {0;1;...;
B.1n0.m1a¥ () = (™) p*(1—p) z e : n} n e np np(1 — p)
distribution, =0; otherwise 0<p<l1
Bin(n; p)
(63)
Poisson = e_m”;—!, T € Z>g
distribution, p(x) o {— 0, otherwise m >0 m m
Po(m)
(64)
Geometric _)=p(1=p)% z€Zx 1-p 1—p
distribution, plx) = {: 0; otherwise 0<p<l p P?
Ge(p)
(65) =p(1—p)* Y zeZ 1 1 -
First success p(z) = P Py 2.1 0<p<i1 — Zp
s = 0; otherwise p p
distribution
=1 a<z<b
) = b—a’
(66) f(@) {_ 0; otherwise 5
Uniform S < a<b a+b (a—10)
distribution, = r=a 2 12
U(a; b) Flz)=¢=%2% a<z<b
=1; r>b
_ D(a+b) ,a-1 b1,
fa) = 4= Tt @ (ma) 0 <<
gﬂ) =0; otherwise b
A =0 2 <0 a>0,b>0 a a
distribution’, I(atb) - a+b (a+b)2(a+b+1)
B(a;b) F(z) = ¢ = rjre Bmiasb); 0<z <1
=1; rz>1
Non an) @)= e
Norr.nal FGazusman) Vo> >0 m o2
distribution”,
N(m;a?) F(z) =@ (*5™)
(69)
L.Og'.non.nalz F(z) = =0 . zs0 o>0 em+a’/2 gPmt2et _ gmto?
distribution”, =Q(Rz=m) >0

In X € N(m;0?)

(70)

Log-normal =0 <0
distribution? 3, F(@) = =o (i In *# ) ;i >0
In %/2 € N(0;07) 2

a2/2
212>0,0>0 xy/,-¢€

x]/zz . (eZU _ eo- )

' T is the gamma function; cf. (84). B(z; a; b) is the incomplete beta function; cf. (86).

2 ®(z) is tabulated in (87).

3Here, @1 /5 denotes the distribution median of the random variable X.
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Parameter
restrictions
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Expectation Variance

(71)

Gamma
distribution',
Gamma(a; b)

(72)
Exponential
distribution,

Exp(a)

(73)

Gumbel (type I
extreme value)
distribution?

(74)
Fréchet (type II
extreme value)

distribution®

(75)

Type 111
extreme value
distribution®’

(76)
Wieibull

distribution®

(77)
Rayleigh

distribution

(78)
Chi-square
distribution®,
X' (n),
Gamma(2; 1)

(79)
Student’s
t-distribution® 7,

t(n)

a>0,b>0

a>0

a>0

Flz) = 0; z<b
xTr) = r—b\—cC
= ei(Tb) ;s x>b

a>0,c>0

a>0,c>0

a>0,c>0

a>0

<0
x>0

= O;
f(x) = {: 1(/;) (x/z)(n/Z)fl 671/2;

n e ZZI
<0

x>0

oL D !
VR RT(E) 1/

n

f(=)

:7.7’];. <0 nEZZl

n.1
Bty 3iD)
— 1, Tnte2i2027,

2 B(L;%:5)

F(z) =

Il
_
|—

x>0

S e
S
T~

b+ ~va

b+ al'(1—1/c)

o {1‘(1 _ %) _ (F(l _ é)) 2]
b—al(1+1/c)

pe {F(l + %) - (m n é)) 2]
b+ al'(1+1/c)

a* {F(l + %) - (F(l + é)) 2]

ay/T

' T'(a) is the gamma function; cf. (84). I'(a; b-x) is the upper incomplete gamma function; cf. (85).

2 v is Euler’s constant. v = limp_, oo ((Zle %) —1In k) = 0,577 215664 . ..

3 T is the gamma funciton; cf. (84).

4 Expectation exists if and only if ¢ > 1. Variance exists if and only if ¢ > 2.

5 If X is a type III extreme value distributed random variable, then —X (i.e. the negative of X) is Weibull distributed. Therefore the type IIT

extreme value distribution now and then is called the extreme value distribution of Weibull type.

6 I'(%) is the gamma function; cf. (84). I'(5; 3) is the upper incomplete gamma function; cf. (85).

2

7 B is the incomplete beta function; cf. (86). Variance exists if and only if n > 3.
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Distribution Para_m_eter Expectation Variance
restrictions
flay == =ad=0
) =
(80) =[z>0=
Fisher’s _ r(Mi™, M/ 2nym2/ g 3! n €L n, anz(nl +ny, —2)
F-distribution’, PEHTER - (atmp)mdml/e n€Z5 -2 ni(na—2) (n, —4)
F(nl;nz) = O; z S 0
F(./,U) = -1 B(nzzlem;%;%>. 0
C T T T

1()81) =0; z<0 2

areto a a

. F = :l—l—ﬁl/c; a >0,c>0 —_—
distribution, (@) ( ) 0< i < “ ¢ c+1 (2c+1)(c+1)?
(C > 0) = 1; xT > -
(82)
Pareto =0; <0 a a?

F = - 0, 0 _
distribution?, (@) {: 17(1+‘C%)71/‘°|; x>0 a=0e< c+1 (2c+1)(c+ 1)
(c<0)
(83)
Pareto =0; <0 5
F = 0

distribution®, (@) {: 1—e %% £>0 @ “ ¢

(c=0)

! B is the incomplete beta function; cf. (86). Expectation exists if and only if 7, > 3. Variance exists if and only if np > 5.
2 Expectation exists if and only if ¢ > —1. Variance exists if and only if ¢ > — %
3 This is an exponential distribution, Exp(a).

Some functions

(84) The gamma function is defined (for p>0) by

[e.9]
(41) T)= [ @ le s p>o0
0
Some properties of the gamma function:

(842) T(p)=@{@—-1, pe{l;2;3;...}
(843) T(3)=v7
(84.4) I'(p+1)=pl(p) p>0

(85) The incomplete gamma function is defined (for p>0, > 0) by
(85.1) I'(p;x) = /oo P leCde, £>0,p>0
A property of the incomplet: gamma function:
(85.2) I'(p;0) =T(p), p>0
(86) The incomplete beta function is defined (for a>0,b6>0, 0<z<1) by
(86.1) B(z;a;b) = /Oz €711 — )P hdg, 0<a<1, a>0, b>0

A property of the incomplete beta function:
[(a) T'(b)

(862) B(l;a; b) = m,

a>0, b>0



xil TABLE OF FORMULE

Table of the standard-normal distribution function
(87) If X € N(0;1), then P(X < x) = ®(z), where ®(+) is a non-elementary function given by
x 2
O(x) = / Le_% d¢.
—c0 V2T

This table gives (with 5 correct decimals) the function values ®(z) for x = 0,00:0,01:3,99. For negative
values of z, use that ®(—z) = 1 — ®(x).

— 0,00 0,01 0,02 0,03 0,04 0,05 0,06 0,07 0,08 0,09

0,0 | 0,50000 0,50399 0,50798 0,51197 0,51595 0,51994 0,52392 0,52790 0,53188 0,535 86
0,1 | 0,53983 0,54380 0,54776 0,55172 0,55567 0,55962 0,56356 0,56749 0,57142 0,575 35
0,2 | 0,57926 0,58317 0,58706 0,59095 0,59483 0,59871 0,60257 0,60642 0,61026 0,614 09
0,3 | 0,61791 0,62172 0,62552 0,62930 0,63307 0,63683 0,64058 0,64431 0,64803 0,65173
0,4 | 0,65542 0,65910 0,66276 0,66640 0,67003 0,67364 0,67724 0,68082 0,68439 0,687 93

0,5 | 0,69146 0,69497 0,69847 0,70194 0,70540 0,70884 0,71226 0,71566 0,719 04 0,722 40
0,6 | 0,72575 0,72907 0,73237 0,73565 0,73891 0,74215 0,74537 0,74857 0,75175 0,754 90
0,7 | 0,75804 0,76115 0,76424 0,76730 0,77035 0,77337 0,77637 0,77935 0,78230 0,785 24
0,8 | 0,78814 0,79103 0,79389 0,79673 0,79955 0,80234 0,80511 0,80785 0,81057 0,813 27
0,9 | 0,81594 0,81859 0,82121 0,82381 0,82639 0,82894 0,83147 0,83398 0,83646 0,838 91

1,0 | 0,84134 0,84375 084614 0,84849 0,85083 0,85314 0,85543 0,85769 0,85993 0,862 14
1,1 | 0,86433 0,86650 0,86864 0,87076 0,87286 0,87493 0,87698 0,87900 0,881 00 0,882 98
1,2 | 0,88493 10,8868 0,88877 089065 0,89251 0,89435 0,89617 0,89796 0,89973 0,901 47
1,3 | 0,90320 0,90490 0,90658 0,90824 0,90988 091149 091309 091466 091621 0,917 74
1,4 091924 092073 092220 0,92364 0,92507 0,92647 0,92785 0,92922 0,93056 0,931 89

1,5 1093319 093448 093574 0,93699 0,93822 0,93943 094062 0,94179 0,94295 0,944 08
1,6 | 0,94520 094630 0,94738 0,94845 0,94950 0,95053 0,95154 0,95254 095352 0,954 49
1,7 | 095543 095637 095728 095818 0,95907 0,95994 0,96080 096164 096246 0,963 27
1,8 | 0,96407 096485 096562 0,96638 0,967 12 096784 096856 0,96926 0,969 95 0,970 62
1,9 | 097128 097193 097257 097320 0,97381 0,97441 0,97500 0,97558 097615 0,97670

2,0 | 0,97725 097778 097831 0,97882 0,97932 0,97982 0,98030 0,98077 0,98124 0,981 69
2,1 | 098214 0,98257 098300 098341 0,98382 0,98422 0,98461 098500 0,98537 0,98574
2,2 1098610 098645 098679 0,98713 0,98745 098778 0,98809 0,98840 0,98870 0,988 99
2,3 | 0,98928 0,98956 0,98983 0,99010 0,99036 0,99061 0,99086 0,991 11 0,99134 0,991 58
24| 0,99180 0,99202 099224 099245 0,99266 0,99286 099305 0,99324 0,99343 0,993 61

2,5 1099379 099396 099413 0,99430 0,99446 099461 099477 0,99492 0,99506 0,995 20
2,6 | 0,99534 0,99547 0,99560 099573 0,99585 0,99598 0,99609 0,99621 0,99632 0,996 43
2,71 0,99653 099664 099674 0,99683 0,99693 0,99702 0,99711 0,99720 0,99728 0,997 36
2,8 1 099744 099752 099760 0,99767 0,99774 0,99781 0,99788 099795 099801 0,998 07
2,9 1099813 0,99819 0,99825 099831 0,99836 0,99841 0,99846 0,99851 0,998 56 0,998 61

3,0 | 0,99865 0,99869 099874 099878 0,99882 0,99886 0,99889 0,99893 0,99896 0,999 00
3,1 1099903 0,99906 099910 099913 0,99916 0,99918 0,99921 0,99924 0,99926 0,999 29
3,21 0,99931 0,99934 0,99936 099938 0,99940 0,99942 0,99944 099946 0,99948 0,999 50
3,3 1 0,99952  0,99953 099955 099957 0,99958 0,99960 0,99961 0,99962 0,999 64 0,999 65
3,4 ] 0,99966 0,99968 099969 099970 0,99971 0,99972 0,99973 0,99974 099975 0,999 76

3,5 1099977 099978 099978 0,99979 0,99980 0,99981 0,99981 0,99982 0,99983 0,999 83
3,6 | 0,99984 0,99985 0,99985 0,99986 0,99986 0,99987 0,99987 0,99988 0,999 88 0,999 89
3,7 1 0,99989 0,99990 0,99990 0,99990 0,99991 0,99991 0,99992 0,99992 0,99992 0,999 92
3,8 1099993 099993 099993 0,99994 0,99994 0,99994 0,99994 0,99995 0,99995 0,999 95
3,9 1 0,99995 0,99995 0,99996 0,99996 0,99996 0,99996 0,99996 0,99996 0,99997 0,999 97




TABLE OF FORMULA

Table of quantiles of Student’s t-distribution

(88) If X € t(n), then the a-quantile t,(n) is defined by

P(X>ta(n)) =a, 0<a<l

This table gives (with 3 correct decimals) the a-quantile ¢, (n) for a € {0,1;0,05;0,025;0,01;
0,005;0,001; 0,0005} and for n € {1:1:30; 40; 60; 120}. For values of & > 0,9, use that

ti—a(n) = —ta(n), 0<a<l
«
" 0,1 0,05 0,025 0,01 0,005 0,001 0,0005
1 3,078 6,314 12,706 31,821 63,657 318,309 636,619
2 1,886 2,920 4,303 6,965 9,925 22,327 31,599
3 1,638 2,353 3,182 4,541 5,841 10,215 12,924
4 1,533 2,132 2,776 3,747 4,604 7,173 8,610
5 1,476 2,015 2,571 3,365 4,032 5,893 6,869
6 1,440 1,943 2,447 3,143 3,707 5,208 5,959
7 1,415 1,895 2,365 2,998 3,499 4,785 5,408
8 1,397 1,860 2,306 2,896 3,355 4,501 5,041
9 1,383 1,833 2,262 2,821 3,250 4,297 4,781
10 | 1,372 1,812 2,228 2,764 3,169 4,144 4,587
11 1,363 1,796 2,201 2,718 3,106 4,025 4,437
12 | 1,356 1,782 2,179 2,681 3,055 3,930 4,318
13 | 1,350 1,771 2,160 2,650 3,012 3,852 4,221
14 | 1,345 1,761 2,145 2,624 2,977 3,787 4,140
15 | 1,341 1,753 2,131 2,602 2,947 3,733 4,073
16 | 1,337 1,746 2,120 2,583 2,921 3,686 4,015
17 | 1,333 1,740 2,110 2,567 2,898 3,646 3,965
18 | 1,330 1,734 2,101 2,552 2,878 3,610 3,922
19 | 1,328 1,729 2,093 2,539 2,861 3,579 3,883
20 | 1,325 1,725 2,086 2,528 2,845 3,552 3,850
21 1,323 1,721 2,080 2,518 2,831 3,527 3,819
22 | 1,321 1,717 2,074 2,508 2,819 3,505 3,792
23 | 1,319 1,714 2,069 2,500 2,807 3,485 3,768
24 | 1,318 1,711 2,064 2,492 2,797 3,467 3,745
25 | 1,316 1,708 2,060 2,485 2,787 3,450 3,725
26 | 1,315 1,706 2,056 2,479 2,779 3,435 3,707
27 | 1,314 1,703 2,052 2,473 2,771 3,421 3,690
28 | 1,313 1,701 2,048 2,467 2,763 3,408 3,674
29 | 1,311 1,699 2,045 @ 2,462 2,756 3,396 3,659
30 | 1,310 1,697 2,042 2,457 2,750 3,385 3,646
40 | 1,303 1,684 2,021 2,423 2,704 3,307 3,551
60 | 1,296 1,671 2,000 2,390 2,660 3,232 3,460
120 | 1,289 1,658 1,980 2,358 2,617 3,160 3,373
oco | 1,282 1,645 1,960 2,326 2,576 3,090 3,291

xiil
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Table of quantiles of the y? distribution

(89) If X € y*(n), then the a-quantile x2(n) is defined by

P(X>xi(n)=a 0<a<l

TABLE OF FORMULA

This table gives the a-quantile 2 (n) for a € {0,9995;0,999;0,99;0,975; 0,95; 0,05; 0,025; 0,01;
0,005;0,001;0,0005} and for n € {1:1:30; 40:10:100}.

o
"1 09995 0,999 0,995 0,99 0,975 0,95 0,05 0,025 0,01 0,005 0,001 0,0005
1 — — <1077 <1077 <1072 <107% 3,841 5,024 6,635 7,879 10,83 12,12
2 | <1072 <1072 0,0100 0,0201 0,0506 0,1026 5,991 7,378 9,210 10,60 13,82 15,20
3 | 0,0153 00240 0,0717 0,1148 0,2158 0,3518 7,815 9,348 11,34 12,84 1627 17,73
4 | 00639 0,0908 02070 02971 04844 07107 9,488 11,14 13,28 14,86 18,47 20,00
5 0,1581 02102 04117 05543 08312 1,145 11,07 12,83 15,09 16,75 20,52 22,11
6 | 02994 03811 06757 0,8721 1,237 1,635 12,59 14,45 16,81 18,55 22,46 24,10
7 | 04849  0,5985 09893 1,239 1,690 2,167 14,07 16,01 1848 2028 24,32 26,02
8 | 0,7104 0,8571 1,344 1,646 2,180 2,733 15551 17,53 20,09 21,95 26,12 27,87
9 | 09717 1,152 1,735 2,088 2,700 3,325 16,92 19,02 21,67 23,59 27,88 29,67
10 1,265 1,479 2,156 2,558 3,247 3,940 18,31 20,48 2321 25,19 29,59 31,42
11 1,587 1,834 2,603 3,053 3,816 4,575 19,68 21,92 24,72 26,76 31,26 33,14
12 1,934 2,214 3,074 3,571 4,404 5226 21,03 23,34 26,22 2830 3291 34,82
13 | 2,305 2,617 3,565 4,107 5,009 5,892 22,36 24,74 27,69 29,82 34,53 36,48
14 | 2,697 3,041 4,075 4,660 5,629 6,571 23,68 26,12 29,14 31,32 36,12 38,11
15 | 3,108 3,483 4,601 5,229 6,262 7,261 25,00 27,49 30,58 32,80 37,70 39,72
16 | 3,536 3,942 5,142 5,812 6,908 7,962 26,30 28,85 32,00 34,27 39,25 41,31
17 | 3,980 4,416 5,697 6,408 7,564 8,672 27,59 30,19 33,41 3572 40,79 42,88
18 | 4,439 4,905 6,265 7,015 8,231 9,390 28,87 31,53 34,81 37,16 42,31 44,43
19 | 4,912 5,407 6,844 7,633 8,907 10,12 30,14 32,85 36,19 38,58 43,82 45,97
20 | 5,398 5,921 7,434 8,260 9,591 10,85 31,41 34,17 37,57 40,00 4531 47,50
21 5,896 6,447 8,034 8,897 10,28 11,59 32,67 35,48 38,93 41,40 46,80 49,01
22 | 6,404 6,983 8,643 9,542 10,98 12,34 33,92 36,78 40,29 42,80 4827 50,51
23 | 6,924 7,529 9,260 10,20 11,69 13,09 3517 38,08 41,64 44,18 49,73 52,00
24 | 7,453 8,085 9,886 10,86 12,40 13,85 36,42 39,36 42,98 45,56 51,18 53,48
25 | 7,991 8,649 10,52 11,52 13,12 14,61 37,65 40,65 44,31 46,93 52,62 54,95
26 | 8,538 9,222 11,16 12,20 13,84 1538 38,89 41,92 45,64 48,29 54,05 56,41
27 | 9,093 9,803 11,81 12,88 14,57 16,15 40,11 43,19 46,96 49,64 55,48 57,86
28 | 9,656 10,39 12,46 13,56 15,31 16,93 41,34 44,46 48,28 50,99 56,89 59,30
29 10,23 10,99 13,12 14,26 16,05 17,71 42,56 45,72 49,59 52,34 58,30 60,73
30 10,80 11,59 13,79 14,95 16,79 18,49 43,77 46,98 50,89 53,67 59,70 62,16
40 16,91 17,92 20,71 22,16 24,43 26,51 55,76 59,34 63,69 66,77 73,40 76,09
50 | 23,46 24,67 27,99 29,71 32,36 34,76 67,50 71,42 76,15 79,49 86,66 89,56
60 | 30,34 31,74 35,53 37,48 40,48 43,19 79,08 83,30 88,38 91,95 99,61 102,7
70 | 37,47 39,04 43,28 45,44 48,76 51,74 90,53 95,02 100,4 1042 112,3 1156
80 | 44,79 46,52 51,17 53,54 57,15 60,39  101,9 1066 1123 1163 1248 1283
90 | 52,28 54,16 59,20 61,75 65,65 69,13 113,1 1181 1241 1283 1372 140,8
100 | 59,90 61,92 67,33 70,06 74,22 77,93 124,3 129,6 1358 140,2 149,4 1532

This is version 2006-12-08.




