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Preface

These lecture notes grew out of an M.Sc. course on dilerkntial
geometry which | gave at the University of Leeds 1992. Their main
purpose is to introduce the beautiful theory of Riemannian Geometry
a still very active area of mathematical research. This is a subject with
no lack of interesting examples. They are indeed the key to a good
understanding of it and will therefore play a major role throughout
this work. Of special interest are the classical Lie groups allowing
concrete calculations of many of the abstract notions on the menu.

The study of Riemannian geometry is rather meaningless without
some basic knowledge on Gaussian geometry that i.e. the geometry of
curves and surfaces in 3-dimensional space. For this | recommend the
excellent textbook: M. P. do Carmo, Di erential geometry of curves
and surfaces, Prentice Hall (1976).

These lecture notes are written for students with a good under-
standing of linear algebra, real analysis of several variables, the classical
theory of ordinary di Lerkntial equations and some topology. The most
important results stated in the text are also proved there. Other are
left to the reader as exercises, which follow at the end of each chapter.
This format is aimed at students willing to put hard work into the
course.

For further reading | recommend the very interesting textbook: M.
P. do Carmo, Riemannian Geometry, Birkhduser (1992).

I am very grateful to my many enthusiastic students who through-
out the years have contributed to the text by finding numerous typing
errors and giving many useful comments on the presentation.

Norra Nobbelov, 17 February 2008

Sigmundur Gudmundsson






Chapter 1.
Chapter 2.
Chapter 3.
Chapter 4.
Chapter 5.
Chapter 6.
Chapter 7.
Chapter 8.
Chapter 9.

Contents

Introduction

Di [erentiable Manifolds

The Tangent Space

The Tangent Bundle
Riemannian Manifolds

The Levi-Civita Connection
Geodesics

The Riemann Curvature Tensor

Curvature and Local Geometry

21
35
47
59
69
83
95






CHAPTER 1

Introduction

On the 10th of June 1854 Georg Friedrich Bernhard Riemann (1826-
1866) gave his famous ”Habilitationsvortrag” in the Colloquium of the
Philosophical Faculty at Gottingen. His talk "Uber die Hypothesen,
welche der Geometrie zu Grunde liegen” is often said to be the most
important in the history of di [Lerkntial geometry. Johann Carl Friedrich
Gauss (1777-1855), at the age of 76, was in the audience and is said to
have been very impressed by his former student.

Riemann’s revolutionary ideas generalized the geometry of surfaces
which had been studied earlier by Gauss, Bolyai and Lobachevsky.
Later this lead to an exact definition of the modern concept of an
abstract Riemannian manifold.






CHAPTER 2

Di [erentiable Manifolds

In this chapter we introduce the important notion of a dilerkn-
tiable manifold. This generalizes curves and surfaces in R? studied in
classical di Lerential geometry. Our manifolds are modelled on the stan-
dard dilerkntiable structure on the vector spaces R™ via compatible
local charts. We give many examples, study their submanifolds and
di Lerkntiable maps between manifolds.

For a natural number m let R™ be the m-dimensional real vector
space equipped with the topology induced by the standard Euclidean
metric d on R™ given by

dx,y) = (X1 —y1)?2+ ...+ Xm —Ym)?

For positive natural numbers n, r and an open subset U of R™ we shall
by C"(U,R") denote the r-times continuously di[erentiable maps
from U to R". By smooth maps U - R" we mean the elements
of

1
C*(,RMH= C"(UR").
r=1
The set of real analytic maps from U to R" will be denoted by
C®(U,R™M). For the theory of real analytic maps we recommend the
book: S. G. Krantz and H. R. Parks, A Primer of Real Analytic Func-
tions, Birkhauser (1992).

Definition 2.1. Let (M, T) be a topological Hausdor [_space with
a countable basis. Then M is said to be a topological manifold if
there exists a natural number m and for each point p [CM an open
neighbourhood U of p and a continuous map x : U - R™ which is a
homeomorphism onto its image x(U) which is an open subset of R™.
The pair (U, x) is called a (local) chart (or local coordinates) on M.
The natural number m is called the dimension of M. To denote that
the dimension of M is m we write M™.

According to Definition 2.1 a topological manifold M is locally
homeomorphic to the standard R™ for some natural number m. We

7



8 2. DIFFERENTIABLE MANIFOLDS

shall now define a dilerkntiable structure on M via local charts and
turn M into a di [erkntiable manifold.

Definition 2.2. Let M be a topological manifold. Then a C"-atlas
on M is a collection

A = {(Uq, Xq)| a I}
of local charts on M such that A Coi%he whole of M i.e.
M= Uq
a
and for all a, 3 [Ilthe corresponding transition maps
Xp © X;1|Xa(UaﬂUp,) : Xa(Ua n Ug) - R™

are r-times continuously di Lerkntiable.

A chart (U, x) on M is said to be compatible with a C"-atlas A on
M if the union A [LQU, x)} is a C"-atlas on M. A C'-atlas A is said to
be maximal if it contains all the charts that are compatible with it. A
maximal atlas A on M is also called a C"-structure on M. The pair
(M,AA) is said to be a C"-manifold, or a di Lerentiable manifold of
class C", if M is a topological manifold and A is a C"-structure on M.

A dilerkntiable manifold is said to be smooth if its transition maps
are C* and real analytic if they are C®.

It should be noted that a given C"-atlas A on a topological manifold
M determines a unique C"-structure A on M containing A. It simply
consists of all charts compatible with A.

Example 2.3. For the standard topological space (R™, T ) we have
the trivial C“-atlas

A={R™x)| x:pB p}
inducing the standard C®-structure A on R™.

Example 2.4. Let S™ denote the unit sphere in R™*! j.e.
ST ={p CRM| pi+ - +pp. =1}

equipped with the subset topology induced by the standard T on R™*1,
Let N be the north pole N = (1,0) [CRI>< R™ and S be the south pole
S =(—1,0) on S™, respectively. Put Uy = S™\{N}, Us = S™\ {S}
and define Xy : Uy - R™, X5 : Us - R™ by

1
1—p1

1
1+ps

XN (P1s ey Pms1) B (P2, -y Pm+1),

Xs :(P1,.. ., Pm+1) B (P2 .- Pm+1)-
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Then the transition maps
Xs © Xyt XN © Xg T R™M\ {0} -~ R™\ {0}
are given by

p
[;L -
= o

so A = {(Un, Xn), (Us, Xs)} is a C®-atlas on S™. The C®-manifold
(8™, A) is called the standard m-dimensional sphere.

Another interesting example of a di[erkentiable manifold is the m-
dimensional real projective space RP™.

Example 2.5. On the set R™** \ {0} we define the equivalence

relation = by:
p = q if and only if there exists a A CRI=$uch that p = Aqg.
Let RP™ be the quotient space (R™**\ {0})/ = and
m:R™I\ {0} -~ RP™
be the natural projection mapping a point p [_R™*1 \ {0} to the
equivalence class [p] CRP™ i.e. the line
[Pl = {Ap CRM A [RY

through the origin generated by p. Equip RP ™ with the quotient topol-
ogy induced by m and T on R™", For k [{1,...,m + 1} define the
open subset
Ux =A{[p] ERP™| p« & 0}
of RP™ and the charts xi : Uy - R™ by
: P1 Pk—1 , Px+1 Pm+1
Xk : [p] B (pk,..., » 1, o P ).
If [p] = [q] then p = Aq for some A CRI“$0 p;/px = qi/qx for all I. This
means that the map X is well defined for all k. The corresponding
transition maps

Xk © X Hxgupnug  Xi(UrnUg) - R™

are given by
&!-"lbylyﬁl--'ypm-kl)g(&1'--)pk_111!pk+11'--)pm+1)
P P Pi P Pk Pk Pk Pk

so the collection
A={U,x)lk=1....m+1}

is a C®-atlas on RP™. The di[erkntiable manifold (RPm,AA\) is called
the m-dimensional real projective space.
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Example 2.6. Let C be the extended complex plane given by
C =C {30}
and put C== C\ {0}, Uy = C and U, = C\ {0}. Then define the

local coordinates Xg : Ug - C and Xe : Usw — C ON C by Xo:z2 B z
and X :w 3 1/w, respectively. The corresponding transition maps

Xeo © Xg 1, Xg o Xy 1 CHL CcH

are both givenbyz 3 1/zs0 A = {(Uo, X0), (Uso, Xe0) } Is @ C®-atlas on
C. The real analytic manifold (C A) is called the Riemann sphere.

For the product of two di Lerkntiable manifolds we have the following
interesting result.

Proposition 2.7. Let (Ml,AA\l) and (MZ,AA\Z) be two di erentiable
manifolds of class C". Let M = M; x M, be the product space with trle
product topology. Then there exists an atlas A on M making (M, A)
into a di erentiable manifold of class C" and the dimension of M sat-
isfies

dimM = dim My + dim M.
Proof. See Exercise 2.1. 1

The concept of a submanifold of a given dilerentiable manifold
will play an important role as we go along and we shall be especially
interested in the connection between the geometry of a submanifold
and that of its ambient space.

Definition 2.8. Let m,n [N be natural numbers such that 1 <
m < n and (N”,I§) be a C"-manifold. A subset M of N is said to
be a submanifold of N if for each point p [CM there exists a chart
(Up, Xp) [BIsuch that p U} and X, : U, — R™ < R"™™ satisfies
Xp(Up N M) = xp(Up) n (R™ = {0}).
The natural number (n —m) is called the codimension of M in N.

Proposition 2.9. Let m,n be natural numbers such that 1 <
m < n and (N",B) be a C"-manifold. Let M be a submanifold of N
equipped with the subset topology and m : R™ < R"™™ _, R™ pe the
natural projection onto the first factor. Then

A ={(Upn M, (Tt °Xp)|u,nm)| p CM}

isa C'-atlas for M. In particular, the pair (l\/l,,&) is an m-dimensional
C'-manifold. The di erentiable structure A on the submanifold M of
N is called the induced structure of B.
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Proof. See Exercise 2.2. —1

Our next step is to prove the implicit function theorem which is a
useful tool for constructing submanifolds of R". For this we use the
classical inverse function theorem stated below. Note that if

F:U - R™

is a dilerkntiable map defined on an open subset U of R" then its
di Lerential dF, : R" - R™ at a point p is a linear map given by
the m x n matrix

[ éf: 1
1/0x1(p) ... OF1/0xn(p)

de o | |:|
OFn/0x1(p) ... OFW/0X,(p)

Ify:R - Uisacurve in U such that y(0) = p and y(0) =v [R"
then the composition F ey : R -~ R™ is a curve in R™ and according
to the chain rule we have

d
dFy v = - (F > Y(s))ls=o,
which is the tangent vector of the curve F -y at F(p) CRIM.

Hence the diLerential dF, can be seen as a linear map that
maps tangent vectors at p [Ul to tangent vectors at the image
F(p) CR™. This will later be generalized to the manifold
setting.

Fact 2.10 (The Inverse Function Theorem). Let U be an open sub-
setof R"and F : U - R" be a C"-map. If p Ul and the di erential

dF, : R" - R"
of F at p is invertible then there exiit open neighbourhoods U, around p
and Uq around q = F(p) such that F = F|y, : U, - U is bijective and
tbe inverse (If)‘1 : Uy — Up is a C"-map. The di erential (dlf‘l)cI of
F~1 at q satisfies
(dF 1), = (dF,) !
i.e. it is the inverse of the di erential dF, of F at p.

Before stating the implicit function theorem we remind the reader
of the definition of the following notions.
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Definition 2.11. Let m, n be positive natural numbers, U be an
open subset of R" and F : U - R™ be a C"-map. A point p IS
said to be critical for F if the di Lerential

dFp : R" -~ R™
is not of full rank, and regular if it is not critical. A point g CFEI(U)

is said to be a regular value of F if every point of the pre-image
F~1{q}) of q is regular and a critical value otherwise.

Note that if n = m then p [ Ul is a regular point of
F=(F....,Fm):U - R

if and only if the gradients [FE4]..., [E of the coordinate functions
Fi,...,Fm : U - R are linearly independent at p, or equivalently, the
di Lerential dF, of F at p satisfies the following condition

det(dF, - (dF,)") £ 0.

Theorem 2.12 (The Implicit Function Theorem). Let m, n be nat-
ural numbers such that m < nand F : U - R™ be a C"-map from
an open subset U of R". If ¢ [CEI(U) is a regular value of F then the
pre-image F~1({q}) of q is an (n —m)-dimensional submanifold of R"
of class C'.

Proof. Let p be an element of F~%({q}) and K, be the kernel of
the di [erkntial dF, i.e. the (n — m)-dimensional subspace of R" given
by K, = {v [R"| dF,-v =0}. Let m, : R" - R"™™ be a linear map
such that |k, : Ky - R"™™™ is bijective, mp| — 0 and define the
map Gp : U - RM™ < R"™™M by

Gp : x B (F(X), mp(x)).

Then the dilerential (dGp), : R" - R" of Gy, with respect to the
decompositions R" = K K}, and R" = R™ [R1™™, is given by

dGy), =

dFplik— 0
0 T

hence bijective. It now follows from the inverse function theorem that

there exist open neighbourhoods V, around p and W, around G,(p)

such that G, = G|y, : Vp — W, is bijective, the inverse G;* : W, - V,

is C", d(G; s, = (dGp);* and d(G;Y)y is bijective for all y CW,.

Now put U, = F~1({q}) n V, then

Up = GoH(({a} x R™) n W,)
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soif m: RMxR"™™M _, R"™M js the natural projection onto the second
factor, then the map

)h('p =T e Gple . Up — ({q} X Rn_m) n Wp — Rn_m

is a chart on the open neighbourhood Up of p. The point q CEI(U) is
a regular value so the set

B = {(Uy, %)l p CEI ({a})}
is a C"-atlas for F~1({q}). 1
Employing the implicit function theorem we yield the following in-
teresting examples of the m-dimensional sphere S™ and its tangent

bundle TS™ as di [erentiable submanifolds of R™*! and R2™*2, respec-
tively.

Example 2.13. Let F : R™*! _, R be the C®-map given by

L S |
F:(p1,...,pms1) B p?.

i=1
The diLerkntial dF, of F at p is given by dF, = 2p, so
dF, - (dFp)t = 4|p)* [R
This means that 1 is a regular value of F so the fibre
S™={p CR™| p? =1} =F ({1}

of F is an m-dimensional submanifold of R™*1, It is the standard
m-dimensional sphere introduced in Example 2.4.

Example 2.14. Let F : R™M*1xR™*1 _, R2 pe the C®-map defined
by F : (p,v) B ((Ip|> — 1)/2, plvD] The diletential dF,, of F at
(p, v) satisfies —

o

dFew =

©

Hence
det(dF - (dF)") = [pl(Ipf” + V) = 1+ [v|* > 0
on F~1({0}). This means that
F'{0}) = {(p.v) CRM* xR™| |p|> =1 and [plv3 0}

which we denote by TS™ is a 2m-dimensional submanifold of R2™*2,
We shall later see that TS™ is what is called the tangent bundle of the
m-dimensional sphere.
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We shall now apply the implicit function theorem to construct the
important orthogonal group O(m) as a submanifold of the set of the
real vector space of m < m matrices R™*™.

Example 2.15. Let Sym(R™) be the linear subspace of R™*™ con-
sisting of all symmetric m % m-matrices
Sym(R™) = {A [R™™M| A' = A}.
Then it is easily seen that the dimension of Sym(R™) is m(m + 1)/2.
Let F : R™™ _, Sym(R™) be the map defined by
F:ADQ A'A
If A:R - R™™Mis acurve in R™*™ then

L (F = AS) = AG)'A[) + AS'A®S),

so the di[erkntial dF 5 of F at A [CRIM*™ satisfies
dFa : X B X'A+ A'X.
This means that for an arbitrary element A of
o(m) = F1({e}) = {A [R™™| A'A =¢}
and Y [CSym(R™) we have dFA(AY/2) = Y. Hence the dilerkntial
dF4 is surjective, so the identity matrix e CSym(R™) is a regular value
of F. Following the implicit function theorem O(m) is a submanifold

of R™*™M of dimension m(m — 1)/2. The set O(m) is the well known
orthogonal group.

The concept of a dilerentiable map U — R", defined on an open
subset of R™, can be generalized to mappings between manifolds. We
shall see that the most important properties of these objects in the
classical case are also valid in the manifold setting.

Definition 2.16. Let (M™, A;) and (N", A) be two C"-manifolds.
Amap ¢ : M - N is said to be di[erentiable of class C" if for all
charts (U, x) A, and V,y) A, the map

Yoo X xungrvy i X(U no~H(V)) LRI - R"
is of class C". A dilerkntiable map y : 1 - M defined on an open
interval of R is called a dilerentiable curve in M. A dilerentiable

map f : M - R with values in R is called a di [erentiable function on
M. The set of smooth functions defined on M is denoted by C*(M).

It is an easy exercise, using Definition 2.16, to prove the follow-
ing result concerning the composition of diLerkntiable maps between
manifolds.
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Proposition 2.17. Let (Ml,Al) (MZ,AZ) (M3,A3) be C"'-mani-
folds and ¢ : (Ml,Al) - (MZ,AZ) g (Mz,Az) - (M3,A3) be di er-
entiable maps of class C". Then the composition ¢ o @ : (Ml,Al) -
(Mg,A\g) is a di erentiable map of class C".

Proof. See Exercise 2.5. —1

Definition 2.18. Two manifolds (Ml,,&l) and (MZ,AAZ) of class
C" are said to be di CLedmorphic if there exists a bijective C'-map
® : My — My, such that the inverse ¢~ : M, — M, is of class C". In
that case the map ¢ is said to be a di Ledmorphism between (M, A\l)
and (M, A,).

It can be shown that the 2-dimensional sphere S? in R® and the
Riemann sphere, introduced earlier, are diledmorphic, see Exercise
2.7.

Definition 2.19. Two C'-structures A; and A, on the same topo-
logical manifold M are said to be di Lerent if the identity map idw :
(M,A;) - (M, A,) is not a di [Edmorphism.

It can be seen that even the real line R carries di Cerent di Lerkntiable
structures, see Exercise 2.6.

Deep Result 2.20. Let (M{“,A]), (Mzm,AA\z) be two di erentiable
manifolds of class C" and of equal dimensions. If M; apd M, are horrAle-
omorphic as topological spaces and m < 3 then (M, A;) and (M;, A)
are di eomorphic.

The following remarkable result was proved by John Milnor in his
famous paper: Di erentiable structures on spheres, Amer. J. Math.
81 (1959), 962-972.

Deep Result 2.21. The 7-dimensional sphere S’ has exactly 28
di erent di erentiable structures.

The next very useful proposition generalizes a classical result from
the real analysis of several variables.

Proposition 2.22. Let (Ny, A;) and (N, A,) be two di erentiable
manifolds of class C" and My, M, be submanifolds of N; and N, re-
spectively. If @ : N; - N, is a di erentiable map of class C" such
that @(M,) is contained in My, then the restriction @[y, : M1 - My is
di erentiable of class C'.

Proof. See Exercise 2.8. —1
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Example 2.23. The result of Proposition 2.22 can be used to show
that the following maps are all smooth.

(i) 0,:S? LRt - S [RT, 0;: (x,y,2) B (X,Y,2,0),

(i) g2 : S® [CI ~ S? [CKR, ¢z: (21,22) B (22123, |2]*—122]%),

(i) 3 : R - ST [C)g3:t3 e,

(iv) @4 : R™IN{0} - S™, @4 : x B x/|X]|,

(V) @5 : R™*\{0} - RP™, @5 : x B [x],

(Vi) 6 :S™ - RP™, @6 : X B [X].

In di Cerential geometry we are especially interested in di Lerkntiable
manifolds carrying a group structure compatible with their dilerkn-
tiable structure. Such manifolds are named after the famous math-
ematician Sophus Lie (1842-1899) and will play an important role
throughout this work.

Definition 2.24. A Lie group is a smooth manifold G with a
group structure - such that the map p: G < G — G with

pr(pa)Bp-gt
is smooth. For an element p in G the left translation by p is the map
Lp:G -~ Gdefinedby L,:qB3 p-q.

Note that the standard dilerentiable R™ equipped with the usual
addition + forms an abelian Lie group (R™, +) with p : R™"<R™  R™
given by

p:(p.a) B3 p—a.

Corollary 2.25. Let G be a Lie group and p be an element of G.
Then the left translation L, : G — G is a smooth di eomorphism.

Proof. See Exercise 2.10 1

Proposition 2.26. Let (G, ) be a Lie group and K be a submani-
fold of G which is a subgroup. Then (K, ) is a Lie group.

Proof. The statement is a direct consequence of Definition 2.24
and Proposition 2.22. 1

The set of non-zero complex numbers C-together with the standard
multiplication - forms a Lie group (C5'). The unit circle (S%,-) is an
interesting compact Lie subgroup of (C5}). Another subgroup is the

set of the non-zero real numbers (R%5) containing the positive real
numbers (R*,-) and the 0-dimensional sphere (S°, ) as subgroups.

Example 2.27. Let H be the set of quaternions defined by
H={z+wj|z,w CC}

equipped with the addition +, multiplication - and conjugation
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(i) z+wj)=2z—wj,

(i) (za +Wij) +(z2 + Woj) = (20 +22) + (W +W)),

(iii) (zo +wij) - (22 +Waj) = (2122 — WiWp) + (Z;W2 + W;2))]
extending the standard operations on R and C as subsets of H. Then
it is easily seen that the non-zero quaternions (H%) form a Lie group.
On H we define a scalar product

HxH - H, (P.)B p-q

and a real valued norm given by |p|> = p - p. Then the 3-dimensional
unit sphere S% in H = with the restricted multiplication forms a
compact Lie subgroup (S3,-) of (H5). They are both non-abelian.

We shall now introduce some of the classical real and complex
matrix Lie groups. As a reference on this topic we recommend the
wonderful book: A. W. Knapp, Lie Groups Beyond an Introduction,
Birkhauser (2002).

Example 2.28. LetI N iII3 be Fhe siubset of R®*3 given by
1 x z

Nil®*={Loh yL R xy,z R}
0 01

Then Nil® has a natural dilerkntiable structure determined by the
global coordinate @ : N il?’I - ||?3 Wi'lch

1 x z
o: Lo yLgl(xy,2).
0 0 1

It is easily seen that if [k the standard matrix multiplication, then
(Nil3, Dds a Lie group.

Example 2.29. Let Sol® be the subset of R3*3 given by
1 1

e 0 X
Sol* ={Lolde? yLERFS| Xy, z CRL.
0 0 1

Then Sol® has a natural dilerentiable structure determined by the
global coordinate ¢ : Sol® — R® with

ez 0 X
o: Lolde? yLgl(x,y,2).
O 0 1

It is easily seen that if [ib the standard matrix multiplication, then
(Sol®, s a Lie group.
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Example 2.30. The set of invertible real m < m matrices
GLn(R) ={A [LRM™ ™| detA E 0}

equipped with the standard matrix multiplication has the structure of
a Lie group. It is called the real general linear group and its neutral
element e is the identity matrix. The subset GL,(R) of R™*™ is open
so dim GL,(R) = m2.

As a subgroup of GL,(R) we have the real special linear group
SLm(R) given by

SLm(R) = {A [CRI™™| detA = 1}.
We will show in Example 3.13 that the dimension of the submanifold

SLm(R) of R™*™M js m? — 1.
Another subgroup of GL,(R) is the orthogonal group

o(m) = {A CRM ™| A'A =¢}.
As we have already seen in Example 2.15 the dimension of O(m) is
m(m — 1)/2.
As a subgroup of O(m) and SL,(R) we have the special orthog-
onal group SO(m) which is defined as

SO(m) = O(m) n SLm(R).

It can be shown that O(m) is diledmorphic to SO(m) x O(1), see
Exercise 2.9. Note that O(1) = {£1} so O(m) can be seen as two
copies of SO(m). This means that

dimSO(m) = dimO(m) = m(m — 1)/2.
Example 2.31. The set of invertible complex m > m matrices
GLn(C) = {A CO™™M| detA E 0}

equipped with the standard matrix multiplication has the structure of
a Lie group. It is called the complex general linear group and its
neutral element e is the identity matrix. The subset GL,(C) of C™*™M
is open so dim(GL,(C)) = 2m2.

As a subgroup of GL,(C) we have the complex special linear
group SL,(C) given by

SLm(C) = {A CT™™| detA = 1}.

The dimension of the submanifold SL,(C) of C™™ is 2(m? — 1).
Another subgroup of GL,(C) is the unitary group U(m) given

by B
U(m) = {A ™™ A'A =e}.
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Calculations similar to those for the orthogonal group show that the
dimension of U(m) is m?.

As a subgroup of U(m) and SL,(C) we have the special unitary
group SU(m) which is defined as

SU(m) = U(m) n SLm(C).

It can be shown that U(1) is di ledmorphic to the circle S* and that
U(m) is di Ledmorphic to SU(m) x U(1), see Exercise 2.9. This means
that dimSU(m) = m? — 1.

For the rest of this manuscript we shall assume, when not
stating otherwise, that our manifolds and maps are smooth
i.e. in the C*-category.
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Exercises
Exercise 2.1. Find a proof for Proposition 2.7.
Exercise 2.2. Find a proof for Proposition 2.9.

Exercise 2.3. Let S* be the unit circle in the complex plane C
given by S* = {z Q| |z]> = 1}. Use the maps x : C\ {i} -~ C and
y: C\{—i} - C with

+z 1+iz
—, 2B —
1+1z Y.z 1+2z
to show that S! is a 1-dimensional submanifold of C £R%.

Exercise 2.4. Use the implicit function theorem to show that the
m-dimensional torus

Tm:{z |:Cr”| |Zl|:"':|2m|:1}
is a di [erentiable submanifold of C™ L£-Rm,
Exercise 2.5. Find a proof of Proposition 2.17.

X:z0B8

Exercise 2.6. Equip the real line R with the standard topology
and for each odd integer k [ZI" let ,&k be the C“-structure defined on
R by the atlas

Ax = {(R, x| X« : p B p}.
Prove that the di Lerkntiable structures A\k are all di Cerknt but that the
di Lerentiable manifolds (R,A}) are all di Ledmorphic.

Exercise 2.7. Prove that the 2-dimensional sphere S? as a dilert
entiable submanifold of the standard R® and the Riemann sphere C are
di Ledmorphic.

Exercise 2.8. Find a proof of Proposition 2.22.

Exercise 2.9. Let the spheres S*, S® and the Lie groups SO(n),
O(n), SU(n), U(n) be equipped with their standard dilerkentiable
structures introduced above. Use Proposition 2.22 to prove the fol-
lowing di Ledmorphisms

st L£sb), s®Lsi(),
SO(n) x O(1) £6kn), su(n) x u@) £ukn).
Exercise 2.10. Find a proof of Corollary 2.25.

Exercise 2.11. Let (G, D'hnd (H, ) be two Lie groups. Prove that
the product manifold G % H has the structure of a Lie group.



CHAPTER 3

The Tangent Space

In this chapter we introduce the notion of the tangent space T,M of
a di [erkntiable manifold M at a point p [CM. This is a vector space of
the same dimension as M. We start by studying the standard R™ and
show how a tangent vector v at a point p [CRI™ can be interpreted as
a first order linear dilerkntial operator, annihilating constants, when
acting on real valued functions locally defined around p.

Let R™ be the m-dimensional real vector space with the standard

di Lerkntiable structure. If pisa pointin RMandy : 1 - R™is a
C!-curve such that y(0) = p then the tangent vector

oy — i YO —Y(0)

VO = fim T
of y at p is an element of R™. Conversely, for an arbitrary element v
of R™ we can easily find a curve y : 1 - R™ such that y(0) = p and
y(0) = v. One example is given by

y:tB p+t-v.

This shows that the tangent space, i.e. the space of tangent vectors,
at the point p CRI™ can be identified with R™.

We shall now describe how first order di [erkntial operators annihi-
lating constants can be interpreted as tangent vectors. For a point p
in R™ we denote by €(p) the set of diLerkntiable real-valued functions
defined locally around p. Then it is well known from multi-variable
analysis that if v CRI™ and ¥ [€{p) then the directional derivative
0,F of T at p in the direction of v is given by
fp+tv)—T(p)

t
Furthermore the operator d has the following properties:

av(7\f+l19) = )\'avf+|~l'avg,
o.(fF-9) = o,f-g(p)+f(p) a9,
a(}\.v+u-w)f = Ao f+p-o0,f
forall A,p (R, v,w [RI™ and f,g [£(p).

21

o0,f =Ilim
t-0
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Definition 3.1. For a point p in R™ let T,R™ be the set of first
order linear dilerkntial operators at p annihilating constants i.e. the
set of mappings a : €(p) - R such that

() a(r - F+p-g) = A- a(f) + - a(g),
(if) a(f -g) = a(f) -g(p) + f(p) - a(9)

for all A, and f,g CE(p).
The set of di [edtial operators T,R™ carries the structure of a real

vector space. This is given by the addition + and the multiplication -
by real numbers satisfying

(a+B)(F) a(f) + B(f),
(A-0)(f) = A-a(f)

for all o, CTHR™, f Cefp) and A [RL
The above mentioned properties of the operator 0 show that we
have a well defined linear map ® : R™ - T,R™ given by

®:vD>3 o,.

Theorem 3.2. For a point p in R™ the linear map ® : R™ - T,R™
defined by @ : v 3 9, is a vector space isomorphism.

Proof. Let v,w [CR™ such that v 8 w. Choose an element u [1
R™ such that [, v[#E [, wlCand define f : R™ - R by f(x) = [, x[]
Then o,f = [, v(E [, wl¥* d,f so d, B 0,,. This proves that the
map @ is injective.

Let a be an arbitrary element of T,R™. For k = 1,...,m let Xy :
R™ - R be the map given by

Xkt (X1, ., Xm) B Xk

and put v = a(Xk). For the constant function 1 : (Xg,...,Xm) B 1 we
have

al)=a(@1-1)=1-a()+1-a(1) =2 -a(d),

so a(l) = 0. By the linearity of a it follows that a(c) = 0 for any
constant ¢ (Rl Let ¥ [£(p) and following Lemma 3.3 locally write

™ 1
FO)=FP)+  (R(¥) = pi) - W(X),

k=1

where Y [CE(p) with
_ of
Wk(p) = a—xk(p)-
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We can now apply the dilerential operator a CT}R™ and yield

™ 1
a(f) = a(f(p) + (R —px) - Wk)
k=1
™ 1 ™ 1
= a(f(P)+ aXk —pe) PP)+  Xe(P) — px) - (i)
k=1 k=1
= ka_xk(p)

where v = (vq,...,Vm) CRI™. This means that ®(v) = d, = a so the
map ® : R™ - T,R™ is surjective and hence a vector space isomor-
phism. 1

Lemma 3.3. Let p be a point in R™ and f : U — R be a function
defined on an open ball around p. Then for each k = 1,2,..., m there
exist functions Y : U - R such that

™ 1 of
fX)=Ff(P)+ (—p) W) and Wk(p) = a—xk(p)

k=1
for all x [l
Proof. It follows from the fundamental theorem of calculus that
0
fo)—f(p) = ) a_t(f(p +t(x — p)))dt
r—

of
(Xk = Pk) - i a_xk(p + t(x — p))dt.

k=1
The statement then immediately follows by setting

T tof B
Wk (X) = i a—xk(p+t(x p))dt.

L1

Let p be a point in R™, v [CR™ be a tangent vector at p and
f : U - R be a Clfunction defined on an open subset U of R™
containing p. Lety : I - U be a curve such that y(0) = p and
y(0) = v. The identification given by Theorem 3.2 tells us that v acts
on T by

V() = G(F =Y O)lico = Ry (7(0)) = GFadfy, y(0) = Ighadtf, v
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Note that the real number v(f) is independent of the choice of the
curve y as long as y(0) = p and y(0) = v. As a direct consequence of
Theorem 3.2 we have the following useful result.

Corollary 3.4. Let p be a point in R™ and {ex| k =1,...,m} be
a basis for R™. Then the set {0, | kK = 1,...,m} is a basis for the
tangent space T,R™ at p.

We shall now use the ideas presented above to generalize to the
manifold setting. Let M be a dilerkentiable manifold and for a point
p [CM let €(p) denote the set of di [erentiable functions defined on an
open neighborhood of p.

Definition 3.5. Let M be a dilerentiable manifold and p be a
point on M. A tangent vector X, at p is a map X, : &(p) - R such
that

(1) XpA-f+p-g) =A- Xp(F) + - Xp(9),

(i) Xp(f - g) = Xp(F) - 9(p) + F(p) - X,(9)
for all A, and f,g [C£(p). The set of tangent vectors at p is called
the tangent space at p and denoted by T,M.

The tangent space T,M of M at p has the structure of a real vector
space. The addition + and the multiplication - by real numbers are
simply given by

(Xp +Yp)(F) = Xp(F) +Yp(F),
(A~ Xp)(F) A= Xp(F)

for all Xp,Y, CT}M, T Lelp) and A [RL

Definition 3.6. Let ¢ : M - N be a di[erkntiable map between
manifolds. Then the di [edential dg, of ¢ at a point p in M is the
map d@, : ToM - TN such that for all X, CT}M and T C={@(p))

(d@p(Xp))(F) = Xp(F < ).

We shall now give some motivations for the above definitions and
hopefully convince the reader that they are not only abstract nonsense.

Proposition 3.7. Let @ : M — N and ¢ : N — N be di erentiable
maps between manifolds, then for each p M we have
(i) the map d@, : T,M — TopN is linear,
(ii) if idy : M -~ M is the identity map, then d(idwm ), = idr m,
(iii) d(y © @)p = dPgp) © d@p.



3. THE TANGENT SPACE 25

Proof. The only non-trivial statement is the relation (iii) which
is called the chain rule. If X, CT}M and f Ceqy - ¢(p)), then

(dgep) © dpp)(Xp)(F) = (AP (dop (Xp))) (F)
(dop(Xp))(F > )
Xp(fFoweo)

= d(W > )p(Xp)(F).

L1

Corollary 3.8. Let @ : M — N be a di eomorphism with inverse
U=¢':N - M. Then the di erential dg, : T,M - TN at p is
bijective and (d@p)™* = dPy(p)-

Proof. The statement is a direct consequence of the following re-
lations

dLlJ(P(p) ° d(pp = d(LlJ ° (p)p = d(IdM)p = idTpM;

dep © dgpy = d(@ ° Y)gp) = d(idn)ep) = idT,,N-
1

We are now ready to prove the following interesting theorem. This
is of course a direct generalization of the corresponding result in the
classical theory for surfaces in R3.

Theorem 3.9. Let M™ be an m-dimensional di erentable manifold
and p be a point in M. Then the tangent space T,M at p is an m-
dimensional real vector space.

Proof. Let (U,x) be a chart on M. Then the linear map dx; :
ToM - TxR™ is a vector space isomorphism. The statement now
follows from Theorem 3.2 and Corollary 3.8. 1

Let M be an m-dimensional manifold and (U, x) be a local chart
around p M. Then the dilerkntial dx, : T,M - T,nHR™ is a
bijective linear map so for a given element X, [1,M there exists
a tangent vector v in R™ such that dx,(X,) = v. The image x(U)
is an open subset of R™ containing x(p) so we can find a curve c :
(—CD1- x(U) with ¢(0) = x(p) and ¢(0) = v. Then the composition
y=x1oc:(—CIM- U isacurve in M through p since y(0) = p.
The element d(X™)x()(v) of the tangent space T,M denoted by y(0)
is called the tangent to the curve y at p. It follows from the relation

V(0) = d(x (V) = Xp
that the tangent space T,M can be thought of as the set of all tangents
to curves through the point p.
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If f:U - Risa C!-function defined locally on U then it follows
from Definition 3.6 that

Xp(F) = (dx(Xp))(Foxh)
_d
= a(f X"t e c(t)) =0

_ de,
= (Fev®)l=o

It should be noted that the value X,(f) is independent of the choice
of the chart (U, x) around p and the curve ¢ : I - x(U) as long as
y(0) = p and y(0) = X,. This leads to the following construction.

Proposition 3.10. Let M™ be a di erentiable manifold, (U, x) be

a local chart on M and {ex| k = 1,..., m} be the canonical basis for
R™. For an arbitrary point p in U we define (a"TK)p in T,M by
Cp I

of -
b fo a—xk(p) = 0, (F > x 1) (X(P)).

Then the set 5
{(a_Xk)p | k:1,2,...,m}
is a basis for the tangent space T,M of M at p.

Proof. The local chart x : U - x(U) is a di Ledmorphism and the
di Cerential (dX M)y @ TxR™ — TpM of the inverse x ! : x(U) - U
satisfies

(dx_l)x(p)(aek)(f) = aek (fo X_l)(x(p))

Cp [
= — (f
% o(F)
forall f [£{p). The statement is then a direct consequence of Corollary
3.4. 1

We shall now determine the tangent spaces of some of the explicit
di Lerentiable manifolds introduced in Chapter 2. We start with the
sphere.

Example 3.11. Let y : (—LI) - S™ be a curve into the m-
dimensional unit sphere in R™*! with y(0) = p and y(0) = v. The
curve satisfies

VI(t), y() [+ 1
and di Lerkntiation yields

V(E), y () L3 (D), y (O L= 0.
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This means that [v] p[(F 0 so every tangent vector v [CTpS™ must be
orthogonal to p. On the other hand if v 8 0 satisfies [vl p[3= 0 then
y:R - S™with
y 1t 3 cos(t|v]) - p + sin(t|v]) - v/|v|
is a curve into S™ with y(0) = p and y(0) = v. This shows that the
tangent space T,S™ is actually given by
T,S™ = {v CR™| [ vZ0}.

In order to determine the tangent spaces of the classical Lie groups
we need the dilerkntiable exponential map Exp : C™™ _ C™*™ for

matrices given by the following converging power series
Exp: X3 P
k=0 )

For this map we have the following well-known result.

Proposition 3.12. Let Exp : C™™ _, C™*™ he the exponential
map for matrices. If X,Y ™™, then
(i) det(Exp(X)) = exp(traceX),
(i) Exp(X?) = Exp(X)', and
(i) Exp(X +Y) = Exp(X)Exp(Y ) whenever XY =Y X.
Proof. See Exercise 3.2 1

The real general linear group GL,(R) is an open subset of R™*™M
so its tangent space T,GL,(R) at any point p is simply R™*™. The
tangent space T.SL,(R) of the special linear group SL,(R) at the
neutral element e can be determined as follows.

Example 3.13. If X is a matrix in R™*™ with traceX = 0 then
define a curve A: R - R™™M py

A s O Exp(sX).
Then A(0) = e, A(0) = X and
det(A(s)) = det(Exp(sX)) = exp(trace(sX)) = exp(0) = 1.

This shows that A is a curve into the special linear group SL(R) and
that X is an element of the tangent space TeSLn(R) of SL,(R) at the
neutral element e. Hence the linear space

{X CRM™*™| traceX = 0}

of dimension m? — 1 is contained in the tangent space TeSLm(R).
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The curve given by s B Exp(se) = exp(s)e is not contained in
SLm(R) so the dimension of T,SL,(R) is at most m? — 1. This shows
that

TeSLn(R) = {X [RM*™M| traceX = 0}.
Example 3.14. Let A : (—LI)J -~ O(m) be a curve into the or-

thogonal group O(m) such that A(0) =e. Then A(s)'A(s) = e for all
s [[(#+[ 1)Jand di[erkntiation yields

{A@S)'A(S) + A(S)'A(S)}Hs=0 = 0

or equivalently A(O)t +A(0) = 0. This means that each tangent vector
of O(m) at e is a skew-symmetric matrix.
On the other hand, for an arbitrary real skew-symmetric matrix X
define the curve B : R -~ R™™ by B : s & Exp(sX). Then
B(s)'B(s) = Exp(sX)'Exp(sX)
= Exp(sX"HExp(sX)
= Exp(s(X'+ X))
= Exp(0)
= e.
This shows that B is a curve on the orthogonal group, B(0) = e and
B(0) = X so X is an element of T.O(m). Hence
T.O(m) = {X [R™™ X'+ X =0}.

The dimension of T,O(m) is therefore m(m — 1)/2. This confirms
our calculations of the dimension of O(m) in Example 2.15 since we
know that dim(O(m)) = dim(T.O(m)). The orthogonal group O(m) is
di Ledmorphic to SO(m) < {1} so dim(SO(m)) = dim(O(m)) hence

TeSO(m) = T.O(m) = {X [RM™™M X'+ X =0}.

We have proved the following result.

Proposition 3.15. Let e be the neutral element of the classical
real Lie groups GLn(R), SLn(R), O(m), SO(m). Then their tangent
spaces at e are given by

T.GLn(R) = R™M
TeSLm(R) {X CRM*™| traceX = 0}
T.O(m) {X [RM™ X'+ X =0}
T.SO(m) TcO(m) n TeSL(R) = T.O(mM)
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For the classical complex Lie groups similar methods can be used
to prove the following.

Proposition 3.16. Let e be the neutral element of the classical
complex Lie groups GLy(C), SL,(C), U(m), and SU(m). Then their
tangent spaces at e are given by

TeGLm(C) = c™m

TeSLW(C) = {Z CCM™*™| traceZ = 0}
T.Um) = {Z CTM™M z'+2Z =0}
TSUM) = T.U@M) n TeSLm(C).

Proof. See Exercise 3.4 —1

The rest of this chapter is devoted to the introduction of special
types of di [erkntiable maps, the so called immersions, embeddings and
submersions. If yy : (—CI)1- M is a curve on M such that y\,(0) =p
then a dilerkentiable map @ : M - N takes y\ to a curve

YN =@°ym (=L~ N
on N with yN(0) = @(p). The interpretation of the tangent spaces

given above shows that the diletential dg, : ToM - TN of @ at p
maps the tangent yy (0) at p to the tangent yn(0) at @(p) i. e.

dop(ym(0)) = yn(0).

Definition 3.17. A dilerentiable map ¢ : M - N between man-
ifolds is said to be an immersion if for each p [CM the dilerkntial
dgp : ToM - TyN is injective. An embedding is an immersion
¢ : M - N which is a homeomorphism onto its image ¢(M).

For positive integers m,n with m < n we have the inclusion map
¢ : R™ . R given by

(p:(xla---,xm+1) I;L (le---1Xm+110|---70)-

The dilerkntial doy at x is injective since dy(v) = (v,0). The map
@ is obviously a homeomorphism onto its image @(R™*!) hence an
embedding. It is easily seen that even the restriction @|gm : S™ - S"
of ¢ to the m-dimensional unit sphere S™ in R™*! is an embedding.

Definition 3.18. Let M be an m-dimensional di [erkntiable man-
ifold and U be an open subset of R™. An immersion ¢ : U - M is
called a local parametrization of M.

If M is a dilerentiable manifold and (U, x) a chart on M then the
inverse X 1 : x(U) - U of x is a parametrization of the subset U of M.
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Example 3.19. Let S! be the unit circle in the complex plane C.
For a non-zero integer k [ ZIdefine @, : S* -~ Chy @x:z B zX. Fora
point w [SF let y,, : R — S?! be the curve with y,, : t B we'™. Then
yw(0) = w and y,,(0) = iw. For the dilerential of @, we have

(A ((0)) = O™ VDo = (WDl = ki

This shows that the diletential (d@y)w : TwS? £R - T «C £RE is
injective, so the map @ is an immersion. It is easily seen that @ is an
embedding if and only if k = *1.

Example 3.20. Let g [3° be a quaternion of unit length and
®q : S - S® be the map defined by ¢, : z B gz. For w 3 let
Yw : R - S be the curve given by y,(t) = we't. Then y,(0) = w,
Yw(0) = iw and @q(yw(t)) = qwe't. By dilerkntiating we yield

004 (0)) = S (BaVlDleco = - @OWEMco = it

Then |doq(Yw(0))| = [qwi| = |q||w| = 1 implies that the di Lerkntial dg,
Is injective. It is easily checked that the immersion ¢ is an embedding.

In the next example we construct an interesting embedding of the
real projective space RP ™ into the vector space Sym(R™*?) of the real
symmetric (m + 1) < (m + 1) matrices.

Example 3.21. Let m be a positive integer and S™ be the m-
dimensional unit sphere in R™*1. For a point p CSI" let

L, = {A\p CRM? A CRY}

be the line through the origin generated by p and p, : R™** . R™*! be
the reflection about the line L,. Then p, is an element of End(R™*?)
i.e. the set of linear endomorphisms of R™*! which can be identified
with RM+D>M+1) It js easily checked that the reflection about the
line L, is given by

Pp:0q B 20l plp—a.
It then follows from the equations
Pp(Q) = 2[Q1 ppl— g = 2p[pl L3 q = (2pp" —€e)q
that the matrix in R(M*D*(M*Y) corresponding to pp, is just
(2pp" — ).
We shall now show that the map ¢ : S™ — RM*D*(M+1) gjven by

¢:pB pp
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is an immersion. Let p be an arbitrary pointon S™and o, : 1 - S™
be two curves meeting at p, that is a(0) = p = B(0), with a = a(0)
and b = 3(0). For y [{&,} we have

goy o (a5 26 YO —0)
SO

@) = S@ Yo
(@ 3 2@Y(O)K0) + 23 y(O) TKO)).

This means that

dop(a) = (4 B 2[gl alp+ 2[gl pla)
and
dep(b) = (q B 20l bpl+ 2[g] p(h).
If a 8 b then dg,(a) 8 dgp(b) so the dilerential dg, is injective, hence
the map ¢ : S™ — RM*D*(M+D) js an immersion.
If the points p,g 3™ are linearly independent, then the lines
L, and L, are dilerent. But these are just the eigenspaces of p, and
pg with the eigenvalue +1, respectively. This shows that the linear
endomorphisms py, pq of R™** are dilerent in this case.
On the other hand, if p and q are parallel then p = =£q hence
Pp = Pq- This means that the image @(S™) can be identified with the
quotient space S™/ = where = is the equivalence relation defined by

X =y ifand only if x = zxy.

This of course is the real projective space RP™ so the map ¢ induces
an embedding ¢ : RP™ - Sym(R™*!) with

W :[p] - Pp.
For each p [SI™ the reflection p, : R™** . R™*! about the line L,
satisfies

Pp Py = €.
This shows that the image Y(RP™) = @(S™) is not only contained in

the linear space Sym(R™*1) but also in the orthogonal group O(m+1)
which we know is a submanifold of R(M+D>(M+1)

The following result was proved by Hassler Whitney in his famous
paper, Di erentiable Manifolds, Ann. of Math. 37 (1936), 645-680.

Deep Result 3.22. For 1 < r < oo let M be an m-dimensional
Cr-manifold. Then there exists a C'-embedding ¢ : M - R>™*1 into
the (2m + 1)-dimensional real vector space R?M*2,
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The classical inverse function theorem generalizes to the manifold
setting as follows.

Theorem 3.23 (The Inverse Function Theorem). Let 9 : M - N
be a di erentiable map between manifolds with dimM = dimN. If
p is a point in M such that the di erential dg, : ToM - TepN at
p is bijective then there exist open neighborhoods U, around p and U,
around q = @(p) such that ¢ = @|y, : Up - Uq is bijective and the
inverse Y~ : Uy - U, is di erentiable.

Proof. See Exercise 3.8 —1

We shall now generalize the classical implicit function theorem to
manifolds. For this we need the following definition.

Definition 3.24. Let m,n be positive natural numbers and ¢ :
N" - M™ be a dilerkntiable map between manifolds. A point p [N
is said to be critical for @ if the di[erkntial

d(pp . TpN N T(p(p)M

is not of full rank, and regular if it is not critical. A pointq C@[(N) is
said to be a regular value of ¢ if every point of the pre-image ¢~*({q})
of {q} is regular and a critical value otherwise.

Theorem 3.25 (The Implicit Function Theorem). Let ¢ : N" -
M™ be a di erentiable map between manifolds such that n > m. If
g C@(N) is a regular value, then the pre-image @ *({q}) of g is an
(n—m)-dimensional submanifold of N". The tangent space To¢~*({q})
of e~*({q}) at p is the kernel of the di erential do, i.e. Too™*({q}) =
Ker dg,.

Proof. Let (Vq, Yq) be a chart on M with q [V, and y4(q) = 0.
For a point p C@*({q}) we choose a chart (Up, §) on N such that
p U}, Yp(p) =0 and @(U,) V. The dilerkntial of the map

(5: l“q °c@e- qu_llllJp(Up) : l‘IJp(Up) - R
at the point 0 is given by

dgo = (d@g)q = d@p ° (dUJp_l)o : ToR" — ToR™.
The pairs (Up, Yp) and (Vq, Yq) are charts so the di Lerkntials (dyg)q and
(qup‘l)o are bijective. This means that the di Lerkntial d(ﬁo IS surjective
since dgp is. It then follows from the implicit function theorem 2.12
that Yp(9~1({q}) nUp) is an (n—m)-dimensional submanifold of Y, (Up).
Hence ¢~*({q}) n U, is an (n—m)-dimensional submanifold of U,. This

is true for each point p CaI''({q}) so we have proven that ¢~*({q}) is
an (n — m)-dimensional submanifold of N".
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Lety: (—CI- ¢~ *({q}) be a curve, such that y(0) = p. Then

(ApY0) = (@ VOleoo = ol

This implies that T,@~*({q}) is contained in and has the same dimen-
sion as the kernel of dg,, so T,0~*({q}) = Ker d@,. 1

Definition 3.26. For positive integers m,n with n = m a map
@ :N" - M™ between two manifolds is said to be a submersion if
for each p [N the dilerkntial d@, : T,N — Tg)M is surjective.

=0.

If m,n [N such that n = m then we have the projection map
m:R" - RMgiven by m: (X1,...,%Xn) B (Xg,...,Xm). Its dilerential
dmy at a point X is surjective since

dru(Ve, ..., Vn) = (V1, ..., Vim).

This means that the projection is a submersion. An important sub-
mersion between spheres is given by the following.

Example 3.27. Let S® and S? be the unit spheres in C2 and C x
R £ R?, respectively. The Hopf map ¢ : S - S2 is given by
0 :(x,y) B xy, x> —y).
The map ¢ and its dilerential dg, : T,S® - Ty S? are surjective for
each p CSP. This implies that each point g [SF is a regular value and

the fibres of @ are 1-dimensional submanifolds of S3. They are actually
the great circles given by

O~ {1y, IXI* = ly)}) = {e®(x,y)| & [}

This means that the 3-dimensional sphere S3 is a disjoint union of great
circles

s
S o ({a}).

qs4
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Exercises

Exercise 3.1. Let p be an arbitrary point on the unit sphere S2"*+1
of C"** L RIN*2 Determine the tangent space T,S2"** and show that
it contains an n-dimensional complex subspace of C"*1,

Exercise 3.2. Find a proof for Proposition 3.12.

Exerciselﬁ%. Proye__t]hat thelﬁ]triceslzI ] -
1 0 0 -1 0

1
Xi= g1 » %= 1 ¢ » XT 1

form a basis for the tangent space T.SL,(R) of the real special linear
group SL,(R) at e. For each k =1, 2, 3 find an explicit formula for the
curve Yi : R - SL,(R) given by

Yk - S B Exp(sXy).

Exercise 3.4. Find a proof for Proposition 3.16.
Exercise&. ProEpat thelﬁ]tricetI 1 —
_ 0 -1 _ 0 i _ 10

215 1 9 0 BT o o0 BT g oo
form a basis for the tangent space T.SU(2) of the special unitary group

SU(2) at e. For each k = 1,2, 3 find an explicit formula for the curve
Yk . R - SU(2) given by

Yk : S B Exp(sZy).

Exercise 3.6. For each k [Ny define ¢, : C - C and y : C-L
C by ¢,k : z B zK. For which k [N, are @, () immersions,
submersions or embeddings.

Exercise 3.7. Prove that the map ¢ : R™ - C™ given by
0 (Xe,...,Xm) B (e™,...,e"*m)
is a parametrization of the m-dimensional torus T™ in C™.
Exercise 3.8. Find a proof for Theorem 3.23.

Exercise 3.9. Prove that the Hopf-map ¢ : S® - S? with ¢ :
(x,y) B (2xy, [x|?> — |y|?) is a submersion.



CHAPTER 4

The Tangent Bundle

In this chapter we introduce the tangent bundle TM of a dilert
entiable manifold M. Intuitively, this is the object that we get by
glueing at each point p of M the corresponding tangent space T,M.
The di Lerkntiable structure on M induces a di [erentiable structure on
the tangent bundle TM turning it into a di Lerkntiable manifold.

We have already seen that for a point p [CR™ the tangent space
TpR™ can be identified with the m-dimensional vector space R™. This
means that if we at each point p CRI™ glue T,R™ to R™ we yield the
so called tangent bundle of R™

TR™ ={(p,v)| p CR", v CT}R™}.
For this we have the natural projection m: TR™ - R™ defined by

m:(p,v)B p
and for a point p the fibre m~1({p}) over p is precisely the tangent
space T,R™ at p.
Classically, a vector field X on R™ is a smooth map X : R™ - R™
but we would like to view it as a map X : R™ - TR™ into the tangent
bundle and with abuse of notation write

X :p B (p, X(p))-
Following Proposition 3.10 two vector fields X,Y : R™ - TR™ can be

written as
X = aka— and Y = bk —,

Xk
where ax, by : R™ - R are smooth functions defined on R™. If f :
R™ - R is another such function the commutator [X, Y] acts on T as
follows:

[X, Y1(F)

XY () —-Y (X(f))

= —(bl )_bk ( |—) (f)

k,1=1

35
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_ T 0
B Kl=1 kanaX| k IanaX|
da; 0 02 LI
D ax  axax (P
r@m 6a| Iy L]
= ka—_ ka— 6_ (f)
K1=1 Xk Xk X

This shows that the commutator [X, Y ] is a smooth vector field on R™.

We shall now generalize to the manifold setting. This leads us first
to the following notion of a topological vector bundle.

Definition 4.1. Let E and M be topological manifolds and m :
E - M be a continuous surjective map. The triple (E, M, n) is called
an n-dimensional topological vector bundle over M if

(i) for each p the fibre E, = n~1({p}) is an n-dimensional
vector space,

(ii) for each p there exists a bundle chart (n~*(U), ¢) con-
sisting of the pre-image m~*(U) of an open neighbourhood U
of p and a homeomorphism ¢ : 171(U) - U x R" such that
for all g the map Yy = Y|g, : Eq — {q} x R" is a vector
space isomorphism.

A continuous map ¢ : M - E is called a section of the bundle
(E,M,m) if mea(p) =p for each p (M.

Definition 4.2. A topological vector bundle (E, M, ) over M, of
dimension n, is said to be trivial if there exists a global bundle chart
g:E - MxR"

If n is a positive integer and M is a topological manifold then we
have the n-dimensional vector bundle (M =< R", M, 1) where

T:MxR" 5 M

is the projection map 1 : (p,v) B p. The identity map ¢ : M < R"
M x R" is a global bundle chart so the bundle is trivial.

Definition 4.3. Let (E, M, ) be an n-dimensional topological vec-
tor bundle over M. A collection

B ={(n"(Ua), Wo)| o [T}

of bundle charts is called a bundle atlas for (E,M,n) if M = [Uq
and for a,3 I there exists a map Aqp : Uq N Ug — GL,(R) such
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that the corresponding continuous map

Wp © Wg lwanugy<en © (Ua 0 Ug) X R™ — (Uq n Ug) < R"
is given by
(0, V) B (p. (Aag(P))(V)).

The elements of {Aqg| o, LI} are called the transition maps of
the bundle atlas B.

Definition 4.4. Let E and M be diLerkntiable manifolds and m :
E — M be adilerkentiable map such that (E, M, ) is an n-dimensional
topological vector bundle. A bundle atlas B for (E, M, ) is said to be
di Lerkntiable if the corresponding transition maps are di [erentiable. A
di Cerentiable vector bundle is a topological vector bundle together
with a maximal di[erkntiable bundle atlas. By C*(E) we denote the
set of all smooth sections of (E, M, ).

From now on we shall assume, when not stating otherwise,
that all our vector bundles are smooth.

Definition 4.5. Let (E, M, m) be a vector bundle over a manifold
M. Then we define the operations + and - on the set C*°(E) of smooth
sections of (E, M, ) by

(1) (v+w)p = vy +wp,

(i) (F-v)p =1(p) - vp
for all v,w [CA*=(E) and f [CA><(M). If U is an open subset of M
then a set {vy,...,vy} of smooth sections v4,...,v, : U - Eon U is
called a local frame for E if for each p [Ul the set {(v1)p, ..., (Vn)p}
is a basis for the vector space E,.

With the above defined operations C*(E) becomes a module over
C*(M) and in particular a vector space over the real numbers as the
constant functions in C*°(M).

Example 4.6. Let M™ be a di[erentiable manifold with maximal
atlas A. Define the set TM by

™™ ={(p,v)| p M, v CT}M}
and letm: TM - M be the projection map satisfying
m:(p,v) B p.

Then the fibre n=1({p}) over a point p [M is the m-dimensional tan-
gent space T,M. The triple (T M, M, ) is called the tangent bundle
of M.
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We shall now equip TM with the structure of a smooth manifold.
For every local chart x : U — R™ from the maximal atlas A of M we
define a local chart

x=n7(U) - R™ x R™

on the tangent bundle TM by the formula

| NI I
XI;‘ (p1 Vk W p) = (X(p)’ (Vla e 1Vm))'
k=1 K

Proposition 3.10 shows that the map x™is well-defined. The collection
{(xH"HW) CIM| (U,x) CA and W Cx@U) x R™ open}

is a basis for a topology T+ on TM and (m~1(U), xH'is a chart on the

2m-dimensional topological manifold (T MA,TTM).

If (U,x) and (V,y) are two charts in A such that p nV then
the transition map

(e (x5! x" (U nV)) - R™ xR™

is given by

(a,b) B (y > x*(a), a—i; (@), - - -, —im(X‘l(a))bk)-
_, OX _. OX
k=1 k=1
Since we are assuming that y o x™! is dilerkntiable it follows that
(y5'e (x5 is also di [erkntiable. This means that

AL {(m1(U), xH] (U, x) CA}

is a Cr-atlas on TM so (TM, ADLd a diletentiable manifold. It is
trivial that the surjective projectionmapn: TM - M is diLerkntiable.

We shall now describe how the tangent bundle (T M, M, i) can be
given the structure of a dilerkntiable vector bundle. For each point
p CM the fibre n=*({p}) is the tangent space T,M and hence an m-
dimensional vector space. For a local chart x : U — R™ in the maximal
atlas A of M we define X : m™*(U) - U x R™ by

T H I
)_( : (p! Vk a_Xk p) B (p,(Vl,...,Vm)).

The restriction X, = X|r,m - To,M - {p} x R™ to the tangent space
TpM is given by

Xp : Vg — B (Vvi,...,Vm),
pk=lkaxkp (1 m)
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So it is a vector space isomorphism. This implies that the map
x:mHU) - UxR™
is a local bundle chart. It is not di [cullt to see that
B = {(n"'(U),X)| (U,x) CA}

is a bundle atlas turning (T M, M, i) into an m-dimensional topological
vector bundle, see Exercise 4.1. 1t immediately follows from above that
(TM, M, 1) together with the maximal bundle atlas B defined by B is
a di [erentiable vector bundle.

Definition 4.7. Let M be a di [Lerkntiable manifold, then a section
X :M - TM of the tangent bundle is called a vector field. The set
of smooth vector fields X : M - TM is denoted by C*(TM).

Example 4.8. We have seen earlier that the 3-sphere S3 in H £-¢?
carries a group structure - given by

(z,w) - (0, B) = (za — W, zB + wa).

This makes (S3,-) into a Lie group with neutral element e = (1,0).
Put v; = (i,0), v, = (0,1) and v3 = (0, i) and for k = 1, 2, 3 define the
curves Vi : R — S® with

Yk :t3 cost- (1,0) +sint - v.

Then yx(0) = e and yx(0) = vk S0 vy, Vo, V3 are elements of the tangent
space T.S3. They are linearily independent so they generate T.S°.
The group structure on S® can be used to extend vectors in T,S3 to
vector fields on S as follows. For p CSP let L, : S® - S® be the left
translation on S3 by p given by L, : ¢ B3 p-g. Then define the vector
fields X1, X5, X3 |:C|°°(TS3) by

(%0p = (@Le)e) = LoV leco

It is left as an exercise for the reader to show that at a point p =
(z,w) SP the values of Xy at p is given by

X = (z,w)- (i,0) = (iz, —iw),
(X2)p = (z,w)-(0,1) = (—=w,2),
(X3)p = (z,w)-(0,1) = (iw, iz).

Our next aim is to introduce the Lie bracket on the set of vector
fields C*(TM) on M.
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Definition 4.9. Let M be a smooth manifold. For two vector fields
X,Y Q= (TM) we define the Lie bracket [X,Y],: C*(M) - R of
XandY atp [M by

[X, Y Jo(F) = Xp(Y (F)) — Yp(X(F)).

The next result shows that the Lie bracket [X,Y ], actually is an

element of the tangent space T,M.

Proposition 4.10. Let M be a smooth manifold, X,Y [CI*(TM)
be vector fields on M, f,g CLCI*(M,R) and A,pu Rl Then

) X, Y- F+p-9) =A-[X,Y]o(F) + 1 - [X,Y]p(9),
(i) X, YIp(F-9) = [X, Y ]o(F) - 9(p) + F(p) - [X, Y ]n(9).
Proof.

[X,Y I (AT + pg)
= Xp(Y (Af +pg)) — Yo (X(AF + pg))
= AXp(Y (F)) + pXp(Y (9)) — AYp(X(F)) — Y (X(9))
= AX, Y o(F) + X, Y ]5(9).

[X, Y Ip(f - 9)
= Xp(Y (f-9)) — Yo (X(f9))
= Xp(f-Y(9) +g-Y(F)) —Y(f- X(9) +9g-X(F))
= Xp(F)Yp(@) + F(P)Xp(Y (9)) + Xp(9)Yp(F) + 9(p) X, (Y (F))
—Yp(F)Xp(@) — F(P)Yp(X(9)) — Yp(@)Xp(F) — 9(p) Y, (X(F))
= FEM{Xp(Y (@) — Yo (X(@))}F + g({Xp(Y (F)) — Yo (X(F))}
= FE)X, Y ]o(9) +9(P)X, Y Io(F).
1
Proposition 4.10 implies that if X,Y are smooth vector fields on M
then the map [X,Y]: M - TM given by [X,Y] :p B [X,Y], is a

section of the tangent bundle. In Proposition 4.12 we shall prove that
this section is smooth. For this we need the following technical lemma.

Lemma 4.11. Let M™ be a smooth manifold and X : M - TM
be a section of TM. Then the following conditions are equivalent

(i) the section X is smooth,
(ii) if (U,x) is a chart on M then the functions a;,...,am: U - R

given by
4

a'k_l
k=1 an

XlU -

are smooth,
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(iii) if ¥ : V - R defined on an open subset V of M is smooth, then
the function X(f) : V. - R with X(F)(p) = X,(F) is smooth.

Proof. (i) L[(il): The functions ay = Mk e X X[y : U -
TM - x(U) x R™ — R are restrictions of compositions of smooth
maps so therefore smooth.

(i) [C(al): Let (U,x) be a chart on M such that U is contained
in V. By assumption the map

X(flu) = aia_
i O
is smooth. This is true for each such chart (U, x) so the function X(f)
is smooth.

(iii) ()1 Note that the smoothness of the section X is equivalent
to x5 X|y : U - R being smooth for all charts (U,x) on M. On
the other hand, this is equivalent to x. = m, - x=2 X]|y : U - R being

smooth for all k =1,2,...,2m and all charts (U, x) on M. It is trivial
that the coordinates x £ x, for k = 1,...,m are smooth. But x~1, =
ax = X(xg) for k =1,...,m hence also smooth by assumption. 1

Proposition 4.12. Let M be a manifold and X,Y [C*(TM) be
vector fields on M. Then the section [X,Y]: M - TM of the tangent
bundle given by [X,Y]:p B [X,Y], is smooth.

Proof. Let f : M - R be an arbitrary smooth function on M
then [X,Y](f) = X(Y (F)) — Y (X(F)) is smooth so it follows from
Lemma 4.11 that the section [X, Y] is smooth. 1

For later use we prove the following useful result.

Lemma 4.13. Let M be a smooth manifold and [,] be the Lie
bracket on the tangent bundle TM. Then

) X, f-Y]=X()-Y +F-[X Y]

(i) [F- X Y]=F - [X,Y]=Y(f) - X
for all X,Y [d>(TM) and f CCI*(M).

Proof. If g [CC*”(M), then

[X,f-Y1(9) = X(F-Y(©9)—F Y(X(@9)

= X(F)-Y(@)+T-X(Y(@)—T Y (X(@©)
(X(E)-Y +F-[X,Y](0)

This proves the first statement and the second follows from the skew-
symmetry of the Lie bracket. 1
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Definition 4.14. A real vector space (V,+,:) equipped with an
operation [,] : V xV - V is said to be a real Lie algebra if the
following relations hold

() [AX + Y, Z] = AN[X, Z] + Uy, Z],

(i) X, Y]=—[Y,X],

i) PG, ZN+[Z, K, Y+ (Y, [Z2, X]] =0
forall X,Y,Z [CMland A, 0 Rl The equation (iii) is called the Jacobi
identity.

Theorem 4.15. Let M be a smooth manifold. The vector space
C*(TM) of smooth vector fields on M equipped with the Lie bracket
[]:C®(TM)>xC*=(TM) - C*=(TM) is a real Lie algebra.

Proof. See exercise 4.4. 1

If : M — N is a surjective map between di Lerkntiable manifolds
then two vector fields X [CAQ*<(TM), X [CA*=(TN) are said to be
@-related if dg,(X) = Xy for all p WM. In that case we write
X = do(X).

Proposition 4.16. Let 9 : M _— N be a map between di_erentiable
manifolds, X,Y [CA*(TM), X,Y [CA*(TN) such that X = do(X)
and Y =do(Y). Then

[X,Y]=do(X,Y]).
Proof. Let f : N - R be a smooth function, then
X, YI(F) = do(X)(do(Y )(F)) — da(Y )(do(X)(F))
Xdo(Y )(F) = @) — Y (do(X)(F) = ¢)

XY (fo9)—Y(X(f-9)
[X,YI(F - @)

= do([X, Y ])(F).

L1

Proposition 4.17. Let ¢ : M - N be a smooth bijective map
between di erentiable manifolds. If X,Y [CQ*(TM) are vector fields
on M, then

(i) do(X) LA=(TN),

(i) the map dg : C*=(TM) - C*=(TN) is a Lie algebra homomor-

phism i.e. [do(X), do(Y )] = do([X,Y]).

Proof. The fact that the map ¢ is bijective implies that do(X)
is a section of the tangent bundle. That do(X) [Q*(TN) follows
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directly from the fact that
de(X)(F)(@(p)) = X(f > @)(p).
The last statement is a direct consequence of Proposition 4.16. 1

Definition 4.18. Let M be a smooth manifold. Two vector fields
X,Y [CA*(TM) are said to commute if [X,Y] =0.

Let (U, x) be local coordinates on a manifold M and let
0
— | k=12,...,
{55 | m}

be the induced local frame for the tangent bundle. Fork =1,2,...,m
the vector field 0/0x, is x-related to the constant coordinate vector
field ex in R™. This implies that

0o 0
dX([a—Xk, ax

Hence the local frame fields commute.

D =[ex.e] = 0.

Definition 4.19. Let G be a Lie group with neutral element e. For
p CGletL,:G - G be the left translation by p with L, : q 3 pg. A
vector field X [CO*(TG) is said to be left invariant if dL,(X) = X
for all p [Q, or equivalently, X, = (dL;)q(X,) for all p,q Q. The
set of all left invariant vector fields on G is called the Lie algebra of
G and is denoted by g.

The Lie algebras of the classical Lie groups introduced earlier are
denoted by glm(R), sim(R), o(m), so(m), glm(C), sim(C), u(m) and
su(m), respectively.

Proposition 4.20. Let G be a Lie group and g be the Lie algebra
of G. Then g is a Lie subalgebra of C*(TG) i.e. if X,Y [glthen

[X,Y] Lgl
Proof. If p [ then
dLp([X, Y ]) = [dLp(X), dLp(Y)] = [X, Y]

for all X,Y [gl This proves that the Lie bracket [X,Y] of two left
invariant vector fields X, Y is left invariant and thereby that g is a Lie
subalgebra of C*°(T G). —1

Note that if X is a left invariant vector field on G then
Xp = (dl—p)e(xe)
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so the value X, of X at p [CQ3 is completely determined by the value
Xe of X at e. This means that the map [ZIT.G - g given by
CIX B (X™p B (dLy)e(X))
is a vector space isomorphism and that we can define a Lie bracket
[,]: TeG <TG - TG on the tangent space T.G by
X, Y]=[X5Y .

Proposition 4.21. Let G be one of the classical Lie groups and
TG be the tangent space of G at the neutral element e. Then the Lie
bracket on T.G

[1:TeG <TG - TG
is given by
[Xe, Ye] = Xe - Ye — Ye - Xe
where - is the usual matrix multiplication.

Proof. We shall prove the result for the case when G is the real
general linear group GL(R). For the other real classical Lie groups
the result follows from the fact that they are all subgroups of GL(R).
The same proof can be used for the complex cases.

Let X,Y [gln(R) be left invariant vector fields on GL,(R), T :

U - R be a function defined locally around the identity element e [

GLn(R) and p be an arbitrary point in U. Then the derivative X,(f)
is given by

Xp(f) = %(f(lO EXp(sXe)))ls=0 = dfip(p - Xe) = df,(Xp).

The real general linear group GL,(R) is an open subset of R™*™ so
we can use well-known rules from calculus and the second derivative
Yo (X (f)) is obtained as follows:

d
Ye(X(F)) = a(XExp(tYe)(f))ltZO

d

= ﬁ(dexp(tYe)(Exp(tYe) - Xe))lt=o

= d*Fe(Ye, Xe) + dFe(Ye - Xe).

The Hessian d?f, of f is symmetric, hence
[X, Y Je(F) = Xe(Y (F)) = Ye(X(F)) = dfe(Xe - Ye — Ye - Xe).
1

Theorem 4.22. Let G be a Lie group. Then the tangent bundle
TG of G is trivial.
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Proof. Let {Xq,..., X} be a basis for T.G. Then the map ¢ :
TG - G x R™ given by
™1
Wi, Vi (Xop) B (0, (Vi ..., Vi)

k=1

is a global bundle chart so the tangent bundle TG is trivial. 1
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Exercises

Exercise 4.1. Let (M™, A) be a smooth manifold and (U, x), (V. y)
be two charts in A such that U nV 8 [Let

f=yoxt:x(UnV) - R™
be the corresponding transition map. Show that the local frames

0o, . 0 ,.
{a—xi||—1,...,m} and {a—yj“—l,...,m}
for TM on U nV are related by

0 T aFl-x) o

a_Xi_j:l oxi Ay

Exercise 4.2. Let m be a positive integer an SO(m) be the corre-
sponding special orthogonal group.
(1) Find a basis for the tangent space T,SO(m),
(i) construct a non-vanishing vector field Z CC*(T SO(m)),
(iii) determine all smooth vector fields on SO(2).

The Hairy Ball Theorem. Let m be a positive integer. Then there
does not exist a continuous non-vanishing vector field X [CQ°(T S?™M)
on the even dimensional sphere S2™,

Exercise 4.3. Let m be a positive integer. Use the Hairy Ball The-
orem to prove that the tangent bundles T S?™ of the even-dimensional
spheres S2™ are not trivial. Construct a non-vanishing vector field
X [CC°(TS?™*1) on the odd-dimensional sphere S2Mm+1,

Exercise 4.4. Find a proof for Theorem 4.15.



CHAPTER 5

Riemannian Manifolds

In this chapter we introduce the notion of a Riemannian manifold
(M, g). The metric g provides us with an inner product on each tangent
space and can be used to measure the length of curves in the manifold.
It defines a distance function and turns the manifold into a metric space
in a natural way. A Riemannian metric on a di Lerkntiable manifold is
an important example of what is called a tensor field.

Let M be a smooth manifold, C*>(M) denote the commutative ring
of smooth functions on M and C*(T M) be the set of smooth vector
fields on M forming a module over C**(M). Define

Co’(TM) =C*(M)
and for each positive integer r CZI" let
Co(TM)=C=(TM) -} LCT(TM)
be the r-fold tensor product of C*(TM) over C*(M).

Definition 5.1. Let M be a dilerkntiable manifold. A smooth
tensor field A on M of type (r,s) isamap A: C*(TM) - C°(TM)
which is multi-linear over C**(M) i.e. satisfying

AXy o EX—y @Y +9-2Z) Xk 3 X))
= f-AX; 3 X CYIEX) 3 X}
+0 - AKXy 3 X1 CZ10EX 4 3 X))
for all Xy,..., X, Y, Z CA=(TM), f,g CA*M)and k =1,...,r.
For the rest of this work we shall for A(X; -1 [X]) use the notation
A(Xy, ..., X}).

The next general result provides us with the most important prop-
erty of tensor fields. It shows that the value of A(Xy, ..., X,) at a point
p [CM only depends on the values of the vector fields X,,..., X, at p
and is independent of their values away from p.

Proposition 5.2. Let A: C*(TM) - CZ(TM) be a tensor field
of type (r,s) and p WM. Let X4,...,X; and Yy,...,Y, be smooth

47
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vector fields on M such that (Xk), = (Yk)p foreachk =1,...,r. Then
AXy, ..., X)P) = AN, .., Y)(p).

Proof. We shall prove the statement for r = 1, the rest follows by
induction. Put X = X; and Y =Y; and let (U, x) be local coordinates
on M. Choose a function f [CI**(M) such that f(p) =1,

support(f) = {p M| f(p) E 0}

is contained in U and define the vector fields vy, ...,vy, CC*(TM) on
M by

“Flo) (L), ifq LU
(Vk)q — 0 axy /4

if g Ul
Then there exist functions py, 0x [CI**(M) such that
™ 1 ™ 1
f-X= PkVk and f.Y = Ok Vk.
k=1 k=1
This implies that
™ 1
AX)(p) = FE)AX)(P) = A(f - X)(P) = pc(P)AV)(P)
k=1
and similarily
™ 1
AY)(P) = ok(P)AM)(P).
k=1

The fact that X, =Y, shows that p(p) = ox(p) for all k. As a direct
consequence we see that

AP = AY) (D).
L1

For a tensor A we shall by A, denote the multi-linear restriction of
A to the r-fold tensor product

ToM [ [TgM
of the vector space T,M over R given by
Ap . ((Xl)p, ey (Xr)p) g A(xl, ey Xr)(p).

Definition 5.3. Let M be a smooth manifold. A Riemannian
metric g on M is a tensor field

g:C(TM) - C°(TM)
such that for each p [CM the restriction
Op :ngpME[,EM :TpM I:[;lM - R
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with

gp 1 (Xp, Yp) B 9(X,Y)(p)
is an inner product on the tangent space T,M. The pair (M,Qg) is
called a Riemannian manifold. The study of Riemannian manifolds
is called Riemannian Geometry. Geometric properties of (M, g) which
only depend on the metric g are called intrinsic or metric properties.

The standard inner product on the vector space R™ given by

™ 1
X,Y @h =Xt Y = Xk Yk
k=1
defines a Riemannian metric on R™. The Riemannian manifold
E™=(R™, [1gh)

is called the m-dimensional Euclidean space.

Definition 5.4. Lety : | - M be a Cl-curve in M. Then the
length L(y) of y is defined bVCI

—1
L(y) = g(y (1), y(D)dt.
|
By multiplying the Euclidean metric on subsets of R™ by a factor
we obtain important examples of Riemannian manifolds.

Example 5.5. For a positive integer m equip the real vector space
R™ with the Riemannian metric g given by

Ix(X,Y) = X, Y Ggh.

(1 + [X[&m)?
The Riemannian manifold =™ = (R™,g) is called the m-dimensional
punctured round sphere. Lety : R™ - XZ™ be the curve with
y:tB (t,0,...,0). Then the length L(y) of y can be determined as

follows
2 g,
L(y)=2 v t=2 L i+e = 2[arctan(t)];” = .

Example 5.6. Let B["(0) be the open unit ball in R™ given by
B"(0) = {x [RM"| |x|zm < 1}.
By the m-dimensional hyperbolic ball we mean B"(0) equipped with
the Riemannian metric

x(X,Y) = X, Y [gh.

(1 = IX[&m)?
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Lety:(0,1) - B"(0) beacurvegivenbyy:t3 (t,0,...,0). Then
1

- EALE oo

|2 o 1-1

As we shall now see a Riemannian manifold (M, g) has the structure
of a metric space (M, d) in a natural way.

Ly)=2

_ I+t
, 1- = [|Og(m)]o =

Proposition 5.7. Let (M, g) be a Riemannian manifold. For two
points p, q let Cpq denote the set of Cl-curves y : [0,1] — M such
that y(0) = p and y(1) = q and define the functiond: M xM - Ry
by

d(p,q) = inf{L(y)| y [Chq}.
Then (M, d) is a metric space i.e. for all p,q,r we have
(i) d(p,q) =0,

(i) d(p,q) =0 if and only if p =q,

(iii) d(p,q) = d(q. p),

(iv) d(p,q) = d(p,r) +d(r,q).

The topology on M induced by the metric d is identical to the one M
carries as a topological manifold (M, T ), see Definition 2.1.

Proof. See for example: Peter Petersen, Riemannian Geometry,
Graduate Texts in Mathematics 171, Springer (1998). 1

A Riemannian metric on a dilerkntiable manifold induces a Rie-
mannian metric on any of its submanifolds as follows.

Definition 5.8. Let (N, h) be a Riemannian manifold and M be
a submanifold of N. Then the smooth tensor field g : C;>(TM) -
Cg>(M) given by
g(X,Y) 1 p B hp(Xp, Yp).
is a Riemannian metric on M called the induced metric on M in
(N, h).

The Euclidean metric LT dn R" induces Riemannian metrics on the
following submanifolds.
(i) the m-dimensional sphere S™ R,
(ii) the tangent bundle TS™ [CRT, where n =2m + 2,
(iii) the m-dimensional torus T™ [CRT, with n =2m
(iv) the m-dimensional real projective space
RP™ [Sym(R™!) CRY,

where n = (m + 2)(m + 1)/2.
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The vector space C™*™, of complex m < m matrices, carries a
natural Euclidean metric g given by

9(Z, W) = Re(trace(Zt - W)).

This induces metrics on the submanifolds of C™*™ such as R™™ and
the classical Lie groups GL(R), SLn(R), O(m), SO(m), GL,(C),
SLn»(C), U(m) and SU(m).

Our next important step is to prove that every dilerkntiable mani-
fold M can be equipped with a Riemannian metric g. For this we need
the following fact from topology.

Fact 5.9. Every locally compact Hausdor space with countable
basis is paracompact.

Corollary 5.10. Let (M, T) be a topological manifold. Let the
collection (Uy)o e an open covering of M such that for each a [Tl
the pair (Uq, Ug) is a chart on M. Then there exists

(i) alocally finite open refinement (Wg)g risuch that for all B[]
Wjg is an open neighbourhood for a chart (Wg, Yg), and
(i) a partition of unity (fg)g rzysuch that support(fg) V4.

Theorem 5.11. Let (Mm,A\) be a di erentiable manifold. Then
there exists a Riemannian metric g on M.

Proof. For each point p M let (U, @p) A be a chart such that

p [CW,. Then (Up),ma is an open covering as in Corollary 5.10. Let
(W;g)g tzmbe a locally finite open refinement, (Wg, Xg) be charts on M
and (fg)p rzabe a partition of unity such that support(fg) is contained
in Wg. Let LIzl be the Euclidean metric on R™. Then for § [J
define gg : C3°(TM) - CSO(TI%)I by
0o 0 _ Te(p) ek, elekh ifp WG

gB(aXE' aXF)(p) 0 if p mB

Note that at each point only finitely many of gg are non-zero. This
means that the well-defined tensor % : C?STM) - Cg°(TM) given by

9= 98
B I
is a Riemannian metric on M. 1
Definition 5.12. Let (M, g) and (N, h) be Riemannian manifolds.

A map @ : (M,g) - (N,h) is said to be conformal if there exists a
function A : M - R such that

e)\(p)gp (Xp: Yp) = hopy (dop(Xp), dop(Yp)),



52 5. RIEMANNIAN MANIFOLDS

for all X,Y [CQ*=(TM) and p M. The function e* is called the
conformal factor of @. A conformal map with A = 0 is said to be
isometric. An isometric di Ledmorphism is called an isometry.

Example 5.13. On the standard unit sphere S™ we have an action
O(m+ 1) xS™ . S™ of the orthogonal group O(m + 1) given by

(A,x) B A-Xx
where - is the standard matrix multiplication. The following shows
that the O(m + 1)-action on S™ is isometric
[AX,AY [F X'A'AY = X'Y = [X,Y [
Example 5.14. Equip the orthogonal group O(m) as a submani-
fold of R™*™ with the induced metric given by
X,Y & trace(X'Y).
For x [CA(m) the left translation Ly : O(m) - O(m) by x is given by
Lx :y B Xy. The tangent space T,O(m) of O(m) aty is
T,0(m) = {yX| X'+ X =0}
and the di[erential (dLy)y : TyO(mM) - Tx,O(m) of Ly is given by
(dLy)y : yX B xyX.
We then have
[@L)y (yX), (dLu)y(YY)Gd = trace((xyX)'xyY)
= trace(X'y'x'xyY)
= trace(yX)'(yY).
= X, yY Ll
This shows that the left translation Ly : O(m) — O(m) is an isometry
for each x [CA(m).

Definition 5.15. Let G be a Lie group. A Riemannian metric g
on G is said to be left invariant if for each x [CQ the left translation
Ly : G —» G is an isometry.

As for the orthogonal group O(m) an inner product on the tangent
space at the neutral element of any Lie group can be transported via
the left translations to obtain a left invariant Riemannian metric on
the group.

Proposition 5.16. Let G be a Lie group and [LIgbe an inner
product on the tangent space T.G at the neutral element e. Then for
each x @ the bilinear map gx(,) : TxG x TxG - R with

Ox(Xx, Yx) = [Ly-1(Xx), dLx—1(Yx) [e]
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is an inner product on the tangent space T,G. The smooth tensor field
g:C(TG) - Cy°(G) given by
g:(XY)B (X, Y):xB gx(Xx, Yx))
is a left invariant Riemannian metric on G.
Proof. See Exercise 5.5. 1

We shall now equip the real projective space RP™ with a Riemann-
ian metric.

Example 5.17. Let S™ be the unit sphere in R™*! and Sym(R™*1)
be the linear space of symmetric real (m+1)>(m+1) matrices equipped
with the metric g given by

g(A,B) = %trace(AtB).

As in Example 3.21 we define a map ¢ : S™ - Sym(R™*?) by

¢:pB (pp:q B 2[gplpl—q).
Let ao,3 : R —» S" be two curves such that a(0) = p = (0) and put
a=a(0), b=p(0). Then for y {d, B} we have

dop(y(0)) = (q B 2[gly(0)[pi+ 2[gl py0)).
If B is an orthonormal basis for R™*1, then
9(dop(@), dgp(h)) = trace(dgp(a)’ - dgp(h))/8
= (1] alpl+ [} p(al [} b(pl+ [g] p(BI/P
N —
= {(ppUal qd] b3 [al bIp qLLpl q 32
q[B1
= {@bF @by
= [alb[]
This proves that the immersion @ is isometric. In Example 3.21 we have
seen that the image @(S™) can be identified with the real projective
space RP™. This inherits the induced metric from R(M*D>*(M*1) gng

the map ¢ : S™ - RP™ is what is called an isometric double cover of
RP™,

Long before John Nash became famous in Hollywood he proved
the next remarkable result in his paper The embedding problem for
Riemannian manifolds, Ann. of Math. 63 (1956), 20-63. It implies
that every Riemannian manifold can be realized as a submanifold of a
Euclidean space. The original proof of Nash was later simplified, see
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for example Matthias Gunther, On the perturbation problem associated
to isometric embeddings of Riemannian manifolds, Annals of Global
Analysis and Geometry 7 (1989), 69-77.

Deep Result 5.18. For 3 < r < oo let (M, g) be a Riemannian
C'-manifold. Then there exists an isometric C"-embedding of (M, g)
into a Euclidean space R".

We shall now see that parametrizations can be very useful tools for
studying the intrinsic geometry of a Riemannian manifold (M, g). Let
p be a point of M_and lﬂ :U - M be a local parametrization of M
with ¢ CU and ¢(q) = p. The diletkntial dy, : TR™ - T,M is
bijective so there exist neighbourhoods U, of g and U, of p such that
the restriction = lﬂ|uq : Uy —» U is a diledmorphism. On U, we
have the canonical frame {es,...,en} for TU, so {dy(e1),...,dw(em)}
is a local frame for TM over U,. We then define the pull-back metric
g=uy'don U, by

g(ex, en) = g(dy(ex), dy(er)).
Then Y : (Ug,§) - (Up, ) is an isometry so the intrinsic geometry of
(Ug, ) and that of (Up, g) are exactly the same.

Example 5.19. Let G be one of the classical Lie groups and e
be the neutral element of G. Let {Xj,..., X} be a basis for the Lie
algebra g of G. For x G define Yy : R™ - G by

™ 1
Py : (tll s ytm) = I—x( EXp(thk))
k=1

where Ly : G - G is the left-translation given by Lx(y) = xy. Then

(dwx)o(ex) = Xk(X)
for all k. This means that the dilerkntial (dyy)o : TOR™ - TxG is an
isomorphism so there exist open neighbourhoods U, of 0 and Uy of X
such that the restriction of { to Uy is bijective onto its image Uy and
hence a local parametrization of G around x.

We shall now study the normal bundle of a submanifold of a given
Riemannian manifold. This is an important example of the notion of
a vector bundle over a manifold.

Definition 5.20. Let (N, h) be a Riemannian manifold and M be
a submanifold of N. For a point p [CM we define the normal space
N,M of M at p by

NoM = {v CT}N| hp(v,w) =0 for all w CT}M}.
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For all p [CM we have the orthogonal decomposition
ToN =T,M CN}M.
The normal bundle of M in N is defined by
NM ={(p,v)| p CM, v [N,M}.

Example 5.21. Let S™ be the unit sphere in R™*! equipped with
its standard Euclidean metric [T If p [CS™ then the tangent space
Tp,SMof SMatpis

T,S™ ={v [CRM™"| M pF 0}
so the normal space N,S™ of S™ at p satisfies
N,S™ = {Ap CRM™"| A CRY.
This shows that the normal bundle NS™ of S™ in R™*! is given by
NS™ = {(p,A\p) CRF™?| p CSI",A [RE}.

Theorem 5.22. Let (N",h) be a Riemannian manifold and M™
be a smooth submanifold of N. Then the normal bundle (NM, M, n)
is a smooth (n — m)-dimensional vector bundle over M.

Proof. See Exercise 5.7. —1

We shall now determine the normal bundle NO(m) of the orthog-
onal group O(m) as a submanifold of R™*™,

Example 5.23. The orthogonal group O(m) is a subset of the
linear space R™*™ equipped with the Riemannian metric

[X,Y & trace(X'Y)

inducing a left invariant metric on O(m). We have already seen that
the tangent space TeO(m) of O(m) at the neutral element e is

T.O(m) = {X [RI™™M| X'+ X =0}
and that the tangent bundle TO(m) of O(m) is given by
TO(m) = {(x,xX)| x CA(m), X CTIO(m)}.
The space R™ ™ of real m x m matrices has a linear decomposition
R™™ = Sym(R™) [TIO(m)

and every element X [R™ ™ can be decomposed X = X =4 X h
its symmetric and skew-symmetric parts given by

XE2 (X —=XY/2 and X2 (X + XY)72.
If X CTIO(m) and Y CSYym(R™) then
X,Y [O= trace(X'Y)
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= trace(Y 'X)
= trace(XY"Y)
= trace(—X'Y)
= —IX,YLI
This means that the normal bundle NO(m) of O(m) in R™*™ is given

by
NO(m) = {(x,xY)| x CA(m), Y CSym(R™)}.

A given Riemannian metric g on M can be used to construct a
family of natural metrics on the tangent bundle TM of M. The best
known such examples are the Sasaki and Cheeger-Gromoll metrics. For
a detailed survey on the geometry of tangent bundles equipped with
these metrics we recommend the paper S. Gudmundsson, E. Kappos,
On the geometry of tangent bundles, Expo. Math. 20 (2002), 1-41.
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Exercises

Exercise 5.1. Let m be a positive integer and ¢ : R™ — C™ be the
standard parametrization of the m-dimensional torus T™ in C™ given
by @ : (X1,...,Xm) B (e™,...,e™m). Prove that ¢ is an isometric
parametrization.

Exercise 5.2. Let m be a positive integer and
4

T[m:(S _{(1,0,,0)},|_,__|@‘n+1)—>(R ,mlﬂ__‘i}n)
be the stereographic projection given by
1
Mm - (X0, -+, Xm) B l—xo(Xl""’Xm)'

Prove that m,,, is an isometry.

Exercise 5.3. Let B2(0) be the open unit disk in the complex plane
equipped with the hyperbolic metric

_ 4

Equip the upper half plane {z [d| Im(z) > 0} with the Riemannian
metric

g(X,Y) = @[X,Y (b
and prove that the holomorphic function
m:B2(0) - {z [d Im(z) > 0}
given by _
i+z

n:z G -
1+1z

is an isometry.

Exercise 5.4. Equip the unitary group U(m) as a submanifold of
C™*™M with the induced metric given by

[A, W 3 Re(trace(Z'W)).

Show that for each z [CU(m) the left translation L, : U(m) — U(m)
given by L, : w B zw is an isometry.

Exercise 5.5. Find a proof for Proposition 5.16.
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Exercise 5.6. Let m be a positive integer and GL,(R) be the
corresponding real general linear group. Let g, h be two Riemannian
metrics on GL,(R) defined by

Ox(XZ, XW) = trace((xZ)'XW), hy(XZ,xW) = trace(Z'W).
Further let g‘,ﬁ be the induced metrics on the special linear group
SLm(R) as a subset of GL,(R).

(i) Which of the metrics g, h, @,ﬁ are left-invariant?
(i) Determine the normal space NeSL»(R) of SL,(R) in GL,(R)
with respect to g
(iii) Determine the normal bundle NSL,(R) of SL»(R) in GL,(R)
with respect to h.

Exercise 5.7. Find a proof for Theorem 5.22.



CHAPTER 6

The Levi-Civita Connection

In this chapter we introduce the Levi-Civita connection [of a
Riemannian manifold (M, g). This is the most important example of
the general notion of a connection in a smooth vector bundle. We
deduce an explicit formula for the Levi-Civita connection for Lie groups
equipped with left-invariant metrics. We also give an example of a
connection in the normal bundle of a submanifold of a Riemannian
manifold and study its properties.

On the m-dimensional real vector space R™ we have the well-known
di Lerkntial operator

d: C®(TR™) x C®(TR™) - C®(TR™)

mapping a pair of vector fields X,Y on R™ to the directional deriv-
ative 0y Y of Y in the direction of X given by

e Y(XHEX(Q) = Y (X)
(0% Y)(X) = llm n .

The most fundamental properties of the operator d are expressed by
the following. If A,pu R, f,g CA*(R™) and X,Y,Z CA*(TR™M)
then

(i) Oy (F-Y)=X(F) Y +T.0yY,

The next result shows that the di [erkntial operator 0 is compatible

with both the standard di [erkntiable structure on R™ and its Euclidean
metric.

Proposition 6.1. Let the real vector space R™ be equipped with
the standard Euclidean metric LT and X,Y,Z [Cd>(TR™) be smooth
vector fields on R™. Then

(iv) OyY —oy X =[X,Y],

(v) X(IY, Z D)1= By Y, Z (3 V), 0 Z L]

59
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We shall now generalize the di [erential operator 0 on the Euclidean
space R™ to the so called Levi-Civita connection [od a Riemannian
manifold (M, g). First we introduce the concept of a connection in a
smooth vector bundle.

Definition 6.2. Let (E, M, m) be a smooth vector bundle over M.
A connectionon (E,M,n)isamap [ Z@*<(TM)*xC*=(E) - C*(E)
such that

() Le@-v+pw)=A- Lok - Ban

(i) Led-v) =X(F) v+T. L]

(iii) '(T—-'X+g-Y)V:f' Levhg - Levl
forall A,p (R, X,Y [A*(TM), v,w [A=(E) and f,g A= (M).
A section v L A% (E) of the vector bundle E is said to be parallel
with respect to the connection [ifl

b= 0
for all vector fields X [CCI*(TM).

Definition 6.3. Let M be a smooth manifold and a connec-
tion on the tangent bundle (TM, M, ). Then we define the torsion

T:CP(TM) - C2(TM) of Ty

T(X,Y) = L= BXI—[X, Y],

where [,] is the Lie bracket on C*(TM). The connection Lisksaid to
be torsion-free if its torsion T vanishes i.e.

X.Y]= ben- yx

for all X,Y [CC*(TM).

Definition 6.4. Let (M, g) be a Riemannian manifold. Then a
connection [Cod the tangent bundle (TM, M, n) is said to be metric
or compatible with the Riemannian metric g if

X(9(Y,2)) = 9(Ix¥1, Z) + g(Y, T2
for all X,Y,Z CC*(TM).

Let (M,g) be a Riemannian manifold and a metric and
torsion-free connection on its tangent bundle (TM, M, ). Then it is
easily seen that the following equations hold

9( LY, Z) = X(9(Y.2)) — 9(Y, LD,
9(L5YZ) = g(X, Y], Z) +9( X1 Z2)
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= 9(X,Y],2) +Y (9(X,2)) —9(X, 4,

0 = —=Z@(X,Y))+9(=X1Y) +g(X, [5Y)
= —Z(@Q(X.Y)) +9( L+ [Z,X],Y) + g(X, EZ1-[Y, Z]).
By adding these relations we yield
2-9(LeY1LZ) = {X(9(Y,2)) +Y (9(Z, X)) —Z(@(X,Y))
+9(Z, X, Y]) +9(Y, [Z, X]) —9(X, [Y, Z])}.

If {E1,...,Em} is a local orthonormal frame for the tangent bundle
then
™ 1
L= g( Y, EDE;.
k=1

As a direct consequence there exists at most one metric and torsion
free connection on the tangent bundle.

Definition 6.5. Let (M, g) be a Riemannian manifold then the
map CZQ@*<(TM) < C*=(TM) - C*=(TM) given by
2.9(G01Z) = {X(g(Y,2)) + Y (9(X,2)) — Z(g(X,Y))
+9([Z, X],Y) +9([Z, Y], X) +9(Z, [X,Y D}
is called the Levi-Civita connection on M.
It should be noted that the Levi-Civita connection is an intrinsic

object on (M, g) only depending on the di lerkntiable structure of the
manifold and its Riemannian metric.

Proposition 6.6. Let (M, g) be a Riemannian manifold. Then the
Levi-Civita connection [iSla connection on the tangent bundle TM of
M.

Proof. It follows from Definition 3.5, Theorem 4.15 and the fact
that g is a tensor field that

(L@ Y1+ 1 Y2),Z) = A g(5Y, Z) + - 9( e, Z)
and
for all A, u and X,Yy,Y,,Z [CA*(TM). Furthermore we have for
all f Cd>(M)

2 g( Y, 2)
= {X({F-9(v,2))+1-Y(@Q(X,2)) —Z(F - 9(X,Y))
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= {X(F)-9(v,2) + - X(g(Y,2)) +f Y (9(X 2))
—Z(f)-9(X,Y)—F-Z@(X,Y)) +T-9(Z,X].Y)
+g(Z(F) Y +F [Z,Y], X) +g(Z, X(F) - Y +F - [X, Y]}

= 2-{X(f)-9(Y,Z2) + T - g(LY1 2)}

= 2.g(X(F)-Y + - 1, 2)

and
2-9(Le Y. 2)
= {f-X@(Y,2)) +Y(f-9(X,2Z2)) —Z(f - 9(X,Y))
+9([Z, - X],Y)+F-9([Z, Y], X) +9(Z,[f - X, Y]}
= {f-X(@(Y,2)) +Y(F) -9(X,2) +T-Y (9(X,2))
—Z(f) - 9(X,Y) —f-Z(g(X,Y))
+g(Z(F) - X,Y)+f-g(Z,X],Y)
+f-9([Z, YL X)+F-9(Z,[X,Y]) —a(Z,Y (F) - X)}
= 2-f g(LY2).
This proves that [Cist connection on the tangent bundle (T M, M, 1).

L1

The next result is called the Fundamental theorem of Riemannian
geometry.

Theorem 6.7. Let (M, g) be a Riemannian manifold. Then the
Levi-Civita connection is a unique metric and torsion free connection
on the tangent bundle (T M, M, ).

Proof. The dilerence g( LY, Z) —g( I;XI,Z) equals twice the
skew-symmetric part (w.r.t the pair (X,Y)) of the right hand side of
the equation in Definition 6.5. This is the same as

= %{Q(Z, [X, YD —a(Z,[Y, XD} = 9(Z,[X, Y.

This proves that the Levi-Civita connection is torsion-free.

The sum g( Y1, Z) + g( LZ1 Y') equals twice the symmetric part
(w.r.t the pair (Y, Z)) on the right hand side of Definition 6.5. This is
exactly

= 2IX(a(Y,2)) + X(@(Z, Y N} = X (@Y, 2))

This shows that the Levi-Civita connection is compatible with the Rie-
mannian metric g on M. 1
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A vector field X [CQ*=(TM) on (M,q) induces the first order
covariant derivative

LIC(TM) - C2(TM)
in the direction of X by
LY B LYl
Definition 6.8. Let G be a Lie group. For a left invariant vector
field Z [glwe define the map ad(Z) : g —» g by

ad(2) : X B [Z, X].

Proposition 6.9. Let (G,g) be a Lie group equipped with a left
invariant metric. Then the Levi-Civita connection [—sakisfies

9( Y1 Z) = %{g([X, Y1, Z) +g(ad(2)(X), Y) +g9(X,ad(Z)(¥))}

for all X,Y,Z [gl In particular, if for all Z [glthe map ad(Z) is
skew symmetric with respect to g then

LeYT= %[X, Y]
Proof. See Exercise 6.2. 1
Proposition 6.10. Let G be one of the classical compact Lie groups
O(m), SO(m), U(m) or SU(m) equipped with the left-invariant metric
9(Z, W) = Re (trace (Z'W)).
Then for each X [glthe operator ad(X) : g — g is skew symmetric.
Proof. See Exercise 6.3. 1

Example 6.11. Let (M, g) be a Riemannian manifold with Levi-
Civita connection [_Burther let (U, x) be local coordinates on M and
put X; = a/0x; [CA*=(TU). Then {Xi,...,Xn} is a local frame of
TM on U. For (U, x) we define the Christo [ellsymbols F'i‘j U - R
of the connection [Cwith respect to (U, x) by

1

M5 Xk = e X

k=1
On the subset x(U) of R™ we define the metric § by
g(ei ;) = gij = 9(Xi, Xj).
The di Lerential dx is bijective so Proposition 4.17 implies that
dx([Xi, Xj]) = [dx(Xi), dx(Xj)] = [ei, &j] = 0
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and hence [Xj, X;] = 0. From the definition of the Levi-Civita connec-
tion we now yield

'l:kl 'l:kl
g = 0 X XU
k=1 -
= Ot X0

1
= E{Xi[Xj,XMH-Xj [X|,XiE‘X|[Xi,Xj|}]

_ E{agj-l_kagl-i_agij}.
2°0X;  0Xj 0X,
If g = (g7 then
" “—T{ég,. 00 _ 991,
o2 oxi 0% 0x~

1=1

Definition 6.12. Let N be a smooth manifold, M be a submanifold
of N and X [CA*(TM) be a vector field on M. Let U be an open
subset of N such that U n M 8 [JA local extension of X to U is
a vector field X [Q*=(TU) such that X, = X, for all p nM. If
U = N then X is called a global extension.

Fact 6.13. Let (N, h) be a Riemannian manifold and M be a sub-
manifold of N. Then vector fields X [CA*(TM) and Y [CA*(NM)
have global extensions X,Y L[CI**(TN).

Let (N,h) be a Riemannian manifold and M be a submanifold
equipped with the induced metric g. Let Z [A*(TN) be a vector
fieldon N and Z = Z|y : M — TN be the restriction of Z to M. Note
that Z is not necessarily an element of C*(TM) i.e. a vector field on
the submanifold M. For each p M the tangent vector Z, CT}N can
be decomposed 5 _ ~

— Z Iq Z 1
ina unlque way into its tangentlal part (Zp) I%Z],M and its normal
part (Zp) CfN,M. For this we write Z =Z ~+# Z -~

Let X,Y IZ(]°°(T M) be vector fields on M and X,Y [A*(TN)
be their extensions to N. If p [M then (LY), only depends on the
value X, = >Zp and the value of Y along some curvey : (—C1)1—- N
such that y(0) = pand y(0) = X, = X,. For this see Remark 7.3. Since

X, CIhM we may choose the curve y such that the image y((—L1)
is contained in M. Then V, v = Yy for t LGLIOI This means
that (Y1), only depends on X and the value of Y along vy, hence



6. THE LEVI-CIVITA CONNECTION 65

independent of the way X and Y are extended. This shows that the
following maps [Cadd B are well defined.

Definition 6.14. Let (N, h) be a Riemannian manifold and M be
a submanifold equipped with the induced metric g. Then we define
two operators

T=Q>(TM) x C*(TM) - C=(TM)

and
B:C®(TM)xC*®(TM) - C*(NM)

L= (LX) —and B(X,Y) = (L)
where X,Y [CC*(TN) are any extensions of X, Y.
The operator B is called the second fundamental form of M in
(N, h). It is symmetric and hence tensorial in both its arguments, see
Exercise 6.7.

Theorem 6.15. Let (N, h) be a Riemannian manifold and M be a
submanifold of N with the induced metric g. Then the operator [isl
the Levi-Civita connection of the submanifold (M, g).

Proof. See Exercise 6.8. —1

_ The Levi-Civita connection on (N, h) induces a metric connection
[od the normal bundle NM of M in N as follows.

by

Proposition 6.16. Let (N, h) be a Riemannian manifold and M
be a submanifold with the induced metric g. Let X,Y [Q=(TN) be
vector fields extending X [CQ*(TM) and Y CQA®(NM). Then the
map [CZQ(TM) x C(NM) - C*=(NM) given by

= ()=
is a well-defined connection on the normal bundle NM satisfying
X(h(Y,2)) =h(EX,2) +h(¥, 2
for all X CO®(TM) and Y,Z CC™(NM).
Proof. See Exercise 6.9. 1
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Exercises

Exercise 6.1. Let M be a smooth manifold and a con-
nection on the tangent bundle (TM, M, ). Prove that the torsion
T:C?(TM) - C°(TM) of L[isla tensor field of type (2, 1).

Exercise 6.2. Find a proof for Proposition 6.9.
Exercise 6.3. Find a proof for Proposition 6.10.

Exercise 6.4. Let Sol® be the 3-dimensional subgroup of SL3(R)

given by ] -
e 0 X
SolP={Lolde? yLjp=(x,y,2) CRF}.
0 0 1
Let X,Y,Z Lglbe left-invariant vector fields on Sol® such that
0 0 0

Xe = a_x|p=0a Ye = W'pzo’ Ze = a_z|p=0-

Show that
[X,Y]=0, [Z,X]=X, [Z,Y]=-Y.

Let g be a left-invariant Riemannian metric on G such that {X,Y,Z} is
an orthonormal basis for the Lie algebra g. Calculate the vector fields

L Xl Bl X1 2] 1770
Exercise 6.5. Let SO(m) be the special orthogonal group equipped
with the metric .
X,Y [+ Etrace(XtY).

Prove that [ Iis left-invariant and that for any left-invariant vector
fields X,Y [sd(m) we have

1
=_[X,Y].
V1= 51X, Y]
Let A, B, C be elements of the Lie algebra so(3) with
1 —1 —1 C 1 1
0 -1 0 0 0 —1 00 O
A.=L11o0 oL B =0Lglo 0 L& =0Cogl0 —1 L1
0 0 O 10 0 01 0

Prove that {A, B, C} is an orthonormal basis for so(3) and calculate

(ABl 1gCl [eAl
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Exercise 6.6. Let SL,(R) be the real special linear group equipped
with the metric

X, Y L= % trace((p~2X)'(p1Y)).
Let A, B, C be elements of the Lie algebra sl,(R) with
1 [ i R

0 —1 0 —
Ae= 1 0 +B= 1o C= o
Prove that {A, B, C} is an orthonormal basis for sl;(R) and calculate
[AB1 [gC1 [cAl

Exercise 6.7. Let (N, h) be a Riemannian manifold with Levi-
Civita connection [and (M, g) be a submanifold with the induced
metric. Prove that the second fundamental form B of M in N is
symmetric and tensorial in both its arguments.

Exercise 6.8. Find a proof for Theorem 6.15.

Exercise 6.9. Find a proof for Proposition 6.16.






CHAPTER 7

Geodesics

In this chapter we introduce the notion of a geodesic on a Riemann-
ian manifold (M, g). This is a solution to a second order non-linear
system of ordinary di[erential equations. We show that geodesics are
solutions to two di Lerknt variational problems. They are critical points
to the so called energy functional and furthermore locally shortest paths
between their endpoints.

Definition 7.1. Let M be a smooth manifold and (T M, M, i) be
its tangent bundle. A vector field X along a curvey : 1 - M is
acurve X : 1 - TM such that m~ X =vy. By C;°(TM) we denote
the set of all smooth vector fields along y. For X,Y [Q(TM) and
T Cd>~(1) we define the operations + and - by

(i) (X +Y)(t) = X(t) + Y (1),

(i) (F - X)(t) = f(t) - X(b).

This turns (Cy°(TM), +, -) into a module over C*=(I) and a real vector
space over the constant functions in particular. For a given smooth
curvey : 1 - M in M the smooth vector field X : 1 - TM with
X tB (y(),y()) is called the tangent field along vy.

The next result gives a rule for di Lerkntiating a vector field along a
given curve and shows how this is related to the Levi-Civita connection.

Proposition 7.2. Let (M,g) be a smooth Riemannian manifold
andy: 1 - M be a curve in M. Then there exists a unique operator
D (o] (o]
it :CP(TM) - C2(TM)
such that for all A,p CRland ¥ CC*(1),
(M) DAA- X +p-Y)dt=A-(DX/dt) + - (DY/dt),
(ii) D(f - Y)/dt=df/dt-Y +f - (DY /dt), and
(iii) for each ty [Tlthere exists an open subinterval Jqy of 1 such that
to LIy and if X (T M) is a vector field with Xy =Y (t)
for all t [CJ§ then

Dy L1
gt (to) = ( %ij(to)-

69
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Proof. Let us first prove the uniqueness, so for the moment we
assume that such an operator exists. For a point ty [Tlchoose a chart
(U,x) on M and open interval J, such that ty [LJ3, y(Jo) [Uland put
Xi = 0/0x; [A>(TU). Then a vector field Y along y can be written
in the form

™ 1]
YO= " a® Xy,
=1

for some functions ay [CI*°(Jg). The second condition means that
Dy 1 T 1px, ] ™ 1] [

(1) W (t) = - ak(t) T V(t) + - Gk(t) Xk y(t)'

Let X o y(t) = (y1(D), ..., ym(1)) then

. 1]
YO = ® X,
k=1
and the third condition for D/dt imply that
Dx; 1 B 1
) 5t vo = (EXDvo = VOB Xj)yo-
k=1
Together equations (1) and (2) give
My T 1 T _1 1 O
@ g ®= {a®+  THEOWOKOF X .
k=1 ij=1

This shows that the operator D/dt is uniquely determined.

It is easily seen that if we use equation (3) for defining an operator
D/dt then it satisfies the necessary conditions of Proposition 7.2. This
proves the existence of the operator D/dt. 1

Remark 7.3. It follows from the fact that the Levi-Civita connec-
tion is tensorial in its first argument i.e.

X =f X

and the equation

Dy L]

gt (t0) = (EXyceo)
in Proposition 7.2 that the value (X, of [=Xlat p only depends
on the value of Z, of Z at p and the values of Y along some curve y

satisfying y(0) = p and y(0) = Z,. This allows us to use the notation
L, Ylfor DY /dt.



7. GEODESICS 71

The Levi-Civita connection can now be used to define a parallel
vector field and a geodesic on a manifold as solutions to ordinary dif-
ferential equations

Definition 7.4. Let (M, g) be a Riemannian manifoldandy : I -
M be a C!-curve. A vector field X along vy is said to be parallel if

I%X]Z 0.

A C?-curvey : 1 - M is said to be a geodesic if its tangent field y is

parallel along vy i.e.
Iv—y_;lz 0.

The next result shows that for given initial values at a point p [CM
we get a parallel vector field globally defined along any curve through
that point.

Theorem 7.5. Let (M, g) be a Riemannian manifold and I = (a, b)
be an open interval on the real line R. Further lety : I — M be a
smooth curve, to CHand X, [T,,)M. Then there exists a unique
parallel vector field Y along y such that Xqo =Y (tp).

Proof. Without loss of generality we may assume that the image
of y lies in a chart (U, x). We put X; = d/0x; so on the interval | the
tangent field y is represented in our local coordinates by

_ | —
YO = m® X,

i=1

with some functions p; CCI*°(1). Similarly let Y be a vector field along
y represented by

{ LI
Y (1) = oj(t) X y@®"
j=1
Then
O O ™ 1] ] N
L@ = {0i(0) X5 o + 0 (1) LXP 0}
j=1
™ 1 T 1 1
= {o®+ g OPOMEYOI Xe -
k=1 ij=1

This implies that the vector field Y is parallel i.e. I;EIE 0 if and
only if the following first order linear system of ordinary dilerkntial



72 7. GEODESICS

equations is satisfied:

. ™ 1 )
ok (t) + o (PO (y(®) =0
ij=1
forall k =1,...,m. It follows from Fact 7.6 that to each initial value
o(ty) = (Vq,...,Vm) CRM with
j LN B
Yo = ) Vie Xk y )
=1

there exists a unique solution ¢ = (04,...,0n) to the above system.
This gives us the unique parallel vector field Y

j NN [ N
YO = o) X g
k=1
along 1. 1

The following result is the well-known theorem of Picard-Lindelof.

Fact 7.6. Let f : U - R" be a continuous map defined on an open
subset U of R < R" and L [CRI* such that
[Ft.x)—fty)l=L |x—yl

for all (t,x), (t,y) CUL If (tg,Xo) U then there exists a unique local
solution x : I - R" to the following initial value problem

x(t) = F(t, (1)), X(to) = Xo.

Lemma 7.7. Let (M,g) be a Riemannian manifold, y : I - M
be a smooth curve and X,Y be parallel vector fields along y. Then the
function g(X,Y) : I - R given by t B gy (Xyw, Yyw) IS constant.
In particular, if y is a geodesic then g(y,y) is constant along vy.

Proof. Using the fact that the Levi-Civita connection is metric
we obtain

d
GO Y)) = g(LXIY) +g(X, LYI=0.
This proves that the function g(X,Y) is constant along v. 1

The following result on parallel vector fields is a useful tool in Rie-
mannian geometry. It will be employed in Chapter 9.

Proposition 7.8. Let (M, g) be a Riemannian manifold, p M
and {vi,...,Vm} be an orthonormal basis for the tangent space T,M.
Lety : 1 — M be a smooth curve such that y(0) = p and Xg,..., Xy, be
parallel vector fields along y such that Xy(0) = v, fork =1,2,...,m.
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Then the set {X(t), ..., Xn(t)} is a orthonormal basis for the tangent
space TynM for all t 1]

Proof. This is a direct consequence of Lemma 7.7. 1

For the important geodesic equation we have the following local
existence result.

Theorem 7.9. Let (M, g) be a Riemannian manifold. If p M
and v [1,M then there exists an open interval I = (—LI)Jand a
unique geodesic y : I - M such that y(0) = p and y(0) = v.

Proof. Let (U,x) be a chart on M such that p U and put
X; = 8/0x;. For an open interval J and a C?-curve y : J — U we put
Vi=Xiey:J - R. Thecurve Xy :J - R™is C? so we have
_ 1
(AxX)y@ (YD) = vi(De
i=1
giving
I s
VO = Vi X
i=1
By diLerkntiation we then obtain
[ I O

| LI |
L= L LO RSV
j=1
{ LI § i O ™ 1 1 1
= O X ot VIO LA}
1

j=1 i

— 1 r 1 .
= @+ VOGO e v} Xe -
k=1 ij=1
Hence the curve y is a geodesic if and only if

y 1
w@®+  vi@yiriy®) =0
ij=1
for all k = 1,...,m. It follows from Fact 7.10 that for initial values
Jo = X(p) and wp = (dx),(v) there exists an open interval (—LI)Jand
a unique solution (yi, ..., Ym) satisfying the initial conditions
(y1(0), ..., ym(0)) = qo and (y1(0),...,ym(0)) = wo.
L1

The following result is a second order consequence of the well-known
theorem of Picard-Lindelof.
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Fact 7.10. Let f : U - R" be a continuous map defined on an
open subset U of R < R™ and L [CRI" such that

[f(t,x) —f(ty)=L:|x—yl

for all (t,x), (t,y) UL If (to, Xo) [Tl and x; [CRI' then there exists a
unique local solution x : I - R" to the following initial value problem

xHt) = F(t, x(1)), X(to) =Xo, X{(to) = Xi.

The Levi-Civita connection [ah a given Riemannian manifold
(M, g) is an inner object completely determined by the metric g. Hence
the same applies for the condition

IVI:I: 0
for a given curve y : I - M. This means that the image of a geodesic
under a local isometry is again a geodesic.

Let E™ = (R™, [ 1zh) be the Euclidean space. For the trivial chart
idgm : R™ — R™ the metric is given by gi; = &;;, so 'y = 0 for all
I,j,k =1,...,m. This means thaty : I - R™ is a geodesic if and
only if y(t) = 0 or equivalently y(t) = t-a+b for some a,b [CRI™. This
proves that the geodesics are the straight lines.

Definition 7.11. A geodesicy : I - (M,g) in a Riemannian
manifold is said to be maximal if it cannot be extended to a geodesic
defined on an interval J strictly containing 1. The manifold (M, g)
is said to be complete if for each point (p,v) [TIM there exists a
geodesic y : R - M defined on the whole of R such that y(0) = p and

y(0) = v.
Proposition 7.12. Let (N, h) be a Riemannian manifold with Levi-

Civita connection ["add M be a submanifold equipped with the induced
metric g. Acurvey: 1l - M is a geodesic in M if and only if

(Lpt=o.

Proof. Following Theorem 6.15 the Levi-Civita connection Tod

(M, g) satisfies B
e (gt
L1

Example 7.13. Let E™*! be the (m + 1)-dimensional Euclidean
space and S™ be the unit sphere in E™*! with the induced metric. At
a point p S the normal space N,S™ of S™ in E™*! is simply the
line generated by p. Ify : 1 — S™ is a curve on the sphere, then

VEy 2y -y 2y -FBym
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This shows that y is a geodesic on the sphere S™ if and only if
4) y=MHyH
For a point (p,v) CTIS™ define the curve y =y : R - S™ by
1

p ifv=20

VLB cos(v[t) - p + sin(vlt) - v/|v| if v B 0.

Then one easily checks that y(0) = p, y(0) = v and that y satisfies the
geodesic equation (4). This shows that the non-constant geodesics on
S™ are precisely the great circles and the sphere is complete.

Example 7.14. Let Sym(R™*?) be equipped with the metric
1
A, B+ 3 trace(A'B).
Then we know that the map ¢ : S™ — Sym(R™*?) with

¢:pB (2pp'—e)
iIs an isometric immersion and that the image @(S™) is isometric to
the m-dimensional real projective space RP™. This means that the

geodesics on RP™ are exactly the images of geodesics on S™. This
shows that the real projective spaces are complete.

Definition 7.15. Let (M, g) be a Riemannian manifold and vy :
I -~ M beacC"curve on M. A variation of y isa C"-map

such that for all s [l ®5(s) = ®(0,s) = y(s). If the interval is
compact i.e. of the form 1 = [a,b], then the variation ® is called

proper if for all t C(FL1)) d¢(a) = y(a) and d¢(b) = y(b).

Definition 7.16. Let (M, g) be a Riemannian manifold and vy :
I —~ M be a C2?-curve on M. For every compact interval [a,b] [Twe
define the energy functional Ej,y; by

Ean(y) = % g(y(b), y(t))dt.

A C?curvey : I - M is called a critical point for the energy
functional if every proper variation ® of y|p; satisfies

d
a(E[a,b] (P)) =0 = O.

We shall now prove that geodesics can be characterized as the crit-
ical points of the energy functional.
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Theorem 7.17. A C?-curve y : | =[a,b] - M is a critical point
for the energy functional if and only if it is a geodesic.

Proof. Fora C?>map @ : (—LIDIx 1 - M, @ : (t,s) B ®(t,s)
we define the vector fields X = d®(d/0s) and Y = d®(0/0t) along ®.
The following shows that the vector fields X and Y commute.

L= X = [X,Y]
[d®(0/0s), dP(a/01)]
d®([0/0s,0/01))
= 0,
since [0/0s,0/0t] = 0. We now assume that @ is a proper variation of
y. Then
)

( 9(X,X)ds)

cD%I o
Q

%(E[a,b](q)t)) =

= N =

(90X, X))ds

o

= g9( X1, X)ds
0( Y1, X)ds

d
= (GO, X)) =g(¥, beX))ds

|
N

]
= [9(V,X)a—  9(Y, X)ds.

The variation is proper, so Y (a) = Y (b) = 0. Furthermore X(0,s) =
09/0s(0,s) = y(s), so
)

G Eea®Dlo == 9(Y 0.9, (GG,

The last integral vanishes for every proper variation ® of y if and only

if Iv—y_iz 0. 1
A geodesicy : 1 - (M,q) is a special case of what is called a

harmonic map ¢ : (M,g) - (N, h) between Riemannian manifolds.

Other examples are conformal immersions ¢ : (M2,g) — (N, h) which

parametrize the so called minimal surfaces in (N, h). For a reference on

harmonic maps see H. Urakawa, Calculus of Variations and Harmonic
Maps, Translations of Mathematical Monographs 132, AMS(1993).
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Let (M™,g) be an m-dimensional Riemannian manifold, p [\

and
Sp ' ={v COM] gp(v,v) = 1}

be the unit sphere in the tangent space T,M at p. Then every point
w [CILM \ {0} can be written as w = ry, - vy, Where r, = |w| and
vw = w/|w| 30 Forv 30t lety, @ (—ay,By) - M be
the maximal geodesic such that a,,B, [CR* [}, y,(0) = p and
Yv(0) = v. It can be shown that the real number

[pJ=inf{ay, B,| v CS["'}

IS positive so the open ball
BM(0) = {v CTHIM| gp(v, V) < [2}
is non-empty. The exponential map exp, : B{;(0) - M at p is
defined by 1 _
p ifw=20
Vv, (rw) ifwED0.

Note that for v 3" the line segment A, : (—[J[) - T,M
with A, : t B t-v is mapped onto the geodesic y, i.e. locally we have
Yv = exp,°A,. One can prove that the map exp, is smooth and it
follows from its definition that the di Lerkntial

d(expplo : TpM - T,M

is the identity map for the tangent space T,M. Then the inverse
mapping theorem tells us that there exists an r, [CR™ such that if
U, = B (0) and V, = exp,(Up) then exp, |u, : Up - Vp is a diledmor-
phism parametrizing the open subset V, of M.

The next result shows that the geodesics are locally the shortest
paths between their endpoints.

exp, 1w B3

Theorem 7.18. Let (M, g) be a Riemannian manifold. Then the
geodesics are locally the shortest path between their end points.

Proof. Letp [M, U =B/(0) in T,M and V = exp,(U) be such
that the restriction
®=expylu:VU -V

of the exponential map at p is a di Ledmorphism. We define a metric §
on U such that for each X,Y [C>~(TU) we have

gx,Y) = g(de(X), do(Y)).

This turns ¢ : (U,§) - (V,Q) into an isometry. It then follows from
the construction of the exponential map, that the geodesics in (U, §)



78 7. GEODESICS

through the point 0 = ¢ (p) are exactly the lines A, : t & t-v where
v LT}M.

Now let ¢ CB™(0) \ {0} and A, : [0,1] — B™(0) be the curve
At 3 t-q. Further let o : [0,1] - U be any curve such that
0(0) =0 and a(1) = g. Along the curve o we define the vector field X
with X : t B o(t) and the tangent field 6 : t » &(t) to 0. Then the
radial component G,,4 0f G is the orthogonal projection of ¢ onto the
line generated by X i.e.

g(o(n), X(1)

7 G¢0. X )

X ().

Then it is easily checked that
[3(a(t), X ()|

Idrad(t)l = |X(t)|
T = 5600, X ()
_ = _ g@a(),
at X@®)| = at gxX(®), X () = TXOl
Combining these two relations we yield
. d
1Graa(®)] = X ().
This means that
[
L(o) = |o(t)[dt
i
= |Graq(t)|dt
Cd
= . &|X(t)|dt
= [X@)] = IX()]
= |al
= L(Ay).

This proves that in fact y is the shortest path connectingpand q. [

Definition 7.19. Let (N, h) be a Riemannian manifold and M be
a submanifold with the induced metric g. Then the mean curvature
vector field of M in N is the smooth section H : M - NM of the
normal bundle NM given by
™ 1

B (Xk, Xk).

k=1

HzitraceBzi
m m
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Here B is the second fundamental form of M in N and {Xg,...,Xm}
is any local orthonormal frame for the tangent bundle TM of M. The
submanifold M is said to be minimal in N if H = 0 and totally
geodesic in N if B =0.

Proposition 7.20. Let (N, h) be a Riemannian manifold and M be
a submanifold equipped with the induced metric g. Then the following
conditions are equivalent:

(1) M s totally geodesic in N

@ ify : 1 - M is a curve, then the following conditions are
equivalent
(@ y:l - M is a geodesic in M,
(b) y: 1 - M is a geodesic in N.

Proof. The result is a direct consequence of the following decom-
position formula

LV (L (Lo = T3 B, V).
L1

Proposition 7.21. Let (N, h) be a Riemannian manifold and M be
a complete submanifold of N. For a point (p,v) of the tangent bundle
TM let ypyy 1 - N be the maximal geodesic in N with y(0) = p
and y(0) = v. Then M s totally geodesic in (N, h) if and only if
Yeu (1) M for all (p,v) CTIM.

Proof. See Exercise 7.3. —1

Corollary 7.22. Let (N, h) be a Riemannian manifold, p [N
and V be an m-dimensional linear subspace of the tangent space T,N
of N at p. Then there exists (locally) at most one totally geodesic
submanifold M of (N, h) such that T,M = V.

Proof. See Exercise 7.4. 1

Proposition 7.23. Let (N, h) be a Riemannian manifold and M be
a submanifold of N which is the fixpoint set of an isometry ¢ : N — N.
Then M is totally geodesic in N.

Proof. Let p LM, v [CTLbM and y : I — N be the maximal
geodesic with y(0) = pand y(0) =v. Themap ¢ : N - N is an
isometry so @ ey : I - N is a geodesic. The uniqueness result of
Theorem 7.9, ¢(y(0)) = y(0) and do(y(0)) = y(0) then imply that
¢o(y) = vy. Hence the image of the geodesic y : I — N is contained in
M, so following Proposition 7.21 the submanifold M is totally geodesic
in N. 1
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Corollary 7.24. Let n < m be positive integers. Then the n-
dimensional sphere

S"={(x,0) CRM xR™™"| |x|* =1}
is a totally geodesic submanifold of
S™={(x,y) CRI™ < R™™"| [x|* + |y|* = 1}.
Proof. The statement is a direct consequence of the fact that S"

is the fixpoint set of the isometry ¢ : S™ - S™ of S™ with (x,y) B
X, —y). 1

Corollary 7.25. Let H™ be the m-dimensional hyperbolic space
modelled on the upper half space R* < R™1 equipped with the Rie-
mannian metric

1
g(XaY) = _2[X1Y @“!
X1

where X = (Xg,...,Xm) [H™. Then the n-dimensional hyperbolic
space

H" = {(x,0) CH™| x LR}
is totally geodesic in H™.

Proof. See Exercise 7.6. —1
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Exercises

Exercise 7.1. The result of Exercise 5.3 shows that the two di-
mensional hyperbolic disc H? introduced in Example 5.6 is isometric
to the upper half plane M = ({(x,y) [RF|y R} equipped with the
Riemannian metric L

g(x,Y) = F[X’Y (b
Use your local library to find all geodesics in (M, g).

Exercise 7.2. Let n be a positive integer and O(n) be the orthog-
onal group equipped with the standard left-invariant metric

g(A, B) = trace(A'B).
Prove that a C?-curve y : (—LI)1— O(n) is a geodesic if and only if
yev=ytey.
Exercise 7.3. Find a proof for Proposition 7.21.
Exercise 7.4. Find a proof for Corollary 7.22.

Exercise 7.5. For the real parameter 6 [(D,1/2) define the 2-
dimensional torus T¢ by

Ty = {(cos 6e'*, sin Be®) [SF| o, B [RE.

Determine for which 6 {0, 1/2) the torus TZ is a minimal submanifold
of the 3-dimensional sphere

S° ={(z1,22) CCF| |za]* + |2o)* = 1}
Exercise 7.6. Find a proof for Corollary 7.25.

Exercise 7.7. Determine the totally geodesic submanifolds of the
m-dimensional real projective space RP™.

Exercise 7.8. Let the orthogonal group O(n) be equipped with
the left-invariant metric
g(A, B) = trace(A'B)
and let K be a Lie subgroup of O(n). Prove that K is totally geodesic
in O(n).






CHAPTER 8

The Riemann Curvature Tensor

In this chapter we introduce the Riemann curvature tensor and
the notion of sectional curvature of a Riemannian manifold. These
generalize the Gaussian curvature playing a central role in classical
di Cerkntial geometry.

We prove that the Euclidean spaces, the standard spheres and the
hyperbolic spaces all have constant sectional curvature. We determine
the Riemannian curvature tensor for manifolds of constant sectional
curvature and also for an important class of Lie groups. We then derive
the important Gauss equation comparing the sectional curvatures of a
submanifold and that of its ambient space.

Let (M,g) be a Riemannian manifold and its Levi-Civita
connection. Then to each vector field X [CCI**(TM) we have the first
order covariant derivative

L AC(TM) - C*(TM)
in the direction of X satisfying
X2 5 L
We shall now generalize this and introduce the covariant derivative of
tensor fields of type (r,0) or (r,1).
As motivation, let us assume that A is a tensor field of type (2,1).

If we dilerentiate A(Y,Z) in the direction of X applying the naive
”product rule”

LAY, 2)) = (LAY, Z) + A(L Y, Z) + A(Y, LeZ)
we get

(GA(Y, Z) = IA(Y, 2)) — A Y1, Z) — A(Y, 2D,

where L Alis the "covariant derivative” of the tensor field A in the
direction of X. This naive idea turns out to be very useful and leads
to the following formal definition.

Definition 8.1. Let (M, g) be a Riemannian manifold with Levi-
Civita connection [._Hor a tensor field A : C°(TM) - C(TM) of

83
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type (r,0) we define its covariant derivative
[AAC3,(TM) - C&(TM)

by
[A (X, X1, ..., X)) B (GA)(Xy, ..., Xp) =
1
XA, - X)) = A, Xeen, B X, - Xr).
k=1

A tensor field A of type (r,0) is said to be parallel if CA%E 0.

The following result can be seen as, yet another, compatibility of
the Levi-Civita connection [ofl(M, g) with the Riemannian metric g.

Proposition 8.2. Let (M, g) be a Riemannian manifold. Then the
metric g is a parallel tensor field of type (2,0).

Proof. See Exercise 8.1. 1

Let (M, g) be a Riemannian manifold. Then its Levi-Civita con-
nection [Cisltensorial in its first argument i.e. if X,Y Cd~(TM) and
f,g CC*(M) then
This means that a vector field Z CCI*(TM) on M induces a natural
tensor field Z : C°(TM) - C*(TM) of type (1,1) given by

Z:XB L
Definition 8.3. Let (M, g) be a Riemannian manifold with Levi-

Civita connection [_Hor a tensor field B : C*(TM) - C*(TM) of
type (r, 1) we define its covariant derivative

[BI1C=,(TM) - CZ(TM)

by
(B (X, X1,..., Xr) B (GB)(X1,..., %) =
1
I@(xli rrry XI")) - B(X]_, e 1Xk—ll kay Xk+l! LR 1XI’)'
k=1

A tensor field B of type (r, 1) is said to be parallel if [B¥& 0.

Definition 8.4. Let X,Y [A*(TM) be two vector fields on the
Riemannian manifold (M, g) with Levi-Civita connection [__Then the
second order covariant derivative

By 1 C=(TM) ~ C=(TM)
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is defined by

Dy 1 Z B (LeZN(Y),
where Z is the natural (1, 1)-tensor field induced by Z [CC*(TM).

As a direct consequence of Definitions 8.3 and 8.4 we see that if
X,Y,Z [CA*=(TM) then the second order covariant derivative IE;IY

satisfies
B Z = G = Z(I) = GRZI- 7.

Definition 8.5. Let (M, g) be a Riemannian manifold with Levi-
Civita connection [__Then we define its Riemann curvature operator
R:C®(TM)*xC*®(TM)xC=(TM) - C=(TM)

as twice the skew-symmetric part of the second covariant derivative [2_1

i.e.
R(X,Y)Z = @EIYZ— '37‘_75(2'

The next remarkable result shows that the curvature operator is a
tensor field.

Theorem 8.6. Let (M, g) be a Riemannian manifold with Levi-
Civita connection [_Then the curvature R : C3°(TM) - C*(TM)

R(X,Y)Z = GZ1- RIRZI— ey 2
is a tensor field on M of type (3,1).
Proof. See Exercise 8.2. 1

The reader should note that the Riemann curvature tensor R is
an intrinsic object since it only depends on the intrinsic Levi-Civita
connection [_The following result shows that the curvature tensor
has many nice properties of symmetry.

Proposition 8.7. Let (M, g) be a Riemannian manifold. For vec-
tor fields X,Y,Z,W LCI*(TM) on M we then have

(i) R(X,Y)Z = —R(Y, X)Z,

(i) 9(R(X,Y)Z,W) = —g(R(X, Y)W, Z),

(iii) RCX,Y)Z + R(Z, X)Y +R(Y,Z2)X =0,

(iv) 9(R(X,Y)Z,W) = g(R(Z, W)X, Y),

(V) 6-R(X,Y)Z =R(X,Y +Z)(Y +Z) —R(X,Y —=2Z2)(Y — 2)
+RX+Z,Y)X+Z)—R(X—-2Z,Y)X—2).

Proof. See Exercise 8.3. —1
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Part (iii) of Proposition 8.7 is the so called first Bianchi identity.
The second Bianchi identity is a similar result concerning the covariant
derivative [R_bf the curvature tensor. This will not be treated here.

Let (M, g) be a Riemannian manifold and p [CM. Then a section
V at p is a 2-dimensional subspace of the tangent space T,M. The set

G,(T,M) ={V| V is a section of T,M}
of sections is called the Grassmannian of 2-planes at p.

Lemma 8.8. Let (M, g) be a Riemannian manifold, p M and
X,Y,Z,W [I,M be tangent vectors at p such that the two sections
spang{X,Y } and spang{Z, W} are identical. Then

g(RCX, Y)Y, X)  _ g(R(Z,W)W,Z)
IXPIYR—9g(X,Y)?  |ZRW[2—g(Z, W)?
Proof. See Exercise 8.4. —1

This leads to the following natural definition of the sectional cur-
vature.

Definition 8.9. Let (M, g) be a Riemannian manifold and p [CM
Then the function K, : Go(T,M) - R given by
g(R(X, Y)Y, X)
IXPIY |2 = g(X,Y)?
is called the sectional curvature at p. We often write K(X,Y) for
K(spang{X,Y }).

Definition 8.10. Let (M, g) be a Riemannian manifold, p [
and K, : G2(ToM) - R be the sectional curvature at p. Then we
define the functions ,A: M - R by

o:p3 min Ky,V) and A:pE3 max K,).
P= iy o(V) P2y gy p(V)

Ko @ spang{X,Y} B

The Riemannian manifold (M, g) is said to be

(i) of positive curvature if d(p) = 0 for all p,

(ii) of strictly positive curvature if 3(p) > 0 for all p,
(iii) of negative curvature if A(p) < 0 for all p,
(iv) of strictly negative curvature if A(p) < 0 for all p,
(v) of constant curvature if 8 = A is constant,
(vi) flatifd =A=0.

The next result shows how the curvature tensor can be expressed
in terms of local coordinates.
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Proposition 8.11. Let (M, g) be a Riemannian manifold and let
(U, x) be local coordinates on M. For i,J,k,1 =1,...,m put

0
Xi= o G = 9(Xi, Xj) and Riju = g(RCXi, Xj)Xi, X)).
1
Then —
| ——TY org, T

Rijki = sl 6):- Ix, {Fe T =TTt
s=1 ! J r=1

where I"i‘j are the Christo el symbols of the Levi-Civita connection []
of (M, g) with respect to (U, x).

Proof. Using the fact that [X;, X;] = 0 we obtain
R(Xi,xj)xk = LXTanXk - LXT%X"
™ 1

= _1{ LTS Xe) = Gl - Xo)}

S

JK S T al_isk S r
= W ' Xs + jkriSXr - aX- ' XS - ikerXr
s=1 ! r=1 J =1
| %I ™ 1
—_ Ik arisk + { r s rrs
= Ll rrs —rirsy X
] _ jk'ir ik’ jr S
o1 0X; 0Xj -
L1

For the m-dimensional vector space R™ equipped with the Eu-
clidean metric [ Igh the set {0/0Xy,...,0/0xn} is a global frame for
the tangent bundle TR™. In this situation we have gj; = dij, SO FE‘,— =0
by Example 6.11. This implies that R =0 so E™ is flat.

Example 8.12. The standard sphere S™ has constant sectional
curvature +1 (see Exercises 8.7 and 8.8) and the hyperbolic space H™
has constant sectional curvature —1 (see Exercise 8.9).

Our next aim is a formula for the curvature tensor for manifolds of
constant sectional curvature. This we present in Corollary 8.16. First
we need some preparations.

Lemma 8.13. Let (M, g) be a Riemannian manifold, p LM and
Y CI}M. Thenthe map Y : T,M - T,M given by

Y : X B R(X, Y)Y

is a symmetric endomorphism of the tangent space T,M.
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Proof. For Z [T}M we have
g(Y (X),Z) = g(RCX,Y)Y,Z)=g(R(Y,Z)X,Y)
= g(R(Z,Y)Y,X) = g(X,Y (2)).
1

For a tangent vector Y [T}M with |[Y | = 1let N (Y ) be the normal
space to Y

N(Y)={X LOM]| g(X,Y) = 0}.
The fact that V(Y) = 0 and Lemma 8.13 ensure the existence of an
orthonormal basis of eigenvectgrs X1, ..., Xm—1 for the restriction of

the symmetric endomorphism Y to N (Y ). Without loss of generality,
we can assume that the corresponding eigenvalues satisfy

M) = = Ama(p)
If X CN(Y), |X|=1and Y (X)=AX then
Kp(X,Y) = g(R(X, Y)Y, X) = g(¥ (X),X) = A
This means that the eigenvalues satisfy
0(p) = Aul(p) = -+ = Am—1(p) = A(p).

Definition 8.14. Let (M, g) be a Riemannian manifold. Then
define the smooth tensor field R; : C3°(TM) - C°(TM) of type
(3,1) by

Proposition 8.15. Let (M, g) be a smooth Riemannian manifold
and X, Y, Z be vector fields on M. Then

() IRCX, Y)Y = ER(X, Y)Y | < LA —B)X]|Y ]

(i) ROX,Y)Z — ARy (X, Y)Z| < 2 - d)IX]|Y |I1Z]

Proof. Without loss of generality we can assume that | X| =Y | =
|Z| = 1. If X = X X Bith X = Yland X =i% a multiple of Y
then R(X,Y)Z = R(X5Y)Z and |[X 5%k |X]| so we can also assume
that X Y1 Then R;(X,Y)Y =Y, Y X — [X,Y Y = X.

The first statement follows from the fact that the symmetric endo-
morphism of T,M with

X B {R(X,Y)Y —ATM-X}

restricted to N (Y) has eigenvalues in the interval [22, £39].
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It is easily checked that the operator R; satisfies the conditions of
Proposition 8.7 and hence D =R — AT“% Ry as well. This implies that

6-D(X,Y)Z = D(X,Y +Z)(Y +Z)—D(X,Y —Z)(Y —2)
+ DX+ZY)X+Z)—-DX—=2Z,Y)X —2).
The second statement then follows from
6ID(X,Y)Z| < %(A— H{IXIQY +Z2+|Y —Z]P)
+HY|(IX + Z]* + X = Z|*)}
= %(A = )L2IX|(IY I* + 1Z]%) + 2|Y [(IX]* + |Z]*)}
= 4(A-)).
L1

As a direct consequence of Proposition 8.15 we have the following
useful result.

Corollary 8.16. Let (M, g) be a Riemannian manifold of constant
curvature K. Then the curvature tensor R is given by

R(X,Y)Z = k- (9(Y,Z2)X —g(X,Z)Y).
Proof. The result follows directly from k =8 = A. 1

Proposition 8.17. Let (G, g) be a Lie group equipped with a left-
invariant metric such that for all X [glthe endomorphism

adX):g-g

is skew-symmetric with respect to g. Then for any left-invariant vector
fields X,Y,Z [glthe curvature tensor R is given by

R(X,Y)Z = —% [X,Y1,Zl.

Proof. See Exercise 8.6. 1

We shall now prove the important Gauss equation comparing the
curvature tensors of a submanifold and its ambient space in terms of
the second fundamental form.

Theorem 8.18. Let (N, h) be a Riemannian manifold and M be a
submanifold of N equipped with the induced metric g. Let X,Y,Z,W [
C*(TN) be vector fields extending X,Y ,Z,W L[CI*(TM). Then

~ o~ o~ o~ o~

g(R(X,Y)Z, W) —h(R(X,Y)Z,W)
= h(B(Y,Z),B(X,W)) —h(B(X,Z),B(Y,W)).
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Proof. Using the definitions of the curvature tensors R, ﬁ,ﬁlthe
Levi-Civita connection [—add the second fundamental form of M in
M we obtain

g(RCX,Y)Z,W)

- (T2 T Ty W)

= h(( LIy Z1— B(Y, 2))) " h( [, (I ZI— B(X, Z))) W)
—N((xly Z —B(X, Y1,.2) 5W)

= W5 ZI- TR~ ficly Z.W)
—h( BB(Y. 2)), W) + B(X,2)),W)
= h(R(X,Y)Z, W)
h((B(Y.2)), 5W) — h(B(X,2)), [M)
= h(R(X,Y)Z, W)
+h(B(Y,Z),B(X,W)) —h(B(X,Z),B(Y,W)).

L1

We shall now apply the Gauss equation to the classical situation of
a regular surface > as a submanifold of the 3-dimensional Euclidean
space R3. Let {X,Y} be a local orthonormal frame for the tangent
bundle TX around a point p [>1and N be the local Gauss map with
N =X =Y. If X,Y,N are local extensions of X, Y, N then the second
fundamental form B of £ in R® satisfies

B(X,Y) = <oyY,N>N
= —< Y,OXN >N
= —<Y,dN(X)>N
= <VY,S5,(X)>N,
where S, @ ToZ — T, is the shape operator at p. If we now apply

the fact that I33 is flat, the Gauss equation tells us that the sectional
curvature K(X,Y) of = at p satisfies

~ o~ o~ o~

K(X,Y) = <R(X,Y)Y,X >
= <B(Y,Y),B(X,X)>—-<B(X,Y),B(Y,X) >
= detS,.

In other word, the sectional curvature K()'Z, \7) is the determinant of
the shape operator S, at p i.e. the classical Gaussian curvature.
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As a direct consequence of the Gauss equation we have the following
useful result, see for example Exercises 8.8 and 8.9.

Corollary 8.19. Let (N, h) be a Riemannian manifold and (M, g)
be a totally geodesic submanifold of N. Let X,Y,Z,W [Q=(TN) be
vector fields extending X,Y ,Z,W [LC*(TM). Then

9(R(X,¥)Z,W) = h(R(X,Y)Z,W).

We conclude this chapter by defining the Ricci and scalar curvatures
of a Riemannian manifold. These are obtained by taking traces over the
curvature tensor and play an important role in Riemannian geometry.

Definition 8.20. Let (M, g) be a Riemannian manifold, then
(i) the Ricci operator r : Ci°(TM) - C;°(M) is defined by
™ 1
r(X)= R(X, eiei,
i=1
(if) the Ricci curvature Ric: C3°(TM) - C3°(TM) by
™ 1
Ric(X,Y) = g(R(X,ej)ei,Y), and
i=1
(iii) the scalar curvature s CCI**(M) by
™1 ™T 1 1
s=  Ric(ej, &) = a(R(ei, &j)ej, &).
j=1 j=1i=1
Here {es,...,em} is any local orthonormal frame for the tangent bun-
dle.

Corollary 8.21. Let (M, g) be a Riemannian manifold of constant
sectional curvature K. Then the following holds

s=m-(m—1)- K.

Proof. Let {e,,...,en} be an orthonormal basis, then Corollary
8.16 implies that
) 1
Ric(ej,e) = g(R(ej, ei)ei, €j)

i=1
1

= g(k(g(ei, ei)ej — g(ej, ei)ei), €j)
i=1

™1 ™1
= K( g(ei,e)alej,ej) —  d(ei, ej)d(ei, &)
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T IT 1
= K( 1-— 6ij):(m—l)'K.
i=1 i=1
To obtain the formula for the scalar curvature s we only have to mul-
tiply the constant Ricci curvature Ric(ej, e;) by m. 1

For further reading on di Lerknt notions of curvature we recommend
the interesting book, Wolfgang Kiihnel, Di [Lerential Geometry: Curves
- Surfaces - Manifolds, AMS (2002).



8. THE RIEMANN CURVATURE TENSOR 93

Exercises

Exercise 8.1. Let (M, g) be a Riemannian manifold. Prove that
the tensor field g of type (2, 0) is parallel with respect to the Levi-Civita
connection.

Exercise 8.2. Let (M, g) be a Riemannian manifold. Prove that
the curvature R is a tensor field of type (3, 1).

Exercise 8.3. Find a proof for Proposition 8.7.
Exercise 8.4. Find a proof for Lemma 8.8.

Exercise 8.5. Let R™ and C™ be equipped with their standard
Euclidean metric g given by

{ L |
g(z,w) =Re  zxwg
k=1
and let
T"={z C"| |zs] = ... = |zm| = 1}

be the m-dimensional torus in C™ with the induced metric. Find an
isometric immersion @ : R™ - T™, determine all geodesics on T™ and
prove that the torus is flat.

Exercise 8.6. Find a proof for Proposition 8.17.

Exercise 8.7. Let the Lie group S® —-@J(Z) be equipped with the
metric

g9(Z,W) = % Re(trace(Z'W)).

() Find an orthonormal basis for T.SU(2).
(ii) Prove that (SU(2),g) has constant sectional curvature +1.

Exercise 8.8. Let S™ be the unit sphere in R™*! equipped with
the standard Euclidean metric [ Igh+1. Use the results of Corollaries
7.24, 8.19 and Exercise 8.7 to prove that (S™, [[Izh+1) has constant
sectional curvature +1.

Exercise 8.9. Let H™ be the m-dimensional hyperbolic space mod-
elled on the upper half space R* x R™~1 equipped with the Riemannian
metric

1
gX\Y) = XY [gh,
X1
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where X = (Xg,...,Xm) CH™. For k = 1,...,m let the vector fields
Xk A (TH™) be given by
0
(Xi)x =Xy - a—xk

and define the operation [Cdn H™ by
(G,X) liB!y) = (G ! B,C('y"'X).

Prove that
() (H™, Dds a Lie group,
(ii) the vector fields X4, ..., X, are left-invariant,
(iii) [Xk, Xj] =0 and [Xg, Xi] = Xk for k, 1 =2,...,m,
(iv) the metric g is left-invariant,
(v) (H™,g) has constant curvature —1.
Compare with Exercises 6.4 and 7.1.



CHAPTER 9

Curvature and Local Geometry

This chapter is devoted to the study of the local geometry of Rie-
mannian manifolds and how this is controlled by the curvature tensor.
For this we introduce the notion of a Jacobi field which is a useful
tool in dilerkntial geometry. With this at hand we yield a funda-
mental comparison result describing the curvature dependence of local
distances.

Let (M, g) be a Riemannian manifold. By a smooth 1-parameter
family of geodesics we mean a C**-map

such that thecurvey, : I — M given by y; : s 3 ®(t,s) is a geodesic for

all t C(+L1)] The variable t [_(+[1)lis called the family parameter
of .

Proposition 9.1. Let (M, g) be a Riemannian manifold and © :
(—CLDIx 1 - M be a 1-parameter family of geodesics. Then for each
t (L DIthe vector field J; : I — C*=(TM) along y; given by

1) =29

satisfies the second order ordinary di erential equation

2+ RO VOV = 0.

Proof. Along ® we put X(t,s) = 09®/ds and J(t,s) = 0®/ot.
The fact that [0/0t,0/0s] = 0 implies that

[J, X] = [dD(3/t), dd(3/ds)] = dd([9/dt, d/ds]) = O.

Since ® is a family of geodesics we have LXl = 0 and the definition
of the curvature tensor then gives

REIX)X = G = LXK 33X
= X
= - L

95
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Hence for each t [(+[ I)Iwe have
W"‘ R(Jt, Yo)yr = 0.
1

Definition 9.2. Let (M, g) be a Riemannian manifold,y : I - M
be a geodesic and X = y. A C2 vector field J along y is called a
Jacobi field if

©) e T+ R(J, X)X =0
along y. We denote the space of all Jacobi fields along y by J, (T M).

We shall now give an example of a 1-parameter family of geodesics
in the (m + 1)-dimensional Euclidean space E™*!,

Example 9.3. Let ¢c,n : R — E™*! be smooth curves such that
the image n(R) of n is contained in the unit sphere S™. If we define a
map ®: R xR - EM™! py

®:(t,8) B c(t) +s-n(t)

then for each t [CR the curve y; : s B ®(t,s) is a straight line and
hence a geodesic in E™*1, By di [erentiating with respect to the family
parameter t we yield the Jacobi field J 31, (TE™*?) along y, with

J(s) = %(D(t, $)|t=o = ¢(0) + s - A(0).

The Jacobi equation (5) on a Riemannian manifold is linear in J.
This means that the space of Jacobi fields J,(T M) along y is a vector
space. We are now interested in determining the dimension of this
space

Proposition 9.4. Lety : 1 — M be a geodesic, 0 1] p = y(0)
and X =y along y. If v,w CT}M are two tangent vectors at p then
there exists a unique Jacobi field J along y, such that J, = v and

(Lo =w.

Proof. Let {XXy,..., Xmn} be an orthonormal frame of parallel vec-
tor fields along y, see Proposition 7.8. If J is a vector field along v,

then
™ 1

J= a; X
i=1
where a; = g(J, X;) are smooth functions on I. The vector fields
X1,..., Xy, are parallel so
™ 1 ™ 1

@]: a;X; and W: a; ;.
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For the curvature tensor we have

™ 1
RO, X)X = b¥Xy,
k=1
where b = g(R(X;, X)X, X,) are smooth functions on I depending on
the geometry of (M, g). This means that R(J, X)X is given by

| L—
R(J, X)X = aibkX,.
i,k=1

and that J is a Jacobi field if and only if

T 1T 1
(a + akbL)Xi =0.
i=1 k=1

This is equivalent to the second order system

| L |
a; + ab, =0 foralli=1,2,...,m
k=1

of linear ordinary dilerkntial equations in a = (a1,...,am). A global
solution will always exist and is uniquely determined by a(0) and a(0).
This implies that J exists globally and is uniquely determined by the
initial conditions

J(0) =v and (LeI)(0) =w.
1

Corollary 9.5. Let (M, g) be an m-dimensional Riemannian man-
ifoldandy : I — M be a geodesic in M. Then the vector space J, (T M)
of all Jacobi fields along y has the dimension 2m.

The following Lemma shows that when proving results about Ja-
cobi fields along a geodesic y we can always assume, without loss of
generality, that |y| = 1.

Lemma 9.6. Let (M, g) be a Riemannian manifold, y : I — M be
a geodesic and J be a Jacobi field along y. If A CR~and o : Al - |
isgivenbyo:t3 t/A, theny-o: Al - M is a geodesic and J - g is
a Jacobi field along y - 0.

Proof. See Exercise 9.1. —1

Next we determine the Jacobi fields which are tangential to a given
geodesic.
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Proposition 9.7. Let (M, g) be a Riemannian manifold, y : I -
M be a geodesic with |[y| = 1 and J be a Jacobi field along y. Let J ™=
be the tangential part of J given by
J=g@Q,y)y and J" 23 -3

be its normal part. Then J =and J “dre Jacobi fields along y and there
exist a, b such that J 5(S) = (as + b)y(s) for all s [1J

Proof. We now have

LLITHRQOSYY = LIAGE YY) +REU VIV, V)V
= g(LLIY)Y
= —9(RA,Y)Y. V)Y
= 0.
This shows that the tangential part J=df J is a Jacobi field. The
fact that J,(T M) is a vector space implies that the normal part J ==

J —J5df J also is a Jacobi field.
By diLerentiating g(J,y) twice along y we obtain

2
& @) = (L) = ~gRA.VV. V) =0
so g(J,y(s)) = (as + b) for some a,b (Rl )

Corollary 9.8. Let (M, g) be a Riemannian manifold, y : I - M
be a geodesic and J be a Jacobi field along y. If

9(J (1), Y(t0)) =0 and g(( LDIt),y(t)) =0
for some ty 1] then g(J(t),y(t)) =0 for all t 11
Proof. This is a direct consequence of the fact that the function

g(J,y) satisfies the second order ordinary di[efential equation = 0
and the initial conditions £(0) = 0 and f(0) = 0. 1

Our next aim is to show that if the Riemannian manifold (M, g)
has constant sectional curvature then we can solve the Jacobi equation

LI+ R(J, X)X =0
along any given geodesic y : I - M. For this we introduce the follow-
ing notation. For a real number k [CH we define the ¢, : R - R

by 1
[K[s) if k<0,

[Ecosh(
ck(s) = if K=0,
=N

S) if K> 0.
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and C 1 1 1
Esith( [KIs)/ [k ifk<0,

sk(s) = if k=0,
%(\/RS)/\/R if k> 0.

It is a well known fact that the unique solution to the initial value
problem

f+k-f=0, f(0)=a and f(0) =0
is the function f : R - R satisfying (s) = ac«(s) + bsk(s).

Example 9.9. Let C be the complex plane with the standard Eu-
clidean metric [ Izt of constant sectional curvature kK = 0. The ro-
tations about the origin produce a 1-parameter family of geodesics
@, : s 3 se'. Along the geodesic y, : s B s we get the Jacobi field

Jo(s) = %(O,s) =1Is

with |Jo(s)| = [s] = [sk(s)-

Example 9.10. Let S? be the unit sphere in the standard Eu-
clidean 3-space C x R with the induced metric of constant sectional
curvature K = +1. Rotations about the R-axis produce a 1-parameter
family of geodesics @, : s @ (sin(s)e't, cos(s)). Along the geodesic
Yo : S B (sin(s),cos(s)) we get the Jacobi field

Jo(s) = %(O,S) = (isin(s),0)

with [Jo(s)|? = sin?(s) = [sk(S)|?.

Example 9.11. Let B?(0) be the open unit disk in the complex
plane with the hyperbolic metric

4
X, Y= —
R e T
of constant sectional curvature k = —1. Rotations about the origin
produce a 1-parameter family of geodesics @, : s B tanh(s/2)e'. Along
the geodesic yp : s B tanh(s/2) we get the Jacobi field

Jo(s) = %(0, s) =i -tanh(s/2)

with
4 - tanh?(s/2)

(1 — tanhz(S/Z))Z = Sinhz(s) = |SK(S)|2.

130(s)I* =
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Let (M, g) be a Riemannian manifold of constant sectional curva-
ture k and y : I — M be a geodesic with |X| = 1 where X =y.
Further let Py, Py, ..., Pm—1 be parallel vector fields along y such that
g(Pi, P;j) = &ij and g(P;, X) = 0. Any vector field J along y may now
be written as

mET]
J(s) = Ti(s)Pi(s) + Fm(s)X(s).
i=1
This means that J is a Jacobi field if and only if

T
—R(J, X)X
—R@I 5X)X
—K(9(X, X)I "L g3 S X)X)

—kJ =
mET ]
= —K Ti(s)Pi(s).
i=1
This is equivalent to the following system of ordinary di [erential equa-
tions
(6) fn(s)=0 and fi(s) +kfi(s)=0 foralli=1,2,...,m—1.

It is clear that for the initial values

fi(S)Pi(s) + fm(S)X(5)

i=1

M
J(so) = ViPi(So) + Vin X (So),
i=1
M)
(LeD(so) = WiPi(So) + WmX(So)
i=1
or equivalently
fi(so) =v; and fi(so) =w; forall i=1,2,...,m

we have a unique and explicit solution to the system (6) on the whole
of I.

In the next example we give a complete description of the Jacobi
fields along a geodesic on the 2-dimensional sphere.

Example 9.12. Let S? be the unit sphere in the standard Eu-
clidean 3-space C < R with the induced metric of constant curvature
K=+landy:R - S? be the geodesic given by y : s & (e's,0). Then



9. CURVATURE AND LOCAL GEOMETRY 101

y(s) = (ie's, 0) so it follows from Proposition (9.7) that all Jacobi fields
tangential to y are given by

Jan(s) = (as +b)(ie*,0) for some a,b [

The vector field P : R - TS? given by s @ ((e's,0), (0, 1)) satisfies
[P,y 0and |[P| = 1. The sphere S? is 2-dimensional and y is parallel
along y so P must be parallel. This implies that all the Jacobi fields
orthogonal to y are given by

J(’;‘Lb)(s) = (0,acoss +bsins) for some a,b Rl

In more general situations, where we do not have constant curvature
the exponential map can be used to produce Jacobi fields as follows. Let
(M, g) be a complete Riemannian manifold, p M and v,w [T,M.
Then s 3 s(v+tw) defines a 1-parameter family of lines in the tangent
space ToM which all pass through the origin 0 CT}M. Remember that
the exponential map

(€xp)plem , - By - eXpP(Bg (o)
maps lines in T,M through the origin onto geodesics on M. Hence the
map
O, s B (exp)p(s(v + tw))
is a 1-parameter family of geodesics through p [CM, as long as s(v+tw)
is an element of BT ). This means that

19 =209

is a Jacobi field along the geodesic y : s B ®y(s) with y(0) = p and
y(0) = v. It is easily verified that J satisfies the initial conditions

J(0) =0 and (LeI)(0) =w.
The following technical result is needed for the proof of the main
Theorem 9.14 at the end of this chapter.

Lemma 9.13. Let (M, g) be a Riemannian manifold with sectional
curvature uniformly bounded above by A and y : [0,a] -~ M be a
geodesic on M with |X| =1 where X =vy. FurtherletJ :[0,a] - TM
be a Jacobi field along y such that g(J,X) =0 and |J| 8 0 on (0, a).
Then

(i) d?(JI/ds? +A-|3| =0,

(ii) if f:[0,a] — R is a C2-function such that
(@ f+A-f=0and f>0on (0,0),
(b) £(0) =13(0)|, and
() £(0) = | LIL0)I,
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then f(s) < |J(s)| on (0, ),
(iii) if J(0) = 0, then | LII0)| - sa(s) = [I(s)| for all s L(D, ).
Proof. (i) Using the facts that |X| = 1 and [X,J[3 0 we obtain
@2 L_1_  d 9 I;DJ))

(| D = ds? 9(J,J) ds 1]

_ 9B | LIPPP — g(ell )
8] NIk
(e el J)
J1
_g(R@J, X)X, J)
191
= —K(X,J)-J|
= —A-|J|
(i) Define the function h: [0,a) - R by

I%g)l if s [0, a),

hs)= [
) lims_ o 'JES)' =1 ifs=0.

d32

\%

Then
hS) = i (LQIEDFE) — HE)IFE)

fz()
1 'd—ss]d d

B f2(s) o 35 (G (FEDFE) — I E)IF()ds

_ fz(s) ( dt2<IJ(t>I>f<t> — @)t
= 75 . FO)(5z(IOD +A- 3@t
= 0.

This implies that h(s) = 0 so f(s) < |J(s)| for all s [0, a).
(iii) The function f(s) = [( 1) (0)] - sa(s) satisfies the di Lerkntial
equation
f(s) + Af(s) =0
and the initial conditions f(0) = |J(0)] = O, f(O) =|( @J(ON so it
follows from (ii) that |( I%D(ON -Sa(s) = T(s) = [I(9)]. 1

Let (M, g) be a Riemannian manifold of sectional curvature which is
uniformly bounded above, i.e. there exists a A [RIsuch that K,(V) <
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A for all V. [G,(TpM) and p M. Let (Ma,ga) be another Rie-
mannian manifold which is complete and of constant sectional curva-
ture K = A. Let p [M, pp [Ma and identify T,M £RP £F] M.

Let U be an open neighbourhood of R™ around 0 such that the
exponential maps (exp), and (exp),, are di Ledmorphisms from U onto
their images (exp),(U) and (exp)y,(U), respectively. Let (r,p,q) be
a geodesic triangle i.e. a triangle with sides which are shortest paths
between their endpoints. Furthermore let ¢ : [a,b] - M be the side
connecting r and q and v : [a,b] - T,M be the curve defined by

c(t) = (exp)p(v(t)). Put ca(t) = (exp)p.(v(t)) for t []d,b] and then
it directly follows that c(a) = r and c(b) = q. Finally put ra = ca(a)

and ga = ca(b).
Theorem 9.14. For the above situation the following inequality for
the distance function d is satisfied
d(da, ra) = d(g, ).
Proof. Define a 1-parameter family s 3 s - v(t) of straight lines
in T,M through p. Then ®; : s B (exp)p(s - v(t)) and @2 : s O
(exp)pa (s - v(t)) are 1-parameter families of geodesics through p M,
and pa M4, respectively. Hence J; = 09./0t and J& = d®2/0t are
Jacobi fields satisfying the initial conditions J;(0) = J&(0) = 0 and
( I;]]t)(O) =( I%];P)(O) = v(t). Using Lemma 9.13 we now obtain
lEa® = PEO)
= |(5IM)0)] - sa(l)
|(LeID(0)] - sa(2)
= 3D
= [c(D)]

The curve c is the shortest path between r and q so we have
d(ra,da) = L(ca) = L(c) = d(r,q).

L1

We now add the assumption that the sectional curvature of the
manifold (M, g) is uniformly bounded below i.e. there exists a & [ R
such that d = K,(V) for all V. [CQ,(T,M) and p M. Let (M, 05)
be a complete Riemannian manifold of constant sectional curvature 4.
Let p M and p; [CMl; and identify T,M L Rin Q,SM& Then a
similar construction as above gives two pairs of points g, r (Ml and
s, rs [M; and shows that

d(q, r) = d(gs, rs)-
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Combining these two results we obtain locally
d(da, ra) = d(g, r) < d(gs. rs).
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Exercises

Exercise 9.1. Find a proof for Lemma 9.6.

Exercise 9.2. Let (M, g) be a Riemannian manifoldandy : I - M
be a geodesic such that X =y 8 0. Further let J be a non-vanishing
Jacobi field along y with g(X,J) = 0. Prove that if g(J,J) is constant
along y then (M, g) does not have strictly negative curvature.



