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Coal mine disasters—constructing a complex MCMC algorithm
1. In the first problem we are going to take a closer look at coal mine disasters in Great Britain between 1658
and 1980. The data is taken from http://archive.is/06VNa. Since the dataset span over more than
300 years it is natural to assume that the conditions have changed over the years. Opening of new mines and
closing of old mines, development of new technology and varying demand for coal are some of the factors
that can cause a change in disaster intensity.
First we need some notation. Let t1 = 1658 and td +1 = 1980 be the fixed end points of the dataset and
denote by ti , i = 2, . . . , d , the breakpoints (d = 1 implies no breakpoints only one fixed intensity λ1 over
the whole data set). We collect end points and break points in a vector t = (t1 , . . . , td +1 ). The disaster
intensity in each interval [ti , ti+1 ) is λi and we let λ = (λ1 , . . . , λd ).
The data consist of time continuous data where τ = (τ1 , . . . , τn ) denotes the time points of the n = 751
disasters (available in the file coal mine disasters.mat). We model the data on the interval t1 ≤ t ≤
td +1 using an inhomogeneous Poisson process with intensity
λ(t) =

d
X

λi 1[ti ,ti+1 ) (t).

i=1

This implies that the times between accidents have an exponential distribution with intensity λi for accidents
in interval i i.e. [ti , ti+1 ). The time between the last accident in interval i and ti+1 is an observation of a
truncated exponential random variable. All we know here is that it is larger than the time span left in the
interval.
From the time points of the disasters we compute
ni (τ) = number of disasters in the sub-interval [ti , ti+1 ) =

n
X

1[ti ,ti+1 ) (τj ).

j=1

We put a Gamma(2, θ)-prior1 on the intensities with a Gamma(2, Ψ)-hyperprior on θ, where Ψ is a fixed
hyperparameter that needs to be specified. In addition, we put a prior
(Q
d
for t1 < t2 < . . . < td < td+1 ,
i=1 (ti+1 − ti ),
f (t) ∝
0, otherwise,
1

Here we use a parametrization of the gamma distribution where Gamma(k, θ), k > 0 and θ > 0, has density function
f (x) =

θk k−1
x
exp (−θx) ,
Γ (k)

x ≥ 0.

MATLAB uses a different parametrisation for the second argument which then should be set to 1/θ.

on the breakpoints, preventing the same from being located too closely. This implies that
f (τ|λ, t) = exp −

d
X

!
λi (ti+1 − ti )

i=1

d
Y

λni i (τ) .

i=1

To sample from the posterior f (θ, λ, t|τ) we will construct a hybrid MCMC algorithm as follows. All
components except the breakpoints t can be updated using Gibbs sampling. To update the breakpoints we
use a Metropolis-Hastings (MH) sampler. There are are several possible proposal distributions for the MH
step:
– Random walk proposal: Update one breakpoint at a time. For each breakpoint ti we generate a candidate
ti∗ according to
ti∗ = ti + ε, with ε ∼ U(−R, R)
and R = ρ(ti+1 − ti−1 ).
– Independent proposal: Update one breakpoint at a time. For each breakpoint ti we generate a candidate
ti∗ according to
ti∗ = ti−1 + ε(ti+1 − ti−1 ), with ε ∼ β(ρ, ρ).
This corresponds to a scaled and shifted β-distribution for ti∗ with density function
f (ti |ti+1 , ti−1 ) =

Γ (2ρ) (ti − ti−1 )ρ−1 (ti+1 − ti )ρ−1
.
Γ (ρ)2
(ti+1 − ti−1 )2ρ−1

In both cases ρ is a tuning parameter of the proposal distributions.
(a) Compute, up to normalizing constants, the marginal posteriors f (θ|λ, t, τ), f (λ|θ, t, τ), and f (t|θ, λ, τ).
In addition, try to identify the distributions.
(b) Construct a hybrid MCMC algorithm that samples from the posterior f (θ, λ, t|τ). Pick one of the
possible updating options for t; motivate why the proposal yields a correct MH algorithm.
(c) Investigate the behavior of the chain for 1, 2, 3, 4 or perhaps even more breakpoints.
(d) How sensitive are the posteriors to the choice of the hyperparameter Ψ?
(e) How sensitive is the mixing and the posteriors to the choice of ρ in the proposal distribution?

Parametric bootstrap for the 100-year Atlantic wave
2. The data file atlantic.txt contains the significant wave-height recorded 14 times a month during several
winter months in the north Atlantic. A Gumbel distribution with distribution function



x−μ
F (x; μ, β) = exp − exp −
, x ∈ R,
β
where μ ∈ R and β > 0, is a good fit to the data. The parameters can be estimated using the matlab function
est gumbel.m.
The expected 100-year return value of the significant wave-height gives the largest expected value during a
100-year period. The T th return value is given by F −1 (1−1/T ; μ, β). We note that we have 14 observations
during a month and three winter months during a year, thus T = 3 · 14 · 100.
(a) Find the inverse F −1 (u; μ, β).
(b) Provide a parametric bootstrapped 95% confidence intervals for the parameters.
(c) Provide a one sided parametric bootstrapped 95% confidence interval for the 100-year return value.

Good luck!

