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Chapter 7

Shapes from images

7.1 Free-form deformation models

7.1.1 GMRF-Snakes

Let x(t) ∈ R
2, t ∈ [0, 1), be a closed curve with interior pointsX = {u; u inside the curve x(t)}.

Discretise the curve , giving a sequence of landmarks xk = x(tk), k = 0, . . . , p − 1,
stored in a landmark matrix X.

mu = m(u)

The precision matrix for the x-coordinates is given by

Q′
= a0A0 + a1WT

1A1W1 + a2WT
2A0W2,

and the same Q′ holds for the y-coordinates. The precision matrix for the vectorised
landmarks is then given by

Q =

[

Q′ 0
0 Q′

]

.

7.2 Estimation algorithm example

7.2.1 The data model

The measurement model for the pixels of an image y is given by the densities

p(ỹu = yu|X) =

{

p0(yu), u 6∈ X ,

p1(yu), u ∈ X ,

with independence between different pixels.
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108 CHAPTER 7. SHAPES FROM IMAGES

Example 7.1. The pixels are independent Gaussian random variables in R
D. Pixels

outside the shape are N(m0,S0), and pixels inside the shape are N(m1,S1), so that
the densities are

p0(yu) =
1√

(2p)D detS0

exp

(

−1

2
(yu − m0)TS−1

0 (yu − m0)

)

p1(yu) =
1√

(2p)D detS0

exp

(

−1

2
(yu − m1)TS−1

1 (yu − m1)

)

,

with negative logarithms

− ln(p0(yu)) =
D

2
ln(2p) +

1

2
ln(detS0) +

1

2
(yu − m0)TS−1

0 (yu − m0)

− ln(p1(yu)) =
D

2
ln(2p) +

1

2
ln(detS1) +

1

2
(yu − m1)TS−1

1 (yu − m1)

2

7.2.2 Construction of the loss function

The prior shape density for the vectorised landmarks is given byp(X) =

√

det Q√
(2p)n

exp

(

−1

2
(X − M)TQ(X − M)

)

,

with negative logarithm

− ln(p(X)) = −1

2
det Q +

n

2
ln(2p) +

1

2
(X − M)TQ(X − M).

The posterior density for the shape given an image can be obtained through Bayes’
formula,

p(X|y) =
p(y|X)p(X)

p(y)

∝ p(X)
∏

u

p(yu|X)

= p(X)
∏

u6∈X

p0(yu)
∏

u∈X

p1(yu).

Taking the negative logarithm, we can write

f (X) = constant − ln(p(X|y))

=
1

2
(X − M)TQ(X − M) +

∑

u6∈X

z0(u) +

∑

u∈X

z1(u),
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7.2. ESTIMATION ALGORITHM EXAMPLE 109

where z0(u) = − ln(p0(yu)) and z1(u) = − ln(p1(yu)). The maximum posterior
estimate of X given y is the shape that minimises the loss function f (X). We can
simplify f (X) by rewriting as follows:

f (X) =
1

2
(X − M)TQ(X − M) +

∑

u

(z0(u)I(u 6∈ X ) + z1(u)I(u ∈ X ))

=
1

2
(X − M)TQ(X − M) +

∑

u

(z0(u)(1 − I(u ∈ X )) + z1(u)I(u ∈ X ))

=
1

2
(X − M)TQ(X − M) +

∑

u

(z1(u) − z0(u)) I(u ∈ X ) +

∑

u

z0(u),

where the last term is independent of X, and hence need not be included.

7.2.3 Loss function derivatives

First, we approximate the loss function with

f (X) =
1

2
(X − M)TQ(X − M) +

∑

u

z01(u)HX (u),

where z01(u) = z1(u)− z0(u), and H is a smoothed version of the indicator function.
If nk denotes the outward unit normal vector of the shape at xk, the local behaviour
of HX (u) in the vicinity of xu is determined by the expression

HX (u) ≈
∫ ∞

nT
k
(u−xk)

h(s) ds,

where h : R 7→ R is a function centred at 0, such that
∫∞

−∞
h(s) ds = 1.

The derivative of HX (u) with respect to a landmark can thus be approximated by

∂HX (u)

∂xk

≈ nkh(nT
k (u − xk)),

and the second derivatives by the matrix

∂2HX (u)

∂x2
k

≈ −nkn
T
k h′(nT

k (u − xk)),

where

h′(s) =
dh(s)

ds
,
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110 CHAPTER 7. SHAPES FROM IMAGES

and the derivative of nk is neglected.
For notational purposes, let Ek be the derivative of X with respect to xk, an 2n×2

matrix with zeros everywhere except for a single 1 in each column, at rows k and k+n,
respectively.

An approximation of the derivative of the loss function f (X) with respect to land-
mark xk can be obtained by

∂f (X)

∂xk

≈ ET
k Q(X − M) + nk

∑

u

z01(u)h(nT
k (u − xk))wk(u),

where wk(u) is a weight function with wk(xk) = 1, that decreases to zero toward
the neighbouring landmarks. The sum can be interpreted as a weighted sum of the
z01-function along the shape, near the landmark xk. With this interpretation, we can
modify the approximation to

∂f (X)

∂xk

≈ ET
k Q(X − M) + nkLk

∑

u

z01(u)g0(u − xk),

where

Lk =
||xk+1 − xk|| + ||xk−1 − xk||

2

is the local length measure of the shape. The weight function g0(v) integrates to 1,
so that the resulting sum is a weighted average of z01(u) near xk. By using the same
g0-function for all derivatives, the sum can be pre-computed by convolving z01 and
g0, yielding a function G0(u), and the loss function derivative can be calculated as

∂f (X)

∂xk

≈ ET
k Q(X − M) + nkLkG0(xk) = ET

k Q(X − M) + B[k].

Proceeding in the same manner for the second derivatives, the second derivatives
with respect to a landmark,

∂2f (X)

∂xk,d

≈ ET
k QEk − nkn

T
k

∑

u

z01(u)h′(nT
k (u − xk))wk(u),

can be calculated approximately by interpreting the sum as a smooth version of the
derivative of z01(u) in the normal direction nk near xk. Using the chain rule for
derivatives, we can write

∂2f (X)

∂x2
k

≈ ET
k QEk + nkn

T
k Lk

(

nk,1

∑

u

z01(u)g1(u − xk) + nk,2

∑

u

z01(u)g2(u − xk)

)

,

2005-12-02, 10:37:24Z, rev.2303



7.2. ESTIMATION ALGORITHM EXAMPLE 111

where g1 and g2 are weight functions for derivation along the two axes, near xk. As
before, the sums can be pre-computed, yielding

∂2f (X)

∂x2
k

≈ ET
k QEk + nkn

T
k Lk(nk,1G1(xk) + nk,2G2(xk)) = ET

k QEk + C[k].

The derivatives of the loss function with respect to the landmarks can be collected
into the matrices

df

dX
= Q(X − M) +

[

B[1]
1 · · · B

[p]
1 B[1]

2 · · · B
[p]
2

]T

d2f

dX2 = Q +





diag
(

[

C[k]
1,1

]

k=1,...,p

)

diag
(

[

C[k]
1,2

]

k=1,...,p

)

diag
(

[

C[k]
2,1

]

k=1,...,p

)

diag
(

[

C[k]
2,2

]

k=1,...,p

)



 .

7.2.4 Practical optimisation

In the vicinity of the optimal shape (in the maximum Posterior sense), the loss func-
tion is approximately quadratic, which makes Newton optimisations feasible, with
iteration updates

X[i+1]
= X[i] −

[

d2f

dX2 (X[i])
]−1
[

df

dX
(X[i])

]

.

In general, however, more robust methods are needed.
Let D be a matrix of d allowed directions for updating X, so that the improved

estimate in each iteration takes the form

X[i+1]
= X[i]

+ Dj,

where j is a vector of length d . For example, the matrix

D =





1 0
[

xk,1 − 1
p

∑p
j=1 xj,1

]

0

0 1 0
[

xk,2 − 1
p

∑p
j=1 xj,2

]





allows translation and scaling along the two coordinate axes. Other D-matrices can
be constructed, that allow only large scale changes to the landmark sequence, so that

the shape can be kept smooth. Each column in D then takes the form
[

dT dT
]T

,
where d is a

The idea is to first optimise with respect to the large scale shape features, and only
permit small scale changes when we are close to the optimal solution.

Assuming that f is quadratic with respect to j, the optimal choice is given byj = −
(

DT
[

d2f

dX2 (X[i])
]

D
)−1

(

DT
[

df

dX
(X[i])

])

.

Line-search methods can be used to handle cases where f is not quadratic.
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7.2.5 Uncertainty estimation

It would be possible to construct an optimisation that did not rely on the approx-
imative second derivative matrix. However, there is an additional benefit to com-
puting the matrix, due to the fact that the loss function in essence is the negative
log-likelihood function. This means that, at the optimum, the inverse of the second
derivative matrix,

(

d2f

dX2

)−1

,

is an estimate of the posterior covariance matrix (compare with the Fisher information
in classical statistics).

The sparse structure of the approximative d2f /dX2 reveals that the posterior dis-
tribution is an approximate Gaussian Markov random field.
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