Mathematical Statistics
Home assignment 2: 2019–02–12
Centre for Mathematical Sciences MASM11/FMSN50 Monte Carlo and Empirical Methods
Lund University
for Stochastic Inference 7.5 hp

Detailed solutions, making sure that you describe your algorithms in text, and not only as code, must be submitted
before Tuesday 26 Feb, 13:00:00. You are strongly encouraged to work in groups of two.
Report submissions are accepted in PDF format only.
Also submit an email with your MATLAB-files (or implementation in other language), with a file named
proj2.m that can be used to run your analysis (Remember to submit all the files you have created). Email all files
(including the report PDF) to fms091@matstat.lu.se. Set the subject line to:
“Project 2 by “STILID1” and “STILID2” “
Discussion between groups is permitted, as long as your report reflects your own work.

Self-avoiding walks in Zd
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Figure 1: A self-avoiding walk of length 50 in Z3 starting at (0, 0, 0).
A self-avoiding walk (SAW) is a sequence of moves on a lattice that does not visit the same point more than once.
In Zd , the set Sn ⊆ Zd of possible such walks of length n is formally given by
Sn (d ) = {x0:n ∈ Zd (n+1) : x0 = 0, |xk − xk−1 | = 1, x` 6= xk , ∀0 ≤ ` < k ≤ n}.
To compute the number cn (d ) = |Sn (d )| of possible such walks is, when n is large, considered to be a very challenging problem in enumerative combinatorics. The aim of this home assignment is to solve this problem using
sequential Monte Carlo (SMC) methods.
First two theoretical problems.
1. Convince yourself that for all n ≥ 1 and m ≥ 1,
cn+m (d ) ≤ cn (d )cm (d ).

(1)

2. A sequence (an )n≥1 is called subadditive if am+n ≤ am + an . Fekete’s1 lemma states that for every subadditive
sequence (an )n≥1 , the limit limn→∞ an /n exists and is equal to infn≥1 an /n (which may be equal to −∞).
Use Fekete’s lemma to prove that the limit
μd = lim cn (d )1/n
n→∞

exists.
1

Mihály Fekete (1886–1957) was an Israeli-Hungarian mathematician.

(2)

The constant μd in (2) is called the connective constant and depends on the particular lattice chosen. One may
of course consider
SAW:s on other lattices than Zd , e.g. the honeycomb lattice in 2D. For this case it is proven
p
√
that μ = 2 + 2. The number μd could be interpreted as the geometric mean of the number of un-visited
neighbours (sequentially looking one step ahead) along a self-avoiding path. In the light of (2) it is conjectured for
all d (actually proven for d ≥ 5) that
(
Ad μnd nγd −1
d = 1, 2, 3, d ≥ 5
cn (d ) ∼
as n → ∞,
(3)
n
1/4
Ad μd log(n)
d =4
where in the power law correction nγd −1 , γd does not depend on the lattice under consideration only the dimension
d . It is known that γ1 = 1, γ2 = 43/32 and that γd = 1 for d ≥ 5. More on self-avoiding walks can be found in
Slade (2011) (See also Duminil-Copin and Smirnov, 2012).
We now aim at estimating cn (d ) for n = 1, 2, 3, . . . using SMC methods. Moreover, we are particularly interested in
estimating the connective constant μd via the relation (3) by investigating how cn (d ) depends on n for large n’s. As
mentioned in the lectures, estimates of the cn (d )’s can be obtained by considering the sequence (fn )n≥1 of uniform
distributions on the sets (Sn (d ))n≥1 , i.e., letting
fn (x0:n ) =

1Sn (d ) (x0:n )
cn (d )

,

x0:n ∈ Zd (n+1) ,

where 1 denotes the indicator function2 , and estimating sequentially the cn (d )’s using SMC.
Note: For problem 3–6 use d = 2.
3. A first (naive) approach is to estimate the cn (2)’s using the sequential importance sampling (SIS) algorithm
with instrumental distribution gn being that of a standard random walk (Xk )nk=0 in Z2 , where X0 = 0 and
each Xk+1 is drawn uniformly among the four neighbours of Xk . In fact, this method simply amounts (why?)
to simulating a large number N of random walks in Z2 , counting the number NSA of self-avoiding ones, and
estimating cn (2) using the observed ratio NSA /N . Implement this approach and use it for estimating cn (2) for
n = 1, 2, 3, . . . Conclusion?
4. In order to improve the naive approach, let gn be the distribution of a self-avoiding random walk (Xk )nk=0 in
Z2 starting in the origin. This means that
(i) X0 = 0 and
(ii) given X0:k , the next point Xk+1 is drawn uniformly among the free neighbours N(X0:k ) of Xk , where
N(x0:k ) = {x ∈ Z2 : |xk − x| = 1, x 6= x` , ∀0 ≤ ` < k};
if N(X0:k ) = ∅, then Xk+1 is set to Xk .
Implement the SIS algorithm based on the instrumental distribution gn and use it for estimating cn (2) for
n = 1, 2, 3, . . . Conclusion?
5. Implement the sequential importance sampling with resampling (SISR) algorithm based on the instrumental
distribution gn in Problem 4 and use it for estimating cn (2) for n = 1, 2, 3, . . . Conclusion?
6. Use your (SISR) estimates of the cn (2)’s to obtain an estimate of A2 , μ2 and γ2 via the relation (3). Hint: Look
at ln(cn ) and identify a linear regression in the transformed parameters. Which of the original parameters are
most easy to estimate? Redo the estimation in several independent replicates to check how the estimates
varies. Explain why!
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The indicator function is defined by:

1A (x) = 1 if x ∈ A and 1A (x) = 0 if x ∈/ A.

Now we consider the problem for a general d :
7. Verify that the following general bound should hold
d ≤ μd ≤ 2d − 1.
8. Verify that the following general bound should hold
Ad ≥ 1 for d ≥ 5.
Hint: Plugin (3) into (1) for appropriate choices of n and m.
9. Use the (SISR) approach estimate of Ad , μd and γd via the relation (3) for some d ≥ 3 with the same
technique as in problem 6. First compare with the bounds from problems 7-8. Finally compare with the
asymptotic bound on μd for large d found in Graham (2014):
μd ∼ 2d − 1 − 1/(2d ) − 3/(2d )2 − 16/(2d )3 + O(1/d 4 )
Conclusion?
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Good luck!

