THE PSEUDOSPECTRUM OF SYSTEMS
OF SEMICLASSICAL OPERATORS

NILS DENCKER

1. INTRODUCTION

In this paper we shall study the pseudospectrum or spectral instability of square non-
selfadjoint semiclassical systems of principal type. Spectral instability of non-selfadjoint
operators is currently a topic of interest in applied mathematics, see [2] and [19]. Tt arises
from the fact that, for non-selfadjoint operators, the resolvent could be very large in an
open set containing the spectrum. For semiclassical differential operators, this is due to the
bracket condition and is connected to the problem of solvability. In applications where
one needs to compute the spectrum, the spectral instability has the consequence that
discretization and round-off errors give false spectral values, so called pseudospectrum,
see [19] and references there.

We shall consider bounded systems P(h) of semiclassical operators given by (2.2), and
we shall generalize the results of the scalar case in [6]. Actually, the study of unbounded
operators can in many cases be reduced to the bounded case, see Proposition 2.20 and
Remark 2.21. We shall also study semiclassical operators with analytic symbols, in the
case when the symbols can be extended analytically to a tubular neighborhood of the
phase space satisfying (2.3). The operators that we consider are of principal type, which
means that the principal symbol vanishes of first order on the kernel, see Definition 3.1.

The definition of semiclassical pseudospectrum in [6] is essentially the bracket condi-
tion, which is suitable for symbols of principal type. By instead using the definition of
(injectivity) pseudospectrum by Pravda-Starov [15] we obtain a more refined view of the
spectral instability, see Definition 2.27. For example, z is in the pseudospectrum of infi-
nite index for P(h) if for any N the resolvent norm blows up faster than any power of the

semiclassical parameter:
(1.1) [(P(h) —zId) Y| > Cxh™  0<h<k1

In [6] it was proved that (1.1) holds almost everywhere in the semiclassical pseudospec-
trum. We shall generalize this to systems and prove that for systems of principal type,

except for a nowhere dense set of degenerate values, the resolvent blows up as in the
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scalar case, see Theorem 3.10. The complication is that the eigenvalues don’t have con-
stant multiplicity in general, only almost everywhere.

At the boundary of the semiclassical pseudospectrum, we obtained in [6] a bound on
the norm of the semiclassical resolvent, under the additional condition of having no un-
bounded (or closed) bicharacteristics. In the systems case, the picture is more complicated
and it seems to be difficult to get an estimate on the norm of the resolvent using only
information about the eigenvalues, even in the principal type case, see Example 4.1. In
fact, the norm is essentially preserved under multiplication with elliptic systems, but the
eigenvalues are changed. Also, the multiplicities of the eigenvalues could be changing
at all points on the boundary of the eigenvalues, see Example 3.9. We shall instead
introduce quasi-symmetrizable systems, which generalize the normal forms of the scalar
symbols at the boundary of the eigenvalues, see Definition 4.5. Quasi-symmetrizable sys-
tems are of principal type and we obtain estimates on the resolvent as in the scalar case,
see Theorem 4.15.

For boundary points of finite type we obtained in [6] subelliptic type of estimates on
the semiclassical resolvent. This is the case when one has non-vanishing higher order
brackets. For systems the situation is less clear, there seems to be no general results on
the subellipticity for systems. In fact, the real and imaginary parts do not commute in
general, making the bracket condition meaningless. Even when they do, Example 5.2
shows that the bracket condition is not sufficient for subelliptic type of estimates. In-
stead we shall introduce invariant conditions on the order of vanishing of the symbol
along the bicharacteristics of the eigenvalues. For systems, there could be several (limit)
bicharacteristics of the eigenvalues going through a characteristic point, see Example 5.9.
Therefore we introduce the approzimation property in Definition 5.10 which gives that
the all (limit) bicharacteristics of the eigenvalues are parallell at the characteristics, see
Remark 5.11. The general case presently looks too complicated to handle. We shall gen-
eralize the property of being of finite type to systems, introducing systems of subelliptic
type. These are quasi-symmetrizable systems satisfying the approximation property, such
that the imaginary part on the kernel vanishes of finite order along the bicharacteristics
of the real part of the eigenvalues. This definition is invariant under multiplication with
invertible systems and taking adjoints, and for these systems we obtain subelliptic types
of estimates on the resolvent, see Theorem 5.20.

As an example, we may look at
P(h) = h*Aldy +iK(z)

where A = — 37" | 07 is the positive Laplacean, and K(z) € C*(R") is a symmetric

N x N system. If we assume some conditions of ellipticity at infinity for K(z), we
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may reduce to the case of bounded symbols by Proposition 2.20 and Remark 2.21, see
Example 2.22. Then we obtain that P(h) has discrete spectrum in the right half plane
{z: Rez >0}, and in the first quadrant if K(xz) > 0, by Proposition 2.19. We obtain
from Theorem 3.10 that the L* operator norm of the resolvent grows faster than any
power of i as h — 0, thus (1.1) holds for almost all values z such that Rez > 0 and Im 2
is an eigenvalue of K, see Example 3.12.

For Re z = 0 and almost all eigenvalues Im z of K, we find from Theorem 5.20 that the
norm of the resolvent is bounded by Ch~2/3, see Example 5.22. In the case K(x) > 0 and
K (z) is invertible at infinity, we find from Theorem 4.15 that the norm of the resolvent is
bounded by Ch~! for Rez > 0 and Im z = 0 by Example 4.17. The results in this paper
are formulated for operators acting on the trivial bundle over R". But since our results

are mainly local, they can be applied to operators on sections of fiber bundles.

2. THE DEFINITIONS

We shall consider N x N systems of semiclassical pseudo-differential operators, and use

the Weyl quantization:

1 |
(2.1) P(x, hD,)u = Tk / / P (x ;“ Y hg) @) gy () dydg

for matrix valued P € C=(T*R", L(CN,CY)). We shall also consider the semiclassical

operators

(2.2) P(h) ~ Y W P?(z,hD)
§=0

with P; € Co(T*R™, L(CY, CY)). Here Cf° is the set of C* functions having all deriva-
tives in L™ and Py = o(P(h)) is the principal symbol of P(h). The operator is said to
be elliptic if the principal symbol F, is invertible, and of principal type if Py vanishes
of first order on the kernel, see Definition 3.1. Since the results in the paper only de-
pend on the principal symbol, one could also have used the Kohn-Nirenberg quantization
because the different quantizations only differ in the lower order terms. We shall also
consider operators with analytic symbols, then we shall assume that P;(w) are bounded

and holomorphic in a tubular neighborhood of T*R" satisfying
(2.3) 1Pi(z, Ol < o7 |Im(2,¢)| <1/C Vj=0

which will give exponentially small errors in the calculus, here ||A|| is the norm of the
matrix A. But the results hold for more general analytic symbols, see Remarks 3.11
and 4.19. In the following, we shall use the notation w = (z,§) € T*R".
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We shall consider the spectrum Spec P(h) which is the set of values A such that the
resolvent (P(h) — AIdy)~! is a bounded operator, here Idy is the identity in CV. The
spectrum of P(h) is essentially contained in the spectrum of the principal symbol P(w),
which is given by

|P(w) — Aldy | =0
where |A| is the determinant of the matrix A. For example, if P(w) = o(P(h)) is bounded
and z; is not an eigenvalue of P(w) for any w = (z,£) (or a limit eigenvalue at infinity)
then P(h)— 2 Idy is invertible by Proposition 2.19. When P(w) is an unbounded symbol
one needs additional conditions, see for example Proposition 2.20. We shall mostly restrict
our study to bounded symbols, but we can reduce to this case if P(h)—z; Idy is invertible,
by considering
(P(h) — 2 Idy) " H(P(h) — % 1dy) 2 # 2

see Remark 2.21. But unless we have conditions on the eigenvalues at infinity, this does

not always give a bounded operator.

Example 2.1. Let

Po-(y§) cer
then 0 is the only eigenvalue of P(§) but
24 (@)~ s1ax) " = =172 (o )
and (P¥ — zIdy) ' P¥ = —z7'P" is unbounded for any z # 0.

Definition 2.2. Let P € C*°(T*R") be an N x N system. We denote the closure of the

set of eigenvalues of P by

(2.5) YX(P)={X2eC:JweT*R", |P(w)—Aldy|=0}
and the eigenvalues at infinity:

(2.6)
Yoo(P)={A€C:3w; — oo Ju; € CV\ 0; |P(w;)u; — Myl /|u;] — 0, j — o0}

which is closed in C.
In fact, that ¥ (P) is closed follows by taking a suitable diagonal sequence. Observe
that as in the scalar case, we could have ¥ (P) = X(P), for example if P(w) is constant

in one direction. It follows from the definition that A\ ¢ ¥ (P) if and only if the resolvent

is defined and bounded when |w| is large enough:

(2.7) I(P(w) = AIdy) Y < C Ju| > 1



PSEUDOSPECTRUM FOR SYSTEMS 5

In fact, if (2.7) does not hold there would exist w; — oo such that ||(P(w;) —A1dy) | —
o0, j — 00. Thus, there would exist u; € C such that |u;| = 1 and P(w;)u; — Aduj; — 0.
On the contrary, if (2.7) holds then |P(w)u — Au| > |u|/C for any u € CV and |w| > 1.
It is clear from the definition that ¥, (P) contains all finite limits of eigenvalues of P
at infinity. In fact, if P(w;)u; = A\ju;, |u;| =1, w; — oo and A; — A then
P(’U)j)Uj - )\Uj = ()\] - /\)u] — 0
Example 2.1 shows that in general 3, (P) could be a larger set.

Example 2.3. Let P(§) be given by Example 2.1, then ¥(P) = {0} but X,(P) = C
by (2.4) and (2.7). In fact, for any A € C we find that

|P(&)ug — Aug| = N* when  ue ="(£,))
We have that |ug| = v/|A|?2 + &2 — 00 so |P(&)ug — Aug|/|ue] — 0 when [{] — oo.

For bounded symbols we get equality according to the following proposition.

Proposition 2.4. If P € C°(T*R") is an N x N system then Y (P) is the set of all
limits of the eigenvalues of P at infinity.

Proof. Since Yo (P) contains all limits of eigenvalues of P at infinity, we only have to
prove the opposite inclusion. Let A € ¥ (P) then by the definition there exist w; — oo
and u; € CV such that |u;| = 1 and |P(w;)u; — Au;| = £;; — 0. Then we may choose
N x N matrix A; such that ||4;|| = ¢; and P(w;)u; = Au; + Aju; thus A is an eigenvalue
of P(w;) —A;. Now if A and B are N x N matrices and d(Eig(A), Eig(B)) is the minimal
distance between the sets of eigenvalues of A and B under permutations, then we have
that d(Eig(A), Eig(B)) — 0 when ||A — B|| — 0. In fact, a theorem of Elsner [8] gives

(2.8) d(Eig(A), Eig(B)) < N(2max([|Al, | BII))' /¥ A - BN

Since the matrices P(w;) are uniformly bounded we find that they have an eigenvalue p;
such that |p; — A| < CNejl/N — 0 as j — oo, thus A = lim;_,, p; is a limit of eigenvalues
of P(w) at infinity. O

One problem with studying systems P(w), is that the eigenvalues are not very regular in
the parameter w, generally they depend only continuously (and eigenvectors measurably)

on w.

Definition 2.5. For an N x N system P € C*(T*R") we define
kp(w,\) = Dim Ker(P(w) — AIdy)

and

Kp(w,\) =max {k : Hp(w, \) =0 for j <k}
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where p(w, A) = |P(w) — AIdy | is the characteristic polynomial. We have kp < Kp with
equality for symmetric systems but in general we need not have equality, see Example 2.7.
Let

On(P) = {(w,\) e T'R" x C: Kp(w,\) >k}  k>1
then ) = Qn.1(P) C Qn(P) C -+ C Q(P) and we may define

(2.9) E(P) = | Joy(P)

j>1

where 0€2;(P) is the boundary of ;(P) in the relative topology of €2;(P).

Clearly, Q,(P) is a closed set for any j > 1. By the definition we find that the multi-
plicity Kp of the zeros of |P(w) — A1dy | is locally constant on Q;(P) \ Z(P). If P(w) is
symmetric then kp = Dim Ker(P(w) — AIdy) also is constant on ;(P) \ Z(P) but this

is not true in general, see Example 3.9.

Remark 2.6. We find that Z(P) is closed and nowhere dense in Qy(P) since it is the

union of boundaries of closed sets. We also find that
(w,\) € E(P) & (w,\) € Z(P¥)
since |[P* — Xldy | = |P — Ady |.

Example 2.7. Let

but kp =1 on Qy(P).

Example 2.8. Let
0 1
P(t) = (t O) teR

then P(t) has the eigenvalues ++/¢, and kp = 1 on Q;(P).

Example 2.9. Let

wy + w w
p— 1 2 3
w3 W — W2

0 (P) = {(w;Aj): A= w4 (—1\Jud +w, j =1, 2}

We have that Q9(P) = { (w1,0,0;w;) : wy € R} and kp = 2 on Qy(P).

then
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Definition 2.10. Let 7; be the projections
m(w, \) = w mo(w, ) = A
then we define for A € C the closed sets
Sa(P) = m ((P) (7' (V) = {w: [P(w) = Aldy | =0}

and
X(P)=m (E(P)) CT'R"

Remark 2.11. Observe that X(P) is nowhere dense in T*R™ and P(w) has constant
characteristics near wy ¢ X(P). This means that |P(w) — Adx | = 0 if and only if X =
Aj(w) for j =1,...k, where the eigenvalues \j(w) # \p(w) for j # k when |w—wy| < 1.

In fact, 7, '(w) is a finite set for any w € T*R™ and since the eigenvalues are con-
tinuous functions of the parameters, the relative topology on €;(P) is generated by
7 (w) Q1 (P) for open sets w € T*R™.

Definition 2.12. For an N x N system P € C*(T*R") we define the weakly singular

eigenvalue set

(2.10) Sus(P) = (E(P)) C C

and the strongly singular eigenvalue set
(2.11) S (P) = {)\ - (V[ u(P) CE(P) } .

Remark 2.13. It is clear from the definition that X4(P) C X,s(P). We have that
Yuws(P)U2Zoo(P) and Ess(P) | X (P) are closed, and X45(P) is nowhere dense.

In fact, if \; — X € Yoo (P), then w5 '(\;) () Q1 (P) is contained in a compact set for
j > 1, which then either intersects Z(P) or is contained in =(P). Since Z(P) is closed,
these properties are preserved in the limit.

Also, if A € X.,(P), then there exists (w;, \;) € Z(P) such that \; — X as j — oo.
Since =(P) is nowhere dense in € (P), there exists (wj, A\jx) € Q1(P) \ Z(P) converging
to (w;, \;) as k — oo. Then X(P) \ Xs5(P) 3 Aj; — A, s0 Xgs(P) is nowhere dense. On
the other hand, it is possible that ¥,,(P) = X(P) by the following example.

Example 2.14. Let P(w) be the system in Example 2.9, then we have
Yus(P)=%(P)=R

and Y, (P) = (. In fact, the eigenvalues coincide only when wy = w3 = 0 and the
eigenvalue A = w; is also attained at some point where wsy # 0. If we multiply P(w) with
w4 + iws, we obtain that $,,(P) = S(P) = C. If we set P(wy, ws) = P(0, wy,ws) we find
that ¥, (P) = Syus(P) = {0}.
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Lemma 2.15. Let P € C®°(T*R™) be an N x N system. If (wg, Ao) € Q1(P)\ Z(P) then
there exists a unique C™ function A(w) so that (w,\) € Q1 (P) if and only if A = A\(w)
in a neighborhood of (wo, Ao). If Ao € X(P) \ (Zws(P) U Xeo(P)) then 3 AN(w) € C* such
that (w, \) € Q1 (P) if and only if A = ANw) in a neighborhood of ¥y,(P).

We find from Lemma 2.15 that 2 (P)\=(P) is locally given as a C*> manifold over T*R™,
and that the eigenvalues \;(w) € C* outside X (P). This is not true if we instead assume

that kp is constant on € (P), see Example 2.8.
Proof. If (wg, Ao) € Q1(P) \ Z(P), then
A — |P(w) — Ady |
vanishes of exactly order £ > 0 on (P) in a neighborhood of (wg, Ag), so
| P(wo) — Aldy | #0  for A= X

Thus A = A(w) is the unique solution to 9§ '|P(w) — AIdy | = 0 near wy which is C* by
the Implicit Function Theorem.

If Ao € 2(P)\ (Bws(P)UJ2x(P)) then we obtain this in a neighborhood of any wy €
Y (P) € T*R". By using a C* partition of unity we find by the uniqueness that
A(w) € C* in a neighborhood of ¥y, (P). O

Remark 2.16. Observe that if g € X(P) \ (Zuws(P)|JXoo(P)) and AN(w) € C™ satisfies
|P(w) — AMw)Idy | = 0 near ¥,(P) and )\}ZAO(P) = \o, then we find by the Sard Theorem
that dRe X and dIm X are linearly independent on the codimension 2 manifold ¥,,(P) for
almost all values p close to \g. Thus for n =1 we find that ¥,(P) is a discrete set for

almost all values p close to \y.

In fact, since Ay ¢ Xo(P) we find that X,(P) — 3),(P) when p — Ay so X,(P) =
{w: Mw)=p} for |p— N| < 1.

Definition 2.17. A C*° function A(w) is called a germ of eigenvalues at wq for the N x N
system P € C°(T*R") if
(2.12) |P(w) — AMw)Idy | =0 in a neighborhood of wy

If this holds in a neighborhood of every point in w € T*R™ then we say that A(w) is a

germ of eigenvalues for P on w.

Remark 2.18. If \g € X(P) \ (Xss(P) U 2Xec(P)) then there ezists wy € Xy, (P) so that
(wo, Ao) € Q1(P) \ Z(P). By Lemma 2.15 there exists a C™ germ A(w) of eigenvalues
at wy for P such that Mwy) = Ao. If Ao € X(P) \ (Zws(P)U2Xe0(P)) then there exists a
C> germ Aw) of eigenvalues on Xy, (P).
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As in the scalar case we obtain that the spectrum is essentially discrete outside 3. (P).

Proposition 2.19. Assume that the N x N system P(h) is given by (2.2) with principal
symbol P € C°(T*R"™). Let Q be an open connected set, satisfying

QZu(P) =0 and Q[ \CS(P) #0

Then (P(h) — 21dy)™Y, 0 < h < 1, z € Q, is a meromorphic family of operators with
poles of finite rank. In particular, for h sufficiently small, the spectrum of P(h) is discrete
in any such set. When QX(P) = 0 we find that Q contains no spectrum of P*(x, hD).

Proof. We shall follow the proof of Proposition 3.3 in [6]. If Q satisfies the assumptions
of the proposition then there exists C' > 0 such that

(2.13) |(P(w) —zIdy) | <C  ifz€Qand |w|>C

In fact, otherwise there would exist w; — oo and z; € Q such that |(P(w;) — 2z; Idy) 7! —
o0, j — 00. Thus, Ju; € CV such that |u;| = 1 and P(w;)u; —z;u; — 0. Since L(P) € C
we obtain after picking a subsequence that z; — z € Q) So(P) = (). The assumption
that QN CX(p) # 0 implies that for some z, € © we have (P(w) — 2 Idy)™! € C°. Let
X € C5°(T*R™), 0 < x(w) <1 and x(w) = 1 when |w| < C, where C' is given by (2.13).
Let
R(w, z) = x(w)(P(w) — 2 Idy) ™" + (1 = x(w))(P(w) — z1dy) " € G

for z € Q. The symbolic calculus then gives

RY(x,hD,z)(P(h) — zldy) = I + hBy(h, z) + K1 (h, 2)

(P(h) — z1dn)R"(xz,hD, z) = I + hBs(h, z) + Ks(h, 2)
where K (h, z) are compact operators on L?(R") depending holomorphically on z, vanish-
ing for z = z, and Bj(h, z) are bounded on L*(R"), j = 1,2. By the analytic Fredholm
theory we conclude that (P(h)— 2 Idy)~! is meromorphic in z € 2 for h sufficiently small.
When Q) X(P) = 0 we can choose R(w, z) = (P(w) — zIdy)™", then K; =0 for j = 1,
2, and P(h) — zIdy is invertible for small enough h. O

We shall show how the reduction to the case of bounded operator can be done in the

systems case, following [6]. Let m(w) be a positive function on T*R™ satisfying
1 < m(w) < Clw — we)Vm(wp) , YV w, wy € T"R"

for some fixed C' and N, where (w) = 1 + |w|. Then m is an admissible weight function

and we can define the symbol classes P € S(m) by

105 P(w)]| < Cam(w) Vo
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Following [7] we can then define the semiclassical operator P(h) = P¥(x,hD). In the
analytic case we require that the symbol estimates hold in a tubular neighborhood of
T*R™

(2.14) |0eP(w)|| < Com(Rew) for |Imw|<1/C  Va

One typical example of an admissible weight function is m(z,&) = ({(£)? + (x)P).

Now we make the ellipticity assumption
(2.15) [P~ (w)|| < Com™H(w) lw| > 1

and in the analytic case we assume this in a tubular neighborhood of T*R™ as in (2.14).

By Leibniz’ rule we obtain that P~ € S(m™!) at infinity, i.e.,
(2.16) losP (w)ll < Com™ (w)  Jw] > 1
When z ¢ 3(P)|JX(P) we find as before that

I(P(w) —zIdy) M| < C Vw

since the resolvent is uniformly bounded at infinity. This implies that P(w)(P(w) —
zIdy)™! and (P(w) — 2zIdy) ' P(w) are bounded. Again by Leibniz’ rule, (2.15) holds
with P replaced by P — zIdy thus (P(w) — zIdy)™' € S(m™!) and we may define the
semiclassical operator ((P — zIdy)™1)*(x, hD). Since m > 1 we find that P(w) —zIdy €

S(m), so by using the calculus we obtain that
(PY — 21dy)((P — z1dy) ™ )" = 1 + hRY
(P —zIdy) ™" (PY — z1dy) = 1 + hRY

where R; € S(1), j = 1, 2. For small enough h we get invertibility and the following

result.

Proposition 2.20. Assume that P € S(m) is an N x N system satisfying (2.15) and
that z ¢ X(P)JXw(P). Then we find that PY — z1dy is invertible for small enough h.

This makes it possible to reduce to the case of operators with bounded symbols.

Remark 2.21. If z; ¢ Spec(P) we may define the operator
Q = (P — 21 IdN)_l(P — 29 IdN> Z9 7£ Z1
then the resolvents of QQ and P are related by

. Cz1 — 2o

¢—1

(Q—Cldy) ™ = (1 - ) (P — 2 Idy) (P IdN)_ CA1

when C’?%l’” ¢ Spec(P).
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Example 2.22. Let

P(z,€) = |¢)? Idy +iK ()
where 0 < K(x) € Cf°, then we find that P € S(m) with m(z,&) = [{* + 1. If
0 ¢ Yoo(K) then K(z) is invertible for |z] > 1, so P~! € S(m™!) at infinity. Since
Rez > 0 in ¥(P) we find from Proposition 2.20 that P¥(z, hD) + Idy is invertible for
small enough h and P*(z, hD)(P*(x,hD)+Idy) " is bounded in L? with principal symbol
P(w)(P(w) +Idy)~t € Cf°.

In order to measure the singularities of the solutions, we shall introduce the semiclassical

wave front sets.

Definition 2.23. For u € L*(R"™) we say that wy ¢ WFy,(u) if there exists a € C°(T*R")
such that a(wp) # 0 and the L? norm

(2.17) |a”(x, hD)u|| < CxhF Vi
We call WF,(u) the semiclassical wave front set of w.

Observe that this definition is equivalent to the definition (2.5) in [6] which use the FBI
transform 7' given by (4.32): wo ¢ WF,(u) if ||Tu(w)|| = O(h>) when |w —wy| < 1. We
may also define the analytic semiclassical wave front set by the condition that ||Tu(w)| =
O(e~¢") in a neighborhood of wy for some ¢ > 0, see (2.6) in [6].

Observe that if u = (uy,...,ux) € L*(R", CY) we may define WFy,(u) = (); WF(u;)
but this gives no information about which components of u that are singular. Therefore

we shall define the corresponding vector valued polarization sets.

Definition 2.24. For u € L*(R*, CV), we say that (wo, z) ¢ WF () C T*R" x CV if
there exists A(h) given by (2.2) with principal symbol A(w) such that A(wp)zy # 0 and
A(h)u satisfies (2.17). We call WF?* (u) the semiclassical polarization set of .

We could similarly define the analytic semiclassical polarization set by using the FBI

transform and analytic pseudodifferential operators.

Remark 2.25. The semiclassical polarization sets are closed, linear in the fiber and has
the functorial properties of the C™ polarization sets in [3]. In particular, we find that
T(WE (u) \ 0) = WEy () = | WF(u))
J
if T is the projection along the fiber variables: 7 : T*R"™ x CN +— T*R". We also find that

A(WFP (1)) = { (w, A(w)z) = (w,z) € WFP (u) } C WEP (A(R)u)

if A(w) is the principal symbol of A(h), which implies that WF (Au) = A(WF? (u))
when A(h) is elliptic.
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This follows from the proofs of Propositions 2.5 and 2.7 in [3].

Example 2.26. Let u = (uy,...,uy) € L*(T*R",C") where WFy(u;) = {w} and
WF,(u;) =0 for j > 1. Then

WE (1) = { (wp, (2,0,...)): z€ C}
since ||A"Y(z,hD)ul| = O(h®) if A%u = >

suitable invertible £ we obtain

i1 Afu; and wy € WFy(u). By taking a
WFP (Bu) = { (wg, 2v) : z€ C}

for any v € CV.

We shall use the following definitions from [15], here and in the following || P(h)|| will
denote the L? operator norm of P(h).

Definition 2.27. Let P(h), 0 < h < 1, be a semiclassical family of operators on L?(R")
with domain D. For p > 0 we define the pseudospectrum of index p as the set

A*(P(h)={2€C: YO >0, Vhy > 0,30 < h < h,||(P(h) — 2Idy)"}| > Ch™*}
and the injectivity pseudospectrum of index p as
N (P(h)={2€C: VO >0, Vhy >0,
J0<h<hy, JueD, |ul| =1, [[(P(h)—zIdy)u|| < Ch*}
We define the pseudospectrum of infinite index as AZ (P(h)) = (1, Aj7(P(h)) and corre-

spondingly the injectivity pseudospectrum of infinite index.

Here we use the convention that |[(P(h) — AIdy)™'|| = oo when A is in the spec-
trum Spec(P(h)). Observe that we have the obvious inclusion A7(P(h)) C Aj(P(h)),
V. We get equality if, for example, P(h) is Fredholm of index > 0.

3. THE INTERIOR CASE

Recall that the scalar symbol p(z,§) € C°(T*R™) is of principal type if dp # 0 when
p = 0. In the following we let 9, P(w) = (v, dP(w)) for P € CY(T*R") and v € T*R". We
shall use the following definition of systems of principal type, in fact, most of the systems

we consider will be of this type. We shall denote Ker P and Ran P the kernel and range
of P.

Definition 3.1. The N x N system P(w) € C*°(T*R") is of principal type at wy if

(3.1) Ker P(wg) 3 u + 0, P(wo)u € Coker P(wy) = CV/Ran P(wj)
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is bijective for some v € T, (T*R™). The operator P(h) given by (2.2) is of principal type
if the principal symbol P = o(P(h)) is of principal type.

Remark 3.2. If P(w) € C* is of principal type and A(w), B(w) € C™ are invertible
then APB is of principal type. We have that P(w) is of principal type if and only if the
adjoint P* 1is of principal type.

In fact, by Leibniz’ rule we have
(3.2) J(APB) = (0A)PB + A(OP)B + APOB
and Ran(APB) = A(Ran P) and Ker(APB) = B7!(Ker P) when A and B are invert-

ible, which gives the invariance under left and right multiplication. Since Ker P*(wy) =
Ran P(wp)* we find that P satisfies (3.1) if and only if

(3.3) Ker P(wp) x Ker P*(wg) 3 (u,v) — (0, P(wp)u,v)
is a non-degenerate bilinear form. Since (9,P*v,u) = (0,Pu,v) we find that P* is of
principal type if and only if P is.

Observe that if P only has one vanishing eigenvalue A (with multiplicity one) then the

condition that P is of principal type reduces to the condition in the scalar case: d\ # 0.

In fact, by using the spectral projection one can find invertible systems A and B so that
A0
wwn= () 2)
with £ invertible (N —1) x (N — 1) system, and this system is obviously of principal type.
Example 3.3. Consider the system in Example 2.7

P(w) = (Aléw) Az(lw))

where \;(w) € C*, j =1, 2. We find that P(w) — A1ds is not of principal type when
A = A (w) = Ag(w) since Ker(P(w) — Aldg) = Ran(P(w) — Aldy) = C x {0} is preserved
by OP.

Observe that the property of being of principal type is not stable under C'! perturbation,

not even when P = P* is symmetric, by the following example.

Example 3.4. The system

Py = (" ) =P = (o)

Wa —wp — W2

is of principal type when w; = wy = 0, but not of principal type when ws # 0 and w; = 0.

1 0
O P = (0 —1>

In fact,
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is invertible, and when wsy # 0 we have that
Ker P(0,w,) = Ker 0, P(0,w2) = {2(1,1) : z € C}
which is mapped to Ran P(0,ws) = { 2(1,—1) : z € C } by 0y, P.

We shall obtain a simple characterization of systems of principal type. Recall kp, Kp
and Z(P) given by Definition 2.5.

Proposition 3.5. Assume P(w) € C™ is an N x N system and that (wgy, Ao) € Q1 (P) \
=(P), then P(w) — Ao Idy is of principal type at wq if and only if kp = Kp at (wo, Ao)
and d\(wgy) # 0 for the C™® germ of eigenvalues for P at wy satisfying A(wg) = Ao.

Thus, in the case \g = 0 ¢ X,,5(P) we find that P(w) is of principal type if and only if
the germ of eigenvalues A(w) is of principal type and we have no non-trivial Jordan boxes
in the normal form. Observe that by the proof of Lemma 2.15 the C*° germ A(w) is the
unique solution to dp(w, ) = 0 for k = Kp(w,\) — 1 where p(w, \) = |P(w) — Mdy |
is the characteristic equation. Thus we find that dA\(w) # 0 if and only if 9,,05p(w, \) #

0. For symmetric operators we have kp = Kp and we only need this condition when

(wo, Ao) & Z(P).

Example 3.6. The system P(w) in Example 3.4 has eigenvalues —ws £ /w} 4+ w3 which
are equal if and only if w; = we = 0, s0 {0} = X,,5(P). When wy # 0 and w; =~ 0 the
eigenvalue close to zero is w?/2wy + O(w}) which has vanishing differential at w; = 0.

The characteristic equation is p(w, A) = A2 + 2 wy — w?, 80 dp = 0 when w; = A = 0.

Proof of Proposition 3.5. Of course, it is no restriction to assume \y = 0. First we note

that P(w) is of principal type at wy if and only if
(3.4) OF| P(wo)| # 0 k = kp(wo,0)
for some v € T(T*R™). Observe that 97|P(wg)| = 0 for j < k. In fact, by choosing

bases for Ker P(wg) and Im P(wyp) respectively, and extending to bases of CV, we obtain
matrices A and B so that

arwn = (F) Ri)

where |Py(wp)| # 0 and Pyj, Py and Py all vanish at wy. By the invariance, P is of
principal type if and only if 9, Pi; is invertible for some v, so by expanding the determinant
we obtain (3.4).

Since (wp,0) € Q1 (P) \ Z(P) we find from Lemma 2.15 that we may choose a neigh-
borhood w of (wy,0) such that (w,\) € Q;(P)\w if and only if A = A(w) € C*. Then

|P(w) — Ady | = (Mw) — N)"e(w, A)
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near wy, where e(w, \) # 0 and m = Kp(wy,0) > kp(wp,0). Letting A = 0 we obtain
that 92| P(wg)| = 0 if j < m and 07| P(wo)| = (0, A(wp))™e(wy, 0). O

Remark 3.7. Proposition 3.5 shows that for a symmetric system the property to be of
principal type is stable outside Z(P): if the symmetric system P(w)— N1dy is of principal
type at a point (wo, Ag) & Z(P) then it is in a neighborhood. It follows from the Sard

Theorem that symmetric systems P(w) — Ady are of principal type almost everywhere
on Q4(P).

In fact, for symmetric systems we have kp = Kp and the differential d\ # 0 almost

everywhere on Q;(P) \ Z(P). For C* germs of eigenvalues we can define the following

bracket condition.

Definition 3.8. Let P € C*°(T*R") be an N x N system, then we define

“AJrp)

where AL (P) is the set of Ay € 3(P) such that there exists wy € Xy, (P) so that (wg, \g) ¢
=(P) and

(3.5) +{ReA,Im A} (wy) >0

for the unique C'* germ A(w) of eigenvalues at wy for P such that A(wp) = Ao.

Observe that AL(P) [ Xss(P) = 0, and it follows from Proposition 3.5 that P(w) —
Ao Idy is of principal type at wy € AL(P) if and only if kp = Kp at (wo, Ag), since
dA(wp) # 0 when (3.5) holds. Because of the bracket condition (3.5) we find that Ay (P)

is contained in the interior of the values X(P).

Example 3.9. Let

q\r, *
o= (159 A1) woerr
where ¢(z,£) = £ +i2? and 0 < x(x) € C*(R) such that x(z) = 0 when z < 0 and
x(z) > 0 when z > 0. Then X(P) = {Imz >0}, Ay(P) ={Imz >0} and Z(P) = 0.
For ImA > 0 we find X,(P) = {(:l:\/Im A, Re )\)} and P — A1d, is of principal type
at 3,(P) only when z < 0.

Theorem 3.10. Let P € C*(T*R") be an N x N system, then we have that

(3.6) AP (Zus(P) U Ze(P)) S A (P)
when n > 2. Assume that P(h) is given by (2.2) with principal symbol P € C°(T*R"),
and that \g € A_(P), 0 # uy € Ker(P(wy) — Ao ldy) and P(w) — XNdy is of principal
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type on Xx(P) near wy for | A — Xo| < 1, for the wy € Xy,(P) in Definition 3.8. Then
there exists hg > 0 and u(h) € L*(R™), 0 < h < hyg, so that ||u(h)|| <1

(3.7) [(P(R) — XoIdp)u(h)|| < CxyhY YN 0< h < hg

and WE? (u(h)) = { (wo,uo) }. There also exists a dense subset of values \g € A(P) so0
that

(3.8) [(P(h) = Aoldw) | > Cyh™™  ¥N
If all the terms P; in the expansion (2.2) are analytic satisfying (2.3) then h*N may be
replaced by exp(Fc/h) in (3.7)—(3.8).

Here we use the convention that |[(P(h) — A1dy)~!|| = oo when A is in the spec-
trum Spec(P(h)). Condition (3.7) means that A is in the injectivity pseudospectrum
¥ (P), and (3.8) means that \g is in the pseudospectrum A% (P).

Remark 3.11. If P(h) is Fredholm of non-negative index then (3.7) holds for Ay in a
dense subset of A(P). In the analytic case, it follows from the proof that it suffices that
P;(w) is analytic satisfying (2.3) in a fived complex neighborhood of wy € X\(P), V.

In fact, if P(h) is Fredholm of non-negative index and Ag € Spec(P(h)) then the
dimension of Ker(P(h) — A\ Idy) is positive and (3.7) holds.
Example 3.12. Let
P(z,§) = ([ ld+iK(z)  (2,§) € T"R"

where K(z) € C*°(R") is symmetric for all z. Then we find that

A_(P) = A(P) = {Rez >0ATmz e N(K)\ (ESS(K) UZOO(K)> }

In fact, for any Imz € X(K) \ (Zs(K) X (K)) there exists a germ of eigenvalues
A(x) € C*®(w) for K(x) in an open set w C R™ so that A(zp) = Im 2 for some zy € w.
By Sard’s Theorem, we find that almost all values of A(x) in w are non-singular, and if
d)\ # 0 and Re z > 0 we may choose & € R" so that |£|* = Re z and (&g, 9, \) < 0. Then
the C™ germ of eigenvalues |£|? + i\(z) for P satisfies (3.5) at (xg,&) with the minus
sign. Since K (x) is symmetric, we find that P(w) — zIdy is of principal type.

Proof of Theorem 3.10. First we are going to prove (3.6) in the case n > 2. Let
W = %0s(P) | Sw(P)

which is a closed set by Remark 2.13, then we find that every point in A(P)\ W is a limit
point of

(A U)W = (P A (P)\ W)
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Thus, we only have to show that Ay € A_(P) if

(3.9) N € AP\ = A (P)\ (Sus(P) [T (P)

By Lemma 2.15 and Remark 2.16 we find from (3.9) that there exists a C* germ of
eigenvalues A(w) € C* so that ¥,(P) is equal to the level sets {w: A(w)=p} for
| — Ao| < 1. By the definition we find that the Poisson bracket { Re A\,Im A} does
not vanish identically on X, (P). Now by Remark 2.16, dRe A and dIm \ are linearly
independent on X, (P) for almost all u close to A, and then ¥, (P) is a C*° manifold of
codimension 2. By using Lemma 3.1 of [6] we obtain that { ReA\,Im A } changes sign on
¥, (P) for almost all values p near Ay, so we find that those values also are in A_(P). By
taking the closure we obtain (3.6).

Next, assume that A € A_(P), it is no restriction to assume A = 0. By the assumptions
there exists wy € Xo(P) and A(w) € C* such that A(wy) = 0, { ReA, Im A} < 0 at wy,
(wo,0) ¢ Z(P), and P(w) — Aldy is of principal type on ¥,(P) near wy when |\ < 1.

Then Proposition 3.5 gives that kp = Kp is constant on 4 (P) near (wg, Ag), SO
(3.10) Dim Ker(P(w) — AMw)Idy) = K >0

in a neighborhood of wy. Since the dimension is constant we can construct a base
{ur(w),...,ug(w)} € C* for Ker(P(w) — A(w)Idy) in a neighborhood of wy. By or-
thonormalizing it and extending to an orthonormal base of CV, we obtain orthogonal
E(w) € C* so that

(3.11) zmmmmmw=(w%m<?ﬁ=%w>

22
If P(w) is analytic in a tubular neighborhood of T*R™ then E(w) can be chosen analytic
in that neighborhood. Since Fj is of principal type at wy by Remark 3.2 and 9 Py (wg) maps
Ker Py(wyp) into itself, we find that Ran Py(wp) () Ker Py(wo) = {0} and thus | Py (wp)| #
0. In fact, if there exists u” # 0 such that Py (wg)u” = 0, then by applying P(wg) on
u=(0,u") ¢ Ker Py(wy) we obtain

0 # Py(wo)u = (Pra(wp)u”, 0) € Ker Py(wy) ﬂ Ran Py(wo)

which gives a contradiction. Clearly, the norm of the resolvent P(h)~! only changes with
a multiplicative constant under left and right multiplication of P(h) by invertible systems.
Now EY(x,hD) and (E*)“(x, hD) are invertible in L? for small enough h, and

@12 wpme - ()



18 NILS DENCKER

where o(P11) = Ady, Py = O(h) and Pay(h) is invertible for small . By multiplying
from right by

Idg 0
—Pao(h) " Py (h) Tdy_g
for small h, we obtain that Py;(h) = 0 and this only changes lower order terms in Py (h).
Then by multiplying from left by
IdK _P12<h)P22(h>_1
0 Idy_k

we obtain that Pi2(h) = 0 without changing Pi;(h) or Paa(h).

Thus, in order to prove (3.7) we may assume N = K and P(w) = A w)Idg. By

conjugating similarly as in the scalar case (see the proof of Proposition 26.3.1 in [10]), we
can reduce to the case when P(h) = AY(z, hD)Idg. In fact, let

(3.13) P(h) = \"(z,hD)1dx + > W P! (x,hD)
j>1
A(h) = 3250 W AY (z,hD) and B(h) = Y5, W By (2, hD) with By(w) = Ap(w). Then
the calculus gives
P(h)A(h) — B(h)A"(2,hD) =Y WE!(x,hD)
i>1
with

1
E), = ZHA(A,H +Byp1)+ PA, 1+ MNAL— B+ Ry k>1

Here H) is the Hamilton vector field of A, R only depends on A; and B; for j <k —1
and Ry = 0. Now we can choose Aj so that Ay = Idg on Vo = {w: ImA(w) =0} and
%H A\Ap + Py Ag vanishes of infinite order on Vj near wy. In fact, since { Re \,Im A} # 0
we find dIm A # 0 on Vj, and V4 is non-characteristic for Hge,. Thus, the equation
determines all derivatives of Ay on V), and we may use the Borel Theorem to obtain a

solution. Then, by taking
1
By — A = (fHAAO + PlAO) AteC™
i

we obtain Fy = 0. Lower order terms are eliminated similarly, by making

1
Q—Z.HA(Aj—l +B;_1)+ PlA, 1+ R;
vanish of infinite order on V. Observe that only the difference A;_; — B;_; is determined
in the previous step. Thus we can reduce to the case P = A" (z, hD)Id and then the C*
result follows from the scalar case (see Theorem 1.2 in [6]) by using Remark 2.25 and

Example 2.26.



PSEUDOSPECTRUM FOR SYSTEMS 19

The analytic case follows as in the proof of Theorem 1.2" in [6] by applying a holomorphic
WKB construction to P = P;; on the form

w(z, h) ~ e®@/h Z A;j(2)hW z=x+1yecC"

=0

which will be an approximate solution to P(h)u(z,h) = 0. Here P(h) is given by (2.2)
with Py(w) = A(w) Id, P; satisfying (2.3) and P}’(z, hD.) given by the formula (2.1) where
the integration may be deformed to a suitable chosen contour instead of T*R" (see [16,
Section 4]). The holomorphic phase function ¢(z) satisfying A\(z,d.¢) = 0 is constructed
as in [6] so that d.¢(xg) = & and Im¢(x) > c|lz — xo]?, ¢ > 0, and wy = (20,&). The

holomorphic amplitude Ag(z) satisfies the transport equation

Z O, M2, d.¢(2)) D, Ag(2) + Pi(2,d.¢p(2)) Ao(z) = 0

with Ag(x) # 0. The lower order terms in the expansion solve

Z O M2, d(2)) Dy, A(2) + Pr(2, d.6(2)) Ax(2) = Si(2)

where Si(z) only depends on A; and Pj; for j < k. As in the scalar case, we find
from (2.3) that the solutions satisfy || Ax(2)]| < CoC*k* see Theorem 9.3 in [16]. By solving
up to k < ¢/h, cutting of near xo and restricting to R we obtain that P(h)u = O(e=/").
The details are left to the reader, see the proof of Theorem 1.2 in [6].

For the last result, we observe that { ReA,ImA } = —{ReX\,ImA}, A € B(P) & X €
Y (P*), P* is of principal type if and only if P is, and Remark 2.6 gives (w, \) € Z(P) <
(w,\) € Z(P*). Thus, A € A, (P) if and only if A € A_(P*) and

I(P(h) = Aldy) ™M = [|(P*(h) — Aldw) ™|

From the definition, we find that any Ao € A(P) is an accumulation point of A4 (P), so
we obtain the result from (3.7). O

Remark 3.13. In order to get the estimate (3.7) it suffices that there exists a semibichar-
acteristic T' of X — Ao through wo such that T x { g} Z(P) = 0, P(w) — AIdy is of
principal type near T' for X near \g and that condition (V) is not satisfied on T', see [10,
Definition 26.4.6]. This means that there exists 0 # q € C*° such that T" is a bicharacter-
istic of Req(A — Ag) through wy and ITm q(A — N\g) changes sign from + to — when going

i the positive direction on T

In fact, once we have reduced to the normal form (3.13), the construction of approximate
local solutions in the proof of [10, Theorem 26.4.7] can be adapted to this case, since the
principal part is scalar. See also Theorem 1.3 in [14, Section 3.2] for a similar scalar

semiclassical estimate.
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When P(w) is not of principal type, the reduction in the proof of Theorem 3.10 may

not be possible since Psy in (3.11) needs not be invertible by the following example.

Example 3.14. Let
([ A¥(z,hD) 1
(k) = ( oA hD))

where A € O satisfies the bracket condition (3.5). The principal symbol is

P =5 )

with eigenvalue A\(w) and we have

Ker(P(w) — A(w) Idy) = Ran(P(w) — AMw) Idy) = {(2,0): z€ C} YV w
We find that P is not of principal type since dP = d\1dy. Observe that Z(P) = () since
Kp is constant on ;(P).

When the dimension is equal to one, we have to add some conditions in order to get
the inclusion (3.6).

Lemma 3.15. Let P(w) € C®°(T*R) be an N x N system, then for every component 2
of C\ (Zus(P)UZeo(P)) which has non-empty intersection with CX(P) we find that

(3.14) QCA(P)

The condition of having non-empty intersection with the complement is necessary even

in the scalar case, see the remark and Lemma 3.2’ on page 394 in [6].

Proof. If u ¢ ¥ (P) we find that the index

(3.15) i = vararg, |P(w) — pldy |

is well-defined and continuous when + is a positively oriented circle {w: |w| = R} for

R> 1. If \y ¢ ¥us(P)UX(P) then we find from Lemma 2.15 that the characteristic

polynomial is equal to

|P(w) = pldy | = (Mw) = p)*e(w, n)
near wy € Xy, (P), here A\, e € C*, e # 0 and k = Kp(wp). By Remark 2.16 we find
for almost all i close to \g that dRe A A dIm A # 0 on A\™'(u) = 3,(P), which is then a
finite set of points on which the Poisson bracket is non-vanishing. If u ¢ X(P) we find
that the index (3.15) vanishes, since one can then let R — 0. Thus, if a component € of
C\ (Zus(P) Y (P)) has non-empty intersection with CX(P), we obtain that i = 0 in Q.
When 1o € Q()A(P) we find from the definition that the Poisson bracket { Re A\, Im \ }
cannot vanish identically on X, (P) for all 4 close to p. Since the index is equal to the

sum of positive multiples of the values of the Poisson brackets at 3,(P), we find that
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the bracket must be negative at some point wy € 3,(P), for almost all p near X\, which
gives (3.14). O

4. THE QUASI-SYMMETRIZABLE CASE

First we note that if the system P(w)— zIdy is of principal type near 3, (P) for z close
to A € 03(P) \ (Zus(P) UXx(P)) and X,(P) has no closed semibicharacteristics, then

one can generalize Theorem 1.3 in [6] to obtain
(4.1) I(P(h) = ATdy) [ < C/h - h—0

In fact, by using the reduction in the proof of Theorem 3.10 this follows from the scalar

case, see Example 4.12. But then the eigenvalues close to A have constant multiplicity.
Generically, we have that the eigenvalues of the principal symbol P have constant

multiplicity almost everywhere since Z(P) is nowhere dense. But at the boundary 0% (P)

this needs not be the case. For example, if
P(t,7) = 7Id +iK(t)

where C* 5 K > 0 is unbounded and 0 € ¥,(K), then R = 0%(P) C 3, (P).

When the multiplicity of the eigenvalues of the principal symbol is not constant the
situation is more complicated. Then the following example shows that it is not sufficient
to have conditions only on the eigenvalues in order to obtain the estimate (4.1), not even

in the principal type case.

Example 4.1. Let a,(t), aa(t) € C*(R) be real valued, a2(0) = 0, a5(0) > 0 and let

th + al(t) a9 (t) — ial (t)

PY(t,hDy) = (az(t) +ia1(t) —hDy+ ai(t)

) = P(t,hD,)*

Then the eigenvalues of P(t,7) are

A= ai(t) £ \/72 + (1) +ad(t) € R

which coincide if and only if 7 = a1(t) = as(t) = 0. We have that

% G —Zz) F C —1z) - (hDE;(Z%Q(t) hD, —Oiag(t)) = Ph)
Thus we can construct u,(t) = (0, us(t)) so that ||juy|| = 1 and P(h)u, = O(hY) for h —
0, see Theorem 1.2 in [6]. When as is analytic we may obtain that P(h)u, = O(exp(—c/h))
by Theorem 1.2" in [6]. By the invariance, we see that P is of principal type at t =7 =0
if and only if a;(0) = 0. If a;(0) = 0 then X,s(P) = {0} and when a; # 0 we have
that P* is a selfadjoint diagonalizable system. In the case a;(t) = 0 and ay(t) = t the
eigenvalues of P(t, hD,) are £v/2nh, n € N, see the proof of Proposition 3.6.1 in [9].
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Of course, the problem is that the eigenvalues are not invariant under multiplication
with elliptic systems. To obtain the estimate (4.1) for operators that are not of principal

type, it is not even sufficient that the eigenvalues are real having constant multiplicity.

Example 4.2. Let a(t) € C*°(R) be real valued, a(0) = 0, a’(0) > 0 and

PY(t,hD;) = (_}ﬁf&) Z%))

Z)— ag_t)) so the only eigenvalue is 7. Thus

Z(P) = 0 but the principal symbol is not diagonalizable, and when a(t) # 0 the system

then the principal symbol is P(t,7) = (

is not of principal type. We have

Rl/2 0 h12 0 VhD,  a(t)
P —Vh
( 0 —1) < 0 1 vh a(t) —VhD,
thus we obtain that ||[P*(t,hD;)~ || > Cyh™, VN, when h — 0 by using Example 4.1
with a; = 0 and ay = a. When a is analytic we obtain ||P(t, hD,)~!|| > exp(c/v/h).

For non-principal type operators, to obtain the estimate (4.1) it is not even sufficient

that the principal symbol has real eigenvalues of multiplicity one.

Example 4.3. Let a(t) € C*(R), a(0) =0, a/(0) > 0 and
(1 hD,
P(h) = (h iha(t)>

with principal symbol <1 > thus the eigenvalues are 0 and 1, so Z(P) = (). Since

-
0 0

(—1h (1)> P(h) ((1) _h1Dt> = ((1) —Oh) (é thEz'a(t))

we obtain as in Example 4.1 that ||P(h)7|| > Cxh™ when h — 0, V N, and for analytic
a(t) we obtain ||P(h)~!|| > Ce“" h — 0 . Now 0, P maps Ker P(0) into Ran P(0) so the
system is not of principal type. Observe that this property is not preserved under the

multiplications above, since the systems are not elliptic.

Instead of using properties of the eigenvalues of the principal symbol, we shall use
properties that are invariant under multiplication with invertible systems. First we con-
sider the scalar case, recall that a scalar p € C* is of principal type if dp # 0 when
p = 0. We have the following normal form for scalar principal type operators near the
boundary 0%(P). Recall that a semibicharacteristic of p is a non-trivial bicharacteristic
of Regp, for g # 0.
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Example 4.4. Assume that p(z,§) € C*°(T*R") is of principal type and 0 € 0%(p) \
Yo(p). Then we find from the proof of Lemma 4.1 in [6] that there exists 0 # ¢ € C*° so
that

Imgp >0 dReqp # 0

in a neighborhood of wy € ¥y(p). In fact, condition (1.7) in that lemma is not needed
to obtain a local preparation. By making a symplectic change of variables and using the

Malgrange preparation theorem we then find that

(4.2) p(z,§) =e(z, §) (&G +if(2,€))  £=(&,¢)
in a neighborhood of wy € Xo(p), where e # 0 and f > 0. If there are no closed

semibicharacteristics of p then we obtain this in a neighborhood of ¥,(p) by a partition

of unity:.
This normal form in the scalar case motivates the following definition.

Definition 4.5. We say that the N x N system P(w) € C*(T*R") is quasi-symmetrizable
with respect to the real C* vector field V' in Q C T*R™ if 3 N x N system M(w) €
C>°(T*R™) so that in 2 we have

(4.3) Re(M(V P)u,u) > c||uH2 — C’HPuH2 c>0
(4.4) Im(M Pu, u) > —C||Pul?

for any u € C¥, the system M is called a symmetrizer for P.

The definition is clearly independent of the choice of coordinates in T*R™ and choice
of base in C¥. When P is elliptic, we may take M = iP* as multiplier, then P is quasi-
symmetrizable with respect to any vector field because ||Pu|| = |Ju||. Observe that for a
fized vector field V' the set of multipliers M satisfying (4.3)—(4.4) is a convex cone, a sum
of two multipliers is also a multiplier. Thus, given a vector field V' it suffices to make a
local choice of multiplier M and then use a partition of unity to get a global one.

Taylor has studied symmetrizable systems of the type D; Id +iK, for which there exists
R > 0 making RK symmetric (see Definition 4.3.2 in [17]). These systems are quasi-
symmetrizable with respect to 0, with symmetrizer R. We see from Example 4.4 that the
scalar symbol p of principal type is quasi-symmetrizable in neighborhood of any point at
I%(p) \ Xoo(p)-

The invariance properties of quasi-symmetrizable systems are partly due to the following
simple and probably well-known result on semibounded matrices. In the following, we
shall denote Re A = 1(A+ A*) and i Im A = 1(A — A*) the symmetric and antisymmetric
parts of the matrix A. Also, if U and V are linear subspaces of CV, then we let U +V =
{u+v:uelU ANveV}
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Lemma 4.6. Assume that Q) is an N x N matrix such that Im zQ) > 0 for some 0 # z € C.
Then we find

(4.5) Ker @ = Ker Q" = Ker(Re Q) ﬂ Ker(Im Q)
and Ran @@ = Ran(Re Q) + Ran(Im Q) is orthogonal to Ker Q.

Proof. By multiplying with z we may assume that Im @) > 0, clearly the conclusions
are invariant under multiplication with complex numbers. If © € Ker (), then we have
(Im Qu, u) = Im(Qu,u) = 0. By using the Cauchy-Schwarz inequality on Im @ > 0 we
find that (Im Qu,v) = 0 for any v. Thus u € Ker(Im@Q) so Ker@ C Ker @Q*. We get
equality and (4.5) by the rank theorem, since Ker Q* = Ran Q.

For the last statement we observe that Ran Q@ C Ran(Re @) + Ran(Im Q) = (Ker Q)*
by (4.5) where we also get equality by the rank theorem. O

Proposition 4.7. Assume that P(w) € C*°(T*R") is a quasi-symmetrizable system, then
we find that P is of principal type. Also, the symmetrizer M is invertible if Im M P >
cP*P for some ¢ > 0.

Observe that by adding ipP* to M we may assume that () = M P satisfies
(4.6) Im@ > (o—C)P*P > P*P > cQQ*Q c>0
for o > C' + 1, and then the symmetrizer is invertible by Proposition 4.7.

Proof. Assume that (4.3)—(4.4) hold at wy, Ker P(wg) # {0} but (3.1) is not a bijection.
Then there exists 0 # u € Ker P(wg) and v € CV such that V P(wg)u = P(wg)v, so (4.3)

gives

(4.7) Re(M P(wo)v, u) = Re(MV P(wo)u,u) > c|lul|* > 0.
This means that

(4.8) Ran M P(wo) € Ker P(wg)*

Let M, = M + ioP* then we have that

(4.9) Im(M,Pu,u) > (o — O)| Pul®

so for large enough ¢ we have Im M,P > 0. By Lemma 4.6 we find
(4.10) Ran M,P1 Ker M,P

Since Ker P C Ker M,P and Ran P*P C Ran P* 1 Ker P we find that Ran M P_1 Ker P
for any o. This gives a contradiction to (4.8), thus P is of principal type.
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Next, we shall show that M is invertible at wg if Im M P > ¢P*P at w for some ¢ > 0.
Then we find as before from Lemma 4.6 that Ran M P(w,)L Ker M P(wy). By choosing

a base for Ker P(wy) and completing it to a base of CV we may assume that
0 P 12(w0)
P(wy) =
(wo) (0 PQQ(WQ)
where Py is (N — K) x (N — K) system, K = Dim Ker P(wy). Now, by multiplying
P from left with an orthogonal matrix E we may assume that Pia(wg) = 0. In fact,
this only amounts to choosing an orthonormal base for Ran P(w)* and completing to an

orthonormal base for CV. Observe that M P is unchanged if we replace M with M E~1,
which is invertible if and only if M is. Since Dim Ker P(w,) = K we obtain | Pag(w)| # 0.

Let
My Mo
M =
(le M22)

then we find

0 0
MP = (0 MQQPQQ) at wg.

In fact, (Mp)lg(wo) = Mlg(wo)ng(wo) = 0 since Ran MP(U)()) = Ker MP(U)())J' We
obtain that Mjs(w) = 0, and by assumption

Im Moy Py > cPjyPoo at wy,
which gives |Mas(wg)| # 0. Since Pyy, Py and My vanish at wy we find
Re V(M P)11(wg) = Re My (wo)V Pyy(wp) > ¢
which gives | M1 (wp)| # 0. Since Mio(wy) = 0 and | Mas(wp)| # 0 we obtain that M (wy)

is invertible. O

Remark 4.8. The N x N system P € C*(T*R") is quasi-symmetrizable with respect to
V' if and only if there exists an invertible symmetrizer M such that Q) = M P satisfies

(4.11) Re((VQ)u, u) = cllul]® = CllQul* >0
(4.12) Im(Qu,u) >0
for any u € CN.
In fact, by the Cauchy-Schwarz inequality we find
((VM)Pu,u)| <ellul]’ + Cc||Pull*  Ve>0 VueCV

Since M is invertible, we also have that ||Pul| = ||Qul|.

Definition 4.9. If the N x N system ) € C°(T*R") satisfies (4.11)—(4.12) then Q is

quasi-symmetric with respect to the real C'*° vector field V.
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Proposition 4.10. Let P(w) € C*°(T*R") be an N x N quasi-symmetrizable system,
then P* is quasi-symmetrizable. If A(w) and B(w) € C*°(T*R") are invertible N x N

systems then BPA is quasi-symmetrizable.

Proof. Clearly (4.11)—(4.12) are invariant under left multiplication of P with invertible
systems E, just replace M with ME~!. Since we may write BPA = B(A*)"'A*PA it
suffices to show that E* PFE is quasi-symmetrizable if F is invertible. By Remark 4.8 there
exists a symmetrizer M so that ) = M P is quasi-symmetric, i.e., satisfies (4.11)—(4.12).
It then follows from Proposition 4.11 that

Qp=EQFE = E*M(E*) 'E*PE
also satisfies (4.11) and (4.12), so E*PFE is quasi-symmetrizable.
Finally, we shall prove that P* is quasi-symmetrizable if P is. Since ) = MP is
quasi-symmetric, we find from Proposition 4.11 that Q* = P*M* is quasi-symmetric. By

multiplying with (M*)~! from right, we find from the first part of the proof that P* is

quasi-symmetrizable. O

Proposition 4.11. If Q € C*(T*R") is quasi-symmetric, then Q* is quasi-symmetric.
If E € C*(T*R") is invertible, then E*QFE are quasi-symmetric.

Proof. First we note that (4.11) holds if and only if
(4.13) Re((VQ)u, u) > cllul? Vu e Ker@

for some ¢ > 0. In fact, Q*(Q) has a positive lower bound on the orthogonal complement
Ker Q+ so that
lul| < C||Qull for u € Ker Q*

Thus, if v = v + v’ with v € Ker Q and u” € Ker Q* we find that Qu = Qu”,
Re((VQ)u',u") > —ellu'[|* = Cc||u"||* = —el|W/|]* = CL|Qul*  Ve>0

and Re((VQ)u",u"y > —Cl|u”"||> > —C'||Qu|>. By choosing & small enough we ob-

tain (4.11) by using (4.13) on .

Next, we note that Im Q* = — Im @) and Re Q* = Re @, so —Q* satifies (4.12) and (4.13)
with V' replaced by —V, and thus it is quasi-symmetric. Finally, we shall show that
Qe = E*QF is quasi-symmetric when F is invertible. We obtain from (4.12) that

Im(Qpu,u) = Im(QEu, Eu) >0  YuecCV

Next, we shall show that Q satisfies (4.13) on Ker Qg = E~! Ker Q, which will give (4.11).
We find from Leibniz’ rule that VQg = (VE*)QE + E*(VQ)E + E*Q(V E) where (4.13)
gives

Re(E*(VQ)Eu,u) > c||Eul|* > ||ul]? u € KerQp
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since then Fu € Ker (). Similarly we obtain that (VE*)QFEu,u) = 0 when u € Ker Q.

Now since Im Qg > 0 we find from Lemma 4.6 that
(4.14) Ker Qy = Ker Qg

which gives (E*Q(V E)u,u) = (E~Y(VE)u, Qu) = 0 when u € Ker Qp = Ker Q%. Thus
Qp satisfies (4.13) so it is quasi-symmetric, which finishes the proof. O

Example 4.12. Assume that P(w) € C*® is an N x N system such that z € X(P) \
(Xws(P) (N Xx(P)) and that P(w) — Aldy is of principal type when |\ — z| < 1. By
Lemma 2.15 and Proposition 3.5 there exists a C'° germ of eigenvalues A\(w) € C*
for P so that Dim Ker(P(w) — A(w) Idy) is constant near ¥,(P). By using the spectral
projection as in the proof of Proposition 3.5 and making a base change B(w) € C'* we
obtain

AMw) Id
(4.15) P(w) = B~} (w) ( ( 2) K PQQ()(w)> B(w)
in a neighborhood of ¥, (P), here |Pay — A(w) Id | # 0. We find from Proposition 3.5 that
d\ # 0 when A\ = 2z, so A — z is of principal type. Proposition 4.10 gives that P — zIdy
is quasi-symmetrizable near any wy € ¥,(P) if z € 90%(\). In fact, by Example 4.4 there
exists g(w) € C* so that

(4.16) |[dReq(A —2)| #0
(4.17) Img(A—2)>0

and we get the normal form (4.2) for A near ¥,(P) = { A\(w) = z }. One can then take V'
normal to ¥ = { Req(A —2) =0} at ¥,(P) and use

M =B ( 0 M22)B

with Mays(w) = (Pag(w) — 21d)~! for example, then

(4.18) Q=M(P—z1dy) = B* (‘M _OZ> Idie . 0 ) B
N—-K

If there are no closed semibicharacteristics of A—z then we also find from Example 4.4 that
P — z1dy is quasi-symmetrizable in a neighborhood of ¥, (P), see the proof of Lemma 4.1
in [6].

Example 4.13. Let
P(z,€) = |¢)? Idy +iK ()

where 0 < K(x) € C*°. When z > 0 we find that P — zIdy is quasi-symmetric in a
neighborhood of ¥, (P) with respect to the exterior normal (£, 9¢) to X,(P) = {|{]* = 2 }.
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For scalar symbols, we find that 0 € 0% (p) if and only if p is quasi-symmetrizable, see
Example 4.4. But in the system case, this needs not be the case according to the following

example.
Example 4.14. Let

[ W2 + iw3 w1 o
P(w) = ( w0, Wy iw3> w = (wy, wa, w3)

01

which is quasi-symmetrizable with respect to 0, with symmetrizer M = (1 0

Ow, M P = 1dy and

) . In fact,

MP@)=(, W) (ArP(w))
( ")

Wy + 1ws

so Im M P = 0. Since eigenvalues of P(w) are wy + \/w? — w3 we find that X(P) = C so

0 € 3(P) is not a boundary point of the eigenvalues.
For quasi-symmetrizable systems we have the following result.

Theorem 4.15. Let the N x N system P(h) be given by (2.2) with principal symbol P €
C(T*R™). Assume that z ¢ Yoo (P) and there exists a real valued function T'(w) € C*

such that P(w) — zIdy is quasi-symmetrizable with respect to the Hamilton vector field
Hp(w) in a neighborhood of ¥,(P). Then for any K > 0 we have

(4.19) {¢eC: [¢—z < Khlog(1/h)} [ )Spec(P(h)) = 0
for0 <h <1, and

(4.20) |[(P(h) =27 <C/h 0<h<1

If P is analytic in a tubular neighborhood of T*R™ then 3¢y > 0 such that
(4.21) {¢CeC: |¢— 2 <} )Spec(P(h) =0

Condition (4.20) means that A ¢ A°(P), which is the pseudospectrum of index 1 by
Definition 2.27. The reason for the difference between (4.19) and (4.20) is that we make a
change of norm in the proof that is not uniform in A. The conditions in Theorem 4.15 give
some geometrical information on the bicharacteristic flow of the eigenvalues according to

the following result.

Remark 4.16. The conditions in Theorem 4.15 imply that the limit set at X,(P) of the
non-trivial semibicharacteristics of the eigenvalues close to zero of Q = M(P — z1dy) is
a union of compact curves on which T is strictly monotone, thus they cannot form closed

orbits.
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In fact, locally (w,\) € Q;(P)\ Z(P) if and only if A = A(w) € C* by Lemma 2.15.
Since P(w) — Aldy is of principal type by Proposition 4.7, we find that Dim Ker(P(w) —
AMw) Idy) is constant by Proposition 3.5. Thus we obtain the normal form (4.18) as in
Example 4.12. This shows that the Hamilton vector field H) of a germ of an eigenvalue
is determined by (dQu,u) with 0 # u € Ker(P — Aldy) by the invariance property
given by (3.2). Now we have that ((HrReQ)u,u) > 0 and d{Im Qu,u) = 0 for u €
Ker M(P — zIdy) by (4.12). Thus by picking subsequences we find that the limits of
non-trivial semibicharacteristics for eigenvalues of () close to 0 give curves on which T is
strictly monotone. Since z ¢ 3, (P) these limit bicharacteristics are compact and cannot

form closed orbits.

Example 4.17. Consider the system in Example 4.13
P(z,€) = ¢ Idy +iK (z)

where 0 < K(z) € C*, then for z > 0 we find that P — zIdy is quasi-symmetric in a
neighborhood of ¥,(P) with respect to V = Hp, for T(z,€) = —(&,x). If K(z) € C°
and 0 ¢ X (K) then we obtain from Proposition 2.20, Remark 2.21, Example 2.22 and
Theorem 4.15 that

|(P“(z,hD) — 2)7Y| < C/h 0<hk1
since z ¢ Y (P).

Proof of Theorem 4.15. We shall first consider the Cg° case. We may assume without
loss of generality that z = 0, and we shall follow the proof of Theorem 1.3 in [6]. By the

conditions, we find from Definition 4.5, Remark 4.8 and (4.6) that there exists a function
T(w) € C§° and a multiplier M(w) € Ce°(T*R™) so that () = M P satisfies

(4.22) ReHrQ > c—CIm@Q

(4.23) Im@ > cQ*Q

for some ¢ > 0 and then M is invertible by Proposition 4.7. In fact, outside a neighborhood

of ¥o(P) we have P*P > ¢y, then we may choose M = iP* so that ) = iP*P and use a
partition of unity to get a global multiplier. Let

(4.24) Cih<e< Cghlog%

where C > 1 will be chosen large. Let "= T"(x, hD)

(4.25) Q(h) = M (z,hD)P(h) = Q“(z,hD) + O(h)
and

©  _k
Qu(h) = "M Q)e 1" = T Q(h) ~ 3 —(adr) (Q(R))
k=0 '
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where adr@(h) = [T'(h), Q(h)] = O(h). By the assumption on ¢ and the boundedness of
ady/h we find that the asymptotic expansion makes sense. Since e = O(h) we see that
the symbol of Q.(h) is equal to

Since T is a scalar function, we obtain
(4.26) ImQ. =ImQ +cRe HrQ + O(h)

Now to simplify notation, we drop the parameter h in the operators Q(h) and P(h),
and we shall use the same letters for operators and the corresponding symbols. Using
(4.22) and (4.23) in (4.26), we obtain for small enough ¢ that

(4.27) Im@Q. > (1—-Ce)lmQ+ce —Ch>ce —Ch

Since the symbol of 2-(Q- — (Q.)*) is equal to the expression (4.27) modulo O(h), the

sharp Garding inequality for systems in Proposition A.5 gives
I (Qeu, w) > (e = Coh) ull* > - jul?
for h < ¢ < 1. By using the Cauchy-Schwarz inequality, we obtain
(4:28) S lull < Q]
Since () = M P the calculus gives
(4.29) Q- = M.P.+ O(h)
where P. = e=7/"PesT/h and M, = e=*T/" MesT/" = M + O(e) is bounded and invertible
for small enough €. For h < ¢ we obtain from (4.28)-(4.29) that
(4.30) Jull < S )Pl

so P. is injective with closed range. Now —Q* satisfies the conditions (4.3)—(4.4), with T’
replaced by —7". Thus we also obtain the estimate (4.28) for Qf = P*M* + O(h). Since
M? is invertible for small enough h we obtain the estimate (4.30) for PF, thus P. is

eT/h is uniformly bounded on L? when ¢ < Ch

surjective. Because the conjugation by e
we obtain the estimate (4.20) from (4.30).

Now conjugation with e’/* is bounded in L? (but not uniformly) also when (4.24)
holds. By taking Cy arbitrarily large in (4.24) we find from the estimate (4.30) for P. and

P’ that
1
D (0, Khlog E) ﬂ Spec(P) =0

for any K > 0 when h > 0 is sufficiently small.
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The analytic case. We assume as before that z = 0 and

P(h) ~Y WPP(z,hD)  Py=P
J=0
where P; are bounded and holomorphic in a tubular neighborhood of T*R", satisfy-
ing (2.3), and P;°(z,hD;) is defined by the formula (2.1), where we may change the
integration to a suitable chosen contour instead of T*R" (see [16, Section 4]). As before,
we shall follow the proof of Theorem 1.3 in [6] and use the theory of the weighted spaces
H(A,r) developed in [9] (see also [13]).

The complexification T*C" of the symplectic manifold 7*R" is equipped with a complex
symplectic form wg giving two natural real symplectic forms Im we and Rewe. We find
that T*R™ is Lagrangian with respect to the first form and symplectic with respect to the
second. In general, a submanifold satisfying these two conditions is called an IR-manifold.

Assume that T € C§°(T*R™), then we may associate to it a natural family of IR-

manifolds:
(4.31) Apgr ={w +ipHp(w) : we T*R"} C T*C" with o € R and |p| small

where as before we identify T'(T*R"™) with T*R", see [6, p. 391]. Since Im((dz) is closed

on A,r,we find that there exists a function G, on A,r such that
dG, = — Im(§d2)|AQT
In fact, we can write it down explicitely by parametrizing A,r by T*R™:

Go(2,Q) = = (£, VT (2, €)) + T (x,§)  for (2,() = (,8) + ioHr(x,§)
The associated spaces H(A,r) are going to be defined by using the FBI transform:
T:L*R") — L*(T*R")
given by

(4.32) Tu(z, €) = cah~ % / o= € +ile—al®) 2h )

n

The FBI transform may be continued analytically to A,z so that Th ,u € C*°(A,r). Since
Agr differs from T*R™ on a compact set only, we find that T ,u is square integrable
on A,r. The FBI transform can of course also be defined on u € L*(R™) having values

in CV, and the spaces H(A,r) are defined by putting h dependent norms on L*(R"):

il ) :/ [ Ta rulz, Q)P MWy )"/l = || T gl Zo o

Agr
Suppose that P; and P, are bounded and holomorphic N x N systems in a neigh-
bourhood of T*R™ in T*C™ and that u € L*(R",C"). Then we find for ¢ > 0 small
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enough

(4.33) (P{"(z,hD)u, Py’ (x, hD)v) (A )
= ((Prlagr) Tagrtts (Polagz ) Ta e 0) 2o + O lull ragm [0l s )

By taking P, = P, = P and u = v we obtain
(4.34) 1P (2, AD)ullZix ) = 1(Plage) Tagrullzoony + OB [tllzra e
as in the scalar case, see [9] or [13].

By Remark 4.8 we may assume that M P = () satisfies (4.11)—(4.12), with invertible M.
The analyticity of P gives
(4.35) P(w +igHy) = P(w) + ioHp P(w) + O(0?) o] <1
by Taylor’s formula, thus

Im M (w) P(w + igHr(w)) = Im Q(w) + 0 Re M (w)Hy P(w) + O(0*)

Since we have Re MHyP > ¢ — CImQ@Q, ¢ > 0, by (4.11) and Im@ > 0 by (4.12), we
obtain for sufficiently small p > 0 that

(4.36) Im M (w)P(w + igHr(w)) > (1 — Co) Im Q(w) + co + O(0?) > co/2
which gives by the Cauchy-Schwarz inequality that || P [4,, u|| > c'ollul| and thus
(4.37) 1P~ Tar 1 < C/o

Now recall that H(A,r) is equal to L? as a space and that the norms are equivalent for
every fixed h (but not uniformly). Thus the spectrum of P(h) does not depend on whether
the operator is realized on L? or on H(A,r). We conclude from (4.34) and (4.37) that 0
has an h-independent neighbourhood which is disjoint from the spectrum of P(h), when

h is small enough. 0

Summing up, we have proved the following result.

Proposition 4.18. Assume that P(h) is an N X N system on the form given by (2.2)
with analytic principal symbol P(w), and that there exists a real valued function T(w) €
C>®(T*R™) such that P(w) — zIdy is quasi-symmetrizable with respect to Hr in a neigh-
borhood of ¥.,(P). Define the IR-manifold

Ayr = {w+ipHrp(w); w € T"R"}
for 0 > 0 small enough. Then
P(h)—z: H(A;r) — H(Ayr)

has a bounded inverse for h small enough, which gives
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Spec(P(h))[\D(z,6) =0  0<h<hg

for 6 small enough.

Remark 4.19. It is clear from the proof of Theorem 4.15 that in the analytic case it
suffices that P; is analytic in a fived complex neighborhood of ¥,(P) € T*R", j > 0.

5. THE SUBELLIPTIC CASE
We shall investigate when we have an estimate of the resolvent which is better than the
quasi-symmetric estimate, for example the subelliptic type of estimate
[(P(h) = Aldy)7'| <CR™*  h—0
with p < 1, which we obtain in the scalar case under the bracket condition, see Theo-

rem 1.4 in [6].

Example 5.1. Consider the scalar operator p* = hD; + if“(t,z,hD,) where 0 <
f(t,x,€) € C°, (t,z) € R x R", and 0 € 9X(f). Then we obtain from Theorem 1.4

in [6] the estimate

(5.1) R R )| < Cp*ul| h<l VNVueCy
if 0 ¢ Xoo(f) and
(5.2) > 1olf1#0

J<k

These conditions are also necessary. For example, if |f(t)] < C|t|¥ then an easy compu-
tation gives ||hDyu + iful|/|u| < ch*/F+1if u(t) = ¢(th=/F+1) with 0 # ¢(t) € CF(R).

The following example shows that condition (5.2) is not sufficient for systems.

Example 5.2. Let P = hD,1ds +iF(t) where
2t
Fo= (s )

0 6) which gives that

Then we have F®)(0) = (6 0

([ Ker FV(0) = {0}

J<3
But by taking u(t) = x(¢)(¢t,—1)" with 0 # x(¢) € C§°(R), we obtain F(t)u(t) = 0 so we
find || Pul|/||u|| < ch. Observe that

ro-( )& D ()

thus F(t) = t?B*(¢)I1(t) B(t) where B(t) is invertible and II(#) is a projection of rank one.
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Example 5.3. Let P = hD,Ids +iF(t) where
(P B =T\ (1 =t\ [(t* 0 1t
F<t>_(t3—t7 ) =\ 1) o )1
Then we have that
B o1 (1 —t\ (kD +i(t? +t4) 0 1t
Py () o pie ) (G 1) rom

Thus we find from the scalar case that h%7||u|| < C||Pul| for h < 1, see [6, Theorem 1.4].
Observe that this operator is, element for element, a higher order perturbation of the

operator of Example 5.2.
Definition 5.4. Let 0 < F(t) € Ly2.(R) be an N x N system, then we define

(5.3) O5(F) = {t : min (F(t)u, u) < 5} 0<d<1

[[ul|=1

which is well-defined almost everywhere and contains Xo(F) = |F|~1(0).

Observe that one can also use this definition in the scalar case, then Qs(f) = f~1([0, d])

for non-negative functions f.

Remark 5.5. Observe that if F' > 0 and E is invertible then we find that
(5.4) Qs(E*FE) C Qes(F)
where C' = ||[E7Y|2.
Example 5.6. For the scalar symbols p(z,§) = 7 4+ if(t,z,£) in Example 5.1 we find
from Proposition A.1 that (5.2) is equivalent to
[{t: f(t2,6) <6} = 1Q(fog)| OOV 0<d<1 Va€
where f,¢(t) = f(t,2,§).

Example 5.7. For the matrix F(¢) in Example 5.3 we find from Remark 5.5 that
1Qs(F)| < C6'/6, and for the matrix in Example 5.2 we find that |Qs(F)| = oo.

We also have examples when the semidefinite imaginary part vanishes of infinite order.

Example 5.8. Let p(z,&) = 7 +if(t,,&) where 0 < f(t,2,¢) < Ce VI 5 > 0, then
we obtain that

1Q(fre)| < Collogs| ™7 0<d<1 Va,&
(We owe this example to Y. Morimoto.)
The following example shows that for subelliptic type of estimates it is not sufficient

to have conditions only on the vanishing of the symbol, we also need conditions on the

semibicharacteristics of the eigenvalues.
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Example 5.9. Let

0

D,
P:thId2+ah<O _D,

) +i(t — px)?Idy  (t,z) € R?

with «, § € R, then we see from the scalar case that P satisfies the estimate (5.1) with
p = 2/3 if and only either « = 0 or @ # 0 and  # +1/a.

Definition 5.10. Let Q(w) € C*°(T*R") be an N x N system and let wy € ¥ C T*R™.
We say that @) satisfies the approximation property on ¥ near wy if there exists a @)
invariant C* subbundle V of CV over T*R" such that V(wy) = Ker Q" (w) and

(5.5) Re(Q(w)v,v) =0 veV(w) weE X

near wy. That V is @ invariant means that Q(w)v € V(w) for v € V(w).

Here Ker Q" (wy) is the space of the generalized eigenvectors corresponding to the zero
eigenvalue. The symbol of the system in Example 5.9 satisfies the approximation property
on ¥ ={7=0}if and only if & = 0.

Let @ = le then since Im 2@ = Re@ we obtain from Lemma 4.6 that Ran @J_ Ker@
on ¥. Thus KerQ" = Ker@ on ¥, and since Ker Q¥(wg) = V(wp) we find that
Ker QY (wp) = V(wg) = Ker Q(wy). It follows from Example 5.13 that Ker Q C V near wy.

Remark 5.11. Assume that Q) satisfies the approximation property on the C* hypersur-
face ¥ and is quasi-symmetric with respect to V ¢ TX. Then the limits of the non-trivial
semibicharacteristics of the eigenvalues of Q) close to zero coincide with the bicharacter-

istics of 2.

In fact, the approximation property in Definition 5.10 and Example 5.13 give that
(Re Qu,u) =0 for u € Ker@ C V on X. Since Im @) > 0 we find that

(5.6) (dQu,uy =0  VYue Ker@ on T

By Remark 4.16 the limits of the non-trivial semibicharacteristics of the eigenvalues close
to zero of @) are curves with tangents determined by (dQu,u) for u € Ker(@. Since
V Re @ # 0 on Ker @ we find from (5.6) that the limit curves coincide with the bicharac-

teristics of X, which are the flow-outs of the Hamilton vector field.

Example 5.12. Observe that Definition 5.10 is empty if DimKer Q¥ (wy) = 0. If
Dim Ker Q" (wg) > 0, then there exists € > 0 and a neigborhood w to wy so that

(5.7) Mw) = — [ (zTdy —Q(w)) " dz € C=(w)

- 211 |z|=¢
is the spectral projection on the (generalized) eigenvectors with eigenvalues having abso-

lute value less than e. Then Ranll is a @) invariant bundle over w so that RanII(wg) =
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Ker Q" (wp). Condition (5.5) with ¥ = RanIl means that IT* Re QI = 0 in w. When
Im Q(wp) > 0 we find that IT*QII(wy) = 0, then @ satisfies the approximation property
on X near wy with )V = Ran Il if and only if

d(IT* (Re Q)I1

)‘TZ =0 near wo

Example 5.13. If @) satisfies the approximation property on 3, then by choosing an
orthonormal base for V' and extending it to an orthonormal base for CV we obtain the

system on the form

Qu Q2
5.8 =
58 o= (% &
where Q1 is K x K system such that QN (wy) = 0, Re@Q1; = 0 on ¥ and |Qg]| # 0. By

multiplying from left with

Idr —Q12Q%
0 Idy_x

we obtain that )12 = 0 without changing ()1, or Qas.

In fact, the eigenvalues of ) are then eigenvalues of either Q11 or Q9s. Since V(wy) are
the (generalized) eigenvectors corresponding to the zero eigenvalue of Q(wg) we find that

all eigenvalues of QQ93(wy) are non-vanishing, thus Q99 is invertible near wy,

Remark 5.14. If Q) satisfies the approximation property on X near wq, then it satisfies

the approzimation property on ¥ near wi, for wy sufficiently close to wy.

In fact, let Q11 be the restriction of ) to V' as in Example 5.13, then since Re Q)11 =
Im#Q)1; = 0 on ¥ we find from Lemma 4.6 that Ran 01, L Ker ()1, and Ker ()1; = Ker Qﬁ
on X. Since (g is invertible in (5.8), we find that Ker @ C V. Thus, by using the spectral
projection (5.7) of Q11 near w; € ¥ for small enough € we obtain an invariant subbundle
V C V so that V(w;) = Ker Q11 (w;) = Ker QN (w;).

If Q € C satisfies the approximation property and Qp = E*QFE with invertible
E € C°, then it follows from the proof of Proposition 5.18 below that there exist invertible
A and B € C* so that AQg and Q* B satisfies the approximation property.

Definition 5.15. Let P € C*°(T*R"™) be an N x N system and let ¢(r) be a positive non-
decreasing function on R, . We say that P is of subelliptic type ¢ if for any wy € Lo(P)
there exists a neighborhood w of wy, a C° hypersurface ¥ > wg, a real C'*° vector field
V ¢ TY and an invertible symmetrizer M € C* so that Q = M P is quasi-symmetric
with respect to V' in w and satisfies the approximation property on ¥ (|w. Also, for every

bicharacteristic v of 3 the arc length
(5.9) v N Qs(Im Q) Nw| < Ce(6) 0<ixl
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We say that z is of subelliptic type ¢ for P € C*° if P — z1dy is of subelliptic type ¢. If
¢() = 6" then we say that the system is of finite type of order p > 0, which generalizes

the definition of finite type for scalar operators in [6].

Recall that the bicharacteristics of a hypersurface in 7*X are the flow-outs of the
Hamilton vector field of ¥. Of course, if P is elliptic then by choosing M = iP~! we
obtain () = iIdy, so P is trivially of subelliptic type. If P is of subelliptic type, then it

is quasi-symmetrizable by definition and thus of principal type.

Remark 5.16. Observe that we may assume that
(5.10) Im(Qu, u) > c||Qul? Vue CV
in Definition 5.15.

In fact, by adding i9P* to M we obtain (5.10) for large enough ¢ by (4.6), and this
only increases Im Q).

Since ) is in C™ the estimate (5.9) cannot be satisfied for any ¢(J) < ¢ (unless @ is
elliptic) and it is trivially satisfied with ¢ = 1, thus we shall only consider ¢§ < ¢(9) < 1
(or finite type of order 0 < p < 1). Actually, for C'° symbols of finite type, the only
relevant values in (5.9) are yu = 1/k for even k > 0, see Proposition A.2 in the Appendix.

Actually, the condition that ¢ is non-decreasing is unnecessary, since the left-hand
side in (5.9) is non-decreasing (and upper semicontinuous) in 0, we can replace ¢(J) by

inf.~5 ¢(e) to make it non-decreasing (and upper semicontinuous).

Example 5.17. Assume that @) is quasi-symmetric with respect to the real vector field V/,
satisfying (5.9) and the approximation property on ¥. Then by choosing an orthonormal

base as in Example 5.13 we obtain the system on the form

1 G2

©v= (Qo gzz)

where Q1 is K x K system such that QY (wg) = 0, ReQ1; = 0 on ¥ and |Qg| # 0. Since
() is quasi-symmetric with respect to V' we also obtain that Qq1(wg) = 0, ReV Q11 > 0,
ImQ;; > 0 for j = 1, 2. In fact, then Lemma 4.6 gives that Im QL Ker @ so Ker QV =
Ker @). Since @ satisfies (5.9) and 25(Im Q11) € Qs(Im Q) we find that Q11 satisfies (5.9).
By multiplying from left as in Example 5.13 we obtain that ()12 = 0 without changing
Q11 or Qoa.

Proposition 5.18. If the N x N system P(w) € C*(T*R") is of subelliptic type ¢ then
P* is of subelliptic type ¢. If A(w) and B(w) € C*(T*R"™) are invertible N x N systems,
then APB 1is of subelliptic type ¢.
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Proof. Let M be the symmetrizer in Definition 5.15 so that () = M P is quasi-symmetric
with respect to V. By choosing a suitable base and changing the symmetrizer as in

Example 5.17, we may write

(5.11) Q= (QO“ Q(lQ)

where @11 is K x K system such that Qq1(wg) = 0, VReQy; > 0, ReQi; = 0 on
Y and that Qg is invertible. We also have Im @ > 0 and that @) satisfies (5.9). Let
V1={UGCN: uj:0forj>K} andng{uecN: uj:0forj§K},theseare
@ invariant bundles such that V; @V, = C¥.

First we are going to show that P = APB is of subelliptic type. By taking M =
B71MA~! we find that

(5.12) MP=Q=B"'QB

and it is clear that B~'V); are @ invariant bundles, j = 1, 2. By choosing bases in B~V

for j = 1, 2, we obtain a base for CV in which @ has a block form:

~ Qu 0
519 - (% a.)

Here Q;; : B~'V; = B~'V;, is given by Q;; = B;'Q;;B; with
B;:B"W;2u— Buey;, j=1,2

By multiplying @ from the left with

(BB 0
B= < 0 B;Bg>
we obtain that

—~ = L ~= (BfQuB; 0 _ (@ 0
Q=BQ=BMP = ( : 0 B;QQQBQ) B ( 011 @22)

It is clear that Im@Q > 0, Qi1(wg) =0, Re@Q,; = 0 on ¥, |Qy| # 0 and V Re @, > 0 by
Proposition 4.11. Finally, we obtain from Remark 5.5 that
for some C' > 0, which proves that P = APB is of subelliptic type. Observe that
Q = AQg, where Qp = B*QB and A = BB~'(B*)~".

To show that P* also is of subelliptic type, we may assume as before that Q = M P is

on the form (5.11) with Q11(wo) = 0, VReQq1; > 0, Re@11 = 0 on X, Q9 is invertible,
Im@ > 0 and @ satisfies (5.9). Then we find that

—PMT=-Q ‘( 0 —ng)
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satisfies the same conditions with respect to —V, so it is of subelliptic type with multi-
plier Idy. By the first part of the proof we obtain that P* is of subelliptic type, which
finishes the proof. 0J

Example 5.19. In the scalar case, p € C°(T*R"™) is quasi-symmetrizable with respect

to H; = 0, near wy if and only if

(5.15) p(t,x;7,8) = q(t, ;7 ) (7 +if(t,2,€))  mear wo

with f > 0 and g # 0, see Example 4.4. If 0 ¢ ¥, (p) we find by taking ¢~' as symmetrizer
that p in (5.15) is of finite type of order p if and only if ;4 = 1/k for an even k such that
> _lorf1>0
<k
by Proposition A.1. In fact, the approximation property is trivial since f is real. Thus

we obtain the case in [6, Theorem 1.4], see Example 5.1.

Theorem 5.20. Assume that the N x N system P(h) is given by the expansion (2.2)
with principal symbol P € C°(T*R™). Assume that z € X(P) \ Lo (P) is of subelliptic
type ¢ for P, where ¢ > 0 is non-decreasing on R.. Then there exists hg > 0 so that

(5.16) [(P(h) —z1dn) Y| < C/epo(h) 0 <h < hyg
where Y(h) = 0 is the inverse to h = 6¢(0). It follows that there exists co > 0 such that

(5.17) {w: |w=2z <cp(h)}Nna(Ph) =0 0 < h < ho.

Theorem 5.20 will be proved in section 6. Observe that if ¢(6) — ¢ > 0as d — 0
then ¢ (h) = O(h) and Theorem 5.20 follows from Theorem 4.15. Thus we shall assume
that ¢(0) — 0 as 6 — 0, then we find that h = §¢(d) = 0(d) so »(h) > h when h — 0.
In the finite type case: ¢(d) = 6* we find that §¢(0) = §'*# and ¢ (h) = h'/#+'. When
1= 1/k we find that 1+ = (k+1)/k and (k) = h*/**1. Thus Theorem 5.20 generalizes
Theorem 1.4 in [6] by Example 5.19. Condition (5.16) with t(h) = A'/#*! means that

A ¢ AY9,,(P), which is the pseudospectrum of index 1/p+ 1.

Example 5.21. Assume that P(w) € C*is N x N and z € X(P) \ (Zuws(P) U X (P)).
Then ¥,(P) = { M(w) = p } for p close to z, where A € C' is a germ of eigenvalues for P
at X,(P), see Lemma 2.15. If z € 93()\) we find from Example 4.12 that P(w) — zIdy is
quasi-symmetrizable near wy € X, (P) if P(w)—A1dy is of principal type when |A—z| < 1.
Then P is on the form (4.15) and there exists g(w) € C* so that (4.16)—(4.17) hold near
Y.(P). We can then choose the multiplier M so that ) is on the form (4.18). By taking
¥ = {Req(A — z) = 0} we obtain that P — 2z Idy is of subelliptic type ¢ if (5.9) is satified
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for Img(A — z). In fact, by the invariance we find that the approximation property is

trivially satisfied since Reg\ = 0 on X.

Example 5.22. Let
P(z,&) = ()P 1dy +iK (z)  (2,€) € T*R"

where K(z) € C*(R"™) is symmetric as in Example 3.12. We find that P — zIdy is of
finite type of order 1/2 when z = iX for almost all A € X(K) \ (Eus(K) U Xx(K)) by
Example 5.21. In fact, then z € 3(P)\ (X4s(P) [ Lo (P)) and the C* germ of eigenvalues
for P near 3,(P) is A(z,&) = [£|* + ir(z), where k(x) is a C° germ of eigenvalues for
K(z) near ¥\(K) = { k(x) = A }. For almost all values A\ we have dr(z) # 0 on X, (K).
By taking ¢ = ¢ we obtain for such values that (5.9) is satified for Imi(A(w) —i\) = |¢|?
with ¢(0) = §/2, since Rei(A(w) —i\) = A — k(x) = 0 on & = Xy\(K). If K(z) € C®
and 0 ¢ Y (K) then we may use Theorem 5.20, Proposition 2.20, Remark 2.21 and
Example 2.22 to obtain the estimate

(5.18) |(P¥(z,hD) — z1dy) Y| < CR72? 0<h<1
on the resolvent.
Example 5.23. Let

P(t,x;1,&) =TM(t,x,&) +iF(t,x,§) € C™
where M > ¢y > 0 and F' > 0 satisfies

(5.19)

{t: inf <F(t,m,§)u,u)§5}'§0¢(§) V¢

ful=1

Then P is quasi-symmetrizable with respect to 9, with symmetrizer Idy. When 7 = 0 we
obtain that Re P = 0, so by taking V = Ran I for the spectral projection II given by (5.7)
for I, we find that P satisfies the approximation property with respect to ¥ = {7 =0}.
Since Q5(Im P) = Qs(F) we find from (5.19) that P is of subelliptic type ¢. Observe that
if 0 ¢ X (F) we obtain from Proposition A.2 that (5.19) is satisfied for ¢(d) = 6* if and
only if 4 < 1/k for an even k > 0 so that

D IOz, ult),u(t)] >0 Vix,é

J<k

for any 0 # u(t) € C*(R).

6. PROOF OF THEOREM 5.20

By subtracting z Idy we may assume z = 0. Let wy € Xo(P), then by Definition 5.15
and Remark 5.16 there exist a C*° hypersurface ¥ and a real C* vector field V ¢ TY,
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an invertible symmetrizer M € C* so that () = M P satisfies (5.9), the approximation
property on Y, and

(6.1) VRe@Q>c—CIm@Q
(6.2) Im@ > cQ*Q

in a neighborhood w of wy, here ¢ > 0.

Since (6.1) is stable under small perturbations in V' we can replace V with H; for
some real t € C'° after shrinking w. By solving the initial value problem H;7 = —1,
T‘E = 0, and completing to a symplectic C*° coordinate system (¢, 7, x, &) we obtain that
Y = {7 =0} in a neighborhood of wy = (0,0, wy). We obtain from Definition 5.15 that

(6.3) Re(Qu,u) =0  when7t=0and u eV

near wy. Here V is a Q invariant C°° subbundle of CV such that V(w,) = Ker Q" (wy) =

Ker Q(wp) by Lemma 4.6. By condition (5.9) we have that
(6.4) 1B(ImQ,) N{|t| <c}|<Co(6) 0<d<k1

when |w — wy| < ¢, here Q,(t) = Q(¢,0,w). Since these are are all local conditions, we
may assume that M and ) € Cp°. We shall obtain Theorem 5.20 from the following

estimate.

Proposition 6.1. Assume that Q € C°(T*R") is an N x N system satisfying (6.1)—(6.4)
in a neighborhood of wy = (0,0, wy) with V = 0, and non-decreasing ¢(5) — 0 as § — 0.
Then there ezist hg > 0 and R € C°(T*R™) so that wy ¢ supp R and

(6.5)  ¢(W)ull < CUIQY(# x, hDea)ull + [[R (¢, 2, hDya)ull + hllul]) 0 <h < hg
for any u € CP(R", CN). Here 1)(h) = & > h is the inverse to h = d¢(0).

Let w be a neighborhood of wy such that supp R(\w = (), where R is given by Propo-
sition 6.1. Take ¢ € C§°(w) such that 0 < ¢ <1 and ¢ = 1 in a neighborhood of wy. By
substituting ¢* (¢, x, hD; . )u in (6.5) we obtain from the calculus that for any N we have

(6.6)
Gl (8, 2, hDy2)ull < COn([Q(t, 2, hDy o) " (£, 2, hDy o )ull + BN Jul))  Vu € CF°

for small enough h since Ry = 0. Now the commutator
(6.7) Q" (t, x, hDea), 0" (t, 2, hDe)ull < Chllull - u e G5
and since () = M P the calculus gives
(6.8) Q(t, x, hDyo)ull < [|M*(t, 2, hDyz) P(h)ull + Chllull
< C([P(h)ull + hllul)  we g
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The estimates (6.6)—(6.8) give
(6.9) b(h)le*(t, 2, hDyg)ul| < C(|P(R)ul| + hul])

Since 0 ¢ Yo (P) we obtain by using the Borel Theorem finitely many functions ¢; €
Cs°, j =1,...,N, such that 0 < ¢; < 1, Zj ¢; = 1 on Xo(P) and the estimate (6.9)
holds with ¢ = ¢;. Let ¢g = 1—3_.., ¢;, then since 0 ¢ Yoo (P) we find that [P~ < C
on supp ¢o. Thus ¢y = ¢ P71 P and the calculus gives
(6.10) 166 (£, z, hDyoJull < C([[P(h)ull + hllul])  we CFF
By summing up, we obtain
(6.11) v(h)|ull < C([P(h)ull + hllull)  we CFF

Since h = d¢(0) < § we find ¢(h) = 6 > h when h — 0. Thus, we find for small
enough h that the last term in the right hand side of (6.11) can be cancelled by changing
the constant, then P(h) is injective with closed range. Since P*(h) also is of subelliptic
type ¢ by Proposition 5.18 we obtain the estimate (6.11) for P*(h). Thus P*(h) is injective
making P(h) is surjective, which together with (6.11) gives Theorem 5.20.

Proof of Proposition 6.1. First we shall prepare the symbol @) locally near wy = (0,0, wy).
Since Im @ > 0 we obtain from Lemma 4.6 that Ran Q(wy)Ll Ker Q(wy) which gives
Ker QN (wy) = Ker Q(wy). Let Dim Ker Q(wy) = K then by choosing an orthonormal

base and multiplying from the left as in Example 5.17, we may assume that

(6.12) Q= <Q0“ Q(;)

where Qll is K x K matrix, Qll(ﬁ)/o) = 0 and ’QQQ({EO)| 7& 0. AISO, we find that Qll
satisfies the conditions (6.1)—(6.4) with V = CX near wj.

Now it suffices to prove the estimate with () replaced by Q1. In fact, by using the
ellipticity of Q92 at wy we find
(6.13) Il < CUIQzu"l + |1 BYw"| + hllu”] w" € Cg°(R",CVF)
where u = (v/,u”) and wy ¢ supp R;. Thus, if we have the estimate (6.5) for QY} with
R = Ry, then since ¢ (h) is bounded we obtain the estimate for Q*:

() lull < Co(lQY 'l + |Qu" || + [[B¥ull + hllull) < CL(I|Qull + [|R*ul| + Allul])

where wy ¢ supp R, R = (R, Rs).
Thus, in the following we may assume that Q) = 11 is K x K system satisfying the
conditions (6.1)-(6.4) with ¥V = CK near w,. Since 9, ReQ > 0 at w, by (6.1), we find

from the matrix version of the Malgrange Preparation Theorem in [4, Theorem 4.3] that

(6.14) Qt, 7, w) = E(t,7,w)(rId+Ko(t, w)) near Wy
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where FE, Ky € C*, and ReFE > 0 at wy. By taking M(t,w) = E(t,0,w) we find
Re M > 0 and

Q(ta T, ’IU) = EO(t77—> w)<TM(t7w) + ZK(ta w)) = EO(taTa w)QO(tv T, w)

where Fy(t,0,w) = Id. Thus we find that Q) satisfies (6.2), (6.3) and (6.4) when 7 = 0
near wy. Since K(0,wy) = 0 we obtain that ImK = 0 and K > ¢K? > 0 near (0,wy).
We have Re M > 0 and

(6.15) |(Im Mu, u)| < C(Ku,u)'?||ul near (0, w)
In fact, we have
0<ImQ < K+7(ImM +Re(E,K)) + Cr?

where Fi(t,w) = 0, E(t,0,w). Lemma A.7 gives

|(Im Mu, u) + Re(Fy Ku, u)| < C(Ku,u)"?||ul
and since K? < CK we obtain

| Re(EyKu,u)| < O Kullu]l < Co{iKu, u)'’?|lul|
which gives (6.15). Now by cutting off when |7| > ¢ > 0 we obtain that

QY = EyQy + Ry + hRY
where R; € CP° and wy ¢ supp Ry. Thus, it suffices to prove the estimate (6.5) for Qy .
We may now reduce to the case when Re M = Id. In fact,
o= MP((Id+iMP)hDy + i K ) My modulo O(h)

where My = (Re M)'/? is invertible, M} = M, and K; = M;'KM;"' > 0. By changing
M; and K; and making K; > 0 outside a neighborhood of (0,wy) we may assume that
M, K, € Cg° and iK; satisfies (6.4) for all ¢ > 0 and any w, by the invariance given
by Remark 5.5. Observe that condition (6.15) also is invariant under the mapping Qo +—
E*QuE.

We shall use the symbol classes f € S(m,g) defined by

k
|8V1...8ka|SC’kag(uj)I/Z Vv, ..,v, Yk
j=1
for constant weight m and metric g, and Op S(m, g) the corresponding Weyl operators f*.
We shall need the following estimate for the model operator Q.

Proposition 6.2. Assume that

Q = M"(t,x,hD,)hD, + iK"(t,z,hD,)
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where M (t,w) and 0 < K(t,w) € L*(R,C(T*R")) are N x N system such that Re M =
Id, Im M satisfies (6.15) and iK satisfies (6.4) for all w and ¢ > 0 with non-decreasing
0< @) =0 asd — 0. Then there exists a real valued B(t,w) € L>°(R, S(1, H|dw|*/h))
such that hB(t,w)/v¥(h) € Lip(R, S(1, H|dw|?/h)), and

(6.16) Y(h)|Jul]* < Im{Qu, B (t,x, hD,)u) + Ch?||Dyul? 0<hk1l

for any u € CP(R™™, CN). Here the bounds on B(t,w) are uniform, ¥(h) = 6 > h is
the inverse to h = d¢(0) so 0 < H = \/h/(h) <1 as h — 0.

Observe that H? = h/v(h) = ¢(p(h)) — 0 and h/H = \/p(h)h < ¢(h) — 0 as h — 0,
since 0 < ¢(0) is non-decreasing.

To prove Proposition 6.1 we shall cut off where |7| = e/1)/h. Take xo(r) € C5°(R) such
that 0 < xo <1, xo(r) = 1 when || <1 and |r| <2 in supp xo. Then 1 — xo = x; where
0 < x1 < 1 is supported where |r| > 1. Let ¢;.(r) = x;(hr/ev/¥), j =0, 1, for e > 0,
then ¢, is supported where |r| < 2ey/4/h and ¢, . is supported where |r| > ey/1)/h. We
have that ¢;.(7) € S(1,h?d7r? /1), j =0, 1, and u = ¢ .(D¢)u+ ¢1 (D;)u, where we shall
estimate each term separately. Observe that we shall use the ordinary quantization and
not the semiclassical for these operators.

To estimate the first term, we substitute ¢ .(D;)u in (6.16). We find that

(6.17) ()l @oe(De)ull® < Im(Qu, @o.-(De) B (¢, 2, hDy) o (Dy)u)

+ Im([Q7 ¢O,E(Dt)]u7 Bw(ta z, th)¢0,€(Dt)u> + Z‘LC’&J@/}HUH2
In fact, h||Digo.(Di)ull < 2ev/4||lull since it is a Fourier multiplier and |hr¢g(7)] <
2e4/1). Next we shall estimate the commutator term. Since Re Q = hD; Id —hd; Im M* /2
and Im@Q = hIm M D, + K% + ho; Im M™ /2i we find that [Re @, ¢o.(D:)] € Op S(h,G)
and

Q. bo.(Dy)] = i[Im Q, ¢o.(Dy)] = i[ K™, ¢o.(Dy)] = —hO, K" ¢s.-(Dy) Je\/t
is a symmetric operator modulo Op S(h,G), where G = dt* + h2dr? /¢ + |dx|* + h?|dE|?
and ¢o.(7) = x4(h7/ev/¥). In fact, we have that h?/1(h) < Ch, h[0;Im M"™, ¢g.(D;)]
and [Im MY, ¢ .(D;)|hD; € Op S(h,G), since |7| < ey/1/h in supp ¢g (7). Thus, we find
that
(6.18)  — 2iIm (¢ (Dy) B [Q, doe(Dy)]) = 2ihe ™2 Im (¢o..(Dy) B O, K  ¢o..(Dy))
— he 072 (G0 (D) B0, 62, (D)] + G0 (D)[B”, 62, (D)}OK

+ 02 (D)[60. (1), B0 + 62.(Dy) B [0.(Dy), K" )
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modulo Op S(h, G). As before, the calculus gives that [¢;.(D;), 9, K®*] € Op S(hy~Y2,G)
for any j. Since t — hB" /¢ € Lip(R,Op S(1,G)) uniformly and ¢;.(7) = x;(h7/ev/¥)
with x; € C3°(R), Lemma A.4 with x = e1/4)/h gives that

1[5, (De), Bw]HL(m(RnH)) < C\/E/8

uniformly. If we combine the estimates above we can estimate the commutator term:
(6.19) | Tm([Q, ¢o.(Dy)lu, B (t, x, hDy) o (Dy)u)| < Chllul®> < p(h)l[ull*  h <1

which together with (6.17) will give the estimate for the first term for small enough e
and h.

We also have to estimate ¢ .(D;)u, then we shall use that @ is elliptic when |7] # 0.
We have

[¢1.e(Deyull® = (x* (De)u, w)
where x(7) = ¢7.(7) € S(1, h*dr? /1)) is real with support where |7| > e1/4/h. Thus, we
may write x(D;) = o(D;)hD; where o(7) = x(7)/ht € S(xp~1/% h%d7? /1)) by Leibniz’ rule
since |7|7! < h/ey/4 in supp . Now hD;Id = Re Q + hd; Im M* /2 so we find
h
(X(Dy)u,u) = Re(o(Dy)Qu, u) + 5 Re(o(Dy) (0 Im M*™)u, u) + Im(o(Dy) Im Qu, u)
where |h Re{o(D;)(0; Tm M™)u,u)| < Chllu||*/ey/¥b and

| Re(o(D)Qu, u)| < [|Qullllo(Ds)ull < [|Qull|[ull /e /¢
since o(D;) is a Fourier multiplier and |o(7)| < 1/ey/%. We have that
h
Im@ = K"“(t,z,hD,) + hD;Im M*“(t,z,hD,) — ?8,5 Im M*“(t,z,hD,)
i
where Im M™(t, z, hD,) and K (t,z,hD,) € Op S(1,G) are symmetric. Since p = x/h7 €

S(1p~1/2 G) is real we find that

Im(o(D;) Im Q) = Im o(Dy) K + Im x(Dy) Im M™

- %([Q(Dt% K*(t,2,hDy)] + [x(Dy), Im M* (t, 2, hD)])

modulo terms in Op S(h/v/4,G) € Op S(h/1,G). Here the calculus gives
[o(Dy), K*(t,z,hD,)] € Op S(h/,G)
and similarly we have that
(D), Tm M"(t, 2, hD,)] € Op S(h/\/4,G) C Op S(h/,G)

which gives that | Im{o(D;) Im Qu, u)| < Chllul|?*/v. In fact, since the metric G is con-
stant, it is uniformly o temperate for all A > 0. We obtain that

Y()|61e(Doul® < Cc(v/4 | Qulllfull + hljul®)
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which together with (6.17) and (6.19) gives the estimate (6.5) for small enough ¢ and h,
since h/1(h) — 0 as h — 0. O

Proof of Proposition 6.2. We shall do a second microlocalization in w = (z,£). By mak-
ing a linear symplectic change of coordinates: (z,¢) +— (hY2z, h~1/2¢) we obtain that
Q(t, T, x, h&) is changed into

Qt, 7. h"/w) € S(1,di* + dr® + hldw[?)  when |7] < ¢

In these coordinates we find B(h'/?w) € S(1,G), G = H|dw|?, if B(w) € S(1, H|dw|*/h).
In the following, we shall use ordinary Weyl quantization in the w variables.

We shall follow an approach similar to the one of [6, Section 5]. To localize the estimate
we take { ¢;(w) };, {¥;(w)}; € S(1,G) with values in %, such that 0 < ¢;, 0 < 9,
Zj ¢§ = 1 and ¢;9; = ¢;, Vj. We may also assume that 1); is supported in a G
neighborhood of w;. This can be done uniformly in H, by taking ¢;(w) = ®;(H/?w) and
Vi (w) = U,;(HY?w), with { ®;(w) }; and { ¥ (w) }; € S(1, [dw|?). Since ) ¢7 = 1 and
G = H|dw|? the calculus gives
(6.20) D ey (@, Dyyul® = CH ull® < |lull* < Y 116 (2, Do)ul)? + CH?|lul|?

J J
for u € C§°(R™), thus for small enough H we find

(6.21) Y Moy (z, Da)ull® < 2fjul* <4 " ||6¥ (2, Do)ul* for u € Gg°(R™)
j j

Observe that since ¢; has values in ¢? we find that {gb}”qu }j € Op S(HY,G) also has

values in ¢* if R; € S(H”,G) uniformly. Such terms will be summable:

(6.22) Do lrull® < CH*[lul?
J

for {r;}, € S(H", &) with values in (% see [10, p. 169]. Now we fix j and let

Qj(t, T) = Q(t, T, hl/zwj) = Mj(t)T + ZKJ(t)
where M;(t) = M(t,h*?w;) and K;(t) = K(t,h*?w;) € L*(R). Since K(t,w) > 0 we
find from Lemma A.7 and (6.15) that

(6.23)
[{Im M (t)u, w)| + [(du K (t, 2 Pw;)u, )| < CUG (0w, w) Pl YueCY Vi

and condition (6.4) means that

{t: inf (K (t)u, u) < 5}

lul=1

(6.24) < C¢(6)

We shall prove an estimate for the corresponding one-dimensional operator
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by using the following result.

Lemma 6.3. Assume that
Q(t,hDy) = M(t)hD; + i K (t)

where M(t) and 0 < K(t) are N x N systems, which are uniformly bounded in L>(R),
such that Re M =1d, Im M satisfies (6.15) for almost all t and i K satisfies (6.4) for any

¢ > 0 with non-decreasing ¢(6) — 0 as 6 — 0. Then there exists a uniformly bounded real
B(t) € L*(R) so that hB(t)/¢(h) € Lip(R) uniformly and

(6.25) V() ||ul]* + (Ku,u) < Im(Qu, Bu) + Ch?||D;ul|? 0<hk1
for any u € C°(R, CN). Here 1(h) = § > h is the inverse to h = 6¢(9).
Proof. Let 0 < & (t) < 1 be the characteristic function of the set Qs(K) with 6 = ¥(h).
Since 0 = ¢(h) is the inverse of h = d¢(J) we find that ¢(io(h)) = h/6 = h/v(h). Thus,
we obtain from (6.24) that

[ eyt = j0s(1)] < i)

Let

(6.26) E(t) = exp (@ /0 t Oy (s) ds)

then we find that F and E~' € L*(R) uniformly and hE'/iy(h) = ®,E in D'(R). We

have
(6.27) E@)Q(t,hD)E~(t) = Q(t,hD;) + E(t)h[M (t)Dy, E~1(t)] Idy
= Q(t,hDy) + ith(R) Dy (t) Idy —1)(R) Dy () Tm M (t)
since (E~') = —E'E~2. In the following, we let
(6.28) F(t) = K(t) +¢(h) Idy > 9(h) Idy
By the definition we have ®,(t) <1 = K(t) > ¢(h)Idy, so
K(0)+ () ®(0) [y = SF (1)
Thus by taking the inner product in L*(R) we find from (6.27) that
Im(E(t)Q(t, hDy) E~*(t)u, u)

> —(F(t)u,u) + (Im M (t)hDyu,u) — ch|ul|* u € C°(R,CN)

DO | —

since ImQ(t,hD;) = K

estimate for any € > 0

—~

t) + Im M(¢t)hD, + £0,Im M(t). Now we may use (6.15) to

(6.29)  |{Im MhDsu,u)| < e{Ku,u) + C.(R*||Dyu|?® + h|lu||?)  Vu e C(R,C")
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In fact, u = xo(hD;)u + x1(hD;)u where xo(r) € C§°(R) and |r| > 1 in supp x1. We
obtain from (6.15) for any € > 0 that

[(lm M (t)xo (h7)hru, u)| < CUE (t)u, u) 2 xo(hr)RT [ull < e(K (H)u, u)+C- | xo(hr)hrul|?
so by using Gardings inequality in Proposition A.5 on
eK(t) + Coxa(hDy)h* D} £ Tm M (t)xo(hD;)hD;

we obtain
[(Im M (t)xo(hDy)hDyu, u)| < e(K (t)u,u) + C.h?||Dyul|* + Coh||ul|* Vu € C°(R,CY)
since || xo(hD¢)hDiul|| < C||hDyul|. The other term is easier to estimate:

[{Im M (t)x1 (hDe) hDyu, w)| < C|lhDeulll|x1(hDeyu]| < C1h?|| Deul|?
since |x1(h7)| < Clh7|. By taking ¢ = 1/6 in (6.29) we obtain

(F(t)u,u) < 3Im(E)Q(t, hD)E™ (t)u, u) + C(h*|| Dyul® + Aljul*)
Now hDyEu = EhDyu — itp(h)®, Eu so we find by substituting E(t)u that
(6.30) ¢(MIIE@)ull® + (KE(t)u, E(t)u)

< 3Im(Q(t, hDy)u, E*(t)u) + C(h*|| Dyull® + hllul|® + o (h) | E(t)ul|*)

for u € C°(R, CY). Since E > ¢, K > 0 and h < 9(h) < 1 when h — 0 we obtain (6.25)
with scalar B = pFE? for o> 1 and h < 1. O

To finish the proof of Proposition 6.2, we substitute ¢u in the estimate (6.25) with
() = @, to obtain that

(6.31) w67 ull® + (K05 u, fu) < Im(@fQ;(t, hDy)u, B; ()5 u) + Ch?||¢f Dyul|?

J

for u € Cg°(R™!, CN), since ¢ (z, D,) and Q;(t, hD;) commute. Next, we shall replace
the approximation (); by the original operator ). In a G neighborhood of supp ¢; we

may use the Taylor expansion in w to write for almost all ¢

(6.32)  Q(t, 7, h"*w) — Qi(t,7) = i(K(t, h"*w) — K;(t)) + (M (t, h**w) — M;(t))r
We shall start by estimating the last term in (6.32). Since M (t,w) € C° we have
(6.33) |M(t, hw) — M;(t)| < ChY2H=Y?  in supp ¢,

because then |w — w;| < cH~Y2. Since M (t,h*/?w) € S(1, h|dw|?) and h < H we find
from (6.33) that M (¢, h'/?w) — M;(t) € S(h*/?H~/2 @) in supp ¢; uniformly in ¢. By the
Cauchy-Schwarz inequality we find

(6.34) (@ (M" — M;)hDyu, B;(t)¢5u)| < C(|Ix7hDwull* + hH || ¢5u]*)
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for u € Cg°(R™!, CN) where x¥ = h™/2HY2¢%(M"™ — M;) € Op S(1,G) uniformly in ¢
with values in 2. Thus we find from (6.22) that

Y INyhDeu|? < CllhDyal® w e CF(R™)
j

and for the last terms in (6.34) we have

RHY lovul® < 20Hul* < w(h)|lull>  h—0  ueCFR"™)

J

by (6.21). For the first term in the right hand side of (6.32) we find from Taylor’s formula
K(t, h'?w) — K;(t) = hY2(S;(t), W;(w)) + R,(t, 7, w) in supp ¢;

where S;(t) = 0,K (¢, hY?w;) € L*(R), R; € S(hH™', G) uniformly for almost all ¢+ and
W; € S(h=Y2, hldw|?) such that ¢;(w)W;(w) = ¢;(w)(w — w;) = O(HY?). Here we
could take W;(w) = x(h*?(w — w;))(w — w;) for a suitable cut-off function y € Cg°. We

obtain from the calculus that

(6.35) SUK;(1) = QUK (t, hY 2, h/2D,) — hY26%(S;(t), W) + RY

J

where { R, } € S(hH™', G) with values in (2 for almost all ¢. Thus we may estimate the
j

sum of these error terms by (6.22) to obtain
(6.36) Y [(Byw, Bi(t)gyu)| < ChH ™ ul* < ¢(h)[lul® b —0
J
for u € Cg°(R™!, CY). Observe that it follows from (6.23) for any x > 0 and almost all ¢
that
(85 (t)u, w)| < U (t)u, u) 2 [lul| < w(K;(Hu,u) + Cllul*/k - Yue CY
Let Fj(t) = F(t, h'?w;) = K;(t) + 1 (h) Idy, then by taking x = oH'/2h~/2 we find that
for any o > 0 there exists h, > 0 so that
(6.37) W2HY2|(S;u,u)| < o{Kyu,u) + CRH " |ul*/o
< o(Fju,u) YueCY¥ 0<h<h,

since hH ' < ¢(h) when h < 1. Now F}; and S; only depend on ¢, so by (6.37) we may
use Remark A.6 in the Appendix for fixed t with A = hY/2H~1/2S; B = oF}, u replaced
with ¢%u and v with B;H'/2¢¥'W*u. Integration then gives

(6.38)  BE(BoY(S;(t), W), ¢ u)| < S ((Fj(6) g5, ¢5u) + (Fy (8¢5 u, v¥u))
for u € C°(R™, CY), 0 < h < h,, where

Y = BjHV?(p;.”VV;“ € OpS(1,G) with values in ¢?
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In fact, since ¢; € S(1,G) and W; € S(h™'2, hldw[*) we find that ¢¥W? = (¢;W;)"
modulo Op S(HY2 @), and since |¢;W;| < CH™Y? we find from Leibniz’ rule that
o;W; € S(HV2 G). Now F > ¢(h)Idy > hH 'Idy so by using Proposition A.9
in the Appendix and then integrating in ¢t we find that

D (F e, guy < CY (Fi(t)olu, ¢yu)y  ue CR™!, CN)

J J
We obtain from (6.21) and (6.28) that

SWlul® <2 (F;(t)o}u. o) ue PR, CY)
J
Thus, for any ¢ > 0 we obtain from (6.31) and (6.34)—(6.38) that

(1= Coo) > (Fi(t)pyu, ¢vu) <> Im(¢Y¥Qu, Bj(t)gy'u) + Coh* | Dyul> 0 < h < hy
J

j
We have that > i Bioyoy €S (1, G) is a scalar symmetric operator uniformly in t. When
0 = 1/2Cy we obtain the estimate (6.16) with B* = 43, B;¢}¢}, which finishes the

70

proof of Proposition 6.2. U

APPENDIX A
We shall first study the condition for the one-dimensional model operator
hD;Idy +iF(t) 0< F(t) e C*(R)
to be of finite type of order u:
(A.1) 1Qs(F)| < C6H D<okl

and we shall assume that 0 ¢ 3 (P). When F(t) ¢ C*°(R) we may have any p > 0
in (A.1), for example with F(t) = [t|'/#1dy. But when F € C} the estimate cannot hold
with ¢ > 1, and since it trivially holds for g = 0 the only interesting cases are 0 < p < 1.

When 0 < F(t) is diagonalizable for any ¢ with eigenvalues \;(t) € C*, j =1,..., N,

then condition (A.1) is equivalent to
Qs(\)| < Co* Vi 0<dix1
since 5(F) = J; ©25(A;). Thus we shall start by studying the scalar case.
Proposition A.1. Assume that 0 < f(t) € C*°(R) such that f(t) > ¢ > 0 when [t| > 1,

ie., 0 ¢ Xo(f). We find that f satisfies (A.1) with p > 0 if and only if p < 1/k for an
even k > 0 so that

(A.2) SR =0 vt

i<k
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Simple examples as f(t) = e~** show that the condition that 0 ¢ Yo (f) is necessary

for the conclusion of Proposition A.1.

Proof. Assume that (A.2) does not hold with & < 1/p, then there exists ¢y, such that
fU(ts) = 0 for all integer j < 1/u. Then Taylor’s formula gives that f(t) < c|t — to|* and
1Qs(f)| > /% where k = [1/u] + 1 > 1/, which contradicts condition (A.1).

Assume now that condition (A.2) holds for some k, then f~1(0) consists of finitely many
points. In fact, else there would exist ¢y where f vanishes of infinite order since f(¢) # 0
when [t| > 1. Also note that (\;.,Qs(f) = f7(0), in fact f must have a positive infimum
outside any neighborhood of f~!(0). Thus, in order to estimate |Qs(f)| for < 1 we only

have to consider a small neighborhood w of t; € f71(0). Assume that

fto) = f'(to) = -~ = fU7V(to) = 0 and fY(to) # 0
for some j < k. Since f > 0 we find that j must be even and fU)(¢y) > 0. Taylor’s
formula gives as before f(t) > c|t — o)’ for |t — to| < 1 and thus we find that

‘Qg(f) ﬂw) <osi<ost 0<s<1

if w is a small neighborhood of ¢y. Since f~1(0) consists of finitely many points we find
that (A.1) is satisfied with = 1/k for an even k. O

Thus, if 0 < F € C*(R) is C* diagonalizable system and 0 ¢ Y. (P) then condi-
tion (A.1) is equivalently to
(A-3) > IO )|/ u@l* >0 vt
i<k
for any 0 # u(t) € C*°(R), since this holds for diagonal matrices and is invariant. This is

true also in the general case by the following proposition.

Proposition A.2. Assume that 0 < F(t) € C*(R) is an N x N system such that
0¢ Xoo(F). We find that F satisfies (A.1) with > 0 if and only if u < 1/k for an even
k>0 so that
(A.4) pEA )/ lu@®]* >0 Vi

i<k

for any 0 # u(t) € C*(R).
Observe that since 0 ¢ X, (F) it suffices to check condition (A.4) on a compact interval.

Proof. First we assume that (A.1) holds with g > 0, let u(t) € C*°(R,CY) such that
lu(t)| = 1, and f(t) = (F(t)u(t),u(t)) € C°(R). Then we have Qs(f) C Q5(F) so (A.1)
gives

1Qs(f)] < |Qs(F)] < Co* 0<d<1
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The first part of the proof of Proposition A.1 then gives (A.4) for some k£ < 1/p.

For the proof of the sufficiency of (A.4) we need the following simple lemma.

Lemma A.3. Assume that F(t) = F*(t) € C*(R) is an N x N system with eigenvalues
AN(t) € R, j = 1,....,N. Then, for any to € R, there exist analytic v;(t) € CV,
j=1,...,N, so that {vj(to) } is a base for CN and

(A.5) I (8) = (F (v (), v; (1) < Clt = to* for |t —to] <1

after a renumbering of the eigenvalues.

By a well-known theorem of Rellich, the eigenvalues \(t) € C'(R) for symmetric F(t) €
C'(R), see [11, Theorem I1.6.8].

Proof. 1t is no restriction to assume t, = 0. By Taylor’s formula
F(t) = Fi(t) + Re(t)

where F), and R}, are symmetric, F(t) is a polynomial of degree k—1 and Ry(t) = O(Jt|¥).
Since Fj(t) is symmetric and holomorphic, it has a base of normalized holomorphic
eigenvectors v;(t) with real holomorphic eigenvalues Xj (t) by [11, Theorem I1.6.1]. Thus
Xj (t) = (Fi(t)v;(t),v;(t)) and by the minimax principle we may renumber the eigenvalues
so that

(8 = O] < BB < ClE* ¥
Since

[{(F(t) = Fu(t)vs(t), v;())] = KRk(t)v (), v, (1) < CRIF V5

we obtain the result. O

Assume now that (A.4) holds for some k. As in the scalar case, we have that & is even
and (V520 Q(F) = Xo(F) = |F|7'(0). Thus, for small § we only have to consider a small
neighborhood of ¢y € 3¢(F'). Then by using Lemma A.3 we have after renumbering that
for each eigenvalue A(t) of F(t) there exists v(t) € C* so that |v(t)| > ¢ > 0 and

(A.6) IN(E) — (F(H)o(t),v(t))] < Clt — o' when |t — to] < ¢

Now if ¥o(F') > t; — tp is an accumulation point, then after choosing a subsequence we
obtain that for some eigenvalue \; we have A\;(¢;) = 0, Vj. Then Ay vanishes of infinite
order at tg, contradicting (A.4) by (A.6). Thus, we find that ¥y(F') is a finite collection
of points. By using (A.4) with u(t) = v(t) we find as in the second part of the proof of
Proposition A.1 that

(F(t)o(t),v(t)) > clt =t [t —to] <1
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for some even j < k, which by (A.6) gives that
At) > clt —to)) — Ot —to|* ™ >t —to]! |t -t < 1

Thus |Qs(\) Nw| < 87 if w for § < 1 if w is a small neighborhood of t, € ¥y(F). Since
Q5(F) = U; Q5(\;), where { \;(t) }; are the eigenvalues of F(t), we find by adding up
that |Qs(F)| < C6'%. Thus the largest p satisfying (A.1) must be > 1/k. O

Let A(t) € Lip(R, L(L*(R"))) be the L*(R") bounded operators which are Lipschitz-

continuous in the parameter ¢ € R. This means that
(A.7) A(s) — A(t)/s —t = B(s,t) € L(L*(R™)) uniformly in s and ¢

One example is A(t) = a“(t,x, D,) where a(t,z,&) € Lip(R, S(1,G)) for a o temperate
metric G which is constant in ¢ such that G/G7 < 1.

Lemma A.4. Assume that A(t) € Lip(R,L(L*(R"))) and ¢(t) € C*(R) such that
¢ (1) € CP(R). Then for k > 0 we can estimate the commutator

H [(b(Dt/’%)’ A(t)} Hﬁ(L2(Rn+1)) < Cr™!

where the constant only depends on ¢ and the bound on A(t) in Lip(R, L(L*(R™))).

Proof. In the following, we shall denote by A(t, z,y) the distribution kernel of A(t). Then
we find from (A.7) that

(A.8) A(s,z,y) — Alt,z,y) = (s —t)B(s, t,z,y)
where B(s,t,x,y) is the kernel for B(s,t) for s, t € R. Then
(A.9) ([o(D:/k), A(t)]u,v)

= (2m)7! /ei(t_s)Tgb(T//{)(A(s, z,y) — Alt, x,y))u(s, z)v(t, y) drdsdtdzdy
for u, v € Cg°(R™!), and by using (A.8) we obtain that the commutator has kernel

@) [ o)~ B tay) dr
=K / =97 p(1/K)B(s, t, x,y) dr = p(k(s — t))B(s,t, )

in D(R*2), where p € C5°(R). Thus, we may estimate (A.9) by using Cauchy-Schwarz:

/ |0(r8) (B(s + t, thu(s + 1), v(t)) r2re | dtds < Cr™|Jul[[v]]

where the norms are in £(L?(R")). O
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We also need some results about the lower bounds of systems, and we shall use the
following version of the Garding inequality for systems. A convenient way for proving the

inequality is to use the Wick quantization of a € L>*°(T*R™) given by
aVi (2, Dy)u(z) = /T . a(y,n)y,(r, Dy)u(z)dydy — u € S(R")
using the rank one orthogonal projections X, (z, D,) in L*(R?) with Weyl symbol
Byon(,€) = 7" exp (—fz —yI* — 1€ = nl*)

(see [5, Appendix B] or [12, Section 4]). We find that a"V*: S(R") — S'(R") is symmetric

on S(R") if a is real-valued,
(A.10) a>0 = (a""*(z,D,)u,u) >0 ue SR

and [|a"* (2, Dy)| z(r2@ny) < |lal|pe(r+rn), which is the main advantage with the Wick
quantization. If a € S(1, h|dw|*) we find that

(A.11) aVieh = g 4 v
where r € S(h, h|dw|?). For a reference, see [12, Proposition 4.2].

Proposition A.5. Let 0 < A € C°(T*R™) be an N x N system, then we find that
(A"(z, hD)u,u) > —Chlul]? Vu e C(R", CY)

This result is well known, see for example Theorem 18.6.14 in [10], but we shall give a

short and direct proof.

Proof. By making a L? preserving linear symplectic change of coordinates: (z,€&) —

(hY?xz, h=1/2€) we may assume that 0 < A € S(1, h|dw|?). Then we find from (A.11) that

Av = AWk 4 RY where R € S(h, h|dw|?). Since A > 0 we obtain from (A.10) that
(A%u,u) > (R"u,u) > —Ch|ul* Vue CPR",CY)

which gives the result. 0

Remark A.6. Assume that A and B are N x N matrices such that A < B: Then we
find

[{(Au,v)| < = ((Bu,u) + (Bv,v)) Vu, veCV

DN o

In fact, since B + A > 0 we find by the Cauchy-Schwarz inequality that
2{((B £ A)u,v)| < {((B+ A)u,u) + ((B £ A)v,v) Yu, ve CV

and 2 [(Bu,v)| < (Bu,u) + (Bv,v). The estimate can then be expanded to give the
inequality, since
|(Au, u)| < (Bu,u) Vue CV
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by the assumption.

Lemma A.7. Assume that 0 < F(t) € C*(R) is an N x N system such that F" € L>(R).

Then we have
(F (O, )2 < CIUFl o= (FO)u, |l Yu e CY
Proof. Take u € CV with |u| = 1 and let 0 < f(t) = (F(t)u,u) € C*(R). Then
|| < [|F"||ge so Lemma 7.7.2 in [10] gives
[F(0)]F = [{F'(0)u, u)]* < C|[F"|| = £(0) = C||F"|| o< (F (0)u, u)

which proves the result. 0

Lemma A.8. Assume that F > 0 is an N x N matriz and that A is a L? bounded scalar

operator, then
0 < (FAu, Au) < ||A|*(Fu, u)
for any u € C°(R™, CN).
Proof. Since F' > 0 we can choose an orthonomal base for CV such that (Fu,u) =

Z;VZI filu;|* for u = (ug,ug,...) € CV, where f; > 0 are the eigenvalues for F. In this

base we find

0 < (FAu, Au) =Y fillAug|® < AP Y fillull = [1AIP(Fu, u)
J J
for u € C°(R™, CV). O

Proposition A.9. Assume that h/H < F € S(1,g) is an N x N system, {¢; } and
{¢;} € S(1,G) with values in (* such that 3. |¢;> > ¢ > 0 and 1; is supported in a
fized G neighborhood of w; € supp ¢;, ¥V j. Here g = hldw|? and G = H|dw|* are constant
metrics, 0 < h < H < 1. If F; = F(w,;) we find for H < 1 that

(A.12) D (F (w, Do)u, o (w, Dy)u) < C Y (Fi¥ (x, Dy)u, 6% (w, Dy )u)
J J
for any u € C°(R™, CN).
Proof. Since x = Y7 |¢;[* > ¢ > 0 we find that x~' € S(1,G). The calculus gives
Y by =140
J

where r € S(H,G) uniformly in H. Thus, the mapping u +— (x )" >, aéugb;“u is a

homeomorphism on L?*(R™) for small enough H. Now the constant metric G = H|dw|*
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is trivially strongly o temperate according to Definition 7.1 in [1], so Theorem 7.6 in [1]
gives B € S(1,G) such that

BUOC)" D _djef = > Byey =1
J J

where B;f”_: Bw(Xfl)wg_b;U € OpS(1,G) uniformly, which gives 1 = 3, EEUE;"U since
(By) = B;U. Now we shall put

F(x,D,) = Z%ﬂ(% D) F37 (x, Dy)
i

then

(A.13) FU=Y "6;BF"Byoy =Y 6, By Fy BY oy

ik ki

Let CJy, = ?f@;ﬂ By, then we find from (A.13) that

(Fou,u) =Y (RCH L, 6vu)

ikl
Let dj; be the H!|dw|* distance between the G neighborhoods in which 1; and 1 are
supported. The usual calculus estimates (see [10, p. 168] or [1, Th. 2.6]) gives that the

L? operator norm of C%}, can be estimated by
1C5ll < Cn (1 + djy + diye) ™

for any V. We find by Taylor’s formula, Lemma A.7 and the Cauchy-Schwarz inequality
that

[((F = Fr)u, u)| < Crlw; — wil(Fru, u)' 2R u]
+ Coh|w; — wi]?||ul]* < C{Fu,u)(1 + dj)?
since |w; — wy| < C(dj, + HY/?) and h < hH~' < F}. Since F} > 0 we obtain that
20 (Fiw, )] < (Frty )2 (Fyo, o) V2 < C(Fyu, u) V3 (Fio, o) /2(1 + di)(1 + die)
and Lemma A.8 gives
(F.Co 08 u, B Ol u) < (| Chull*(Frdiu, djw)

Thus we find that

Y (FCHb u, ¢u) < On Y (14 djy + du)* N (Fuou, ¢ u) > (Fyg5w, o u) '/

jkl jkl

< Cy 2(1 + ) NP+ dg) YR ((FioPu, 9P u) + (Fediu, opu))

ki
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Since

d(l+dp) N <C Yk

J

for N large enough by [10, p. 168]), we obtain the estimate (A.12) and the result. O

10.

11.

12.

13.
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15.
16.
17.
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