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Foreword

The book Stationary and Related Stochastic Processes [9] appeared in 1967.
Written by Harald Cramér and M.R. Leadbetter, it drastically changed the
life of PhD students in Mathematical statistics with an interest in stochastic
processes and their applications, as well as that of students in many other fields
of science and engineering. By that book, they got access to tools and results for
stationary stochastic processes that until then had been available only in rather
advanced mathematical textbooks, or through specialized statistical journals.
The impact of the book can be judged from the fact that still in 1999, after
more than thirty years, it is a standard reference to stationary processes in PhD
theses and research articles.

Unfortunately, the book only appeared in a first edition and it is since long
out of print. Even if many of the more specialized results in the book now
have been superseded by more general results, and simpler proofs have been
found for some of the statements, the general attitude in the book makes it
enjoyable reading both for the student and for the teacher. It will remain a
definite source of reference for many standard results on sample function and
crossings properties of continuous time processes, in particular in the Gaussian
case.

These lecture notes are the results of a series of PhD courses on Stationary
stochastic processes which have been held at the Department of Mathemat-
ical Statistics, Lund University, during a sequence of years, all based on and
inspired by the book by Cramér and Leadbetter. The aim of the notes is to pro-
vide a reasonably condensed presentation of sample function properties, limit
theorems, and representation theorems for stationary processes, in the spirit of
[9]. It must be said, however, that it represents only a selection of the material,
and the reader who has found interest in the present course, should take the
time to read the original.

Even if the Cramér and Leadbetter book is the basic source of inspiration,
other texts have influenced these notes. The most important of these is the
now reprinted book on Probability [5] by Leo Breiman. The Ergodic chapter is
a mixture of the two approaches. The Karhunen-Loeve expansion follows the
book by Wong [35]. Finally, the classical memoirs by S.O. Rice [27], have also
been a source of inspiration.

Some knowledge of the mathematical foundations of probability helps while

vii
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reading the text; I have included most of it in Appendices on the probability
axioms, together with the existence and basic convergence properties, as well
as some Hilbert space concepts. There is also an Appendix on how to simulate
stationary stochastic processes by spectral methods and the FFT algorithm.

I am grateful to the PhD-students Rikard Berthilsson, Jonas Brunskog,
Halfdan Grage, Peter Gustafsson, Par Johannesson, Finn Lindgren, Karl-Ola
Lundberg, Dan Mattsson, Tord Rikte, Jesper Rydén, Martin Skold, Martin
Svensson, Magnus Wiktorsson, in the 1998/99 course for many detailed com-
ments on the text and pertinent questions during the lectures, which hopefully
helped clarify some of the obscurities. They also helped to remove many of the
misprints.

Lund in May, 1999
Georg Lindgren

Printing September 2002 and April 2004

These printings of the Lecture notes differ considerably from the printing of May
1999. Many misprints have been corrected and there are also many additions,
mostly of previously left out details, but there is also some new aspects. 1
am grateful to comments by Bengt Ringnér, which helped to remove unclear
statements and errors, the PhD students at the Lund 2000/01 course, Anastasia
Baxevanni, Torgny Lindstréom, Ulla Machado, Anders Malmberg, Sebastian
Rasmus, Mikael Signahl, and to Lars Holst and PhD student Henrik Hult at
KTH who used the material and made several suggestions.

Some new references have been added, in particular some standard text-
books on ergodic theory (K. Petersen: Ergodic Theory), real analysis (H.L.
Royden: Real Analysis), and the new probability book, Weighting the Odds by
D. Williams [25, 29, 37].

In the 2004 printing several more changes were made, as the result of nu-
merous valuable comment by Oskar Hagberg and Linda Werner.

Lund in September, 2002 and April 2004
Georg Lindgren

Printing October 2006

In this printing, several changes and additions have been made. I have included
some more elementary facts, together with historical and general examples in
Chapter 1, and expanded the section on Linear filters in Chapter 4 in order not
to rely too much on specific Lund courses.

To provide some background to the theory I have, in Chapter 1, highlighted
four remarkable research achievements that have helped to shape the theory of
stationary processes in general. The examples are specialized and based on real
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demands, namely Albert Einsteins derivation of the physics and mathematics
behind the Brownian motion from 1905, Steve Rice 1944-45 broad invitation
to stochastic Gaussian noise, so important in communication theory, and the
equally important introduction of stochastic thinking in naval engineering by
StDenis and Pierson from 1953, and finally the link between stochastic processes
theory and statistical inference, by Ulf Grenander from 1950, which forms the
basis for present day signal processing.

The old Chapter 3, on prediction, has been transformed into a chapter on
crossing-related problems, including the form and use of the Slepian model
process. What remains of prediction has been moved to the chapter on Ergodic
theory. The section on random fields has been slightly expanded. The notation
A for frequency has been changed to the standard w.

Besides the additions, several errors and misprints have been corrected efter
comments from the PhD students in the 2004 course, Klas Bogsjo, Johan Lind-
strom, and Sofia Aberg. Timo Koski, who used the material in Linkoping, has
also given me several suggestions and pointed at unclear points and misprints.

Last, but not least, the Cramér & Leadbetter book has finally reappeared,
reprinted by Dover Publications, 2004.

Lund in October, 2006
Georg Lindgren






Chapter 1

Some probability and process
background

This introductory chapter gives a brief summary of the probability theory
needed for the study of stochastic processes with discrete or continuous time.
It concentrates on the finite-dimensional distribution functions, which uniquely
define probabilities for a sufficiently rich family of events, namely events that
can be identified through process values at discrete sets of times. In particular,
they allow us to find conditions for sample function continuity, at least if we
restrict ourselves to a study of the process at a dense discrete time set.

1.1 Probability measures on sample spaces

Stochastic processes are often called random functions; these two notions put
emphasis on two different aspects of the theory, namely

e stochastic processes as families of infinitely many random variables on the
same sample space, usually equipped with a fixed probability measure,

e stochastic processes as a means to assign probabilities to sets of func-
tions, for example some specified sets of continuous functions, or sets of
piecewise constant functions with unit jumps.

These two aspects of stochastic processes can be illustrated as in Figure 1.1,
corresponding to an experiment where the outcomes are continuous functions.

The figure illustrates the three levels of abstraction and observability for
a random experiment. To be concrete, think of an experiment controlling the
steering of a ship. The general sample space {2 is an abstract set that contains
all the possible outcomes of the experiment that can conceivably happen — and
it may contain more. A probability measure P is defined on 2 that assigns
probabilities to all interesting subsets — we need only one single probability
measure to describe our whole world.
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The abstract The function The finite-dimensional
sample space € sample space C co-ordinate space R™
. | » 2(t,w),tER; P, 2(t,w), t =t ... tn; P
outcome w
- t teR; P, _ . p(n)
probability P ~ y(t,w),t €R; Py y(t,w),t =t1,... tn; Py
T z(t,w),teR; P, 2(tw),t =t1,... ty; P
This space contains Thlst Epace c%ritalns This space contffmins
everything possible € possible the ﬁn1te—d1mensmnal
function outcomes observations

Figure 1.1: Owverview of the three types of worlds in which our processes live.

During the experiment one can record the time evolution of a number of
things, such as rudder angle, which we call {z(t), ¢ € R}, ship head angle,
called {y(t), t € R}, and roll angle {z(¢), ¢t € R}. Each observed function is an
observation of a continuous random process. In the figure, the randomness is
indicated by the dependence of the experiment outcome w. The distributions
of the different processes are P,, P,, P, — we need one probability measure for
each of the phenomena we have chosen to observe.!

In practice, the continuous functions are sampled in discrete time steps,
t=ty,...,ty, resulting in a finite-dimensional observation vector, (x1,...,zy),
with an n-dimensional distribution, Pén), etc. This is illustrated in the third
box in the figure.

Since we do not always want to specify a finite value for n, the natural
mathematical model for the practical situation is to replace the middle box,
the sample space C of continuous functions, by the sample space R*> of infinite
sequences of real numbers (zg,x1,...). This is close, as we shall see later, really
very close, to the finite-dimensional space R", and mathematically not much
more complicated.

WARNING: Taking the set C of continuous functions as a sample space and
assigning probabilities P, , etc, on it, is not as innocent as it may sound from
the description above. Chapter 2 deals with conditions that guarantee that a
stochastic process is continuous, i.e. has continuous sample functions. In fact,
these conditions are all on the finite-dimensional distributions.

SUMMARY: The abstract sample space €2 contains everything that can conceiv-
ably happen and is therefore very complex and detailed. Each outcome w € §Q is
unique, and we need only one comprehensive probability measure P to describe

every outcome of experiment we can do. An experiment is a way to “observe
the world”.

!The symbol w is here used to represent then elementary experimental outcome, a practice
that is standard in probability theory. In most part of this book, w will stand for (angular)
frequency; no confusion should arise from this.
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The function (sequence) sample space C (R ) is simple. It can be used
as sample space for a specified experiment for which the result is a function or
sequence of numbers. We have to define a unique probability measure for each
experiment.

1.2 Events, probabilities and random variables

1.2.1 Events and families of events

A probability measure P assigns probabilities to certain events, i.e. subsets, in
the sample space 2, in such a way that Kolmogorov’s probability axioms are
satisfied.?2 Thus, if a subset A has a probability, then also its complement A*
has a probability, and P(A*) =1 — P(A), and further, if A is disjoint with B,
i.e. ANB =), and B has probability P(B), then also AU B has a probability,
and P(AUB) = P(A)+ P(B). These requirements lead to the conclusion that
probabilities have to be defined at least on a certain minimal family of subsets
of Q.

Definition 1:1 A family of subsets Fy to an arbitrary space € is called a
field if it contains the whole set Q and is closed® under the set operations
complement, A*, union, AU B, and intersection, AN B. It then also contains
all unions of finitely many sets Ay, ..., A, in Fo. A field F of subsets is
called a o -field if it contains all countable unions and intersections of its sets.
The terms algebra and o -algebra are also used, instead of field and o -field.

To every collection A of subsets of 2 there is always a unique smallest field
Fo that contains all the sets in A. Similarly, there exists a (unique) smallest
o-field F that contains all A-sets. That o-field F is said to be generated by
A, and it is denoted F = o(A).

Example 1:1 (Fields and o-fields in R) The simplest useful field Fy of
subsets of the real line R consists of all finite half-open intervals, a < = < b,
together with unions of a finite number of such intervals. In order for Fy to
be a field, it is required that it also contains the complement of such unions.
To anticipate the introduction of probabilities and random variables, we can
remark here that Fy is a natural family of sets, since distribution functions can
be used to assign probabilities to intervals.

The smallest o-field that contains all half-open intervals is called the Borel
field in R. It is denoted B, and its sets are called Borel sets.

2See Appendix A.
3That is, if a set A is in the family Fo, then also the complement A* belongs to Fo, etc.
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Example 1:2 (Fields and o-fields in R™) Intervals in R correspond to n-
dimensional rectangles in R™, and the smallest interesting field in R™ consists
of unions of finitely many half-open rectangles, with sides (a;, b;], 1 =1,...,n,
and the complements of such unions. As in R, the o-field generated by Fy is
called the Borel field in R™. It is denoted by B,, and its sets are the Borel sets
in R™,

One could note here that it is possible to start with more general "rect-
angles”, where the ”sides” are real Borel sets instead of intervals, i.e. sets
B1 x By X ... x By, where the B; are one-dimensional Borel sets. However,
even if these generalized rectangles form a richer class than the simple rectan-
gles, the smallest o-field that contains all such generalized rectangles is exactly
equal to B,,.

1.2.2 Probabilities

Probabilities are defined for events, i.e. subsets of a sample space 2. By a
probability measure is meant any function P defined for every event in a field
Fo, such that

0< P(A)<1, P@)=0, PQ) =1,

and such that, first of all, for any finite number of disjoint events Aq,..., A,
in Fo one has

P(A1U...UA,) =P(A) +...+ P(A,). (1.1)

That is, probabilities are finitely additive. In order to deal with limiting events
and the infinity, they are also required to be countably additive, i.e. equation
(1.1) holds for infinitely many disjoint events, i.e. it holds with n = oo,

P(URL1Ay) = ZP(Ak)
k=1

for all disjoint events Ay € Fy such that U°Ay € Fo.
As remarked, it is easy to assign probabilities to intervals, and unions of
intervals, simply by taking

P((a,0]) = F(b) - F(a),

for some distribution function F'. By additivity and the property of fields, one
then also assigns probability to the field Fq of finite unions of intervals.

A natural question to ask is, whether this also produces probabilities to the
events in the o-field F generated by Fp. In fact, it does, and that in a unique
way:
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Extension of probability measures: Every probability measue P, defined
and countably additive on a field Fy, can be extended to be defined for
every event in the o-field F generated by Fy. This can be done in one
way only. This means that a probability measure on the real Borel sets
is uniquely determined by its values on the half-open intervals, i.e. it
depends only of the values of the function

F(a) = P((—00,2]), F(b) - F(a) = P((a,]).

Probabilities on the Borel sets in R™ are similarly uniquely determined
by the n-dimensional distribution function

F(z1,...,2y) = P((—00,21] X ... X (—00,Zy)). (1.2)
For example, for a bivariate variable (z x2),

P((al,bl] X (ag,bz]) = F(bl,bg) — F(al,bz) — F(bl,az) + F(al,ag)).

The probability measure P is defined on the measurable space (Q,F),
and sets in the o-field F are called the measurable sets. For a proof of
the existence of a unique extension, see Appendix A.

Remark 1:1 The completion of a probability measure P is obtained as follows.
Suppose P is defined on (0, F), i.e. it assigns a probability P(A) to every A in
F. Now, if there is an event B with P(B) = 0, then it seems natural to assign
probability 0 to any smaller set B' C B. Unfortunately, subsets of measurable
sets, are not necessarily measurable, so one can not immediately conclude that
P(B’) = 0. However, no other choice is possible, and it is also easy to create
the o-field that also contains all subsets of F-sets B with P(B) = 0. The
extended probability measure is called a complete probability measure.

1.2.3 Random variables and random sequences
1.2.3.1 A random variable and its distribution

A random variable is just a real-valued function z(w),w € €, on a probability
space (€, F, P), such that it is possible to talk about its distribution, i.e. the
probability

Pz <a) = P({w;z(w) < a})

is defined for all real a. This means that the set (event)
Ag =27 ((—00,0]) = {wyz(w) < a}

is a member of the family F, for all a € R. This is equivalent to the seemingly
more general statement that

¢~ (B) € F for all Borel sets B € B, (1.3)
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and of course it holds that
P(z71(B)) = Prob(z € B).

The requirement (1.3) is the formal definition of a random variable: a random
variable is a Borel measurable function.

If = is a random variable on (2, F, P), then we write P, for the probability
measure on (R, B) that is defined by

P.(B) = P(x\(B)).

It is possible to define several random variables z1,zs,...,x, on the same
probability space (€2, F, P), and there is no difficulty to let n = co. In that
case we call the sequence {z,}7%, a stochastic process with discrete time, or a
random sequence.

1.2.3.2 The o-field generated by random variables

When z is a random variable on (2, F,P), the w-set {w € Q;z(w) < a}
belongs to F and hence, it has a probability Prob(z < a). Furthermore, all
sets of the type 27 1(B), where B is a Borel set, belong to F. In fact, the family
of such Q-sets is a o-field, and it is denoted F(z) or o(z). It is obvious that
F(z) C F and we already know that P assigns a probability to these sets. If
x were the only random variable of interest to us, we could have worked on the
probability space (€2, F(x), P). The reason for using a general, usually larger
o-field F, is that is allows us perfect freedom to include any further random
variable without changing neither the o-field, nor the probability measure.

Another characterization of F(x) is that it is the smallest o-field on Q that
makes the function z measurable, i.e. a random variable. The o-field F(z) is
called the o -field generated by the random variable x.

When there are several random variables z1,...,z,, n < oo, there will
be a smallest o -field, denoted F(x1,...,x,), that contains all the sub-o-fields
F(z;). It is the smallest o-field that makes all the x; random variables.

Remark 1:2 When we have the o-field generated by a random variable x we
have got our first opportunity to really construct a probability measure, in the
sense that we can define the values of P(A) for certain events A € F. If F
is a distribution function® on R and x is a Borel measurable function, i.e. a
random variable, then

P(A,) = P({w € % a(w) < a}) = F(a)

defines probabilities on the sub-class of events A, , and that can be extended to
a probability measure on the o-field F(x).

“i.e. F is non-decreasing, right-continuous, with 0 < F(z) < 1, and lim;— o F(z) = 0
and limg, o F(z) = 1.
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1.2.4 Conditional expectation

Here we will give an elementary definition of the important concept conditional
expectation. A more general definition will be introduced in Section 5.6.1, but
here the simple definition is sufficient.

If z,y are two random variables, where y may be multivariate, with joint
density f(z,y), and with marginal y-density f(y) = [, f(u,y)du, the condi-
tional expectation of x given y = v, is a random variable defined as a function
of y, for w such that y(w) =wv, and f(v) # 0, as

f(u,v)
) du. (1.4)

o) = By =o) = [

For outcomes such that f(y) = 0, ¢(y) can be defined arbitrarily. We write

E(z [y) = ¢(y).
It satisfies

H@=E@@D=MEWWD=/¢@ﬂw@, (1.5)

Y
EWV(z|y)+V(E(|y)), (1.6)

=
-2
[

where V(z | y) = [ (z — ¢(y))*f(z | y) dz. The reader should show this, and
the following important theorem:

Theorem 1:1 The best predictor of x given y in least squares sense is given

by p(y), i.e.
E((z = ¢1)?) < E((x—v()?)

for every function ¥(y).

1.3 Stochastic processes

1.3.1 Stochastic processes and finite-dimensional distributions

We are now ready to define stochastic processes in general. Remember that
we have already defined infinite sequences of random variables, y = {z,}22,
defined on the same probability space (€2, F, P). Here, each x; is a real-valued
function on , ie. zj(w) € R.

There is no further difficulty in considering more than countably many ran-
dom variables at the same time, and letting ¢ denote a general parameter taking
values in a parameter space T'. Thus we can consider a family of functions,
{z(t,w) € R}ser, where each z(t) = z(t,-) is a random variable, i.e. a mea-
surable function from  to R. Hence it has a distribution with a distribution
function on R, which we denote F(-;t), i.e.

F(a;t) = Prob(z(t) < a).
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Taking several variables, at times tq,...,t,, one gets an n-variate random
variable

(x(t1),...,z(tn))

with an n-variate distribution in R",

F(ay,...,ap;t1, ... ty) = Prob(z(t1) < ay,...,z(tn) < ap).
We write Fin for the n-dimensional distribution function of any vector

(x(t1),...,x(tn)).

We summarize the terminology in a formal, but simple, definition.

Definition 1:2 Let T be a parameter set. A stochastic process {x(t)}er in-
dexed by the parameter t € T is a family of random variables xz(t) defined on
one and the same probability space (Q,F,P). In other worlds, a stochastic
process is a function

TxQ3 (t,w) — z(t,w) € R,

such that for fized t = to, x(tg,-) is a random variable, i.e. a Borel measurable
function, Q 3 w — z(tp,w) € R, and for fired w = wg, x(-,wp) is a function
TSt x(t,w) € R.

The family {Fin}22, of finite-dimensional distributions is the family of dis-
tribution functions

F(a,...,an;t1,...,ty) =Prob(z; <ai,...,zp <an);n=12,...;t; €T.

The finite-dimensional distributions in {Fin}5° ; of a stochastic process sat-
isfy some trivial conditions to make sure they are consistent with each other,
of the type

F(ay,ag;t1,t2) = Fl(ag, a1;5ta,t1)
F(ay,005t1,t2) = F(a, ).

By this definition we have the following concepts at our disposal in the three
scenes from Section 1.1:

sample space events probability

abstract space: o-field F P

continuous functions: C 777 777

real sequences: R 777 777

real vectors: R" Borel sets: Pin from finite-dimensional dis-
B, tribution functions Fin

real line: R Borel sets: B P from a distribution function F'

In the table, the 777 indicate what we yet have to define — or even show
existence of — to reach beyond the elementary probability theory, and into the
world of stochastic processes.
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1.3.2 The distribution of a random sequence

Our aim now is to find the events in R*> (= all real sequences) and see how
one can define a probability measure for these events. When this is done, it is
legitimate to talk about the distribution of an infinite random sequence. It was
this step, from probabilities for one-dimensional or finite-dimensional real sets
and events, to probabilities in R and probabilistic statements about infinite
sequences, that was made axiomatic in Kolmogorov’s celebrated Grundbegriffe
der Wahrscheinlichkeitsrechnung from 1933, [20].

Generalized rectangles, intervals, and the field 7

The basic requirement on the events in R* is that they should not be sim-
pler than the events in the finite-dimensional spaces R™, which means that if
an event B, € B, is expressed by means of a finite set of random variables

T1,...,Ty, then it should be an event also in the space R*°. Now, it can be
written
{y = (z1,29,...) € R®; (z1,22,...,2,) € By} = B, xRxRx...= B, x R™.

A set of this form is called a generalized rectangle in R*. Hence, we have
to require that the o-field of events in R*> contains at least all generalized
rectangles. The natural event field is exactly the smallest o-field which contains
all such sets; cf. Example 1:2. This o-field is denoted B, and is called the Borel
field. Symbolically, we can write

Boo = 0 (U2, (B, x R®)).

A particularly simple form of rectangles are the intervals, which are sets of
the form
I = (a1,b1] X (az,ba] X ... % (an,by] x R,

where each (aj,b;] is a half-open interval. Thus, the sequence x = (z1,22,...)
belongs to the interval I if

a1 <z <b,ag < a9 < by, ...,an < T, < by (1.7)

Sets which are unions of a finite number of intervals will be important later;
they form a field, which we denote Z. The o-field generated by 7 is exactly
Boo, i.e.

0(Z) = B

Probabilities on R

The next step is to assign probabilities to the events in B,,, and this can
be done in either of two ways, from the abstract side or from the observable,
finite-dimensional side:
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from a random sequence: if the probability space (2, F, P) is given a pri-
ori, and
y = {zn}nis

is a random sequence, i.e. a function from 2 to R*°, then a probability
measure Py is defined on (R*°,B) by

Py(B) = P(y !(B)), for B € By.

Thus, each random sequence y produces a probability measure Py, on
(R, Bw).

from a family of finite-dimensional distributions: if a consistent family
of finite-dimensional distributions

F = {Ft" 20:1

is given a priori, then one can define probabilities Pg for all half-open
n-dimensional intervals in R*, by, for n = 1,2, ..., taking (cf. (1.2))

PF((al,bl] X ... X (an,bn] X ROO) = Pn((al,bl] X ... X (an,bn])

Here the probability measure P, on (R",,) is uniquely defined by the
distribution functions in F. Now, it remains to show that this will give
us a countably additive probability measure on the field Z of finite unions
of intervals. By the extension property of probability measures on fields,
one can then conclude that there is a unique probability measure P on
(R, Bs) that has F as finite-dimensional distributions. The proof of
the countable additivity is a significant part of Kolmogorov’s existence
theorem for stochastic processes; see Appendix A.

By this, we have defined events in R* and know how to define proba-
bility measures in (R*°,B,,). What to remember here is in particular, that
every probability measure on (R*,B.,) is uniquely determined by its finite-
dimensional distributions.

1.3.3 The continuous parameter case

Now we shall investigate stochastic processes with continuous, one-dimensional
time parameter, t in a real interval T'. By definition, it is a family of random
variables {x(t)}ier, defined on the same probability space (2, F, P), i.e. it is
a function of time ¢ € T" and outcome w € (), measurable as a function of w
for fixed t.

Even if this definition is simple and innocent — obviously such processes exist
— the practical application needs some care. The sample space €2 is an abstract
space and a mathematical construction, and the link to reality is provided by
the random variables. In an experiment, one can observe the values of one or
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more random variables, x1,x2, etc. and also find their distribution, by some
statistical procedure. There is no serious difficulty to allow the outcome to be
any real number, and to define probability distributions on R.

When the result of an experiment is a function with continuous parameter,
the situation is more complicated. In principle, all functions of t € T are
potential outcomes, and the sample space of all functions on 7' is simply too
big to allow any sensible probabilistic structure. There are too many possible
realizations that ask for probability.

Here practice comes to our assistance. In an experiment one can only ob-
serve the values of z(t) at a finite number of times, t1,to,...,t,; with n = co
we allow an unlimited series of observations. The construction of processes with
continuous time is built on exactly this fact: the observable events are those
which can be defined by countably many z(t;), j € mN, and the probability
measure shall assign probabilities to only such events.

Write RT for the set of all real-valued functions of t € T'. By an interval in
RT is meant any set of functions x(¢) which are characterized by finitely many
inequalities of the same type as (1.7),

ayp < z(ty) <bj,ag < z(ta) < bg,...,an < z(ty) < by,

the only difference being that now t1,...,t¢, are any n time points in T". The
Borel field in RT is the smallest o-field that contains all intervals,

1.3.3.1 Sets with countable basis

One may wonder how far the Borel sets in R? are from the intervals. The
intervals were characterized by some restriction on function values at a finite
number of times. A set C C R” which is characterized by function values at a
countable set of times, T' = (t1,t2,...) is said to have a countable basis. More
precisely, C' C RT has a countable basis 7" if there is a Borel set B C R®,
(with B € By ), such that

x € C ifand only if (x(t1),z(t2),...) € B.
The Borel sets in RT are exactly those sets which have a countable basis, i.e.
Br = {C c RT; C has a countable basis}.

We show this, as an example of a typical o-field argument.
First, it is clear that if B is a Borel set in R°°, then

C = {z e RT; (2(t1),2(t),...) € B}

is a Borel set in RT', since By contains all intervals with base in 7", and hence
all sets in the o-field generated by those intervals. This shows that

{C c RY; C has a countable basis} C Br.
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To show the other inclusion we show that the family of sets with countable
basis is a o-field which contains the intervals, and then it must be at least as
large as the smallest o-field that contains all interval, namely Br. First, we
note that taking complements still gives a set with countable basis. Then, take

a sequence C1,Co,..., of sets, all with countable basis, and let T7,T5,...,T; =
{t1,td,...}, ..., {t], 12, ...} be the corresponding countable sets of time points,
so that

C; = {z e RT; (2(tY),2(ty)),...) € B;}, with B, € Bs.

Then T" = U;Tj is a countable set, T" = (t],t5,...), and U2, C; is character-
ized by its values on T".

Example 1:3 Here are some examples of function sets with and without count-
able basis, when T = [0,1]:

o {x € RT;lim, .o z(1/n) exists} € Br,
o {x € RT;lim; .o x(t) exists} ¢ Br,
e {x € RT;x is a continuous function} ¢ Br,

o {x € RT;x(t) <2 for all rational t} € Br,

1.3.3.2 Approximation by finite-dimensional events

The events in the o-field By, in R* can be approximated in probability by
finite-dimensional sets. If (R*°, By, P) is a probability space, and B € By,
then for every € > 0, there is a finite n and an event B, € B,, such that

P(BAB,) < ¢,

where B, = {z € R®;(z1,...,2,) € By} and AAB = (A— B)U (B — A).
Similarly, events in By in R” can be approximated arbitrarily close by
events defined by the values of z(t) for a finite number of t-values: P(BAB,) <
€, with B
B, = {x € R*; ((t1),...,z(tn)) € Bn}.

Remember that every probability measure on (R*,By,) is uniquely de-
termined by its finite-dimensional distributions, which implies that also every
probability measure P on (R”,Br) is determined by the finite-dimensional
distributions, {Fin}2 ;. In particular, the probability

P(Tl,ll—rnéo x(to + 1/n) exists and is equal to x(tp))

is determined by the finite-dimensional distributions. Unfortunately, z(to +
1/n) — x(tp) as n — oo, is almost, but not quite, the same as z(t) — x(to)
as t — ty. To deal with sample function continuity we need more refined con-
struction of the probability measure from the finite-dimensional distributions.
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1.4 Stationary processes and fields

This section summarizes some elementary notation for stationary processes.
More details, properties, and proofs of the most important facts, will be given
in Chapter 4.

To avoid too cumbersome notation we from now on allow ourselves to talk
about “the process z(t)”, when we should have used the notation {x(¢), t € R}
for the process. If we mean “the random variable x(t) we will say so explicitly.

1.4.1 Stationary processes

A stochastic process xz(t) is strictly stationary if all n-dimensional distributions
of
x(tr+ 7). x(ty +7)

are independent of 7. It is called weakly stationary (the term second order sta-
tionary is also used) if its mean is constant, E(xz(t)) = m, and if its covariance
function

r(t) = Cov(x(s +t),z(s)),

is a function only of the time lag t. Every continuous covariance function has
a representation as a Fourier integral,

o0

r(t) = / et dF(w), (1.8)
—0o0

where the function F'(w) is called the spectral distribution function. It is char-

acterized by the properties:

e symmetry: dF(—w) = dF(w),
e monotonicity: w <’ implies F(w) < F(w'),
)

e boundedness: F'(+o00) — F(—o0) =r(0

As indicated by the way we write the three properties, F(w) is defined only up
to an additive constant, and we usually take F'(—oo) = 0. The spectral distri-
bution function is then equal to a cumulative distribution function multiplied
by a positive constant, equal to the variance of the process.

If F(w) is absolutely continuous with F(w) = [ f(s)ds, then the
spectrum is said to be (absolutely) continuous, and f(w) is the spectral density
function; see Section 5.6.2.1 for more discussion of absolute continuity.

The spectral moments are defined as

wk:/ Wt dF(w).

Note that the odd spectral moments are defined as absolute moments. Since
F' is symmetric around 0 the signed odd moments are always 0. Spectral
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Figure 1.2: Processes with narrow band spectrum, moderate width JONSWAP

wave spectrum, and low frequency white noise spectrum.

moments may be finite or infinite. As we shall see in the next chapter, the
finiteness of the spectral moments are coupled to the smoothness properties of
the process x(t). For example, the process is differentiable (in quadratic mean),
see Section 2.1, if we = —7"(0) < oo, and similarly for higher order derivatives.

As we shall see in later sections, w is in a natural way interpreted as an
angular frequency, not to be confused with the elementary event w in basic
probability theory.

Example 1:4 Here is a first example on the visual characteristics of spectrum,
covariance function, and sample function. Figure 1.2 illustrates one very nar-
row spectrum, one realistic water wave spectrum, and one “low frequency white
noise” spectrum. Figure 1.3 show the output of a linear oscillator driven by
white noise, and with different relative damping; see Section 4.4.3.3 and Exam-
ple 4:10.

1.4.2 Random fields

A random field is a stochastic process z(t) with multi-dimensional parameter
t = (t1,...,t,) € T, which can be discrete or continuous. For example, if
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Harmonic random oscillator Spectrum Covariance
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Figure 1.3: Harmonic oscillator with different relative damping (.

t = (t1,t2) is two-dimensional we can think of (t1,t2,x(t)), (t1,t2) € R?, as a
random surface. The mean value and covariance functions are defined in the
natural way, m(t) = E(z(t)) and r(t,u) = C(z(t),z(u)).

A random field is called homogeneous if it has constant mean value m(t) =
m and the covariance function r(t,u) depends only on the vector t—u between
the two observation points, i.e. assuming m = 0,

r(t) =r(u+t,u) = E(x(u+t) - z(u)).

The covariance of the process values at two parameter points depends on dis-
tance as well as on direction of the vector between the two points.

If the covariance between z(u) and z(v) depends only on the distance
T = ||u — v|| between the observation points and not on the direction, the field
is called isotropic. This requirement poses severe restrictions on the covariance
function, as we shall see in Chapter 6, where random fields are treated in more
detail.

1.5 Gaussian processes

1.5.1 Multivariate normal distributions and Gaussian processes

Definition 1:3 A wvector &€ = (&1,...,&p)" of p random variables is said to
have a p-variate Gaussian (normal) distribution if every linear combination
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of its components a' - & = >, ar&r has a normal distribution. The variables
§1,.-.,&p are then said to be “jointly normal”.

With mean vector m = E(§) and covariance matrix
¥ = Cov(§;€) = E((§ —m) - (§ — m)),

the variance of a’- £ is
V(a' -¢) =a'Xa.

If the determinant of X is positive, the distribution of & is non-singular
and has a density

fg(X) _ 1 ef%(xfm)’z_l(xfm)

(27T)1’/2\/§

If the determinant is zero, the distribution of £ is concentrated to linear sub-
space of R™ and there exists at least one linear relationship between the com-
ponents, i.e. there is at least one a for which a’ - £ is a constant.

Definition 1:4 A stochastic process {z(t), t € R} is a Gaussian process if

S = Z apx(ty)
k

for real ap, and tp € R has a Gaussian distribution.

every linear combination

It is an easy consequence of the definition that the derivative of a Gaussian
process is also Gaussian (when it exists), since it is the limit of the Gaussian
variable z, = (z(t 4+ h) — z(t))/h as h — 0. For a stationary Gaussian process
{x(t), t € R} the mean of 2, is 0 and it has variance V (z;,) = 2(r(0)—r(h))/h%.
As we shall prove in Section 2.4.2 this converges to we = fw2 dF(w < oo. The
derivative exists only if this limit is finite.

Also the integral of a Gaussian process is a Gaussian variable; conditions
for the existence will be given in Section 2.6.

1.5.1.1 Conditional normal distributions

The multivariate normal distribution has the very useful property that condi-
tioned on observations of a subset of variables, the unobserved variables are
also normal. Further, the conditional mean is a linear in the observations while
variances and covariances are independent of observations.

Let € = (&,...,&) and § = (n1,...,7m)" be two jointly Gaussian vectors
with mean values

E(ﬁ) = meg, E(Tl) = My,

and with covariance matrix (with g, = 3¢ )
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X =Cov ((&n):(&,m)) = <§i gi:;) '

If the determinant of the covariance matrix X is positive, then the distri-
bution of (&, n) has a non-singular density

1
fﬁ"’](xay) - (27T)(m+")/2\/m

o b Gy —mn) S (xme.y—mn)

The density of 1 is

Foly) = 1 o~ 3 (y—mn) o (y—mn)’

C(2m)m/2, /et

and the conditional density fe,(x|y), defined as

fe(x|y) = %

is also Gaussian with conditional mean matrix

B¢ |n=y)=E(y) = E(€) + Cov(€,n) ;) (v — E(n))

=me¢ + 25,,7 2,;,}, (y — m,,,)/. (1.9)
(1.10)

The conditional covariance is
Seein = B((E — €M) - (€ — €M)) = Bee — Ben S Sne- (1.11)

In two dimensions the formulas read

_ y—my
Myly = Mg + 0z Oy Pay - pu )
Yy

2 2 2
Ogly = Jx(l - pzy)’

with pgy = Cov(z,y)/+/V (2)V (y); thus the squared correlation p?, gives the
relative reduction of the variability (uncertainty) in the random variable x

gained by observation of y.

Observe the mnemotechnical friendliness of these formulas. For example,
the covariance matrix Xge,, has dimension n X n and the configuration on
the right hand side of (1.11) is the only way to combine the matrices involved
that matches their dimensions — of course, you have to remember the general
structure.
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1.5.2 Linear prediction and reconstruction

Prediction and reconstruction are two of the most important applications of
stationary process theory. Even though these problems are not main topics in
this work, we present one of the basic concepts here; in Section 5.6 we will deal
with the more philosophical sides of the prediction problem.

Suppose we have observed the outcomes of a set of random variables, n =
(Mm,...,nm) and that we want to give a statement E about the outcome of some
other variable &, either to be observed sometimes in the future, or perhaps a
missing observation in a time series. These two cases constitute the framework
of prediction and reconstruction, respectively. Also suppose that we want to
make the statement in the best possible way in the mean square sense, i.e. we
want E((€ — £)?) to be as small as possible.

Now we know from Theorem 1:1 that the best solution in mean square sense
is given by the conditional expectation, & = E( | m) = ¢(n). On the other
hand, if the variables are jointly Gaussian, then we know from Section 1.5,
formula 1.9 that the conditional expectation of £ given 7 is linear in 17, so that
for Gaussian variables the optimal solution is

€= B(E|n) = me + BenSps(n — my), (1.12)

and expression that depends only on the the mean values and the second order
moments, i.e. variances and covariances.

We now look at the general case, without assuming normality, and restrict
ourselves to solutions that are linear functions of the observed variables. It is
clear that the solution that is optimal in the mean square sense only depends
on the mean values and variances/covariances of the variables. It therefore has
the same form for all variables with the same first and second order moments.
Thus, (1.12) gives the best linear predictor in mean square sense.

1.5.3 Some useful inequalities

We shall in the next chapter need the following inequality for the normal density
and distribution functions, ¢(z) = \/%—ﬂe*ﬁ/?, ®(x) = [*_o(y)dy:

o(z) (1 - ig) <1 B(e) < o)1, (1.13)

T T x
for z > 0.
The following asymptotic expansion is useful as x — oo,

1 1 1-3 1-3-5 1-3---(2k—1
o (b o)

x x3 0 z7

+ - (-1)

Here the right hand side overestimates 1 — ®(z) for x > 0 if k is even and
underestimates it if £ is odd. More precisely, the difference between the left
and right hand side is of the same order as ¢(x)/2%*T3 as 2 — oo. (The sign
~ means that the ratio between the left and the right hand side goes to 1.)
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1.6 Some historical landmarks

This section contains a personal selection of research achievements that have
shaped the theory of stationary processes in general. The examples are cho-
sen, not only because they are important in their respective fields, but also
because they illustrate the necessity of exchange of ideas between probability
and statistics theory and applications.

1.6.1 Brownian motion and the Wiener process

The is no other Gaussian process with as wide applicability as the Wiener pro-
cess. Even if it a non-stationary process it appears repeatedly in the theory of
stationary processes, and we spend this section to describe some of its properties
and applications.

Definition 1:5 The Wiener process {w(t);t > 0} is a Gaussian process with
w(0) = 0 such that E(w(t)) =0, and the variance of the increment w(t+ h) —
w(t) over any interval [t,t + h], h > 0, is proportional to the interval length,

V(w(t+h) —w(t)) = ho.

A Wiener process {w(t), t € R} over the whole real line is a combination of
two independent Wiener processes wi and wa, so that w(t) = wi(t) for t >0
and w(t) = we(—t) for t <O0.

It is an easy consequence of the definition that the increment w(t) — w(s) is
uncorrelated with w(s) for s < t,

V(w(t)) = V(w(s)) + V(w(t) —w(s)) + 2Cov(w(s), w(t) — w(s)),

and that therefore Cov(w(s),w(t)) = o2 min(s,t). Since the increments over
disjoint intervals are normal, by the definition of a normal process, they are
also independent.

A characteristic feature of the Wiener process is that its future changes are
statistically independent of its actual and previous values. It is intuitively clear
that a process with this property cannot be differentiable. The increment over a
small time interval from ¢ to ¢+ h is of the order \/E, which is small enough to
make the process continuous, but it is too large to give a differentiable process.”
The sample functions are in fact objects that have fractal dimension, and the
process is self similar in the sense that when magnified with proper scales it
retains its statistical geometrical properties. More precisely, for each a > 0,
the process \/aw(t/a) has the same distributions as the original process w(t).

The Wiener process is commonly used to model phenomena where the local
changes are virtually independent. Symbolically, one use to write dw(t) for the

5Chapter 2 gives conditions for continuity and differentiability of sample functions.
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infinitesimal independent increments, or simply as a “derivative” w'(t). The
Brownian motion is a good example of how one can use the Wiener process to
get models with more or less physical realism.

The Brownian motion, first described 1828 by the Scottish biologist Robert
Brown, is an erratic movement by small particles immersed in a fluid, for ex-
ample pollen particles in water as in Brown’s original experiment. Albert Ein-
stein’s presented 1905 a quantitative model for the Brownian movement in his
paper On the movements of small particles in a stationary liquid demanded by
the molecular-kinetic theory of heat, reprinted in [13], based on the assumption
that the movements are caused by independent impacts on the particle by the
molecules of the surrounding fluid medium.

In Einstein’s model the changes in location due to collisions over separate
time intervals are supposed to be independent. This requires however that the
particles have no mass, which physically wrong, but the model is still sufficiently
accurate for microscopic purposes. According to Einstein, the change in loca-
tion in any of the three directions, (z,y,z) over a time interval of length ¢ is
random and normal with mean zero, which is not surprising, since they are the
results of a very large number of independent collisions. What made Einstein’s
contribution conclusive was that he derived an expression for the variance in
terms of other physical parameters, namely

Viz(t)) = V(y@t) = V(z(t) =t — =to", (1.14)

where T is the absolute temperature, R is the Boltzmann constant, and N
is Avogadro’s number, i.e. the number of molecules per mole of an ideal gas,
and the friction coefficient f depends on the shape and size of the particle and
on the viscosity of the fluid. Each coordinate are here independent Wiener
processes.

Observations of the Brownian movement and estimation of its variance
makes it possible to calculate any of the factors in o2, for example N, from
the other ones. The French physicist J.B. Perrin estimated in a series of ex-
periments 1908-1911 Avogadro’s number in this way by observing suspended
rubber particles and found an estimate correct within about 10%.

In a more realistic model, one takes also particle mass and velocity into
account. If v(t) denotes the velocity at time ¢, the fluid offers a resistance
from the friction force, which is equal to fuv(t), with the friction coefficient as
in (1.14). Further, the particle offers a resistance to changes in velocity propor-
tional to its mass m. Finally, one needs to model the independent collisions by
the fluid molecules, and here the Wiener process can be used, more precisely its
increments dw(t). This gives the Langevin equation for the particle velocity,

dv(t) + av(t) dt = % duw(t), (1.15)
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where @ = f/m, and w(t) is a standardized Wiener process. It is usually
written do(t )

255) +av(t) = — /(). (1.16)
We will meet the Langevin equation in Example 4:3 on the Ornstein-Uhlenbeck
process in Section 4.3.3.6.

1.6.2 Rice and electronic noise

The two papers Mathematical analysis of random noise, by S.O. Rice, appeared
in Bell System Technical Journal, 1944-1945, [27]. They represent a landmark
in the history of stochastic processes in that they bring together and exhibit
the wide applicability of the spectral formulation of a stationary process as a
sum, or asymptotically an integral, of harmonic cosine functions with random
amplitudes and phases. Correlation functions and their Fourier transforms had
been studied at least since the early 1900s, and Rice’s work brought together
these results in a systematic way. But it also contained many new results, in
particular pertaining crossing related properties, on the statistical properties
of stationary processes “obtained by passing random noise through physical
devices”.

Rice uses the spectral representation of a stationary Gaussian process as a
sum over discrete positive frequencies w, > 0,

x(t) = Z Qy, COS Wyt + by, sinw,t = Z ¢ cos(wnt + ¢n) (1.17)
n n

where the amplitudes a,,b, and normal and independent with mean 0 and
E(a?) = E(b?) = 02, and ¢, uniformly distributed over (0,27), independent
of the amplitudes. As we shall see in Chapter2 such a process has covariance

r(t) = Z 02 cos wpt.
n

The spectral distributions function is a discrete distribution with point mass
02 /2 at the symmetricly located frequencies +wy, .

The absolutely continuous, integral form of the spectral representation is
presented as limiting cases in Rice’s work. At about the same time, Cramér
gave a probabilistic formulation of the continuous spectral representation, in a
mathematically impeccable way; [6, 7].

Besides the previously known “Rice’s formula” for the expected number of
level crossings, Rice’s 1945 paper also analyzed crossing and excursion distri-
butions and investigated the joint occurrence of crossings of a fixed level at
two distinct points, necessary for calculation of the variance of the number of
crossings.

The flexibility and generality of Rice’s methods and examples, made cor-
relation and spectral theory fundamental ingredients in communication theory
and signal processing for decades to come. An example by Rice himself, is the
ingenious explanation of the intriguing click noise in analogue FM-radio, [28].
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1.6.3 Gaussian random wave models

Steve Rice’s analysis of time dependent stationary processes had, as mentioned,
great influence on signal processing in the information sciences. Less well known
in the statistical world is the effect his work had in oceanography and naval
architecture.

It is well worth to cite in extenso (references deleted) the first two paragraphs
in Manley St. Denis and Willard J. Pierson’s paper: On the motion of ships
in confused seas, which came out 1954, [32].

HisTORYy

Three years ago to first co-author of the present work collab-
orated with Weinblum in the writing of a paper entitled “On the
motion of ships at sea”. In that paper Lord Rayleigh was quoted
saying: “The basic law of the seaway is the apparent lack of any
law”. Having made this quotation, however, the authors then pro-
ceed to consider the seaway as being composed of “a regular train
of waves defined by simple equations”. This artificial substitution
of pattern for chaos was dictated by the necessity of reducing the
utterly confused reality to a simple form amenable to mathematical
treatment.

Yet at the same time and in other fields the challenging study
of confusion was being actively pursued. Thus in 1945 Rice was
writing on the mathematical analysis of random noise and in 1949
Tukey and Hamming were writing on the properties of stationary
time series and their power spectra in connection with colored noise.
In the same year Wiener published his now famous book on time
series. These works were written as contributions to the theory of
communication. Nevertheless the fundamental mathematical disci-
pline expounded therein can readily be extended to other fields of
scientific endeavor. Thus in 1952 the second co-author, inspired by
a contribution of Tukey, was able to apply the foregoing theories to
the study of actual ocean waves. As the result of analyses of actual
wave records, he succeeded in giving not only a logical explanation
as to why waves are irregular, but a statement as well of the laws
underlying the behavior of a seaway. There is indeed a basic law of
the seaway. Contrary to the obvious inference from the quotation
of Lord Rayleigh, the seaway can be described mathematically and
precisely, albeit in a statistical way.

If Rice’s work had been in the vein of generally accepted ideas in communi-
cation theory, the St Denis and Pierson paper represented a complete revolution
in common naval practice. Nevertheless, its treatment of irregular water waves
as, what now is called, a random field was almost immediately accepted, and
set a standard for much of naval architecture.
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One possible reason for this can be that the authors succeeded to formulate
and analyze the motions of a ship that moved with constant speed through the
field in a rational way. The random sea could directly be used as input to a
linear (later also non-linear) filter representing the ship.

St. Denis and Pierson extended the one-dimensional description of a time
dependent process {z(t), t € R}, useful for example to model the waves mea-
sured at a single point, to a random field x(¢, (s1, s2)) with time and location
parameter (si,s2). They generalized the sum (1.17) to be a sum of a packet of
directed waves, with w = (w, k1, k2),

Z Ay cos(wt — K181 — KaS2 + Puy)- (1.18)

with random amplitude and phase.

For fixed ¢ each element in (1.18) is a cosine-function in the plane, which is
zero along lines wt — k181 — KaS2 + ¢, = T/2 + k7, k integer. The parameters
k1 and ko are called the wave numbers. For fixed (s1,s2) it is a cosine wave
with (angular) frequency w.

Water waves are special cases of homogeneous random fields, for which there
is a special relation between time and space frequencies (wave numbers). For
a one-dimensional time dependent Gaussian wave z(t,s), where s is distance
along an axis, the elementary waves have the form

Ay cos(wt — ks + ¢y,).

By physical considerations one can derive an explicit relation, called the dis-
persion relation, between wave number k and frequency w. If h is the water
depth, then

w? = kg tanh(hk),

which for infinite depth reduces to w? = kg. Here g is the constant of gravity.
The case of a two-dimensional time dependent Gaussian wave x(t,s1,s2),
the elementary waves with frequency w and direction € becomes

A, cos(wt — K(s1 cos @ + sgsinf) + ¢,,),

where k is given by the dispersion relation.
The spectral distribution is often written in polar form, with spectral density

f(w,0) = f(w)g(w,0),

where the spreading function g(w,6) has fozﬂ g(w,0)dw = 1.

In their paper St. Denis and Pierson also laid out the theory for how the
wave spectrum should be transformed to a response spectrum for the motion of
a ship, and they also described how the spectrum is changed to an encountered
spectrum when a ship sails with constant speed through the waves.
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1.6.4 Detection theory and statistical inference

The first three landmarks illustrated the relation between stochastic model
building and physical knowledge, in particular how the concepts of statistical
independence and dependence between signal and functions relate to the phys-
ical world. About the same time as Rice and StDenis & Pierson advanced
physically based stochastic modeling, the statistical inference methodology was
placed firmly into a theoretical mathematical framework, as documented by the
classical book by Harald Cramér, Mathematical methods of Statistics, 1945, [8].

A few years later, the connection between the theoretical basis bor statis-
tical inference and important engineering questions related to signal detection
was elegantly exploited by Ulf Grenander in his PhD thesis from Stockholm,
Stochastic processes and statistical inference, [15]. The classical problem in sig-
nal processing of deciding whether a deterministic signal of known shape s(t) is
present in an environment of Gaussian dependent, colored as opposed to white,
random noise, x(t) can be treated as an infinite dimensional decision problem,
testing an infinite dimensional statistical hypothesis; see also the classical book
on detection theory [33]

Suppose one observes a Gaussian stochastic process z(t), a <t < b, with
known correlation structure, but with unknown mean value function m(t). If
no signal is present, the mean value is 0, but with signal, the mean is equal to
the known function s(¢). In statistical terms one has to test the following two
hypotheses against each other:

H() : m(t) = 0,
Hy:m(t) = s(t).

Grenander introduced a series of independent Gaussian observables, y, =
[ hi(t)z(t) dt, by chosing the filter functions hy as solutions to the integral
equation

/ (s, Dha(t) dt = el (s),

with ¢; > ¢ > ..., ¢z = 0 as k — oo. Under H; the observables will have
mean ay, = [ hg(t)m(t) dt and variance ¢, while under Hy they will have mean
0, and the same variance. So instead of a continuous problem, we have gotten
a denumerable problem, in which one can make a Likelihood-Ratio test of the
two alternatives. We will return to this problem in Section 4.5, Example 4:12.
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Exercises

1:1.

1:2.

1:3.

1:4.

1:5.

1:6.

Consider the sample space 2 = [0,1] with uniform probability P, i.e.
P([a,b]) =b—a, 0 <a <b<1. Construct a stochastic process y =
(1, z2, ...) on Q such that the components are independent zero-one
variables, with P(xp = 0) = P(x; = 1). What is the distribution of
> ket Tk/ 27

Show that B(R) = the class of Borel sets in R is generated by

a) the open intervals,

b) the closed intervals.
A set A C{1,2,...} is said to have asymptotic density 6 if
lim n AN{1,2,...,n} =0.
n—oo

(Note, |B| denotes the number of elements in B.) Let A be the family
of sets for which the asymptotic density exists. Is A a field? A o-field?

Let x1, x2, ... be random variables with values in a countable set F, and
suppose there are real constants ag such that

o0 o
ZP(mk#ak)<oo, Zak<oo.
k=1 k=1

Prove that the sum z = ) ;2 ) has a discrete distribution, i.e. there
exists a countable set D such that P(x € D) = 1. (Hint: Use the Borel-
Cantelli lemma, that says that if >, P(Aj) < oo then, with probability
one, only a finite number of the events A; occur.

Show by example that it is possible for independent random variables xy,
to have a sum » ;- z; with a continuous distribution, although all
are discrete variables with a common value space — obviously they can
not be identically distributed.

Take R™ and motivate that the family Fy whose elements are unions of
finitely many rectangles (a;,b;] (with possibly infinite end points) is a
field.

Let T be an interval and convince yourself that the finite dimensional
rectangles in R” and unions of finitely many such rectangles, is a field.

Take T = [0,1], and consider the set of functions which are continuous
on the rational numbers, i.e.

Co = {z € RT;2(q) — 2(qo) for all rational numbers qq},

where the limit is taken as ¢ tends to gy through the rational numbers.
Show that Cg € Br.
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1:7. Prove Theorem 1:1.

1:8. Prove that the increments of a Wiener process, as defined as in Defini-
tion 1:5, are independent and normal.



Chapter 2

Stochastic analysis

This chapter is the stochastic equivalent of real analysis and integration. As in
its deterministic counterpart limiting concepts and conditions for the existence
of limits are fundamental. We repeat the basic stochastic limit definitions; a
summary of basic concepts and results on stochastic analysis is given in Ap-
pendix B.

Definition 2:1 Let {z,}52, be a random sequence, with the random variables
z1(w), xo(w), ...defined on the same probability space as a random variable
x = x(w). Then, the convergence x, — x as n — oo can be defined in three
ways:

e almost surely, with probability one (z,, “3 z): P({w;z, — x}) =1;

e in quadratic mean (z, a1 r): E <|$n _ :c|2) —~0;

e in probability (z, L8 x): for every € >0, P(|x, — x| >¢€) — 0.

In Appendix B we give several conditions, necessary and sufficient, as well as
only sufficient, for convergence of a random sequence z,. The most useful of
these involve only conditions on the bivariate distributions of z,, and z,,. We
shall in this chapter examine such conditions for sample function continuity,
differentiability, and integrability. We shall also give conditions which guar-
antee that only simple discontinuities occur. In particular, we shall formulate
conditions in terms of bivariate distributions, which are easily checked for most
standard processes, such as the normal and the Poisson process.

2.1 Quadratic mean properties

We first repair some concepts and properties that may be well known from
previous courses in stochastic processes. We return to proofs and more details
in Section 2.4.

27
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A stochastic process {z(t), t € R} is said to be continuous in quadratic
mean (or L?-continuous) at time ¢ if

z(t+h) 5 x(t)

as h — 0, ie. if E((x(t+h)—z(t))?) — 0. It is called differentiable in quadratic
mean with derivative y(t) if

x(t + h})L — x(t) e

as h — 0. Of course, the process {y(t), t € R} is called the (quadratic mean)
derivative of {z(t), t € R} and is denoted z’(¢). A stationary process x(t) is
continuous in quadratic mean if its covariance function r(¢) is continuous at
t = 0. It is differentiable if r(¢) is twice differentiable and then the derivative
has covariance function

re(t) = —r"(t).

Second and higher order derivatives are defined recursively: {z(t), t € R}
is twice differentiable in quadratic mean if and only if its (quadratic mean)
derivative is (quadratic mean) differentiable, i.e. if r®(¢) exists. etc. The
covariance function of {x”(t), t € R} is run(t) = r'o(t).

Expressed in terms of the spectral distribution function F'(w), the process
is differentiable in quadratic mean if and only if the second spectral moment is
finite, i.e.

[e.e]

wgz/ w? dF(w) < oo;

—0o0
for a proof, see Lemma 2.3, page 47. Since wy = —r”(0) = V(2/(t)), the
finiteness of wy is necessary and sufficient for the existence of a quadratic
mean derivative. Analogous relations hold for higher derivatives of order k
and the spectral moments woyy, = [ w?* dF(w). We will give some more details
on quadratic mean properties in Section 2.4.

2.2 Sample function continuity

2.2.1 Countable and uncountable events

The first problem that we encounter with sample function continuity is that
the sample event of interest, namely the set of continuous functions,

C = {z € RT;z(\) is a continuous function},

does not have a countable basis, and is not a Borel set, i.e. C & Bp. If {z(t);t €
T} is a stochastic process on a probability space (€2, F, P), then the probability
P(C) need not be defined — it depends on the structure of (£2,F) and on how
complicated z is in itself, as a function on Q. In particular, even if P(C) is
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defined, it is not uniquely determined by the finite-dimensional distributions.
To see this, take a process on a sufficiently rich sample space, i.e. one that
contains enough sample points w, and suppose we have defined a stochastic
process {x(t);t € R}, which has, with probability one, continuous sample paths.
Then z has a certain family of finite-dimensional distributions. Now, take
a random time, 7, independent of x, and with continuous distribution, for
example an exponential distribution.! Then define a new process {y(t);t € R},
such that

y(t) = z(t), for t # T,
x(1) + 1.

Then y has the same finite-dimensional distributions as = but its sample func-
tions are always discontinuous at 7.

2.2.1.1 Equivalence

In the constructed example, the two processes x and y differ only at a single
point 7, and as we constructed 7 to be random with continuous distribution,
we have

Pla(t) =y(t) =1, for all ¢. (2.1)

Two processes x and y which satisfy (2.1) are called equivalent. The sample
paths of two equivalent process always coincide, with probability one, when
looked at a fixed, pre-determined time point. (In the example above, the time
7 where they differed was random.)

2.2.1.2 Separability

The annoying fact that a stochastic process can fail to fulfill some natural
regularity condition, such as continuity, even if it by all natural standards should
be regular, can be partly neutralized by the concept of separability, introduced
by Doob. It uses the approximation by sets with countable basis mentioned
in Section 1.3.3. Loosely speaking, a process {z(t), t € R} is separable in an
interval I if there exists a countable set of t-values T = {tx} C I such that
the process, with probability one, does not behave more irregularly on I than
it does already on T'. An important consequence is that for all ¢ in the interior
of I, there are sequences 7 < 73 < ...7, |t and 741 > 75 > ...7}, | t such
that, with probability one,

lim inf,, ooz (7,) = liminf ;2(7) < limsup,q,2(7) = limsup,,_, 2 (7n),

with a similar set of relations for the sequence 7). Hence, if the process is

continuous on any discrete set of points then it is continuous. Every process
has an equivalent separable version; see [11].

!This is where it is necessary that  is rich enough so we can define an independent 7.
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2.2.2 Conditions for sample function continuity

The finite-dimensional distributions of any two equivalent processes z(t) and
y(t) are always the same — show that as an exercise. We shall now see under
what conditions, on the finite-dimensional distribution functions, we can assume
a stochastic process to have continuous sample paths. Conditions will be given
both in terms of the bivariate distributions directly, and in terms of probabilistic
bounds on the process increments. As we have seen, one has to be satisfied if,
among all equivalent processes, one can find one which has continuous sample
paths.

Theorem 2:1 Let {z(t);0 <t < 1} be a given stochastic process. If there exist
two non-decreasing functions, g(h) and q(h), 0 < h <1, such that

29(27") < oo ZQ" q(27") < oo,
n=1

n=1

and, for all t <t -+ h in [0,1],
P(lz(t+h) — ()] = g(h)) < q(h), (2.2)

then there exists an equivalent stochastic process y(t) whose sample paths are,
with probability one, continuous on [0, 1].

Proof: Start with the process z(¢) with given finite-dimensional distributions.
Such a process exists, and what is questioned is whether it has continuous sam-
ple functions if its bivariate distributions satisfy the conditions in the theorem.
We shall now explicitly construct a process y(t), equivalent to z(t), and with
continuous sample paths. Then y(¢) will automatically have the same finite-
dimensional distributions as z(t). The process y(t) shall be constructed as the
limit of a sequence of piecewise linear functions xz,(¢), which have the correct
distribution at the dyadic time points of order n,

t®) = k/2", k=0,1,...,2" n=12,....
Define the process z,, equal to = at the dyadic points,
_ _ k) n
xzn(t) =x(t), fort=t,’, k=0,1,...,2",

and let it be linear between these points; see Figure 2.1.
Then we can estimate the maximal distance between two successive approx-
imations. As is obvious from the figure, the maximal difference between two

successive approximations for ¢ between tgf) and t%kﬂ), occurs in the middle
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7(119) t%kﬂ)
2k 2k+1 2k+4-2
= tfﬁ-% tfm+1 : - t;+1 :

Figure 2.1: Successive approximations with piecewise linear functions.

of the interval, and hence

1
|[Zn41(t) — 2 (t)] < 'x(ffffl)) -3 (x(tn’ﬂ) + x(tgfﬂ)))
1 k k 1 k .
< 3 ‘x(tfijl)) _ x(tgiri)‘ n : ‘x(tiijz)) _ w(t,ﬁf”)
1 1
= §A + §B, say.

The tail distribution of the maximal difference between two successive ap-
proximations,

1 1
M®*) = max |1 (t) = ()] < SA+ 5B,

T P e
can therefore be estimated by
P(M®) > ¢) < P(A>¢)+ P(B > c),

since if MY(L") > ¢, then either A > ¢ or B > ¢, or both.
Now take ¢ = g(27""1) and use the bound (2.2), to get

PMF) > g(27"7h) < 2g(277),
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for each k =0,1,...,2" — 1. By Boole’s inequality? we get, since there are 2"
intervals,

P (max |Tg1(t) — 2(t)] > g<2—”‘1)>

0<t<1

2" —1
- p < Mr(zk) > g(2n1)> < gn+1 q(anfl)'
k=0

Now Y, 2""1g(27""!) < oo by assumption, and then the Borel-Cantelli
lemma (see Exercises in Appendix B), gives that, with probability one, only
finitely many of the events

t) —zp(t)| > g(27"

100 [ 1(8) = 2 (0)] 2 6(27)

occur. This means that there is a set Qg with P(€y) = 1, such that for every
outcome w € )y, from some integer N (depending of the outcome, N = N(w))
and onwards, (n > N),

— 27™).
a0 (1) = za0)] < 9(27")
First of all, this shows that there exists a limiting function y(¢) for all
w € Qq; the condition (B.4) for almost sure convergence, given in Appendix B,
says that lim,,_, z,(t) exists with probability one.
It also shows that the convergence is uniform: for w € Qy and n > N,
m > 0,

’xn-i-m (t) - xn(t)’

< [@n41(t) = 2 (t)] + [2na2(t) = Tnpa (O] + -+ [Tngm(t) = Tnam—1(t)]

m—1 . e’} ‘
<Y g )< g2 ).
§=0 §=0

Letting m — oo, so that 1., (t) — y(t), and observing that the inequalities
hold for all ¢ € [0,1], we get that

o0 o0
_ < —n—jy _ -jy.
max ly(t) — a0 < 3" g(27) = Y g(27)
7=0 j=n
Since this bound tends to 0 as n — oo, we have the uniform convergence, and
since all x, are continuous functions, we also have that y is continuous for all
w € Q. For w ¢ Q, define y(t) = 0, making y a continuous function for all
w e Q.

2P(UAR) < ST P(AR).
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It remains to prove that = and y are equivalent, i.e. P(z(t) = y(t)) = 1,
for all t € [0,1]. For that sake, take any t € [0, 1] and find a sequence of dyadic

numbers tﬁf"’ — t such that
tikn) <t < k) 407,
Since both g(h) and ¢(h) are non-decreasing, we have from (2.2),

P ((w(tﬁ“”)) - x(t)( > 9(2’")> <P ((x(t,(f")) — ()| > g(t - tﬁfn)))
< q(t =) < q(27).

Adding over n gives

5P (Jate) - o] 2 g27) < Sa2 ™) < o
n=1 n=1

and it follows from the Borel-Cantelli lemma that it can happen only finitely
many times that \x(t%k”)) —z(t)] > g(27™). Since g(27") — 0 as n — oo,
we have proved that x(t%k")) — x(t) with probability one. Further, since y(t)

is continuous, y(t%k")) — y(t). But x(t%k")) = y(t%k")), and therefore the two
limits are equal, with probability one, as was to be proved. O

The theorem says that for each process z(t) that satisfies the conditions
there exists at least one other equivalent process y(t) with continuous sample
paths, and with exactly the same finite-dimensional distributions. Of course it
seems unnecessary to start with z(¢) and immediately change to an equivalent
continuous process y(t). In the future we assume that we only have the contin-
uous version, whenever the sufficient conditions for sample function continuity
are satisfied.

2.2.2.1 Special conditions for continuity

Theorem 2:1 is simple to use, since it depends only on the distribution of the
increments of the process, and involves only bivariate distributions. For special
processes conditions that put bounds on the moments of the increments are
even simpler to use. One such is the following.

Corollary 2.1 If there exist constants C, and r > p > 0, such that for all
small enough h > 0,

I

E(Jz(t+h) —z@®)[") < CW

(2.3)

then the condition in Theorem 2:1 is satisfied and the process has, with proba-
bility one, continuous sample paths.
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Note, that many processes satisfy a stronger inequality than (2.3), namely
E (|t + h) — z(t)I") < C|n|'*e (2.4)

for some constants C', and ¢ > 0,p > 0. Then (2.3) is automatically satisfied
with any r > p, and the process has, with probability one, continuous sample
paths.

Proof: Markov’s inequality, a generalization of Chebysjev’s inequality, states
that for all random variables U, P(|U| > A\) < E(|U|P)/\. Apply the theorem
with g(h) = |log|h||7*, 1 < b < r/p. One gets,

Plla(t+1) — 2(0)] > () < i

Since b > 1, one has > ¢g(27") =>_ < 0o, and, with

1
(nlog2)b
q(h) = C|h|/|log h||"" P,

and 1+7r—0bp>1,

n —n C
22 q(2 ):ZW<O@

which proves the assertion. O

Example 2:1 We show that the Wiener process W (t) has, with probability
one, continuous sample paths. In the standard Wiener process, the increment
W(t+h) —W(t),h > 0, is Gaussian with mean 0 and variance h. Thus,

E(|W (t+h) = W(5)]”) = C|hP?,

with C' = E(|U|P) < oo, for a standard normal variable U, giving the moment

bound "
E(W(t+h)—W®)|*H =Chf? < ————,
(W ( ) ) Al Tog |A][F

for small h. We see that condition (2.3) in the corollary is satisfied with r =
5> 4 = p. Condition (2.4) is satisfied with p =3, ¢ =1/2.
2.2.2.2 Continuity of stationary processes
Stationary processes have constant mean and a covariance function
r(t) = Cov(x(s + t),z(s)),
which is a function only of the time lag ¢. Since the increments have variance

E((z(t +h) — z(t))*) = 2(r(0) — r(h)), (2.5)
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it is clear that continuity conditions can be formulated in terms of the covariance
function. Equivalent conditions can be formulated by means of the spectral
distribution function F'(w), which is such that

(e 9]

r(t) = / et dF (w).

—00

A first immediate consequence of (2.5) is that z(t + k) = z(t) as h — 0
if and only if the covariance function r(t) is continuous for ¢ = 0. For sample
function continuity, a sufficient condition in terms of the covariance function
follows directly from Corollary 2.1.

Theorem 2:2 If r(t) is the covariance function of a stationary stochastic pro-

cess x(t), such that, as t — 0,

r(t) = r(0) — O <L> , (2.6)

| log [¢][

for some q > 3, then x(t) has® continuous sample functions.*

2.2.2.3 Continuity of stationary (Gaussian processes

For stationary Gaussian processes the conditions for sample function continuity
can be considerably weakened, to require slightly more that just continuity of
the covariance function. We state the sufficient condition both in terms of the
covariance function and in terms of the spectrum, and to this end, we formulate
an analytic lemma, the proof of which can be found in [9, Sect. 9.3].

Lemma 2.1 a) If, for some a >0,

/ (log(1 4+ w))* dF(w) < oo, (2.7)
0
then

r(t) = r(0) — O (| log |t||*b) , ast—0, (2.8)
for any b <a.
b) If (2.8) holds for some b > 0, then (2.7) is satisfied for any a <b.
Theorem 2:3 A stationary Gaussian process x(t) has, with probability one,

continuous sample paths if, for some a > 3, any of the following conditions s
satisfied:

r(t) =r(0) — O (|log|t|]| ™), ast—0, (2.9)

/Ooo(log(l +w))*dF (w) < oo. (2.10)

30r rather ”Is equivalent to a process that has ...”

“The notation f(z) = g(z)+0(h(z)) as z — 0 means that |(f(z)—g(z))/h(z)| is bounded
by some finite constant C' as =z — 0.
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Proof: In a stationary Gaussian process, z(t + h) — z(¢) has a normal distri-
bution with mean zero and variance o; = 2(r(0) — r(h)), where by assumption

R O
"= Tlog [n]|*/?

for some constant C' > 0. Writing ®(z) = ffoo o(y) dy = \/LQ_WffOO e~V /2 dy
for the standard normal distribution, we have

P(la(t+h) —z(t)| > g(h)) = 2{1 9 (M)}

Oh

Now, take g(h) = |log |h|/log 2|~?, where b is chosen so that 1 < b < (a—1)/2,
which is possible since @ > 3 by assumption. From the bound (1.13) of the
normal distribution tail, 1 — ®(x) < ¢(x)/x, we then get

“W@+h%ﬂﬁﬂ>gw»gz{1-¢<£®ﬂ%&fﬁ)}

o 2c(ologn”
= g()[og [/ c

= q(h), say.

The reader should complete the proof and show that

29(2_”) < oo and ZQ”q@_”) < 00,

and then apply Theorem 2:1 to see that (2.9) is sufficient.
Lemma 2.1 shows that also (2.10) is sufficient for sample function continuity
for a Gaussian process. O

Example 2:2 Any stationary process with
r(t) = r(0) = Ct[* + o(|t|%),

some C > 0, as t — 0, has continuous sample paths if 1 < o < 2. If it
furthermore is a Gaussian process it is continuous if 0 < a < 2.

Remark 2:1 The sufficient conditions for sample function continuity given in
the theorems are satisfied for almost all covariance functions that are encoun-
tered in applied probability. But for Gaussian processes, even the weak condition
(2.9) for a > 3, can be relaxed to require only that a > 1, which is very close
to being necessary; see [9, Sect. 9.5].

Gaussian stationary processes which are not continuous behave with neces-
sity very badly, and it can be shown that the sample functions are, with prob-
ability one, unbounded in any interval. This was shown by Belyaev [4] but is
also a consequence of a theorem by Dobrushin [10], see also [9, Ch. 9.5].

5 At this stage you should convince yourself that o > 2 impossible?
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2.2.3 Probability measures on CI0, 1]

We can now complete the table at the end of Section 1.3.1 and define proba-
bilities on C[0, 1], the space of continuous functions on the interval [0,1]. A
stochastic process {z(t) }o<¢t<1 on a probability space (€2, F) has its realizations
in RO If the finite-dimensional distributions of z satisfy any of the sufficient
conditions for sample function continuity, either z(t) or an equivalent process
y(t) has, with probability one, continuous sample functions, and hence has its
realizations in C[0,1] c RO,

In the same way as the finite-dimensional distributions define a probability
measure on (R[O’H,B[OJ}), assigning probabilities to all Borel sets, we can now
define a probability measure on C[0, 1]. The question is, what is the o-field of
events which get probability? In fact, we can take the simplest choice,

B = B[O,l] N (C[O, 1] = {B N (C[O, 1]7 B S 8[071}} 5
i.e. take those parts of the Borel-sets which intersect CJ[0,1].
Theorem 2:4 If {Fin}0° | is a family of finite-dimensional distributions that
satisfy any of the sufficient conditions for sample functions continuity, then

there exists a probability measure on (C|0, 1], B) such that the co-ordinate pro-

{z(t) bo<t<1

has the given finite-dimensional distributions.

2.2.3.1 Open sets in C[0, 1]

The family B can be described alternatively in terms of open sets in CJ[0, 1].
Take a continuous function z(t) € C[0,1]. By an e-surrounding of = we mean
the set of functions which are in an e-band around =z,

{y € C[0, 1]; max [y(t) — z(t)] < 6} :

A set of functions A C C[0,1] is called open if for every = € A, there is an
e-surrounding of = that is completely in A. The open sets in C[0, 1] generate
a o-field, the smallest o-field that contains all open sets, and that o-field is
exactly B.

2.3 Derivatives, tangents, and other characteristics

2.3.1 Differentiability
2.3.1.1 General conditions

When is a continuous stochastic process differentiable in the sense that its
sample functions are continuously differentiable? The answer can be given
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as conditions similar to those for sample function continuity, but now with
bounds on the second order differences. By pasting together piecewise linear
approximations by means of smooth arcs, one can prove the following theorem;
see [9, Sect. 4.3].

Theorem 2:5 a) Suppose the stochastic process {x(t);0 <t < 1} satisfies the
conditions for sample function continuity in Theorem 2:1. If, furthermore, for
all t—h and t+ h in [0,1],

P(lz(t +h) = 2x(t) + 2(t — h)| = g1(h)) < q1(h), (2.11)

where g1 and qp are two non-decreasing functions, such that
o0 o0
Y 227" < oo and Y 2'qi(27") < o,
n=1 n=1

then there exists an equivalent process {y(t);0 < t < 1} with continuously
differentiable sample paths.

b) The sufficient condition in (a) is satisfied if

Blla(t + h) — 20(t) + 2t — hP) < P (2.12)
| log |A|[*+"
for some constants p <r and K.
c) Many processes satisfy a stronger inequality than (2.12), namely
E (Jz(t + h) — 2x(t) + z(t — h)[P) < C|h|PTe, (2.13)

for some constants C', and ¢ > 0, p > 0. Then (2.12) is satisfied, and the
process has, with probability one, continuously differentiable sample paths.

In Section 2.1 we mentioned a condition for quadratic mean (q.m.) differ-
entiability of a stationary process. One may ask: What is the relation between
the q.m.-derivative and the sample function derivative? They are both limits
of the differential quotient (z(t + h) — x(t))/h as h — 0. Now, it is easy to
prove that if the limit exists in both quadratic mean and as a sample function
limit with probability one, then the two limits are equal (also with probability
one), and hence the two derivative processes are equivalent, and have the same
finite-dimensional distributions. It follows that the covariance function of the
derivative {2/(t), t € R} is () = —rl(t).

xT
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2.3.1.2 Differentiable Gaussian processes

In order that a stationary Gaussian process has continuously differentiable sam-
ple functions it is necessary that its covariance function has a smooth higher
order Taylor expansion; cf. condition (2.9).

As we shall see in the following theorem, demanding just slightly more
than a finite second spectral moment guarantees that a Gaussian process has
continuously differentiable sample paths. For a proof, the reader is referred to
[9, Sect. 9.3].

Theorem 2:6 a) A stationary Gaussian process is continuously differentiableS
if, for some a > 3, its covariance function has the expansion

r(t) = r(0) — 22 +O{L}, (2.14)

2 [ log [¢]|*

where wy = —1"(0) < 00.

b) Condition (2.14) can be replaced by the condition that, for some a > 3,
/ w? (log(1 + w))* dF (w) < oco. (2.15)
0

As for sample function continuity, it can be shown that for continuously
differentiable sample functions, it suffices that the constant a is greater than
1.

Example 2:3 Condition (2.14) is easy to use for Gaussian processes. Most
covariance functions used in practice have an expansion
wot?
r(t) = r(0) = =~ +0(t]"),
where a is an integer, either 3 or 4. Then the process is continuously differ-
entiable. Processes with covariance function admitting an expansion r(t) =
r(0) — Clt|* + o(|t|*) with a < 2 are not differentiable; they are not even dif-

ferentiable in quadratic mean. An example is the Ornstein-Uhlenbeck process
with r(t) = r(0)e=CI4.

As a final example of covariance conditions, we encourage the reader to
prove a sufficient condition in terms of —r”(t), the covariance function of the
quadratic mean derivative.

Theorem 2:7 A stationary process x(t) is continuously differentiable if any
of the following two conditions hold,

As usual, this means that there exists an equivalent process that, with probability one,
has continuously differentiable sample functions.
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a) =r"(t) = =r"(0) = Cl* + o(|t}*) with 1 < a <2,

b) it is Gaussian and —r"(t) = —r"(0) — C[t|* + o(|t|*) with 0 < o < 2.

2.3.2 Jump discontinuities and Holder conditions

What type of discontinuities are possible for stochastic processes which do not
have continuous sample functions? For example, how do we know that the
Poisson process has sample functions that increase only with jumps of size one?
We would like to have a condition that guarantees that only simple discontinu-
ities are possible, and such a condition exists, with restriction on the increment
over two adjacent interval. Similarly, for a process which is not continuously
differentiable, how far from differentiable are the sample functions.

2.3.2.1 Jump discontinuities

The proof of the following theorem is indicated in [9, Sec. 4.4].

Theorem 2:8 If there are positive constants C', p,r, such that for all s,t with
0<t<s<t+h<l1,

E{lz(t+h) = z(s)]” - |2(s) — ()"} < ClAI"" (2.16)

then the process {x(t);0 <t < 1} has, with probability one,” sample functions
with at most jump discontinuities, i.e.

lim 2(t d lima(t
lim () and  limx(t)

exist for every to € [0,1].

Example 2:4 The Poisson process with intensity A has independent incre-
ments and hence

E{Jw(t+h) = a(s) - [a(s) — 2(t) ]
= B(la(t+h) = 2(s)1*) - Ela(s) - 2(t)])
= (At+h—3s)+At+h—35)%) - (As—1t)+(As—1)%) < CNRH2

The conditions of the theorem are obviously satisfied.

" As usual, this means that there exists an equivalent process with this property.
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2.3.2.2 Hodlder continuity and the continuity modulus

How large are the increments in a non-differentiable process? In fact, moment
bounds on the increments give precise estimates for the distribution of the
continuity modulus w,(h) of the sample functions. This is defined as

wi(h) = sup [a(s) — ()| (2.17)

|s—t/<h

where the supremum is taken over 0 < s, < 1. (For a continuous process the
supremum in (2.17) can be taken over the countable rationals, so it is a well
defined random variable.)

Functions for which there exist constants A, a such that for all ¢, t+h € [0, 1]

[z(t +h) —z(t)] < Ah|%,
are said to be Holder continuous of order a, and to satisfy a Lipschitz condition
of order a.

In this section we shall present stochastic estimates of the continuity modu-
lus for a stochastic process, and also give a sufficient condition for a stochastic
process to be Holder continuous of order a < r/p <1.

Theorem 2:9 If there are constants C', p > r > 0 such that
E{|z(t+h) —z(t)[P} < C|hM" (2.18)
then there exists a random wvariable A with P(A < o) = 1, such that the
continuity modulus satisfies an inequality
wz(h) < A|h|*,  for all h >0,
forall 0 <a<r/p.
Proof: First examine the increments over the dyadic numbers
t®) = k/2", k=0,1,...,2% n=12,....
Take an a < r/p and write § = 27%. Then, by Markov’s inequality,
k+1 k
Ble(ty ™) — a(ts”)P")

P(lz(tV) —a(t)] > 6") <

onP
0(2_”)1+T C
< = .
— 9—anp on(l+r—ap)
From Boole’s inequality, summing over n, we obtain in succession,
can
(k+1)y (k) n e
P(,_ma | [o(t) —a(tl)] > ) < S
_ C
- on(r—ap)’

> C
k+1 k n
g_OP( max |:c(t£L )) — ac(t,(1 ))| >0") < E onlr—ap)

< 00,
0<k<2n—1 r—ap)
=r= n=0



42 Stochastic analysis Chapter 2

since r—ap > 0. The Borel-Cantelli lemma gives that only finitely many events

= (k+1)y _ (k) n
A, {ogﬁ%’ﬁ,l’x(tn ) — 2(t™)| > o7}

occur, which means that there exists a random index v such that for all n > v,
() — 2(t®)) < 6" forall k=0,1,...,2" — 1. (2.19)

Next we estimate the increment from a dyadic point t%k) to an arbitrary

point t. To that end, take any t € [t%k), tgﬁﬂ)), and consider its dyadic expan-

sion, (@, =0 or 1),
o
— () Am
t=t0+ > St
m=1
()

Summing all the inequalities (2.19), we obtain that the increment from ¢, to
t is bounded (for n > v),

0 gn+1
|z(t) — $(t§zk))| < Z §rm = 1—4 (2:20)

m=1

The final estimate relates t + h to the dyadic points. Let v < oo be the
random index just found to exist. Then, suppose h < 27" and find n,k such
that 27" < h < 27" and k/2" <t < (k+1)/2". We see that n > v and

t) <t <tk < p 4 p < tRHO,

where ¢ is either 2 or 3. As above, we obtain

5n+1
|lz(t 4+ h) — (D)) < 5T (2.21)
Summing the three estimates (2.19-2.21), we see that

lz(t+ h) —x(t)] < 6"+ ot + ot + 0" = 2 2™M*< 2_pe
! ST ST T T TR

for 27" < h < 27%. For h > 27" it is always true that

M
lz(t+h) —z(t)| <M < h®

9—v
for some random M. If we take A = max(M2”,2/(1 —¢)), we complete the

proof by combining the last two inequalities, to obtain |x(t+ h) — z(t)| < Ah®.
g

Example 2:5 For the Wiener process,
E(a(t +h) — 2(t)]?) = Cylh[?/* = Cylp|'+ /2D,

so the Wiener process is Holder continuous of order a < (p/2—1)/p =1/2—1/p
for every p > 0. This means that it is Hélder continuous of all orders a < 1/2.
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In the next section we shall investigate the existence of tangents of a prede-
termined level. Then we shall need a small lemma on the size of the continuity
modulus of a continuous stochastic process.

Lemma 2.2 Let z(t) be a stochastic process with continuous sample functions
in 0 <t <1, and let wy(h) be its (random) continuity modulus, defined by
(2.17). Then, to every € > 0 there is a (deterministic) function we(h) such
that we(h) 1 0 as h | 0, and

P(wg(h) <we(h) for 0<h<1)>1-—e

Proof: The sample continuity of x(t) says that the continuity modulus tends
to 0 for h — 0,

lim P(wg(h =1
lim, P(w,(h) < ¢)

for every fixed ¢ > 0. Take a sequence ¢; > co... > ¢, | 0. For a given ¢ > 0
we can find a decreasing sequence h, | 0 such that

P(wg(hy) < cp) > 1 —¢/2™H
Since wy(h) is non-increasing as h decreases, then also

P(wz(h) < ¢y for 0 < h < hy)>1—¢/2"

for n =1,2,.... Summing the exceptions, we get that
[e.e]
P(wg(h) <cpfor 0<h<hp, and n=1,2,...) > 1—236/2"Jrl =1-—¢/2.
n=1

(2.22)
Now we can define the deterministic function w(h) from the sequences ¢,
and h, . Take

cg for hy <h <1
we(h) =
cn for hpp1 <h<h,, n=12....

If we take ¢y large enough to make
P(wg(h) <cpfor hy <h<1)>1-¢/2,

and combine with (2.22) we get the desired estimate. O

2.3.2.3 Tangencies

We start with a theorem due to E.V. Bulinskaya on the non-existence of tan-
gents of a pre-specified level.
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Theorem 2:10 Suppose the density fi(x) of x(t) is bounded for 0 <t <1,
fie(x) < cp < o0,

and that x(t) has, with probability one, continuously differentiable sample paths.

Then,

a) for any level w, the probability is zero that there exists a t € [0,1] such that
simultaneously x(t) = u and 2'(t) = 0, i.e. there exists no points where x(t)
has a tangent on the level u in [0,1],

b) there are only finitely many t € [0,1] for which x(t) = u.

Proof: a) By assumption, x(¢) has continuously differentiable sample paths.
We identify the location of those t-values for which /() = 0 and z(t) is close
to u. For that sake, take an integer n and a constant h > 0, let H, be the
event

Hy = {'(7) = 0} N {Ja(7) —ul < A},
and define, for £k =1,2,...,n,
Ap, = {H; occurs for at least one t € 0, 1]},
Ap(k,n) = {H, occurs for at least one 7 € [E=1 £]}
Ap = U Ap(k,n).

Now take a sample function that satisfies the conditions for Ap(k,n) and
let w, be the continuity modulus of its derivative. For such a sample function,

z(k/n) =z(1)+ (k/n—1)2' (1 + 0(k/n — 1)),
for some 0,0 < 6 <1, and hence, on Ay (k,n)
lz(k/n) —u| < h+n"twg(nh). (2.23)

We now use Lemma 2.2 to bound w,/. If w(t) | 0 as t | 0, let B, denote the
sample functions for which w,/(t) < w(t) for all ¢ in [0, 1]. By the lemma, given
€ > 0, there exists at least one function we(t) | 0 such that P(B,, ) > 1—¢/2.
For outcomes satisfying (2.23) we use the bound w,, and obtain

P(Ap) < ZH:P(Ah(/ﬁn) N Bu)+ (1 - P(Bw.))
k=1

<Y P(lw(k/n) —ul < h+n"twe(n™h)) + /2
k=1

< 2nco(h + 0 lw (n71)) + ¢/2,

where ¢ is the bounding constant for the density fi(z).
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Since we(t) — 0 as t — 0, we can select first an ng and then an hy to make
P(Ap,) < e. But if there exists a time point ¢ for which 2/(¢) = 0 and z(t) = u
simultaneously, then certainly Aj; has occurred for any h > 0 and the event
of interest has probability less than e, which was arbitrary. The probability of
simultaneous occurrence is therefore 0 as stated.

b) To prove there are only a finite number of u-values in [0, 1], assume, on the
contrary, that there is an infinite sequence of points t; € [0,1] with z(¢;) = u.
There is then at least one limit point g € [0, 1] of {t;} for which, by continuity,
x(tp) = w. Since the derivative of z(t) is assumed continuous, we must also
have 2'(tp) = 0, and we have found a point where simultaneously z(ty) = u,
2'(tg) = 0. By (a), that event has probability 0. ]

2.4 Quadratic mean properties a second time

Continuous or differentiable sample paths are what we expect to encounter in
practice when we observe a stochastic process. To prove that a mathematical
model for a random phenomenon has continuous or differentiable sample paths
is a quite different matter. Much more simple is to base the stochastic analy-
sis on correlation properties, which could be checked against data, at least in
principle. Such second order properties are studied in quite some detail in ele-
mentary courses in stochastic processes, and we give here only some refinements
and extra comments in addition to those in Section 2.1. We assume throughout
in this section, as in most of the chapter, that the process x(t) has mean zero.

We first remind about the definition of convergence in quadratic mean of a
sequence of random variables {z,} with E(22) < co to a random variable z:

z, 5z if and only if E((z, — x)Q) — 0,

as n — oo; see Appendix B. We shall use the Loéve criterion (B.8) for quadratic
mean convergence: the sequence x, converges in quadratic mean if and only
if

E(zp,y) has a finite limit ¢, (2.24)

when m and n tend to infinity independently of each other.

2.4.1 Quadratic mean continuity

A stochastic process x(t) is continuous in quadratic mean (or L%-continuous)
at t if
o(t+h) D z(t)

when h — 0, i.e. if E(Jx(t +h) — z(t)|*) — 0. We formulate the condition for
quadratic mean continuity in terms of the covariance function

r(s,t) = Cov(x(s), z(t)) = E(x(s) - (1)),

for a, not necessarily stationary, process.



46 Stochastic analysis Chapter 2

Theorem 2:11 A stochastic process z(t) with mean zero is continuous in qua-
dratic mean at to if and only if the covariance function r(s,t) is continuous on
the diagonal point s =t =tg.

Proof: If r(s,t) is continuous at s =t = ty, then
E(|a(to + h) = z(to)*) = E(|z(to + h)*) + E(|z(to)[*) — 2E(x(to + h) - 2(t0))
= 7(to + h,to + h) — 2r(to + h, to) + (o, to) — 0

as h — 0, which shows the ”if” part.
For the ”only if” part, expand

?“(to + h,to + k‘) — T(to, to)
= E((x(to + h) — x(to)) - (x(to + k) — z(t0)))
+ E((z(to + h) — x(to)) - x(to))
+ E(xz(to) - (z(to+ k) — xz(tg))) = e1 + ea + es, say.

Here
er < VE(Jz(to + h) — z(to)[?) - E(Jx(to + k) — 2(t0)[?) — 0,
es < VE(|z(to + h) — x(to)[?) - E(|z(to)[?) — 0,
es < VE(lx(to)?) - E(|z(to + k) — x(to)[?) — 0,
so r(to + hyto + k) — r(to,to) as h,k — 0. O

2.4.2 Quadratic mean differentiability

A stochastic process z(t) is called differentiable in quadratic mean at ¢ if there
exists a random variable, naturally denoted a/(t), such that

z(t+h) —x(t) gm. ,
A~ an gy,

as h — 0, ie. if E((w — 2/(t))?) — 0. If a process is differentiable
both in quadratic mean and in sample function meaning, with probability one,
then the two derivatives are equal with probability one. We shall now actually
prove the condition for quadratic mean differentiability of a stationary process,
which was stated in Section 2.1.

Theorem 2:12 A stationary process x(t) is quadratic mean differentiable if
and only if its covariance function r(t) is twice continuously differentiable in a
neighborhood of t = 0. The derivative process x'(t) has covariance function

rp(t) = C(a' (s +t),2'(s)) = —r"(t).
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Proof: For the ”if” part we use the Loeve criterion, and show that, if A,k — 0
independently of each other, then

x(t+h)—x(t) z(t+k)—x(t)
E( h ' k )

1
= 37 (r(h = k) = r(h) —r(=k) +7(0))
(2.25)
has a finite limit ¢. Define

f(hyk) = r(h) —r(h = k),

/ a /
L k) = 22 (1) = (1) =~ ),
2
(oK) = 5o F k) = )

By applying the mean value theorem we see that there exist 61,602 € (0,1) such
that (2.25) is equal to

_f(hvk) - f(O,k) _ _f{(elhvk)

hk k
~ £(01h,0) + kf{(01h, 2k)
B k
= f (91h 92 ) T‘”(th - 92]{) (226)

Since r”(t) by assumption is continuous, this tends to —r”(0) as h,k — 0,
which is the required limit in the Loeve criterion.

To prove the ”only if” we need a fact about Fourier integrals and the spectral
representation r(t) = [ e“'dF(w) = [* coswtdF(w).

Lemma 2.3 a) lim;_ M =wy = [T wrdF(w) < c0.

b) If we < oo then r"(0) = —wo and r"(t) exists for all t.

c) If r"(0) exists, finite, then we < co and then, by (b), r"(t) exists for all
t.

Proof of lemma: If wy < 0o, (a) follows from

2(r(0) —r(t * ,1—coswt
( ( )tg ()) :/ w2 w2t2/2 dF(w)

—0o0

1—cos wt
2t2/2 < 1

follows from Fatou’s lemma, since lim;_,o L 2‘3;;5/‘? =1.

by dominated convergence, since 0 < If wo = oo, the result

To prove (b), suppose wy < oco. Then it is possible to differentiate twice
under the integral sign in r(t) = [*_ coswtdF(w) to obtain that r(t) exists
and

—'(t) = /oo w? cos(wt) dF (w),

—0o0
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and in particular —r”(0) = wa.

For (c), suppose r(t) has a finite second derivative at the origin, and im-
plicitly is differentiable near the origin. By the same argument as for (2.26),
with h = k = t, we see that

2(r(0) —r(t
(T( )t2 r( )) — _T,/((Hl _ 02)t) — —T,/(O)
as t — 0. Then part (a) shows that we < 0o, and the lemma is proved. O
Proof of the ”only if” part of Theorem 2:12: If x(¢) is quadratic mean
differentiable, (2(t 4+ h) — z(t))/h > #/(t) with E(|2/(t)|?) finite, and (see
further Appendix B.2),

ﬂWWbmm{ﬂiﬂﬁ@

h—0

2}:hm%mm—mm>

h—0 h?

Part (b) of the lemma shows that r”(¢) exists.
To see that the covariance function of z’(t) is equal to —r”(t), just take the
limit of

B <x(s—|—t—|—h) —xz(s+1) :c(s+k:)—x(5)>

h k

1
= o (Pt h— k) =t + h) = r(t = k) + (1))

= — {/2(75 + th, 02]’6) = —T//(t + 01h — (92]’6) — —7“”(75),

for some 601,05 as h,k — 0. O

2.4.3 Higher order derivatives and their correlations

To obtain higher order derivatives one just has to examine the covariance func-
tion r,(t) = —rl(t) for the conditions in the existence theorem, etc.

The derivative of a (mean square) differentiable stationary process is also
stationary and has covariance function r,/(t) = —r2(t), from Theorem 2:12.
One can easily derive the cross-covariance relations between the derivative and

the process (strictly, we need (B.7) from Appendix B).

Theorem 2:13 The cross-covariance between derivatives x9)(s) and = (t)
of a stationary process {x(t), t € R} is

Cov(z)(s), 2 (1)) = (1) B rU+R) (5 — 1), (2.27)
In particular

Cov(z(s),z'(t)) = —rl(s — t). (2.28)
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In Chapter 3 we will need the covariances between the the process and its
first two derivatives. The covariance matrix for x(t),z’(t), 2" (t) is

wo 0 —w?2
0 w2 0 s
—Ww9 0 w4
where woy, = (—1)*12%(0) = [w?*dF(w) are spectral moments. Thus, the slope
at a specified point is uncorrelated both with the process value at that point and
with the curvature, while process value and curvature have negative correlation.
We have, for example, V(2 () | (0),2'(0)) = wg — w3 /wp.

2.5 Summary of smoothness conditions

The following table summarizes some crude and simple sufficient conditions for
different types of quadratic mean and sample function smoothness.

Condition on r(t) ast — 0 further condition property

r(t) =7(0) —o(1) q.m. continuous
r(t) =r(0) = Clt|* +o(Jt|*) |1<a<?2 a.s. continuous
r(t) =7(0) — Clt|* + o(Jt|*) | 0 < @ <2 Gaussian | a.s. continuous
r(t) = r(0) — wat?/2 + o(t?) q.m. differentiable
—r"(t) =wa —Clt|*+o(Jt|*) | l < <2 a.s. differentiable
—r"(t) =wy — Clt|* + o(|t|¥) | 0 < a < 2 aGaussian | a.s. differentiable

2.6 Stochastic integration

In this section we shall define the two simplest types of stochastic integrals, of
the form

b
hz/mm@m

b
b:/mwwx

where g(t) is a deterministic function and x(t) a stochastic process with mean
0. The integrals can be defined either as quadratic mean limits of approximating
Riemann or Riemann-Stieltjes sums, and depending on the type of convergence
we require, the process z(t) has to satisfy suitable regularity conditions.

The two types of integrals are sufficient for our needs in these notes. A
third type of stochastic integrals, needed for stochastic differential equations,
are those of the form

b
h:/mmwmwx
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in which ¢ also is random and dependent on the integrator z(¢). These will
not be dealt with here.

The integrals are defined as limits in quadratic mean of the approximating
sums

Ji = lim Zg ti)z () (ts — tho1),
Jy = nlgrolozg te)(x(tr) — 2(th—1)),

when a =ty <ty <...<t, =b, and max|ty —tx_1| — 0 as n — oo, provided
the limits exist, and are independent of the subdivision {¢;}. To simplify the
writing we have suppressed the double index in the sequences of t;-values; there
is one sequence for each n.

The limits exist as quadratic mean limits if the corresponding integrals
of the covariance function 7(s,t) = C(z(s),z(t)) = E(z(s)z(t)) are finite, as
formulated in the following theorem, in which we assume E(z(t)) = 0. Since we
shall mainly use the integrals with complex functions g(t) (in fact g(t) = e™?),

we formulate the theorem for complex random functions.

Theorem 2:14 a) If r(s,t) is continuous in [a,b] X [a,b], and g(t) is such

// g(t)r(s,t)dsdt < oo,

[a,b] X [a,b]

that the Riemann integral

then J; = f g(t)z(t) dt exists as a quadratic mean limit, and E(J;) = 0 and
E(lN) = Q1-
b) If r(s,t) has bounded variation ® in [a,b] x [a,b] and g(t) is such that the

Riemann-Stieltjes integral

Qs — // 9(8)900) do (s, 1) < 50,
[a,b] X [a,b]

then Jo = f;g(t) dx(t) ezists as a quadratic mean limit, and E(J2) = 0 and

E(|2*) = Q2.

Proof: The simple proof uses the Loeve criterion (B.8) for quadratic mean
convergence: take two sequences of partitions of [a, b] with points sg, 2, ..., Sm

8That f(t) is of bounded variation in [a,b] means that sup 3 |f(tx) — f(tr—1)| is bounded,
with the sup taken over all possible partitions.
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and tg,t1,...,t,, respectively, and consider
ZZQ st)9(t5)r (5K, t5) (s — sk—1)(t; — tj-1).
k=1j=1

If Q1 exists, then this converges to (1 as the limits becomes infinitely fine.
This proves (a). The reader should complete the proof for (b). O

Example 2:6 Take z(t) = w(t), as the Wiener process. Since ry(s,t) =

o2 min(s,t), we see that f(fg(t)w(t) dt exists for all integrable g(t).

Example 2:7 If g(t) is a continuously differentiable function and z(t) = w(t),
the Wiener process, then

b b
/ 9(t) dw(t) = g(b)w(b) — g(a)w(a) —/ g (tyw(t) dt.

To prove this, consider

Sy =Y glti) (w(ty) — w(ty-1))
i

= g(tm)w(tm) — g(tr)w(to) = > (g(tr) — g(te—1))w(tr—1).

k=2
Since ¢g(t) is continuously differentiable, there is a py such that g(tx)—g(tx—1)=
(ty — tr—1)(¢'(tx) + px), and py — 0 uniformly in k = 1,...,m as m — oo,
maxy, [tp — tx—1| — 0. Thus

Sy = gltm)w(tm) — ) = > glte)w(th—1)(tk — tr)
k=2
+ > prw(te1)(tk — 1)
k=2

b
= g(bu) - gla)ula) - [ g Oult)dr
The proofs of the following two theorems are left to the reader.

Theorem 2:15 If z(s) and y(t) are stochastic processes with cross-covariance

Tay(s,t) = Cov(x(s), y(t)),
and if the conditions of Theorem 2:14 are satisfied, then

E( [ soretoas- [ ot ) [ [ soiTrasto.n sz
B ( [ oarts)- [no dy<t>) = [ [ s @ dsara ). 230
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Theorem 2:16 For the Wiener-process with 14 »(s,t) = min(s,t) one has
dsi72.2(s,t) = ds

for s =t and 0 otherwise, which gives, for a < c <b<d,

E ( / ’ g(s) dz(s) - / ’ h(t) dx(t)) - / ’ g(t)h(t) dt.

Remark 2:2 A natural question is: are quadratic mean integrals and ordinary
integrals equal? If a stochastic process has a continuous covariance function,
and continuous sample paths, with probability one, and if g(t) is, for example,
continuous, then f; g(t)z(t) dt exists both as a regular Riemann integral and
as a quadratic mean integral. Both integrals are random variables and they are
limits of the same approzimating Riemann sum, the only difference being the
mode of convergence — with probability one, and in quadratic mean, respectively.
But then the limits are equivalent, i.e. equal with probability one.

2.7 An ergodic result

An ergodic theorem deals with convergence properties of time or sample func-
tion averages to ensemble averages i.e. to statistical expectation:

—/ fla () dt — E(f(2(0)) as T — oo,

for a function of a stationary stochastic process z(t). Such theorems will be
the theme of the entire Chapter 5, but we show already here a simple such
result based only on covariance properties. The process z(t) need not even
be stationary, but we assume E(x(t)) = 0 and that the covariance function

r(s,t) = Cov(x(s), z(t)) exists.

Theorem 2:17 a) If r(s,t) is continuous for all s,t and

/ / (s,t)dsdt — 0, asT — oo, (2.31)

—/ dt—>0

b) If there exist constants K,a, 3, such that 0 <2a < <1, and

then

§% 4t
1+ |s—t]f’

1 T
7,

Ir(s,t)| < K for s,t >0 (2.32)

then
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Proof: a) This is immediate from Theorem 2:15, since

a%:E<(%/OTx(t)dt)2> :%/OT/OTT(S,t)dsdtHO,

by assumption.

b) Before we prove the almost sure convergence, note that the condition 2a <
B < 1 puts a limit on how fast E(x(t)?) = r(t,t) is allowed to increase as
t — oo, and it limits the amount of dependence between z(s) and xz(t) for
large \3 — t|. If the dependence is too strong, it may very well happen that
T fo t) dt converges, but not to 0 but to a (random) constant different from

We show here only part of the theorem, and refer the reader to [9, p. 95]
for a completion. What we show is that there exists a subsequence of times,
T,, — oo, such that = fo " a(t)dt 3 0.

First estimate o2 from the proof of (a):

o2 :E<(%/0Tx(t)dt>2> :%/OT/OTr(S,t)dsdt

K T T Sa+ta
< S Y st
=72, /0 1+ls—tf*

K (s/T) + (t/T)
= dsdt
Th—a  T2- ﬂ/ / 1+]s—tF

du.

IN

T,B—a ) Tl—oz /0 1 —|—’Uﬂ

Here (2/T'~9) fOT(l + 4%)~! du tends to a constant as T — oo, which implies
that o2 < K'/TP~® for some constant K’.
Take the constant « such that (8 — «) > 1, which is possible from the
properties of « and 3, and put T, = n”, with
o /
ZUTn <> % < 0. (2.33)
1
That the sum (2.33) is finite implies, by the Borel-Cantelli lemma and the
Chebysjev inequality, see (B.3) in Appendix B, that 7, OT" x(t)dt “5 0, and
so we have showed the convergence for a special sequence of times.
To complete the proof, we have to show that

1 (T 1 [T
— t)dt — — t) dt| “3
T/O:cm Tn/0 #(t) dt) 5 0

as n — oo; see [9, p. 95]. O

sup
Ty STSTn-Fl

For stationary processes, the theorem yields the following ergodic theorem
about the observed average.
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Theorem 2:18 a) If x(t) is stationary and %fOT r(t)dt — 0 as T — oo then
Lty dt 0.
b) If moreover there is a constant K > 0 and a > 0, such that |r(t)| < %

|
as t — oo, then %fOTx(t)dt “20.
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Exercises

2:1.

2:2.

2:3.

2:4.

2:5.

2:6.

2:7.

Prove the following useful inequality valid for any non-negative, integer-
valued random variable IV,

MN%&EWM%&»gHN>m§EW)
Generalize it to the following inequalities where
aj=ENN-1)-...-(N—-i+1))

is the " factorial moment:

2n—1 1

Mm

k+z
=O

Let {z(t), t € R} and {y(¢), t € R} be equivalent processes which both
have, with probability one, continuous sample paths. Prove that

P(z(t) =y(t),forall t e R) =1

Find the values on the constants a and b that make a Gaussian process
twice continuously differentiable if its covariance function is

r(t) = e (1 + alt] + bt?).
Complete the proof of Theorem 2:3 and show that, in the notation of the

proof,
Zg ) < o0, and Z 2%q(27"
n

Show that the sample paths of the Wiener process have infinite variation,
a.s., by showing the stronger statement that if

v(5) - (&)

Show that a non-stationary process is continuous in quadratic mean at
t = to only if its mean value function m(t) = E(z(t)) is continuous at
to and its covariance function r(s,t) = Cov(x(s),z(t)) is continuous at
s=1t Zito.

2n—1

-y

k=0

then > >, P(Y, <n) < .

Convince yourself of the “trivial” fact that a sequence of normal variables
{zn, n € Z}, such that E(x,) and V(x,) have finite limits, then the
sequence converges in distribution to a normal variable.
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2:8.

2:9.

2:10.

2:11.

2:12.

2:13.

Give an example of a stationary process that violates the sufficient condi-
tions in Theorem 2:10 and for which the sample functions can be tangents
of the level u =1.

Assume that sufficient conditions on r(s,t) = E(x(s)x(t)) are satisfied
so that the integral

T
/ g(t)e(t) dt
0

exists for all T', both as a quadratic mean integral and as a sample function
integral. Show that, if

/000 lg(t)|\/r(t,t)dt < oo,

then the generalized integral [ g(t)z(t)dt exists as a limit as T — oo,
both in quadratic mean and with probability one.

Let (xn,yn) have a bivariate Gaussian distribution with mean 0 , vari-
ance 1, and correlation coefficient p,, .

a) Show that P(z, <0 < y,) = 5= arccos p,.

b) Calculate the conditional density functions for
(X +Yn) | 2n <0 <yp, and (yp—zn) | Tn <0 < yp.

c) Let z, and w, be distributed with the in (b) derived density func-
tions and assume that p, — 1 as n — oo. Take ¢, = 1//2(1 — py,),
and show that the density functions for ¢, z, and ¢, u, converge to
density functions f; and fs, respectively.

Hint: fo(u) = wexp(—u?/2),u > 0 is the Rayleigh density.

Let {z(t), t € R} be a stationary Gaussian process with mean 0, and
with a covariance function that satisfies

—"(t) = =1"(0) + o([t]"), t—0,

for some a > 0. Define z, = z(0), y, = z(1/n), p, = r(1/n) and use
the previous exercise to derive the asymptotic distribution of

z(1/n) — x(0)
1/n
as n — 00. What conclusion do you draw about the derivative at a

point with an upcrossing of the zero level? (Answer: it has a Rayleigh
distribution, not a half normal distribution.)

z(0) <0< z(1l/n)

Find an example of two dependent normal random variables U and V
such that C(U, V) = 0; obviously you cannot let (U, V') have a bivariate
normal distribution.

Prove that Theorem 2:18 follows from Theorem 2:17.
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Crossings

3.1 Level crossings and Rice’s formula

In applications one encounters level crossings, and in particular the distribution
of the number of solutions to x(t) = u for a specified level . This is a difficult
question in general and very few explicit results can be derived. There exists
however, a very famous formula, found by Marc Kac and Steve O. Rice [27], for
the expected number of upcrossings of a level u. We shall here state and prove
that formula. In Section 3.2 we shall use different forms of Rice’s formula to
investigate the conditional behavior of a stationary process when it is observed
in the neighborhood of a crossing of a predetermined level. Quantities like the
height and time extension of the excursion above the level will be analyzed by
means of an explicit stochastic model, the Slepian model, used first by David
Slepian 1962, [31], for a Gaussian process after zero crossings.

3.1.1 Level crossings

In practice, level crossing counting is often used as a means to describe the
variability and extremal behavior of a continuous stochastic process. For ex-
ample, the maximum of the process in an interval is equal to the lowest level
above which there exists no genuine level crossing, provided, of course, that
the process starts below that level. Since it is often easier to find the sta-
tistical properties of the number of level crossings than to find the maximum
distribution, crossing methods are of practical importance.

For sample functions of a continuous process {z(t), t € R} we say that z(t)
has an upcrossing of the level u at to if, for some € > 0, z(t) < u for all
t € (to — €, to) and x(t) > u for all ¢ € [to,tp + €). For any interval I = [a, ],
write N (z,u) for the number of upcrossings by z(t) in I,

N = N/ (z,u) = the number of u-upcrossings by z(t), t € I.

For continuous processes which have only a finite number of wu-values, there
must be intervals to the left and to the right of any upcrossing point such that

o7
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x(t) is strictly less than v immediately to the left and strictly greater than u
immediately to the right of the upcrossing point. Also define

N; = Ny(z,u) = the number of ¢ € I such that z(t) = u.

By the intensity of upcrossings we mean any function j;" (u) such that

[ pit e = B ).

Similarly, we define the intensity of crossings, as p(u) if
/ pue(u)dt = E(Ni(x,u)).
tel

For a stationary process, u (u) = p*(u) and py(u) = p(u) are independent
of t. In general, the intensity is the mean number of events per time unit,
calculated at time ¢.

In reliability applications of stochastic processes one may want to calculate
the distribution of the maximum of a continuous process x(t) in an interval I =
[0,T]. The following approximation is then often useful, and also sufficiently
accurate for short intervals,

P(Or%ag)g[x(t) >u) = P({z(0) < u} N {N} (z,u) > 1}) + P(2(0) > u)

< P(N} (z,u) > 1) + P(z(0) > u)
< E(N/ (z,u)) + P((0) > u) =T - u*(u) + P(z(0) > u).
The upcrossing intensity p*(u) was found by Rice for Gaussian processes,
results which were later given strict proofs through counting methods developed

by Kac. The classical reference is [27]. We give first a general formulation and
then specialize to Gaussian processes; see [22, 30].

3.1.2 Rice’s formula for absolutely continuous processes

We present the simplest version and proof of Rice’s formula, valid for processes
{x(t), t € R} with absolutely continuous sample paths! and absolutely contin-
uous distribution with density f,(u) = fy(0)(u), independent of ¢. For such
a process, the derivative z/(t) exists almost everywhere, and the conditional
expectations

E('(0)" |2(0) =u) and E(|l2'(0)] | 2(0) = u)

exist, (with 2™ = max(0, z)).

YA function x(t),t € [a,b] is absolutely continuous if it is equal to the integral x(t) =
f; y(s) ds of an integrable function y(s). This is equivalent to the requirement that for every
€ > 0 there is a § > 0 such that for every collection (a1,b1), (az,b2),...,(an,bn) of disjoint
intervals in [a,b] with > 7(bx — ax) < & one has Y | |z(bx) — z(ax)] < €. An absolutely
continuous function is always continuous and its derivative exists almost everywhere, z’(t) =
y(t), almost everywhere.
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Theorem 3:1 (Rice’s formula) For any stationary process {x(t), t € R} with
density fx(o)(u), the crossings and up-crossings intensities are given by

() = BNy (e0) = [ ol 0. )
— Lo @E( 0)] | 2(0) = ) (3.)
(W) = BNy (o) = [ 2 2) dz
— Lo @EE©)" | 2(0) = u). (32)

These expressions hold for almost any w, whenever the involved densities exist.

Before we state the short proof we shall review some facts about functions
of bounded variation, proved by Banach. To formulate the proof, write for any
continuous function f(t), ¢t € [0,1], and interval I = [a,b] C [0, 1],

Ni(f,u) = the number of t € I such that f(t) = u.

Further, define the total variation of f(t),t € I as supy, |f(tx+1) — f(tx)l,
where the supremum is taken over all subdivisions a <ty <ty <...t, <b.

Lemma 3.1 (Banach) For any continuous function f(t),t € I, the total vari-
ation is equal to

/_Z Ni(f, u) du.

Further, if f(t) is absolutely continuous with derivative f'(t) then

| mitgwdu= [1r )

Similarly, if A CR is any Borel measurable set, and 14 1is its indicator func-
tion, then

/ 7 La(w) Ni(fw) du = /I 1A(F(1)) |'()] dt (3.3)

—00

Proof of Rice’s formula We prove (3.1) by applying Banach’s theorem on
the stationary process {z(t), ¢t € R} with absolutely continuous, and hence
a.s. differentiable, sample paths. If x(¢) has a.s. absolutely continuous sample
functions, then (3.3) holds for almost every realization, i.e.

/OO 1a(u) Ny (2, 1) du = /lA(x(t)) 2/ (1) dt

—00 I
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Taking expectations and using Fubini’s theorem to change the order of integra-
tion and expectation, we get

| /eAu(u) du = /OO 14(u) E(Ni(z,u))du

—00

_ ( [1an 1 o) dt) 1] E (1a(2(0) [/ (0)])

I
1) / _ L) (O] | 20) =) dus

here we also used that {z(t), t € R} is stationary.
Since A is an arbitrary measurable set, we get the desired result,

p() = foo)(u) E(J2"(0)] | 2(0) = u)

for almost all w. The proof of (3.2) is similar. O

3.1.3 Alternative proof of Rice’s formula

The elegant and general proof of Rice’s formula just given does not give an
intuitive argument for the presence of the factor z in the integral (3.2). The
following more pedestrian proof is closer to an explanation.

Theorem 3:2 For a stationary process {x(t), t € R} with almost surely con-
tinuous sample paths, suppose x(0) and (, = 2"(x(1/2") — x(0)) have a joint
density gn(u,z) which is continuous in u for all z and all sufficiently large n.
Also suppose gy (u,z) — p(u, z) uniformly in u for fivred z as n — oo and that
gn(u, z) < h(z) with [~ zh(z)dz < 00.? Then

i ) = BN u)) = [ zpl.2) de (3.4)
0

Proof: We first device a counting technique for the upcrossings by dividing
the interval [0,1] into dyadic subintervals, [(k — 1)/2", k/2"], k = 1,...,2",
and checking the values at the endpoints. Let N,, denote the number of points
k/2™ such that z((k —1)/2") < u < x(k/2™). Since z(t) has continuous
sample paths (a.s.), there is at least one u-upcrossing in every interval such
that z((k —1)/2") < u < xz(k/2"), and hence

Ny < Nigp (@, u).

Furthermore, since x(t) has a continuous distribution, we may assume that
x(k/2™) # w for all n and k = 1,...,2". When n increases to n + 1 the

Tt is of course tempting to think of p(u,z) as the joint density of x(0),2’(0), but no
argument for this is involved in the proof.
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number of subintervals doubles, each interval contributing one upcrossing to
N,, will contribute at least one upcrossing to N,4+1 in at least one of the two
new subintervals. Hence NN,, is increasing and it is easy to see that, regardless of
if Njg11(z,u) = oo or Nigyj(w,u) < 00, Np T Njgqj(w,u) as n — co. Monotone
convergence implies that lim,, ..o E(Nyn) = E(Njg1j(z,u)).
Now, define
Jp(u) =2" P(z(0) < u < x(1/2")),

so, by stationarity,

E(Njpq)(z,u)) = lim E(N,)= lim Jy(u).

By writing the event {z(0) < u < x(1/2")} as
{z(0) <u < z(0)+ (/2" } = {x(0) < u} N{¢ > 2"(u — x(0))},
we have

Jp(u) = 2" P(2(0) < u, G, > 2" (u — 2(0)))

/ / (z,y) dy dx.
=—00 2" (u— z)

By a change of variables, © = u — zv/2",y = z, (v = 2"(u — z)/y), this is equal

to
/ / gn(u— zv/2" z) dv dz,
z=0 v=0

where g, (u—zv /2", z) tends pointwise to p(u, z) as n — oo, by the assumptions
of the theorem. Slnce gn is dominated by the integrable h(z) it follows that
the double integral tends to fooo zp(u, z)dz as n — o0. O

Remark 3:1 The proof of Rice’s formula as illustrated in Figure 3.1 shows the
relation to the Kac and Slepian horizontal window conditioning: one counts the
number of times the process passes through a small horizontal window; we will
dwell upon this concept in Section 3.2.1, page 65.

Remark 3:2 Rice’s formula can be extended to mon-stationary processes, in
which case the crossings intensity is time dependent. Then the density function
T2 ) (s z) in the integral depends on t:

b o)
E(N[a,b}(xvu)):// 2] fa(t) 1) (1, 2) dz d.

The integral
pe) = [ el 2)

1s the local crossings intensity at time t.
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/
/ —
vt =2 s Ly A 2/ (t)
/ zAt
y / ~ x(t) + zAt pa —
u
/ g
x(t) /
/
/
/ t+ At u x(t)

Figure 3.1: Upcrossing occurs between t and t + At when x(t) is between
u — o' (t)At and w. The probability is the integral of the joint density
fa(e),'t) (w, 2) over the dashed area.

3.1.4 Rice’s formula for differentiable Gaussian processes

For a Gaussian stationary process, Rice’s formula becomes particularly simple.
We know from elementary courses that for a stationary differentiable Gaussian
process {z(t), t € R}, the process value, x(t), and the derivative, x'(t) at
the same time point, are independent® and Gaussian, with mean E(x(t)) =
m, E(2'(t)) = 0, respectively, and variances given by the spectral moments,
V(z(t)) = r(0) =wp, V(2'(t)) = —r"(0) = wy. Then

Loy ar0) (1, 2) = 5
x(0),z’ (0)\U, Z) = QW\/M

ef(ufm)Q/Zwo 67z2/2w2. (35)

Simple integration of (3.1) and (3.2) gives that for Gaussian stationary pro-
cesses,

™

1 lw —(u—m)? /2w
M+(U) = E(Ng,l](x’u)) = % w—z@ ( ) /2 0’

which are the original forms of Rice’s formula. These formulas hold regardless
of whether wy is finite or not, so we = oo if and only if the expected number
of crossings in any interval is infinite. This does not mean, however, that there
necessarily are infinitely many crossings, but if there is crossings, then there
may be infinitely many in the neighborhood.

1 w —(u—m W
plu) = B(Npy(w,w)) = — [ =2 e /2,

3If you have not seen this before, prove it by showing that x(t) and z’(t) = limy_o(z(t +
h) — z(t))/h are uncorrelated.
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Remark 3:3 The expected number of mean-level upcrossings per time unit in
a stationary Gaussian process is

S fwf
wa/wo = ff

and it is called the (root) mean square frequency of the process. The inverse
18 equal to the long run average time distance between successive mean level
upcrossings, 1/ut(m) = 2m\/wo/wa, also called the mean period.

A local extreme, minimum or maximum, for a differentiable stochastic pro-
cess {z(t), t € R} corresponds to, respectively, an upcrossing and a downcross-
ing of the zero level by the process derivative {2/(t), t € R}. Rice’s formula
applied to z/(t) therefore gives the expected number of local extremes. For
a Gaussian process the formulas involve the fourth spectral moment wy =
V(z"(t)) = [wf(w)dw. The general and Gaussian expressions are, respec-
tively,

Hmin :/ 2 [ ac”(o Z)d = 5\l
0

0
1 /w
Hmax = /oo‘z’fx z”(o Z - % —

If we combine this with Remark 3:3 we get the average number of local
maxima per mean level upcrossings,

\V W Wow4
—\/ w2 / wo \ w3

The parameter « is always bounded by 0 < a < 1, and it is used as an irregu-
larity measure: an « near 1 indicates a very regular process with approximately
one local maximum and minimum between mean level upcrossings. If « is near
zero one can expect many local extremes between the upcrossings.

Seen in relation to the spectrum, the parameter o can be seen as a measure
of spectral width. A spectrum with « near 1 is narrow banded, i.e. the spectral
density is concentrated to a small frequency band around a dominating center
frequency. A narrow banded process has very regular sample functions, with
slowly varying random amplitude; see Section 4.4.5 that deals with the envelope
process.

1/a =

= s°|~

3.2 Prediction from a random crossing time

In the prediction theory briefly presented in Section 1.5.2 our concern was to
predict, as accurately as possible, the unknown future value x(ty + 7) of a
process {xz(t), t € R}, from what we know by observations available at time
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to. An implicit assumption has been that there is no stochastic dependence
between the choice of ¢ty and z(to + 7).

For example, given that we have a complete record of all old values, the
best predictor, in the sense of smallest mean square error, is the conditional
expectation Z(tg + 7) = E(x(to + 7) | z(s),s < tg). If the process is Gaussian
the predictor is linear in the observed value; for example, when we know only
the value of x(tg), the optimal solution that has smallest mean square error,
taken over all outcomes of z(ty), is

z(to +7) = E(z(to + 7) | 2(to)) = Wﬂto)- (3.6)

r(7)

3.2.1 Prediction from upcrossings

There are situations where the time point from which we want to predict the
future process is not a deterministic time point but a random time, determined
by the process itself. An example is an alert predictor of the water level in a
flood protection system: when the water level reaches a certain warning level
special actions are taken, such as special surveillance, more detailed prediction,
etc. Another example is a surveillance system in a medical intense care unit.

We assume throughout this section that the process {x(¢), t € R} has con-
tinuous sample functions. Prediction from an upcrossing time point tg with
specified level u, shall be based on the conditional distributions, given that
an upcrossing of the level u has occurred at ty. So, we need to find those
conditional distributions,* in particular

T (to+ 1) = E(x(to + 7) | 2(to) = u, upcrossing). (3.7)

3.2.1.1 A word about conditioning

A conditional expectation was defined in an elementary way in Section 1.2.4
as p(v) = E(x |y = v) = [, ufsy(u,v)/fy(v)du. The main property of the
conditional expectation is relation (1.5), E(z) = fy ©(y)f(y)dy and its more
refined version,

Jyea ) f(y) dy
Syen Fy)dy

for every Borel set A. For example, when the density f(y) is continuous, with
A=[u—eu,

E(x|ye A) =

lirr(l)E(x]u—egygu):E(x]y:u):go(u). (3.8)
€e—

The meaning of this is that E(x | y = u) is the expected value of = for
those outcomes where the value of y is close to u; for more details, see [5, Ch.
4].

4In Markov process theory one has introduced the strong Markov property to handle con-
ditioning from a time point that depends on the process.
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If {z(t), t € R} is a stationary process, take y = z(tg) and = = x(to + 7).
Then

P(x(to+7) <v|x(tg) = u)
= lEI%)P(X(tO+T) <ovlu—e<z(ty) <u), (3.9)

E(z(to+7) | z(to) = )
= li_}n%E(X(to +7) |u—e<x(ty) <u), (3.10)

calculated at time ¢y, and (3.10) gives the best predictor of the future value
x(to + 7) in the sense that it minimizes the squared error taken as an average
over all the possible outcomes of x(ty). By ”average” we then mean expected
value as well as an empirical average over many realizations observed at the
fixed predetermined time ¢y, chosen independently of the process.

3.2.1.2 Empirical limits and horizontal window conditioning

We now consider prediction from the times of upcrossings of a fixed level w. This
differs from the previous type of conditioning in that the last observed value
of the process is known, and the time points are variable. The interpretation
of "average future value” is then not clear at this moment and has to be made
precise. Obviously, what we should aim at is a prediction method that works
well on the average, in the long run, for all the u-level upcrossings we observe
in the process. Call these upcrossings time points ¢ > 0. To this end, define
the following distribution.

Definition 3:1 For a stationary process {z(t), t € R}, the (long run, ergodic)
conditional distribution of x(ty + -) after u-upcrossing at to is defined as
PY(A) ="P(z(to+ ) € A | z(to) = u, upcrossing)”

~ lim #{t; 0<tpy <T and z(ty + ) € A)}
 Too #{t; 0 < t, <T} '

(3.11)

Thus, in P"“(A) is counted all those w-upcrossings ty for which the process,
taken with t; as new origin, satisfies the condition given by A.

The definition makes sense only if the limit exists, but, as we shall prove
in Chapter 5, the limit exists for every stationary process {z(t), t € R}, but it
may be random. If the process is ergodic the limit is non-random and it defines
a proper distribution on C for a (non-stationary) stochastic process.

The empirical long run distribution is related to Kac and Slepian’s hori-
zontal window conditioning, [19]. For a stationary process {z(t), ¢ € R}, the
(horizontal window) conditional distribution of x(to + -) after u-upcrossing at
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5F Seven excursions above level u=1.5 ... i
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Figure 3.2: Ezcursions above u = 1.5 contribute to the distribution P1(-).

t() is

Phw (A)

"P(x(to+-) € A| x(ty) = u, upcrossing in h.w.sense)” (3.12)
= lir% P(z(to+-) € A| z(s) = u, upcrossing, some s € [ty — €, to]).
€E—

It is easy to show that the two distributions just defined are identical, P*(A) =
P (A), for every (ergodic) stationary process such that there are only a finite
number of u-upcrossings in any finite interval; see [9].

With point process terminology one can look at the upcrossings as a se-
quence of points in a staionary point process and the shape of the process
around the upcrossing as a mark, attached to the point. The conditional distri-
bution of the shape is then treated as a Palm distribution in the marked point
process; see [9].

The term, horizontal window condition, is natural, since the process has
to pass a horizontal window at level u somewhere near ty,. In analogy, the
condition in (3.9) is called vertical window condition, since the process has to
pass a vertical window near v exactly at time .

The distribution P“ can be found via its finite-dimensional distribution
functions. Take s = (s1,...,8,), V= (v1,...,v,), write

xz(s) <v for xz(sj) <w;,j=1,...,n,
and define
Nppy(w,u;8,v) = #{ty; 0 <t < T, and x(ty +s) < v},
as the number of u-upcrossings in [0,7] which are such that the process, at

N SU3S,
[0,7](®,u;8,v) ve

each of the times s; after the upcrossing is less than v;. Thus N @)
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R™ is the empirical distribution function for the process at times s; after u-
upcrossings.

Theorem 3:3 If {z(t), t € R} is ergodic, with A = {y € C;y(s) < v},
E (Npj(z, u;s,V))
E (N[O,l] (xvu))

2 2) Pla(s) < v | 2(0) = u,2/(0) = 2)dz
fzoio me(o),z/(o) (u,2z)dz

P“(A) =

(3.13)

Proof: We need a result from Chapter 5, namely that for an ergodic process
(with probability one)

Nio,r) (2, u)
T
N[O,T] ((I,', Uus s, V)
T

as T — oo. This gives (3.13).
The proof of (3.14) is analogous to that of Theorem 3:2 and can be found
in [22, Ch. 10] under the (unnecessarily strict) condition that {x(¢), ¢ € R} has
continuously differentiable sample paths. O

— F (N[o,l] (m,u))

— B (N[O,l] ('T’ Uu; s, V))

Noting that

_ eeo(?)
JZo Cfa(0).ar(0) (1, €) dC

is a density function in z we can introduce a random variable { with this
density. Then (3.14) can be formulated as

Pu(2) z >0, (3.15)

P*(A) = E¢(P(z(s) < v | z(0) = u,2'(0) = ()) . (3.16)

The interpretation is that the distribution of the process values at times s
after uw-upcrossings is a mixture over the random slope ¢ at the upcrossing
point, of the ordinary conditional distributions of x(s) given that x(0) = u
and 2/(0) = ¢, when ¢ has density py(2).

3.2.2 The Slepian model

Theorem 3:3 presents the conditional distribution of a stationary process in the
neighborhood of upcrossings of the fixed level w. The definition in the form
of integrals in (3.14) is not very informative as it is. However, for Gaussian
processes one can construct an explicit and simple process that has exactly this
distribution, and lends itself to easy simulation, numerical calculations, and
asymptotic expansions.
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Definition 3:2 Let {z(t), t € R} be a stationary and ergodic stochastic process
and fix a level u, such that x(t) has a finite number of u-upcrossings in any
finite interval. A Slepian model process for {x(t), t € R} after u-upcrossings
is any stochastic process {&,(t), t € R} that has its distributions given by P“
in (3.14). In particular, its finite-dimensional distribution are given by

P&u(s) <v) = /000 pu(z) P (x(s) < v | 2(0) = u,2'(0) = z) dz.

The Slepian model is a stochastic model for individual excursions after a
level upcrossing, and its distribution is equal to the distribution of the sample
functions illustrated in the lower diagram in Figure 3.2. More complex Slepian
models can be formulated for other crossing problems, for example the process
behavior after a local maximum or minimum, since these are defined as down-
crossing or upcrossing of the zero level by the derivative process {z'(t), t € R}.

Every Slepian model has two elements, which depend on the type of cross-
ing problem: the long run distribution of the gradient at the instances of the
crossings, and the conditional distribution of the process given its value and
the value of the gradient.

Typical problems that can be analyzed by a Slepian process are

e Prediction after crossing: What is the best predictor of the process
a time 7 after one has observed a level v upcrossing?

e Excursion shape: How high above level u will an excursion extend,
and how long does it take before the process returns below the level?

e Crest shape: What is the shape of the process near its local maxima?

We can immediately solve the first problem: the best predictor z“(to + 7)
after u-upcrossings is the expectation of the Slepian model:

fC\u(tO + T) =F (SU(T)) ’ (3'17)

in the sense that the average of (x(ty + 7) — a)?, when t, runs over all u-
upcrossings, takes it minimum value when a = E (§,(7)).

3.2.2.1 An explicit Slepian model for crossings in a Gaussian process

The conditional distribution of {z(t), ¢ € R} after u-upcrossing is particularly
simple in the Gaussian case, and the Slepian model can be expressed in a very
explicit way.

We have to find the density p,(z) and the conditional distributions of z(s)
in (3.16). For Gaussian processes, formula (3.5) holds, and with mean p =0,
it says

1 67u2/2w0 67z2/2w2 )

f(0),20) (4, 2) = 2 /oo
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Canceling \/2}r7w0 e~u*/20 in (3.15) we get

pu(2) = — 6_22/”, z >0, 3.18
(2)

i.e. the slope at upcrossings has a Rayleigh distribution with parameter wq,
regardless of the level u.5

Next, we need the conditional distribution of z(s) given x(0) = u, 2/(0) = =z
and average over ¢ = z with density p,(z). Since a conditional distribution in
a multivariate normal distribution is still a normal distribution, we need only
to find the conditional mean E(x(s) | (0) = u, 2/(0) = z) and the conditional
covariances Cov(z(s1),x(s2) | #(0) = u, 2(0) = 2), and these were given in
Section 1.5.1, equations (1.9, 1.11).

Take & = (x(s1), 2(s2)), n = (x(0), 2/(0)), and calculate the joint covari-
ance matrix of (§, ) from the covariance function r(t) for {z(¢), t € R}. By
Theorem 2:13 it is

r(0)  r(s2—s1) TESI) —r'(s1)

s |71 =s2)  r(0)  r(s2) —r'(s2) | _ (255 EEn)
r(s1) r(s2)  r(0) 0 Tng X/
—r'(s1)  —r'(s2) 0 —r"(0)
Use the notation wg = r(0), wp = —r”(0) and remember that mg = my, =

0. Then we get the conditional expectation and covariance matrix given n =
y = (u,2) as

b= =By = (1))

ri(s1,51) m(sl,@))
9

» =St — BB, 18, =
&€n 133 &n=mm=ng <’I"n(82,51) Tn(82552)

say. Here

T (51,52) = 7(s2 — 81) — r(s51)7r(82)/wo — ' (51)r" (52) Jwa (3.19)

is the covariance function for a non-stationary process.

Note the structure of 74(s1,s2): The first term is the unconditional co-
variance function of the process and the two other terms are the changes in
covariance that is obtained by the knowledge of the uncorrelated z(0) and
2/(0). When s; or s tend to infinity, the reduction terms go to 0 and the
influence of the conditioning vanishes.

We have now found the explicit structure of the Slepian model in the Gaus-
sian case; we formulate it as a theorem.

5This is the solution to Exercise 2:11.



70 Crossings Chapter 3

Theorem 3:4 a) The Slepian model for a Gaussian process {x(t), t € R} after
w-upcrossings has the form

/
ety = 0 S0 L, (3.20)
wo w2
where ¢ has the Rayleigh density p¢(z) = (z/wy)e=*/22) " and {k(t), t € R}
is a non-stationary Gaussian process, independent of (, with mean zero and
covariance function r.(s1,s2) given by (3.19).
b) In particular, the best prediction of x(ty + T) taken over all w-upcrossings

tr, is obtained by taking E(C) = \/mw2/2 and k(1) =0 in (3.20) to get

~ur(7) E(C)r’(T)_ U T
T W wo wo T\ 2wy

4 (to+ 1) (7). (3.21)

We have now found the correct way of taking the apparent positive slope at
a u-upcrossing into account in predicting the near future. Note that the simple
formula (3.6),

Flto +7) = E(e(to +7) | #(to) = w) = —-r(r),

in the Gaussian case, lacks the slope term. Of course, the slope at an upcrossing
is always positive, but it is perhaps intuitively obvious that the observed slopes
at the upcrossings are “more positive” than that. The slope = derivative of a
stationary Gaussian process is normal with mean zero, but we do not expect
slopes at fixed level upcrossings to have a half-normal distribution with a mode
(= most likely values) at 0. The 7’-term in (3.21) tells us how we shall take
this “sample bias” into account.

The prediction of the slope is the expectation of the Rayleigh variable (. If
the slope at the u-upcrossing is observed and used in the prediction, then the
difference between the two approaches disappears; see [23].

Example 3:1 To illustrate the efficiency of the Slepian model, we shall analyse
the shape of an excursion above a very high level v in a Gaussian process, and
then expand the Slepian model £,(t) in a Taylor series as u — oo. It will turn
out that the length and height of the excursion will both be of the order v ™!,
so we normalize the scales of &,(t) by that factor. Using

12 t
r(t/u) = wo — wag s (L4 o(1),  #/(t/u) = —wam (1 +0(1)),

as t/u — 0, and that k(t/u) = o(t/u), and omitting all o-terms, we get

r(t/u r (t/u wot?
wfat/n) —up=ufu (M2 1)~ T g} o - 22
Thus, the excursion above a high leve u takes the form of a parabola with

height Cwo and length % It is easy to check that the normalized height of

2uw2
the excursion above u has an exponential distribution.
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Remark 3:4 One should be aware that a Slepian model as it is described here
represents the “marginal distribution” of the individual excursions above the
defined level w. Of course one would like to use it also to analyse the dependence
there may exist between successive excursions in the original process x(t), and
this is in fact possible. For example, suppose we want to find how often it
happens that two successive excursions both exceed a critical limit Ty in length.
Then, writing 71 = inf{r > 0; &,(7) = u, upcrossing} for the first u-upcrosing
in &,(t) strictly on the positive side, one can calculate

P(&u(s) > u, for 0 <s<Ty, and &(m +8) > u, for 0 <s<Tp).

3.2.2.2 A Slepian model around local maxima in a Gaussian process

A local maximum for z(t) is a zero-downcrossing point for the derivative z’(t),
and the second derivative x”(t) at these local maxima has a negative Rayleigh
distribution. A Slepian model for the derivative after local maxima, therefore
has the same structure as the level crossing model, with r,(¢t) replaced by
re(t) = —rl(t). The time difference between maximum and minimum can
therefore be calculated as previously.

If we want the distribution of the height difference between the maximum
and the following minimum, we need a more elaborate Slepian model, since
now also the height of the maximum is random, not only the curvature. The
reader is encouraged to prove the following theorem, copying Theorem 3:3 with
analogous notation, now with ¢, for the times of local maxima

Theorem 3:5 If {z(t), t € R} is twice differentiable and ergodic the long run
empirical distribution of x(t), +s) around local mazima is equal to

Pt (A)
J2 1l far).a(0) (0, 2) P(x(s) < v | 0,2) dz
fi)oo ’z‘fa:’(O),z”(O) (07 Z) dz

where A ={y € C;y(s) < v} and

)

P(z(s) <v|0,2) = P(z(s) < v | 2'(0) =0,2"(0) = 2).

An explicit representation of the model process for a Gaussian process is the

r(t)

719 (t) = (" ——= 4+ Aq(t), (3.22)
Wy

where (" has a negative Rayleigh distribution with density

max

P (z) = M 6_22/(2w4), z <0, (3.23)

wyq
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and the non-stationary Gaussian process Ai(t) is independent of (7"**, has

mean 0 and the covariance function,
r'(s1)r'(s2)  r"(s)r"(s2)

ran(s1,82) = 7(s1 = s2) = ——— - PR (3.24)
2

Since A1(0) is normal with mean 0 and variance ra,(0,0) = wo — w3 /wy,
we see in particular that the distribution of the height of a local maximum is
the same as the distribution of

Smam(o) — _C{naz Z_i + Al(o)

= /wo {\/ 1 — €2 - Rayleigh + € - Nm‘mal} , (3.25)

with standard Rayleigh and normal variables, illustrating the relevance of the

spectral width parameter a = /1 — €2 = /w3 /(wowy) -

Theorem 3:5 is the basis for numerical calculations of wave characteristic
distributions like height and time difference between local maxima and minima,
as they can be made by the routines in the MATLAB package WAFO, [34].
The model (3.22) contains an explicit function r”(t)/ws with a simple random
factor, representing the Rayleigh distributed curvature at the maximum, plus
a continuous parameter Gaussian process. The numerical procedures work by
successively replacing the continuous parameter process by explicit functions
multiplied by random factors. We illustrate now the first steps in this procedure.

The model (3.22) contains the random curvature, and it is the simplest
form of the Slepian model after maximum. There is nothing that prevents us
to include also the random height of the local maximum in the model. We have
seen in (3.25) how the height and the curvature depend on each other, so we
can build an alternative Slepian model after maximum that explicitly includes
both the height of the maximum and the curvature.

To formulate the extended model we define three functions, A(t), B(t),C(t),
by

BE(x(t) | 2(0) = u,2'(0) = y,2"(0) = )
— wA(t) + yB(t) + 2C(t)

t "t ‘(t t "t
T )+wouJ22T ® _, o, wer )+wor2( ).
Wowg — Wy w9 Wowg — Wy

The conditional covariance between x(s1) and x(s2) are found from the same
theorem, and the explicit expression is given in the following Theorem 3:6.

As we have seen in Section 2.4.3 the derivative 2/(0) is uncorrelated with
both z(0) and 2”(0), but xz(0) and 2”(0) are correlated. To formulate the
effect of observing a local maximum we will first introduce the crest height,
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x(0), and then find the conditional properties of z”(0) given x(0) and z'(0).
We use Theorem 2:13 and define the function

ey = Cov@(0:2"(1) | 2(0).2'(0) _ 1"(1) + (wafwo)r(t)

VV(@"(0) | 2(0),2(0)) Vws — w3 Jwo

Theorem 3:6 If {z(t), t € R} is twice differentiable and ergodic the long run
empirical distribution of x(t), +s) around local mazima is equal to

Pyt (A)
| o 12| f2(0),2 (0,2 (0) (1, 0, 2) P(x(s) < v | u,0,2)dz du
e |21 f2(0),27 (0),2 (0) (1 0, 2) dz du

where A ={y € C;y(s) < v} snd

)

P(x(s) <v]u,0,2) = P(z(s) < v | z(0) = u,2'(0) = 0,2”(0) = 2).

An explicit representation of the model process for a Gaussian process is the

() = my T A(L) + (MO + Aa(t), (3.26)
where the random (ny***, (5***) has the two-dimensional density (with normal-

izing constant c),

w0z2 + 2wouz + wyu?

P?ax(uaz):C‘Z’eXP{— }, —oo < u < oo, z<0.

2(wowyg — w3)

The process As(t) with mean zero is non-stationary Gaussian, independent of

(n5re® ¢5*), and has covariance function
t / / t
ra,(s,t) =r(s—t) — rigrt) _re)rt) b(s)b(t).
wo w2

3.2.3 Excursions and related distributions

What is the shape, height and extension, of an arbitrary excursion above a
fixed level u for a stationary process? An example of this type of problem is
when z(t) is an electrical potential which may not become too high, and should
always stay below a certain level. The integral fti’“JrT’“ (x(t) —u) dt between an
excursion and the critical level represents the amount of extra electrical charges
that are transmitted between the upcrossing at ¢; and the next downcrossing
at tp + Ty

One of the advantages of a Slepian model is that it lends itself to efficient
numerical calculations of important quantities related to crossings and maxima.
The structure of the model is such that the random variables that represent
slope, height, and curvature in the crossings and crest models are easy to handle
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numerically. The only problems are the residual processes which require infinite
dimensional probabilities to be calculated. To overcome this in a numerical
algorithm one can use a successive conditioning technique that first introduces
the value of the normal residual at a single point, say, «(s1), and include that
as a separate term in the model. The residual process will be correspondingly
reduced and the procedure repeated.

For numerical calculations of interesting crossings probabilities one can trun-
cate the conditioning procedure when sufficient accuracy is attained. This ap-
proximation technique is called regression approximation in crossing theory.

3.2.3.1 Length of excursions

The Slepian process &,(t) has a u-upcrossing at ¢ = 0 and we denote by T'
the time of its first downcrossing of the same level, so T is the length of an
excursion. Since T > t if and only if £,(s) stays above the level u in the entire
interval 0 < s < t, we can express the probability P(7 > t) by means of the
indicator function

w2

Lty = 1 iS5 = 2 n(s) >, forall s € (0,0),
0, otherwise.

The result is,

[e.e]
P(T >t)= / pu(2) - E(Ix(k,t))dz, (3.27)
z=0
where p,(z) is the Rayleigh density for the derivative at u-upcrossing, and the
expectation

) ur(s)  zr'(s)
E(IZ(K:,t)) =P (Og;it {w—o - w—g + K(S)} > u)

is an infinite dimensional normal probability. That probability has to be cal-
culated numerically by special software. By means of routines in the MATLAB
package WAFO, [34], which is available on the departments homepage, one can
calculate the distribution with very high accuracy. Figure 3.3 shows the excur-
sion length densities for a realistic water wave process with a common JONSWAP
North Sea spectrum.

The probability density function for the excursion time 7" is of course minus
the derivative of P(T > t). It can also be expressed by means of Durbin’s
formula,

Fr(t) = feuoy(w) B (I{€u(s) > u,0 < s <t} (=€,()7) | €&ult) = u),

where & (t)” = min(0, &/, (¢)) is the negative part of the derivative. The expec-
tation can be calculated by mean of algorithms from WAFO, by means of the
regression technique with successive conditioning on the residual process.
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Figure 3.3: Probability densities for excursions above u = —1,0,1,2 for pro-
cess with North Sea wave spectrum JONSWAP.

3.2.3.2 Wave shape

The distribution of wave characteristics such as drop in height and time dif-
ference between a local maximum and the next local minimum can be derived
from the Slepian models in Theorem 3:5 or Theorem 3:6.

First consider the model (3.22),

et = i D 4 a0,
4

which completely describes the stochastic properties of the shape around maxi-
mum. The simplest, zero order, approximation is to delete the residual process
Aq(t) completely, only keeping the curvature dependent term ("** r@, By

w4
replacing ({"** by its average —y/w4m/2. From this we can, for example, get
the average shape, as
r(t)
w2 '

g () =~y a

The zero order approximation is usually too crude to be of any use. A
better approximation is obtained from the model (3.26), which also includes
the (random) height at the maximum point,

() = my T A(L) + MO + Aa(t),
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and define the random variable 7' as the time of the first local minimum of
€5 (t),t > 0. The height drop is then H = £5'**(0) — £5"**(T") and we ask for
the joint distribution of 7" and H.

Using the fact that A(0) = 1,C(0) = 0 and &**(T) = 0, we get the
following relations that need to be satisfied,

g AT + (5 CUT) + Ay(T) =0,
15"+ A2(0) = (i A(T) + (™ C(T) + Aa(T)) = H.

We now describe the regression approximation of order 1, which is obtained
by deleting all of the residual process terms. The relations will then be

AT + e (T7) =0, (3.28)
W (g A(TT) + PUrC(TT)) = H (3.29)

where we write 17, H" for the approximative time and height variables.
To write the solution in a form that can be generalized to more complicated

problems, define
_(1-A@) C@)
o= "ty c')

and write the equations (3.28) and (3.29) as (T for matrix transpose),
G e Gy = (a7 T

If det G(T") # 0 we get from (5o ¢a)T = G(T")~Y(H" 0)T that the vari-
ables with known distribution (75" and (5***) are simple functions of the

variables with unknown distribution,
ng = H"p(T") q(T"), (" = H"q(T"),

where

_ =) _ e
p(t) = T(t)’ q(t) = (1—-A@)C'(t) — A()C ()

We want the density at the point 7" = t, H" = h; let &(t,h),((¢t,h) be
the corresponding solution and define the indicator function I(¢,h) to be 1
if the approximating process £(t,h)A(s) + ((t,h)(s) is strictly decreasing for
0<s<t.

The Jacobian for the transformation is J(t,h) = hp'(t)q(t)?, and therefore
the density of T, H" is

f)

Jrr b (8 8) = fepan Gmas (hP(D)a(8), hq(t)) - | (¢, R)[1(E, )
= const I(t, h) h?|%(t)3p (¢)|

exp { o T (/T 47+ 155 ).

1 — g2
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Figure 3.4: Probability density for T, H for process with North Sea wave spec-
trum JONSWAP together with 348 observed cycles.

This form of the T, H distribution is common in the technical literature, where
T = m/wa/wy is called the mean half wave period. Note that dependence on

2
the spectrum is only through the spectral width parameter e = /1 — —2 =

wow4
V1i—a?.

This first order approximation of the 7', H -density is not very accurate, but
it illustrates the basic principle of the regression approximation. The WAFO
toolbox, [34], contains algorithms for very accurate higher order approxima-
tions. Figure 3.4 shows the result for a process with a common North Sea
JONSWAP spectrum.
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Exercises

3:1.  Prove that x(0) = /(0) = 0 in the Slepian model after upcrossing.

3:2.  Formulate conditions on the covariance function r,(t) that guarantee that
the residual process k(t) has differentiable sample paths.

3:3. Complete the proof of Theorem 3:5.



Chapter 4

Spectral- and other
representations

This chapter deals with the spectral representation of weakly stationary pro-
cesses — stationary in the sense that the mean is constant and the covariance
Cov(x(s),z(t)) only depends on the time difference ¢ — s. For real-valued
Gaussian processes, the mean and covariance function determines all finite-
dimensional distributions, and hence the entire process distribution. However,
the spectral representation requires complex-valued processes, and then one
needs to specify also the correlation structure between the real and the imag-
inary part of the process. We therefore start with a summary of the basic
properties of complex-valued processes, in general, and in the Gaussian case.
We remind the reader of the classical memoirs by S.O. Rice, [27], which can be
recommended to anyone with the slightest historical interest. That work also
contains many old references.

4.1 Complex processes and their covariance func-
tions

4.1.1 Stationary processes
A complex-valued process
2(t) = y(t) + i=(t)
is strictly stationary if all 2n-dimensional distributions of
yltr +7),2(61 + 7)o y(tn +7), 2(tn +7)

are independent of 7. It is called weakly stationary or second order stationary
if E(xz(t)) = m is constant, and

E(x(s) - z(t)) = r(s — t) + m|

79
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only depends on the time difference s —t. The covariance function

r(r)=FE ((ac(s +7)—m)(z(s) — m))

is Hermatian, i.e.

For real-valued processes, the covariance function r(7) determines all co-
variances between x(t1),...,x(t,),

Sty ... ty) = : : : (4.1)

Claltn),2(t) Claltn)alts)) ... V(a(tn)

4.1.2 Non-negative definite functions

It is a unique characteristic property of a covariance function that is it non-
negative definite in the following sense: Let t1,...,t, be any finite set of time
points, and take arbitrary complex numbers aq,...,a,. Then, for simplicity
assuming F(z(t)) =0,

Y agarr(ty —te) = B[ Y a;a(ty) apa(ty) (4.2)
4.k 4.k

2

=F iaj .%'(tj) Z 0. (4.3)
j=1

Theorem 4:1 Every non-negative definite, possibly complex, function r(T) is
the covariance function for a strictly stationary Gaussian process. Thus, the
class of covariance functions is equal to the class of non-negative definite func-
tions.

Proof: We have to show that if r(7) is non-negative definite then there are
finite-dimensional distributions for a process z(t) with E(z(t)) = 0, such that

r(1) = E(z(s + 7)z(s)).

By Kolmogorov’s existence theorem, see Appendix A, we only have to show
that for every selection of time points t1,...,t,, there is an n-dimensional
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distribution with mean 0 and covariances given by X(t1,...,t,) as defined by
(4.1), and such that the obtained family of distributions forms a consistent
family, i.e. for example Fx y(z,y) = Fy x(y,x) and Fxy(z,00) = Fx(x).

If r(t) is a real function and u = (uy,...,u,) a real vector, consider the
non-negative quadratic form

Q(u) = ujupr(t; — tr).
ik

Then we recognize exp(—Q(u)/2) as the characteristic function for an n-variate
normal distribution with covariance matrix ¥(t¢y,...,t%,), and we have found a
distribution with the specified properties.

If r(t) is complex, with r(—t) = r(t), there are real functions p(t) = p(—t),
q(t) = —q(—t) such that

r(t) = p(t) +iq(t).

Take a; = uj—iv; and consider the non-negative quadratic form in real variables
(u,v) = (U1, ..., Up, V1, ..., 0p),

Q(u,v) = Zaja_kr(tj — )
ik
=) (uj — i) (ur + ive) (p(t; — te) +iq(t; — t))
ik

= {p(t; — tr) (wjur + vjor) — q(t; — t) (ujor — upvy)};
ik

note that the imaginary part vanishes since @ is assumed to be non-negative,
and hence real. Similarly, as in the real case,

exp(—Q(u,v)/2) = E | exp(i > _(u;y; + v2;))

J
is the characteristic function of a 2n-dimensional normal variable
(Yl ooy Yny 21y - -+ Zn)

with the specified properties:

E(yjyx) = E(zj2k) = p(t; — k)

E(yjzr) = —E(ykz;) = —q(tj — ty).
With z; = (y; +iz;)/V2, we have FE(z;) =0 and

E(x;Tk) = p(t; — te) +iq(t; — te) = r(t; — ti),

as required. Since the Gaussian distribution of the y- and z-variables is de-
termined by the covariances, and these depend only on the time difference, the
process is strictly stationary. O
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4.1.3 Strict and weak stationarity

Since the first two moments determines a real normal distribution, it is clear
that each weakly (covariance) stationary normal process is strictly stationary.
For complex processes matters are not that easy, and one has to impose two
stationarity conditions in order to guarantee strict stationarity.

Theorem 4:2 A complex normal process x(t) = y(t) +iz(t) with mean zero is
strictly stationary if and only if the two functions

(z(s)x(t))
x(s)x(t)

(z(s)2(1)),

r(s,t) = F
q(s,t) = FE
only depend on t —s.
Proof: To prove the "if” part, express 7(s,t) and ¢(s,t) in terms of y and z,
r(s,t) = E(y(s)y(t) + 2(s)z(t)) + iE(z(s)y(t) — y(s)z(1)),
q(s;t) = E(y(s)y(t) — 2(s)2(t)) +iE(2(s)y(t) + y(s)z(t)).

Since these only depend on t—s, the same is true for the sums and differences of
their real and imaginary parts, i.e. for E(y(s)y(t)), E(z(s)z(t)), E(z(s)y(t)),
E(y(s)z(t)). Therefore, the 2n-dimensional distribution of

y(t1), ., y(tn), z(t1), ..., 2(ty)

only depends on time differences, and x(t) is strictly stationary. The converse
is trivial. O

Example 4:1 If z(¢) is a real and stationary normal process, and p is a con-
stant, then

z*(t) = eMa(t)
is a weakly, but not strictly, stationary complex normal process,
E(a*(s)a*(t)) = "7 E(a(s)a(t)),
E(z*(s)z*(t)) = " B(z(s)z(t)).

4.2 Bochner’s theorem and the spectral distribution

4.2.1 The spectral distribution

We have seen that covariance functions for stationary processes are character-
ized by the property of being non-negative definite. From elementary courses
we also know that covariance functions are Fourier-transforms of their spectral
distributions. We shall now formulate this and prove this statement.
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Theorem 4:3 (Bochner’s theorem) A continuous function r(t) is non-negative
definite, and hence a covariance function, if and only if there exists a non-
decreasing, right continuous, and bounded real function F(w) such that

r(t) = /_ Z et dF (w).

The function F(w) is the spectral distribution function of the process, and it
has all the properties of a statistical distribution function except that F(+o00)—
F(—o0) =1r(0) need not be equal to one. The function F(w) is defined only up
to an additive constant, and one usually takes F(—o0) = 0.

Proof: The ”if” part is clear, since if r(t) = [ exp(iwt) dF(w), then

Z ziZgr(t; — ty) = Z zjz_k/ el e P (w)
j’k j?k

= /Z zj€"h zeitn dF (w)
j?k
2

:/ szemtj dF(w) > 0.

J
For the "only if” part we shall use some properties of characteristic func-
tions, which are proved elsewhere in the probability course. We shall show that,
given 7(t), there exists a proper distribution function Fiy(w) = F(w)/F(c0)
such that

Foo(oo) - FOO(_OO) = 17

/eiwtdFoo(w) — %

To this end, take a real A > 0, and define

A rA
(w,A) = 1 r(t —u) e W gt du
SAnk 27 A 0 0

1 o —
=5 hmzr(tj — tp)e" Wl emiwt At; Aty,
Jk
1 o
= 97 A lier(tj — tk)Atje_Wtj - Atpe Wit > (),
gk

since r(t) is non-negative definite. (Here, of course, the t; define a subdivision
of the interval [0, A].) Going to the limit, g will give the density of the desired
spectral distribution.
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Before we proceed, we express g(w, A) as

1 A A A
g(w,A) = 27T—A/0 /0 r(t —w)e Y dt du,
A

1
2 _A

<1 - %) r(t)e it dt % / Z Lt/ A)r(E)e dt,

where

(1=t for |t <1
u(t) = {0 otherwise.

The proof will now proceed in three steps:

Step 1) Prove that g(w,A) > 0 is integrable, and

/ g(w, A)dw = r(0), (4.4)
so g(-,A)/r(0) is a regular statistical density function.

Step 2) Show that

(1-) 0 _ [™ o) ey, (45)

so the function (1 — ‘iA') r(t)/r(0) for |t| < A is the characteristic function for

the density g(w, A)/r(0).
Step 3) Take limits as A — oo,

lim <1 - %) r(t) = r(t). (4.6)

A—oo

Since the limit of a convergent sequence of characteristic functions is also a
characteristic function, provided it is continuous, we have shown that there
exists a statistical distribution such that r(t)/r(0) is its characteristic function.

We now show step (1) and (2). Multiply g(w, A) by pu(w/2M), integrate, and
change the order of integration (since p(w/2M)u(t/A)r(t)e~** is bounded and
has support in [-2M,2M] x [—A, A] Fubini’s theorem permits this):

/OO wlw/2M)g(w, A) dw = % /_C: w(w/2M) /_Z p(t/A)r(t)e” ™t dt dw

— 00

_ % / Z u(t/A)r(t) / o; plw/2M e duw dgd.7)
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Here,

I
/

2M : 2
( )coswtdw—ZM <Sth> ,
oM Mt

o (4.7) is equal to

—/ u(t/ A)r( <SmM’5> it = %/_Zu(s/MA)r(s/M) (8123)2 ds

< 2r(0) /Z <Si‘8”)2ds — (0).

Now, p(w/2M)g(w,A) T g(w, A) as M 1 o0, so

/OO g(w,A)dw = lim h ww/2M)g(w, A) dw < r(0).

—c0 M—oo J_ o

We have now shown that g(w,A) and u(t/A)r(t) are both absolutely in-
tegrable over the whole real line. Since they form a Fourier transform pair,
ie.

mMA>:§%/fUAWAwuk%Wda

we can use the Fourier inversion theorem, which states that

o0

e/ () = [ gleo, ) o,
—0o0
which is step (2) in the proof.
By taking t = 0 we also get step (1), and fa(w) = g(w,A)/r(0) is a
probability density function for some distribution with characteristic function

_ > Meiwt o = :U’(t/A)T
oat) = [ B o = £ 0

For step (3) we need one of the basic lemmas in probability theory, the
convergence properties of characteristic functions: if F4(z) is a family of dis-
tribution functions with characteristic functions ¢ 4(t), and ¢4(t) converges to
a continuous function ¢(t), as A — oo, then there exists a distribution func-
tion F'(z) with characteristic function ¢(t) and Fa(z) — F(z), for all  where

F(z) is continuous.

p(t/A)
r(0)

r(t)/r(0), and since we have assumed r(t) to be continuous, we know from the

Here the characteristic functions ¢4(t) = r(t) converge to ¢(t) =
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basic lemma that Fa(z) = [*_ fa(w)dw converges to a distribution function
Fy(z) as A — oo, with characteristic function ¢(¢):

?“(t) _ > eiwt w
0) —/_OO dF s (w).

We get the desired spectral representation with F'(w) = r(0)Foo(w). O

4.2.2 Properties of the spectral distribution
4.2.2.1 The inversion theorem

The covariance function r(¢f) and the spectral density f(w) form a Fourier
transform pair. In general, the spectral distribution is uniquely determined by
the covariance function but the precise relationship is somewhat complicated
if the spectrum is not absolutely continuous. To formulate a general inversion
theorem we need to identify those w for which the spectral distribution function
is not continuous.! Write AF,, = F(w) — F(w — 0) > 0 for the jump (possibly
0) at w, and define F(w) as the average between the left and right limits of
F(w),

Fo) = F@+ 5(‘“ =0 _ p) - %AFw. (4.8)
For a proof of the following theorem we refer to [12].

Theorem 4:4 a) If wi < wy, then we have

~ ~ 1 T e—iwgt o

F(wz) = F(wr) = o lim . i

—iw1t

r(t) dt. (4.9)

e

b) If the covariance function r(t), t € R is absolutely integrable, i.e.

|l <.

—00
then the spectrum is absolutely continuous and the Fourier inversion formula

holds, .
Flw) = = / ety (1) dt. (4.10)

=0 )
Remark 4:1 The inversion formula (4.9) defines the spectral distribution for
all continuous covariance functions. One can also use (4.10) to calculate the
spectral density in case r(t) is absolutely integrable, but if it not, one may use
4.9) and take f(w) =limy_o(F(w+h) — F(w))/h. This is always possible, but
one has to be careful in case f(w) is not continuous. Even when the limit f(w)
exists it need not be equal to f(w) as the following example shows. The limit,

which always exists, is called the Cauchy principal value.

!Note that F(w) can have only a denumerable number of discontinuity points.
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Example 4:2 We use (4.9) to find the spectral density of low frequency white
noise, with covariance function r(t) = S2t. We get

F(w+h)—F(w—h) 11 tim / —ilwth)t _ pmilw=h) gint it
2h 27 —it t

1 [ _,,;sinht sint

BT T
5 for |w| < 1 —h,

= 11+ (1 —|w)/h), for 1 —h<|w| <1+h,
0, for |w| > 1+ h.

The limit as h — 0 is 1/2, 1/4, and 0, respectively, which gives as spectral

density
1/2, for lw| <1,

flw) =< 1/4, for |w| =1,
0, for |w|>1.

Note that the Fourier inversion formula (4.10) gives 1/4 for w = 1 as the
Cauchy principal value,

T, 1 (T sin2t
lim —/ e “r(t)dt = lim —/ = 1/4.
_T T—o0 2T -7 2t

4.2.2.2 The one-sided real form

A real stationary process has a symmetric covariance function and a symmetric
spectrum. In practical applications one often uses only the positive side of the
spectrum. The one-sided spectral distribution will be denoted by G(w), with

for w < 0,

0
G(w):{ ( ) F—w — 0)_2F( ) T(O) for w > 0.

(4.11)
(=
Then G(0—) =0 and G(o0) = r(0). If F(w) is discontinuous at w = 0 then
G(w) will have a jump F(0) — F(—0) = G(0+) at w = 0. For discontinuity
points w > 0 the jump of G(w) will be twice that of F(w).

The covariance function can be expressed as

(e 9] (e 9]
r(t) = / coswt dG(w) = / coswt dF(w),
0— —00
and the inversion formula (4.9) gives that for any continuity points

Gw) = F(w) — F(—w) = g/0

™

 sin wt
t

r(t) dt.

Note that [*_sinwtdF(w) =0, since F is symmetric.



88 Spectral- and other representations Chapter 4

4.2.3 Spectrum for stationary sequences

If a stationary process {x(t),t € R}, with spectral distribution F(w) and
covariance function r(t) = ffooo e dF(w), is observed only at integer time
points ¢ € Z one obtains a stationary sequence {x,, n € Z} for which the
covariance function is the same as that of z(t) restricted to integer n = t. In
the spectral formula the factor e™* wt2km)t for all integer ¢ and k, and

the spectrum may be restricted to the interval (—m,]:

= ¢l

oo & 2km+4m ]
r(t) = / '™ dF (w) = / et dF (w)
—00 k——o00 2km—m+0
= / et Z dF(w + 2km).
—m+0 k=—o00

This means that all frequencies w + 2k7w for k # 0 are lumped together with
the frequency w and cannot be individually distinguished. This is the aliasing
or folding effect of sampling a continuous time process.

For a stationary sequence {z,, n € Z}, the covariance function r(t) is
defined only for ¢t € Z. Instead of Bochner’s theorem we have the following
theorem, in the literature called Herglotz’ lemma.

Theorem 4:5 (Herglotz’ lemma) A function r(t),t € Z, defined on the inte-
gers, is non-negative definite, and hence a covariance function for a stationary
sequence, if and only if there exists a non-decreasing, right-continuous, and

bounded real function F(w) on (—m, x|, such that

s
7(t) :/ et dF (w). (4.12)
—7+0

Note that the spectrum is defined over the half-open interval to keep the right-
continuity of F(w). It is possible to move half the spectral mass in 7 to —7
without changing the representation (4.12).

The inversion theorem states that if > ;2 |r(¢)| < oo then the spectrum
is absolutely continuous with spectral density given by

o0

fw) == 3 etr),

t=—00

while in general, for —m < wy < wy < 7,

~ ~ 1 1 e—iWQt o e—iwlt
Flws) — Flwr) = — - lim — > r(t
(w2) = Fw1) = 5 r(0)(wz —wi) + lim o 2 r(t) - ;
t£0

where as before ﬁ(w) is defined as the average of left and right hand side limits
of F(w).
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4.3 Spectral representation of a stationary process

4.3.1 The spectral process

In elementary courses one could have encountered processes of the form

2(t) =) Ap cos(wit + o), (4.13)
k

where w;, > 0 are fixed frequencies, while Ay are random amplitudes, and
¢ random phases, uniformly distributed in (0,27) and independent of the
Ajp. The uniformly distributed phases make the process stationary, and its
spectrum is discrete, concentrated at {wy}. The covariance function and one-
sided spectral distribution function are, respectively,

r(t) = > E(A}/2) cos wit,
k

G(w) = Z E(A2/2), w>0.

kwr<w
The process (4.13) can also be defined as the real part of a complex process
z(t) =R Z Ay e ert,
k

and it is in fact a special example of the general spectral representation of a
stationary process, which in takes the form of an integral

z(t) = /_ Z et dZ(w),

where {Z(w);w € R} is a complex spectral process with F(Z(w)) = 0 and
orthogonal increments, i.e.

E((Z(ws) = Z(w3)) - (Z(w2) = Z(w1))) = 0,

for w1 < wy < w3y < wyg. The variance of its increments is equal to the incre-
ments of the spectral distribution, i.e. for wy < ws,

E(|Z(w2) = Z(w1)*) = F(w2) — F(w1).
One can summarize the relations between Z(w) and F(w) as

- dF(w) if w = p,
E(dZ(w).dZ(,u)):{O ) ifw#:

It follows that Z(w) is continuous in quadratic mean if and only if the spectral
distribution function F' is continuous. If F' has a jump at a point wy,

(4.14)

F(wo+) — F(wo—) = o3,
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then lim._,0(Z(wo + €) — Z(wo — €)) exists and has variance 3.

Now, let us start with a spectral process {Z(w);w € R}, a complex process
with E(Z(w)) = 0 and with orthogonal increments, and define the function

F(w) by
o) — E(|Z(w) — Z(0)]?) for w >0,
W= ZB(12(0) - 2O)) for w < 0.

Since only the increments of Z(w) are used in the theory, we can fix its value
at any point, and we take Z(0) = 0. Following the definition of a stochastic
integral in Section 2.6, we can define a stochastic process

x(t) = / Wt dZ (w) = hmz R (Z(wry1) — Z(wr)),

where the limit is in quadratic mean. It is then easy to prove that E(z(t)) =0
and that its covariance function is given by the Fourier-Stieltjes transform of
F(w): use Theorem 2:14, and (4.14), to get

E</eWSdZ( ). /ewtdz > // iws—nt) dZ( ) m)

= /ei“"(St) dF(w).

4.3.2 The spectral theorem

We shall now prove one of the central results in the theory, namely that every
L?-continuous weakly stationary process {z(t), t € R} has a spectral repre-
sentation, z(t) = [ ™' dZ(w), where Z(w) € H(x), i.e. Z(w) is an element
in the Hilbert space which is spanned by limits of linear combinations of x(t)-
values. In fact, one can define Z(w) explicitly for a continuity point w of F',

Z(w) = lim — / T b (4.15)

and prove that it has all the required properties. This is the technique used
in Yaglom’s classical book, [38]; see Exercise 5. We shall present a functional
analytic proof, as in [9], and find a relation between H(z) = S(x(t);t € R) and
H(F) = Ly(F) = the set of all functions g(w) with [ |g(w)|? dF(w) < co. We
start by the definition of an isometry.

Definition 4:1 A linear one-to-one mapping f between two Hilbert spaces
X and Y s called an isometry if it conserves the inner product (u,v)x =
(f(u), f(v))y . In particular ||lu—v||x = ||f(u) — f(v)||y, so distances are also
preserved.
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Theorem 4:6 If {x(t), t € R} is a zero mean continuous stationary process
with spectral distribution F(w) there exists a complex-valued spectral process
{Z(w),w € R} with orthogonal increments, such that

B (12(w2) = 2@ ) = F(w) = F(n),

for w1 < wo and
x(t) = /ei“’t dZ(w).

Proof: We shall build an isometry between the Hilbert space of random vari-
ables H(z) = S(z(t);t € R) and the function Hilbert space H(F') = Lao(F),
with scalar products defined as

(U’U)H(z) = E(UE)a

(g = [ 9@AE dF ().
First consider the norms in the two spaces,

19113y = Ey),
I9lBe = [ lot)P dF (),
and note that
(0l = E(l2(0)F) = 7(0)
I ey = [ 16 dP @) = 1(0).

This just means that z(¢) has the same length as an element of H(x) as has
' as an element of H(F), ie. [|z(t)]ly@) = € ). Furthermore, scalar

products are preserved,

(@(s), 2(t) 1wy = El2(s)x(t)) = /eiWSWdF(w) = (", " )n(p).

This is the start of our isometry: z(t) and e’ are the corresponding el-
ements of the two spaces. Instead of looking for random variables Z(wg) in
H(z) we shall look for functions g, (-) in H(F') with the same properties.

Step 1: Extend the correspondence to finite linear combinations of z(t) and
e™t by letting

y = a1z(ty) + ... + apz(ty) (4.16)

gw) = e 4 ..+ apein (4.17)
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be corresponding elements. Check by yourself that scalar product is preserved,
i.e.

(Y1, Y2)1(z) = (91, 92)1(F)-
Step 2: Distances are preserved, i.e. ||y1 —y2llrm) = [l91 — g2lln(F), 50 y1 = y2

if and only if g1 = g2 where equality means equal with probability one, and
almost everywhere, respectively.

Step 3: Convergence in the two spaces means the same. If yq,yo, ... converges
towards y in H(z), and ¢1,92,... are the corresponding elements in H(F),
then

yn — Ymllrz) — 0 implies | lgn — gm|lx(r) — O,

and since H(F') is complete there exists a limit element g € H(F') such that
1Yll7¢(z) = llgll#¢(r)- The reverse implication also holds. Thus we have extended
the correspondence between the two spaces to all limits of sums of x(¢)-variables
and e™?-functions.?

Step 4: The correspondence can then be extended to all of H(F) and H(z).
The set H(x) consists by definition of limits of linear combinations of x(ty),
and every function in Ls(F) can be approximated by a polynomial in e for
different ¢p-s. This is the famous Stone- Weierstrass theorem. We have then
found the isometry between H(x) and H(F): if u and v are elements in H(z)
and f(u) and f(v) the corresponding elements in H(F'), then |[u — v|[3 ) =

I1f () = f ()l -
Step 5: The following function g, in H(F) corresponds to Z(wy),

1 for w < wy,
oo (W) =
0 for w > wy.

Obviously, [lgun 2 = J |00 (@) dF(w) = [, dF(w), and, with w; < ws.,
19wz — gw1H3{(F) = F(w2) = F(w1).
Step 6: Let Z(w) be the elements in H(x) that correspond to g, (-) in H(F'). It

is easy to see that Z(w) is a process with orthogonal increments and incremental
variance given by F(w):

E ((Z(w1) = Z(wy)) - (Z{w2) — Z(w1)))
— [(04) = 0 ) (000 ) = () AP () = 0

E(|Z(wa) = Z(w1)]?) = F(w2) — F(w1),

2Remember that in H(F) all ¢’ are functions of w, and that we have one function for
every ¢. Similarly, in H(z), z(t) = z(¢,w) is a function of w.
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for wi < w9 < w3z < wy.

Step 7: It remains to prove that Z(w) is the spectral process to z(t), i.e. that
x(t) = /ei“’t dZ(w)

= lim Y e (Z(wpy1) — Z(wp)) = lim S™ (1),

for an increasingly dense subdivision {wy} with wy < wg41. But we have that
z(t) € H(x) and et € H(F) are corresponding elements. Further,

et = lim Z e’ k! (gwk+1 (w) ~ Yo, (w)) = lim gtn) (w)’

where the difference of g-functions within parentheses is equal to 1 for w; <

w < wg11 and 0 otherwise. The limits are in H(F), i.e. g(-) = et = limggn)(-).

Since S (t) corresponds to ggn) () and limits are preserved under the isometry,

we have that z(t) = lim S (t), as was to be shown. O

Corollary 4.1 Every y € H(x) can be written

y= /g(w) dZ(w),

for some function g(w) € H(F).

Proof: Every y € H(x) is the limit of a sequence of linear combinations,
1 () . (n)y _ 1 (n) iwt™
y = lim E ay z(t, ") = lim g ay e dZ(w),
n n
k Y ok

and ¢ () = Zaén)ei'tgcn) converges in H(F') to some function g(-), and then

[ iz — [ o)z
in H(x) which was to be shown. O

4.3.3 More on the spectral representation
4.3.3.1 Discrete spectrum

If the spectral distribution function F(w) is piecewise constant with jumps of
height AFj, at wy, then Z(w) is also piecewise constant with jumps of random
size AZy, at wy, and E(|AZ|?) = AF}, so z(t) = Y. AZ; e™*'. Note that the
covariance function then has the corresponding form, r(t) = 3 AFj e™rt.

In the general spectral representation, the complex Z(w) defines a random

amplitude and phase for the different components e*?. This fact is perhaps
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difficult to appreciate in the integral form, but is easily understood for processes
with discrete spectrum. Take the polar form, AZy, = |AZy|e!®@82%k = p etk
Then,

x(t) = Z pkei(wktJer) = Z Pk cos(wit + Ok) + i Z Pk sin(wgt + 0g).

For a real process, the imaginary part vanishes, and we have the form, well
known from elementary courses — see also later in this section —

x(t) = Z P cos(wit + ¢r). (4.18)

If the phases ¢, are independent and uniformly distributed between 0 and 27,
then z(t) is also strictly stationary.

For discrete spectrum we also have the following important ways of recover-
ing the discrete components of F'(w) and of Z(w); the proof of the properties
are part of the Fourier theory.

Theorem 4:7 If F(w) is a step function, with jumps of size AFy at wy, then

e :
. - —twit —
TlgréoT/O r(t)e dt = AFy, (4.19)
R B P 2
Jim /0 r(t) dtzzk:(AFk) , (4.20)
1 [T :
Tlim —/ x(t)e "kl dt = AZ;,. (4.21)
— 00 0

4.3.3.2 Continuous spectrum

If the spectrum is absolutely continuous, with F(w) = [*_  f(x)dz, then one

can normalize the increments of Z(w) by dividing by +/f(w), at least for
f(w) > 0, and use the spectral representation in the form

z(t) = /_ it/ fw)dZ(w), (4.22)

. = dZ(x ~ 2 dF (w :
with Z(w) = f{zgw;f(x)>0} \/%, and F (‘dZ(w)‘ ) = f(EJ)) = dw. Even if

Z (w) is not a true spectral process — it may for example have infinite incremental
variance — it is useful as a model for white noise. We will meet this “constant
spectral density” formulation several times in later sections.

4.3.3.3 One-sided spectral representation of a real process

For a real processes z(t), the complex spectral representation has to produce a
real integral. This of course requires Z(w) to have certain symmetry properties,
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which we shall now investigate. Write AZy for a possible Z-jump at w = 0.
Then

z(t) = / T gt dZ(w)

—00

= AZO—f—/ et dZ(w)—f—/ et dZ(—w)
0+ 0+

= AZy+ /OOO coswt - (dZ(w) + dZ(—w))
+

+i/0+ sinwt - (dZ(w) — dZ(—w)).

For this to be real for all ¢ it is necessary that AZ; is real, and also that
dZ(w)+dZ(—w) isreal, and dZ(w)—dZ(—w) is purely imaginary, which implies
dZ(—w) =dZ(w), ie. arg Z(—w) = —arg Z(w) and |Z(—w)| = |Z(w)|. (These
properties also imply that z(t) is real.)

Now, introduce two real processes {u(\), 0 < A < oo} and {v(A), 0 < A <
oo}, with mean zero, and with u(0—) = v(0—) =0, du(0) = AZy, v(0+) =0,
and such that, for w >0,

du(w)
dv(w)

dZ(w) + dZ(—w) = 2Re dZ (w)
i(dZ(w) — dZ(~w)) = —2Tm dZ (w).

The real spectral representation of z(t) will then take the form
x(t) = / cos wt du(w) + / sin wt dv(w)
0 0

= /oo cos wt du(w) + /oo sinwt dv(w) + du(0). (4.23)
0+ 0

It is easily checked that with the one-sided spectral distribution function G(w),
defined by (4.11),

E(du(w) - dv(p)) = 0, for all w and , (4.24)
E(du(w)?) = { pEts bt (4.25)
E(dv(w)?) = { fgfzé‘;);ig%f ) v 81 (4.26)

In almost all applications, when a spectral density for a time process z(t) is
presented, it is the one-sided density g(w) = 2f(w) = dG(w)/dw that is given.
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4.3.3.4 Why negative frequencies?

One may ask why at all use negative frequencies w < 0 in the spectral rep-
resentation of a real process. Since the two complex functions dZ(w)e™? and
dZ(—w)e ™t = dZ(w) e, which build up the spectral representation, circle
the origin in the counter clockwise and clockwise directions their contribution
to the total z(t)-process is real, and there seems to be no point in using the
complex formulation.

One reason for the complex approach is, besides from some mathematical
convenience, that negative frequencies are necessary when we want to build
models for simultaneous time and space processes, for example a random water
wave which moves with time ¢ along a straight line with coordinate s. As
described in Section 1.6.3 on page 22, a random wave model can be built from
elementary harmonics A, cos(wt—ks+¢,,) where w is the frequency in radians
per time unit and k is the wave number in radians per length unit. If w and
x have the same sign the elementary wave moves to the right with increasing ¢
and if they have opposite sign it moves to the left. In stochastic wave models
for infinite water depth the dispersion relation states that x = w?/g > 0, with
both positive and negative w possible. The (average) “energy” attached to the
elementary wave A, cos(wt—ks+@,,) is A2 /2 or, in the random case E(A2)/2.

If one observes the wave only at a single point s = sy it is not possible
to determine in which direction the wave is moving, and one can divide the
elementary energy in an arbitrary way between w and —w. When we deal with
the spectral density for the time process we have chosen to divide it equally
between positive and negative frequencies.

If we have more than one observation point, perhaps a whole space interval
of observations, we can determine wave direction and see how the energy should
be divided between positive and negative w. This can be done by splitting the
process in two independent components, one {z(t), t € R} with only positive
frequencies, moving to the right, and one {_(t), t € R} with only negative
frequencies, moving to the left. The spectra on the positive and negative side
need not be equal.

For a wave model with one time parameter and a two-dimensional space pa-
rameter (s1,s2) the wave direction is taken care of by a two-dimensional wave
number and the spectrum defined by one part that defines the energy distribu-
tion over frequencies, and one directional spreading part that determines the
energy for different wave directions.

4.3.3.5 Gaussian processes

For Gaussian processes {z(t), t € R}, the spectral process is complex Gaussian,
with independent real and imaginary parts. Since Z(w) is an element in the
space H(x) of limits of linear combinations of z-variables, this is immediate
from the characterization of Gaussian processes as those processes for which
all linear combinations have a Gaussian distribution. Also the real spectral
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processes {u(\), 0 < A < oo} and {v(A), 0 < A < oo} are Gaussian, and since
they have uncorrelated increments, they are Gaussian processes with indepen-
dent increments.

The sample paths of u(w) and v(w) can be continuous, or they could contain
jump discontinuities, which then are normal random variables. In the contin-
uous case, when there is a spectral density f(w), they are almost like Wiener
processes, and they can be transformed into Wiener processes by normalizing
the incremental variance. In analogy with Z(w) in (4.22), define wi(w) and

we(w) by

wy(w) = M wy(w) = L(:C) 4.27
1 /{msw;f(w)>0} V2f(x) ) /{msw;f(w)>0} V2f (@) (427

to get, Theorem 2:16,

x(t) = /000 V2f(w) cos wt dwq (w) + /OOO vV 2f(w)sinwt dwa(w). (4.28)

Note that if f(w) > 0 then E(dw;(w)?) = E(dws(w)?) = dw.

The representation (4.28) is particularly useful for simulation of stationary
Gaussian processes, as described in detail in Appendix D. Then the continuous
spectrum is discretized to frequencies wy, = kA, k € N, and the integrals (4.28)
replaced by sums. Since the increments in the Wiener processes are independent
normal variables, the approximative expressions become

z(t) = Z Uk \/2AF (wy) cos wit + Z Vi VV2AF (wg) sinwgt,  (4.29)
=) Ak /2AF (wi) cos(wit + ¢k), (4.30)

where Uy and V} are independent standard normal variables, and
A = Ul? + V2, o = — arg(Uk + ZVk)

Historically, the representation (4.29) was used explicitly already by Lord
Rayleigh in connection with heat radiation and by Einstein (1910) and others to
introduce Gaussian randomness. The form (4.30) appears to have come later,
at least according to S.O. Rice, who cites work written by W.R. Bennett in the
1930’s.

4.3.3.6 Gaussian white noise

The differentials dw;(w) and dwsy(w) in (4.28) are examples of Gaussian white
noise. White noise in general is a common notion in stochastic process the-
ory when one needs a process in continuous time where all process values are
virtually independent, regardless of how close they are in time. Complete in-
dependence would require r,(t) = 0 for all ¢ except ¢ = 0, i.e. the covariance
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function is not continuous and Bochner’s theorem, Theorem 4:3, is of no use
to find a corresponding spectrum. Fourier’s inversion formula (4.10) hints that
the spectrum should be independent of w but f(w) > 0 is not a spectral den-
sity. On the other hand, the J-distribution, d(w), also called the Dirac delta
function, forms a Fourier transform pair together with the constant function
fw) = 1/2w. It is in fact possible to formulate a theory for “distribution
valued” stationary processes and covariance functions, but that theory is little
used in practical work and we do not go into any details on this; for a brief
introduction, see [38, Appendix IJ.

Instead we will use the two Wiener processes defined by (4.27) to illustrate
the common way to go around the problem with constant spectral density. We
used them as spectral processes in (4.28) without any difficulty; we only noted
that E(dw;(w)?) = B(dws(w)?) = dw.

In the theory of stochastic differential equations, one often uses the notation
w'(t) or dw(t) with the understanding that it is shorthand for a stochastic
integral of the form ft’; g(u)dw(t), for [g(t)?dt < co. We will illustrate this
with the previously mentioned Langevin equation, (1.15), and deal with these
more in detail in Section 4.4.4.

Example 4:3 (The Ornstein-Uhlenbeck process) The Ornstein-Uhlenbeck pro-
cess is a Gaussian stationary process with covariance function r(t) = o2 el ,

and spectral density
o e
w)=—+ - ——-=.
f( ) T ag n wz
We saw in Chapter 2 that a Gaussian process with this covariance function and
spectrum is continuous but not differentiable.

The process can be realized as a stochastic integral
t
x(t) = v2a02/ e~ du (7). (4.31)
—0o0

As we will see in Section 4.4.4 the Ornstein-Uhlenbeck process is the solution
of the linear stochastic differential equation

az(t) +2'(t) = V2aow(t) (4.32)

with Gaussian white noise w’'(t). We met this equation in Section 1.6.1 under
the name Langevin’s equation.

For large o (v — o0), the covariance function falls off very rapidly around
t = 0 and the correlation between z(s) and z(tf) becomes negligible when
s # t. In the integral (4.31) each x(¢) depends asymptotically only on the
increment dw(t) and are hence approximately independent. With increasing o,
the spectral density becomes increasingly flatter at the same time as f(w) — 0.
In order to keep the variance of the process constant, not going to 0 or oo, we
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can let 02 — oo in such a way that 0?/a — C > 0. Therefore, the Ornstein-
Uhlenbeck process with large a and 02/a = C can be used as an approximation
to Gaussian white noise.

As a stationary process the Ornstein-Uhlenbeck has a spectral representa-
tion of the type (4.28), and one may ask what connection there is between the
two integral representations.

To see the analogy, take wi(w) and wy(w) from (4.28) and define we(w)
for —oo < w < 00, as

wolw) = 1) Tiws(w), w>0,
w1(—w) — Z"U)Q(—u))7 w < 0’

to get

b = /_ et T(@) dwo(w). (4.33)

We then do some formal calculation with white noise: w’(¢) is the formal
derivative of the Wiener process, and it is a stationary process with constant
spectral density equal to 1/2m over the whole real line, i.e. by (4.33),

zwt d’wc )

V=7l

for some complex Wiener process wc(w). Inserting this in (4.31), we obtain

t
x(t) = \/W/ ee(t=7) w'(7)dr

2 2 t ) )
_ Qo / efa(t—r) {/ etwT dwc(w)} dr
T T=—00 w=—00
_ ao? / {/ 6—(a+zw)(t—7’) dT} SZWt d,wc(w)
™ w=—00 T=—00

_ / it e (w)

oo Ot W

!

15

Q| A
[\

> 1 i(— arg(a+iw)+w
= | T due)

_ /oo Z(thF’Y \/— dwc

W=—00

with y(—w) = —y(w). The same Wiener process wc(w) which works in the
spectral representation of the white noise in (4.31) can be used as spectral
process in (4.33) after correction of the phase.
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4.3.4 Spectral representation of stationary sequences

A stationary sequence {x(t), t € Z} can be thought of as a stationary process
which is observed only at integer times t. The spectral representation can then
be restricted to w-values only in (—, 7] as for the spectral distribution. In the
formula

s
x(t) :/ et dZ(w), (4.34)
77-‘-4]’,
there is now an explicit expression for the spectral process,
1 e—iwk
Z(w) =5 m@—gzkam

4.4 Linear filters

4.4.1 Projection and the linear prediction problem

One of the most useful instruments in the theory of stochastic processes is
the linear prediction device, by which we ”predict” or approximate a random
variable x by a linear combination of a set of observed random variables, or by
a limit of such linear combinations. The general formulation in the theory of
stochastic processes is the linear filtering problem in which one seeks a linear
filter h(u) such that the linearly filtered process

[e.e]
mw:/ h(u)a(t — u) du
u=—00

approximates some interesting random quantity y(¢), dependent on z(s), s € R.
If the impulse response function h(u) is zero for u < 0 we talk about linear
prediction, otherwise we call it linear reconstruction. The impulse response
may contain J-functions d;,, which act as time delays; for example y(t) =
[0r(w)z(t —u)u = z(t — 10).

The projection theorem in Hilbert spaces states that if M is a closed linear
subspace of a Hilbert space H, and x is a point in H not in M, then there is

a unique element y in M closest to =, and then z = z — y is orthogonal to
M; see Appendix C.

Formulated in statistical terms, if x is a random variable and yi,...,yn
is a finite set of random variables, then there is a unique linear combination
T=cy1 + ...+ cpyn that is closest to x in the || - ||-norm, i.e. such that

Hw = ZijjH2 = E(lz =) cjy;l?)

is minimal. This linear combination is characterized by the requirement that the
residual = — ) c¢;y; is orthogonal, i.e. uncorrelated with all the y;-variables.
This is the least squares solution to the common linear regression problem.
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Expressed in terms of covariances, the coefficients in the optimal predictor
T =cy1 + ...+ ¢y, satisfy the linear equation system

Cov(z,y;j) = c1Cov(y1,y;) + ... + cnCov(yn,y;), Jj=1,...,n, (4.35)

which follows from Cov(x — ), ckyx,y;) = 0.

Note that the projection theorem says that the random variable y = T is
unique, in the sense that it y is another random variable that minimizes the
prediction error, i.e. E(|x —y|?) = E(Jz —9|?) then E(|y —3|?) =0 and P(y =
y) = 1. This does not mean that the coefficients in the linear combination
Y- c¢jy; are unique; if the variables y,...,y, are linearly dependent then many
combinations produce the same best predictor.

Example 4:4 For the MA(1)-process, z(t) = e(t) + bie(t — 1), we found in
Example C:1 that
(t) Zzozo(—bl)kx(t — k‘), if ’1)1’ <1,
e =
limy, o0 Sop_o(1 — E)a(t — k), for by = —1.
Thus, z(t + 1) = e(t + 1) + bye(t) has been written as the sum of one variable
e(t+1) L H(x,t) and one variable bie(t) € H(z,t). The projection theorem
implies that the best linear prediction of x(¢ + 1) based on z(s),s <'t, is
b1 Zzozo(—bl)kx(t — k), if ’bl‘ <1,

i'\(t"f—l :ble(t =
t ) ) { hmn—>oo - ZZ:O(l - %)%(t - k), for b1 = —1.

Note that H(e,t) = H(z,t).

Example 4:5 We can extend the previous example to have H(z,t) C H(e,t)
with strict inclusion. Take a series of variables e*(¢) and a random variable U
with E(U) =0 and V(U) < oo, everything uncorrelated, and set

e(t) =U + e*(t).
Then z(t) = e(t) —e(t — 1) = e*(t) —e*(t — 1), and H(e,t) = H(U) & H(e*,t)
with H(U) and H(e*,t) orthogonal, and H(e,t) 2 H(e*,t) = H(x,t).
4.4.2 Linear filters and the spectral representation

4.4.2.1 Frequency response

In the previous section we formulated the prediction solution as a linear fil-
ter with an impulse response functions. Here we take slightly more abstract
approach and use a frequency formulation. A linear time-invariant filter is a



102 Spectral- and other representations Chapter 4

transformation S that takes a stationary process z(t) = [e“!dZ(w) into a
new stationary process y(t) so that,

y(t) = /_OO g(w)e™t dZ (w), (4.36)

where g(w) is the transfer function (also called frequency function). It has to
satisfy [ |g(w)|? dF(w) < co. That the filter is linear and time-invariant means
that, for any (complex) constants aj,as and time delay T,

S(a1z1 + agwe) = a1S(x1) + aaS(x2),
S(x(-+71)) = S@)(-+ 7).

As an alternative to the impulse function approach in Section 4.4.1 we may
take (4.36) as the definition of a linear time-invariant filter.
The process y(t) is also stationary, and it has covariance function given by

B (s +056) = [ lat)P e dr o).

—0o0

In particular, if x(t) has spectral density f,(w) then the spectral density of
y(t) is
fy(@) = lg(W)P fulw). (4.37)

Many of the interesting processes we have studied in previous sections, were
obtained as linear combinations of x(t)-variables, or, more commonly, as limits
of linear combinations. To formulate the spectral forms of these operations, we
need the following property, cf. Step 3, in the proof of Theorem 4:6.

Lemma 4.1 If g, — g in H(F), i.e. [|gn(w)— g(w)|?dF(w)— 0, then

/gn( )it 47 (w —>/ ) et 47 (w)

in H(z).

Proof: Use the isometry,

| [ antre azo) - / o(w) € dZ(w)

zw iwt |2
/ lgn(@)e™" = g()e![* dF (@) = llgn — gl

2

H(x)
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Example 4:6 For example, the linear operation ”derivation” of a stationary
process is the limit of

r(t4+h)—at) [ ethw _ 1 it
o / ¢ dZ (w).

— 00

If z(t) satisfies the condition [w?dF(w) < oo for quadratic mean differentia-
bility, (¢“" —1)/h — iw in H(F) as h — 0, and hence

2 (t) = /iw et dZ (w) = /wei(wH”/Q) dZ(w).

The frequency function for derivation is therefore g(w) = iw, and the spectral
density of the derivative is fu/(w) = w? fu(w).

In general, writing y(t) = [ |g(w)| e!“Ha89() 47 (w), we see how the filter
amplifies the amplitude of dZ(w) by a factor |g(w)| and adds arg g(w) to the
phase. For the derivative, the phase increases by /2, while the amplitude
increases by a frequency dependent factor w.

4.4.2.2 A practical rule

The spectral formulation of linear filters gives us an easy-to-use tool to find
covariance and cross-covariance functions between stationary processes. If the
process {z(t), t € R} is stationary with spectral distribution function F,(w),
and {u(t), t € R} and {v(t), t € R} are generated from {z(t), ¢t € R} by linear
filters,

et dZ (w),

h(w)e™! dZ(w),

/
u(t) = [ gw)e az(w)
/

then, by (4.14),
Cov(x(s),u = elwse it w) B dZ(w)-dZ(p

and similarly,

Cov(u(s),v(t)) = /g(w)h(—w) 579 GF, (w). (4.38)
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4.4.2.3 Impulse response and frequency response

Suppose a linear filter is defined by its impulse response function h(t), as in
Section 4.4.1,

y(t) = /00 h(u)x(t —u) du = /OO h(t — w)x(u) du.

—00 — 00

Inserting the spectral representation of z(t) and changing the order of integra-
tion, we obtain a filter in frequency response form,

vo= [~ {7 - wdn iz = [ gy aze)

g(w) = /OO e h(u) du, (4.39)

=—00

if [ |h(u)]du < oo.
Conversely, if h(u) is absolutely integrable, [ |h(u)|du < oo, then g(w),
defined by (4.39), is bounded and hence [ |g(w)|?> dF(w) < co. Therefore

y(t) = / g(w) € dZ(w)

defines a linear filter with frequency function g(w) as in (4.36). Inserting the
expression for g(w) and changing the order of integration we get the impulse
response form,

y(t) = / et { / e~ () du} dZ(w)
= / h(u) { / el (t—u) dZ(w)} du = / h(u)z(t — u) du.

The impulse response and frequency response function form a Fourier transform
pair, and
1 [ -
h(u) = —/ e“g(w) dw. (4.40)
27 w=—00
If h(u) = 0 for u < 0 the filter is called causal or physically realizable,
indicating that then y(t) = [*° h(u)z(t — u)du depends only on z(s) for
s < t, i.e. the output from the filter at time ¢ depends on the past and not on
the future.

4.4.2.4 Linear processes

A stationary sequence x; or a stationary process x(t) is called linear if it is
the output of a linear time invariant filter acting on a sequence of orthogonal
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random variables, i.e.

Ty = Z ht—k Y (4-41)
k=—o00
z(t) = / :o h(t — u) dY (u), (4.42)

where y;, are uncorrelated with mean 0, and E(|y;|?) = 1, and {Y(¢), t € R}
is a stationary process with orthogonal increments, E(dY (u) - dY (v)) is equal
to 0 for u # v and equal to du for u = v. The term infinite moving average is
also used for processes of this type.

Theorem 4:8 a) A stationary sequence {x;;t € Z} is an infinite moving av-
erage

o0
Z hi—k Y,

k=—o00

with orthonormal Y and Zk. ]hklz < o0, if and only if its spectrum is absolutely
continuous, F(w) = [“_ f(x

b) A statwnary process {x( ), t € R} is an infinite continuous moving average
x(t) = [72 _h(t —u)dY (u), with an orthogonal increment process Y (w),
and [ |h(u)*du < oo, if and only if its spectrum is absolutely continuous,

= [* f(x)do

Proof: We show part a); part b) is quite similar. For the "only if” part, use
that y, = [7_e“* dZ(w), where E(|dZ(w)|?) = 2. Then

gc,f:%:htkfr ek 47 (w) / {Zh pe }dZ( )

= [ gz,

—T
with g(w) = 3", hre ™*. Thus, the spectral distribution of zj has

|2dw

AF(w) = Bllg(w) dZ(@)P) = lg) P52,

with spectral density f(w) = %| (w)|?.
For the ”if” part, F(w) = f“’ F(z) da, write f(w) = %|g(w)|2, and expand
|g(w)| in a Fourier series,

9(w)| = cp ek,

k
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From the normalized spectral representation (4.22),

xt:/ﬂ et/ flw)dZ(w), with E(|dZ(w)]?) = dw,

we then get

with e = \/%ffﬂ ek dZ(w), and hy = cpt. Since the Z(w) has constant
incremental variance, the ej-variables are uncorrelated and normalized as re-
quired. O

4.4.3 Linear filters and differential equations

Linear filters expressed in terms of differential equations are common in the
engineering sciences. The linear oscillator, also called the harmonic oscillator,
is the basic element in mechanical systems which exhibit resonant periodic
movements. Its counterpart in electronic systems is the resonance circuit. We
shall describe both of these as examples of a general technique, common in the
theory of ordinary differential equations.

To illustrate the general ideas we start with the exponential smoothing filter,
also called the RC-filter, with a term borrowed from electrical engineering.

4.4.3.1 The RC-filter and exponential smoothing

Consider the electrical circuit in Figure 4.1 with potential difference z(t) on
the left hand side and potential difference y(t) on the right hand side. The
circuit consists of a resistance R and a capacitance C'. Regarding x(t) as the
driving process and y(t) as the resulting process we will see that this device
acts as a smoother that reduces rapid high frequency variations in z(t). The
relation between the input z(t) and the output y(t) is

RCY'(t) + y(t) = z(t), (4.43)

and the equations has the (deterministic) solution

1 t
- —(t—u)/(RC)
y(t) RO /_OO e z(u) du.
Thus, the impulse response of the RC-filter is

1
L —u/ro)

70 for u >0,

h(u) =
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Figure 4.1: Input z(t) and output y(t) in an exponential smoother (RC-
filter).

with frequency response
o 9 1
_ —iwu —u/(RC) du = )
9() /0 ©  RCC YT T+ iwRC

Applying the relation (4.37) we get the spectral density relation between input
and output,

_ fe(w)
fy(w) = WROZ T 1 (4.44)

The depreciation of high frequencies in the spectrum explains the use of the
RC-filter as a smoother.

To precede the general results for covariance function relations we also make
the following elementary observation about the covariance functions, where we
use the cross-covariances from Theorem 2:13:

re(7) = Cov(RCY' (t) + y(t), RCY (t +7) + y(t + 7))
= (RC)? Ty (T) + RC 1y (t,t +7) + RCry (Lt 4+ T) + 1y(7)
= (RC)2 ry(T) + RC ’I“?/J(T) + RC ’I“?/J(—T) + 1ry(7)
= (RC)2 Ty (T) + 1y (7).

Using the spectral density w?f,(w) for {¢/(t), t € R}, according to Example 4:6,
we find

) = (RO [ e fyw)dw+ [ fy(w)do
_ / U (WRC)? + 1} f,(w) dw,

and get the spectral density for {z(¢), t € R},
fo(w) = {(WRC)? +1} fy(w), (4.45)

in accordance with (4.44).
As a final observation we note that the impulse response function satisfies
the differential equation
RCH (u) + h(u) =0, (4.46)

for u > 0 with the initial condition h(0) = 1/(RC).
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4.4.3.2 Linear stochastic differential equations

Suppose we have a stationary process {z(t), t € R}, sufficiently differentiable,
and assume that the process {y(t), t € R} is a solution to an ordinary linear
differential equation with constant coefficients,

> ap iy ™ (t) = x(t). (4.47)
k=0

or, seemingly more generally,

q

p
D apwy® () =D by 2 (1). (4.48)
k=0 j=0

By “solution” we mean either that (almost all) sample functions satisfy the
equations or that there exists a process {y(t), t € R} such that the two sides are
equivalent. Note that (4.48) is only marginally more general than (4.47), since
both right hand sides are stationary processes without any further assumption.

What can then be said about the solution to these equations: when does it
exist and when is it a stationary process; and in that case, what is its spectrum
and covariance function?

For the linear differential equation (4.47),

aoy P (t) + ary®PV(t) + ...+ apry/ () + apy(t) = x(t). (4.49)
we define the generating function,
A(r) =ap+air+ ...+ apr?,
and the corresponding characteristic equation
rPA(rt) = agr? + a1rP .+ ap_1r +a, = 0. (4.50)

The existence of a stationary process solution depends on the solutions to the
characteristic equation. The differential equation (4.49) is called stable if the
roots of the characteristic equation all have negative real part.

One can work with (4.49) as a special case of a multivariate first order
differential equation. Dividing both sides by ag the form is

y = Ay +x, (4.51)
with Y(t) = (y(t)a y/(t)’ U ’y(p—l) (t))/a X(t) = (Oa 0’ o ,CC(t))/, and
0 1 0O ... 0
0 0 1 - 0
A= . : :
1

This is the formulation which is common in linear and non-linear systems the-
ory; cf. for example [14, Ch. 8], to which we refer for part of the following
theorem.



Section 4.4 Linear filters 109

Theorem 4:9 a) If the differential equation (4.49) is stable, and the right hand
side {x(t), t € R} is a stationary process, then there exists a stationary process
{y(t), t € R} that solves the equation. The solution can be written as the output
of a linear filter
t
y(t) = / h(t — u) z(u) du, (4.52)
—00

where the function h(u) solves the equation
aph® (t) + arhP~V(t) + ... + ap_1h'(t) + aph(t) = 0, (4.53)

with initial conditions h(0) = h'(0) = ... = h®=2(0) = 0, KP=D(0) = 1/a,.
Further [ |h(u)]du < oo.

b) If {x(t), t € R} is a p times differentiable stationary process with spectral
density f.(w), then also b a;zV)(t) is a stationary process, and it has the

spectral density
2

fz(w) (4.54)

Z a; (iw)’
0

c) If {z(t),t € R} and {y(t), t € R} are two stationary processes that solve
the differential equation (4.48), then their spectral densities obey the relation

S s ) = [ bt | ). (155)

Proof: a) If {z(t),t € R} has ¢ times differentiable sample paths (with
probability one), we use a standard result in ordinary differential equations to
get a solution for almost every sample path; see [14, Ch. 8].

If we work only with second order properties one can take (4.52) as the def-
inition of a process {y(t), t € R} and then show that it is p times differentiable
(in quadratic mean) and that the two sides of (4.49) are equivalent.

Part b) and c) are easy consequences of the spectral process property (4.14).
Just write the differential form in the right hand sides by means of the spectral
representation and perform the integration. O

4.4.3.3 The linear oscillator

The linear random oscillator is the basic ingredient in many engineering ap-
plications of stationary processes. We will examine two formulations from me-
chanical and electrical engineering, respectively.

Example 4:7 First consider a spring-and-damper system as in Figure 4.2, with
mass m, stiffness £ and damping coefficient ¢. When the mass is subject to
a regular or irregular varying force z(t) if moves more or less periodically, and
we denote the displacement from the equilibrium by Y'(t); see Figure 4.2.
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S

Figure 4.2: A simple damped oscillator.

The relation between the force X (¢) and the resulting displacement is de-
scribed by the following differential equation,

my () + ey (£) + ky(t) = a(t). (4.56)

Here wy = /k/m is called the response frequency or eigenfrequency, and

(= 2\/07776 the relative damping. Expressed in terms of the damping and eigen-

frequency the fundamental equation is
Y () + 20woy/ (1) + wiy(t) = m ™ x(2).

This equation can be solved just like an ordinary differential equation with a
continuous z(t) and, from Theorem 4:9, it has the solution

o(t) = [ bt~ watu) du,

expressed with the impulse response function
h(u) = m™ oy e sin(@u), u >0,
with the constants

a = (wo,

o = wo(1 = ¢*)'2.

To find the frequency function g(w) for the linear oscillator we consider
each term on the left hand side in (4.56). Since differentiation has frequency
function 4w, and hence, repeated differentiation has frequency function —w?,

we see that g(w) satisfies the equation

{—mw? + ciw + k} - g(w) = 1,
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and hence

1
9w) = —mw? +icw + k (4:57)
Since
9 1
9) =
the spectral density for the output signal y(t) is
2
P N ) )

(k —mw?)? + 2w? (Wi —w?)? + 4a2w?’

Example 4:8 A resonance circuit with one inductance, one resistance, and one
capacitance in series is an electronic counterpart to the harmonic mechanical
oscillator; see Figure 4.3.

A1 Bl

s T
o y(t)
! |
l

Figure 4.3: A resonance circuit.

—_—

"
~—~

-+
~—

@ «——

Az

If the input potential between A; and Aj is z(t), the current I(¢) through
the circuit obeys the equation

LI'(t)+ RI(t) + é /t I(s)ds = x(t).

The output potential between B; and Bs, which is y(t) = RI(t), therefore
follows the same equation (4.56) as the linear mechanical oscillator,

Ly'(6) + By (6) + Gu(t) = Ra(), (459)

but this time with z/(¢) as driving force. The frequency function for the filter
between x(t) and y(t) is (cf. (4.57)),
(@) = w
T = Z(L/R)w? + iw + 1/(RC)

The response frequency wy = 1/v/ LC is here called the resonance frequency.
The relative damping ¢ corresponds to the relative bandwidth 1/Q = 2(, where

1/Q = Aw/wy = R\/C/L,
and Aw = wy — wy is such that |g(w1)| = |g(w2)] = |g(wo)|/V2.
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Example 4:9 As a final example we consider

y'(t) + 2y (t) + y(t) = x(2),

with the stationary process {z(t), t € R} as input. The frequency function for
the filter in (4.52) is the solution to h”(u) + 2h/(u) + h(u) = 0, and is of the
form
h(u) = e “(C1 + Cau),
where the boundary conditions give C; = 0,y = 1. The solution
t
vt) = [ (¢ = we ) du

—0o0

has the spectral density
fo(w) fz(w)

T 20iw) 1 ()P (T2

fy(w)

4.4.4 White noise in linear systems

4.4.4.1 White noise in a linear differential equation

The Wiener process was constructed as a mathematical model for the Brownian
motion of particles suspended in a viscous fluid in which the erratic particle
movements are the results of bombardment by the fluid molecules. The Wiener
process model requires that the fluid has zero viscosity and infinite mass.

A more realistic model gives room also for the viscosity and particle mass.
If x(t) denotes the force acting on the particle and y(t) is the velocity, we get
the Ornstein-Uhlenbeck differential equation (4.32) from Example 4:3,

agy'(t) + ary(t) = x(t), (4.60)

where a; depends on the viscosity and ag is the particle mass. If the force x(t)
is caused by collisions from independent molecules it is reasonable that different
z(t) be independent. Adding the assumption that they are Gaussian leads us
to take z(t) = ocw/(t) as the “derivative of a Wiener process”, i.e. Gaussian
white noise,

agy' (t) + a1y(t) = o w'(t).

This equation can be solved as an ordinary differential equation by

1/t 1 [t
y(t) = — / e Wy () du = — [ e du(u). (4.61)
0/0 —00 aO —00

Here the last integral is well defined, Example 2:7 on page 51, even if the
differential equation we started out from is not.
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By carrying out the integration it is easy to see that the process y(t) defined
by (4.61) satisfies

a / () du = aofy(t) ~ y(to)) + oa(t) — (to))

which means that, instead of equation (4.60), we could have used the integral
equation

ao(y(t) —y(to)) + ax / y(u) du = o (w(t) — w(to)), (4.62)

u=tg

to describe the increments of y(t).
The general differential equation

apy P () + ary® V() + ...+ ap_1y' (1) + apy(t) = ow'(t)

can be solved in a similar way, and expressed as a stochastic integral,

t
y(t) = o / h(t — ) dw(u), (4.63)
The impulse response function h(u) is the solution to

aoh® (t) + arhP~ V() + ... + ap_1h' (t) + aph(t) = 0,

as in Theorem 4:9. The formal differential equation can be replaced by the well
defined differential-integral equation

a0 (1) — y#V(to)) + a1 (2 (1) — 72 (10)) +
bt apa () — y(to) + / y(u) du
— o (w(t) — w(to)).

Stochastic differential equations involving Gaussian white noise are often
written as
aody(t) dt + ary(t) dt = o dw(t),

or more generally as
dy(t) = a(t)y(t) dt + o(t) dw(t),

with variable deterministic coefficients.
In the most general form, with random coefficients,

dy(t) = a(y(t), 1) y(t) di + o (y(t),t) dw(?),

a complete new theory is needed, namely stochastic calculus; the reader is re-
ferred to [39] for a good introduction.
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4.4.4.2 White noise and constant spectral density

A linear systems equation defines the relation between an input signal z(t)
and a response process y(t). The linear system acts as a frequency dependent
amplifier and phase modifier on the input. Of special importance is the case
when the input is white noise. This idealized type of process is strictly defined
only in the context of linear systems. The characteristic feature of white noise,
it may be denoted n(t) or, if it is Gaussian, w'(t), is that all frequencies are
represented in equal amount, i.e. it has constant spectral density

0.2

:%’

fn(w)

—o0 < w <.

Strictly, this is not a proper spectral density of a stationary process since it
has infinite integral, but used as input in a linear system with a impulse re-
sponse function that satisfies [ |h(u)|? du < 0o, it produces a stationary output

process.

Theorem 4:10 a) The stationary process {x(t), t € R}, defined as a stochastic
integral from a standard Wiener process {w(t), t € R} by

z(t) = /OO h(t — u) dw(u),

has covariance function

and spectral density

2

where g(w) = ffooo e~ ™Wuh(u) du is the frequency response function correspond-
ing to the impulse response h(u).

b) If x(t) = ffoo h(t —u) dw(u) is a solution to a stable stochastic differential
equation

agy® (1) + ary® V() + ... + ap—1y' (t) + apy(t) = ow' (1), (4.64)
then its spectral density is
IR
2 |SShganliw)r k|

Proof: a) The covariance function is a direct consequence of Theorem 2:16.
Now the right hand side of the integral expression for r,(t) is the convolution of

h(u) with h(—v) and their Fourier transforms are g(w) and g(w), respectively.

fau(w)
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Since convolution corresponds to multiplication of the Fourier transforms, the
spectral density of r,(t) is, as stated,

folw) = g(w)g(w)/(2m) = |g(w)[*/(27).

b) The relation between the impulse response and the frequency response func-
tion g(w) is a property of the systems equation (4.64) and does not depend on
any stochastic property. One can therefore use the established relation

1
9(w) = b ak(iw)p=k

to get the result. O

Part (b) of the theorem finally confirms our claim that the Gaussian white
noise ow'(t) can be treated as if it has constant spectral density o2/(2m).

A stationary process with spectral density of the form w where P(w)
is a complex polynomial can be generated as the output from a stable linear
system with white noise input; this is a very convenient way to produce a

stationary process with suitable spectral properties.
Example 4:10 The linear oscillator

Y () + 20wy (t) + wiy(t) = n(t)

where the white noise input n(t) has constant spectral density, f(w) = §-,
has spectral density (cf. (4.58)),

o2 1

fy(w) = o (W2 — w?)? + 40202

The covariance function is found, for example by residue calculus, from 7, (t) =
[ et f(w)dw. With o = (wp and wy = wpy/1 — (2 one gets the covariance

function )
o _ ~ (6
Ty (t) = 4aw86 at| (COS wot + &—Osmw0|t|> . (4.65)

4.4.5 The Hilbert transform and the envelope
4.4.5.1 The Hilbert transform

By the spectral representation we have expressed a stationary process x(t) in
terms of random cosine and sine functions with positive and negative frequen-
cies. The complex form of the spectral representation,

z(t) = / T gt dZ(w),

—0o0
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yielded a real process by the requirement dZ(—w) = dZ(w). In fact, x(t) is
then expressed as the sum of two complex processes, of which one is the complex
conjugate of the other.

If we take only the half spectral representation,

5 = 2 /0 :O ¢t dZ(w) + AZ(0),

where AZ(0) is the jump of Z(w) at the origin, we obtain a particularly useful
linear transform of z(t). One can obtain x*(¢) as the limit, as A | 0 through
continuity points of F(w), of the linear operation with frequency function

0, w < —h,
gr(w) = ¢ 1, [w| < h,
2, w > h.

The process Z(t), defined by
z*(t) = x(t) + i (t),

is the result of a linear filter on z(t) with frequency function

1, w <0,
gw)=4¢0, w=0,
—i, w > 0.

It is called the Hilbert transform of z(t).3

When z(t) is real, with dZ(—w) = dZ(w), with the real spectral represen-
tation (4.23),

x(t) = /O:O coswt du(w) + /000 sinwt dv(w) + du(0),

it follows that also Z(¢) = i(x(t) — x*(t)) is real, and that it is given by

z(t) = /000 sinwt du(w) — /000 coswt dv(w). (4.66)

+

Thus, z*(t) is a complex process with z(t) as real part and Z(¢) as imaginary
part. All involved processes can be generated by the same real spectral processes
{u(A), 0 < XA < oo} and {v(A), 0 <\ < oo}.

Theorem 4:11 Let {z(t), t € R} be stationary and real, with mean 0, co-
variance function r(t) and spectral distribution function F(w), with a possible
jump AF(0) at w = 0. Denote the Hilbert transform of z(t) by Z(t). Then,
with G(w) denoting the one-sided spectrum,

3MATLAB, Signal processing toolbox, contains a routine for making Hilbert transforms.
Try it!
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a) {Z(t), t € R} is stationary and real, with mean 0, and covariance function

o0 [e.o]

et dF(w) — AF(0) = /0+ coswt dG(w).

A(t) = r(t) — AF(0) = /

— 00

b) The process Z(t) has the same spectrum F(w) as x(t), except that any
jump at w =0 has been removed.

¢) The cross-covariance function between x(t)and Z(t) is
r*(t) = E(x(s) - Z(s + 1)) = / sinwt dG(w).
0

In particular, x(t) and Z(t) are uncorrelated, taken at the same time
instant.

Proof: Part (a) and (c) follow from (4.23), (4.66), and the correlation prop-
erties (4.24-4.26) of the real spectral processes. Then part (b) is immediate.
a

4.4.5.2 The envelope

Assume that F(w) is continuous at w = 0 so there is no ”constant” random
component in z(t), and consider the joint behavior of x(¢) and its Hilbert
transform Z(t). Also assume z(t), and hence Z(t), to be Gaussian processes,
with common covariance function r(¢), and consider the complex process

o) = a(t) +iF(t) = 2 /0 :o ¢t 47 (w).

The envelope R(t) of z(t) is the absolute value of x*(t),

R(t) = /()2 + 2()2.

In particular, |z(t)| < R(t), with equality when Z(¢) = 0.
Since, for Gaussian processes, z(t) and Z(t) are independent with the same
Gaussian distribution, the envelope has a Rayleigh distribution with density

r
f(r) = —e "2 r >0,
o
The envelope, as defined here, does always exist, and it always has the
stated statistical properties. The physical meaning of an envelope is however
not clear from the mathematical definition, and we must turn to special types

of processes before we can identify any particularly interesting properties of
R(t).
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4.4.5.3 The envelope of a narrow band process

For processes with spectrum concentrated to a narrow frequency band, the sam-
ple function have a characteristic ”fading” look, as a wave with one dominating
frequency. Then the envelope represents the slowly varying random amplitude.

We consider a stationary process x(t) with spectral density f(w) concen-
trated around some frequency wy,

F@) = 3fole = wo) + 3 fofe + wo),

for some function fo(w) such that fo(w) = fo(—w), and fo(w) =0 for |w| > d,
some d < wg. Express x(t) in spectral form, using the normalized form (4.22),
to obtain

z(t) = /00 et/ fw) dWe(w)

wo+d

_ V@ —w0)/2 € dWe (w)

wo—d

—wo+d

+ V folw + wp)/2 et dWe(w)

—wo—d

= Li(t) + L(t), say.

By change of variables in [;(t) and I5(t) this gives,

d
I1(t) = ™ot /_d V fo(w)/2 et d,We(w + wo) = e“0tY (1),
. d .
D(t) = et /_ VR Wl = w0)

d
— o—iwot /d fo(w)/2 et d,We(—w — wy) = T(t)7

and, in combination,

z(t) = 2ReY (t) 0t
Here, Y (t) is a complex process
d
Y(0) = Yilt) + Ya(t) = [ VA2 duWo(w + wo)
—d
with only low frequencies. With R(t) = 2|Y (¢)| and ©(t) = arg Y (¢), we obtain
z(t) = R(t) Re &' “01+OM) — R(¢) cos(wot + O(t)).

The envelope R(t) has here a real physical meaning as the slowly varying am-
plitude of the narrow band process.
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A narrowband wave, with Hilbert transform and envelope

A Pierson-Moskowitz wave, with Hilbert transform and envelope

25

10 20 30 40 50 0 50 100 150 200

Figure 4.4: Gaussian processes and their Hilbert transforms and envelopes.

Left: Pierson-Moskowitz waves, Right: process with triangular spectrum
over (0.8,1.2).

4.4.6 The sampling theorem

The spectral form expresses a stationary process as an integral, in quadratic
mean, of elementary cosine functions with random amplitude and phase. If all
these amplitudes and phases are known, the process can be reconstructed. For
band limited processes, this is particularly simple. A process is band limited to
frequency wy if

F(—wo+) — F(—00) = F(o0) — F(wo—) =0,

i.e. its spectrum is restricted to the interval [—wp,wp]. We require that there
is no spectral mass at the points +wy.

Theorem 4:12 If the stationary process {x(t), t € R} is band limited to wy,
then it is perfectly specified by its values at discrete time points spaced tg = m/wq
apart. More specifically, with probability one,

[e.o]

z(t) = > x(a+kto)-

k=—o0

sinwg(t — a — kto)
u)o(t - — k?to) ’

(4.67)

where « s an arbitrary constant.

Proof: The spectral representation says that
wo—
x(t) :/ et dZ (w).
—wo+

For a fixed ¢, the function g;(w) = ™ - I1_ o) 18 square integrable over
(—wo,wp), and from the theory of Fourier series, it can be expanded as
N .
@t — 1im eiwkto . sin WO(t — ktO)’
NHOOk N u)o(t — k‘to)
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with convergence in H(F), i.e.
wo
/;WO

The convergence is also uniform for |w| < wp = 7/ty. For w = £wy it converges
to

N . 2
gt 3 ko sin wo(t — kto) dF(w) — 0.
N LUQ(t — ktO)

ezwot + efzwot

2 = cos wqt.
Therefore, if dF(fwy) = 0, then
N .
. 5 t— kt .
Z eiwkto . —blzg)((;(_ k:to)O) — Wt (4.68)
=—N

in H(F) as N — 0.
Inserting this expansion in the spectral representation of {z(t), t € R} we
obtain,

N 2

2(t) — Y a(kto) -

k=—N

wo [ N sin wg (t — kto)
- F / ewt _ piwkto  SILWOLt = Fto) ) 7
' —wo < kz wo(t — kto) )

sin wo (t — k‘to)

E
(.U()(t — k‘to)

(4.69)

2

-N

«o ; N ; sin (.U()(t — k‘to) ’
< / ezwt - Z ezwkto . dF(w)

—wp R— (.U()(t - kt())
By (4.68), this goes to 0 as N — oo, i.e.
N .
t—kt
z(t) = lim Y z(kto)- sinwo(t — kto)

N—oo

wo(t — kto)

in H(z), which is the statement of the theorem for & = 0. For arbitrary a,
apply the just proved result to y(t) = z(t + ). O

Remark 4:2 If there is spectral mass FT = dF(wg), F~ = dF(wy), at the
endpoints twy, then (4.69) would tend to

sin? wot(FT + F7),

failing the sampling representation.
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An example of this is the simple random cosine process, x(t) = cos(wot+ ),
which has covariance function r(t) = %cos wot, and spectrum concentrated at
dwo. Then

z(a + ktg) = (—1)*z(a),
which means that for every t, the sum

sinwg(t — a — ktg)
u)o(t - — k‘to)

Z x(a+ ktg) -

k

is proportional to x(a). On the other hand (o + to/2) is uncorrelated with

z(a) and cannot be represented by the sampling theorem.

4.5 Karhunen-Loéve expansion

4.5.1 Principal components

In a multivariate distribution of a random vector the components may be more
or less statistically dependent. If there is strong dependence between the com-
ponents it is possible that it suffices to specify a few (random) values in order
to specify almost the entire outcome of the full random vector. The formal tool
to generate such a common behavior is the concept of principal components,
which is a tool to approximately reduce the dimensionality of a variation space.

Let x = (x1,...,2,)" be a vector of n random variables with mean zero
and a covariance matrix 3, which is symmetric and non-negative definite by
construction. The covariance matrix has n eigenvalues wy with corresponding

orthonormal eigenvectors py, decreasingly ordered as wi > wo > ... > wy,
such that

Xpir = WkPk-
The transformation

2p = L p) X

N

gives us n new standardized random variables

_ PPk _ PPk _

V(zk) 1.
Wik Wik
Furthermore, they are uncorrelated, for j # k,
Cov(zj.z) = E(zjz1) = ! E (pxx'pi) = ! p.XprL=0,
J J Wy Wi J Wi Wk J

since the eigenvectors p; and pj are orthogonal.
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The random variables yp = /wgzi, k = 1,...,n, are called the principal
components of the vector x. In matrix language, with P = (p1,...,pn) as the
matrix with the eigenvectors as columns,

y = Px with inverse x =P y,

is a vector of uncorrelated variables with decreasing variances wy.
Since the matrix P is orthogonal, P~! = P’, the original z-variables can
be expressed as a linear combination of the uncorrelated variables y; and zg,

n
T = pzy = Z V@iPrZj- (4.70)
j=1
In practice, when one wants to simulate a large vector of many correlated
Gaussian variables, one can use (4.70) to generate successively the most im-
portant variational modes and truncate the sum when, for example it describes
99% of the variation of the xz-variables.

4.5.2 Expansion of a stationary process along eigenfunctions

We shall now generalize the finite-dimensional formulation in the previous sec-
tion to continuous parameter stochastic processes. By the spectral representa-
tion, x(t) = [e“!dZ(w), every stationary process can be expressed by means
of uncountably many orthogonal variables dZ(w). For processes with discrete
spectrum with jumps at +wy, Z(w) has countable many jumps AZ(wy) and
z(t) = e ALZ.

In fact, every quadratic mean continuous process, stationary or not, can
be expressed on a finite interval [a,b] as a sum of deterministic functions with
random orthogonal coefficients,

n

x(t) = nlLrglo Z c(t)zg.
0

The convergence is uniform for a <t < b, in the sense that
2
E

— 0,

x(t) — Z cx(t) 2k
0

uniformly in ¢, as n — oco.

The functions cx(t) depend on the choice of observation interval [a,b], and
the random variables z;, are elements in the Hilbert space spanned by x(t);t €
[a7 b] ’

2k € H(z(t);t € [a,b]).

Let us first investigate what properties such an expansion should have, if it
exists. Write H(x) instead of H(x(t);t € [a,b]). Suppose there exists z; with

l26llfey =1, (zj2) = Blz7r) = 0,5 # &,
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and assume that the family {z;} is complete for H(x), i.e. the z; form a basis
for H(z). In particular this means that for every U € H(x),

ULz, Vk=U=0.

Now take any y € H(x), and define ¢ = (y, z;). Then, by the orthogonal-
ity,
2
E

n
y— chzk
0

=...=B(lyl’) =Y lel,
0

so g lekl? < Hy||${(m) for all n, and hence > o° |ex|* < ||y\|${(x) This means
that > 0° ¢x2;, exists as a limit in quadratic mean, and also that

[e.9]
y_zckzk Lz
0

for all n. But since {23} is a complete family, y = > crzi = > o (Y, 2k) 2k -
Now replace y by a fixed time observation of x(¢). Then, naturally, the ¢

will depend on the time ¢ and are functions c(t), z(t) = > cx(t)zx. For the

covariance function of x(t) = >, cx(t)z, we have, by the orthogonality of z,

r(s,) = B(w(s)7(0) = > s(s) an®) B(zy70) = 3 culs)end).

J:k k

Thus, we shall investigate the existence and properties of the following pair
of expansions,

z(t) =) er(t)z, (4.71)

k
r(s,t) = ch(s)ck(t). (4.72)
k

Not only can the z; be taken as uncorrelated but also the functions ¢ ()
can be chosen as orthogonal, i.e.

b
[ etatma=o. itk
b
[ et de =z 0.

As a final check on the consequences of an expansion (4.72) and the ortho-
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gonality of the functions c(t), we observe the following arguments®,

b b [ .© .
/r(s,t)cj(t)dt:/ {ch(s)ck(t)}cj(t)dt

0

o] o]
= ch / Ck :Z wk; k:chj(s).
0 a 0

Thus, the functions c;(t) are eigenfunctions with eigenvalues w; to the
covariance operator r(s,t),

b
c(-)»—>/ r(t) e(t) dt

Call the normalized eigenfunctions ¢;(t) = ¢;(t) if w; > 0, making ¢ (t) a

1
V&5
family of orthonormal eigenfunctions.

4.5.3 The Karhunen-Loéve theorem

Theorem 4:13 Let {z(t);a < t < b} be continuous in quadratic mean with
mean zero and covariance function r(s,t) = FE(z(s)x(t)). Then there exist
orthonormal eigenfunctions ¢r(t),k = 0,1,...,N < oo, for a <t < b, with
etgenvalues wy > 0, to the equation

b
/ F(5,1) B(t) di = w (s),

such that the random variables

¢k

are uncorrelated, and can represent x )as

= Vwk dk(t) 2 (4.73)
0

The sum is a limit in quadratic mean and |z(t) — >0 /wk ¢k (t) Zk:”?{(x) — 0
uniformly for t € [a,b].

The variables z; are sometimes called observables and they can be used
for example to make statistical inference about the distribution of the process
x(t). Note, that if z(¢) is a normal process, then the zj are uncorrelated normal
variables, and hence independent, making inference simple.

Before we sketch the proof of the theorem, we present an explicit construc-
tion of the Wiener process as an example of the Karhunen-Loeve theorem.

“The termwise integration is allowed, since SUP; efap) | 20 Cr(8)er(t)] < sup,r(t,t) < oo
Prove this as an exercise.
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Example 4:11 The standard Wiener process w(t), observed over [0,7] has
covariance function r(s,t) = min(s,t), and eigenfunctions can be found explic-
itly: from

T
/0 min(s,t) ¢(t) dt = we(s),

it follows by twice differentiation,

S T
/ to(t) dt + / so(t) dt = wo(s) (4.74)
0 s
s6(s) — (s / o(t) dt = we(s) (4.75)
—o(s) = wg'(s). (4.76)

The initial conditions, ¢(0) =0, gb’ (T') = 0, obtained from (4.74) and (4.75),
imply the solution ¢(t) = Asi \F’ with COS% = 0. Thus, the positive
eigenvalues wy, satisfy

T
—=%+‘”’ k=0,1,2,....

N

The normalized eigenfunctions are

1
) = [ 2o BEDTE

1
772(k:+%)2.

with eigenvalues

cuk:T2

With

1 T _7T(ki+l) Tl tn(k+ 1)
Zk_\/—w_k/o qﬁk(t)w(t)dt—TQ/O \/;-SIHTQ-w(t)dt,

we have that the Wiener process can be defined as the infinite (uniformly con-

vergent in quadratic mean) sum
§i 7rt(k+
\/ Z 7T(k‘+ k>

with independent standard normal variables zj.

The reader should simulate a Wiener process w(t), find the variables zj
for kK = 0,1,...,n < oo by numerical integration, and reproduce w(t) as a
truncated sum.
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Proof: (of Theorem 4:13) We only indicate the steps in the proof, following
the outline in [35]. One has to show: the mathematical facts about existence
and properties of eigenvalues and eigenfunctions, the convergence of the series
(4.73), and finally the stochastic properties of the variables zj. This is done in
a series of steps.

(i) If f;r(s,t) o(t)dt = we(s), then w is real and non-negative. This follows
from

0< /ab/abr(s,t) b(s) gi)(t)dsdt:w/ab|¢(s)|2ds.

(ii) There is at least one non-zero eigenvalue. The largest eigenvalue is

b b
o= max [ [ 036 o0 dsat

where the maximum is taken over ||¢|?> = fab |p(t)]? dt = 1. As stated in [35],
”this is not easily proved”. The corresponding eigenfunction is denoted by
¢o(t), and it is continuous.

(iii) The function r1(s,t) = r(s,t) — woo(s)Po(t) is a continuous covariance
function, namely for the process

b
z1(t) = x(t) — do(t) / do(s)z(s)ds,

and it holds that ,
/ r1(5,1) do(t) dt = 0. (4.77)

Repeating step (i) with ri(s,t) instead of r(s,t) we get a new eigenvalue
w1 > 0 with eigenfunction ¢ (t). Since fab r1(s,t) ¢1(t) dt = wig1(s), we have

/ab ¢1(s) po(t) dt = wil/abgbo(s) {/abrl(s,t) 1 (t) dt} ds

_ L b¢1(t){/abr1(s,t) 50() ds} dt =0,

W1 Ja

according to (4.77) since r1(s,t) is real. Thus ¢o and ¢; are orthogonal.
It also follows that ¢ is an eigenfunction to r(s,t),

b b b_
/ r(s,1) () dt = / ri (s, 8) 1 (£) dt + wodbo(s) / So@n(t) dt
= wlgbl (8) + 0.

(iv) Repeat (ii) and (iii) as long as there is anything remaining of



Section 4.5 Karhunen-Loéve expansion 127

rn(s,t) =7r(s,t) Zwk¢k qbk

Then, either there is a finite n such that r, = 0, or there is an infinite decreasing
sequence of positive eigenvalues wy, | 0 with ), wy < 0o. Show as an exercise
that >, wp < f (s,s)dt.

(v) If there is an infinite number of eigenvalues, then

sup
a<s,t<b

r(s,t) = > wi or(s)dr(t)| —
k=0

as n — oo, i.e.
=) wr dr(s)dn(D),
k=0

with uniform convergence. (This is Mercer’s theorem from 1909.)

(vi) For the representation (4.73) we have
2

= E(|jz(t)]?) — Zwk |on ()
0
=r(t,t) = Y _wrloe®)* =0,
0

uniformly in a <t < b, according to (v), as n — 0.

= > Vordi(t) z
0

(vii) The properties of z; follow from the orthogonality of the eigenfunctions.
O

Example 4:12 As a classical engineering problem about signal detection we
shall illustrate the use of the Karhunen-Loeve expansion we shall show how one
can make hypothesis testing on the mean value function for a Gaussian process
x(t) with known covariance function r(s,t) = Cov(z(s),z(t)) but unknown
mean value function m(t) = E(x(t)). Following Grenander, [15], suppose we
have observed z(t)for a <t < b, and that we have two alternative hypotheses
about m(t),

Hy : m(t) = mo(t),
Hy: m(t) =mq(t)

wanting to ascertain which one is most likely true.
We calculate the independent N (0, 1)-variables zj,

2(t) +wak%—<wm@
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where z = \/%_k f; or(t) z(t) dt. The z; are not observable, since they require
Z(t) = x(t) — m(t), and m(t) is unknown, but we can introduce observable
independent Gaussian variables yj by a similar procedure working on z(t),

b b
?/k:/ qbk(t)x(t)dt:/ O() m(t) dt + 23/n.

Writing

b
a = / ou (D) m(t) dt

b
A — / gf)k(t) mz(t) dt, 1= 0, 1,

we have that yp € N(ag, /wr) and the hypotheses are transformed into hy-
potheses about ay:

Hotakza()k, kZO,l,...
chak:alk, kZO,l,...

Testing hypotheses about an infinite number of independent Gaussian vari-
ables in no more difficult than for finitely many. The likelihood ratio (LR) test
can be used in any case. Let the parameters be Ty = (ago,ao1,---,a0n,---)
and Ty = (a19,011,--.,01n,--.), respectively. The LR-test based on yo,...,yn
rejects Hy if the likelihood ratio p,(y) = f1(y)/fo(y) > ¢, where the constant
¢ determines the significance level. In this case

1 — — 2/9
_ fy(),,,,,yn(yo,...,yn;Tl) _ HZ:O TarocC (yp—a1r)? /2wy
Jvor (Y0, - - - »yn; To) HZ:O \/ﬁe*(yk*aokp/?wk

pu(y)

" yrla ay) 1 =a, —a? -
k\UQ0k — U1k 0k — "1k
—expq — Y IR TR L CONT Tk Tk L gl ST,
k=0 k=0 k=0
say. The LR-test thus rejects Ho if > ( Uy < cqa.
We now let n — oo, and examines the limit of the test quantity. If

% <50 and E —E < 0,
w w
0 k 0 k

then the sums converge; in particular ) (° Ui, converges in quadratic mean to
a normal random variable.

Since )
(a1k —Gok)
Wi

—_ 2 . .
W if H, is true

+

: if Hy is true
E(Uk) =4 |
2
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and ( 2
aix — Aok
V(U) = ———
Wk
under both Hy and H;, we have that ) ° U is normal with mean
o0 me — $° L (a1 —aok)? if Hy is true
Z U 0= 2.0 2 W 0
FE L] = )
<0 ) my=—mgy= — ?%%ifﬂlismue

and with variance

V(Z Uk) == 2(m0 - ml) == 4m0.
0

Thus, Hy is rejected if Y 0" Uy, < mo—wa2y/mg, where w, is the upper normal

a-quantile.

2
It Y mo’“;%’“) < o0, the test can be expressed in a simple way by the
k

observation that

ivk =[50 (st - 2l

where
o0

f)y =3B g 1),

w,
0 k
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Exercises

4:1. Let x(t) be a stationary Gaussian process with E(x(t)) = 0, covariance
function r;(¢) and spectral density f;(w). Calculate the covariance func-
tion for the process

y(t) = 2*(t) — r2(0),
and show that it has the spectral density

fy(w) =2 / T ) falw — ) i

4:2.  Derive the spectral density for u(t) = 2x(t)2’(¢) if x(¢) is a differentiable
stationary Gaussian process with spectral density f,(w).

4:3. Let e;, t =0,£1,£2,... be independent N(0,1)-variables and define the
stationary processes

t
v = 0ri 1 +e = E 0" " en,

n=—oo

Yr = et +er_q,

with [#] < 1. Find the expressions for the spectral processes Z;(w)
and Zy(w) in terms of the spectral process Z.(w), and derive the cross
spectrum between z; and y;. (Perhaps you should read Chapter 6 first.)

4:4. Let u, and v, be two sequences of independent, identically distributed
variables with zero mean and let the stationary sequences z,, and y, be
defined by

Yn = a1 +b01Tp_1 + up
Tp = az — bayn + vp.

Express the spectral processes dZ, and dZ, as functions of w, and v,
and derive the spectral densities for z, and ¥, and their cross spectrum.

4:5. Use the limit

. 1 forw>0

1 [T t ’

lim — / SH;“’ dt =140 forw=0,
T=eom JoT —1 for w < 0.

for the following alternative derivation of the spectral representation of a
stationary process x(t) with spectral distribution function F(w).

a) First show that the following integral and limit exists in quadratic
mean:
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4:6.
4:7.

4:8.

4:9.

b) Then show that the process Z(w), —0o < w < o0, has orthogonal
increments and that

E|Z(w2) — Z(w1)* = F(wz) — F(w1)

for wy; < ws.

c¢) Finally, show that the integral
/ et dZ(w) = lim Z R (Z(wpa1) — Z(wp))

exists, and that E|z(t) — [ e“'dZ(w)|* = 0.
Complete the proof of Lemma 4.1 on page 102.

Consider the covariance function

2
ry(t) = 4(;)(2) el (cos wot + %sin&dt!) ,

of the linear oscillator in Example 4:10 on page 115.

The covariance function contains some [t|; show that the covariance func-
tions fulfil a condition for sample function differentiability, but not for
twice differentiability.

Find the relation between the relative damping zeta and the spectral
width parameter oo = wo/\/omegagwy .

Prove that supg sciqs |20 ck(s)ek(t)] < sup,7(t,t) < oo in the expan-
sions (4.71) and (4.72).

Prove that in step (iv) in the proof of Theorem 4:13,

Zk:wk = Zk: lpr(t)|? dt < argggbr(s,s) (b —a)%
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Chapter 5

Ergodic theory and mixing

The concept of ergodicity is one of the most fundamental in probability, since
it links the mathematical theory of probability to what can be observed in a
deterministic mechanical world. It also plays an important role in statistical
physics and in fact, the term ergodic was coined by Ludwig Boltzmann in 1887
in his study of the time development of mechanical particle systems. The
term itself stems from the Greek ergos = ”work” and hodos = ”path”, possibly
meaning that ergodic theory is about how the energy in a system evolves with
time. Ergodicity in itself is not a probabilistic concept and it can be studied
within a purely deterministic framework, but it is only in terms of probabilities
that a sensible interpretation can be given to the basic ergodic results. The main
result in this chapter is the Birkhoff ergodic theorem, which in 1931 settled the
question of convergence of dynamical systems. For an account of the parallel
development in statistical physics and probability theory, see the interesting
historical work by von Plato [26]. The account in this chapter is based on [5]
and [9]. More results on ergodic behavior of random and non-random sequences
can be found in [12], and for general stochastic aspects of dynamical systems,
[21].

5.1 The basic Ergodic theorem in L2

We met our first ergodic theorem in Section 2.7, Theorem 2:17, stating covari-
ance conditions under which the time average 7! fOT x(t) dt tends, in quadratic
mean and with probability one, to the expectation of the stationary process
{z(t), t € R}. In the special case when xz(t) is stationary with covariance
function r(t) = Cov(z(s),z(s +t)), the quadratic mean convergence becomes
particularly simple. If E(x(t)) =0 then

m

! / (t)dt — 0 implies ! / (t)dt 0
— — — —
; T impli ; T )

133
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as T — oo. This was proven by elementary calculation in Theorem 2:17(a).
Note that it follows from the statements in Theorem 4:7 in Section 4.3.3, that
the relation is satisfied if and only if the spectral distribution function is con-
tinuous at the origin.

By means of the spectral representation z(t) = [ ™' dZ(w), we can formu-
late a more precise theorem and see what happens if this sufficient condition
does not hold. In Section 4.3.2 we stated an explicit expression (4.15) for the
spectral process Z(w). In fact, if wq and w9 are continuity points of the spectral
distribution function F'(w), then we have the parallel expressions

T _—iwst

1 e et

F(wz) = Flwr) = o lim i r(t)dt,
1 T e—iwgt o e—iwlt

Z(w2) — Z(w1) = %Tlféo . i a(t) dt,

the latter convergence being in quadratic mean.

We repeat the statement from Theorem 4:7, that when the spectral distri-
bution F is a step function, then

1 (7 :
lim —/ r(t)e "k dt = AR,
0

T
lim l/ P dt = S (AR,

T—oo T 0 .

e :
Tlgrgof/o z(t)e Wt dt = AZ.

5.2 Stationarity and transformations

5.2.1 Pseudo randomness and transformation of sample space

For strictly stationary processes one can obtain limit theorems of quite different
character from those valid for processes which satisfy a covariance stationarity
condition. These theorems also require much deeper conditions than simple
covariance conditions. Remember, however, that a Gaussian (weakly) station-
ary process is also strictly stationary, so the general ergodicity properties of
Gaussian processes can be inferred already from its covariance function. We
start by giving all results for stationary sequences {x,;n € Z}.

For a strictly stationary sequence the location of the origin is unessential for
the stochastic properties, i.e. P((z1,x2,...) € B) = P((zx+1,Tk12,...) € B)
for every Borel set B € By ; see Section 1.3.2. This also means that we can
assume the sequence to be double ended, and to have started in the remote
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past.! From now on in this chapter, by a stationary process we mean a process
that is strictly stationary.

How do we — or nature — construct stationary sequences? Obviously, first
we need something (call it ”a game”) that can go on forever, and second, we
need a game where the rules remain the same forever.

Example 5:1 (The irrational modulo game) A simple game, that can go on
forever and has almost all interesting properties of a stationary process, is the
adding of an irrational number. Take a random zg with uniform distribution
between 0 and 1, and let # be an irrational number. Define

Tr+1 =2k +60 mod 1,

i.e. kg1 is the fractional part of x4+ 6. It is easy to see that xy is a stationary
sequence. We shall soon see why this game is more interesting with an irrational
f than with a rational one. If computers could handle irrational numbers, this
type of pseudorandom number generator would be even more useful in Monte
Carlo simulations than it is.

Example 5:2 One can define other stationary sequences by applying any time
invariant rule to a stationary sequence x,, e.g. with 0 < o9 < 1, y, = 1 if
Tpy1 > 22 and gy, = 0 otherwise. A more complicated rule is

UYp = Tp + max efk:cm_k.
k>0
The well-known quadratic transformation,

Tpg1 = cxp(l — xp),

is an example of an interesting transformation giving rise to a stochastic se-
quence when x( is random; in Exercise 5:5 you are asked to find its stationary
distribution.

5.2.2 Strict stationarity and measure preserving transforma-
tions

Deterministic explicit rules, like 11 = x, + 6 mod 1, are just examples of
transformations of a sample space which can produce stationary sequences for
certain probability distributions. We need to define a general concept of a mea-
sure preserving transformation, which makes the resulting process stationary.

"More precisely, for every strictly stationary sequence {zn,n € N} there exists a strictly
stationary sequence {Zn;n € Z} such that Zn;n > 0 have the same finite-dimensional distri-
butions as x,;n > 0; prove this in Exercise 5:4.
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Definition 5:1 a) Consider a probability space (2, F, P). A measurable trans-
formation®> T on (0, F, P) is called measure preserving if

P(T7'A)=P(A) forall Ac F. (5.1)

b) Given a measurable space (2, F) and a measurable transformation T on
(Q,F), a probability measure P is called invariant if (5.1) holds.

In statistical physics or dynamical systems theory, a probability space is
regarded as a model for the "universe”, with the outcomes w representing all
its different ”states”, e.g. the location and velocity of all its particles. The
measure P defines the probabilities for the universe to be in such and such a
state that certain events occur. A transformation Tw is just a law of nature that
changes the state of the universe; that a transformation is measure preserving
means that the events occur with the same probability before and after the
transformation.

5.2.2.1 From a measure preserving transformation to a stationary
sequence

Every measure preserving transformation can generate a stationary sequence.
To see how, take a random variable z(w) on (2, F, P), i.e. a "measurement” on
the state of the universe, for example its temperature. Then z(7Tw) is the same
measurement taken after the transformation. Define the random sequence

11(w) = z(w), zo(w) = z(Tw),...,z,(w) = (T w),. ..

Since T' is measure preserving, this sequence is strictly stationary: With B €
B and

A ={w; (z1(w), 22(w),...) € B} = {w; (z(w), z(Tw),...) € B},
P(A) = P((x1,3,...) € B). Further,
T'A = {w;Tw € A} = {w; (z(Tw), z(T?w),...) € B}
= {w; (22(w), 23(w),...) € B},
and thus P(T~'A) = P((xa,23,...) € B). Since T is measure preserving,

P(A) = P(T7'A), and hence (x1,22,...) and (x2,z3,...) have the same dis-
tribution, that is, x,, is a stationary sequence.

2A measurable transformation 7 on a measurable space (£2,F) is a function defined on
Q such that the inverse images under T of all sets in F are again in F; that is T 'A =
{wjTwe A} € F for all Ae F.
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5.2.2.2 From a stationary process to a measure preserving transfor-
mation

We have just seen how to construct a stationary sequence from a measure
preserving transformation. Conversely, every stationary sequence generates a
measure preserving transformation on R°, the space of realizations for the
stationary sequence.

Take the probability space (R*, B, P) with outcomes

w=(z1,22,...),
and define the shift transformation T by
Tw = (x2,x3,...).

As an example, take the set A = {w;z1 < x2} to be the outcomes for which
the first coordinate is smaller than the second one. Then T1A = {w;Tw € A}
is the set {(z1,x9,...); (x2,23,...) € A} = {(z1,22,...);x2 < x3}, that is, the
second coordinate is smaller than the third. The transformation just shifts the
event criterion one step to the right.

Take the coordinate process x(w) = w = (21,2, ...), for which the n** vari-
able in the sequence is equal to the nt" coordinate in the outcome, and assume
that P is such that x is a stationary sequence. Then the shift transformation
T is measure preserving — the shifted sequence has the same distribution as the
original one.

Remark 5:1 The property that a transformation is measure preserving, of
course depends on the probability measure P and not only on the transfor-
mation itself. In probability theory, where the probability measure is often given
a priori, it is natural to put the request on the transformation.

In the mathematical study of dynamical systems, one often starts with a
transformation T and seeks a measure under which T 1is measure preserving.
Such a measure is called invariant. Thus, invariant measures in the dynamical
systems theory are equivalent to the strictly stationary processes in probability
theory.

5.3 The Ergodic theorem, transformation view

The classical ergodic theory for dynamical systems, deals with what happens in
the long run when one observes some characteristic of the system, i.e. when one
takes observation x(w). The state of the system changes by the transformation
T, and our interest is with the time average of the sequence of measurements
r(w), z(Tw), z(T?w), ..., taken for a fixed initial outcome w,

1 n
1 k=1
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as n — oo. Think of © as all the possible states our universe can be in,
and, to be concrete, think of z(w) as the temperature at one specific location.
The universe changes states from day to day, and if w is the state of the
universe today, and Tw its state tomorrow, then % ST a(TH1w) is the average
temperature observed over an n-day period.

In this section we shall take the transformation view on ergodic theory, and
prove the ergodic theorem in that vein. In the next section we shall do exactly
the same thing, but take a probabilistic strictly stationary process view, and
prove the ergodic theorem in terms of random variables and expectations.

5.3.1 Invariant sets and invariant random variables

To motivate the introduction of invariant sets and invariant random variables,
we consider the possible limits of the average of a sequence of random variables,

Sp/n = % ;xk

If S,,/n converges, as n — oo, what are the possible limits? Say, if S,,/n — y,
a random variable, then obviously z,/n = S,/n — S,_1/n —y —y =0, and?

o+ w3+ ...+ T — T
y = lim 2+ T3t LA |t Sl
n n
= lim$2+$3+---+$n+1 — lim 4L
n n
We see that the limit of S, /n is the same for the sequence z1,zs,... as it

would be for the shifted sequence s, z3,....

Definition 5:2 Consider a probability space (2, F, P) and a measure preserv-
ing transformation T of € onto itself.

(a) A random variable x on (2, F,P) is called invariant under T if x(w) =
z(Tw), for almost every w € Q).

(b) A set A € F is called invariant under T if T A = A.
Example 5:3 The limit of S,,/n is invariant (when it exists) under the shift

transformation (x1,z9,...) — (x2,z3,...) of R®. The random variables y =
limsup z,, and limsup S, /n are always invariant.

3Show as an exercise, if you have not done so already, that z, is a stationary sequence
with E(|zn]) < oo, then P(zn/n — 0, as n — co) = 1; Exercise 5:6.
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Example 5:4 Let x,, be a Markov chain with transition matrix

1/21/2 0 0
1/32/3 0 0
0 0 2/31/3]|"
0 0 1/21/2

with starting distribution p(® = (2p/5,3p/5,3¢/5,2¢/5) is stationary for every
p+q=1. The sets 41 = {w = (x1,22,...);2x € {1,2}} and Ay = {w =
(x1,2,...);z, € {3,4}} are both invariant under the shift transformation.

The proof of the following simple theorem is left to the reader.
Theorem 5:1 (a) The family of invariant sets,
J = {invariant sets A € F},

is a o -field.

(b) A random variable y is invariant if and only if it is measurable with respect

to the family J of invariant sets.

5.3.2 Ergodicity

The fundamental property of ergodic systems w +— Tw with a stationary (or
invariant) distribution P, is that the T*w, with increasing k, visits every corner
of the state space, exactly with the correct frequency as required by P. Another
way of saying this is that the ”histogram”, counting the number of visits to any
neighborhood of states, converges to a limiting ”density”, namely the density
for the invariant distribution P over the state space. If we make a measurement
z(w) on the system, then the expected value E(z) is the "ensemble average”
with respect to the measure P,

Blz) = / _ @)dP),

and — here is the ergodicity — this is exactly the limit of the ”time average”

1 n
- kal ]

In the Markov Example 5:4, if p and ¢ are not 0, there is no possibility
for the process to visit every state the correct number of times, since either it
starts in the invariant set A; and then it always takes the values 1,2, or it
starts in As and then it stays there forever and takes only values 3,4. This is
the key to the definition of ergodicity.
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Definition 5:3 A measure preserving transformation T on (Q,F, P) is called
ergodic if every invariant set A € J has either P(A) =0 or P(A) =1, that
18, all invariant sets are trivial. The term "metrically transitive” is sometimes
used instead of "ergodic”.

Here is a nice example of a transformation that can be ergodic.

Example 5:5 The modulo game in Example 5:1, considered as a transfor-
mation on the unit interval, ([0,1],B8,¢), (¢ is the Lebesgue measure, i.e. the
uniform distribution),

Tr=xz+6 mod 1,

is ergodic when 6 is irrational, and non-ergodic for rational 6.
For 6 = m/n one has T"x = x and every set of the foom AU{A+ 1/n} U
{A+2/n}...U{A+ (n—1)/n} is invariant but can have probability € (0,1).
To see what happens when 6 is irrational we need some further results for

ergodic transformations.

Theorem 5:2 Let T be a measure preserving transformation of (2, F,P).
Then T s ergodic if and only if every invariant random variable x is a.s.
a constant. It is sufficient that every bounded invariant random variable is a.s.
constant.

Proof: First assume that every bounded invariant variable is constant, and
take an invariant set A. Its indicator function xa(w) = 1 if w € A is then
an invariant random variable, and by assumption it is an a.s. constant. This
means that the sets where it is 0 and 1, respectively, have probability either 0
or 1,ie. P(A)=0 or 1. Hence T is ergodic.

Conversely, take an ergodic T', and consider an arbitrary invariant random
variable x. We shall show that z is a.s. constant. Define, for real x,

Az, = {w;z(w) < 20}.

Then T71A,, = {w;Tw € Ay} = {w;x(Tw) < 3} = Ay, , since x is invariant.
But then, by ergodicity, P(Az,) = 0 or 1, depending on z¢, and it is easy to
see that then there is an Zo such that P(x = Zy) = 1, hence z is constant.

a

Example 5:6 (Irrational modulo game) We can now show that Tz = = + A
mod 1 is ergodic if A is irrational. Take any Borel-measurable function f(z)
on [0,1) with fol f?(z)dr < co. Tt can be expanded in a Fourier series

o= 35 e

k=—o00
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with convergence in quadratic mean for almost all z and > |cx|? < co. Then
y = f(w) is a random variable. We assume it is invariant, and prove that it is
a.s. constant. But f invariant means that

o0
f(.%') _ f(T.%') _ Z cke%rika: . e27rz‘k)\7
k=—o00
which implies cx(1 — €2™#) = 0 for all k. But e>™** £ 1 for k # 0 when
A is irrational, and hence ¢, = 0 for all k& # 0, which means that f(z) = cg,
constant. By Theorem 5:2 we conclude that T is ergodic.

The study of ergodic transformations is an important part of the dynamic
systems and chaos theory; see [21].

5.3.3 The Birkhoff Ergodic theorem

In the introductory remarks, Section 5.3.1, we noted that any limit of the time

average
1 n
— Z z(TF 1w)
"

is invariant. The limit could be a constant, and it could be a random variable,
but it needs to be invariant. If it is constant, we need to find the value of the
constant, and if it is a random variable, we want to find out as much as possible
about its distribution.

In fact, for measure preserving transformations, the limit always exists, and
is equal to the conditional expectation of x given the invariant sets. Since we
have not dealt with this concept previously in this course, we state the basic
properties of conditional expectations by giving its definition.

Definition 5:4 If y is a random wvariable on (,F,P) with E(ly]) < oo,
and A a sub-o-field of F, then by the conditional expectation of y given A,
E(y | A), is meant any A-measurable random variable u that satisfies

| pwrare) = [ uwapw),

weA
for all A € A. Note that the value of E(y | A) = u is defined only almost
surely, and that any A-measurable variable which has the same integral as y
when integrated over A-sets, works equally well as the conditional expectation.

In particular, if A only contains sets which have probability 0 or 1, E(y | A)
is a.s. constant and equal to E(y).

In particular, we consider the conditional expectation E(x | J), given the
o-field J of sets which are invariant under a measure preserving transforma-
tion.
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5.3.3.1 Time averages always converge

Theorem 5:3 (Birkhoff ergodicity theorem) Let T be a measure preserving
transformation on (2, F,P). Then for any random variable x with E(|z|) <

oo,
n—1

1
lim — TFw) = F 5.
nggonzojw( w)=E(z|J), as

The proof is based on the following lemma, shown by Adriano M. Garsia in
1965.

Lemma 5.1 Let T be a measure preserving transformation and x a random
variable with E(|z|) < co. Define

Sp(w) = 2(w) +... +2(T* W), and M,(w)=max(0,S;,8Ss,...,Sn).

/ z(w)dP(w) > 0.
w;Mp>0
Proof of lemma: Consider S} = 2(Tw)+...+z(T*w) = S; — 2(w) + 2(T*w),
and M, (Tw) = M, =max(0,51,...,S,). For k=1,...,n, M), > 5, so
x+ M, >z + S = Sk,
and (for k =0) z+ M) > Si(= x). Hence
x> Sy — M), fork=12...,n+1,

which implies
z > max(S1,...,S,) — M.
Thus (with M) = M, (Tw)),
/ z(w)dP(w) > / {max(S1(w),...,Sp(w)) — M, (Tw)} dP(w).
Mp>0 Mp>0

But on the set {w; M, (w) > 0}, one has that M, = max(Si,...,S,), and
thus

/ 2(w) dP(w) > / (Mo (w) — My, (Tw)} dP(w)
My,>0

My,>0
> [ (M) - My(Tw)} dP) =0,

since increasing the integration area does not change the integral of M, (w)
while it can only make the integral of M, (Tw) larger. Further, T is measure
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preserving, i.e. shifting the variables one step does not change the distribution,
nor the expectation. O

Proof of theorem: We first assume that E(z | J) = 0 and prove that the
average converge to 0, a.s. For the general case consider z — E(z | J) and use
that

E(z | J)(Tw) = E(x | J)(w),
since E(z | J) is invariant by Theorem 5:1(b), page 139
We show that T = limsup S,,/n < 0 and, similarly, z = liminf S,,/n > 0,
giving lim S, /n = 0. Take an € > 0 and denote D = {w;T > €}: we shall show
that P(D) = 0. Since, from Example 5:3, T is an invariant random variable,
also the event D is invariant. Define a new random variable,

‘() z(w)—€ ifwe D,
r(w) =
0 otherwise,

and set S}(w) = > 7 2*(T* 'w), with M} defined from S;. From Lemma 5.1
we know

/ z*(w) dP(w) > 0. (5.2)
Mx>0

We now only have to replace this inequality by an inequality for a similar
integral over the set D to be finished. The sets

increase towards the set

S5 S
F={supS;>0p=<{sup-t>0p= sup =& > ¢y N D.
k>1 k>1 k k>1 k

But since supy>; Sk/k > limsup Sy./k = T, we have that F' = D. In order to
take the limit of (5.2) we must be sure the expectations are finite, i.e. E(|z*|) <
E(|z|) + €, and bounded convergence gives

0< / (W) dP(w) — / (@) dP(w). (5.3)
M;>0 D
Here the right hand side is

| #*@)dP@) = [ a(w)aP) - P(D)

D
_ /D E(x | J)dP — eP(D) = —cP(D),

since [ E(x | J)dP = 0, by assumption. Together with (5.3) this implies
P(D) =0, and hence T < €. But ¢ > 0 was arbitrary so T < 0, a.s. The same
chain of arguments leads to z > 0, and hence limsup S, /n < 0 < liminf S,,/n.
The limit therefore exists and is 0, which was to be shown. O
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5.3.3.2 Time averages of ergodic transformations go to the mean

It is now a simple corollary that time averages for ergodic transformations
converge to the expected value.

Corollary 5.1 If T is a measure preserving ergodic transformation on the
probability space (2, F, P), then for any random variable x with E(|z|) < oo,

n—1

lim 1 Zx(Tkw) = E(x), a.s.

n—oo N
0

Proof: When T is ergodic every invariant set has probability 0 or 1 and
therefore the conditional expectation is constant, E(z | J) = E(x), a.s. 0

Remark 5:2 If x is non-negative with E(x) = oo then Sp/n — oo if T is
ergodic. Show that as an exercise; Exercise 5:10.

5.3.3.3 Ergodic non-random walks

One can regard a measure preserving transformation 7' as a non-random walk
w, Tw, T?w, ..., over the sample space. In the beginning of this section we
interpreted the ergodic statements as convergence results for the number of
visits to any neighborhood of a fixed outcome. This can now be made precise.
Take a set A € F and consider its indicator function ya(w). The ergodic
theorem says, that if T is ergodic,

n—1
1 a.s.
- D xa(Thw) “5 P(A).
0

Example 5:7 In the irrational modulo game, Tx = z+6 mod 1, the relative
number of points falling in an interval [a,b) converges to the length of the
interval if 6 is irrational. Thus the number of points becomes asymptotically
equidistributed over [0,1). This is the weak Weyl’s equidistribution theorem.

5.4 The Ergodic theorem, process view

It is easy to formulate the convergence theorem for transformations in terms of
time averages of stationary sequences. First we need to define invariant events
and ergodicity in (Q,F, P).

Definition 5:5 (Reformulation of Definition 5:2) Let {x,} be a stationary
sequence. An event A € F is called invariant for {x,}, if there exists a B € By
such that for any n > 1,

A={(zp,Tps1,...) € B}
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The sequence is called ergodic if every invariant set has probability 0 or 1.

A random wvariable z is called invariant for {x,}, if it is a function of
r1,%2,... and remains unchanged under the shift transformation, i.e. if there
exists a random variable ¢ on (R, By) such that z = ¢(xp, Tni1,...) for all
n>1.

From the correspondence between transformations of the sample space and
stationary sequences, it is easy to formulate an ergodicity theorem for a sta-
tionary sequence {z,, n € Z}.

Theorem 5:4 (a) If {z,, n € Z} is a stationary sequence with E(|z1]) < 0o,
and J denotes the o -field of invariant sets,

I~ as,
=~ w ¥ B | 7).
n
1
(b) If {xy, n € Z} is stationary and ergodic, then

—ZxkaExl

(c) If {zn, n € Z} is stationary and ergodic, and ¢(x1,x2,...) is measurable
n (R*, By), then the process

Yn = ¢(xn7xn+17 .. )

is stationary and ergodic. The special case that ¢(xy,,Tpi1,...) = ¢(zy,) only
depends on x, should be noted in particular.

Proof: It is easy to reformulate the results of Theorem 5:3 to yield the the-
orem. However, we shall give the direct proof once more, but use the process
formulation, in order to get a slightly better understanding in probabilistic
terms. We give a parallel proof of part (a), and leave the rest to the reader.

(a) First the counterpart of Lemma 5.1: From the sequence {x,, n € Z}, define
Sy = Z 1x; and M, = max(0,S1,S52,...,S5,). We prove that
E(z1 | My > 0) > 0. (5.4)

To this end, write S, = Zkf% xj = Sk — @1 + Tpy1, and define the cor-
responding maximum, M/ = max(() S1,85,...,5]), and note that, for k =
1,...,n,

1‘1+M7/L > —i—S]/c = SkJrl.

Since M) > 0 we also have z1 + M, > Si(= z1), so

r1 > max(Sy,...,S,) — M.
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Now, when M, > 0 we can replace max(Si,...,S,) by M,, so taking the
conditional expectation, given M, > 0, we get

E(zy | My, > 0) > E(max(S1,...,S,) — M, | M,, > 0)
— E(M, — M., | M,, > 0).

Further, since M), > 0, one easily argues that
E(M, — M| M,, > 0) > E(M,, — M})/P(M,, > 0),

which is 0, since M,, and M] have the same expectation. This proves (5.4).
We continue with the rest of the proof of part (a). Suppose E(z1 | J) =0

and consider the invariant random variables Z = limsup S,,/n. Take an € > 0

and introduce the invariant event D = {T > €}. Then, by the assumption,

E(x1 | T >€) =0, (5.5)

a fact which is basic in the proof. We intend to prove that P(D) = 0 for every
€ > 0, thereby showing that = < 0.

Similarly, z = liminf S, /n can be shown to be non-negative, and hence
z=xz=0.

However, before we prove that P(D) = P(Z > ¢) = 0, we need to discuss
the meaning of (5.5). A conditional expectation is defined as a random variable,
measurable with respect to the conditioning o-field, in this case J. In (5.5)
we conditioned on one of the events D € J and that is fine if P(D) > 0,
but if P(D) = 0, the claim (5.5) makes no sense. The conditional expectation
given an event of probability 0 can be given any value we like, since the only
requirement on the conditional expectation is that it should give a correct value
when integrated over a J-event. If that event has probability 0 the integral is
0 regardless of how the expectation is defined. We return to this at the end of
the proof.

From (x1,x9,...), define a new sequence of variables

. { xp —e€ if T >e,
T = .
0 otherwise,

and define S} = Z;‘:l xy and M) = max(0,S7,55,...,5;), in analogy with
Sy and M,,. The sequence {xz}} is stationary, since T is an invariant random
variable, so we can apply (5.4) to get

E(z] | M, >0)>0. (5.6)

On the other hand, from the definition of xj, we have

Exi|Z>e)=FE(x1|T>¢€) —e=—€e<0, (5.7)
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since E(x1 | T > €) = 0 by the assumption. These two inequalities go in
opposite directions, and in fact they will turn out to be in conflict, unless
P(D) = 0, proving the assertion.

So we would like to have a relation between the events D = {Z > ¢} and
F, = {M;; > 0} = {maxi<x<, S§ > 0}, and we see that as n increases, then
F}, increases to

S S
F={supS;>0p=<sup-t >0p = sup & > ¢ ﬂ{f>e}.
k>1 k>1 K k>1 k
But 7 = limsup Si/k < supy>; Sk/k, so the right hand side is just D = {Z >
€}; F, 7 D. This implies (here E(|zf|) < E(|x1]) + € < 0o is needed),

0< lim E(z] | F) = E(z] | D) = —e <0,
n—oo

which obviously is impossible.

Where did it go wrong, and where is the contradiction? By definition, for
the outcomes where T > €, the variables 7 ARE equal to z;, — €, and S} /k =
Si/k—e. But F,, T D does not imply lim,,_.. E(x] | F},) = lim,, o E(2} | D),
since these expressions are not well defined. If P(D) > 0 our reasoning makes
sense and lead to a contradiction, if P(D) =0 we have argued with undefined
quantities in (5.6) and (5.7). The reader who wants to be on safest possible
grounds should return to the formulation and proof of Theorem 5:3. O

5.4.0.4 Ergodic stationary processes

For continuous time processes {z(t), t € R}, one defines the shift transforma-
tion U, by
(Urz)(t) = z(t + 7).

If x(t) is stationary, U, is measure preserving. For a set of functions B, the
shifted set U,B is the set of functions U,x for z € B. A Borel set B € By
is called a.s. invariant, if B and U, B differ by, at most, sets of P-measure 0.
Let J denote the o-field of invariant sets. The process {z(t), t € R} is called
ergodic if all invariant sets have probability 0 or 1.

Theorem 5:5 (a) For any stationary process {z(t), t € R} with E(|z(t)|) <
oo and integrable sample paths, as T — o0,

i as.
?/0 z(t)dt = E(z(0) | J).
(b) If further {z(t), t € R} is ergodic, then

%Ax@ﬁ%Emm.
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Proof: One first has to show that @, = ["" | z(t)dt is a stationary sequence,
and use the ergodic theorem to get convergence for integer n,

1" as o [
5/0 x(t)dt “3 E(/O x(t)dt | J),

as n — oo. By invariance and stationarity the last expectation is equal to
E(z(0) | J). Finally, with n = [T7],

—/ T%/ (t)dt+%/:x(t)dt

The first term has the same limit as = fo t)dt, while the second term is

bounded by
1 / ()] dt.

But also |z(t)| is a stationary process, to which we can apply Theorem 5:4(a),
getting convergence, and hence can conclude that the last term tends to 0.
Thus we obtain the desired limit. O

5.5 Ergodic Gaussian sequences and processes

We shall now give simple conditions for ergodicity for Gaussian stationary pro-
cesses, characterized by their covariance function r(t) in continuous or discrete
time.

Theorem 5:6 Let {z(t), t € R} be stationary and Gaussian with E(z(t)) =0
and V(x(t)) =1, and let its covariance function be r(t). Then x(t) is ergodic
if and only if its spectral distribution function F ( ) 1 continuous everywhere.
If the spectral distribution has a density f(w) f f)di, the F(w) is
obviously continuous, but that is by no means necessary. It suffices that F(w)
s a continuous function.

Proof of ”only if” part: If z(t) is ergodic, so is 2%(t), and therefore the
time average of z%(¢) tends to E(x?(0)) =1,

ST 1 T 2 a.s.
LA ]
T T/o x*(t)dt ,

as T — oo. It is a property of the Gaussian distribution that E((St/T)*) < K
is bounded for large T, and therefore the almost sure convergent Sy /T also
converges in quadratic mean, i.e. E((Sy/T —1)?) — 0. But this expectation
can be calculated. Since, for a standard Gaussian process, E(z(s)?x(t)?) =
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1+2r(t — s)2, one gets,

B((Se/T ~ 1) (/’b/ 0 dsdr) -1
—%/0 /0 r2(t—8)dsdt:% i t-{%/otﬂ(s)ds}dt. (5.8)

But according to Theorem 4:7, page 94, relation (4.20), > 0 r2(s) ds tends to
the sum of squares of all jumps of the spectral dlstrlbutlon function F(w),
S (AF})?. Hence, if this sum is strictly positive, the right hand side in (5.8)
has a positive limit, which contradicts what we proved above, and we have
concluded the ”only if” part of the theorem. O

The ”if” part is more difficult, and we can prove it here only under the
additional condition that the process has a spectral density, i.e. the spectral
distribution is F(w) = [ f(z) dx, because then

rlt) = [ e f(w)dw — .

as t — 0o, by Riemann-Lebesgue’s Lemma. (The full statement and proof can
be found in [24, 15].) So what we have to show is that if r(t) — 0, then x(t) is
ergodic. Since this is worth to remember, we formulate it as a lemma.

Lemma 5.2 A Gaussian stationary process is ergodic if its covariance function
r(t) — 0 as t — o0.

Proof of lemma, and the ”if” part of theorem: We show that if r(t) — 0,
then every invariant set has probability 0 or 1. Let S be an a.s. invariant set
for the x=(t)-process, i.e. the translated event S, differs from S by an event of
probability zero. But every event in F can be approximated arbitrarily well
by a finite-dimensional event, B, depending only on z(t) for a finite number of
time points tg, k = 1,...,n; cf. Section 1.3.3. From stationarity, also S; can
be approximated by the translated event B, = U,;B, with the same error, and
combining S with S; can at most double the error. Thus, we have

[P(S) — P(B)| < ¢,
|[P(SNS;)— P(BNB;)| < 2e.
Here P(SNS;) = P(S) since S is invariant, so P(S) can be approximated
arbitrarily well by both P(B) and by P(BN B;).

But B depends on x(t;),i = 1...,n, while B, is defined from x(7 + t;),
7 =1,...,n, and they are multivariate normal with covariances

Cov(x(t;),z(t; + 7)) =r(t+t; —t;) =0
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as T — oo. Thus these two groups of random variables become asymptotically
independent,
P(BOBT)_P(B)'P(BT) — 0,

and by stationarity, P(B N B,) — P(B)?. Thus both P(B) and P(B)? ap-
proximate P(S), and we conclude that P(S) = P(S)?. This is possible only if
P(S) is either 0 or 1, i.e. z(t) is ergodic. O

5.6 Mixing and asymptotic independence

How much of the future development of a stochastic process is pre-determined
from what has already happened, and how much information about the future is
there in a piece of observation of a stochastic process and how closely dependent
are disjoint segments of the process?

In this section we will briefly mention some criteria on a stationary process
that guarantee perfect predictability and un-predictability, respectively. A dif-
ferentiable process can be predicted locally by means of a Taylor expansion. The
linear prediction theory gives the Cramér-Wold decomposition (Theorem 5:7)
into a singular component that can be predicted linearly without error and one
regular component for which the predictable part tends to zero with increas-
ing prediction horizon. The spectral representation in Chapter 4 relates the
spectrum to the number of harmonic components which are needed to build
a stationary process. The ergodic theorem in Chapter 5 touched upon the
problem of asymptotic independence; for a Gaussian process with (absolutely)
continuous spectrum and asymptotically vanishing covariance function, values
far apart are asymptotically independent and a ”law of large numbers” holds.
In this section we shall try to relate these scattered results to each other. Some
comments are for Gaussian processes only, while others are of general nature.
A new concept, mizing, will also be introduced.

5.6.1 Singularity and regularity

When predicting from z(s),s < ¢, a question of both practical and theo-
retical (or perhaps philosophical) interest is from where does the informa-
tion about z(t + h) originate, and how much new information is added to
H(z,t) = S(x(s);s < t), with increasing .

When ¢ — —o0, obviously

H(.’L',t) »L H(.TJ, _OO) = mtStOH(x7t)7

and
H(z, —00) C H(z,t) C H(z).

The subspace H(x,t) is the space of random variables that can be obtained as
limits of linear combinations of variables x(t) with ¢, < t, and H(x,—00) is
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what can be obtained from old variables, regardless of how old they may be. It
can be called the infinitely remote past, or the the primordial randomness.*
Two extremes may occur, depending on the size of H(z, —00):

e if H(x,—00) = H(z), then {x(t), t € R} is purely deterministic, or sin-
gular,

o if H(z,—00) = 0, then {z(t),t € R} is purely non-deterministic, or
regular.

A process is deterministic if all information about the future that can be
obtained from the past at time ¢, z(s),s < t, can be obtained already from
x(s),s < 7 < t, arbitrarily far back. An example of this is the band-limited
white noise Gaussian process, which we studied in Chapter 4. Such a process is
infinitely differentiable — this follows from the general rules for differentiability
— and the entire sample functions can be reconstructed from the values in an
arbitrarily small interval located anywhere on the time axis. A summary of
facts pertaining reconstruction and prediction is given later in these notes; see
Section 5.6 on general results on asymptotic independence and its opposite,
complete dependence.

The following theorem was proved by Cramér (1962) in the general param-
eter case; the discrete stationary case was given by Wold (1954).

Theorem 5:7 (The Cramér-Wold decomposition) Every stochastic process
{z(t), t € R}
with E(|z(t)?) < 0o, is the sum of two uncorrelated processes,

x(t) = y(t) + 2(t),

where {y(t), t € R} is regular (purely non-deterministic) and {z(t), t € R} 1is
singular (deterministic).

Proof: Construct H(z,t) and H(x, —o0) = limy|_ H(z,t), and define
z(t) = P_oo(x(t)) = the projection of x(t) on H(x, —c0),
y(t) = x(t) — 2(1).
To prove the theorem, we have to show that
1. H(z,—00) = H(z,t), and z(t) is deterministic,
2. H(y,—o0) =0, and y(t) is non-deterministic,

3. H(y) L H(z), and y(s) and z(t) are uncorrelated.

4Nowadays called ”the primordial soup”.
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Number (3) follows from the projection properties, since the residual y(s) =
x(s) — P_oo(x(s)) is uncorrelated with every element in H(z, —oc0), i.e. y(s) L
H(z, —00). Since z(t) € H(z, —o0), number (3) follows.

Further, H(y,t) C H(x,t) and H(y,t) L H(zx, —oc0). Therefore H(y, —o0)
is equal to 0, because if y is an element of H(y, —oc) then both y € H(y,t) C
H(z,t) for all ¢, ie. y € H(z,—00), and at the same time y L H(z, —oc0). The
only element that is both in H(z, —oc0) and is orthogonal to H(x, —oc0) is the
zero element, showing (2).

Finally, H(z,t) = H(x, —o0) for every t. To see this, note that

H(x,t) C H(y,t) & H(z,t)
for all ¢, and therefore also
H(x, —o00) C H(y, —o0) & H(z,t).
Since H(y,—o0) =0,
H(z,—00) C H(z,t) C H(x,—00).
Thus H(z, —o0) = H(z,t), and (1) is proved. O

As the band-limited white noise example shows, there are natural deter-
ministic processes. Other common process models are regular. Examples of
processes combining the two properties seem to be rather artificial.

Example 5:8 An AR(1)-process with an added component,
2(t) = az(t — 1) + e + e(t),

with uncorrelated e and e(t)-variables, can be decomposed into

y(t) = ae(t — k),
k=0

which is regular, and
(t) = —
z(t) = e
1—a’

which is singular. The common ARMA-process is regular.

5.6.2 Asymptotic independence, regularity and singularity

As we saw in the proof of Lemma 5.2, if 7(¢) — 0 as ¢t — oo, then in a Gaussian
process, finitely many variables taken sufficiently far apart are almost indepen-
dent. But this does definitely not mean that the process observed in an entire
interval, z(s),s € I is asymptotically independent of x(s+t),s € I. These two
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segments can be completely dependent of each other in a deterministic way.
For example, the realizations can be infinitely differentiable and part of an an-
alytic function that can be reconstructed from its derivatives in an arbitrarily
small interval. It was shown by Belyaev [3] that if the covariance function of a
separable process is an entire function, i.e. analytic in the entire complex plane,
then the sample functions are a.s. also entire functions, which can be expressed
as a convergent power series

00 k
2(t) = kzzow@ %

Examples of such covariance functions are r(t) = e /2 and r(t) = st Ya-

glom [38, Ch. 8] contains a readable account of prediction in this case; [18, 11]
give more mathematical details.

5.6.2.1 Regularity, singularity and the spectrum

The Cramér-Wold decomposition deals with the problem of predicting future
values by means of linear combinations of past observations. A singular (or
purely deterministic) process can be perfectly predicted linearly from old values.
In a regular process the predictable part tends to zero with increasing prediction
horizon. Simple conditions for singularity /regularity can be formulated in terms
of the spectral distribution function F(w).

Let f(w) = % F(w) be the derivative of the bounded and non-decreasing
function F'(w). For almost all w this derivative exists and is non-negative, and
its integral is bounded, [% f(w)dw < F(o0) — F(—00). Write

F9) () = / f(z)de < F(w).
The spectrum is called absolutely continuous with spectral density f(w) if
F(w) = F%) ().

In general, F(9)(w) need not be equal to F(w). In particular, this is of course
the case when the spectrum has jumps AFj at frequencies wy. Write

FOw) = > AF,

wi<w

so the spectrum is discrete if F(w) = F@(w). The part of the spectrum which
is neither absolutely continuous nor discrete is called the singular part:

F(w) = F(w) — F")(w) — F¥(w).

Note that both F(¥(w) and F®)(w) are bounded non-decreasing functions,
differentiable almost everywhere, with zero derivative. The question of singu-
larity or regularity of the process {z(t), t € R} depends on the behavior of the
spectrum for large |w|.
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5.6.2.2 Conditions for stationary sequences

Since ["_f(w)dw < oo and —oo < log f(w) < f(w) %F(w), the integral

P= % /7r log f(w) dw (5.9)

—T

is either finite or equal to —co.

Theorem 5:8 For a stationary sequence x,t € Z the following cases can oc-
cur.

a) If P = —o0, then x; is singular.

b) If P > —oco and the spectrum is absolutely continuous with f(w) > 0 for
almost all w, then x; s reqular.

c) If P > —oo, but F(w) is either discontinuous, or is continuous with non-
vanishing singular part, F©) (w) # 0, then x is neither singular nor regular.

This theorem is quite satisfying, and it is worth making some comments
on its implications. First, if the spectrum is discrete with a finite number of
jumps, then f(w) =0 for almost all w and P = —o0, so the process is singular.
As seen from the spectral representation (4.18), the process then depends only
on a finite number of random quantities which can be recovered from a finite
number of observed values.

If the spectrum is absolutely continuous with density f(w), singularity and
regularity depends on whether f(w) comes close to 0 or not. For example, if
f(w) vanishes in an interval, then P = —oo and x(t) is singular.’ If f(w) >
¢ >0 for —m < w < m, then the integral is finite and the process regular.

A stationary sequence x(t) is regular, if and only if it can be represented
as a one-sided moving average

t
Ty = Z hi—k Y,

k=—o0

with uncorrelated y; cf. Theorem 4:8 which also implies that it must have a
spectral density.

A sequence that is neither singular nor regular can be represented as sum
of two uncorrelated sequences,

ze=a +ai” =2’ + Y by

5Singularity also occurs if f(w) = 0 at a single point wo and is very close to 0 nearby,
such as when f(w) ~ exp(—m) when w — wp.
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(r)

The regular part x; ’ has absolutely continuous spectrum,

w
Fllw)= | f(z)dx
-7
while the singular part xis) has spectral distribution F((w) + F®)(w).
It is also possible to express the prediction error in terms of the integral

P:i/7T log f(w) dw

2T

In fact, the one step ahead prediction error

00 2
LTt41 — Z hixe—g
k=0

o2= inf F

=2 P).
ho,h1,... 7T€Xp( )

5.6.2.3 Conditions for stationary processes

Conditions for regularity and singularity for stationary processes x(t) with
continuous parameter, can be expressed in terms of the integral

OOlogf
Q/ eI g,

where as before, f(w) = -LF(w) is the a.s. existing derivative of the spectral
distribution function.

Theorem 5:9 For a stationary process {z(t), t € R}, one has that
a) if Q = —oo, then x(t) is singular,
b) if Q@ > —o0 and the spectrum is absolutely continuous then xz(t) is regqular.

The decomposition of z(t) into one singular component which can be pre-
dicted, and one regular component which is a moving average, is analogous to
the discrete time case,

t

w0 =20+ [ ht-wd),
U=—00
where {((t), t € R} is process with uncorrelated increments.
We apply the theorem to processes with covariance functions r(t) =
and r(t) = Smt . They have absolutely continuous spectra with spectral densi-
ties,

e—t°/2

fw) = \/12_7re_w2/2 and flw)=1/2 for jw| <1,

respectively. Obviously = —oo is divergent in both cases, and we have
verified the statement that these processes are deterministic, although their
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covariance functions tend to 0 as ¢ — oo. The Ornstein-Uhlenbeck process
with covariance function r(t) = e~ and spectral density f(w) = m is
an example of a regular process with @@ > —oo.

Note that in all three examples the covariance function r(¢) tends to 0 as
t — oo, but with quite different rates. For the regular Ornstein-Uhlenbeck
process it tends to 0 exponentially fast, while for the two singular (and hence
predictable) processes, the covariance falls off either much faster, as et/ 2 or
much slower, as 1/t. Hence, we learn that stochastic determinism and non-
determinism are complicated matters, even if they are entirely defined in terms

of correlations and distribution functions.

5.6.3 Uniform, strong, and weak mixing

Predictability, regularity, and singularity are probabilistic concepts, defined and
studied in terms of prediction error moments and correlations. When it comes
to ergodicity, we have seen examples of totally deterministic sequences which
exhibit ergodic behavior, in the sense that the obey the law of large numbers.
To complicate matters, we have seen that a Gaussian process, with covariance
function tending to 0 at infinity, implying asymptotic independence, is always
ergodic, even if the remote past is in a deterministic sense determined by the
arbitrarily remote.

Ergodicity is a law of large numbers, time averages converge to a limit. In
statistics, one would also like to have some idea of the asymptotic distribution;
in particular, one would like a central limit theorem for normalized sums or
integrals,

N N
S z(k) — An Jicox(t)dt — An
Bn ’ Bn ’
as N — oo. This asks for general concepts, that guarantee the asymptotic
independence of functionals of a stochastic process.

For a general stationary process, only the ergodic theorem can be expected
to hold. For example, if x(t) = z, then By' Zé\;l z(k) = = with Ay =
0 and By = N, and this has the same distribution as z, regardless of N.
Here, there is a strong dependence between the x-variables. But even a very
weak dependence would not help us much to obtain any interesting limiting
distributions. For example, if y(k) is a sequence of independent, identically
distributed random variables, and

z(t) =yt +1) —y(),

then

1 y(N+1) —y(d)
—_— k) = .
By D> alk) By

k=1
This has a non-trivial asymptotic distribution only if By has a non-zero limit.
Central limit theorems for normalized sums typically require By — oo and
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then some mixing condition has to be imposed. (Martingale arguments are
another class of ”almost independence” conditions for asymptotic normality:.;
see [36, 37].)

For any stochastic process {z(t), t € R} define the o-field M® as the o-
field generated by z(t);a < t < b. Taking a and b as F infinity, we get
MP _ and M as the o-fields generated by {z(t);t < b} and by {z(t);t >
a}, respectively. The following mixing conditions represent successively milder
conditions on the asymptotic independence.

uniform mixing: x(t) is called uniformly mixing (or ¢-mixing) if there is a
non-negative function ¢(n) such that ¢(n) — 0 as n — oo, and for all ¢
and events A € MY __ and B € My, ,

oo

|[P(ANB) — P(A)P(B)| < ¢(n) P(A).
strong mixing: x(t) is called strongly mixing (or a-mixing) if there is a non-
negative function a(n) such that a(n) — 0 as n — oo, and for all ¢ and
events A € M' __ and B € M3,

—0o0

|IP(ANB) — P(A)P(B)| < a(n).

weak mixing: z(t) is called weakly mixing if, for all events A € M! __ and
B e Mg®,

I —k B
nanéoEkle(AmU B) — P(A)P(B)| = 0.

Here, U™*B = {z(); z(k + ) € B} € M¢°.
Of these, uniform mixing is the most demanding and weak mixing the least.

Theorem 5:10 Let {x(t);t € Z} be a stationary Gaussian sequence. Then

a) x(t) is uniformly mizing if and only if it is m-dependent, i.e. there is an m
such that the covariance function r(t) =0 for [t| > m.

b) z(t) is strong mizing if it has a continuous spectral density f(w) > ¢ >0 on

—TmT<w<T.

Proof: a) That m-dependence implies uniform mixing is obvious. To prove
the necessity, assume that r(t) is not identically 0 for large ¢. That x(t)
is uniformly mixing implies that for all A € M°__, with P(4) > 0 and all
B e M2,

|P(B| A) — P(B)| < ¢(n) — 0 (5.10)



158 Ergodic theory and mixing Chapter 5

as n — oo. This directly implies that r(t) — 0 as ¢ — oo, since otherwise
there would be an infinite number of ¢ = ¢} for which r(t;) > ro > 0, say. Take
A={x(0) >0} € MY and B = {z(t}) > 0} € Mi: It is easy to see that

P(B|A)—P(B) > ¢y >0

is bounded away from 0 by a positive constant ¢y, and hence can not tend to
0.

For simplicity, assume FE(x(t) = 0, E(x(t)?) = 1 and assume there is an
infinite number of ¢ = t; for which py = r(tx) > 0, but still r(¢;) — 0. Define
A = {z(0) > 1/pg}, (obviously P(A) > 0) and let B = {x(tx) > 1}. Since
x(0), z(tx) have a bivariate normal distribution, the conditional distribution of
z(t)) given x(0) = z is normal with mean pyz and variance 1—p2. As pp — 0,
the conditional distribution of z(0) given x(0) > 1/p; will be concentrated near
1/pr and then z(tx) will be approximately N(1,1). Therefore, as pr — 0,
P(B | A) — 1/2. On the other hand, P(B) = (2r)~ Y2 [ exp(—y?/2) dy <
0.2. Hence (5.10) does not hold for ¢(tx) — 0.

b) For a proof of this, see [18] or [17]. ]

Theorem 5:11 A stationary process x(t) that is strong mizing is ergodic.

Proof: The proof is almost a complete repetition of the proof of Lemma 5.2.
Take an invariant event S and approximate it by a finite-dimensional event B
with |P(S) — P(B)| < e. Suppose B € M% c M" . Then the translated
event
b
B, =U,B e MJ" c M,

and hence
P(BNB,)— P(B)-P(B,) —0.

As in the proof of Lemma 5.2, it follows that P(B)? = P(B) and hence P(S)? =
P(S). O

The reader could take as a challenge to prove that also weak mixing implies
that x(t) is ergodic; see also Exercise 14.
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Exercises

5:1. Show that the following transformation of = [0,1), F = B, P =
Lebesgue measure, is measurable and measure preserving,

Tx =2z mod 1.

5:2.  (Continued.) Define the random variable z(w) = 0 if 0 < w < 1/2,
r(w) = 1if 1/2 < w < 1. Show that the sequence z,(w) = x(T" 1w)
consists of independent zeros and ones, with probability 1/2 each.

5:3.  Show that if 7' is measure preserving on (2, F,P) and z is a random
variable, then E(z(w)) = E(z(Tw)).

5:4. Show that every one-sided stationary sequence {x,, n > 0} can be ex-
tended to a two-sided sequence {x,, n € Z} with the same finite-dimen-
sional distributions.

5:5. Find a distribution for xy which makes zp,1 = 4z (1 — x)) a stationary
sequence.

5:6. Prove that if E(|z,| < oo, then P(z,/n — 0, as n — oco) = 1; this was
used on page 138.

5:7. For any sequence of random variables, x,, and event B € B, show that
the event {x, € B, infinitely often} is invariant under the shift transfor-
mation.

5:8.  Give an example of an ergodic transformation 7" on (€2, F, P) such that
T? is not ergodic.

5:9. Show that z, is ergodic if and only if for every A € B, k=1,2,...,

1"
E ZXA(.%']', - 7xj+k) — P((.%'l,. .. ’karl) S A)
j=1

5:10. Show that if = is non-negative with E(x) = co and z,(w) = 2(T" w),
Sp =>.1 Tn, then S, /n — oo if T is ergodic.

5:11. Prove Theorem 5:4.

5:12. Take two stationary and ergodic sequences x,, and y,. Take one of the
two sequences at random with equal probability, z, = x,,n=1,2,... or
Zn = Yn,m = 1,2,.... Show that z, is not ergodic.

5:13. Let {x,} and {y,} be two ergodic sequences, both defined on (2, F, P),
and consider the bivariate sequence z, = (z,¥y,). Construct an exam-
ple that shows that z, need not be ergodic, even if {z,} and {y,} are
independent.
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5:14. Prove that a sufficient condition for z(n) = (xz(n),y(n)) to be ergodic,
if {x(n)} and {y(n)} are independent ergodic sequences, is that one of
{z(n)} and {y(n)} is weakly mixing.



Chapter 6

Vector processes and random
fields

6.1 Cross-spectrum and spectral representation

The internal correlation structure of a stationary process is defined by the
covariance function; the spectrum distributes the correlation over different fre-
quencies and in the spectral representation the process is actually built by
individual components, with independent amplitudes and phases, like in the
discrete spectrum case (4.18), on page 94. The phases are all independent and
uniformly distributed over (0,27). The spectrum does not contain any phase
information!

When we have two stationary processes {z(t), t € R} and {t(¢), ¢t € R}
which are correlated, their individual amplitudes and phases are still, of course,
independent, but for every frequence the amplitudes in the two processes can be
dependent, and there can exist a complicated dependence between the phases.
This cross dependence is describes by the cross-covariance function and the
cross-spectrum.

A stationary vector-valued process is a vector of p stationary processes,

x(t) = (x1(2), - p (1)),

with stationary cross-covariances, for E(x;(t)) =0,

rik(t) = E(xj(s +1) - xp(s)) = rij(—t).
If the processes are real, which we usually assume,

rik(t) = E(xj(s +1t) - xp(s)) = rii(—t).

The covariance function

R(t) = (rj(t))
is a matrix function of covariances, where each auto-covariance function rgx(t)
has its marginal spectral representation rgx(t) = [ ™! dFj(w).

161
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6.1.1 Spectral distribution

Theorem 6:1 (a) To every continuous covariance matriz function R(t) there

exists a spectral distribution F(w) such that

R(t) = / T gt dF(w),

—0o0

where F(w) is a function of positive type, i.e. for every pair j,k, complex
z = (21,...,2n), and frequency interval wy < way,

> (Fjlws) = Fji(wn))zz = 0.
7,k

This says that AF(w) = (Fji(w2) — Fjr(wi)) is a non-negative definite Hermite
matriz.

(b) If Fjj(w), Fir(w) are absolutely continuous with spectral densities fj;(w),
frr(w), then Fji(w) is absolutely continuous, with

|fin(@)? < fi5(w) frre(w).

Proof: (a) Take the z and define the stationary process

y(t) =Y zzy(t)

J

with covariance function
() = Y relt) = [ e dGHw),
Ik

where G*(w) is a real, bounded and non-decreasing spectral distribution func-
tion. We then take, in order, z; = 2 = 1, and z; =i, 2, = 1, the rest being
0. This gives two spectral distribution G;(w), and Ga(w), say, and we have,

1a(0) + 1) + ra®) +rig(0) = [ €1 d (),
P (8) 4 Tk (0) + i (8) — irg (8) = / ¢t dGy(w).
Together with r;;(t) = [ ™! dFj;(w), and ri(t) = [ e“! dFgg(w), we get
rinlt) 4 i) = [ € (@G () ~ dF) ~ dFia(w)

irju(t) — irg (£) = / ¢ (dGa(w) — dFy;(w) — dFip(w))
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which implies

rik(t) = rii(t) = /em : % (dG1(w) — idGe(w) — (1 — i) (dFjj(w) + dFjk(w)))

— / ¢ dFy(w),

say, which is the spectral representation of r;(t).
It is easy to see that AF(w) has the stated properties; in particular that

> AFj(w)z7 > 0. (6.1)
ik

(b) From (6.1), by taking only z; and zj; to be non-zero, it follows that
AFjj|z;* + AFgk|2k]? + 2 Re(AFjz75) > 0,

which in turn implies that for any w-interval, |A}7jk|2 < AF}; - AFy,. Thus, if
Fj; and Fjhave spectral densities, so does Fj, and

|fin(@)? < fi5(w) fre(w).

a

For real-valued vector processes, the spectral distributions may be put in
real form as for one-dimensional processes. In particular, the cross-covariance
function can be written

rik(t) = / {coswt dG i (w) + sinwt dH (1)} , (6.2)
0
where Gj(w) and Hj,(w) are functions of bounded variation.

6.1.2 Spectral representation of x(t)
6.1.2.1 The spectral components

Each component z;(t) in a stationary vector process has its spectral representa-
tion z;(t) = [€“!dZ;(w) in terms of a spectral process Z;j(w) with orthogonal
increments. Further, for j # k, the increments of Z;(w) and Zj(w) over dis-
joint w-intervals are orthogonal, while for equal w-intervals,

E(dZ;(w) - dZy(w)) = dFji(w),
E(dZj(w) - dZy(p)) = 0, for w # p.

The cross-correlation between the components of x(¢) are determined by the
correlations between the spectral components. To see how it works, consider
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processes with discrete spectrum, for which the spectral representation are sums
of the form (4.29)

§:q7 n) cosw(n)t + Vj(n)sinw(n)t) .

Here Uj(n) and Vj(n) are real random variables with mean 0, variance 1,
uncorrelated for different n-values. The correlation between the x;- and the
xp-process is caused by a correlation between the U:s and V:s in the two
representations:

E(U;(n)Ug(n))
EUj(n)Vi(n))
E(U;j(n)Vj(n))

for some pjp(n) and pjr(n) such that 0 < pjr(n)? + pjr(n)? < 1. Direct
calculation of auto- and cross-covariances gives

it Z o;i(n ) (pjr(n) cos w(n)t + pjxr(n) sinwy,t) ,

E(Vj(n)Vi(n)) = pjr(n), j #k,
—E(V;(n)Ug(n)) = —pjr(n), j #k,

= ZAJk‘ cos (w(n)t — ®;i(n)), J#k, (6.3)
rii(t) =Y oj(n)or(n) (pje(n) cosw(n)t — f(n) sinwnt) ,
= ) Ayj(n) cos (w(n)t — Byj(n)), j#Fk, (6.4)

ri(t) = oj(n)coswn)t, j=1,...,p. (6.5)

Here, Aji(n) = Agj(n) = oj(n)og(n)/pjr(n)? + pjr(n)?, represent the corre-
lation between the amplitudes, Whlle Qi (n) = —Ppj(n), with

pik(n)
VPir(n)? + pik(n)?

pﬂf(”)
Vrikm)? + pjr(n)?’

represent the phase relations.
The corresponding spectral distributions Fgj(w) are symmetric with mass

AFk—O'k ) /2

cos ®ji(n) = sin ®jx(n) =

)

at the frequencies +w(n), while for j # k, the cross spectrum Fj;(w) is skewed
if pjr(n) # 0, with mass

%Ajk(n) e~ ®jk(n) — %Ajk(n pjk(n) +ipjk(n)

L ,at w = wy,
VPik(n)? + pjr(n)? "

AFj, =

Aji(n) @™ = LA (n) pin(n) —ipje(n) o

1
2 V() + pje(n)?’
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6.1.2.2 Phase, amplitude, and coherence spectrum

The frequency dependent function ®;i(n) is called the phase spectrum and it
defines the time delay between components in x(s) and x;(s+t); the correla-
tion between the components Uj(n) cos(w(n)(s+1t))+Vj(n) sin(w(n)(s+1t)) and
Uk(n) cos(w(n)s) + Vi(n)sin(w(n))s have their maxima at ¢t = ®;,(n)/w(n).

Further, Aji(n)/2 is called the amplitude spectrum and the squared coher-
ence spectrum is defined as

|AFji(n)[?

7= pik(n)? + pj(n)*.
For processes with continuous spectra and cross spectral density
1 i@k (w)
Fir(w) = SAjk(w) e,

the amplitude spectrum, phase spectrum, and squared coherence spectrum are
defined as Ajx(w)/2, ®jx(w), and |fjr(w)?/(f;;(w) frk(w)), respectively.

6.1.2.3 Cross-correlation in linear filters

In a linear filter, the cross-covariance and cross spectrum describe the relation
between the input process z(t) = [ ¢™*dZ,(w) and the output process y(t) =
[ h(t —wz(u)du = [ g(w)e™! dZ;(w). One calculates easily,

Tay(t) = E(z(s + 1) - y(s))

B ( [t azw)- [ gwens dzzw)) - [ ar ),

so the cross spectral distribution is

dFpy(w) = g(w)dFy (w).

By estimating the cross-covariance or the cross spectrum between input and
output in an unknown filter, one can estimate the frequency function as g*(w) =

aW)/ f2(w) = fi,(-~w)/ fi(w), when f7(w) > 0.

6.2 Some random field theory
A random field is a stochastic process z(t) with multi-dimensional parameter
t=(t1,...,1p).

For example, if t = (¢1,t2) is two-dimensional we can think of (¢1,t9,z(t)) as a
random surface. A time-dependent random surface is a field (si, s, z(t, s1, s2))
with t = (¢, s1, s2), where t is time and (s1,s2) € R? is location. In the general
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theory we use t as generic notation for the parameter; in special applications
to random time dependent surfaces we use (t,(s1,s2)) as parameter.

From being mainly used in geoscience, like geology under the name of geo-
statistics, and in marine science as models for a random sea, cf. Section 1.6.3,
random fields are now widely used in all sorts of applications with spatial or
spatial-temporal variability.

6.2.1 Homogeneous fields

Define the mean value and covariance functions for random fields in the natural
way as m(t) = E(z(t)) and r(t,u) = C(z(t),z(u)).

The analogue of a stationary process is a homogeneous field. The field is
called homogeneous if m(t) is constant m and r(t,u) depends only on the
difference t — u, i.e. assuming a real field with m =0,

r(t) =r(u+t,u) = E(x(u+t) - z(u)).

The covariance of the process values at two parameter points depends on dis-
tance as well as on direction of the vector between the two points.
In spatial applications it is popular to use the variogram defined by

2y(u,v) = E (|z(u) - 2(v)[?)

or the semi-variogram (t).

The variogram plays the same role as the incremental variance does in a
Wiener process. There E(|w(s+t)—w(s)[? =t-0? is independent of s. A field
for which the variogram only depends on the vector u— v is called intrinsically
stationary. The variogram for a homogeneous field is v(t) = r(0) — r(t). A
homogeneous field is also intrinsically stationary, but as seen from the Wiener
process the converse is not sure.

Theorem 6:2 (a) The covariance function r(t) of a homogeneous random field
has a spectral distribution

r(t) = /ei“"t dF (w),

where w-t = witi+...4wpty, and F(w) is a p-dimensional spectral distribution

function depending on the frequency parameter w = (wi,...,wp) A

(b) There exists a stochastic spectral process Z(w) with orthogonal increments
AZ(w) over rectangles Aw = [wi,w1 + A1] X ... X [wp,wp + Ay], such that
E(AZ(w)) =0 and

E(|AZ(w)]*) = AF(w), and E(AZ(w))-AZ(ws)) =0,

! F(w) is equal to a regular p-dimensional probability distribution function multiplied by
a positive constant, equal to the variance of the process.
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for disjoint rectangles Awi and Aws, and
z(t) = /e““"t dZ(w). (6.6)

6.2.2 Isotropic fields

In an homogeneous isotropic field, the correlation properties are the same in
all directions, i.e. the covariance function r(t) depends only on the distance
[t = y/tT+ ...+ 2. This type of process model is natural when one can
not identify any special directional dependent stochastic properties in the field,
but rather it keeps its distributions after rotation (and translation). Many
phenomena in the natural world share this property while other naturally do
not. Ocean waves are non-isotropic, chemical concentration field in the bottom
sediment in the ocean or the disturbance field in mobile phone communication
might well be isotropic.

As we have seen, a spectral distribution for a honogeneous field need only
satisfy the requirement that it is non-negative, integrable and symmetric. The
spectral distribution for an isotropic field needs to satisfy a special invariance
condition, giving it a particularly simple structure.

Theorem 6:3 The covariance function r(t) to a homogeneous isotropic field
a mizture of Bessel functions,

© Jip w -
(0 =) = [T i)

where G(w) is a bounded, non-decreasing function, and J,(w) is a Bessel func-
tion of the first kind of order m,

e (w/2)2k+m

Im(w) = kzzo(_l)k KT(k+m+1)

Proof: We have r(t) = [e™®*dF(w). Introduce the spherical coordinates,
w=w-l,....4p), w=|wl|, ¢ =1, and let ¢; = cosf,_;. For every
Op—1, (l2,...,¢p), defines a point on the sphere with radius /1 — cos?6,_1 =
sin prl .

Since r(t) depends only on ||t||, we can calculate the integral for the special
point t = (¢,0,...,0), to get

r(t) = / ¢t P (w) = / ¢ 10801 ().

With G(w) = |, dF(w) we find that

[w]l<w

r(t) = /w OOO { /6 giwtcosbp1 do(a)} dG(w),
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where do is the rotation invariant measure on the (p — 1)-dimensional unit
sphere. For fixed 6, we integrate (61,...,0,_2) over the sphere with radius
sin0,_1, with area Cp_1 sin? 2 0p—1. We find

r(t) = / { cpzewms@smp?ade} dG(w),
w=0 6=0

which is the stated form, if we incorporate the constant C,_s into G'. O

6.2.2.1 Isotropic fields with special structure

Of course, a homogeneous field x(t1,t2) with two-dimensional parameter and
spectral density f,(w1,w2) and covariance function r,(t1,%2) gives rise to a
stationary process when observed along a single straight line, for example along
to = 0. Then z(t1,0) has covariance function r(¢;) = ry(t1,0) and spectral
density f(wi1) = [, fo(wi,w2) dws.

It is important to realise that even if any non-negative definite function can
act as covariance function for a stationary process, not all stationary processes,
and corresponding covariance functions, can occur as an observation of a section
in an isotropic field with two-dimensional parameter. Only those functions that
can be expressed as

r(t) = /0 " o)) dG(w).

with bounded non-decreasing G(w) are possible. A simple sufficient condition
for a one-dimensional spectral density f(w) to be obtained from a section of
an isotropic field is the following:

e Any function f(w), w € R that is non-increasing for w > 0 and integrable
over R can act as the spectral density for a section, e.g. x(¢1,0), of an
isotropic field in two dimensions.

One should also note the particularly simple form of the covariance function
for the case p = 3,

Another special case that needs special treatment is when the parameter t
is composed of both a time and a space parameter, t = (¢, s1,..., ), one could
hope for isotropy in (s1,...,sp) only, in which case the spectral form becomes

sl = [ [l ) DG )
where
Hy(w) = ((2/2)) 7727 T(p/2) Jp-2)/2(2);

The form of the covariance function for an isotropic field as a mixture of
Bessel functions is useful for non-parametric estimation from data. It is only
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the weight function G(w) that needs to be estimated, for example as a discrete
distribution.

The theorem gives all possible isotropic covariance functions valid in the
special dimension p. Some functions can be used as covariance function in any
dimension, for example

r([1tl) = o® exp(=ot]|),

for any « € (0,2).
Another popular class of covariance functions valid in any dimension is the
Whittle-Matérn family, which is

J2

r(lel) = 5=ty V7 IEl0) KoV 6]9)

where K, is a modified Bessel function of order v. The value of v determines
the smoothness of the field. When v — oo, the Whittle-Matérn covariance
functions tends to a Gaussian shape, in which case the field is infinitely differ-
entiable; cf. Chapter 2.

In all these forms, ¢ is a spatial scale parameter. Often one adds an extra
variance term o3 at the center, for t = 0, to account for the so called nugget
effect, a variance component with a covariance range too short to be observed.

A modern account of spatial data modeling is given in [2], also by means of
spectral and correlation models.

6.2.3 Randomly moving surfaces

The spectral representation makes it easy to imagine the structure of a ran-
domly moving surface, homogeneous in time as well as in space. The spectral
representation (6.6) is a representation of real field z(t) as a packet of directed
waves, At cos(w -t + ¢,,), with random amplitude and phase, and constant on
each plane parallel to w -t = 0. For example, with t = (s1, s2,¢) and ¢ is time
and (s1,s2) is space, and w = (K1, ka,w), the elementary waves are

A cos(k181 + Kasa + wt + Py,).

For fixed t this is a cosine-function in the plane, which is zero along lines
K181+ KaSo+wt+ ¢, = m/2+kn, k integer. For fixed (s, s2) it is a cosine wave
with frequency w. The parameters k1 and ko are called the wave numbers.
In general there is no particular relation between the time frequency w and
the space frequencies v, except for water waves, which we shall deal with later.
However, one important application of space-time random fields is the model-
ing of environmental variables, like the concentration of a hazardous pollutant.
Over a reasonably short period of time the concentration variation may be
regarded as statistically stationary in time, at least averaged over a 24 hour
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period. But it is often unlikely that the correlation structure in space is inde-
pendent of the absolute location. Topography, location of cities and pollutant
sources, makes the process inhomogeneous in space.

One way to overcome the inhomogeneity is to make a transformation of the
space map and move each observation point (s1,s2) to a new location (§1, §2)
so that the field #(t,$1,82) = x(¢,s1,s2) is homogeneous. This may not be
exactly attainable, but the technique is often used in environmental statistics
for planning of measurements.

6.2.4 Stochastic water waves

Stochastic water waves are special cases of homogeneous random fields, for
which there is a special relation between time and space frequencies (wave
numbers). For a one-dimensional time dependent Gaussian wave z(t, s), where
s is distance along an axis, the elementary waves have the form

A, cos(wt — Ks + ¢).

By physical considerations one can derive an explicit relation, the dispersion
relation, between wave number x and frequency w. If h is the water depth,

w? = kg tanh(hk),

which for infinite depth? reduces to w? = kg. Here g is the constant of gravity.
A Gaussian random wave is a mixture of elementary waves of this form, in
spectral language, with x > 0 solving the dispersion relation,

[e.o]

x(t,s) :/ W) 47 (w) +/ e WHRs) 47 (w)

=—00 W=—00

=x4(t,s) +x_(t,s).

Here is a case when it is important to use both positive and negative frequencies;
cf. the comments in Section 4.3.3.4. Waves described by (¢, s) move to the
right and waves in x_(¢,s) move to the left with increasing ¢.

Keeping t = tg or s = s¢ fixed, one obtains a space wave, x(tg, s), and a time
wave, x(t,so) respectively. The spectral density of the time wave, z(t,sg) =
r4(t,s) +x_(t,50) is called the wave frequency spectrum,

fretw) = fr(w) + f- (),

and we see again that it is not possible to distinguish between the two wave
directions by just observing the time wave.

2tanhx = (e® —e ") /(e” +e7 ™).
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The space wave has a wave number spectrum given by the equation, for
infinite water depth, with w? = gk > 0,

Fo"(w) = 25 freee(w?/g),

fipace(ﬁ) — %\/%féme(\/g_)

One obvious effect of these relations is that the space process seems to have
more short waves than can be inferred from the time observations. Physically
this is due to the fact that short waves travel with lower speed than long waves,
and they are therefore not observed as easily in the time process. Both the
time wave observations and the space registrations are in a sense “biased” as
representatives for the full time-space wave field.

In Chapter 3, Remark 3:3, we introduced the mean period 2m\/wg/wy of
a stationary time process. The corresponding quantity for the space wave is
the mean wave length, i.e. the average distance between two upcrossings of the
mean level by the space process z(tg, s). It is expressed in terms of the spectral
moments of the wave number spectrum, in particular

Ko = /f;pace(/i) dk = / f;zme dw = wy,

4 [ 2
_ 9 _ w 9 L 2w, 9
Ko = /H/i f2P(Kk) dk = /w —292\/ 2 12 (w) ” dw = wy/g°.

The average wave length is therefore 2mgy/wo/wys. We see that the average wave
length is more sensitive to the tail of the spectral density than is the average
wave period. Considering the difficulties in estimating the high frequency part
of the wave spectrum, all statements that rely on high spectral moments are
unreliable.

The case of a two-dimensional time dependent Gaussian wave z(t, s1, s2),
the elementary waves with frequency w and direction 6 become

A, cos(wt — K(s1cos 0 + sasinf) + ¢y), (6.7)

where w > 0 and k > 0 is given by the dispersion relation. With this choice of
sign, 6 determines the direction in which the waves move.

The spectral density for the time-space wave field specifies the contribution
to x(t, (s1,s2)) from elementary waves of the form (6.7). Summed (or rather
integrated) over all directions 0 < 6 < 2w, they give the time wave z(t,sp), in
which one cannot identify the different directions. The spectral distribution,
called the directional spectrum, is therefore often written in polar form, based
on the spectral density f{™¢(w) for the time wave, as

Fw,0) = £ (w)g(w, ).

The spreading function g(w,0), with fo% g(w,0)df = 1, specifies the relative
contribution of waves from different directions. It may we frequency dependent.
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Directional Spectrum; level curves at 2, 4, 6, 8, 10

Figure 6.1: Left: Level curves for directional spectrum with frequency depen-
dent spreading. Right: Level curves for simulated Gaussian space sea.

Example 6:1 Wave spectra for the ocean under different weather conditions
are important to characterize the input to (linear or non-linear) ship models.
Much effort has been spent on design and estimation of typical wave spectra.
One of the most popular is the Pierson-Moskowitz spectrum,
PR (w) = — 1 20en )",
w
or the variant, the JONSWAP spectrum, in which an extra factor v > 1 is
introduced to enhance the peak of the spectrum,
Flime () = %6—1.25(%/@4 ,Yexp(—(l—w/wm)Q/QaTQn)'
In both spectra, « is a main parameter for the total variance, and w,, defines
the “peak frequency”. The parameters v and o,, determine the peakedness
of the spectrum. The spectrum and a realization of a Gaussian process with
JONSWAP spectrum was shown in Example 1:4.

Figure 6.1 shows to the right, the level curves for a simulated Gaussian
wave surface with the directional spectrum with frequency dependent spreading,
shown on the left. Frequency spectrum is of JONSWAP type.

As mentioned in the historical Section 1.6.3, Gaussian waves have been used
since the early 1950, with great success. However, since Gaussian processes are
symmetric, z(t) has the same distribution as —z(¢) and as z(—t), they are not
very realistic for actual water waves except in special situations; deep water, no
strong wind. Much research is presently devoted to development of “non-linear”
stochastic wave models, where elementary waves with different frequencies can
interact, in contrast to the “linear” Gaussian model, where they just add up.
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Exercises

6:1. To be written.
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Appendix A

The axioms of probability

Here is a collection of the basic probability axioms, together with proofs of the
extension theorem for probabilities on a field (page 5), and of Kolmogorov’s
extension theorem, from finite-dimensional probabilities to infinite-dimensional
ones (page 10).

A.1 The axioms

A probability P is a countably additive measure on a probability space, as
defined here.

Definition A:1 (a) A family of subsets Fy to an arbitrary space € is called
a field (or algebra) if it contains the whole set Q0 and is closed under the set
operations complement, A*, union, AU B, and intersection, AN B, i.e. if A
and B are sets in the family Fo, then also the complement A* and the union
AU B belong to Fy, etc. It then also contains all unions of finitely many sets
Ay, ..., A, in Fy.

(b) A field F of subsets is called a o-field (or o-algebra) if it contains all
countable unions and intersections of its sets, i.e. if it is a field and furthermore,

A1, Ay, ... e F  implies Up>, A, € F.

(c) A probability measure P on a sample space ) with a o-field F of events,
is a function defined for every A € F, with the properties

(1) 0<P(A) <1 forall AcF.
(2) P(Q2) =1.
(3) For disjoint sets A, € F, k=1,2,... one has P(U°A;) = > 7" P(4).

(d) Equivalent with (c) is

175
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(1) 0 < P(A) <1 forall Ac F.

(2) P(Q2) =1.

(8°) If A1, Az € F are disjoint, then P(A; U Ay) = P(Ay) + P(Ag).
(37) If Ay D A2 O ... € F with N°A,, =0, then lim,_,., P(4,) =0.

A typical field Fp in R is the family of sets which are unions of a finite
number of intervals. The smallest o-field that contains all sets in Fy is the
family B of Borel sets.

A.2 Extension of a probability from field to o-field

How do we define probabilities? For real events, of course, via a statistical
distribution function F(x). Given a distribution function F', we can define a
probability P for finite unions of real half open disjoint intervals,

n

P(Ut(ak, be]) = > (F(be) — Flag)) . (A1)
1
If we define the probability of a single point as P([a]) = F'(a) — limgy, F(z),
we can define a probability to every finite union of real intervals.

Sets which are unions of a finite number real intervals, (a,b], (a,b), [a,b),
[a,b] with —oco < a < b < oo, form a field on R, and they can be given
probabilities via a distribution function. The question is, does this also give
probabilities to the more complicated events (Borel sets) in the o-field F gen-
erated by the intervals. The answer is yes, as stated in the following extension
theorem, Carathéodory’s extension theorem, which is valid not only for intervals
and Borel sets, but for any field Fy and generated o-field F. For a proof, the
reader is referred to any text book in probability or measure theory, e.g. [36].

Theorem A:1 Suppose P is a function which is defined for all sets in a field
Fo, there satisfying the probability axioms, i.e. (with three equivalent formula-
tions of Condition 4),

(1) 0 < P(A) <1 forall Ac Fy.

(2) P(Q2) =1.

(3) If A1, As € Fy are disjoint, then P(A; U Ay) = P(Ay) + P(As).
(4a) If Ay D A D ... € Fy with N°A, =0, then lim, . P(A,) =0.
(4b) If A1, As, ... € Fo are disjoint and U2 | Ay, € Fy, then
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(4¢) If A1, Ag,... € Fy are disjoint and U2 Ay = Q then Y oo P(Ar) = 1.

Then one can extend P to be defined, in one and only one way, for all sets in
the o-field F generated by Fo, so that it still satisfies the probability axioms.

We can now state and prove the existence of probability measures on the

real line with a given distribution function.

Theorem A:2 Let F(x) be a statistical distribution function on R, i.e. a non-
decreasing, right-continuous function with F(—oc0) = 0, F(oco) = 1. Then
there exists exactly one probability measure P on (R,B), such that P((a,b]) =
F(b) — F(a).

Proof: We shall use the extension Theorem A:1. The Borel sets B equal the
o-field generated by the field Fy of unions of finitely many intervals. Equation
(A.1) extended by singletons, defines P for each set in Fy, and it is easily
checked that properties (1), (2), and (3) hold. The only difficult part is (4a),
which we prove by contradiction.

The idea is to use Cantor’s theorem that every decreasing sequence of com-
pact, non-empty sets, has a non-empty intersection. Assume, for a decreasing
sequence of sets A, € Fy, that P(A,) | h > 0. We show that then the in-
tersection of the A, -sets is not empty. Each A, consists of finitely many half
open intervals. It is then possible to remove from A, a short piece from the
left end, to make it closed and bounded, i.e. there exists a compact, nonempty,
K, C A,, such

P(A, — K,) <g/2".

(Convince yourself that P(A,, — K,,) is defined.) Then
L, ="K, CK, CA,,
form a decreasing sequence,
L1 DLy D....

If we can prove that the L,, can be taken nonempty, we can use Cantor’s
theorem, and conclude that they have a nonempty intersection, i.e. there exists
at least one point € N{°L,,, which also implies € N{°A4,,, so the Ay do not
decrease to the empty set. The proof would be finished.

Hence, it remains to prove that we can choose each L,, nonempty. Take
€ < h. Then

P(Am - Lm) = P(Am - HT n) = P(UT(Am - Kn))

IN

iP(Am ~K,) < iP(An ~K,) < ig/zn <e,
1 1 1

P(Ly) = P(Ap) — P(Ap — L) > h — e > 0,

and L, is non-empty. O
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A.3 Kolmogorov’s extension to R®

Kolmogorov’s existence, or extension, theorem from 1933, allows us to define
a stochastic process through its family of finite-dimensional distribution func-
tions. Kolmogorov’s book [20] appeared after a period of about 30 years at-
tempts to give probability theory a solid mathematical foundation; in fact,
Hilbert’s sixth problem (1900) asked for a logical investigation of the axioms of
probability.

Theorem A:3 Extension formulation: Every consistent family {P,} of prob-
ability measures on (R™,B,,), n=1,2,..., can be uniquely extended to a prob-
ability measure P on (R, By), i.e. in such a way that

P ((a1,b1] x (ag,ba] X ... X (an,by] x R™)
= Pn ((al,bl] X (ag,bz] X ... X (an,bn]) .

Ezistence formulation: To every consistent family of finite-dimensional dis-

tribution functions, F = {Fin}>2 . there exists one and only one probability

measure P on (R By,) with
P((L‘l < bl,...,xn < bn) :Fn(bl,,bn)

Proof: We prove first the Extension formulation. We are given one probability
measure P, on each one of (R",B,,), n = 1,2,.... Consider the intervals in
R i.e. the sets of the form

I = {XZ (1‘1,1‘2,...); x; € (ai,bi],i = 1,...,77,},
for some n, and unions of a finite number of intervals. Define P for each

P(I) =P, (H(ai, bi]> :

1

interval by

Let I; and Is be two disjoint intervals. They may have different dimensions
(n1 # ng), but setting suitable a; or b; equal to oo, we may assume that
they have the same dimension. The consistency of the family {P,} guarantees
that this does not change their probabilities, and that the additivity property
holds, that is, if also I; U I is an interval, then P([; UIy) = P(I1)+ P(I). It
is easy to extend P with additivity to all finite unions of intervals. By this we
have defined P on the field Fy of finite unions of intervals, and checked that
properties (1), (2), and (3) of Theorem A:1 hold.

Now check property (4a) in the same way as for Theorem A:2, for a decreas-
ing sequence of non-empty intervals with empty intersection,

L 21, D..., with ﬂcfoln:@,
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and suppose P(I,) | h > 0.! We can always assume I,, to have dimension n,
I, = {x € R™; agn) <z; < bgn), j=1,...,n},

and we can always assume the a; and b; to be bounded. As in the proof of
Theorem A:2, remove a small piece of the lover side of each interval I,, to get a
compact K, and define L,, = NT'K,,. By removing a small enough piece one
can obtain that P(L,,) > h/2 >0 so L, is non-empty.

If we write

Ly agl) < < ﬂfl)
Ly:ol <oy <p? o <ay< o
Li: ol <o <87, of) <oy < Y, o) < a5 < 6

For each 7, [aﬁ"), ﬂ](-")], n=74,79+1,...,1s a decreasing sequence of non-empty,
closed and bounded intervals, and by Cantor’s theorem they have at least one
common point, T; € ﬂ%o:j[a;"),ﬂ](.n)]. Then, X = (Z1,T2,...) € L, for all n.
Hence x € L, C I, for all n and the intersection N§°I,, is not empty. This
contradiction shows that P(I,) | 0, and (3”) is shown to hold.

The conditions (1), (2), (3), and (4a) of Theorem A:1 are all satisfied, and
hence P can be extended to the o-field F generated by the intervals.

To get the Existence formulation, just observe that the family of finite-dimen-
sional distributions uniquely defines P, on (R",B,), and use the extension.
O

Exercises

A:1. Let Z be the integers, and A the family of subsets A, such that either
A or its complement A€ is finite. Let P(A) = 0 in the first case and
P(A) =1 in the second case. Show that P can not be extended to a
probability to o(A), the smallest o-field that contains A.

'Property (4a) deals with a decreasing sequence of finite unions of intervals. It is easy to
convince oneself that it suffices to show that (4a) holds for a decreasing sequence of intervals.
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Appendix B

Stochastic convergence

Here we summarize the basic types of stochastic convergence and the ways we
have to check the convergence of a random sequence with specified distributions.

Definition B:1 Let {z,}°2, be a sequence of random variables x1(w), z2(w),
... defined on the same probability space, and let x = z(w) be a random variable,
defined on the same probability space. Then, the convergence x,, — T as n — o0
can be defined in three ways:

e almost surely, with probability one (z,, “3 z): P({w;z, — x}) =1;

e in quadratic mean (z, % z): E (]wn - x\Q) —0;

e in probability (z, L x): for every € >0, P (|x, — x| >¢€) — 0.
Furthermore, x, tends in distribution to x, (in symbols x, £ x) if
P(z, <a) — Pz <a)

for all a such that P(x <) is a continuous function of u at u=a.

B.1 Ciriteria for convergence almost surely

In order for a random sequence z,, to converge almost surely (i.e. with proba-
bility one), to the random variable x, it is necessary and sufficient that

lim P(|z, — x| > 0 for at least one n >m) =0 (B.1)

m—0o0

for every 0 > 0.
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To prove this, note that if w is an outcome such that the real sequence
Zn(w) does not converge to x(w), then

wed U N U lenw) = z(w)] > 1/q

g=1m=1n=m
Here, the innermost event has probability
PUY,, |zn(w) — z(w)| > 1/q) = P (Jx, — x| > 1/q for at least one n > m),
and this is 0 for all ¢ if and only if (B.1) holds for all 6 > 0. The reader should
complete the argument, using that P(UiAy) = 0 if and only if P(A;) = 0 for

all k, and the fact that if By D By O ... is a non-increasing sequence of events,
then P(NgBg) = limg_.o, P(Bx). Now,

o
P(|zy, — x| > 0 for at least one n > m) < Z P(|x, — x| > 9),
n=m

and hence a simple sufficient condition for (B.1) and a sufficient condition for
almost sure convergence is that for all 6 > 0,

> P(lzn — 2| > 8) < 0. (B.2)
n=1

(In fact, the first Borel-Cantelli lemma directly shows that (B.2) is sufficient
for almost sure convergence.)

A simple moment condition is obtained from the inequality P(|z, — z| >
) < E(|z, —z|") /6", giving that a sufficient condition for almost sure conver-
gence is

> Bz, — 2") < o0, (B.3)
n=1

for some h > 0.

A Cauchy convergence type condition is the following: sufficient condition
for almost sure convergence: if there exist two sequences of positive numbers
b, and €, such that > >°, 8, < oo and ) ° €, < oo, and such that

P(|xps1 — xp| > 6n) < €n, (B.4)

then there exists a random variable z such that z, %3 .
To see this, use the Borel-Cantelli lemma to conclude that

P(|xp4+1 — xp| > 0y, for infinitely many n) = 0.

Thus, for almost all w, there is a number N, depending on the outcome w,
such that
|Tpt1 — xp| <6, forall n>N.

Since Y 4, < oo, the sequence z,(w) converges to a limit z(w) for these
outcomes. For w where the limit does not exist, set x(w) = 0, for example.
Then z,, “3 z, as was to be proved.
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B.1.0.1 Uniform convergence of random functions

A sequence of random variables can converge almost surely, and we have just
given sufficient conditions for this. But we shall also need convergence of a
sequence of random functions {x,(t);t € T}, where T = [a,b] is a closed
bounded interval.

Definition B:2 A sequence of functions {x,(t);a < t < b} converges uni-
formly to the function {x(t);a <t < b} if

t) —x(t 0
max |an(t) — ()] = 0, as n— oo,

that is, if x, lies close to the limiting function x in the entire interval |a,b]

for all sufficiently large n .

It is a basic result in real analysis that if a sequence of continuous functions
converges uniformly in a closed and bounded interval, then the limiting function
is also continuous. This fact will be useful when we show the almost sure sample
function continuity of a random function.

Condition (B.4) can be restated to deal with almost sure uniform conver-
gence of random functions: if there exist two sequences of positive numbers 9,
and €, such that > >, 8, < oo and ) ° €, < oo, and such that

P [2,11(t) = 2a(0)] > 80) < €, (B.5)

then there exists a random function z(t);a < t < b, such that z,(t) 3 z(t)
uniformly for ¢ € [a, b].

B.2 Criteria for convergence in quadratic mean

Some of the representation theorems for stationary processes express a process
as a complex stochastic integral, defined as a limit in quadratic mean of ap-
proximating sums of complex-valued random variables. To define a quadratic
mean integral, or other limit of that kind, one needs simple convergence criteria
for when z, “ z for a sequence of random variables with E(|z,|?) < co.
The Cauchy convergence criterion for convergence in quadratic mean states
that a necessary and sufficient condition for that there exists a (possibly com-

plex) random variable z such that z, “> z is that
E(lem — xn|2) — 0, (B.6)

as n and m tend to infinity, independently of each other. (In mathematical
language, this is the completeness of the space £2.)
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The limit = has E(|z|?) = lim E(|z,|?) < oo, and E(z,) — E(z). If there

are two convergent sequences, T 7 2 and Un o y, then
E(@afn) — Exp). (B.7)
To show quadratic mean convergence of stochastic integrals, the following
criterion is useful:

the Loéve criterion: the sequence z, converges in quadratic mean if and
only if
E(x,,Ty) has a finite limit ¢, (B.8)

when m and n tend to infinity independently of each other.

The if part follows from E(|x;, —2,|?) = E(m@m) — B(tmZn) — E(2nZm) +
E(z,z,) — c—c—c+c= 0. The only if part follows from E(x,,Z,) — E(zZ) =
E(al?).

B.3 Criteria for convergence in probability

Both almost sure convergence and convergence n quadratic mean imply con-

vergence in probability. Further, if z, L+ then there exists a subsequence
ng — 00 as k — oo, such that x,, .
To prove this, we use criterion (B.2). Take any sequence ¢, > 0 such that

o0
Z€k<00-

k=1

If 2, = x, take any 0 > 0 and consider P(|z,, —z| > d) — 0 as n — oo. The
meaning of the convergence is that for each € there is an NN, such that

P(|lxy, — x| > 9) < €,

for all n > N, . In particular, with nj = N, , one has

> P(lan, — ] >08) <> e,
k=1

k=1 =

which is finite by construction. The sufficient criterion (B.2) gives the desired
almost sure convergence of the subsequence z,, .

Exercises

B:1. Prove the Borel-Cantelli lemma:
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a) If Ay are events in a probability space (€2, F, P), then
Z P(Ak) < 00,
k

implies P(Aj, infinitely often) = 0.
b) If the events Aj are independent, then

> P(Ay) = oo,
k

implies P(Ay, infinitely often) = 1.

B:2. Let x1, xo, ... be independent identically distributed random variables.
Show that

E(|zg| < oo if and only if P(|x| > k infinitely often) = 0.

B:3. Suppose the random sequences x,, and z], have the same distribution.

Prove that if z,, ©3 z then there exists a random variable z’ such that

) a.s. /
Ty — .
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Appendix C

Hilbert space and random
variables

C.1 Hilbert space and scalar products

A Hilbert space is a set of elements which can be added and multiplied by
complex numbers, and for which there is defined an inner product. The inner
product in a Hilbert space has the same mathematical properties as the covari-
ance between two random variables with mean zero, and therefore it is natural
to think of random variables as elements in a Hilbert space. We summarize
here the basic properties of a Hilbert space, for use in Chapters 3 and 4. For
further reading on Hilbert spaces and on metric spaces, see e.g. the classical
book by Royden [29].

Definition C:1 A general Hilbert space H over the complexr numbers C is a
set of elements, usually called points or vectors, with the following properties:

1. The operations addition and subtraction are defined, and there exists a
unique “zero” element 0 € H and to each x € 'H there is a unique
nverse —x:

r+y=y+xzecH,
z+0=u=x,
z+(—z)=0.

2. Multiplication with complex scalar is defined (usually written cx =c-x):

c-r€H,
0-z=0,
l-z==x.
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3. A scalar (inner) product (z,y) is defined such that:

(z,y) = (y,2) € C,
(ax +by, 2) = a(z, 2) + b(y, 2),
(z,2) >0,
(x,x) =0 if and only if x = 0.
4. A norm ||z|| and a distance d(x,y) = ||x—y|| are defined, and convergence
has the standard meaning: if x € H then ||z| = (x,z)/?, and if x,,z €

H then limy, o x,, = x if and only if ||z, — x| — 0.

5. The space is complete in the sense that if xn,x € H and ||z, — 2, — 0
as m,n — oo then there is a point x € H such that lim,, ..o x, = .

Remark C:1 If H is a space that satisfies(1-3) in the definition, then it can
be completed and made a Hilbert space that satisfies also (5).

We list some further properties of Hilbert spaces and scalar products, which
will be seen to have parallels as concepts for random variables:

Schwarz inequality: |(z,y)| < ||z||-[|y|| with equality if and only if (y,z)z =
(z,2)y,

Triangle inequality: ||z + y|| < ||z] + [|y]|,
Continuity: if z, — z and y, — y then (z,,y,) — (z,y),

Pythagorean theorem: if z and y are orthogonal, i.e. (x,y) =0, then

lz +yl? = [l I* + llylI*.

C.1.0.2 Linear subspaces:

Let L ={z; € H;j =1,2,...} be a set of elements in a Hilbert space H, and
let

My ={aiz1+ ...+ agri;k=1,2,...;a; € C}

be the family of all finite linear combinations of elements in L. Then

M=My=S8(L) = {mEH;x: lim z,, for some x,, € MO}
n—oo
is called the subspace of H spanned by L. It consists of all elements in H
which are linear combinations of elements in L or are limits of such linear
combinations. It is a subspace in the sense that it is closed under addition,
multiplication by scalar, and passage to a limit.
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C.2 Projections in Hilbert space

Two elements in a Hilbert space are called orthogonal, written x L y, if (x,y) =
0. Two subsets Ly and Lo are said to be orthogonal, L; L Lo, if all elements
x € Ly are orthogonal to all elements y € Lo. Similarly, two subspaces M;j
and My are orthogonal, M7 L Mas, if all elements in M are orthogonal to
all elements in Msy. The reader should check that if L; L Lo, then S(L;) L

S(Ls).
For a sequence of subspaces, M1,..., M of H, write
for the vector sum of Mq,..., My, which is the set of all vectors 1 +...+ z,

where z; € M;, for j=1,...,k.

C.2.0.3 The projection theorem

Let M be a subspace of a Hilbert space H, and let x be a point in H not in
M. Then x can be written in exactly one way as a sum

r=y+z

with y € M and z = (z —y) L M. Furthermore, y is the point in M which
is closest to x,
d(x,y) = min d(x,w).
(z,9) = min d(z, w)
and equality holds if and only if w =1y.
The most common use of the projection theorem is to approximate a point
z in a general Hilbert space by a linear combination, or a limit thereof, of a
finite or infinite number of certain elements in .

C.2.0.4 Separable spaces and orthogonal bases

A Hilbert space H is called separable if it contains a countable set of elements
x1,@2,... such that the subspace spanned by all the z; is equal to H. If the z-
variables are linearly independent, i.e. there is no non-trivial linear combination
equal to 0, aiz1 + ...+ a,z, = 0, it is possible to find orthogonal elements
Y1,Y2, - - -, such that

y1 = €117,

Yo = C21X1 + C22%9,

Yn = Cpl®1 + Cp2X2 + ...+ Cpnn,
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This is the Gram-Schmidt orthogonalization process, and orthogonal means that

. _JLj=k
(yg,yk)—f%k—{o’j#k.

The sequence 1,2, ... is called a complete orthogonal basis for the Hilbert
space H. It is a basis, i.e. every element in H can be written as a linear com-
bination of yj-elements or as a limit of such combinations, and it is orthogonal
by construction. It is furthermore complete, i.e. there is no element z € ‘H such
that

|zl >0, (z,9;) =0, forallj.

C.3 Stochastic processes and Hilbert spaces

A Hilbert space is a set of elements which can be added and multiplied by
complex numbers, and for which there is defined an inner product. The inner
product in a Hilbert space has the same mathematical properties as the covari-
ance between two random variables with mean zero, and therefore it is natural
to think of random variables as elements in a Hilbert space; see Appendix C
for a summary of elementary properties of Hilbert spaces.

We shall consider a very special Hilbert space, namely the space of all
random variables X on a probability space (€2, F, P), which have zero mean
and finite variance.

Theorem C:1 If (Q,F, P) is a probability space, then
H = {random variables x on (Q, F, P) such that E(x) = 0, B(|z|*) < 0o}

with the scalar product
(z,y) = E(27)
is a Hilbert space; it will be denoted H(S).

First, it is clear that (x,y) = E(zy) has the properties of a scalar product;
check that. It is also clear that we can add random variables with mean zero
and finite variance to obtain new random variables with the same properties.

Also, ||z|| = E(]x|?), which means that if ||z]] = 0, then P(z = 0) = 1,
so random variables which are zero with probability one, are, in this context,
defined to be equal to the zero element 0. Convergence in the norm || - is

equal to convergence in quadratic mean of random variables, and if a sequence
of random variables x,, is a Cauchy sequence, i.e. ||y, —zp| — 0 as m,n — oo,
then we know that it converges to a random variable x with finite mean, which
means that H(Q2) is complete. Therefore it has all the properties of a Hilbert
space.
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C.3.0.5 A stochastic process as a curve in H(Q)

A random variable with E(x) = 0 and finite variance is a point in the Hilbert
space H(€2). Two equivalent random variables x and y are represented by the
same point in (), since P(z = y) = 1 and hence ||z —y||?> = E(Jz—y|?) = 0.

A stochastic process is a family of random variables, and thus a stochastic
process {z(t), t € R} with one-dimensional parameter ¢ is a curve in H(Q).
Further, from the definition of the norm ||z| = \/E(|z|?), we see that conver-
gence in this norm is equivalent to convergence in quadratic mean. In other
words, if a stochastic process is continuous in quadratic mean, then the corre-
sponding curve in H(2) is continuous.

C.3.0.6 The generated subspace

A set of points in a Hilbert space generates a subspace, which consists of all
finite linear combinations and their limits. If {z(t);t € T} is a stochastic
process, write

H(z) = S(z)
for the subspace spanned by z(-). Also, for a process {z(t), t € R}, define
H(z,t) =S(z(s);s <t)

as the subspace spanned by all variables observed up till time ¢. At time ¢
it contains all variables which can be constructed by linear operations on the
available observations. Examples of random variables in H(z,t) are

x(t)+$(t—1)+...+:c(t—n+1) /t

n

e nu)du, (1) + 3 (1),

—o00

where 2’ (t),2” (t) denote left derivatives.

Example C:1 Take an MA(1)-process, i.e. from uncorrelated variables
et),t=...,—1,0,1,2,...,

with E(e(t)) =0, V(e(t)) =1, we construct

x(t) = e(t) + bre(t — 1).

If |b1| < 1, the process can be inverted and e(t) simply retrieved from z(s), s <
t:

e(t) = x(t) —bre(t — 1) = z(t) — by(z(t — 1) — bre(t — 2))

n

= Z(—bl)kx(t — k) + (=b)" " le(t —n — 1) = y,(t) + 2n(t), say.
k=0
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Here,
yn(t) € S(x(s);s =t —mn,...,t) CS(z(s);s <t) =H(x,t),
while

lzn ()] = b2 " — 0

as n — oo. Thus e(t) — y,(t) — 0 and we have that

— i(—bl)k nlggoz —b)*x(t — k) € H(z, 1)

k=0

if |b1] < 1. The representation of e(t) as a limit of finite linear combinations
of x(t — k)-values is explicit and obvious.

For |b;| =1 it is less obvious that e(t) € H(x,t), but it is still possible to
represent e(t) as a limit. For example, if by = —1, z(t) = e(t) —e(t — 1), and
zn(t) = e(t —n — 1) does not converge to anything. But in any case,

e(t) =Y az(t—k)+e(t—n—1),

k=0

and so, since the left hand side does not depend on n,

1 N 1 N n 1 N
e(t):NZe(t):NZZx(t— NZ e(t—n—1)
n=1 n=1k=0 n=1
N N
:Z<1—%)x(f—kz)+%26(t—n—l):yN(t)+zN(t).
k=0 n=1

Now, zn(t) = NZn e(t—n—1) = e(t) —yn(t) — 0 by the law of large
numbers, since all e(t) are uncorrelated with E(e(t)) = 0 and V(e(t)) = 1.
We have shown that e(t) is in fact the limit of a finite linear combination of
x(s)-variables, i.e. e(t) € H(x,t).
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Spectral simulation of random
processes

D.1 The Fast Fourier Transform, FFT

A stationary process {z(t),t € R} with continuous spectrum f(w) can be
efficiently simulated by Fourier methods from its spectral representation. One
then has to discretize the continuous spectrum and use the approximation (4.29)
from Section 4.3.3.

Fourier-simulation is most effectively performed with the help of the Fast
Fourier Transform (FFT), or rather the inverse transform. This algorithm
transforms a sequence of real or complex numbers Z(0), Z(1),..., Z(N — 1)
into its (inverse) discrete Fourier transform

N—
z(n) = Z(k) exp(i2mkn/N), (D.1)
k=0

[y

for n =10,1,..., N — 1, where the integer N is a power of 2, N = 2™. In
the literature, there are as many ways to write the Fourier sum as there are
combinatorial possibilities, with or without a factor N in the denominator and
with or without a minus-sign in the exponential function. Almost every mathe-
matical computer software toolbox contains efficient algorithms to perform the
FFT according to (D.1).

The basis for the use of (D.1) to generate a sample sequence lies in the
representation of a stationary process as an approximating sum of harmonic
functions with random phase and amplitude; see (4.29) and the alternative form
(4.30). The Z(k) will then be chosen as complex random variables with absolute
value and argument equal to the desired amplitude and phase. When using the
formula for simulation purposes, there are however a number of questions which
have to be resolved, concerning the relation between the sampling interval and
the frequency resolution, as well as the aliasing problem.

193
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Before we describe the steps in the simulation we repeat the basic facts
about processes with discrete spectrum, and the special problems that arise
when sampling a continuous time process.

D.2 Random phase and amplitude

To see how (D.1) can be used to generate a sample function we consider first
the special stationary process (4.18) with discrete spectrum in Section 4.3.3, or
the normalized form (4.30). Including the spectral jump at zero frequency it
has the form,

o
2(t) = po+ Y pr cos(wit + ¢r)- (D.2)
k=1
Here pg is a random level shift, while {p;} are the amplitudes and {¢} the
phases of the different harmonic components of z(t). The frequencies wy > 0
can be any set of fixed positive frequencies.
If we define

Z(0) = po,
Z(k) = prexp(ioy), fork=1,2,....

it is easy to see that z(t) in (D.2) is the real part of a complex sum, so if we
write y(t) for the imaginary part, then

[e.e]
)+ dy(t Z Z (k) exp(iwgt). (D.3)
k=0

We repeat the fundamental properties of this representation.

If amplitudes and phases in (D.2) are independent and the phases
¢r are uniformly distributed over [0,27), then {z(t),t € R} is
stationary and has a discrete spectral distribution with mass 0,% =
1E(p}) and 03 = E(p}) at the frequencies wy > 0, and wy = 0,
respectively. Further, Z (k) = py exp(i¢r) = o (U + Vi) have the
desired properties if the real and imaginary parts are independent
standardized Gaussian random variables, with E(Uy) = E(Vy) =0
and variance V(Uy) =V (V) = 1.

It is possible to approximate every spectral distribution by a discrete spectrum.
The corresponding process is then an approximation of the original process.

D.3 Aliasing

If a stationary process {z(t), ¢ € R} with continuous twosided spectral den-
sity fz(w), is sampled with a sampling interval d, the sequence {z(nd),n =
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0,41,...} has a spectral density féd) (w) that can be restricted to any interval
of length 7/d, for example the interval (—m/d, w/d]. There it can be written
as a folding of the original spectral density,

Z Jx <w+—>, for —m/d <w < m/d.

j=—00

The corresponding one-sided spectral density gg([;d) (w) can then be defined on
[0,7/d] as

f (@) + £ (-w).
For reasons that will become clear later (Section D.6) we prefer to define it
instead on [0,27/d) by

(d) Z fa <w + —> , for 0 <w<2m/d. (D.4)

_]7—00

D.4 Simulation scheme

In view of (D.1) and (D.3) we would like to generate a finite part of the sum
n (D.3) to get z(n) and then take the real part to get z(t) for ¢ = nd,

n=20,1,...,N — 1. To see the analogy clearly we repeat the expressions:
N-1
Z Z (k) exp(i2rkn/N) (D.5)
k=0
= Re Z Z (k) exp(iwgt) (D.6)

Here is the scheme to follow.

We have: A real spectral density g,(w) for w > 0 for a stationary process
{z(t), t € R}.

We want: A discrete time sample z(nd), n =0,1,..., N —1 of {z(t), t € R}
of size N = 2™ with sampling interval d, equally spaced over the time interval
[0,T) with T'= Nd;

Means: Generate random variables Z (k) = oy (U + V%), k=0,1,..., N —1,
with distribution described below, and take z(n) = Zé\f:_ol Z (k) exp(i2wkn/N)
according to (D.1). Then set

z(nd) =Rez(n), n=0,1,...,N—1.

This will give the desired realization.
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D.5 Difficulties and details

The Fourier simulation scheme rises a number of questions which have to be
dealt with before it can be implemented. Here we shall comment on the impor-
tant issues.

Frequency spacing: We have requested N time points regularly spaced in
[0,7") in steps of d, and we want to use the special sum (D.1). This will impose
a restriction both on the frequency spacing and on the maximum frequency
accounted for. Comparing (D.5) and (D.6), bearing in mind that ¢ = nd, we
find that only frequencies that are of the form

2k 2wk
=——=—— fork=0,1,...,N—-1
wk‘ Nd T Or 0’ ) b b
appear in the simulation, and further that the highest frequency in the sum is

27 5\71) , just barely below

2
Wmax = E .

Discretization of spectrum: The continuous spectrum with density g, (w)

has to be replaced by a discrete spectrum with mass only at the frequencies

Wi = z’T—Nk which enter into the sum (D.5). The mass at wy should be equal to

(wr), k=0,1,...,N—1. (D.7)

Generation of the Z(n): Generate independent random variables
Z(k) = o, (U, + iVy)

with Uy and V), from a normal distribution with mean zero and variance 1, for
instance by the Box-Miiller technique,

U = cos(2rRy) v/ —21n Ry,
Vk = sin(27rR1) AV —2In RQ,

where R; and Ry are independent random numbers uniformly distributed in
(0,1].

Aliasing: The restricted frequency range in (D.5), implies that the generated
z(nd) will have variance Zé\f:_ol o2, where each o7 is an infinite sum:

2T omj
7=y 2 et T

j=—o0

In practice one has to truncate the infinite series and use
9 2m 2my
ak:—fo(wk—i——), k=0,1,...,N —1, (D.8)
=17

where J is taken large enough. If f,(w) ~ 0 for w > wmax one can take J = 0.
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D.6 Simulation of the envelope

The Fourier simulation will not only yield a realization of z(nd) = Rez(n)
but also of its Hilbert transform y(nd) = Jmz(n). Therefore we can get the
envelope as a byproduct,

\/:c(nd)2 + y(nd)?.

Thus generation of 2N Gaussian random numbers Uy, Vi, for k =0,1,..., N—
1 will result in 2N useful data points. If the aim is to generate only the z(nd)-
series, one could restrict the sum (D.5) to only n =0,1,..., N/2 —1 and thus
generate only N Gaussian variates.

D.7 Summary

In order to simulate a sample sequence of a stationary process {z(t), t € R}
with spectral density f,(w) over a finite time interval one should do the follow-
ing:

1. Choose the desired time interval [0,7").

2. Choose a sampling interval d or the number of sample points N = 2.
This will give a sequence of N process values z(nd), k =0,1,...,N — 1.

3. Calculate and truncate the real discretized spectrum
o7 & 2mj
2 _ - _
%= ‘Zfo(war o) k=01, N1,
j==

and take J so large that f,(w) ~ 0 for w > 27(J +1)/d.

4. Generate independent standard normal variables
Uk, Vk, fOI‘k‘ZO,l,...,N—l
with mean zero and variance 1.

5. Set Z(k) = o1 (Uy, + iV}) and calculate the (inverse) Fourier transform

z(n) = Z(k)exp(i2mkn/N).
0

=

B
Il

6. Take the real part,
z(nd) =Rez(n), n=0,1,...,N—1;

this is the desired sequence.
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7. To generate the envelope, take the imaginary part
y(nd) =Jmz(n), n=0,1,...,N —1;

the envelope is then

\/:c(nd)2 + y(nd)?.
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convergence, 45
Loeve criterion, 45
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