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1. INTRODUCTION

In this paper we shall study the question of local solvability for square systems of classi-
cal pseudodifferential operators P € W7 (M) on a C* manifold M. We shall only consider
operators acting on distributions D’(M, C") with values in C¥ but since the results are
local and invariant under base changes, they immediately carry over to operators on sec-
tions of vector bundles. We shall assume that the symbol of P is an asymptotic sum of
homogeneous N x N matrices, with homogeneous principal symbol p = o(P). We shall
also assume that P is of principal type, so that the principal symbol vanishes of first order
on the kernel, see Definition 2.1.

Local solvability for a N x N system P at a compact set K C M means that the

equation
(1.1) Pu=wv

has a local weak solution u € D'(M, C") in a neighborhood of K for all v € C>(M, C¥)
in a subset of finite codimension. We say that P is microlocally solvable at a compactly
based cone K C T*M if there exists an integer N such that for every f € H é;’\?)(M ,CM)
there exists u € D'(M,C") so that K (YWF(Pu — f) = 0, see [14, Definition 26.4.3].

Here H ) is the usual L? Sobolev space and H é;’) is the localized Sobolev space, i.e., those
f € D' such that ¢f € H for any ¢ € Cg°.

Hans Lewy’s famous counterexample [25] from 1957 showed that not all smooth linear
differential operators are solvable. It was conjectured by Nirenberg and Treves [28] in 1970

that local solvability for principal type scalar pseudodifferential operators is equivalent to
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condition (¥) on the principal symbol p, which means that

(1.2) Im(ap) does not change sign from — to +

along the oriented bicharacteristics of Re(ap)

for any 0 # a € C®°(T*M). Recall that the operator is of principal type if dp # 0 when
p = 0, and the oriented bicharacteristics are the positive flow-outs of the Hamilton vector

field
HRe(ap) = Z afj Re(ap)aévj - aﬂcj Re<ap)8§j
J

on Re(ap) = 0 (also called the semibicharacteristics of p). Condition (1.2) is obviously
invariant under symplectic changes of coordinates and multiplication with non-vanishing
factors. Thus the condition is invariant under conjugation of P with elliptic Fourier
integral operators. It actually suffices to check the condition with some 0 # a € C
such that d(Reap) # 0, see [14, Lemma 26.4.10]. Recall that p satisfies condition (¥) if p
satisfies condition (¥), and that p satisfies condition (P) if there are no sign changes on

the semibicharacteristics, that is, p satisfies both condition (V) and (V).

The necessity of (¥) for local solvability of scalar pseudodifferential operators was
proved by Moyer [27] in 1978 for the two dimensional case, and by Hoérmander [13]
in 1981 for the general case. The sufficiency of condition (V) for solvability of scalar
pseudodifferential operators in two dimensions was proved by Lerner [18] in 1988. The
Nirenberg-Treves conjecture was finally proved by the author [8], giving solvability with
a loss of two derivatives (compared with the elliptic case). This has been improved to a
loss of arbitrarily more than 3/2 derivatives by the author [9], and to a loss of exactly
3/2 by Lerner [24]. Observe that there only exist counterexamples showing a loss of 1+ ¢

derivatives for arbitrarily small € > 0, see Lerner [19].

For partial differential operators, condition (V) is equivalent to condition (P). The
sufficiency of (P) for local solvability of scalar partial differential operators with a loss
of one derivative was proved in 1973 by Beals and Fefferman [1], introducing the Beals-
Fefferman calculus. In the case of operators which are not of principal type, conditions
corresponding to (V) are neither necessary nor sufficient for local solvability, see [3].

For systems there is no corresponding conjecture for solvability. By looking at diagonal
systems, one finds that condition (V) for the eigenvalues of the principal symbol is neces-
sary for solvability. But when the principal symbol is not diagonalizable, condition (V) is

not sufficient, see Example 2.14 below. It is not even known if condition (V) is sufficient
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in the case when the principal symbol is C"*° diagonalizable. We shall consider the case
of when the principal symbol has constant characteristics, then the eigenvalue close to
the origin has constant multiplicity, see Definition 2.5. In that case, the eigenvalue is a
C> function and condition (V) on the eigenvalues is well-defined. The main result of
the paper is that classical square systems of pseudodifferential operators of principal type
having constant characteristics are solvable (with a loss of 3/2 derivatives) if and only if

the eigenvalues of the principal symbol satisfies condition (¥), see Theorem 2.7.

2. STATEMENT OF RESULTS

We say that the system P € U is classical if the symbol of P is an asymptotic sum
P, + P11+ ... where P;(z,§) is homogeneous of degree j in &, here P, is called the
principal symbol of P. Recall that the eigenvalues of the principal symbol are the solutions

to the characteristic equation
|Pr(2,€) = Aldy [ =0

where |A] is the determinant of the matrix. In the following, we shall denote by Ker A the
kernel and Ran A the range of the matrix A. The definition of principal type for systems

is similar to the one for scalar operators.

Definition 2.1. We say that the N x N system P(w) € C is of principal type at wy if
(2.1) 0,P(wy) : Ker P(wg) — Coker P(wy) = C/Ran P(wg)

is bijective for some v, here 0,P = (v,dP) and the mapping (2.1) is given by u +—
0, P(wp)u modulo Ran P(wg). We say that P € U is of principal type at wy if the
principal symbol P,,(z,£) is of principal type at wp.

Remark 2.2. If P(w) € C' is of principal type and A(w), B(w) € C! are invertible
then APB s of principal type. We also have that P is of principal type if and only if the
adjoint P* is of principal type.

In fact, Leibniz’ rule gives
(2.2) d(APB) = (dA)PB + A(dP)B + APdB

and Ran(APB) = A(Ran P) and Ker(APB) = B~ }(Ker P) when A and B are invert-

ible, which gives the invariance under left and right multiplication. Since Ker P*(w) =
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Ran P(wp)* we find that P satisfies (2.1) if and only if
(2.3) Ker P(wg) x Ker P*(wg) 3 (u,v) — (9, P(wp)u, v)

is a non-degenerate bilinear form. Since (0, P*u,v) = (0, Pv,u) we then obtain that P*
is of principal type.

Observe that only square systems can be of principal type since
Dim Ker P = Dim Coker P + M — N

if Pisan N x M system. In general, if the system is of principal type and has constant
multiplicity of the eigenvalues then there are no non-trivial Jordan boxes, see Definition 2.3
and Proposition 2.10. Then we also have that the eigenvalues A are of principal type:
dX # 0 when A = 0. When the multiplicity is equal to one, this condition is sufficient. In

fact, by using the spectral projection one can find invertible systems A and B so that

A0
o= (3 0)
with E invertible (N —1) x (N — 1) system, and this system is obviously of principal type.

Definition 2.3. Let A be an N x N matrix and \ an eigenvalue of A. The multiplicity of A
as a root of the characteristic equation |A — AIdy | = 0 is called the algebraic multiplicity

of the eigenvalue, and the dimension of Ker(A—AIdy) is called the geometric multiplicity.

Observe that if the matrix P(w) depend continuously on a parameter w, then the
eigenvalues A\(w) also depend continuously on w. Such a continuous function A(w) of

eigenvalues we will call a section of eigenvalues of P(w).

Remark 2.4. If the section of eigenvalues A(w) of the N x N system P(w) € C* has
constant algebraic multiplicity then A\(w) € C*. In fact, if k is the multiplicity then
A = Mw) solves ¥ P(w)—Ady | = 0 so AM(w) € C*™ by the Implicit Function Theorem.

.. . T 1
This is not true for constant geometric multiplicity, for example P(t) = (? O)’ teR,

has geometric multiplicity equal to one for the eigenvalues ++v/t. Observe the geometric
multiplicity is lower or equal to the algebraic, and for symmetric systems they are equal.
We shall assume that the eigenvalues close to zero have constant algebraic and geometric

multiplicities by the following definition.
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Definition 2.5. The N x N system P(w) € C* has constant characteristics near wy if
there exists an £ > 0 so that any section of eigenvalues A(w) of P(w) with |A(w)| < ¢ has

both constant algebraic and geometric multiplicity when |w — wg| < .

Definition 2.5 is invariant under changes of bases: P + E~!PFE where E is an invertible
system, since this preserves the multiplicities of the eigenvalues of the system. It is
also invariant under taking adjoints, since |P*(w) — A\*(w)Id| = |P(w) — A(w)Id| and
Dim Ker(P*(w) — A*(w) Id) = Dim Ker(P(w) — A(w) Id). The definition is not invariant

under multiplication of the system with invertible systems, even in the case when P(w) =

Aw) Id since A(w)P(w) = A(w)A(w) need not have constant characteristics.

Observe that generically the eigenvalues of a system have constant multiplicity, but not

necessarily when equal to zero. For example, the system
P(w) = (wl 2 )
Wy —Wn
is symmetric and of principal type with eigenvalues 4+/w} + w3, which have constant

multiplicity except when equal to 0.

Definition 2.6. Let the N x N system P € U7 be of principal type and constant
characteristics. We say that P satisfies condition (V) or (P) if the eigenvalues of the
principal symbol satisfies condition (¥) or (P).

Observe that the eigenvalue close to the origin is a uniquely defined C'*° function of
principal type by Definition 2.3 and Proposition 2.10. Thus, the semibicharacteristics
of the eigenvalues are well-defined near the characteristic set {w: |P(w)| =0}, so the
conditions (V) and (P) on the eigenvalues are well-defined. Also well-defined is the
condition that the Hamilton vector field of an eigenvalue A does not have the radial
direction when A\ = 0.

To get local solvability at a point g € M we shall also assume a strong form of the

non-trapping condition at xg for the eigenvalues A\ of P:
(2.4) A=0 = OA#0

This means that all non-trivial semibicharacteristics of A are transversal to the fiber
Ty M, which originally was the condition for principal type of Nirenberg and Treves [28].
Microlocally, in a conical neighborhood of a (x,£) € T*M, we can always obtain (2.4)
after a canonical transformation. In the following, we shall use the usual L? Sobolev norm

lulls) and the L* norm [Jul| = |Jul()-



SOLVABILITY 6

Theorem 2.7. Let P € V(M) be an N x N system of principal type and constant
characteristics near (xg, &) € T*M, such that the Hamilton vector field of an eigenvalue A
does not have the radial direction when A = 0. Then P is microlocally solvable near (xg, &)

if and only if condition (V) is satisfied near (xo,&y), and then
(2.5) lull < CUI1P*ulls/z—m) + |1 Rull + [lull-y)  w e C5°(M, CY)

Here R € \Il}/OZ(M) is a K x N system such that (xy,&) ¢ WF(R), which gives microlocal
solvability of P at (xq,&y) with a loss of at most 3/2 derivatives. If the eigenvalues also
satisfy (2.4) at xg € M, then we obtain (2.5) with © # xo in WF(R), which gives local

solvability of P at xo with a loss of at most 3/2 derivatives.

As usual, WF(R) is the smallest smallest conical set in T*M \ 0 such that R € W~
in the complement. The conditions in Theorem 2.7 are invariant under conjugation with
scalar Fourier integral operators since they only depend on the principal symbol of the
system. They are also invariant under the base change: P ~— E~!PE with invertible
system FE, since this preserves the eigenvalues of the principal symbol. The conditions of
Theorem 2.7 are more or less necessary, of course condition (V) is necessary even in the
scalar case. Example 2.14 shows that the condition of principal type is necessary in the
case of constant characteristics, and Example 2.15 shows that constant characteristics is

necessary for solvability for systems of principal type.

We shall postpone the proof of Theorem 2.7 to Section 4. The proof of the necessity
is essentially the classical Moyer-Hormander proof for the scalar case. The proof of the
sufficiency will be an adaption of the proof for the scalar case in [8], using some of the
ideas of Lerner [24]. In fact, since the normal form of the operator will have a scalar
principal symbol, the multiplier will essentially be the same as in [8]. But since we lose
more than one derivative in the estimate we also have to consider the lower order matrix
valued terms in the expansion of the operator. This is done in Section 7 and is the main
new part of the paper. In Section 3 we review the Weyl calculus and state the estimates we
will use in the proof of Theorem 2.7. But we shall postpone the proof of the semiclassical
estimate of Proposition 3.6 until Section 7. In Section 4 we prove Theorem 2.7 by a
microlocal reduction to a normal form using the estimates in Section 3. In Section 5
we define the symbol classes and weights we are going to use. In Section 6 we review
the Wick quantization, introduce the function spaces and the multiplier estimate that we

will use for the proof of Proposition 3.6. Finally, in Section 7 we prove Proposition 3.6
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by estimating the contributions of the lower order terms. The proof of Theorem 2.7 in

Section 4 also gives the following results.

Remark 2.8. If P is of principal type with constant characteristics satisfying condi-
tion (P) then we get the estimate (2.5) with 3/2 replaced by 1. If P satisfies condition (V)
and some repeated Poisson bracket of the real and imaginary parts of the eigenvalue close
to the origin is non-vanishing, then we obtain a subelliptic estimate for P with 3/2 replaced

by k/k + 1 in (2.5) for some k € Z, see [14, Chapter 27].

The Poisson bracket of f and g is defined by { f,¢9 } = Hyg. Theorem 2.7 has applica-

tions to scalar non-principal type pseudodifferential operators by the following result.

Theorem 2.9. Let Q € WL, (M) be a scalar operator of principal type near (xo,&) € T*M
and let A; € (M), j=1,...,N be scalar. Then the equation

N-1
(2.6) Pu=Qu+ > AjQu=f

=0

is locally solvable near (x¢,&o) if and only if o(Q) satisfies condition (V) near (zo,&p)-

Proof. This is a standard reduction to a first order system. For scalar u € D’ we let

uj+1 = Q’u for 0 < j < N. Then (2.6) holds if and only if U = *(uy,...,uy) solves

(2.7) PU =F
where
Q -1 0 0
0 @ -1 0
P=|10 0 @ -1
AO Al A2 cee Q + AN—l

and F = %0,0,...,f). Now the equation (2.6) is locally solvable if and only if the
system (2.7) is locally solvable. In fact, to solve (2.7) we first put u; = 0, ug = —fi
and recursively u;41 = Qu; — f; for 1 < j < N. Then we only have to solve (2.6) for
u = vy with f depending on f;, and add @~'v; to u;. Now o(P) = o(Q)Idy which is
of principal type with constant characteristics so it is locally solvable if and only if @)

satisfies condition (V) according to Theorem 2.7. O

We shall conclude the section with some examples. But first we prove a result about

the characterization of systems of principal type.
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Proposition 2.10. Assume that P(w) € C* is an N x N system such that |P(wp)| =0
and there exists an € > 0 such that the eigenvalue X\ of P(w) with |\ < € has constant
algebraic multiplicity in a neighborhood of wy. Let Mw) € C™ be the unique eigenvalue
for P(w) mear wy satisfying A(wg) = 0 by Remark 2.4. Then P(w) is of principal type
at wy if and only if d\(wg) # 0 and the geometric multiplicity of the eigenvalue \ is equal

to the algebraic multiplicity at wy.

Thus, if P(w) is of principal type having constant characteristics, then all sections of
eigenvalues A(w) are of principal type and we have no non-trivial Jordan boxes in the
normal form. This means that for symmetric systems having constant characteristics it
suffices that the eigenvalues are of principal type. If P(w) does not have constant charac-
teristics then this is no longer true, in fact the eigenvalues need not even be differentiable,

see Example 2.16.

Observe that if P(w) is of principal type and has constant characteristics, then P(w) —
Ady is of principal type near wy for |A\| < 1. In fact, the algebraic and geometric

multiplicities are constant for the eigenvalue A and d\ # 0 near wy.

Now the eigenvalue A(w) in Proposition 2.10 is the unique C* solution to 9% | P(w) —
Ady | = 0 according to Remark 2.4, where k is the algebraic multiplicity. Thus we find
that dA(w) # 0 if and only if

OOyt P(w) — Mdy | # 0 when A = A\(w)
We only need this condition for a symmetric systems having constant multiplicity to be
of principal type.
Example 2.11. Let

(w1 +iw} wo B 2
P(w) = ( 0 o, —i—iw%) w = (wy,wy) € R

then P is of principal type, has constant algebraic multiplicity of the eigenvalue w; + jw3
but not constant geometric multiplicity. In fact, 9,, P = Idy, P(w) has non-trivial kernel

only when wy; = 0 but the geometric multiplicity of the eigenvalue is equal to one when
W2 7é 0.

Example 2.12. Let

P =p(x,D,)ldy +B(z, D;) + Py(z, D,,)
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where p € S} is a scalar homogeneous symbol of principal type, B € ¥}, with nilpotent
homogeneous principal symbol o(B) and Py € ¥Y. Then p is the only eigenvalue to o(P)
and P is of principal type if and only if o(B) = 0 when p = 0 by Proposition 2.10.

Remark 2.13. Observe that the conclusion of Proposition 2.10 does not hold if the alge-

braic multiplicity s not constant. For example

Py = (1 ) el e R

Wz W1
has determinant is equal to w% —wq and eigenvalues wy & \/wy, so the geometric but not

the algebraic multiplicity is constant near wy = 0. Since

0 1 (w2 Wy
(1) =)
we find that P(w) is of principal type at (0,0) by the invariance.

Proof of Proposition 2.10. First we note that P(w) is of principal typ at wy if and only if
(2.8) OF|P(wp)| # 0 k = Dim Ker P(wy)

for some v € T(T*R"). Observe that 07| P(wy)| = 0 for j < Dim Ker P(wy). In fact, by
choosing bases for Ker P(wp) and Im P(wq) respectively, and extending to bases of CV,

we obtain matrices A and B so that

s = (B} 7i)

where |Py(wp)| # 0 and Pyy, Pip and Py all vanish at wg. By the invariance, P is of

principal type if and only if 0, P;; is invertible for some v, so by expanding the determinant

we obtain (2.8).
Now since the eigenvalue \(w) has constant algebraic multiplicity near wg, we find that
|P(w) — Ady | = (Mw) — N)"e(w, \)

near wy, where A(wg) = 0, e(w,A) # 0 and m > Dim Ker P(wy) is the algebraic mul-
tiplicity. By putting A\ = 0 we obtain that d7|P(wg)| = 0 if j < m and 97| P(wp)| =
(O A(wp))™e(wp, 0) which proves Proposition 2.10. O

The following example shows that if the system is not of principal type then it need

not be solvable, even if it has real eigenvalues with constant characteristics.

Example 2.14. Let P € ¥? have principal symbol o(P) = p? where p € S} is real,

homogeneous of degree 1, and of principal type. Then P is not solvable if the imaginary
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part of the subprincipal symbol of P changes sign on the bicharacteristics of p by [29].
Observe that the subprincipal symbol is invariantly defined at the double characteristics

p~1(0). As in the proof of Theorem 2.9, the equation can be reduced to the system

e

where o(p;) € S} is equal to the subprincipal symbol of P on p~'(0). The system is
of principal type at w € p~*(0) if and only if (p;)(w) = 0 by Proposition 2.10. This
system has real eigenvalues of constant characteristics so it satisfies condition (P), but
it is neither solvable nor of principal type if Im p; changes sign along the bicharacteristic

of p. Observe that the system

)

is solvable, since it is upper triangle with solvable diagonal elements. Thus the solvability

depends on the lower order terms in this case.

The next example is an unsolvable system of principal type with real eigenvalues, but

it does not have constant characteristics.

Example 2.15. Let

(2.9) P = (l}f D, (fé)(z%))

where R(§) = £2/|¢] and o(B)(z,€) = &By(r,€) with homogeneous By € S°.  The
eigenvalues of the principal symbol o(P) are & and & + R(§) which are real and coincide
when & = 0. Since 0, 0(P) = Id; and o(B) vanish when & = 0, we find that P is of
principal type by Proposition 2.10. If ¢ — Im By(t,2,0,0,£”) changes sign at t = 1, then
P is not microlocally solvable at (z,0,0,&"), here x = (z1,2") = (21, x9,2") and £” # 0.
In fact, the system PU = F with U = *(uj,us) and F = '(f1, f2) is equivalent to the

equation
(2.10) Quy = (Dy,(Dyy + R(Dy)) + B(x, Dy))uz = fi + Dy, f

if we put uy = (D,, + R(D,))us — fo. Thus the system P is solvable if and only if @
is solvable. That @ is not solvable follows from using the construction of approximate
solutions to the adjoint in [26], replacing D,, with R(D,).

We can also generalize this to the case where

R(¢) = &l
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and o(B)(z, &) = & B;(x,€) with j < k and B; € S*7 homogeneous, satisfying the same
conditions as By. On the other hand, if o(B)(x,¢) = &B,(x,£) with j > k then we can
write

B(x,D,) = A(x,D,)R(D,)  modulo ¥°

for some A € ¥° and then

1 —A 1 A\ o (D, 0 0
(0 1)P(0 1)‘(0 Dm1+R(Dr)) modulo ¥

which is solvable. In fact, the principal symbol is on diagonal form with real diagonal
elements of principal type, giving L? estimates of the adjoint which can be perturbed by

lower order terms.

Finally, we have an example of an unsolvable operator which is diagonalizable and

self-adjoint, but not of principal type.

Example 2.16. Take real b(t) € C*°(R), and define the symmetric system

Dy +b(t)D,  (t —ib(t))D, . )
"o (<t+@'b<(t>)>Dz £Dt+(b()t))pgc) =P (tr)eR

Eigenvalues of o(P) are b(t)€ & /72 + (12 + b2(t))&€2 which are zero for (1,€) # 0 only if
t = 7 = 0. The eigenvalues coincide for (7,&) # 0 if and only if b(t) =t =7 =0. We

have that
Q= 1 1 —i p 1 1\ (D;—itD, 2b(t)D,
92\l 4 —i i) 0 D, +1itD,

which is not locally solvable at ¢ = 0 for any choice of b(t), since D, + itD, is not locally
solvable, condition (V) is not satisfied when & > 0. The eigenvalues of the principal
symbol o(Q) are 7 £+ it€. By the invariance, P is of principal type if and only if 5(0) = 0.
When b(t) # 0 we find that ¢(P) is diagonalizable and self-adjoint, but not of principal
type. When b = 0 the system is symmetric of principal type, but does not have constant

characteristics.

3. THE MULTIPLIER ESTIMATES

In this section we shall prove multiplier estimates for microlocal normal forms of the
adjoint operator, which we shall use in the proof of Theorem 2.7. We shall consider the

model operators

(3.1) Py = (D, +iF(t,z, D,)) ldy +Fy(t, z, D,)
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where F' € C*(R, ¥}, (R")) is scalar with with real homogeneous principal symbol o (F) =
f,and Fy € C*(R,¥Y) is an N x N system. In the following, we shall assume that B,

satisfies condition (W):
(3.2) flt,2,§) >0 and s >t = f(s,2,§) >0

for any ¢, s € R and (z,£) € T*R™. This means that the adjoint P satisfies condition (V)
for the eigenvalue 7 — if(t,z,£). Observe that if y > 0 then xf also satisfies (3.2), thus

the condition can be localized.

Remark 3.1. We may also consider symbols f € L™(R, S o(R")), that is, f(t,x,&) €
L>(R x T*R") is bounded in Sy (R") for almost all t. Then we say that Py satisfies
condition (V) if for every (x,€) condition (3.2) holds for almost all s, t € R.

Observe that, since (z,&) — f(t,z,€) is continuous for almost all ¢, it suffices to
check (3.2) for (z,€) in a countable dense subset of 7*R". Then we find that f has
a representative satisfying (3.2) for any ¢, s and (z, &) after putting f(¢,z,£) =0 for ¢ in
a null set.

In order to prove Theorem 2.7 we shall make a second microlocalization using the

specialized symbol classes of the Weyl calculus, and the Weyl quantization of symbols

a € 8'(T*R") defined by:

(a"u,v) = (27)" / / exp (il — v, €))a (22, €) u(y)o(x) dedyde w0 € S(RY)

Observe that Rea® = (Rea)" is the symmetric part and ¢ Ima” = (i Ima)™ the antisym-
metric part of the operator a”. Also, if a € ST,(R") then a*(z, D,) = a(x, D,) modulo
U5 (R™) by [14, Theorem 18.5.10]. The same holds for N x N systems of operators.

We recall the definitions of the Weyl calculus: let g,, be a Riemannean metric on 7*R",
w = (z,&), then we say that g is slowly varying if there exists ¢ > 0 so that g, (w—wg) < ¢
implies

1/C < guw/guw, < C

that is, gu = gu,. Let o be the standard symplectic form on 7*R", g7 (w) the dual metric
of w — g(o(w)) and assume that ¢g%(w) > g(w). We say that g is o temperate if it is

slowly varying and

Jw < Cgyy (1 + g2 (w — wo))N w, wy € T*R"
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A positive real valued function m(w) on T*R"™ is ¢ continuous if there exists ¢ > 0 so
that gy, (w — wp) < ¢ implies m(w) = m(wy). We say that m is o, ¢g temperate if it is

g continuous and
m(w) < Cm(we)(1 + g5 (w — wp))™ w, wy € T*R"
If m is o, g temperate, then m is a weight for g and we can define the symbol classes:

a € S(m,g) if a € C*(T*R") and

D(w, Ty,. .., T;
(33)  laf2(w) = sup <‘;” Lo, Tl
T;#0 1 9w ()12

which defines the seminorms of S(m, g). Of course, these symbol classes can also defined

Cym(w) weT*R" j5>0

locally. For matrix valued symbols, we use the matrix norms. If a € S(m, g) then we say
that the corresponding Weyl operator a* € OpS(m,g). For more results on the Weyl

calculus, see [14, Section 18.5].

Definition 3.2. Let m be a weight for the metric g. We say that a € S*(m,g) if
a € C=(T*R") and |alf < Cym for j > 1.

Observe that if a € ST(m,g) then a is a symbol. In fact, since g < ¢° we find by
integration that

|a(w) = a(wo)| < C1 sup m(wp)gu, (w — wo)"'* < Cym(wo)(1 + gij, (w — wo))™

0€[0,1]
where wy = 6w + (1 — @)wy, which implies that m + |a| is a weight for g. Clearly,
a € S(m+|al,g), so the operator a* is well-defined.

Lemma 3.3. Assume that m; is a weight for for the o temperate conformal metrics
g; = hjg* < ¢* = (¢")° and a; € ST(my,g;), 5 = 1, 2. Let g = (g1 + g2)/2 and
h? = sup g1/95 = sup go/g7, then we find that h* = hihy and

(3.4) atay — (ajaz)” € Op S(mimah, g)
We also obtain the usual expansion of (3.4) with terms in S(mimah®, g), k > 1.
Observe that by Proposition 18.5.7 and (18.5.14) in [14] we find that g is o temperate

and g/g” < (hy + hy)?/4 < 1.

Proof. As showed after Definition 3.2 we have that m; + |a;| is a weight for ¢g; and a; €
S(mj + |Clj’,gj), ] = 1, 2. Thus

ayay € Op S((mi1 + |as])(ma + |az|), g)
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is given by Proposition 18.5.5 in [14]. We find that al’a¥ — (a1a9)" = o™ with

a(w) = E(%O‘(le, Dwz))%a(Dwn Dwz)al(wl)(m(w?)‘

w1 =wa=w

where E(z) = (e —1)/z = fol e’ df. We have that o(D,,, Dy,)ai(w)az(ws) € S(M, Q)
where

M (wy, ws) = ma (wy )ma(wa) by (wy ) by (wy)
and G, w, (21, 22) = 1,01 (21) + g2,w,(22). Now the proof of Theorem 18.5.5 in [14] works
also when o (D, , D,,) is replaced by 6c(D,,, D,,), uniformly in 0 < § < 1. By using
Proposition 18.5.7 in [14] and integrating over # € [0,1] we obtain that a(w) has an

asymptotic expansion in S(mymyh®, g), which proves the Lemma. U

Remark 3.4. The conclusions of Lemma 3.3 also hold if a1 has values in L(By, B2) and

as has values in By where By and By are Banach spaces (see Section 18.6 in [14]).

For example, if {a; }; € S(m1, g1) with values in (%, and b; € S(ma, go) uniformly in 7,

J

of unity so that >_; gbjz- =1and a € S(m,g), then {¢ja}j € S(m, g) has values in (2.

then { a¥b¥ }j € Op(mima, g) with values in 2. Thus, if {¢; }, € S(1,9) is a partition

Example 3.5. The standard symbol class SZ s defined by
]6;“8?(1(:15,5)] < Ca6<£>u+5la\—elﬁl

has o temperate metricif 0 < d < p<1landd < 1.

In the proof of Theorem 2.7 we shall microlocalize near (zg,&) and put h™ = (&) =
1+ |&|. Then after doing a symplectic dilation: (z,&) ~ (h~Y2x, hY/2¢), we find that
Sty = S(h™", hg*) and Sf/271/2 = S(h7* ¢%), k € R, where ¢g* = (¢*)? is the Euclidean
metric. We shall prove a semiclassical estimate for a microlocal normal form of the
operator.

Let ||u|| be the L? norm on R™"! and (u,v) the corresponding sesquilinear inner prod-
uct. As before, we say that f € L*(R, S(m,g)) if f(t,x,€) is measurable and bounded

in S(m, g) for almost all ¢. The following is the main estimate that we shall prove.
Proposition 3.6. Assume that
Py= (D¢ +if*(t,x,D,))ldy +Fy’(t, z, Dy)

where f € LR, S(h™%, hg")) is real satisfying condition (V) given by (3.2), and Fy €
L*(R, S(1,hg")) is an N x N system, here 0 < h < 1 and ¢* = (¢*)? are constant. Then
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there exists Ty > 0 and N x N symbols br(t,z,&) € L=(R, S(h=12,¢*) N S*(1, ¢*)) such
that Im by € L®(R, S(h'/?, g*)) uniformly for 0 < T < Ty, and

(35) W2 ([l + [ull?) < CoT Tm (Pou, )

for u(t,z) € S(R x R",CY) having support where |t| < T. The constants Cy, Ty and the

seminorms of by only depend on the seminorms of f and Fy.

Remark 3.7. It follows from the proof that by = brE*E modulo S(h'/2, g%) where E €
S(1, hgt) is an invertible N x N system, by is scalar and |by| < CH=Y/2, here H is a weight
for g* such that h < H < 1, and G = Hg* is o temperate (see Claim 3.9, Definition 5.3
and Proposition 6.3).

Observe that it follows from (3.5) and the Cauchy-Schwarz inequality that
lull < CTh™72]| Pu|

which will give a loss of 3/2 derivatives after microlocalization. Proposition 3.6 will be
proved in Section 7.

There are two difficulties present in estimates of the type (3.5). The first is that by is
not C* in the ¢ variables, therefore one has to be careful not to involve b% in the calculus
with symbols in all the variables. We shall avoid this problem by using tensor products of
operators and the Cauchy-Schwarz inequality. The second difficulty lies in the fact that

we could have |by| > h'/2, so it is not obvious that cut-off errors can be controlled.

Lemma 3.8. The estimate (3.5) can be perturbed with terms in L= (R, S(h'/? hg')) in
the expansion of Py. Also, it can be microlocalized: if ¢(w) € S(1,hg*) is real valued and

independent of t, then we have

(3.6) Im (Pp¢™u, bLo u) < Im (Pyu, p*bLé u) + ChY?||ul? u(t,r) € SR, CN)
where ¢VbL" satisfies the same conditions as bY.

Proof. In the following, we shall say that a system is real if it is a real multiple of the
identity matrix. It is clear that we may perturb (3.5) with terms in L®(R, S(h'/2, g%))
in the expansion of F, for small enough 7. Now, we can also perturb with real terms

rv € L®(R,0p S(1,hg")). In fact, if r € S(1, hg?) is real and B € S*(1, ¢*) is symmetric
modulo S(h'/2, g*), then

(3.7) | Tm (ru, BYu) | < | ([(Re B)",r"]u,u)|/2 + | (r"u, (Im B)"u) | < Chl/QHuH2
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In fact, we have [(Re B)”,r"] € Op S(h'/2, ¢*) by Lemma 3.3.

If p(w) € S(1, hg*) then [Py, ¢ Idy] = { f, ¢ }" Idxy modulo L>(R, Op S(h, hg*)) where
{f,6} € L=(R,S(1,hg*)) is real valued. By using (3.7) with r* = { f,¢}*“Idy and
BY = b¥¢®, we obtain (3.6) since b¥¢” € Op S*(1, g*) is symmetric modulo Op S(h'/2, g*)
for almost all ¢ by Lemma 3.3. Since Lemma 3.3 also gives that ¢“b%¢" = ¢ (bre)® =
(br¢?)” modulo L*(R,Op S(h,¢*)) we find that ¢*b2¢™ satisfies the same conditions
as bf. 0

Claim 3.9. When proving the estimate (3.5) we may assume that

(3.8) Fy = (dyf, Ry) = ZanfROJ modulo L®(R,, S(h, hg*))

where Ry ; € L=(R, S(hY/2 hg*)) are N x N systems, V j.

Proof. By conjugation with (E*')* € Op S(1, hg*) we find that

I
>

(E"YYPEY = (E")YE“(Dy+if*)1dy + (E~(D:E + HyE + FyE))"”
modulo L®(R, S(h, hg*)). By solving
D\E+ FyE =0
{ El_y=ldy
we obtain (3.8) for P with (d,,f, R) = E~'H;E. From the calculus we obtain that
EY(EHY =1=(E H“E" modulo Op S(Th, hg*)

uniformly when [t| < T. Thus, for small enough T" we obtain that (E*!)" is invertible
in L?. Since the metric hg* is trivially strongly o temperate in the sense of [2, Defi-
nition 7.1], we find from [2, Corollary 7.7] that there exists A € L*°(R, S(1, hg*)) such
that EA® = 1. Thus, if we prove the estimate (3.5) for P and substitute u = A®%v
we obtain the estimate for P with by replaced by ((E~1)*)*b%A*. Since A = E~! mod-
ulo S(h, hg*) we find from Lemma 3.3 as before that the symbol of this multiplier is in
S(h=Y2,¢) ST(1, ¢*) and that it is symmetric modulo S(h'/%, g*). O

We shall see from the proof that if Fp is on the form (3.8) then by = by Idy is real.
Thus, in general the symbol of the multiplier will be on the form b7(E~1)*E~! modulo
S(h'/2, g*) with invertible E and a real scalar br. In the following, we shall use the partial

Sobolev norms:

(3.9) [ulls = [[{Dz)"ull
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We shall now prove the estimate we shall use in the proof of Theorem 2.7.

Proposition 3.10. Assume that
PO = (Dt + ZFw(t, Z, Dz)) IdN +F6H(t, xZ, Dm)

with F* € L®(R, VYL (R™)) having real principal symbol f satisfying condition (V) given
by (3.2) and Fy € L®¥(R, VY% (R"™)) is an N X N system. Then there exists Ty > 0 and
N x N symbols Br(t,z,£) € L*(R, 511/2,1/2(Rn)) with

VBr = (0. Br, [€]0:Br) € L*(R, S} 51 2(R"))
and Im Br(t,z,€) € L*(R, S?/ZJ/Q(R”)) uniformly for 0 <T < Ty, such that
(3.10) IBFully s + [ull® < Co(T Im (Pou, Bru) + [|ul|;)

for u € S(R™, CY) having support where |t| < T. The constants Ty, Cy and the
seminorms of Br only depend on the seminorms of F and Fy in L=(R, SL(R™)).

Since VBr € L*(R, 511/271/2) we find that the commutators of B} with scalar operators
in L>*°(R, ¥} ) are in L*(R, \I[?/Q,l/Q)' This will make it possible to localize the estimate.
The idea to include the first term in (3.10) is due to Lerner [24].

Proof that Proposition 3.6 gives Proposition 3.10. Choose real symbols { ¢;(z,¢) }; and
{¥j(2,8) }; € S7p(R") having values in ¢2, such that Y~ ¢7 = 1, ¥;¢; = ¢; and ;> 0.
We may assume that the supports are small enough so that () = (&;) in supp; for
some &;, and that there is a fixed bound on number of overlapping supports. Then, after

doing a symplectic dilation

(1) = (€)', €/(&)")
we obtain that S7%(R") = S(h;™, h;g*) and Stjan2(R") = S(h;™, g*) in supp¥;, m € R,
where h; = (£;)71 < 1 and ¢*(dy, dn) = |dy|* + |dn|? is constant.

By using the calculus in the y variables we find ¢ Py = ¢ Po; modulo Op S(hy, high),

where
(311> Poj = (Dt + Z(w]F)w(tay7Dy)> IdN +(ijU)w<t7y>Dy)
= (Dt +Zf]w(t7y7Dy))IdN +P}w(t7yu Dy)

with f; = ¢;f € L*(R,S(h;", hjg")) satisfying (3.2), and F; € L®(R,S(1, h;g")) uni-

formly in j. Then, by using Proposition 3.6 and Lemma 3.8 for F; we obtain symbols
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bjr(t,y,m) € LR, S(h; I/Q,gﬁ) N ST(1,4%) such that Imb, 1 € S(h1/2 g*) uniformly for
0<T <1, and

(3.12) b5y ull® + (|67 ull® < CoT(hy " Tm (Pou, b 60u) + [ull®) Vi

for u(t,y) € S(R x R, C") having support where [t| < T. Here and in the following, the

constants are independent of T'.

By substituting ¢"u in (3.12) and summing up we obtain
(3.13) IBrullZy /o + lJull* < CoT (Im (Pou, Byu) + ||ull*) + Cillul2,
for u(t,r) € S(R x R", C") having support where |t| < T. Here

By = Zhj / Vi 07 Vb b; Z ir € L™(R, ‘1’%/2,1/2>
J
so Im Br € L*(R, \11(13/271/2). In fact, since di); = 0 on supp ¢; we have

{o(Pg.0¥]}, € WIH(RY)

with values in (2 for almost all t. Also, 3~ ¢7 = 150 3. ¢¥¢¥ = 1 modulo ¥~H(R"), and
by the finite overlap of supports we find that

(D)2 BE) (D)2 BE = (BR) (D)~ B
= Z (B;{]T)*<Dac>_1B;:,T modulo &2

li—kI<K

for some N, which implies that

‘|B¥“||31/2 < Ck (Z "BZTU|’31/2 + HUH%l))
k
We also have that (D, )~/ thl/ 2w v € UO(R™) uniformly, which gives
HBlnguH—l/Q < C’||b",;”T¢$1/),2”u|| VE

We find that VBr € 511/2’1/2 since Lemma 3.3 gives
Br = Z hy 20,002 € Sty modulo 89y

where ¢; € S(1,h;g*) and b;jr € S*(1,¢%) for almost all ¢. For small enough T we
obtain (3.10) and the corollary. 0
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4. PROOF OF THEOREM 2.7

In order to prove the theorem, we first need a preparation result so that we can get the

system on a normal form.

Proposition 4.1. Assume that P € ST(M) is a N x N system of principal type having
constant characteristics near (xo, &) € T*M, then there exist elliptic N x N systems A

and B € S%(M) such that
w w w w 1 O m
AYPYBY = Q —(011 w)eqfd
22
microlocally near (xo,&). We have that 0(Q11) = AIdx where the section of eigenvalues

Aw) € C* of P(w) is of principal type, and Q% is elliptic.

Thus we obtain the system on a block form. Observe that if K = 0 then P is elliptic
at (xg,&). Since P is of principal type we find by the invariance given by (2.2) that @ is

of principal type, so A\ vanishes of first order on its zeros.

Proof. Since P,, has constant characteristics by the assumptions, we find that the char-
acteristic equation
|Pp(w) —Aldy | =0

has a unique local solution A(w) € C° of multiplicity K > 0. Since P, (w) is of
principal type, Proposition 2.10 gives that dA(wy) # 0 and the geometric multiplicity
Dim Ker(P,,(w) — AMw)Idy) = K in a neighborhood of wy = (¢,&p). Since the dimen-
sion is constant, we may choose a C* base for Ker(P,,(w) — A(w) Idy) in a neighborhood
of wy. By orthogonalizing it, extending to a orthonormal C*° base for C¥ and using

homogeneity we obtain orthogonal homogeneous E such that

)\(U)) IdK P12

E*P,FE = ( 0 P,

) = P, = o((E¥)*PYE")

Clearly Ker Py, = {(z1,...,2n) : z; =0for j > K} when A = 0 and dP,, is equal to
multiplication with d\ on Ker ﬁm. Since ﬁm is of principal type when A = 0 we find that
Im f)m () Ker ﬁm = {0} at wy, which implies that P,y is invertible. In fact, if it was not
invertible there would exists 0 # 2" € CN~K so that Pyyz” = 0, then

0 # ﬁmt(O, 2" ="(Ppp2",0) € Im P, ﬂKer P,

giving a contradiction. By multiplying ﬁm from left with

Idg —PioPy'
0 Ildy_xg
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we obtain P = 0. Thus, we find that

Q3 Q5
where o(Q11) = AMdg, |0(Q2)| # 0 and Q1a, Q21 € ¥Y. Choose a microlocal parametrix
By, € U™ to (0%, so that B34, = Q4 B3, = Idy_ g modulo C*° near wy. By multiplying
from the left with

Aw pwRw — ( 11 Q12> c \Ijil

ldg —Q1,B3 0
(0 ldy_ ) € Ve

we obtain that Q)12 € S™*°. By multiplying from the right with

Idg 0 0
ev
(—Bg’z 7 IdN_K> cl
we obtain Qo1 € ST°°. Note that these multiplications do not change the principal symbols
of Q;; for j =1, 2, which finishes the proof. ([l

Proof of Theorem 2.7. Observe that since P satisfies condition (¥) we find that the ad-
joint P* satisfies condition (¥). By multiplying with an elliptic pseudodifferential op-
erator, we may assume that m = 1. Let P* have the expansion P, + Py + ... where
P, = o(P*) € S, then it is clear that it suffices to consider wy = (zo,&) € |P1|7*(0),
otherwise P* € Wl (M) is elliptic near wqy so (2.5) holds and P is microlocally solvable.
Now P* is of principal type having constant characteristics so we find by using Proposi-

tion 4.1 that

Y 0
pr= ("t ") ew!
(5 o) em

microlocally near wg, where o0(Q11) = Aldgx with A € C* an eigenvalue of o(P*) of
principal type and @)%, is elliptic. Since @)%, is elliptic, it is trivially solvable so we only
have to investigate the solvability of Q){;. Now A is of principal type by the invariance, so
if it does not satisfy condition (V) then the proof of [14, Theorem 26.4.7] can easily be
adapted to this case, since the principal part of the operator is a scalar symbol times the
identity matrix.

To prove solvability when condition (V) is satisfied, we shall prove that there exists ¢
and ¢ € SY (1% M) such that ¢ = 1 in a conical neighborhood of (¢, &) and for any T' > 0
there exists a K x N system Ry € SI%Q(M) with the property that WF(RE) (1, M =0

and

(4.1) llo"ull < Cr (0" P ulla-vy + Tlull) + | Ryull + Collull -y u € C5°(M,CY)
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Here ||ul|(s) is the L* Sobolev norm and the constants are independent of 7. Then for
small enough 7" we obtain (2.5) and microlocal solvability, since (zg,&,) ¢ WF(1 — ¢)v.
In the case the eigenvalue satisfies condition (V) and (2.4) near xy we may choose finitely
many ¢; € S7 (M) such that Y ¢; > 1 near zy and [|¢{ul| can be estimated by the right
hand side of (4.1) for some suitable ¢ and Ry. By elliptic regularity of { ¢, } near x,, we
then obtain the estimate (2.5) for small enough 7" with = # zy in WF(R).

Observe that in the case when A satisfies condition (P) we obtain the estimate (4.1)
for P* = A(z, D, ) Idy with 3/2 replaced with 1 and C; = O(T') from the Beals-Fefferman
estimate, see [1]. Since this estimate can be perturbed with terms in WY, for small enough T
we get the estimate and solvability in this case. A similar argument gives subelliptic

estimates if A satisfies condition (W) and the bracket condition, see [14, Chapter 27]. This
gives Remark 2.8.

It remains to consider the case P, = AIdy, where X satisfies condition (). It is clear
that by multiplying with an elliptic factor we may assume that 0 Re A(wg) # 0, in the
microlocal case after a conical transformation. Then, we may use Darboux’ theorem and
the Malgrange preparation theorem to obtain microlocal coordinates (¢,y;7,n) € T*R"!
so that wy = (0,0;0,70), t = 0 on Ty M and A = ¢(7 +if) in a conical neighborhood
of wy, where f € C*(R,S] ) is real and homogeneous satisfying condition (3.2), and
0#qc¢c S?,o» see Theorem 21.3.6 in [14]. By using the Malgrange preparation theorem
and homogeneity we find that

Po(t,z;7,6) = Q_1(t,x; 7, &) (T + if (¢, 2, €)) Idy +Fy(t, x,§)

where ()_; is homogeneous of degree —1 and Fj is homogeneous of degree 0 in the & vari-
ables. By conjugation with elliptic Fourier integral operators and using the Malgrange

preparation theorem successively on lower order terms, we obtain that
(4.2) P* = Q"(D1dy +i (xF)") + R*

microlocally in a conical neighborhood I' of wy as in the proof of Theorem 26.4.7" in [14].
Here we find that F' € C*(R, 5] o(R")) has real principal symbol fIdy satisfying (3.2),
Q € SYo(R™*) has principal symbol ¢ldy # 0 in I' and R € S} (R™") satisfies
FAWF(RY) = 0. Also, x(r,n7) € S{o(R"*!) is equal to 1 in ' and |7| < C|n| in
supp x(7,7n). By cutting off in the ¢ variable we may assume that F' € L*(R, Slljo(R”)).
Now, we can follow the proof of Theorem 1.4 in [10]. As before, we shall choose ¢ and v
so that ¢ = 1 conical neighborhood of wg, ¥» = 1 on supp ¢ and suppy C I'. Also, we
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shall choose

o(t,y;7,m) = Xxo(t, 7, m)do(y,n)
where xo(t,7,n) € S{o(R™), ¢o(y,n) € SPo(R"), t # 0 in suppdixo, || < Clnl in
supp Xo and [7] = [n] in supp 9., xo-

Since |o(Q)| # 0 and R = 0 on supp® it is no restriction to assume that @ = Idy
and R = 0 when proving the estimate (4.1). Now, by Theorem 18.1.35 in [14] we may
compose C®(R, U7 (R")) with operators in W} (R"*") having symbols vanishing when
7| > ¢(1 + |n]), and we obtain the usual asymptotic expansion in Wy MR for
j > 0. Since |7| < C|n| in supp¢ and x = 1 on supp, it suffices to prove (4.1) for
P* =Dy 4+1F".

By using Proposition 3.10 on ¢"u, we obtain that
(4.3) |1BFo ullZy ) + [0 ul®
< CoT (Im (¢ P*u, By¢"u) + Im ([P*, ¢" Idw]u, BF¢"u)) + Ci[|¢"ul|,

where BY € L>*(R, \If%/zJ/Q(R”)) is an N x N system with VBr € L*(R, 511/271/2(R")),
and ||ulls = ||(Dy)°ul| is the partial Sobolev norm in the y variables. Since |7| < C|¢] in

supp ¢ we find that [[¢"u||—; < C||ul/(~1) For any u, v € S(R™, CY) we have that

(4.4) [ (v, Biu) | = | ({Dy)" 20, (Dy) " 2Bifu) | < C(|[vi 2 + 1Bl )

where (D) = 1+|D,|. Now ¢* = ¢"4* modulo ¥ Z(R"*!), thus we find from (4.4) that
(4.5) [ (0" P*u, Bp"u) | < C([W" Prulli s + [lull® + | By o™ ull2, o)

where the last term can be cancelled for small enough 7 in (4.3). We also have to estimate

the commutator term Im ([P*, ¢* Idx|u, B¥¢"u) in (4.3). We find
[P*,¢" Idn] = —(i0,¢" — { f, ¢ }") Idy € ¥ ((R™)

modulo ¥y 5(R"™) by the expansion, where the error term can be estimated by (4.4).

Since ¢ = xo¢o we find that { f,¢} = do{ f,x0} + xo1{ f, %0}, where ¢o{ f,x0} = Ro €
SPo(R™1) is supported when |7| 2 5] and ¢ = 1. Now (7 +if)™ € S;j(R"!) when
7| = |n], thus by [14, Theorem 18.1.35] we find that Rf = A" P* modulo ¥y j(R™™)
where Ay = Ro(T +if)" € S;(R™1). As before, we find from (4.4) that

(4.6) | (Rg'w, BY¢"u) | < C(|RGull? + |1 Bro*ull2, o)

< CO(HWDP*U”%M + ”BlTUwaUH%l/z + ||u|\%1/2)
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and also
| (06", BE¢"u) | < ||RYul* + || B ull2
where RY = (D,)'/20,¢" € W}/s(R™), thus ¢ # 0 in WF(RY).

It only remains to estimate the term Im (({ f, ¢o } x0)"u, B¥¢"u). Here ({ f, 0 } x0)" =
{ f, 60} x¥ and ¢" = ¢¥x¥ modulo U §(R"!). As in (4.4) we find

| (R"u, Byv) | = | ({(Dy) R"u, (Dy)~" Byv) | < C(||ull* + [[v]*)
for R € S;y(R"*), thus we find
[ Tm (({ f, %0 } x0)", Bro"u) | < [Im ({ £, é0 }* xg'u, BY ¢5xo'w) | + C|lull*.
The calculus gives BY ¢y = (Brgo)® and

2iTm ((Bro)” { f,¢0}") = { Broo, { f, o } }* =0

modulo L*®(R, ¥, ,(R")) since V(Brdy) € L¥(R, S|y, ,(R")) and { f, ¢ } is real.

Thus, we obtain
(4.7) [ Tm ({ f, é0 }* Xx5'u, BF o xgw) | < Clixgull® < Cflull?

and the estimate (4.1) for small enough 7', which completes the proof of Theorem 2.7. [

5. THE SYMBOL CLASSES AND WEIGHTS

In this section we shall define the symbol classes we shall use. Assume that f &€
L*(R,S(h71, hg")) is scalar and satisfies (3.2), here 0 < h < 1 and ¢* = (¢*)7 are
constant. It is no restriction to change h so that |f|¢° < h=/2, which we assume in what
follows. The results shall be uniform in the usual sense, they will only depend on the

seminorms of f in L=(R, S(h~!, hg*)). Let

(5.1) Xi(t)={weT'R":3s<t, f(s,w)>0}

(5.2) X (t)y={weT'R":3s>t, f(s,w)<0}.

Clearly, X () are open in T*R”, X (s) € X, (t) and X_(s) 2 X_(¢t) when s < t. By
condition (¥) we obtain that X _(¢)( X, (t) = 0 and +f(t,w) > 0 when w € X.(t), V.
Let Xo(t) = T*R™\ (X, (¢) | X_(¢)) which is closed in T*R". By the definition of X, ()
we have f(t,w) =0 when w € Xy(t). Let

(5.3) do(ty, wp) = inf { g’j(wg — 2)1/2 .z € Xo(to) }
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be is the ¢* distance in T*R" to Xo(to) for fixed tg, it is equal to +oo in the case that
Xo(tg) = 0. By taking the infimum over z we find that w +— do(¢, w) is Lipschitz contin-
uous with respect to g* for fixed ¢t when dy < o0, i.e.,

sup  [do(t, w) — 50(t,z)\/gﬁ(w _ 2)1/2 <1
wFz€T*R"

Definition 5.1. We define the signed distance function do(¢,w) by
(5.4) 6o = sgn(f) min(dy, h~/?)

where dj is given by (5.3) and
+1, we Xi(t)
(5.5) sgn(f)(t, w) =
0, w e X()(t)

so that sgn(f)f > 0.

Remark 5.2. The signed distance function w — 0o(t, w) given by Definition 5.1 is Lip-
schitz continuous with respect to the metric g* with Lipschitz constant equal to 1, Vt. We
also find that t v+ o(t,w) is non-decreasing, sof > 0, |6o| < h™Y% and when |6| < h~Y/2
we find that |0g| = dy is given by (5.3).

In fact, it suffices to show the Lipschitz continuity of w + §o(¢,w) on [X,(¢), and then
it follows from the Lipschitz continuity of w +— dy(t,w) when dy < oo. Clearly dof > 0,
and since X (¢) is non-decreasing and X_ () is non-increasing when ¢ increases, we find
that ¢ — do(¢,w) is non-decreasing.

In the following, we shall treat ¢ as a parameter which we shall suppress, and we shall
denote f' = 0, f and f” = 92 f. We shall also in the following assume that we have

choosen ¢* orthonormal coordinates so that ¢f(w) = |w|? and |f/| < h™Y/2.

Definition 5.3. Let
|f/]

—-1/2 __
(56) H /2= L+ |6O| + |f//| + h1/4|f/|1/2 + hi/2

and G = HgF.

Observe that (3p) = 1+ |6| < H~Y/% and
(5.7) 1< H Y2 <14 6| + Y4 )2 < 3h71/2

since |f’| < h~Y2 and || < h~Y/2. This gives that hg* < 3G.
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Definition 5.4. Let
(5.8) M = |fl+|f|H 2+ |f'|H "+ hPH?

then we have that h'/2 < M < Csh~!.

The metric G and weight M have the following properties according to Proposition 3.7
in [8].

Proposition 5.5. We find that H='/? is Lipschitz continuous, G is o temperate such that
G = H*G? and
(5.9) H(w) < CoH (wp)(1 + Gy (w — wy))
We have that M is a weight for G such that M < CH™', f € S(M,G) and
(5.10) M(w) < CyM (wo)(1 + Gy (w — wy))?/?

Since G < ¢g* < G° we find that the conditions (5.9) and (5.10) are stronger than
the property of being o temperate (in fact, strongly o temperate in the sense of [2,

Definition 7.1]). Note that f € S(M, Hg*) for any choice of H > h in Definition 5.4. The
following property of G is the most important for the proof.

Proposition 5.6. Let H'/2 be given by Definition 5.8 for f € S(h™', hg*). There exists
k1 > 0 so that if (&) =1+ |6o| < ki H™Y? then

(511) f = 06050

where ki MHY? < ag € S(MHY? G), which implies that 5y = f/ay € S(HY2,G).

This follows directly from Proposition 3.9 in [8]. Next, we shall define the weight m we

shall use.
Definition 5.7. For (t,w) € R x T*R" we let

(5.12) m(t,w) = inf {|do(t1,w) — do(t2, w)|

11 <t<t2

+ max (HI/Q(tl, w><(50(t1, w)>2, H1/2(t2, w)<(50(t2, w)>2)/2 }
where (o) = 1+ |dol-
This weight essentially measures how much ¢ — d¢(t, w) changes between the minima of

t = HY2(t,w){do(t,w))?, which will give restrictions on the sign changes of the symbol.

When ¢ — dy(t, w) is constant for fixed w, we find that ¢ — m(t, w) is equal to the largest
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quasi-convex minorant of ¢ — H'2(t,w){dy(t,w))?/2, i.e., sup; m = sup,; m for compact
intervals I C R, see [15, Definition 1.6.3].

The main difference between this weight and the weight in [8] is the use of H'/2(5;)?
in the definition of m instead of H'/2(d,), and this is due to Lerner [24]. The weight has
the following properties according to Propositions 4.3 and 4.4 in [10].

Proposition 5.8. We have that m € L*(RxT*R"™), w — m(t,w) is uniformly Lipschitz
continuous, Vt, and

(5.13) h2(80)2/6 < m < HY?(50)%/2 < (80) /2

There exists C' > 0 so that

(5.14) m(tg, w) < Cm(ty, wo)(1 + |w — wol|/{So(to, wo)))?

thus m is a weight for g.

The following result will be essential for the proof of Proposition 3.6 in Section 7, it

follows from Proposition 4.5 in [10].

Proposition 5.9. Let the weight M be given by Definition 5.4 and m by Definition 5.7.
Then there exists Cy > 0 such that

(5.15) MH?*?(50)? < Cym

We have the following convexity property of ¢t — m(t,w), which will be important for

the construction of the multiplier.

Proposition 5.10. Let m be given by Definition 5.7. Then

(5.16) sup m(t,w) < do(tz, w) — do(t1, w) + m(ty, w) + m(te, w) YV w

t1 <t<ts
Proof. Since t — dy(t, w) is monotone, we find that

(5.17) inf . (160(t, w) — do(to, w)| + HY2(t, w){do(t,w))?/2) < m(te,w)

+(t—to)>

Let t € [t1,ts], then by using (5.17) for ¢ty = t;, t2, and taking the infima, we obtain that

m(t,w) < inf (s, w) —do(r,w) 4+ HY?(s,w) (6o (s,w))2/2+ HY?(r,w) (5o (r, w))? /2

r<t1<t2<s

< 50(t2,w) — 60(t1, W) + m(tl, w) + m(tg, U})

which gives (5.16) after taking the supremum. O



SOLVABILITY 27

Next, we shall construct the pseudo-sign B = &y + 09, which we shall use in Proposi-

tion 6.3 to construct the multiplier of Proposition 3.6.

Proposition 5.11. Assume that 6 is given by Definition 5.1 and m is given by Defi-
nition 5.7. Then for T > 0 there exists real valued op(t,w) € L>®(R x T*R™) with the

property that w — op(t,w) is uniformly Lipschitz continuous, and

(5.18) lor| <m
(5.19) Td(6g + or) > m/2 in D'(R)
when |t| < T.

Proof. (We owe this argument to Lars Hormander [17].) Let

5200 orttw) = sup(du(s.) - o # o [ mirwydr—mis, w)

—T<s<t

for [t| < T, then
do(t,w) + or(t,w) = sup (50 s,w) — —/ m(r,w) dr — m(s, w))

—T<s<t
1 t
_T/o m(r, w)dr

which immediately gives (5.19) since the supremum is non-decreasing. Since w +— do(t, w)
and w — m(t,w) are uniformly Lipschitz continuous by Proposition 5.8, we find by
taking the supremum that w +— o7(¢,w) is uniformly Lipschitz continuous. We find from

Proposition 5.10 that
1 t
do(s,w) — do(t,w) + ﬁ/ m(r,w)dr —m(s,w) < m(t,w) —T<s<t<T
By taking the supremum, we obtain that —m(t,w) < or(t,w) < m(t,w) when |t| < T,
which proves the result. 0
6. THE WICK QUANTIZATION

In order to define the multiplier we shall use the Wick quantization, and we shall also
define the function spaces that we shall use. As before, we shall assume that ¢* = (¢*)°
and the coordinates are chosen so that g*(w) = |w|?>. For a € L*®(T*R") we define the

Wick quantization:

(6.1) aViF (2, Dy)u(z) = /T*Rn a(y,n)Ey, (v, Dy)u(z) dydn ue SR
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using the projections X7’ (z, D,) with Weyl symbol
Sya(2,€) = 7" exp(—g*(z — y,§ = 1))
(see [7, Appendix B] or [20, Section 4]). We find that a""*: S(R") — S’(R") so that
(aWicky* = (g)Wick,
(6.2) a>0 = (a""*(z,D,)u,u) >0 ue SR

and [|a"*(z, Dy)||cz2mny) < |lal|pee(r+rny, which is the main advantage with the Wick
quantization (see [20, Proposition 4.2]). Now if a;(z,§) € L>*°(R x T*R") depends on a

parameter ¢, then we find that
(6.3) / (at" " u,u) ¢(t) dt = (A;V“ku, u) ue SR
R

where Ay(x,&) = [g a(x,&)P(t)dt. In fact, if @ € L' then this follows from the Fubini

theorem, in general we obtain this by cutting off a; on large sets in T*R"™ and using

dominated convergence. We obtain from the definition that a"Vi*

(6.4) ap(w) =7" /T*Rn a(z) exp(—|w — z|*) dz

is the Gaussian regularization, thus Wick operators with symmetric symbols have sym-

= ag where

metric Weyl symbols.

We also have the following result about the composition of Wick operators according

to the proofs of Proposition 3.4 in [22] and Lemma A.1.5 in [24].

Remark 6.1. Let a(w), b(w) € L*°, and let my, my be bounded weights for g*. If |a| < my
and |V'| = |0b] < my, then

(6.5) gWickpWick _ (ab)wz-ck L

with v € S(mymay, g*). In the case when a, b are real valued, |a| < my and V"] < may, we

obtain that

‘ ' 1 Wick
(6.6) Re (a"V*FpVier) = (ab — 5(1’ : b’) +r?
with r € S(myma, g*). Here a’ is the distributional derivative of a € L™ and b’ is Lipschitz

continuous, so the product is well-defined in L.

If A e L>®°(T*R") is an M x N system, then we can define AV by (6.1) on u €
S(R",C"). These operators have the same properties as the scalar operators, but of

course we need that M = N in order for (6.2) to hold.
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In the following, we shall assume that G = Hg* < ¢* is a slowly varying metric satisfying
(6.7) H(w) < CoH (wp)(1 + |w — wp|)N°

and that m is a weight for G satisfying (6.7) with H replaced by m. This means that G
and m are strongly o temperate in the sense of [2, Definition 7.1]. Recall the symbol class

S*(1, ¢*) defined by Definition 3.2.

Proposition 6.2. Assume that a € L>®(T*R") is a N x N system such that |a|] < Cm,
then aViet = ¥ where ag € S(m,g*) is given by (6.4). If a € S(m,G) for G = Hg*
then ag = a modulo symbols in S(mH,G). If |a| < Cm and a = 0 in a firzed G ball with
center w, then a € S(mHY ,G) near w for any N. If a is Lipschitz continuous then we
have ag € S*(1,¢%). If a(t,w) and g(t,w) € L®(R x T*R") are N x N systems and
dalt,w) > g(t,w) in D'(R) for almost all w € T*R", then we find (Op(a""*)u,u) >
(9" u, u) in D'(R) for u € S(R",CN).

Observe that the results are uniform in the metrics and weights. By localization we
find, for example, that if |a| < Cm and a € S(m,G) in a G neighborhood of wy, then
ap = a modulo S(mH,G) in a smaller G neighborhood of wy. These results are well

known, but for convenience we give a short proof.

Proof. Since a is measurable satisfying |a] < Cm, where m(z) < Com(w)(1 + |z — w]|)™°
by (6.7), we find that a"Vi* = a¥ where ag = O(m) is given by (6.4). By differentiating
on the exponential factor, we find ag € S(m, g*).

If a =0 in a G ball of radius € > 0 and center at w, then we can write
m"ag(w) = / a(z) exp(—|w — z|?) dz = O(m(w)HY (w))
|z—w|>eH~1/2(w)

for any NV even after repeated differentiation. If a € S(m, G) then Taylor’s formula gives

ao(w) = a(w) + 77”/0 /*Rn(l —0)(a" (w + 02)z, 2)e " dzdb

where o’ € S(mH,G) because G = Hg*. Since m(w + 0z) < Com(w)(1 + |2])™ and
H(w + 02) < CoH(w)(1 + |z[)™ when 0] < 1, we find that ag(w) = a(w) modulo
S(mH,G). Now, the Lipschitz continuity of a means that da € L*(T*R™). Since
dag(w) = " [ugn 0a(2) exp(—|w — 2|?) dz, we obtain that ag € ST(1, ).
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For the final claim, we note that — [ a(t,w)¢'(t)dt > [ g(t,w)p(t)dt for all 0 < ¢ €
C°(R) and almost all w € T*R™, which by (6.2) and (6.3) gives

—/ (aW“k(t,x, D,)u, u) &' (t) dt > / (gWiCk(t, x, D;)u, u) o(t)dt 0<¢eC®R)
for u € S(R™, CV). O

We shall compute the Weyl symbol for the Wick operator (6 + or)" ", where o7 is
given by Proposition 5.11. In the following we shall suppress the ¢ variable.

Proposition 6.3. Let B = dy + 09, where o is given by Definition 5.1 and oy is real
valued and Lipschilz continuous, satisfying |oo| < m, where m < HY2(5)2/2 < (60)/2 is
a weight for g*. Then we find
BWick _ pw

where b = & + o1 € S((0o), g*) N ST(1,4%) is real, 5, € S(HY2 g ) S*(1,4%), and
01 € S(m,g") N ST(1,4%). Also, there exists ky > 0 so that §; = & modulo S(HY? Q)
when (8) < ko H Y2 which gives b = 6y modulo S(HY?{50)?,g*). For any A\ > 0 we find
that |6o| > NH Y2 and H'Y? < \/3 imply that sgn(B) = sgn(&y) and |B| > NH~Y/2/3.

Proof. Let 811 = 5 and ol ™ = o, Since |6o| < (o) < H2, laol < m < {62
and the symbols are real valued, we obtain from Proposition 6.2 that b € S((&), %),
61 € S(H'2 g% and o; € S(m,g") are real valued. Since & and g, are uniformly
Lipschitz continuous, we find that d; and ¢, € S*(1, g*) by Proposition 6.2.

If (6y) < KH~Y? at wy for sufficiently small x > 0, then we find by the Lipschitz conti-
nuity of & and the slow variation of G that (§) < CoxH /2 in a fixed G neighborhood
wy of wy (depending on k). For k < 1 we find dy € S(H~'/2,G) in w, by Proposition 5.6,
thus d; = dy modulo S(H'/?, G) near wy by Proposition 6.2 after localization.

When [6] > AH~Y2 > 0 at wp, then we find that

ool <m < (60)/2 < (L+ HY2/N)[80] /2
We obtain that |go| < 2|6|/3 so sgn(B) = sgn(dy) and |B| > ||/3 > AH~/2/3 when
H'Y? < \/3, which completes the proof. O

Let m be given by Definition 5.7, then m is a weight for g* according to Proposition 5.8.
We are going to use the symbol classes S(m*, ¢*), k € R.

Definition 6.4. Let H(m*, ¢*), be the Hilbert space given by [2, Definition 4.1] so that

(6.8) ue HmF ¢*) <= a"uc L? Va € S(m*, ¢ EeR
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We let ||ul|x be the norm of H(m*, g).

This Hilbert space has the following properties: S is dense in H(mF, g*), the dual of
H(m*, g*) is naturally identified with H(m™*, ¢*), and if u € H(m*, ¢*) then u = a¥v
for some v € L2(R") and ag € S(m~*,¢*) (see [2, Corollary 6.7]). It follows that a* €
Op S(m*, g*) is bounded:

(6.9) we Hm?, ¢") w— a“u € Hm' ™" ¢
with bound only depending on the seminorms of a.
We recall Proposition 6.5 in [10], which shows that the topology in H(m'/2, g*) can be

defined by the operator m"*.

Proposition 6.5. Let B = &y + 0o, where &y is given by Definition 5.1 and |oo| < m.

Then there exist positive constants ¢y, co and Cy such that
(6.10) crh!2( B ul® + [lul®) < esllulll)y < (M"Y Pu,u) < Collullf),  ue S(RY)

The constants only depend on the seminorms of f in L¥(R,S(h™1, hg?)).

In the following, we let ||u(t)|| be the L? norm of x — u(t,z) € CV in R" for fixed t,
and (u(t),v(t)) the corresponding sesquilinear inner product. Let B = B(L*(R"), C") be
the set of bounded operators L*(R",C") — L?*(R", C"). We shall use operators which

depend measurably on t in the following sense.

Definition 6.6. We say that t — A(t) is weakly measurable if A(t) € B for all ¢ and ¢ —
A(t)u is weakly measurable for every u € L*(R™, CV), i.e., t — (A(t)u, v) is measurable for

any u, v € L*(R",CV). We say that A(t) € L

loc

(R, B) if t — A(t) is weakly measurable
and locally bounded in B.

If A(t) € L2.(R, B), then we find that the function t — (A(t)u,v) € L2 (R) has weak
derivative 4 (Au,v) € D'(R) for any u, v € L*(R", C"), given by

& (u) (@) = - [(ADuvd@d o e CFR)
If u(t), v(t) € L (R, L*(R",CN)) and A(t) € L

loc loc
oo
l;loc

(R, B), then t — (A(t)u(t),v(t)) €

(R) is measurable. We shall use the following multiplier estimate from [8].

Proposition 6.7. Let P = D, + iF(t) with F(t) € Lgs.
B*(t) € L2 (R, B), such that

loc

(R, B). Assume that B(t) =

(6.11) 4 (Bu,u) + 2Re (Bu, Fu) > (Mu,u) in D'(I) Y ue SR, CY)
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where M(t) = M*(t) € L2

loc

(R,B) and I C R is open. Then we have
(6.12) /(]\/[u,u) dt < Q/Im(Pu, Bu) dt
foru e C}(I,S(R", CN)).

Proof. Since B(t) € L7

loc

(R, B), we may for u, v € S(R", C") define the regularization
(Buuo) == [ (Bouv)ol(t - 9)/2)ds = (Bu.v) (6.) >0

where ¢.,(s) = e 'o((t — s)/e) with 0 < ¢ € C5°(R) satisfying [ ¢(t)dt = 1. Then
t = (B:(t)u,v) is in C*(R) with derivative equal to 4 (Bu,v) (¢-;) = — (Bu,v) (¢L,).
Let Iy be an open interval such that Iy € I. Then for small enough ¢ > 0 and t € I we
find from condition (6.11) that

(6.13) 4 (B.(t)u,u) + 2Re (Bu, Fu) (¢.¢) > (Mu,u) (¢2) u € S(R",CY)

dt

In fact, ¢.; > 0 and supp ¢.; € C3°(I) for small enough € when t € .
Now for u(t) € C3(lp, S(R",C")) and & > 0 we define

(6.14) B..(t) = (B:(t)u(t),u(t)) =~ / (B(s)u(t), u(t)) o((t — s)/e) ds
For small enough & we obtain B.,(t) € Cj(I,), with derivative
LB.w = ((£B.)u,u) + 2Re (B.u, du)

since B(t) € LS

loc

(R, B). By integrating with respect to ¢, we obtain the vanishing average
(6.15) 0= / LB, (t)dt = / ((£B:)u,u) dt + / 2 Re (B.u, Oyu) dt
when u € C(Iy, S(R",C")). We obtain from (6.13) and (6.15) that
0> / / ((M(s)u(t), u(t)) +2Re (B(s)u(t), dult) — F(s)u()) )b((t — 5)/<) dsdt
By letting ¢ — 0, we find by dominated convergence that
0> /(M(t)u(t), u(t)) + 2Re (B(t)u(t), Ou(t) — F(t)u(t)) dt

since u € C(Iy, S(R™,CY)) and M(t), B(t), F(t) € L2.(R,B). Here dyu — Fu = iPu
and 2Re (Bu,iPu) = —2Im (Pu, Bu), thus we obtain (6.12) for u € C}(Iy, S(R™, CY)).
Since [j is an arbitrary open subinterval with compact closure in I, this completes the

proof of the proposition. O
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7. THE LOWER BOUNDS

In this section shall prove Proposition 3.6, which means obtaining lower bounds on
2Im (Pyu, bfu) = (0:bFu, u) + 2 Re (Fu, bju)
where Py = D;Idy +iF"(t, z, D,) with
(7.1) F(t,w) = f(t,w)Idy +Fy(t,w)
Here f € L™(R,S(h! hg')) is real valued satisfying condition (¥) given by (2.2),
Fy € C*(R, S(1,hg*)) and b% = B is the symmetric scalar operator given by Propo-

sition 6.3 for this f. Since Proposition 5.11 and Proposition 6.2 give lower bounds on the

first term:
oYY = O,BY' " > m™* /2T in L* |t <T
it only remains to obtain comparable lower bounds on Re 0% F"™ by Proposition 6.5.

By Claim 3.9 we may also assume that

(7.2) Fy={dwf R) =) 0, fR;  modulo S(h,hg")  Vt
J

where R; € S(h'/2 hg*) are N x N systems, V j. Observe that since d,,f € S(MHY?,G),
hg* < 3G and h < M H'?h'/? by (5.8) we find that Fy € S(MHY?h'/2 @) C S(1,G) and
thus F' € S(M, G).

In the following, the results will hold for almost all |t| < 7" and will only depend on
the seminorms of f in L>®(R,S(h~1, hg*)). We shall suppress the ¢ variable and assume
the coordinates chosen so that ¢g*(w) = |w[%. In order to prove Proposition 3.6 we need

to prove the following result.

Proposition 7.1. Assume that F is given by (7.1)~(7.2) and B = &y + 0o. Here &y is
given by Definition 5.1, oo is real valued and Lipschitz continuous satisfying |oo] < m,

where m < (60)/2 is given by Definition 5.7. Then we have
(7.3) Re (BW**Fu,u) > (C"u, u) vV ue SR, CY)

for some N x N system C € S(m, g*).

Proof of Proposition 3.6. Let By = 0y + o7, where oy + or is the pseudo-sign for f given
by Proposition 5.11 for 0 < 7" < 1, so that |or| < m and

(7.4) (0o + or) =m/2T  in D'(]-T,TY)
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If we put By = 0 when [t| > T, then BV = b% where br(t,w) € L®(R, S(H/2, g%
N S*(1,4*)) uniformly by Proposition 6.3. We find by Proposition 6.2 and (7.4) that

(7.5) ((0:Br)"Y % u,u) > (m"**u,u) /2T in D'(]-T,TY)

when u € S(R™). We obtain from Proposition 6.5 that there exist positive constants ¢

and ¢y so that
(7.6) (m"**u,u) > collull} )y = ek P (I05ul]® + [[ul®)  uwe SR

Here |Jul|y/2 is the norm of the Hilbert space H(m'/2,g*) given by Definition 6.4. By
Proposition 7.1, we find for almost all ¢t € [T, T] that

(7.7) Re ((B%ViCka)|tu, u) = (C”(t)u,u) ueSR",CY)

here the N x N system C(t) € S(m, g*) uniformly. We obtain from (6.9), (7.6) and duality

that there exists a positive constant c3 such that
78 1€ (B u)| <l CP @l 1ys < esllul e < cs (Yo, u) ey
for u € S(R™,CY) and |t| < T. We find from (7.5)—(7.8) that

(Opbu, u) + 2Re (FPu, bfu) > (1/2T — 2c3/co) (m" " u, u) in D'(]-T,TY)
for u € S(R™, CY). By using Proposition 6.7 with P = D,Idy +iF“(t,z,D,), B = b%
and M = m"i* /AT we obtain that

clh1/2/|]b§”u||2 + |Jul|? dt < / (m" iy, u) dt < 8T/Im (Pou, bifu) dt

if u e S(R x R", C") has support where |t| < T' < ¢y/8c3. This finishes the proof of

Proposition 3.6. 0

Proof of Proposition 7.1. First we note that since BVt = p* € Op S({dy), g*) by Propo-
sition 6.3 and h'/2(05)? < 6m by (5.13), we find BV *R* € OpS(m,g¢*) when R €
S(h'2,¢%). Since Im F = & (F — F*) € S(1, hg*) we find
2Re(BYi*i(Im F)*) = i[b*, (Im F)*] € Op S(h'/?, ¢*)

thus it suffices to consider symmetric F' satisfying (7.2).

We shall localize in T*R™ with respect to the metric G = Hg*, and estimate the
localized operators. We shall use the neighborhoods
(7.9) W (€) = {w: Jw — wo| < eHY2(wy) } for wy € T*R"

We may in the following assume that ¢ is small enough so that w — H(w) and w — M (w)

only vary with a fixed factor in wy,(¢). Then by the uniform Lipschitz continuity of
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w +— do(w) we can find kg > 0 with the following property: for 0 < x < kg there exist
positive constants ¢, and €, so that for any wy € T*R"™ we have
(7.10) 160 (w)| < KHY?(w) W E Wy, (Ex) or
(7.11) 00 (w)| > ¢ H Y2 (w) W E Wy (Ex)
In fact, we have by the Lipschitz continuity that |J(w) — do(wo)| < e.H Y?(wy) when

W € Wy, (ex). Thus, if ¢, < k we obtain that (7.10) holds when |Jg(wo)| < £H /% (wy)
and (7.11) holds when |Jg(wp)| > cxH ~Y/2(wy).

Let k1 be given by Proposition 5.6, ko by Proposition 6.3, and let ¢,, and ¢, be given
by (7.10)—~(7.11) for k = min(ko, K1, k2)/2. Using Proposition 6.3 with A = ¢, we obtain
that sgn(B) = sgn(dy) and

(7.12) |B| > ¢ H?/3  in wy,(e,)
if H'/2 < ¢,/3 and (7.11) holds in wy,(c,).
Choose real symbols {1;(w) }, and { ¥;(w) }, € S(1,G) with values in ¢?, such that

Do Ui =1, 00 =1y, Uy = @7 > 0 for some { ¢;(w) }; € S(1,G) with values in (2 so
that
supp (bj - Wj = Wy; (€H>

Recall that BVt = p* where b = §; + o, is given by Proposition 6.3. In particular,
61 € S(H2,G) when H'? < k5/2 and (7.10) holds, since then (§y) < xoH /2.

Lemma 7.2. We find that A; = V;bRe F € S(MH~Y2 g*) (" S*(M, g*) uniformly in j,

and
(7.13) Re(B"F") =Y ¢¥AYY  modulo Op S(m, g°)
J
We have AY = Reb”F}" modulo Op S(m, g*) uniformly in j, where F; = W, F.
Proof. Since b € S(HY/2,¢")(N ST (1, ¢%), ¥; € S(1,G) and F; € S(M,G) we obtain that
A;j € S(MHY2 g8y S*(M, g*) uniformly in j. Proposition 5.9 gives that
(7.14) MH?3?(5,)* < Cm

thus we may ignore terms in Op S(MH?/2(5y)?, g*). Observe that since b € S(H /2, %),
{4}, € S(1,G) has values in €2 and A;, € S(MH~Y2 ¢*) uniformly, Lemma 3.3 and
Remark 3.4 gives that the symbols of 6" F", 0" F}" and Yo U AP} have expansions in
S(MH?/? g%). Also observe that in the domains w; where H/2 > ¢ > 0, we find from
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Remark 3.4 that the symbols of 3, ¥ A¥yy, 6" F* and 6" F* are in S(M H??, g*) giving
the result in this case. Thus, in the following, we shall assume that H'/? < 1, and we
shall consider the neighborhoods where (7.10) or (7.11) holds.

If (7.11) holds then we find that (&) = H~Y2 so S(MHY? ¢*) C S(m,g*) in w;
by (7.14). Since b € St(1,¢*) and A; € ST(M,g*) we find from Lemma 3.3 and Re-
mark 3.4 that the symbols of both Reb”F* and Y, ¢’ Ay are equal to >, ViA, =
RebF modulo S(MH'/2, g*) in w;. We also find that the symbol of Re bYF}" is equal to A;
modulo S(M H'/?, g*), which proves the result in this case.

Next, we consider the case when (7.10) holds with k = min(kg, k1, k2)/2 and HY? <
Ko/2 in w;. Then (&) < koH Y2 s0b =6 + 01 € S(H Y2 G) + S(m,g¢") in w; by
Proposition 6.3. Now b is real and F' is symmetric modulo S(M H,G). Thus, by taking
the symmetric part of b* F'" = 0" F+ o}’ F'* we obtain from Lemma 3.3 that the symbol of
Re(b*F¥ — (bF)®) is in S(MH3/2,G) + S(MHm, g*) C S(m, ¢*) in w; since M < CH™L.
Similarly, we find that AY = Reb“F®” modulo S(m,g*). Since A; € S(MH™/2,G) +
S(Mm, g*) uniformly, we find that the symbol of >, ¥ A% is equal to Re bF modulo
S(m, ¢*) in w; by Remark 3.4, which proves (7.13) and Lemma 7.2. O

Next, we shall show that there exists N x N system C; € S(m, ¢*) uniformly, such that

(7.15) (AYu,u) > (C';-”u,u) ue SR, CY)

J

Then we obtain from (7.13) and (7.15) that

Re (0" F"u,u) > > (VPCP¢Yu,u) + (Ru,u)  ue SR, CY)
J

where >, ¢ C" and R € Op S(m, g*), which will prove Proposition 7.1.

Thus, it remains to show that there exists C; € S(m, ¢*) satisfying (7.15). As before
we are going to consider the cases when H'/2 221 or H'/? < 1, and when (7.10) or (7.11)
holds in w; = wy, () for k£ = min(ko, K1, K2)/2. When HY? > ¢ > 0 we find that
Aj € S(MH?? g*) C S(m, ¢g*) uniformly by (7.14) which gives the lemma with C; = A;

in this case. Thus, we may assume that
(7.16) HY? < gy = min(ko, k1, Ko, K3) /2 in w;

with k3 = 2¢,/3 so that (7.12) follows from (7.11).

First, we consider the case when H'Y2 < s, and (7.11) holds in w;. Since |do(w)| >

e HV2(w), we find (Jp) = H~'/2in w;. As before we may ignore terms in S(M H'/?2, g*) C
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S(m,¢*) in w; by (7.14). Let f; = W, f, since sgn(f) = sgn(dy) = sgn(B) in w; by
Proposition 6.3 we find that f;B > 0. Since f; € S(M,G), we find f* = f}V** modulo
Op S(MH,G) by Proposition 6.2, thus we may replace f;* with fjWiCk. Since Fy,; €
S(MH'Y2h? @) by (7.2) we find that BV [y € Op S(MH'?, ¢%). Since |[B] < CH*/?
and B € ST(1,¢*), we find from (6.6) in Remark 6.1 that

AY = Re BWiCkf]WiCk = (Bf)"Vie >0 in L? modulo Op S(MH'?, ¢%)

which gives (7.15) in this case.

Finally, we consider the case when (7.10) holds with x = min(kq, k1, k2)/2 and H/? <
ks < k in w;. Then (&) < 2kH~Y2 so we obtain from Proposition 5.6 that &, €
S(HY2,G)YN S({d), ¢*) in w;. We have that b = (y + g9)"Vi* = BVik where

(7.17) ool < m < H'Y?(80)?/2 < (b0) /2

by Propositions 5.8 and 5.11. Also, we find form Lemma 7.2 that AY = Re BV Fv
modulo Op S(m, g*).

Take x(t) € C*°(R) such that 0 < x(¢) < 1, |[¢| > 2 in supp x(¢) and x(¢) = 1 for
|t] > 3. Let xo = x(do), then 2 < |dy| and (do)/|d0] < 3/2 in supp xo, thus

(7.18) 14 X000/d0 = 1 = X0(d0)/2[d0| = 1/4
Since |dg] < 3 in supp(1 — xo) we find by (7.17) that
B = do + X000 = do(1 + X000/0)
modulo terms that are O(H'/?). Since |§)| < 1 and
X000/ 80| < xoH'*(60)*/2100] < 3H'/?(8,) /4
we find from (6.5) in Remark 6.1 that
(7.19) BWick — siick plVick —modulo Op S(HY?(5), ¢*)

where By = 1+ X000/ = O(1). Proposition 6.3 gives (x000/0)"** € Op S(H?(5), g*)
and &)V = §¥ where §; € S(H /2, ¢*) and 6, = §y modulo Op S(H'Y?,G) in w;. Thus
Lemma 3.3 and (7.19) gives

(7.20) BWick — gwplVick — swplWick L cv  modulo Op S(HY?(8), ¢°)

where ¢ € S(H~'/2, %) such that supp c(w; = 0.
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We find from Proposition 5.6 that f = agdy, where ki M HY? < ay € S(MH'?,G), so
Leibniz’ rule gives 04(1)/2 € S(MY2HY4 G). Let f; = W, f and

(7.21) a; = ay/*¢;00 € S(MVEHY . G) () S(MY2HY4(50), )

Since W; = ¢? we find a} = f;d and the calculus gives

(7.22) a}”(aém(bj)w = f} modulo Op S(MH, G)

Since supp f; (supp ¢ = @ we find that f*c* € Op S(MH?/?, g*). We also have

(7.23) Re f1'6y = a¥a?  modulo Op S(MH*?,G)

and Im f6¢ € Op S(MH'? G). We obtain from (7.20) and (7.22) that

(7.24)  fi' BV = f0(85 By ' 4 ¢ + ) = [0 By " + ary’ modulo Op S(m, ¢)

where r € S(H'?(0y),g*) which gives r¥ = (a;)r™ € Op S(MYZH3/4(6,), ). 1f

ReA=1(A+ A*),ImA = 5 (A — A*) and B* = B then
Re(AB) = Re(Re A)B +i[lm A, B]/2
By taking A = f}’dy’ and B = BYi* we find from (7.23) that
(7.25) Re (f;”éé”ngCk) = Re(a?’a;f’BgWCk) modulo Op S(m, ¢*)
In fact, By = 1+ X000/ and (x000/60)"** € Op S(HY?(8y), g*) by Proposition 6.2, thus
[a®, By = [a", (x000/30)" "] € Op S(MH?*(é), ¢F)
when a € S(MH'Y? @G). Similarly, we find from (7.21) that
(7.26) a}f’a?}Bg/M = a;f’(BgViCka;” + 5%) modulo Op S(m, ¢*)

where s; = [a¥, B)'"*] € S(MY*H3*(é),g"). Next, we shall use an argument by
Lerner [24]. Since By > 1/4 by (7.18) we find from (7.24)—(7.26) that
~ 1

(7.27) Re f}”BWZCk > Za;”a;” + Reaj S}’ in L? modulo Op S(m, ¢*)
where S; = 1; +s; € S(MY2H?3*(8), ¢*). Then by completing the square, we find

; 1 * w w :
(7.28) Re fi* BY*" > 2 (a¥ +25)" (a¥ +25¢) >0 in L? modulo Op S(m, ¢*)
since (S¥)*S¥ = S S¥ € Op S(MH?*?(60)2, ¢°).

But we must also consider Re F§; B"* | where Fy satisfies (7.2) so

(7.29) Foj=V,Fy € S(MHY?h'/2 Q)



SOLVABILITY 39

We shall prove that
(7.30) Re F, BV'** = Rea RY modulo Op S(m, g*)

where R; € S(MY2H3/*, ¢*), which can then be included in the term given by S; in (7.27).
Since b = & € S(H~Y/2,G) modulo S(HY%(4y)?, ¢*) in w; by Proposition 6.3 we find

Re Fy, BV = Re F!;b" = (Re Fy ;00)"
modulo Op S(m, g*). We find from (7.21) and (7.29) that Ima; = 0, so
Re F01j50 = Re ¢32F050 = CLjRj

where

R; =Re¢;Fy/ap> € S(MV2HY B2 G) C S(MV2HY*, Q)
This gives (Re Fp00)” = af Ry modulo Op S(MHRY? G) C OpS(m,g*), so we ob-
tain (7.30). By adding R; to S; in (7.27) and completing the square as in (7.28), we
obtain (7.15) in this case. This completes the proof of Proposition 7.1. U

Remark 7.3. It follows from the proof of Proposition 7.1 that in order to obtain the
estimate (7.3) it suffices that the lower order term Fy € S(MH, g*) C S(1, ¢%).

REFERENCES

1. R. Beals and C. Fefferman, On local solvability of linear partial differential equations, Ann. of Math.
97 (1973), 482-498.

2. J.-M. Bony and J.-Y. Chemin, Espace fonctionnels associés au calcul de Weyl-Héormander, Bull. Soc.
Math. France 122 (1994), 77-118.

3. F. Colombini, L. Pernazza, and F. Treves, Solvability and nonsolvability of second-order evolution
equations, Hyperbolic problems and related topics, Grad. Ser. Anal., Int. Press, Somerville, MA,
2003, 111-120.

4. N. Dencker, On the propagation of singularities for pseudo-differential operators of principal type,
Ark. Mat. 20 (1982), 23-60.

, Preparation theorems for matriz valued functions, Ann. Inst. Fourier (Grenoble) 43 (1993),

865-892.

, The solvability of non L? solvable operators, Journees ”Equations aux Dérivées Partielles”,

St. Jean de Monts, France, 1996.

, A sufficient condition for solvability, International Mathematics Research Notices 1999:12

(1999), 627-659.

, The resolution of the Nirenberg-Treves conjecture, Ann. of Math. 163 (2006), 405-444.

, The solvability of pseudo-differential operators, Phase space analysis of partial differential
equations, Vol. I, Pubbl. Cent. Ric. Mat. Ennio Giorgi, Scuola Norm. Sup., Pisa, 2004, 175-200.

10. | On the solvability of pseudo-differential operators, Sémin. Equ. Dériv. Partielles, Ecole Poly-
tech., Palaiseau, 2005-2006.

11. , The pseudospectrum of systems of semiclassical operators, Anal. PDE 1 (2008), 323-373.

12. L. Hérmander, The Weyl calculus of pseudo-differential operators, Comm. Partial Differential Equa-
tions 32 (1979), 359-443.

13. | Pseudo-differential operators of principal type, Nato Adv. Study Inst. on Sing. in Bound.
Value Problems, Reidel Publ. Co., Dordrecht, 1981, 69-96.




SOLVABILITY 40

14. , The analysis of linear partial differential operators, vol. I-IV, Springer Verlag, Berlin, 1983—

1985.

15. , Notions of converity, Birkhauser, Boston, 1994.

16. | On the solvability of pseudodifferential equations, Structure of solutions of differential equa-
tions (M. Morimoto and T. Kawai, eds.), World Scientific, New Jersey, 1996, 183-213.

17. , The proof of the Nirenberg-Treves conjecture according to N. Dencker och N. Lerner, Preprint.

18. N. Lerner, Sufficiency of condition (¥) for local solvability in two dimensions, Ann. of Math. 128
(1988), 243-258.

, Nonsolvability in L? for a first order operator satisfying condition (¥), Ann. of Math. 139

(1994), 363-393.

, Energy methods via coherent states and advanced pseudo-differential calculus, Multidi-

mensional complex analysis and partial differential equations (P. D. Cordaro, H. Jacobowitz, and

S. Gidikin, eds.), Amer. Math. Soc., Providence, R.I., USA, 1997, 177-201.

, Perturbation and energy estimates, Ann. Sci. Ecole Norm. Sup. 31 (1998), 843-886.

, The Wick calculus of pseudo-differential operators and some of its applications. Cubo Mat.

Educ. 5 (2003), 213-236.

, Factorization and solvability, Preprint.

, Cutting the loss of derivatives for solvability under condition (¥ ), Bull. Soc. Math. France
134 (2006), 559-631.

25. H. Lewy, An example of a smooth linear partial differential equation without solution, Ann. of Math.
66 (1957), 155-158.

26. G. A. Mendoza and G. Uhlmann, A necessary condition for local solvability for a class of operators
with double characteristics, J. Funct. Anal. 52 (1983), 252-256.

27. R. D. Moyer, Local solvability in two dimensions: Necessary conditions for the principal-type case,
Mimeographed manuscript, University of Kansas, 1978.

28. L. Nirenberg and F. Treves, On local solvability of linear partial differential equations. Part I: Neces-
sary conditions, Comm. Partial Differential Equations 23 (1970), 1-38, Part II: Sufficient conditions,
Comm. Pure Appl. Math. 23 (1970), 459-509; Correction, Comm. Pure Appl. Math. 24 (1971),
279-288.

29. P. Popivanov and C. Georgiev, Necessary condition for local solvability of operators with double
characteristics, Annuaire Univ. Sofia Fac. Math. Méc. 75 (1981), 57-71.

30. K. Pravda-Starov, etude du pseudo-spectre d’opérateurs non auto-adjoints, Ph.D. thesis, Université
de Rennes I, 2006.

31. J.-M. Trépreau, Sur la résolubilité analytique microlocale des opérateurs pseudodifférentiels de type
principal, Ph.D. thesis, Université de Reims, 1984.

19.

20.

21.
22.

23.
24.

CENTRE FOR MATHEMATICAL SCIENCES, UNIVERSITY OF LUND, Box 118, SE-221 00 LUND, SWE-
DEN

FE-mail address: dencker@naths.lth.se



