THE RESOLUTION OF THE NIRENBERG-TREVES CONJECTURE

NILS DENCKER

1. INTRODUCTION

In this paper we shall study the question of local solvability of a classical pseudo-
differential operator P € W7 (M) on a C*° manifold M. Thus, we assume that the
symbol of P is an asymptotic sum of homogeneous terms, and that p = o(P) is the
homogeneous principal symbol of P. We shall also assume that P is of principal type,
which means that the Hamilton vector field H, and the radial vector field are linearly

independent when p = 0, thus dp # 0 when p = 0.

Local solvability of P at a compact set K C M means that the equation
(1.1) Pu=wv

has a local solution u € D'(M) in a neighborhood of K for any v € C°°(M) in a set
of finite codimension. We can also define microlocal solvability at any compactly based
cone K C T*M, see [9, Definition 26.4.3]. Hans Lewy’s famous counterexample [19]
from 1957 showed that not all smooth linear differential operators are solvable. It was
conjectured by Nirenberg and Treves [21] in 1970 that local solvability of principal type

pseudo-differential operators is equivalent to condition (¥), which means that

(1.2) Im(ap) does not change sign from — to +

along the oriented bicharacteristics of Re(ap)

for any 0 # a € C°(T*M). The oriented bicharacteristics are the positive flow-outs of
the Hamilton vector field Hge(qp) 7# 0 on Re(ap) = 0 (also called semi-bicharacteristics).
Condition (1.2) is invariant under multiplication of p with nonvanishing factors, and

conjugation of P with elliptic Fourier integral operators, see [9, Lemma 26.4.10]. Thus,
it suffices to check (1.2) for some a € C*°(T*M) such that Hge(ap) 7# 0.

The necessity of (¥) for local solvability of pseudo-differential operators was proved by
Moyer [20] in 1978 for the two dimensional case, and by Hormander [8] in 1981 for the
general case. In the analytic category, the sufficiency of condition (¥) for solvability of
microdifferential operators acting on microfunctions was proved by Trépreau [22] in 1984
~ Date: November 13, 2005.
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(see also [10, Chapter VII]). The sufficiency of condition (¥) for solvability of pseudo-
differential operators in two dimensions was proved by Lerner [13] in 1988, leaving the

higher dimensional case open.

For differential operators, condition (V) is equivalent to condition (P), which rules
out any sign changes of Im(ap) along the bicharacteristics of Re(ap) for nonvanishing
a € C®°(T*M). The sufficiency of (P) for local solvability of pseudo-differential operators
was proved in 1970 by Nirenberg and Treves [21] in the case when the principal symbol
is real analytic. Beals and Fefferman [1] proved the general case in 1973, by using a new
calculus that was later developed by Hormander into the Weyl calculus.

In all these solvability results, one obtains a priori estimates for the adjoint operator
with loss of one derivative (compared with the elliptic case). In 1994 Lerner [14] con-
structed counterexamples to the sufficiency of (W) for local solvability with loss of one
derivative in dimensions greater than two, raising doubts on whether the condition really
was sufficient for solvability. But it was proved in 1996 by the author [4] that Lerner’s
counterexamples are locally solvable with loss of at most two derivatives (compared with
the elliptic case). There are other results giving local solvability with loss of one derivative
under conditions stronger than (¥), see [5], [11], [15] and [17].

In this paper we shall prove local and microlocal solvability of principal type pseudo-
differential operators satisfying condition (¥); this resolves the Nirenberg-Treves conjec-
ture. To get local solvability at a point xy we shall also assume a strong form of the

nontrapping condition at z:
(1.3) p=0 = 0:p#0.

This means that all semi-bicharacteristics are transversal to the fiber T); M, which origi-
nally was the condition for the principal type of Nirenberg and Treves [21]. Microlocally,

we can always obtain (1.3) after a canonical transformation.

Theorem 1.1. If P € V(M) is of principal type and satisfies condition (V) given
by (1.2) microlocally near (xq, &) € T*M, then

(1.4) lull < C(IP*ull@-m) + [ Rull + [Jull ) v e C5°(M).

Here R € Wi ,(M) such that (zo,&) ¢ WF R, which gives microlocal solvability of P
at (zo, &) with a loss of at most two derivatives. If P satisfies conditions (V) and (1.3)
locally near xog € M, then (1.4) with © # xy in WF R, which gives local solvability of P

at xo with a loss of two derivatives.

Thus, we lose at most two derivatives in the estimate of the adjoint, which is one more

compared with the condition (P) case.
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Most of the earlier results on local solvability have relied on finding a factorization of
the imaginary part of the principal symbol, see for example [5] and [17]. We have not
been able to find a factorization in terms of sufficiently good symbol classes in order to
prove local solvability. The best result seems to be given by Lerner [16], who obtained
a factorization showing that every first order principal type pseudo-differential operator
satisfying condition (V) is a sum of a solvable operator and an L?-bounded operator. But
the bounded perturbation has a very bad symbol, and the solvable operator is solvable
with a loss of more than one derivative, so this does not imply solvability.

This paper is a shortened and simplified version of [6], and the plan is as follows. In
Section 2 we reduce the proof of Theorem 1.1 to an estimate for a microlocal normal form
for the adjoint operator P* = D, + iF(t,z, D,). Here F has real principal symbol f €
C>®(R, S1(R")), and P, satisfies the corresponding condition (V): ¢ — f(¢,2,€) does
not change sign from + to — with increasing ¢ for any (z, ). In Corollary 2.7 we shall

for any T" > 0 prove the estimate
(1.5) |ul|?* < TTIm (P*u, Bru) + C||(D,) ul|?

for u € S(R™) having support where |t| < T. Here ||u| is the L? norm on R"!
(u,v) the corresponding sesquilinear inner product, (D,) = 1+ |D,| and Br(t,x,D,) €

Ul /o1 /Q(R”) is symmetric, with symbol having homogeneous gradient
VBr = (0. Br, [§]0¢ Br) € 511/2,1/2(Rn)-

This gives local solvability by the Cauchy-Schwarz inequality after microlocalization.
Since Re P* = D, is solvable and VB € 511/2’1/2(R"), the estimate (1.5) is localizable
and independent of lower order terms in the expansion of F' (see Lemma 2.6). Clearly,
the estimate (1.5) follows if we have suitable lower bounds on 2 Im(ByP*) = 0,Br +
2Re(BrF).

Let g10(dz, d€) = |dz|* + |d€|*/|€]* be the homogeneous metric and g1/21/2 = [€]g1,0-
The symbol Br of the multiplier is essentially a lower order perturbation of the signed
g1/2,1/2 distance dy to the sign changes of f in T*R" for fixed ¢. Then dpf > 0 and we

find from condition (V) that 0,59 > 0.

In Section 3 we shall make a second microlocalization with a new metric G = Hyg1/2,1/2,
where ¢|¢|7! < Hy <1 so that cg19 < Gi < gi1/2,1/2 (see Definition 3.4). This metric has
the property that if H; < 1 at f~%(0), then |V f| # 0 and f~1(0) is a C*° surface with
curvature bounded by C’Hll/ ?. The implicit function theorem then gives f = ady where
|0, ¢00] # 0, o # 0, and these factors are in suitable symbol classes in the Weyl calculus
by Proposition 3.9.
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In Section 5 we introduce the weight, which for fixed (z,&) is defined by

(1.6)  mu(to) = inf {8o(ts) — do(t:) + max(H, > (t:1)(So(t1)), Hy > (t2) (do(t2))) }

t1<to<t2
where (0g) = 1 + |do| (see Definition 5.1). This is a weight for the metric g1/91/2 by
Proposition 5.4, such that c[¢|7'/2 < m; < 1. The weight m; essentially measures
how much the signed distance d, changes between the minima of H, /2 From (1.6) we

immediately obtain the convexity property of ¢t — m4(t, z, ) given by Proposition 5.7:
supmy < |A150|+2supm1 I= [(J,,b] X (l’,g)
I o1

where |Ardg| = [60(b, 2, &) — do(a, x, )| is the variation of dy on I. This makes it possible

to add a perturbation pr so that |or| < m; and

by Proposition 5.8. By using the Wick quantization By = (Jy + or)" " in Section 6 we

obtain that positive symbols give positive operators, and
OBy > mVi* )2T > ¢|D,|7Y?/2T  in |t| < T.

Now if m; < 1 at (tg, o, &), then we obtain that |dy| < Hl_l/2 and Hll/2 < 1 at
both (¢1, zo, &) and (ts, xg, &) for some t; <ty < t5. We also find that

Ardo = O(ma(to, z,§)) I = [ty,ta] X (0,&0)

and because of condition (V) the sign changes of (z,&) — f(to,x, &) are located in the set
where 8y(t1, z,€)do(t2, T,€) < 0. This makes it possible to estimate V[ in terms of m;
(see Proposition 5.5), and we obtain the lower bound: Re(BrF) > —Cym}"** in Section 7.
By replacing By with |D,|'/2 By we obtain for small enough 7" the estimate (1.5) and the
Nirenberg-Treves conjecture.

The author would like to thank Lars Hormander, Nicolas Lerner and the referee for

valuable comments leading to corrections and significant simplifications of the proof.

2. THE MULTIPLIER ESTIMATE

In this section we shall microlocalize and reduce the proof of Theorem 1.1 to the
semiclassical multiplier estimate of Proposition 2.5 for a microlocal normal form of the

adjoint operator. We shall consider operators
(2.1) Py=D;+iF(t,z,D,)

where F € C™(R, ¥ ,(R")) has real principal symbol o(F) = f. In the following, we

shall assume that P, satisfies condition (V):

(2.2) flt,z,6) >0 and s >t = f(s,2,§) >0
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forany ¢, s € Rand (z,¢) € T*R"™. This means that the adjoint P satisfies condition (V).
Observe that if x > 0 then x f also satisfies (2.2), thus the condition can be localized.

Remark 2.1. We shall also consider symbols f € L*(R, S o(R")), that is, f(t,x,&) €
L®(R x T*R") is bounded in Sio(R") for almost all t. Then we say that Py satisfies
condition (V) if for every (x,&), condition (2.2) holds for almost all 5, t € R. Since
(x,&) — f(t,x,€) is continuous for almost all t it suffices to check (2.2) for (x,€) in a
countable dense subset of T*R™. Then we find that f has a representative satisfying (2.2)
for any t, s and (x,€) after putting f(t,z,£) =0 fort in a countable union of null sets.

In order to prove Theorem 1.1 we shall make a second microlocalization using the
specialized symbol classes of the Weyl calculus, and the Weyl quantization of symbols

a € S'(T*R") defined by:

(a“u,v) = (2m)™" // exp (i{z — y,€))a(52, &) u(y)v(z) dedydE u,v € S(R").

Observe that Rea” = (Rea)" is the symmetric part and i Ima” = (i Im a)" the antisym-
metric part of the operator a*. Also, if a € STH(R") then a”(x, D,) = a(x, D,) modulo
U (R™) by [9, Theorem 18.5.10].

We recall the definitions of the Weyl calculus: let g,, be a Riemannean metric on 7*R",
w = (x,&), then we say that g is slowly varying if there exists ¢ > 0 so that g, (w—wg) < ¢
implies gy = Guy, -6, 1/C < gu/guw, < C. Let o be the standard symplectic form on
T*R™, and let ¢°(w) > g(w) be the dual metric of w +— g(o(w)). We say that g is

o temperate if it is slowly varying and
Gu < Cguy (1 + g% (w — wy))Y w, wy € T*R™.

A positive real-valued function m(w) on T*R™ is g continuous if there exists ¢ > 0 so
that g, (w —wp) < ¢ implies m(w) = m(wy). We say that m is o, g temperate if it is

g continuous and
m(w) < Cm(wo)(1 + gg(w —wo))™  w, wy € T*R™.

If m is o, g temperate, then m is a weight for g and we can define the symbol classes:

a € S(m,g) if a € C*°(T*R") and

|a(j)(w7T17 s 77})| <

(2.3) |alf(w) = sup < Cym(w) weT"R" for j >0,

Ti#0 ]1gw<771)1/2
which gives the seminorms of S(m, g). If a € S(m, g) then we say that the corresponding
Weyl operator a® € Op S(m, g). For more on the Weyl calculus, see [9, Section 18.5].

hr
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Definition 2.2. Let m be a weight for the metric g. We say that a € S*(m,g) if
a € C*(T*R") and |al] < Cym for j > 1.

Observe that by Taylor’s formula we find that

la(w) — a(wo)| < Cy St[lp} Gup (W — wo)*m(wy) < Cym(wo) (1 + g3, (w —wp))™
6€l0,1

where wy = fw + (1 — 0)wy, which implies that m + |a| is a weight for g. Clearly,
a € S(m+|al,g), so the operator a* is well-defined.

Lemma 2.3. Assume that m; is a weight for g; = h;g* < ¢* = (¢")° and a; € S*(m;, g;),
j=1,2. Let g= g1+ go and h* = sup g1 /g5 = sup ga/g7 = hiha, then

(2.4) ayay — (a1az)” € Op S(mymah, g).

We also obtain the usual expansion of (2.4) with terms in S(mymah*, g), k > 1.

This result is well known, but for completeness we give a proof.

Proof. As shown after Definition 2.2 we have that m; + |a;| is a weight for ¢g; and a; €

S(mj + ‘aj|>gj)v J =1, 2. Thus
ayay € Op S((m1 + |aa])(m2 + |az)), 9)
is given by Proposition 18.5.5 in [9]. We find that aia — (aja2)” = a® with

a(w) = E(50(Du,, Du,)) 50 (Duy, Du, Jar (wr)az(ws)|

where E(z) = (e —1)/z = fol e df. We have that o(D.,, Dy,)a1(w;)as(ws) € S(M, Q)
where

M1, w5) = ma(wy)ma (wa) by (w1 iy (1)
and G, w, (21, 22) = G1.u, (21) + 92,0, (22). Now the proof of Theorem 18.5.5 in [9] works
when o (D, , D,,) is replaced by 0c(D,,, D,,), uniformly in 0 < 6 < 1. By integrating
over 6 € [0,1] we obtain that a(w) has an asymptotic expansion in S(m;msh®, g), which

proves the Lemma. 0

Remark 2.4. The conclusions of Lemma 2.3 also hold if a1 has values in L(By, Bs) and
as in By where By and By are Banach spaces (see Section 18.6 in [9]).

For example, if { a; }, € S(my, g1) with values in £, and b; € S(my, g») uniformly in j,
then {a}"b}” }j € Op(mymy, g) with values in ¢2. In the proof of Theorem 1.1 we shall
microlocalize near (zg, &) and put A~! = (&) = 1+|&|. Then after a symplectic dilation:
(z,€) — (h™%z, h*/2¢), we find that Sfy = S(h™", hg*) and Sf/ll/? = S(h7*, g%, (¢*)7 =

g*, k € R. Therefore, we shall prove a semiclassical estimate for a microlocal normal form

of the operator.
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Let |ju|| be the L? norm on R"™, and (u,v) the corresponding sesquilinear inner
product. As before, we say that f € L*(R,S(m,g)) if f(t,z,&) is measurable and
bounded in S(m, g) for almost all ¢. The following is the main estimate that we shall

prove.

Proposition 2.5. Assume that Py = Dy+if“(t,z, D,), with real f € L®(R, S(h™!, hg*))
satisfying condition (V) given by (2.2), here 0 < h < 1 and ¢* = (¢*)° are constant. Then
there exists Ty > 0 and real-valued symbols br(t,z,€) € L®(R,S(h~% ¢") N ST(1,4%))
uniformly for 0 < T <y, so that

(2.5) RY2|ju|> < T'Im (Pyu, b%u)

foru(t,z) € S(RxR™) having support where |t| < T. The constant Ty and the seminorms
of by only depend on the seminorms of f in L=(R,S(h™1, hg?)).

It follows from the proof that |br| < CH, Y ? where Hj is a weight for ¢* such that
h < Hy <1, and G; = Hig* is o temperate (see Proposition 6.3 and Definition 3.4).
Proposition 2.5 will be proved at the end of Section 7.

There are two difficulties present in estimates of the type (2.5). The first is that by is
not C* in the t variables, therefore one has to be careful not to involve b4 in the calculus
with symbols in all the variables. We shall avoid this problem by using tensor products
of operators and the Cauchy-Schwarz inequality. The second difficulty lies in the fact
that |br| > h'/2) so it is not obvious that lower order terms and cut-off errors can be

controlled.

Lemma 2.6. The estimate (2.5) can be perturbed with terms in L=(R, S(1, hg")) in the
symbol of Py for small enough T', by changing br (satisfying the same conditions). Thus
it can be microlocalized: if ¢p(w) € S(1, hg*) is real valued and independent of t, then

(2.6) Im (Py¢®u, b2¢"u) < Im (Pyu, ¢bL¢ u) + ChY?||ul|?
where ¢bYO" satisfies the same conditions as bY.

Proof. Tt is clear that the estimate (2.5) can be perturbed with terms in L>=(R,, S(h, hg*))
in the symbol expansion of F, for small enough 7. Now, we can also perturb with
symmetric terms ¥ € L®(R,O0pS(1,hg"). In fact, if » € S(1,hg*) is real and b €
S*(1, g*) is real modulo S(h'/2, g*), then

27)  Im (ru,b7u) | < [ ([(Red)”,r*Ju,u) |/2+ | (r*u, (Imb)u) | < CR2ul?,
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since [(Reb)”,r*] € Op S(h'/?,¢*) by Lemma 2.3. Now assume P, = Py + r*(t,z, D,)
with complex-valued r € L®(R,, S(1, hg*)), and let

E(t,x,&) = exp (— /t Imr(s,z,§) ds) € C(R, S(1, hg") ﬂ5+(T, hg*)) lt| <T

0
since O, F = —F f(f Im d,rds. Then E is real and we have by Lemma 2.3 that
EY(EYY =1=(EHYYEY  modulo Op S(T?h, hg*)
uniformly when [t| < T. Thus, for small enough 7" we obtain that ||u| = ||E%u|. We
also find that
(EYYPEY = Py+ilmr* + (B {f,E})" = P
modulo L=(R, Op S(h, hg*)) and symmetric terms in L=(R, Op S(1, hg*)). Thus we ob-
tain the estimate with Py replaced with P; by substituting £*w in (2.5) and using (2.7) to
perturb with symmetric terms in L>°(R, Op S(1, hg*)). We find that b% is replaced with
BY = E*b}E"Y which is symmetric, satisfying the same conditions as 0} by Lemma 2.3,
since E € S(1, hg*) is real so By = by E? modulo S(h, g*) for almost all ¢.

If p(w) € S(1, hg*) then we find that [Py, ¢*] = { f, ¢ }* modulo L>=(R, Op S(h, hg*))
where { f,¢} € L®(R, S(1, hg")) is real-valued. By using (2.7) with 7% = { f, ¢ }" and
b = b¥¢™, we obtain (2.6) since b%¢™ € Op S*(1, ¢*) is symmetric modulo Op S(h'/?, g*)
for almost all ¢ by Lemma 2.3. We find that ¢"b%¢" is symmetric, and as before ¢p*bf¢" =
(br¢?)” modulo L>=(R, Op S(h, ¢*)), which satisfies the same conditions as b%. O

Next, we shall prove an estimate for the microlocal normal form of the adjoint operator.

Corollary 2.7. Assume that Py = Dy+iF"(t,z, D,), with F* € L*(R, V] ;(R")) having
real principal symbol f satisfying condition (V) given by (2.2). Then there exists Ty >
0 and real-valued symbols br(t,z,§) € L>®(R, S%/Q,I/Q(R”)) with homogeneous gradient

Vbr = (0:br, [§|0¢br) € LP¥(R, S}, ,5(R™)) uniformly for 0 < T < Ty, such that
(2.8) [ull* < TTm (Pyu, byu) + Col[{Dy) ™ ul”

for uw € S(R™) having support where |t| < T. The constants Ty, Cy and the seminorms
of by only depend on the seminorms of F in L*(R., 5] o(R™)).

Since Vbr € L>*(R, 511/271/2) we find that the commutators of b} with operators in
L>*(R, VY ) are in L=(R, ], »). This will make it possible to localize the estimate.

Proof of Corollary 2.7. Choose real symbols { ¢;(z,&) };, {¢;(z,&) }; and { U;(z,£) }; €
S7o(R") having values in 2, such that > ¢7 = 1, ¥;¢; = ¢, Vji; = 1b; and ¢; > 0.
We may assume that the supports are small enough so that (§) = (;) in supp ¥; for
some &;. Then, after doing a symplectic dilation (y,n) = (x(¢;)¥/2,£/(£;)1/?) we obtain
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that ST,(R") = S(h;™, h;g*) and STjaa(R") = S(h;™, ¢*) in supp ¥;, m € R, where
hj = (&)~ < 1 and g*(dy, dn) = |dy|* + |dn|*.

By using the calculus in the y variables we find ¢ Py = ¢} Fy; modulo Op S(h;, hig),
where
Poj = Dy +i(y;F)"(t,y, Dy) = Dy +ifj’(t,y, Dy) + 75 (t,y, Dy)
with f; = ¢;f € L®(R,S(h; ', hg")) satistying (2.2), and r; € L®(R, S(1, h;g")) uni-
formly in j. Then, by using Proposition 2.5 and Lemma 2.6 for F; we obtain real-valued

symbols b, r(t,y,n) € L=(R, S(h;l/Q, d") N ST (1, ¢%)) uniformly for 0 < T < 1, such that

(2.9) o5 ul® < T(h; " T (Pou, 6 br65'u) + Collull®) ¥ j
for u(t,y) € S(R x R") having support where [t| < T. Here and in the following, the
constants are independent of 7T'.

By substituting ¥¥'u in (2.9) and summing up we obtain
(2.10) lul* < T(Im (Pou, byu) + Crllull®) + Caol[{Da) " ul|*
for u(t,y) € S(R x R™) having support where |t| < T'. Here

w —1/2 yyw jwpw WA\ W o0
b =Y by PRI oYY € LO(R, Uy )
J

is symmetric. In fact, 3, ¢7 = 150 37, ¢¥¢} = 1 modulo ¥~'(R"), and since ¢;¥; = ¢;
we have { ¢¥[F", U] }j € Ui o(R") with values in ¢* for almost all . We find the
homogeneous gradient Vb € 511/271/2 since by = h;l/ij,T@Z € 511/2’1/2 modulo S?/2,1/2a
where ¢; € S(1,h;¢*) and bjr € S*(1,¢%) for almost all {. For small enough 7" we
obtain (2.8) and the corollary. O

Proof that Corollary 2.7 gives Theorem 1.1. We shall prove that there exist ¢ and 1 €
S?o(T*M) such that ¢ = 1 in a conical neighborhood of (z¢,&), ¥ = 1 on supp ¢, and
for any T' > 0 there exists Ry € Sj (M) with the property that WF R (T M = () and
(2.11)  l¢"ul < Cy (IW" P ulle-m) + Tllull) + [|1R7ull + Collull-y v € C5°(M).
Here ||ul|(s) is the Sobolev norm and the constants are independent of 7. Then for small
enough 7" we obtain (1.4) and microlocal solvability, since (zo, &) ¢ WF(1 — ¢)*. In the
case that P satisfies condition (V) and J¢p # 0 near x, we may choose finitely many
¢; € SY (M) such that Y~ ¢; > 1 near 2 and [|¢¥u|| can be estimated by the right-hand
side of (2.11) for some suitable ) and Ry. By elliptic regularity, we then obtain the
estimate (1.4) for small enough 7.

By multiplying with an elliptic pseudo-differential operator, we may assume that m =

1. Let p = o(P), then it is clear that it suffices to consider wy = (x¢,&) € p~(0),
otherwise P* € Wl (M) is elliptic near wy and we easily obtain the estimate (2.11). It



THE NIRENBERG-TREVES CONJECTURE 10

is clear that we may assume that d¢ Rep(wg) # 0, in the microlocal case after a conical
transformation. Then, we may use Darboux’ theorem and the Malgrange preparation
theorem to obtain microlocal coordinates (¢,y;7,7) € T*R™™! so that wy = (0,0;0,7),
t=0onT; M and 7 = q(7+if) in a conical neighborhood of wy, where f € C*(R, S},)
is real and homogeneous satisfying condition (2.2), and 0 # ¢q € SRO, see Theorem 21.3.6
in [9]. By conjugation with elliptic Fourier integral operators and using the Malgrange

preparation theorem successively on lower order terms, we obtain that
(2.12) P =Q"(D+i(xF)") + R"

microlocally in a conical neighborhood I' of wy (see the proof of Theorem 26.4.7" in [9]).
Here Q € S7,(R™"') and R € S} (R"*"), such that Q" has principal symbol ¢ # 0 in I
and T (YWF R¥ = (). Moreover, x(7,n) € S7o(R"™") is equal to 1 in I, |7| < C|p| in
supp x(7,7), and F* € C*(R, ¥ ,(R")) has real principal symbol f satisfying (2.2). By
cutting off in the ¢ variable we may assume that f € L*(R, S} ,(R")). We shall choose ¢
and 1 so that supp ¢ C suppy C I' and

o(t,y:7,m) = xo(t, 7,m)Po(y,n)

where xo(t,7,m) € SPo(R™™), do(y,n) € SPH(R"), t # 0 in suppdixo, |7| < Clnf in
supp xo and |7] = [n] in supp 7., xo-

Since ¢ # 0 and R = 0 on supp? it is no restriction to assume that Q = 1 and
R = 0 when proving the estimate (2.11). Now, by Theorem 18.1.35 in [9] we may
compose C®(R, U (R")) with operators in W} ((R"*!') having symbols vanishing when
|7| > ¢(1 4+ |n]), and we obtain the usual asymptotic expansion in \IJTJ M3 (R for
j > 0. Since || < Cn| in supp ¢ and x = 1 on supp ¥, it thus suffices to prove (2.11) for
P*=PFy= D, +1F".

By using Corollary 2.7 on ¢"u, we obtain that
(2.13) l¢"u]|* < T'(Im (¢" Pou, bp¢™u) + Im [Py, ¢"u, by u)) + Collull{ s,

where b € L2(R, ¥} | o(R")) is symmetric with Vbr € L2(R, S}, »(R")). We find
[Py, ¢*] = —i0,0” +{ f. ¢ }* € W) o(R"*!) modulo ¥ 5(R"*!) by Theorem 18.1.35 in [9).
We have that

(2.14) [ (v, bpu) | = | ({Dy)v, (Dy) " bpu) | < Ol + lul®) ¥ u, ve SR

since [[(Dy)v|| < ||v|lay and (D,) 'b% € L=(R, \11(1)/271/2(R”)), (Dy) = 14 |Dy|. Now
9" = ¢"¢" modulo ¥y 3(R"™!), thus we find from (2.14) that

(2.15) | (6" Pou, by¢"u) | < C(||¢" Poulltyy + ¢ ull?) < C([[0" Poullfyy + [[ul®).
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We also have to estimate the commutator term Im ([P, ¢"|u, bf¢“u) in (2.13). Since
¢ = Xxopo we find that { f,¢} = do{f,xo} + xo{ /[ ¢}, where ¢o{ f,xo} = Ro €
SRO(R”H) is supported when |7| = |n| and ¢ = 1. Now (7 +if)"! € Sié(R"H) when
|7| 2 |n|, thus by [9, Theorem 18.1.35] we find that Ry = AY¢)" Py modulo Wié(R”“)
where A; = Ro(7 +if)" ! € Sié(R”“). As before, we find from (2.14) that

(2.16) | (Rg'u, bpou) | < C(IRgullty + 6" ull*) < Colllv* Poull* + [Jull)

and [ (0,¢"u, by u) | < ||RYul|*+Clluf]? by (2.14), where Ry = (D,)0,¢" € ¥} o(R"*),
thus ¢t # 0 in WF RY.

It remains to estimate the term Im (({ f, o } x0)“u, ¢ u), where ({ f, b0 } x0)* =
{f.00}"xy and ¢ = ¢yx¥ modulo U j(R™™). By (2.14) we find | (R"u,bfv)| <
C(|[ul|* + [Jv][*) for R € S;5(R"™), thus we find

[T (({ f, @0 } x0)"“u, o™ w) | < [Tm ({ f, do }" x5, b xg'w) | + Cllull.

The calculus gives bpgy = (breo)®” and 2iIm ((breo)*” { f,¢o }*) = {breo, { f, ¢ } }* =0
modulo L= (R, \II(I)/QJ/Q(R”)) since V(br¢y) € L>(R, 511/271/2(R”)). We obtain

(2.17) [T ({ f, ¢0 }* X0'u. b7 6 xo w) | < Cllxgull* < Clul?

and the estimate (2.11), which completes the proof of Theorem 1.1. O

It remains to prove Proposition 2.5, which will be done at the end of Section 7. The
proof involves the construction of a multiplier 0%, and it will occupy most of the remaining
part of the paper. In the following, we let ||u||(t) be the L? norm of x — u(t, z) in R™ for
fixed ¢, and (u,v) () the corresponding sesquilinear inner product. Let B = B(L?*(R"))
be the set of bounded operators L*(R™) — L*(R™). We shall use operators which depend

measurably on ¢.

Definition 2.8. We say that ¢ — A(t) is weakly measurable if A(t) € B for all ¢ and
t — A(t)u is weakly measurable for every u € L*(R"), i.e., t — (A(t)u,v) is measurable
for any u, v € L*(R™). We say that A(t) € L2 (R, B) if t — A(t) is weakly measurable

and locally bounded in B.

If A(t) € L2.(R, B), then we find that the function ¢ — (A(t)u,v) € L2 (R) has weak

loc loc

derivative 4 (Au,v) € D'(R) for any u, v € S(R") given by

4 (Au)(0) = [ (Au o) s d o) € CFR)

If u(t), v(t) € L2 (R, L*(R™)) and A(t) € L2 (R, B), then we find ¢ — (A(t)u(t),v(t)) €

loc loc
o)
Lloc

(R) is measurable. We shall use the following multiplier estimate (see also [13] and [15]

for similar estimates).
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Proposition 2.9. Let Py = D, + iF(t) with F(t) € LiS.(R,B). Assume that B(t) =
B*(t) € L2.(R, B), such that

loc
(2.18) 4 (Bu,u) + 2Re (Bu, Fu) > (mu,u) inD'(I) VueSR")

where m(t) = m*(t) € LY. (R,B) and I C R is open. Then

loc

(2.19) /(mu,u) dt < 2/Im (Pu, Bu) dt

foru e CJ(I,S(R™)).

Proof. Since B(t) € L2 (R, B), we may for u, v € S(R") define the regularization

loc

(Bultyu.o) == [ (B v)ol(t - 9)/e)ds = (Bu.v) (6..) = >0
where ¢.:(s) = e 1o((t — s)/e) with 0 < ¢ € C5°(R) satisfying [ ¢(t)dt = 1. Then
t — (B.(t)u,v) is in C*(R) with derivative equal to 4 (Bu,v) (¢-4) = — (Bu,v) (¢L,).
Let Iy be an open interval such that Iy € I. Then for small enough ¢ > 0 and t € I, we

find from condition (2.18) that

(2.20) 4 (B.(t)u,u) + 2Re (Bu, Fu) (¢.;) > (mu,u) (des) ueSR").

dt
In fact, ¢.; > 0 and supp ¢.; € C°(I) for small enough € when t € .
Now for u(t) € C3(Ily, S(R")) and € > 0 we define

(2.21) Meu(t) = (Be(t)ult), u(t)) = e / (B(s)u(t),u(t)) o((t — s) /<) ds

For small enough & we obtain M, ,(t) € C;(Iy), with derivative

LM, ., = ((L£B.)u,u) +2Re (B.u, du)
since B(t) € L2 (R, B). By integrating with respect to ¢, we obtain the vanishing average
(2.22) 0= [ SM.,(t)dt = / ((4£B:)u,u) dt + /2Re (Beu, Opu) dt

when u € C3 (I, S(R™)). We obtain from (2.20) and (2.22) that

0> / / u(t)) + 2Re (B(s)u(t), du(t) — F(s)u(t) )o((t — s)/e) dsdt.

By letting ¢ — 0, we find by dominated convergence that

0> / (m(B)ult), u(t)) + 2 Re (B)u(t), dut) — F(t)u(t)) dt

since u € C} (I, S(R™)) and m(t), B(t), F(t) € L°.(R,B). Here dyu — Fu = iPu and
2Re (Bu,iPu) = —2Im (Pu, Bu), thus we obtain (2.19) for v € C}(Iy, S(R™)). Since I,
is an arbitrary open subinterval with compact closure in I, this completes the proof of

the proposition. 0
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3. THE SYMBOL CLASSES

In this section we shall define the symbol classes we shall use. Assume that f €
L®(R,S(h~t, hg*)) satisfies (2.2), here 0 < h < 1 and g* = (¢*)° are constant. The
results are uniform in the usual sense, they only depend on the seminorms of f in
L*(R,S(h71, hg")). Let

(3.1) Xi(t)={weT'R":3s<t, f(s,w)>0}
(3.2) X (t)={weTR":Is>t, f(s,w)<0}.

Clearly, X4 (¢) are open in T*R", X, (s) C X, (¢) and X_(s) D X_(t) when s < t¢. By
condition (¥) we obtain that X_(¢) (X, (t) = 0 and £f(t,w) > 0 when w € X.(t), V.
Let Xo(t) = T*R™\ (X (t) U X_(¢)) which is closed in T*R™. By the definition of X ()

we have f(t,w) =0 when w € Xy(t). Let
(3.3) do(to, wo) = inf { g*(wo — 2)"/* : 2z € Xo(to) }

be is the ¢* distance in T*R™ to Xo(to) for fixed to, it is equal to +o00 in the case that
XO (to) - @

Definition 3.1. We define the signed distance function dy(¢,w) by
(3.4) 6o = sgn(f) min(dy, h=/?),

where dj is given by (3.3) and
+1, we Xi(t)
(3.5) sgn(f)(t, w) =
0, we Xo(t)

so that sgn(f)f > 0.

Definition 3.2. We say that w — a(w) is Lipschitz continuous on T*R" with respect to
the metric ¢* if
# /2 _
sup fa(w) — a(2)|/g"(w — 2)7" = |lal| Ly < 00
w#zeT*R"

where ||a||L;p is the Lipschitz constant of a.

Proposition 3.3. The signed distance function w — §o(t,w) given by Definition 3.1 is
Lipschitz continuous with respect to the metric g* with Lipschitz constant equal to 1, Vt.
We also find that t — &y(t,w) is nondecreasing, 0 < &of, |6o| < h™Y2 and |6o| = dy when
|60] < h™1/2.

Proof. Clearly, it suffices to show the Lipschitz continuity of w + &y(¢,w) on CXL(t),
and thus of w — dy(t,w) when dy < co. In fact, if w; € X_(¢) and wy € X (t) then we
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can find wy € Xy(t) on the line connecting w; and wy. By using the Lipschitz continuity

of dy and the triangle inequality we then find that

’(50(t,ﬂ)2) — (50(t,w1)| < ‘wz — U)O| + |w0 — U}1| = "U)Q — wl\.

The triangle inequality also shows that w — g¢f(w — 2)/?

is Lipschitz continuous with
Lipschitz constant equal to 1. By taking the infimum over z we find that w — dy(t, w) is
Lipschitz continuous when dy < oo, which gives the Lipschitz continuity of w — &y (¢, w).

Clearly dof > 0, and by the definition |§o| = min(dy, h~'/?) < h=Y2 s0 |6y| = dy when
|6] < h™/2. Since X, (t) is nondecreasing and X_(t) is nonincreasing when ¢ increases,

we find that ¢ — dy(¢, w) is nondecreasing. O

In the following, we shall treat ¢ as a parameter which we shall suppress, and we shall
denote ' = O,f and f” = 92 f. We shall also in the following assume that we have

choosen ¢* orthonormal coordinates so that ¢f(w) = |w]|?.

Definition 3.4. Let
|f']
£ + h/A| /172  p1/2

(3.6) HY? =1+ 60| +
and G1 = ngﬁ

Remark 3.5. We have that
(3.7) 1< H2 <1+ 6| + b V4 f|V2 < ChV2

since |f'| < C1h™Y2 and |6y| < h=Y2. Moreover, |f'| < Hl_l/2(|f”’ + YA 12 + A2 so
by the Cauchy-Schwarz inequality we obtain

(3.8) IF/| < 2lf|H{ Y2 + 30 2HY < CoH, V2

Definition 3.6. Let
(3.9) M = |f| + |f|H Y2+ | £ H o+ 2 E

then h'/2 < M < C3h~ 1.

Proposition 3.7. We find that G, is o temperate such that G; = H:GY and
(3.10) Hy(w) < CoHi(wo)(1 + Hi(w)g(w — wy)).

We have that M is a weight for Gy such that f € S(M,G;) and

(3.11) M (w) < CyM (wo)(1 4+ Hy(wg)g* (w — wy))*2.

In the case when 1+ |6o(wo)| < Hy *(wo)/2 we have | f'(wo)| > h'/2,

(312 79 wo)| < Cel o)l Hy ™ (w) k> 1,

and 1/C < | f'(w)|/|f(wo] < C when |w — wo| < cHy *(wo) for some ¢ > 0.
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Since G; < ¢* < G we find that the conditions (3.10) and (3.11) are stronger than
the property of being o temperate (in fact, strongly o temperate in the sense of [2,
Definition 7.1]). When 1+ |8| < H; "/?/2 we find that f' € S(|f'|,G1), f~1(0) is a C=
hypersurface, and then H 11 /2 gives an upper bound on the curvature of f~1(0) by (3.12).
Proposition 3.8 shows that (3.12) also holds for £ = 0 when 1+ || < Hl_l/Q.

Proof. If Hy(wo)g*(w — wp) > ¢ > 0 then we immediately obtain (3.10) with Cy =
¢!, Thus, in order to prove (3.10), it suffices to prove that H;(w) < CoH;(wy) when
Hy(wy)g*(w — wp) < 1, i.e., that G is slowly varying.

First we consider the case 1 + |0g(wq)| > Hf1/2(w0)/2. Then we find by the uniform
Lipschitz continuity of w + |do(w)| that

Hy P (w) > 1+ |0o(w)] > 1+ 80 (wo)| — Hy P (wo) /6 > H{ Y (wo) /3
when |w — wp| < Hl_l/Z(

In the case 1+ |0o(wo)| < H; "/?(wy)/2 we have that H,"*(wy) < 1/2 and

wp)/6, which gives the slow variation in this case with Cy = 9.

(3.13) LF" (wo)| + WMALf (wo) 2 4+ B < 2H; " (wo) | £ (wo)| < | f(wo)-

Let Hy = Hy(wp) and F(2) = f'(wo + zH; ) /|f'(wo)| € C*. Then we find |F(0)| = 1,
|F'(0)| < 2 and |F"(2)| < C, V2, since h'/? < 4H,|f'(wy)| by (3.13). Taylor’s formula
gives that 1/C; < |F(z)] < Cy and |F'(2)] < Cy when |z| < e is sufficiently small,

1/2

depending on the seminorms of f. Thus when |w — wy| < eH; '* for ¢ < 1, we have

1/Cy < |/ (w)|/|f (wo| < C1 and |f"(w)| < CoHy | f'(wol, s0 (3.13) gives
H?(w) < |f"(w)]| £/ ()] + B4 (w)[ 72 + B2 (w0) 7! < CH,

and the slow variation. Observe that (3.12) follows from (3.13) for £k = 2. When k£ > 3

we have

PP wo)| < Ceh™T < ACKC | (wn) H, T
since h'/? < 4H,|f'(wo)| by (3.13) and hk=3)/2 < C”“*?’]—]fk_?’)/2 by (3.7).

Next, we shall prove that M is a weight for G;. By Taylor’s formula,

2—k
(314) |f(k) (w)| < C4 Z |f(k+’)(w0)||w — w0|j + C'4h1/2]w — w0|3_k 0 < k < 2,

J=0

thus

2
M(w) < Cs Y 1f® (wo)|(lw — wo| + Hy () + CshM2(jw — wo| + Hy V*(w))®.
k=0
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By interchanging w and wy in (3.10) we find Hy "/*(w) + |w — wo| < C’O(Hl_l/2(w0) +|w —

wpl). Thus

2
M (w) < C > | % (wo) [ Hy ™ (wo) (1 + H{" (wo)|w — wo|)*
k=0

+ CohY2Hy P (wo) (1 + Hy'? (wo) |w — wol)® < CoM (wo) (1 + Hy"* (wo)|w — w)?

which gives (3.11). It is clear from the definition of M that |f®)| < ]\/[Hf/2 when k < 2,

k=2

k
and when k& > 3 we have |f®| < Cyhz < CRCF3MH? since h'/? < MHf’/2 and
hk=3)/2 < Ck*SHl(k_?’)/Q. This completes the proof of Proposition 3.7. U

Note that f € S(M, H,g*) for any choice of H; > h in Definition 3.6. We shall compare

our metric with the Beals-Fefferman metric G = Hg* for f on T*R", where
(3.15) H'=1+|fl+|fP<Ch™.

This metric is o temperate on T*R", supG/G° = H*> < 1 and f € S(H',G) (see for
example the proof of Lemma 26.10.2 in [9]).

Proposition 3.8. We have that H' < CH{' and M < CH;*', which gives that f €
S(H;*, Gy). We also obtain that

(3.16) 1/C < M/(|f"|H "+ h2H?) < ¢
When |0g] < monl/Q and Hll/2 < kg for 0 < kg sufficiently small, we find
(3.17) 1/Cy < M/|fIHT Y < Gy,

Thus, we find that the metric G gives a coarser localization than the Beals-Fefferman

metric G and smaller cut-off errors.

Proof. First note that by the Cauchy-Schwarz inequality we have
M= [+ | 4 fET 4 RPES < o+ HEY.

Thus, M < CHfl if we show that H~! < C’Hfl. Observe that we only have to do this
when |do| < H/2, since else H=1/2 < C|6| < CH; 2.

If |8o(wo)| < kHY%(wy) < Ckh™Y2 and Ck < 1, then there exists w € f~1(0) such
that |w — wo| = [0p(wp)|. Since f(w) = 0, Taylor’s formula gives that

(3.18) [f (wo)| < | (wolldo(wo)| + [ (wo)[|do (w0) /2 + ChY|do(wo) .

We find from (3.18) and (3.15) that | f(w)| < CokH ' (wy) when |8o(wo)| < kH /2 (wy).
When Cyk < 1 we obtain H ' (wg) < (1 — Cr)"H1 4 | f'(wo)[?) < C"H; H(wp) by (3.8).
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Observe that when |6 = h=/2 we have H; /* = h='/2 which gives M = h~! and
proves (3.16) in this case. If |§y(wg)| < h~1/2, then as before there exists w € f~1(0) such

that |w — wo| = [0p(wp)| < Hl_l/2(w0). We obtain from (3.18) and (3.8) that

M < C(\f\H Y + || H + B2HTP) < ¢ (|f”yH;1 + hl/QH;?’”) at wo,

which gives (3.16). If |6o| < H;/? < Ch=/? and H}’* < 1, then we obtain by (3.18)
and (3.12) that

M < C(|f/|H1—1/2 + |f//|H1—1 + h1/2H1_3/2) < C/|f/|H1—1/2 at wp.

This gives (3.17) and completes the proof of the proposition. 0]

Proposition 3.9. Let Hf1/2 be given by Definition 3.4 for f € S(h™1, hg*). There exists
k1> 0 so that if (8o) =1+ |6o] < w1 Hy * then

(319) f = 04050

where ki MHY? < o € S(MHll/z,Gl), which implies that 69 = f/ag € S(Hl_l/z,Gl).

Proof. We choose g* orthonormal coordinates so that wy = 0, put Hll/2 = H11/2(0) and
M = M(0). Let ko > 0 be given by Proposition 3.8, then if k1 < kg we find |f/'(0)| =

~1/2
1

MHll/z. Next, we change coordinates, letting w = H,; '“z and

F2) = Hi*f(H72)/|£(0)] = f(Hy P2) /M € C.
Now 01(z) = H11/250(H1_1/2z) is the signed distance to F'~*(0) in the z coordinates. We
have |F(0)] < Co, |F'(0)] = 1, |[F"(0)| < Cy and |F®)(2)| < Cs, V2. It is no restriction
to assume that 0, F(0) = 0, and then |0.,F(z)] > ¢ > 0 in a fixed neighborhood of
the origin. If [6,(0)] = |6o(0)H,"?] < k1 < 1 then F~1(0) is a C* manifold in this
neighborhood, §;(2) is uniformly C*° and 0,,01(z) > ¢y > 0 in a fixed neighborhood of
the origin. By choosing (F(z), z’) as local coordinates and using Taylor’s formula we find
that §;(2) = a1(2)F(z), where 0 < ¢; < a3 € C* in a fixed neighborhood of the origin.
Thus, we obtain the proposition with ag(w) = [f/(0)| /e (H,*w) € S(MHllﬂ7 Gy). O

The denominator D = |f"| + hY/*|f'|"/2 + hY/2 in the definition of H; "/ may seem

strange, but it has the following explanation which we owe to Nicolas Lerner [18].

Remark 3.10. If f € S(h™', hg') we find that F = h=/2f" € S(h™', hg*). The Beals-
Fefferman metric for I is Gy = Hag* where Hy' = 14+|F'|>+|F| = 14+h~ Y f"]2+h~ 2| f.
Thus, we obtain that D = |f"| + hY/*|f/|/2 + h'/2 = H;?p1/2 gnd

(3.20) HV? 214 |60 + |FIHY? < CHy'? when |6o| < CHYY?

which gives that HQ_I/2 = Hl_l/2 + |F'| when |6o] < CH,'? (or else H{'? = |6 >
CH; ). We find that | f"| < C(RV4f'|Y2+hV2) if and only if Hy “/* = 14| F|V/2. Thus
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G4 is equivalent to the Beals-Fefferman metric Gy for F = h™Y2f" in a Gy neighborhood
of f71(0) if and only if |f"| < C(WM*|f'['? + h'/?).
In fact, the condition | f”| < C(hY*|f'|"/?+ h'/?) means that H;lﬂ > 1A VA2 =
1 + |F|'2. Now the Cauchy-Schwarz inequality gives that
1+ |F|'? <1+eH,"? + C.|F|H)?

so we obtain that Hl_l/2 = H;l/Q when [dy| < C’HQ_UZ. Observe that we can define
the metric G5 with h replaced by any constant H, such that ch < Hy < C'Hy, since
Ho_l/Qf’ € S(Hy', Hyg*) by (3.8) (see Remark 5.6).

4. PROPERTIES OF THE SYMBOL

In this section we shall study the properties of the symbol near the sign changes. We

start with a one dimensional result.

Lemma 4.1. Assume that f(t) € C3(R) such that || f®| . = sup, |f®)(t)| is bounded. If

(4.1) sen(f()) 20 when oo < It < o
for 01 > 300 > 0, then we find

(42) 7O < 2 (20'(0) + 617V /2)
(4.3) [F"(0)] < £1(0)/ 00 + Tooll fP [loo/6.

Proof. By Taylor’s formula,

0 < sgn(t)f(t) = [t|f'(0) +sgn(t)(f(0) + f"(0)*/2) + R(t) 00 < |t] < 01
where |R(t)] < [|f® ]|« |t|?/6. We obtain that
(4.4) | £(0) + 2 £"(0) /2 < F/O)]t] + [|FP oot /6
for any |t| € |00, 01]. By choosing |t| = gy and |t| = 30, we obtain that

4031 " (0)] < 4f'(0)00 + 28] f V]| 0 03/6

which gives (4.3). By letting |t| = 0o in (4.4) and substituting (4.3), we obtain (4.2). O
Proposition 4.2. Let f(w) € C®(T*R") such that ||f®]||« < oo. Assume that there
exists 0 < & < r/5 such that
(4.5) sgn(w) f(w) >0 when |wy| > e+ |w'?/r and |w| < r
where w = (wy,w’). Then
(4.6) F"(0)] < 33(10u, F(0)]/ 2+ ol fP )
for any e < o < r//10.
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Proof. We shall consider the function t — f(t,w’) which satisfies (4.1) for fixed w’ with
e+ [w'?/r = go(w') < |t| < 01 = 3r/V10

and |w'| < 7/v/10 which we assume in what follows. In fact, then ¢* + |w'|> < r? and
300(w') < 9r/10 < 3r/+/10 = p;. We obtain from (4.2) and (4.3) that

(7) F0.0)] < 500, 0,0+ 36|V oc/4

(48) 05,10, w)] < 0w, f(0,0) /0 + 7ol FP|oe /6

for e + |w'|?/r < 0 < r/+/10 and |w'| < r/+/10. By letting w’ = 0 in (4.8) we find that
(4.9) 02, F(O)] < Bun £(0)/ 0+ Toll /6

for e < o <r/v/10. By letting o0 = go(w’') in (4.7) and dividing by 30,(w’)/2, we obtain
(4.10) 0 < Dy f(0, ") + 2] f oo |2

when ¢ < |w'| < r/+/10 since then go(w’) < e + |w'| < 2|w'|. By using Taylor’s formula
for w' +— 0y, f(0,w') in (4.10), we find that

)
0 < 0, S (0) + (W', Bur (D 1) (0) + S ool
when ¢ < |w'| < r/+/10. Thus, by optimizing over fixed |w’|, we obtain
5
(411) |10 (9, N(O)] < 0 f0) + S FDlloc'* when & < /| < 7/V10.

By again putting 0 = go(w’) in (4.7), using Taylor’s formula for w’ — 0,, f(0,w’) but
this time substituting (4.11), we obtain

(4.12) |£(0,0")] < 60y, f(0)|w'] + 15| fP) | o || when & < || < r/V/10.
We may also estimate the even terms in Taylor’s formula by (4.12):
|(0) + (05, f(0)w', w') /2| < %\f(O,w’) + [0, =w) [+ (| FP oo’ /6
< 600, FO'] + 17Ol

when ¢ < |w'| < r/+/10. Thus, by using (4.7) with ¢ = ¢ and w’ = 0 to estimate |f(0)]

and optimizing over fixed |w’|, we obtain that
15
(4.13) 0% FOlw'[*/2 < 10w, FO)[w/] + 16]| F P oo ']

when ¢ < |w'| < r/+/10. Thus we obtain (4.6) by taking ¢ < |w'| = 0 < r/v/10 in (4.9)~
(4.13). O

As before, if f € C®(R") then we define the signed distance function of f as § =
sgn(f)d where d is the Euclidean distance to f~1(0).
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Proposition 4.3. Let f;j(w) € C*(R"), j =1, 2, such that fi(w) >0 = fo(w) > 0.
Let 0j(w) be the signed distance functions of fj(w), for j = 1, 2. There exists ¢o > 0,
such that if |fi(wo)| > 1, |d;(wo)| < co for j =1, 2, and

(414) |51(w0) - 52(w0)| =&

then there exist g* orthonormal coordinates w = (wy,w') so that wy = (x1,0) with 1 =

d1(wp) and
(4.15) sgn(wy) fi(w) >0 when |wi| > (e + [w'|?)/co and |w| < ¢
(4.16) |62(w) — 01(w)| < (e + |w — wo|*) /co when |w| < ¢.

The constant co only depends on the seminorms of fi and fy in a fized neighborhood of wy.

Proof. Observe that the conditions get stronger and the conclusions weaker when cg
decreases. Assume that f; and fy are uniformly bounded in C'*° near wy. We find that
|fi(w)] > 0 for [w—wo| < ¢; < 1, thus fj_l(O) is a C*° hypersurface in |w—wy| < ¢; when
|0;(wo)] <o < 1, j=1,2. By decreasing ¢, we obtain as in the proof of Proposition 3.9
that there exists c; > 0 so that w +— d;(w) € C*°(R"™) uniformly in |w — wy| < ¢,
j =1, 2. We may also choose 2y € f;'(0) so that |6, (wo)| = |wo — 2|, and then choose
g* orthonormal coordinates so that zy = 0, wg = (J1(wp),0) and 61 (0) = D1 (wp) = 0,
w = (wy,w). If ¢g < /3 we find that 0; € C™ in |w| < ¢3 = 2¢5/3. Since sgn(fi(wp)) =
sgn(d1(wp)) we find that d,, f1(0) > 0.

We have that |026;(w)| < Cj for |w| < ¢3, j = 1, 2, and A(w) = da(w) — §;(w) > 0
by the sign condition. By [9, Lemma 7.7.2] we obtain that |0, A(w)]? < C1A(w) < Cie
when w = wy by (4.14). This gives
(4.17)
|A(w)| < |A(wo)| + 0w (wo)||w — wo| + Cow —wo|* < Cs(e+|w—wp|?)  for |w| < cs,

which proves (4.16). Since |0,,01(wp)| = 0 we find that |0, da(w)| < Cy(VVe+|w—wy|) < 1
when |w—wp| < 1 and € < 2¢y < 1. Now fo(w) = 0 for some [w] < 2¢. Thus for ¢y < 1
we obtain |9,/d:(w)| < 1, which gives that |0y, fo(W)| > c4]0 fo(w)| > 3 > 0 for some
cq > 0. Since sgn(fo(wy,0)) = 1 when wy > 0, we obtain that 0y, fa(w) > ¢5|0y fa(w)| >
¢ when |w| < ¢5 for some c5 > 0.

Now by using the implicit function theorem, we obtain b;(w') € C*(R"'), so that
+f;(w) > 0 if and only if £(wy — bj(w')) > 0 when |w| < ¢, j = 1, 2. Since f1(0) =
|0 f1(0)] = 0 we obtain that b;(0) = [b1(0)] = 0. This gives |by(w')] < Csw'|? and
proves the positive part of (4.15) by the sign condition. Observe that the sign condition
is equivalent to fo(w) < 0 = fi(w) < 0, which gives by (w') > be(w'). Now [d2(wyp)| <
|01 (wo)| + &, thus we find —e < by(W') < by(wW') for some |w'| < C'v/e. This gives by(W') <
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Cs5C%e and |V (w')| < Cgv/, and we obtain as before that |0 (w') — by(w')| < Cr/e. As
in (4.17), we obtain

|ba(w')| < Cs(e + [w' —W'|*) < Cy(e + |uw']?)

which proves the negative part of (4.15) and the proposition. O

5. THE WEIGHT FUNCTION

In this section, we shall define the weight m, we shall use, for technical reasons it will
depend on a parameter 0 < o < 1. Let dy(¢, w) and Hfl/Q(t, w) be given by Definitions 3.1
and 3.4 for f € L>(R, S(h~', hg*)) satisfying condition (V) given by (2.2). The weight m,
will essentially measure how much ¢ — dy(¢,w) changes between the minima of ¢ —
Hll/ ?(t,w) (8o (t, w)), which will give restrictions on the sign changes of the symbol. As
before, we assume that we have choosen g* orthonormal coordinates so that g*(w) = |w|?,

and the results will only depend on the seminorms of f in L®(R, S(h~1, hg)).
Definition 5.1. For 0 < ¢ <1 and (t,w) € R x T*R" we let m, = min(M,, ¢*) with

(5.1) My(t,w) = tligftl;2 { &*[60(t1, w) — do(ta, w)|

+ max (Hll/g(tl, w){06o(t1, w)), Hi'?(ta, w){0do(ta, w))) }

where <50> =1+ |50|

Remark 5.2. Whent — §y(t, w) is constant for fired w, we find thatt — my(t,w) is equal

to the largest quasi-convexr minorant of t — Hll/z(t, w) (0o (t,w)), i.e., sup; my = supy; my

for compact intervals I C R, see [10, Definition 1.6.3].

We shall use the parameter p to obtain suitable norms in Section 6, but this is just a

technicality: all m, are equivalent according to the following proposition.

Proposition 5.3. We have m, € L*(R x T*R"),

(5.2) min(ch!'/?, 0%) < m, < min(Hll/2(Q(50>, 0%) < o
where ¢t = C is given by (3.7), and

(5.3) 01/05 < My, [mg, <1

when 0 < o1 < 02 < 1. If my(to, wo) < 02, then there exist t; < to < to so that
HS/Z = max(Hll/z(tl,wo), Hll/Q(tg,wo)) < 2my(to, wo) satisfies

(5.4) Hé/2 < 4dmy,(to, wo)/(0d0(t;, wo)) forj=0,1, 2,
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which implies that Hé/Q < 4H11/2(t0,w0) by (5.2). When m,(to, wo) < 0* < 1 we may

choose g* orthonormal coordinates so that wy = (x1,0), |x1| < |50 (e, wo)| +1 < 4QH0_1/2,

and
(5.5) sgn(wy) f(to,w) >0 when |wy| > (14 Hy*[w'|?)/co
(5.6) 100 (t1,w) — do(ta, w)] < (07 2my(to, wo) + Hy *|w — wo[?) /o

when |w| < coHo_l/2 for some constant cq, which only depends on the seminorms of f.

Observe that condition (5.5) is not empty when p is sufficiently small since Hé/ ? <402,
Proof. We obtain the first statement and (5.2) by taking the infimum, since ch!/? <
M, < H11/2(Q50> by (3.7). Next, we put

Fyls, t,w) = 0*|do(s, w) = do(t, w)] + max(Hy ' (s, w) {edo(s, w)), Hy'™ () (edo (t, w))).

Then we have F,, < F,, and ¢iF,, < 03F, when g; < go. Since these estimates are

preserved when taking the infimum, we obtain (5.3).

Next assume that m,(to, wo) < 0%, then m,(to, wg) = M,(to, wo). By approximating

the infimum, we may choose t; < to < t5 so that F,(t;,t2, wg) < m,(to, wo) + ch'/?, which

gives
(57) ‘50(7&1,?1)0) — (50(?52,100)‘ < Q_ng(to,wo) <1 and
(5.8) Hll/Q(tj,wo)@éo(tj,wo» < 2m,(tg, wo) < 20° for j =1 and 2.

We obtain that Hé/2 = maX(Hll/Q(tl,wo), Hll/z(tg,wo)) < 2my,(to, wo) < 20* and

(5.9) 1/2 < (pdo(t;,wo))/{0do(t, wp)) < 2 when j, k=0, 1, 2

by the monotonicity of ¢ — dy(t, wy), thus (5.8) gives (5.4). We obtain from (5.4) that
(5.10) 1+ [6o(t;, wo)| < 4QH0_1/2 when 7 =0, 1, 2.

Next, choose ¢* orthonormal coordinates so that wy = 0. Since Hll/ 2(t]-,O) < 20% and

|00(t,0)] < ZQHfl/Q(tj, 0) by (5.8), we find from Proposition 3.7 for ¢ < 1 that
W2 <10, f(t,0)] = |0 f(tj, w)| when |w| < cHy V? < cH2(15,0), j=1,2.

Now f(t;,w;) = 0 for some |w,;| < Zlgl-]()_l/2 by (5.10) when o < 1 and j = 1, 2. Thus,
when 490 < ¢ we obtain that

|£(tj,w)| < Cluf(t;, 0)[Hy " when |w| < cHy /2

and then (3.12) gives f(t;,w) € S(|8wf(tj,0)|H0_1/2,H0gﬁ) since Hll/z(tj,O) < HY? j=

1, 2. Choosing coordinates z = Hé/ 2w, we shall use Proposition 4.3 with

Fi(2) = Hy £ (t;, Hy %2) /10w f (25,00 € C for j=1, 2.
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Let 6;(z) = Hé/250(tj, H(]_I/Qz) be signed distance functions to f;'(0), then |f/(0)| = 1,
6,(0)] < 40 and

6:(0) = 6:(0)] = € < Hy *my(t0,0)/*
by (5.7). Thus, for sufficiently small o we may use Proposition 4.3 to obtain ¢* orthogonal

coordinates so that wy = (z1,0) where

21| = |80(t1,0)] < |80(to,0)] + 1 < 4oHy
by (5.10). We then obtain (5.5)—(5.6) from (4.15)—(4.16) for some ¢y > 0. O
Proposition 5.4. There exists C > 0 such that
(5.11) my(to, w) < Cmy,(te, wo)(1 + 0*g*(w — wp))

uniformly when 0 < o < 1, thus m, is a weight for g, = 0*g* uniformly in o.

Proof. The weights m, are equivalent when ¢ > gy > 0 by (5.3), so it suffices to consider
the case when ¢ < gy < 1. In fact, if (5.11) holds for m,, then it holds for m, when
00 < o < 1, with C replaced by C'/03. Since m, < g* we only have to consider the case

when
(5.12) my(to, wo) < 0°.

Now, for fixed wy and p it suffices to prove (5.11) when |w — wo| < o/m,, where m, =

my,(to, wo) < % In fact, when |w — wg| > 0/m, we obtain that
o’ |lw — wol* > o*/m > my,(to, w)/m,

by (5.12). In that case (5.11) is satisfied with C' = 1, thus in the following we shall
only consider w such that |w — wy| < o/m, for m, < ¢* < 1. Then we may use
Proposition 5.3 to obtain ¢; < t; < t3 such that (5.6) and (5.4) hold with HS/Q =
max(Hll/Q(tl,wo), Hll/Z(tz,wo)) < 2my,. Thus

(5.13) 02|60 (t1, w) — bo(ta, w)| < Colmy, + HY? 0*|lw — wo)?) < 2Comy(1 + o*|lw — wol?)

when |w — wy| < o/m, < 291’:10_1/2 < COHO_l/2 for 0 < ¢9/2. Now Gy is slowly varying,

uniformly in ¢, thus we find for small enough o > 0 that
H11/2(tj,w) < C’ngl/Z(tj,wo) when |w — wy| < 2,9[-[0_1/2 < 29H51/2(tj,w0)
for j = 1, 2. By the uniform Lipschitz continuity we find that
(5.14) {0do(t, w)) < (0do(t,wo))(1 + o|w — wol)
which implies that

(5.15) Hy"*(t;,w) (00 (t;,w)) < CsH,"*(t;,w0) (000 (t,wo)) 1+ olw—wo|),  j=1,2,
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when |w — wy| < 2QH0_1/2. Now H11/2(tj,w0)<g(50(tj,w0)> < 4m, by (5.4) for j =1, 2.
Thus, by using (5.13), (5.15) and taking the infimum we obtain
m,(to, w) < Cymy,(1 + 0*|w — wol?)
when |w — wy Sg/mg§2gH0_1/2 for p < pp < 1. O
In section 6, we shall choose a fixed p < 1 in order to get suitable function spaces. In
the following, we shall for simplicity only consider m,, since all the m, are equivalent, this

is really no restriction: the results also holds for any m,, but with constants depending

on o. The following result will be important for the proof of Proposition 2.5 in Section 7.
Proposition 5.5. Let M be given by Definition 3.6 and my by Definition 5.1. Then
there exists Cy > 0 such that
(5.16) MH? < Cymy /(8).
Proof. We shall omit the dependence on ¢ in the proof and put m; = my(wy). First we
observe that if m; > ¢ > 0, then MHf’/2(50> < C < Cmy /e at wy since (dp) < Hfl/2 and
M < CH{1 by Proposition 3.8.

Thus, we only have to consider the case m; < ¢* at wy for some o > 0 to be chosen

later. Since m, < m; we may use Proposition 5.3 for ¢ < 1 to choose g* orthonormal

coordinates so that |wg| < |0g(wo)| + 1 < 4QH0_1/2 and f satisfies (5.5) with

(5.17) ch'’? < Hy'* < 4m,(wo) /{060 (wo)) < 40°

by (5.4), observe that Hé/z < 4[—[11/2(100) by (5.2). Thus it suffices to prove the estimate
MH? < CHY?  at wy

for this choice of o. Since ch!'/? < Hé / ? we find from Proposition 3.8 that this is equivalent

to
(5.18) 1 H? < CHy®

at wy. Now it actually suffices to prove (5.18) at w = 0. In fact, (3.10) gives Hll/Q(wo) <
CH{?(0) since |wo| < |00(wo)| + 1 < H; ' (wp), thus Taylor’s formula gives

£ (o) H (o) < (1f"(O)] + Chuwol) Hy* (wo) < Cu(|f"(0)[H1(0) + h7%)
since |f®| < C3h'/2. By Definition 3.4 we find that
HTV2 2 1 [P + R 4 12
> (IF |+ 1£1+ B/ + BT 02,
thus (5.18) follows if we prove
(5.19) ST+ R B2y < O (1 + 1)+ V%) Hy® a0,
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Since ch!/? < Hé/ ? we obtain (5.19) by the Cauchy-Schwarz inequality, if we prove that
(5.20) O] < C(H O + 1),
Because of (5.5) we can use Proposition 4.2 on F(z) = Hof(Ho_l/Qz) with 7 = ¢y and

£ = Hé/Q/co < 40%*/cy < ¢o/5 by (5.17) when o < ¢p/v/20. Observe that |F'(0)] < Cj
since HS/Q < 4H11/2(w0) < 4C’H11/2(O). We obtain from Proposition 4.2 that

F' ) < C (IF'O)|/oo+ Hy "1 200) - HY feo < 00 < c0/VT0

since ||F®, < CgHO_l/th/Q. By choosing go = A|F'(0)|'/? + Hé/g/co < ¢o/V/10 for
A = ¢o(v/10 — 2)/101/Cy, we obtain that |F”(0)| < C'(|F'(0)|*/? 4 h'/?) since Ho_l/2 <
Ch=%. Now F' = Hé/Qf’ and F” = f” thus we obtain (5.20) for this choice of g, which
completes the proof of the proposition. 0

If my = 1 then we find that the estimate (5.16) is trivial, and when m; < 1 we have
the following interpretation of (5.20).

Remark 5.6. If |f'| < CH;"* < C'OHO_l/2 < C1h™V2 we find that F = Ho_l/zf’ €
S(Hy', Hog?). If we take the corresponding Beals-Fefferman metric Gy = Hsg* for F,
Hy' = 14 Hy'[f")? + Ho_l/2|f/| (see Remark 3.10), then (5.20) means that Hy' =
14 Hy'?|f'| in a Gy neighborhood of 0. By replacing h'/? by HY? in the definition
of Hl_l/Q, we find that (5.20) means that Gy is equivalent to Gs, in a Gs neighborhood
of f~40) by Remark 3.10.

Next, we shall prove a convexity property of ¢ — my(t,w), which will be essential for

the proof.

Proposition 5.7. Let my be given by Definition 5.1. Then

(5.21) sup my(t, w) < dg(ta, w) — do(t1, w) + my(t, w) + my(tz, w) Vw.

t1<t<ts
Proof. Since t +— dy(t, w) is monotone, we find that

(5.22) inf (|50(t,w) — So(to, w)| + HY2(t, w) (6o (t, w))> < ma(to, w).

£(t—to)>0

Let t € [ty,ts], then by using (5.22) for ty = t1, t2, and taking the infima, we obtain that

mi(tow) < _jinf (50(3, w) — 8o(r,w) + HY?(s,0) (805, w)) + HY>(r,w) (3o (r, w)>)

< 60(t2,w) — 50(151,11)) + m1<t1,”LU) + ml(tg,w)

which gives (5.21) after taking the supremum. O

Next, we shall construct the pseudo-sign B = g + 09, which we shall use in Section 7

to prove Proposition 2.5 with the multiplier b* = BWick,
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Proposition 5.8. Assume that oy is given by Definition 3.1 and my is given by Defi-
nition 5.1. Then for T' > 0 there exists real-valued or(t,w) € L>®(R x T*R™) with the
property that

(5.23) lor| < my
when [t| < T.

Proof. (We owe this argument to Lars Hormander [12].) Let

529 enltw) = s (o) =t + o [lrw)dr )

—T<s<t

for [t| < T, then
1 S
do(t,w) + or(t,w) = sup (50(s,w) - ﬁ/ my(r,w) dr —my (s, w))
0

—T<s<t
1 t
—I—ﬁ/o ma (r, w) dr

which immediately gives (5.24) since the supremum is nondecreasing. We find from

Proposition 5.7 that
1 t
do(s,w) — do(t,w) + ﬁ/ my(r,w) dr — my(s,w) < my(t,w) —T<s<t<T.

By taking the supremum, we obtain that —m (¢, w) < or(t,w) < my(t,w) when |t| < T,
which proves the result. [l

6. THE WICK QUANTIZATION

In order to define the multiplier we shall use the Wick quantization, and also define
the function spaces to be used, following [2]. As before, we shall assume that g* = (¢*)°
and the coordinates chosen so that g*(w) = |w|?. For a € L®(T*R") we define the Wick

quantization:
D Ju(e) = [ algn)Sy e Dou(e) dydy w € SR)
T+R"
using the projections %7, (x, D,) with the Weyl symbol

Sy, &) =7 " exp(—g'(z — y,£ — 1))

(see [5, Appendix B] or [15, Section 4]). We find that a"Vik: S(R") — S'(R") is sym-

metric on S(R™) if a is real-valued,

(6.1) a>0 = (a""*(z,D,)u,u) >0 ue SR
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and ||a"V**(x, D,)|| 2y < ||lal|peo(r-rn), which is the main advantage with the Wick
quantization (see [15, Proposition 4.2]). Now if a;(z,§) € L*(R x T*R") depends on a

parameter ¢, then we find that
(6.2) / (af""%u,u) o(t) dt = (AY " u,u) ue SR
R
where Ay(x,€) = [ ai(x,€)P(t) dt. We obtain from the definition that """ = af where

(6.3) ag(w) = W‘"/ a(z) exp(—|w — z|*) dz
T*R"
is the Gaussian regularization, thus Wick operators with real symbols have real Weyl
symbols.
In the following, we shall assume that G = Hg' < ¢* is a slowly varying metric

satisfying
(6.4) H(w) < CoH (wo)(1 + |w — wo|)™

and m is a weight for G satisfying (6.4) with H replaced by m. This means that G and
m are strongly o temperate in the sense of [2, Definition 7.1]. Recall the symbol class

S*(1, ¢*) given by Definition 2.2.

Proposition 6.1. Assume that a € L®(T*R") such that |a| < m, then a"* = a¥ where
ag € S(m,g*) is given by (6.3). If a > m we obtain that ag > com for a fized constant
co > 0, and if a € S(m,Q), then ap = a modulo symbols in S(mH,G). If |a] < m
and a = 0 in a fivzed G ball with center w, then a € S(mHY G) at w for any N. If
Owa € L=®(T*R™) then we have ag € ST(1, g%).

By localization we find, for example, that if |[a] < m and a € S(m,G) in a G neigh-
borhood of wy, then ag = a modulo S(mH,G) in a smaller G' neighborhood of wy. The
results are well known, but for completeness we give a proof. Observe that the results

are uniform in the metrics and weights.

Proof. Since a is measurable satisfying |a| < m, where m(z) < Com(w)(1 + |z — w]|)™o
by (6.4), we find that a"V* = a¥ where ag = O(m) is given by (6.3). By differentiating
on the exponential factor, we find ag € S(m, ¢*), and similarly we find that ag > m/C if
a>m.

If a =0 in a G ball of radius € > 0 and center at w, then we can write
m"ag(w) = / a(z) exp(—|w — z|*) dz = O(m(w)H" (w))
|z—w|>eH=1/2(w)

for any N even after repeated differentiation. If a € S(m, G) then Taylor’s formula gives

ap(w) = a(w) + 7Tn/0 /T*Rn(l —0){a"(w + 02)z, z)e ¥ dzdb
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where a” € S(mH,G) since G = Hg*. Since m(w + 0z) < Com(w)(1 + |z)N and H(w +
0z) < CoH(w)(1 + |z])™ when [0] < 1, we find that ag(w) = a(w) modulo S(mH,G).

Since Dyag(w) = 7" [ pn Owa(z) exp(—|w — z|?) dz, we obtain the proposition. O

Lemma 6.2. If a(t,w) and p(t,w) € L*(R x T*R") and Oia(t,w) > p(t,w) in D'(R)
for almost all w € T*R", then (0,(a"*)u,u) > (WVi%*u,u) in D'(R) when u € S(R™).

Proof. The condition means that — [a(t,w)¢/(t)dt > [ u(t,w)¢(t)dt for all 0 < ¢ €
C°(R) and almost all w € T*R™, which by (6.1) and (6.2) gives

- / (a'** (¢, 2, Dy)u,u) ¢'(t) dt > / (V¥ (t, 2, Dy)u, u) ¢(t) dt 0<¢eC;(R)

for u e S(R™). O

We shall compute the Weyl symbol for the Wick operator (& + or)"V**, where or is

as given by Proposition 5.8. In the following we shall suppress the ¢ variable.

Proposition 6.3. Let B = dg+ 09, where 0y is given by Definition 3.1 and oq is real-valued
satisfying |oo| < my, with my given by Definition 5.1. Then

BWz'ck — bw

where b = &1 + 01 is real-valued, §; € S(Hfl/z,gﬁ) N ST(1,¢%), and o1 € S(my,g*). Also,
there exists ko > 0 with the following properties: If (6) < /ﬂ;ng_l/Q then 61 = dp + 02 €
S(Hfl/2,G1) with oo(w) € S(Hll/Q,Gl). For any A > 0, there exists ¢y > 0 such that
|0o] > )\Hfl/Q and Hll/2 < ¢y gives

(6.5) Ib] > ko AH; 2.

Proof. Let 6}Vie = §% and ol = o¥. Since |6| < H; "%, |oo| < m1 and the symbols
are real-valued, we obtain from Proposition 6.1 that d; € S(H; /%, ¢*) and o, € S(ma, g)
are real-valued. Since |§j| < 1 almost everywhere, we find that &; € S*(1, g*) by Propo-
sition 6.1.

If (6g) < ,%Hl_l/2 at wy for sufficiently small x > 0, then we find by the Lipschitz
continuity and slow variation that (dy) < CokH; Y2 in a fixed (G1 neighborhood w, of wy
(depending on k). Then we find that §y € S(Hl_l/2, (1) in w, by Proposition 3.9, which
implies that &; — &, € S(H;’?, G1) at wy by Proposition 6.1 after localization.

When |§g| > A\H, 1/2 > A > 0 at wy, then by Lipschitz continuity and slow variation
we find that |0y > AH;UZ/C’O in a G neighborhood w) of wy (depending on A). Since
loo| < H11/2<50) < C,\H11/2|(50\ in wy by (5.2), we find by the slow variation that

100 + 00| > [60]/2 > AH;V?/2Cy  in wy
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when Hll/Q(wo) < 1. Proposition 6.1 then gives after localization that
16| > coAH[ % /2Cy — C\H? > coAH; ?/3C,  at wy

when A 11 / 2(wo) < ¢\ < 1, which completes the proof. UJ

Let m, be given by Definition 5.1, then m, is a weight for g, = 0?¢* uniformly in
0 < o < 1 according to Proposition 5.4. We are going to use the symbol classes S(m ’;, Go)s
k € R. Observe that S(mk, g,) = S(m},¢*) for all 0 < p < 1 (but not uniformly), since
g, = ¢g* and m, = m; by Proposition 5.3.

Definition 6.4. Let H(m", ¢*), be the Hilbert space given by [2, Definition 4.1] so that
(6.6) u€ Hmk ¢*) <= a“ue L? Va e S(mk, ¢ ke R.

We let ||ul|x be the norm of H(mk, ¢).

This Hilbert space has the following properties: S is dense in H(m!, ¢*), the dual of
H(mk¥, g%) is naturally identified with H(m;* ¢*), and if u € H(m¥, ¢g*) then v = alv
for some v € L2(R") and ag € S(m;*, g*) (see [2, Corollary 6.7]). It follows that a¥ €
Op S(mk, g*) is bounded:

(6.7) we H(mi, ¢*) — a®u € H(m ™", ¢
with bound only depending on the seminorms of a.

Now m,, is not necessarily a symbol, but by (5.11) we can define the equivalent weight
(6.8) Z¢j@ w)my,(t, wy) € S(my, g,),

by using a partition of unity {¢jg} = {¢;(ow)} € S(1,g9,) uniformly in p. Then

o — o Wick ;
my = my,, and we let py' = m, ", ie.,

(6.9) po(t,w) =m" /T*R" m,(t,w — 2) exp(—|z|*) dz

Since m, satisfies (5.11) and m, = m, € S(m,,g,) uniformly in g, we find by using
Proposition 6.1 (with G = g¢,) that m,/c < p, € L*(R, S(m,, g,)) uniformly for 0 < p <
1 and some ¢ > 0.

1/2
1

The following proposition shows that the topology in H(m,’", ¢*) can be defined by

the operator uy’.

Proposition 6.5. Assume that iy € L°(R, S(my, ¢*)) such that p¥ = miVi* with m; €
L®(R, S(my, g*)) given by (6.8). Then there exist positive constants ci, ca and Cy such
that

(6.10) h1/2||u||2 < C2||“||1/2 (1w, u) < CO||U||1/2 u e SR").
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The constants only depend on the seminorms of f in L=(R,S(h™1, hg*)).

Proof. Let a, = _1/2 € S(m_l/g,gg) with 0 < ¢ <1 to be chosen later. Since g, = ¢*¢*

£1/2

is uniformly o temperate, g,/gg = o', m, is uniformly o, g, temperate, and u,
S(m}tl/Z,gg) uniformly, the calculus gives that (a,')“ay = 1+ 7% where r,/0* € S(1, ¢%)
uniformly for 0 < ¢ < 1. Similarly, we find that a¥u¥a? = 1+ s% where s,/0* € S(1, g*)

uniformly. We obtain that the L? operator norms
P2l 2eezy + 1521 222y < Coo® < 1/2
for sufficiently small o. By fixing such a value of ¢ we find that 1/2 < ajpyay <2 and

(6.11) ullo < 2[|(a, ") abullo < Cilla¥ull1/2 < Callullo

1/2 ,g%). Since the constant

thus u +— a¥u is an homeomorphism between L* and H(m,
metric ¢* is trivially strongly o temperate in the sense of [2, Deﬁmtion 7.1] and a, €

S(m; 2 ¢%), we find from [2, Corollary 7.7 that there exists b, € S(m;’, g*) such that

ayby = byay = 1. Then we obtain that [lullie = [Jaybyull12 < Csl|byullo < Cyllulli/e
and

1 W w . w 'UJ 'LU w w w

§||bgu||§ < (“9 @y byu, @y byu ) (,ugu,u) SQHbQUH(Q)
which gives [[b2ulld = (u¥u,u). Since ch'? < my = m, and p¥ = m}** we find
c1h'2||u|? < (p¥u, u), which completes the proof of the proposition. O

7. THE LOWER BOUNDS

In this section we shall obtain a proof of Proposition 2.5 by giving lower bounds on
Reb% f*, where b% = BIVik is given by Proposition 6.3. In the following, we shall omit
the ¢ variable and assume the coordinates chosen so that ¢#(w) = |w|?. The results will
hold for almost all |¢| < T and only depend on the seminorms of f in L*®(R, S(h™1, hg?)).
Proposition 7.1. Assume that b = 01 + o1 is given by Proposition 6.3. Then
(7.1) Re (b fYu,u) > (C*u,u) VueSR")
where C € S(m1, g*).

Proof. We shall localize in T*R"™ with respect to the metric G; = H,g*, and estimate the

localized operators. We shall use the neighborhoods
(7.2) W (€) = {w D w —w| < stl/Q(wg) } for wy € T*R".

We may in the following assume that ¢ is small enough so that w — H;(w) and w — M (w)

only vary with a fixed factor in wy,(¢). Then by the uniform Lipschitz continuity of
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w +— dp(w) we can find kg > 0 with the following property: for 0 < k < kg there exist
positive constants ¢, and €, so that for any wg € T*R"™ we have

(7.3) 6o(w)| < kH; () w € way(ex)  or

(7.4) 6o(w)] > coHy P (W) w € wyy(en).

In fact, we have by the Lipschitz continuity that |§o(w) — dg(wp)| < 5HHf1/2(w0) when
W € Wy, (€x). Thus, if €, < k then (7.3) holds when [dy(wp)| < KHl_l/Q(wo) and (7.4)
holds when |do(wp)| > cmel/z(wg).

By shrinking ko we may assume that M = |f’]Hfl/2 when |dg| < /-@OHfl/2 and Hll/2 <
ko according to Proposition 3.8. Let k1 be given by Proposition 3.9, ko by Proposition 6.3,
and let €, and ¢, be given by (7.3)—(7.4) for k = min(ko, K1, k2)/2. Using Proposition 6.3
with A = ¢, gives k3 > 0 such that
(7.5) 1b| > koc Hy ? in wyy, ()
if H”? < k3 and (7.4) holds in wy, (c,).

Choose real symbols { 9;(w) },, { ¥;(w) }, and { ®;(w) }, € S(1,G1) with values in £2,
such that Zk Q/JJZ = 1, wj\llj = 'lbj, \I’jq)j = \I/j, \I’j = QZ5§ >0 for some {qu(w) }j S S(l,G1>
with values in £2 so that

supp ¢; C wj = W, (ex).
Since b € S(Hl_lﬂ,gﬁ) N ST(1,¢*) we find that
A, =Vbf € S(MHfl/Z,gﬁ) ﬂS+(M, g uniformly in j.
We have Y~ 43 A; = 3 430;bf = bf, and we shall show that

(7.6) Re(b* f*) = (bf)” = Z Y ATYY modulo Op S(my, ¢*).

J

In order to estimate these localized operator we shall use the following

Lemma 7.2. Let b = 6; + 01 be as given by Proposition 6.3, and let ¥; = ¢? with
¢; € S(1,G1) uniformly with supp ¢; C wy,(ex) so that (7.3) or (7.4) holds for k =
min(ko, k1, k2)/2. If A; = U;bf then there exists C; € S(my, g*) uniformly, such that

(7.7) (AYu,u) > (C'u, u) ue S(RY).

We postpone the proof of Lemma 7.2 until later. We obtain from (7.6) that
Re (0" fYu,u) > Z (w}”C;’w]‘-"u,u) + (R"u,u) u e SR™)

j
where ¢ CP and R € Op S(my, g*), which gives Proposition 7.1.

It remains to prove (7.6). Proposition 5.5 gives that

(7.8) MH?(8,) < Cmy,
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thus we may ignore terms in Op S(MHE/Q((SO%gﬁ). Observe that since b € S(Hl_lﬂ,gﬁ)

and A € S(MHl_l/Q, g°) we find that the symbols of ¥ f* and Y, " A have expan-
sions in S(M H f/ 2, g*). Thus, we only have to compute the first terms in these expansions.
Also observe that in the domains w; where H 11 2>c> 0, we find from Remark 2.4 that
the symbols of >, ¢ Al and b f* are in S(MHE/Q, g*) giving the result in this case.
Thus, in the following, we shall assume that Hll/ ‘& 1, and we shall consider the neigh-
borhoods where (7.3) or (7.4) hold.

If (7.4) holds then we find that (§) = H;'? so that S(MH;, g*) C S(my, g*) in w;
by (7.8). Since b € S*(1, g*) we find from Lemma 2.3 that the symbol of b* f* is equal to
bf + % {b, f} modulo S(MH,, g*). Thus, we find that the symbol of Re(b* f*) is equal
to bf modulo S(mq,¢*) in w;. Similarly, since ¥ A¥y is symmetric, { ¢y, }, € S(1,Gy)
has values in ¢ and 4; € ST(M, ¢*) uniformly, we find from Remark 2.4 that the symbol
of Y, VP AYYY is equal to Y., ¥EA, = bf modulo S(MHy,g*) C S(m4,g*) in w;, which
proves the result in this case.

Next, we consider the case when (7.3) holds with x = min(ko, k1, k2)/2 and H11/2 <
K2/2 in w;. Then (dp) < ﬁng_l/Z sob=10+0 € S(Hl_l/Q,Gl) + S(my, ¢*) in w; by
Proposition 6.3. By taking the symmetric part of 0¥ f* = 0}’ f* + o}’ f* we obtain from
Lemma 2.3 that the symbol of Re(b® f* — (bf)®) is in S(MH>? Gy) + S(MHym, g*) C
S(my, g*) in w; since M < CH;'. Similarly, since A; € S(MH;I/Q,GI) + S(Mmy, g*)
uniformly, we find from Remark 2.4 that the symbol of >, ¥}” A9} is equal to bf modulo
S(my, ¢*) in w;, which proves (7.6) and Proposition 7.1. O

In order to simplify the computations of the symbols, we shall use the following result.

Lemma 7.3. Assume that M, is a weight for G; = Hig*, mi is a weight for ¢*, p, €
S(My,Gy) and py € S(my, ¢*). Then pPp¥ and p¥p* have symbols which have expansions
with terms in S(Mlmlﬂf/Q,gﬁ), j>0. Let p¥ = p¥p¥ € Op S(m2, g*) then we

(7.9) (p1 + p2)“(p1 + p2)" = (pi + 2p1p2 + p3)"”

modulo Op S(M{HY, Gy) + Op S(Mymy Hy, g*). If p = p1pa, then we find p“p* = (pips)”
modulo Op S(M2m2H,"?, ¢).

Proof. Since ¢*/G¢ = H;, we obtain the expansions of p¥p¥ and p¥p% from Lemma 2.3.
We also find that pi'py’ = (pip2 + 5; { p1,p2 })* and py'py’ = (pap1 — 5; { p1,p2 })* modulo
S(MymiHy,g%). Since p¥p¥ = (p?)* modulo Op S(M?H?,G,) we obtain (7.9). Simi-
larly, p“p® = pipypipy = pipipy = (pips)” modulo Op S(MEm3H,"*, g*) by using the

expansion. O
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Proof of Lemma 7.2. As before we are going to consider the cases when Hll/2 =1 or
Hll/2 < 1, and when (7.3) or (7.4) holds in w; = wy, (ex) for £ = min(ko, K1, k2)/2. When
Hll/2 > ¢ > 0 we find that A; € S(Mngﬂ,gﬁ) C S(myq, ¢g*) uniformly by (7.8) which gives
the lemma with C; = A; in this case. Thus, we may assume that

(7.10) Hll/2 < k4 = min(ko, K1, K2, Kk3)/2 in w;

so that (7.5) follows from (7.4).

Next, we consider the case when (7.3) holds with x = min(kg, K1, k2)/2 and H? <

k4 < kinw;. Then (0y) < 2H;? s0 we obtain from Proposition 3.8 that M = \f’\Hflﬂ
in wj. Similarly we find from Proposition 6.3 that b = dy + 01 + 02 = do + 03 in wj,
where g; € S(my,g*) and o € S(Hll/Q,Gl) thus o3 € S(Hll/2<(5o>,gﬁ) by (5.2). Also, we
find from Proposition 3.9 that f = «ydy, where ,‘~<;1]\/[H11/2 < ap € S(MHll/Q,Gl) and
do € S(Hy?,G1) in w;. Since ¥; = ¢2, we find that

Aj = W;bf = ¢ag (65 + 030)
is real, and we shall construct an approximate square root ;" so that

(7.11) AY =~ >0 modulo Op S(my, g*).

In the following, we shall suppress the index j, and let ¢(w) = ¢;(w) and y(w) =
vj(w). By taking real-valued v(w) = ¢(w)(p1do + f10), we see in the first approximation
that 1y = /ap € S(MY2H!* Gy) and py = 0sy/a0/2 € S(MYV2HY*(5,),¢°). Then
Lemma 7.3 gives

(7.12) 70" = (6* (116 + 2ppi0d0))” + (dp10)"” (Sr0)"

modulo Op S(MHEM((SO),gﬂ) C Op S(m4, ¢*) by (7.8). By Lemma 7.3 we also have
(7.13) (6h0)" (PH0)” = (¢°v0)”  mod Op S(MHF(%)* ¢*) C Op S(mi. ¢°)

where v = ufuy € Op S(MHf/2<50)2,g”) is symmetric. Observe that adding terms in
S(MY2HY*(8,), g*) to po only give terms in S(my, ¢*) in (7.13). By using x(0) € S(1, ¢)
for x € C5°(R) such that x(t) = 1 for |t| < ¢ we find that

(7.14) vy = (1 — x(60))vo = 18y modulo S(MH?, ¢),

where v = (1—x(80))v0/d € S(MHY?(50), ¢*). By using (7.12)~(7.14) we obtain (7.11)
if

(7.15) 1368 + (21 p0 + 11)80 = by + 9035 modulo S(my, ¢*)

in w;. Subtracting vy /2, € S(M1/2H15/4(60>, g*) from 19 does not change (7.13), thus we

obtain (7.11) and the lemma in this case.
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Finally, we consider the case when H11 /? <k, and (7.4) holds in w;. Then, we shall
use the uniform Fefferman-Phong estimate for W;|f|. Since |dp(w)| > c,iHl_l/Q(w), we
find (6) = H; * in wj. Thus, we may ignore terms in S(M Hy, g*) C S(MHf/2(50>,gﬁ)
supported in w; by (7.8). Since H, 12 < g, < k3/2 and |dg| > c. H Y2 in w;, we find
from (7.5) that |b| > kec, Hy Y2 in w;. Since b € S*(1, ¢*), we find by the chain rule that

B> € S(HTY2, ) () STHITY2, ) inw VA
In fact, we have 9,|b]* = sgn(B)ABP19,b € S(HM2 ¢#) in w; since 9,0 € S(1,g%).

Let ®; € S(1,G4) uniformly such that ¥;®; = ¥, and supp ®; C w; as in the proof of
Proposition 7.1. Since ®; € S(1,G;) we obtain that

(7.16) = @,[b"* € S(H L (ST HE ).

Let 0 < a; = V)| f| € S(M,G), then we find that A; = W;bf = ;57 since ¥;®; = V).
In order to estimate A} we shall use the following lemma.

Lemma 7.4. Let a € S(M,Gy) and € S(H, i )ﬂS+(H11/4,gﬁ) be real-valued sym-
1/2,g ) such that

(7.17) peaBY = (a(B®+r))”
modulo Op S(M Hy, g*).

bols. Then there exists a real-valued symbol r € S(H

Thus, we find that
(7.18) AY = Bay By — (azry)” modulo Op S(MHl,gﬂ)

where r; € S(H%/Q,gﬂ) is real. Now we take the real symbol v; = ®;r;|b|7Y/2/2 €
S(H3/4,g ) and define

(7.19) N= B+ € S(H Y g (N SHH g
Then 2a;3;7; = a;jr;, and we shall show that
(7.20) Aa¥ A =AY modulo Op S(MHj, g").

We obtain from Lemma 2.3 that that a¥vy = (a;7;)” € Op S(MHf’/4,gﬁ) modulo
Op S(MHf/4,gﬁ). By Lemma 2.3,

205 ai i = 28] (a;v;)" = 2(Bja;v;)" = (a;7;)"

modulo Op S(MHy, g*). Since y¥a¥y% € Op S(MHE/Z,gﬁ) we obtain (7.20) from (7.18).
By multiplying with % € Op S(1,G1) we find from Lemma 2.3 that

(7.21) OYANYaY NP DY =AY modulo Op S(my, g*)

since A}“ = CD;’A}“(ID;*’ modulo Op S(my, gﬁ)-
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Since 0 < a; € S(M(w;), Hy(w;)g*), the uniform Fefferman-Phong estimate (see [9,
Lemma 18.6.10]) gives a constant Cy > 0 so that

(afu,u) > —CoM (w;) Hi (wy)||ul|? VueSRY.
Since \; € S(H 1/4,gu) and ®; € S(1,G,) are real-valued this gives

(BENL QNI B, 1) > —CoM () H? (w;) [ AL BYl]” = (u, )

i\ Y
where ¢ = —CoM (w;) H} (w;)®Y XY AP @Y € Op S(MHE/Q,gﬁ) uniformly in j. By (7.21)
this completes the proof of Lemma 7.2. U

Proof of Lemma 7.4. We have that f%a™ (" is symmetric since a and [ are real, thus we

540" = Re ([0, a*]3" + a* BY) = £ [[8*,a"], 5] + 5 (“B” + B"a")

where B* = *3" € Op S(Hfl/Q, g*) is symmetric. We find from Lemma 2.3 that
B=3+r

with real r € S(H; ,g) and % € S(H, HV?, g N ST(1,¢%), since 3% = 2603 where
8B € S(H{"*, ¢%). Since a € S(M,G1) and B € 5+(1, g*), we find from Lemma 2.3 that

L (@“B* + B*a®) = (aB)” = (a(5" +1))"

2
modulo Op S(MH,,¢*). Lemma 2.3 also gives [3¥,a"] € OpS(MHfM,g“) and then
[[8¥,a¥], 3*] € Op S(M H,, g*), which completes the proof of the lemma. O

We shall finish the paper by giving a proof of Proposition 2.5.

Proof of Proposition 2.5. We have assumed that f € L*(R, S(h™!, hg*)) satisfies condi-
tion (V) given by (2.2). Let By = & + or, where dy + or is the pseudo-sign for f given
by Proposition 5.8 for 0 < 7' < 1, so that |or| < m; and

(7.22) (0o + or) > mi /2T in D'(]-T,TY).
We put By =0 when |¢t| > T, then we find that BY* = p% where
br(t,w) € L¥(R, S(H, %, ¢) () SH(1,¢))

uniformly by Proposition 6.3. Let cm; < m; € S(mi,¢*) be given by (6.8) and let
w1 € L=(R,S(my,g%)) be defined by (6.9) so that u¥ = mVi*. We find by Lemma 6.2
and (7.22) that

(7.23) T, (Vyu,u) =T ((8:Br)"'**u,u) > Co (14u,u) in D'(]-T,T])

when u € S(R"™). We obtain from Proposition 6.5 that there exist positive constants ¢

and ¢y so that

(7.24) (Hiu,u) = eollull?y = etk Pllul® ue S(R").



THE NIRENBERG-TREVES CONJECTURE 36

Here ||ul|1/2 is the norm of the Hilbert space H(mi’?, ¢*) given by Definition 6.4. By
Proposition 7.1, we find for almost all ¢ € [T, T] that

(7.25) Re ((B;V”kfw)‘tu, u) = Re (( %f“’)!tu, u) > (C*(tyu,u) ue SR

with C(t) € S(my,g*) uniformly. We obtain from (6.7), (7.24) and duality that there

exists a positive constant c3 such that

(7.26) (€ (t)u, w) | < Jlully2lIC ()ull 172 < esllulli) < es (7w, u) /e

for u e S(R™) and [t| < T. We find from (7.23)—(7.26) the estimate

(Opbu, uw) + 2Re (fPu, bfu) > (Co/T — 2¢3/c2) (pyu, w) in D'(]-T,T])

for v € S(R™). By using Proposition 2.9 with Py = D; +if*(t,z,D,), B = b} and

m

= Cop /2T we obtain that

4T
clh1/2/||u||2dt < /(,ull“u,u) dt < U{)/Im (Pyu, bu) dt

if u € S(R x R™) has support where |t| < T < ¢2Cy/4cs. Replacing by with 4b%/Cocy

we get a proof of Proposition 2.5, which completes the proof of the Nirenberg-Treves

conjecture. 0
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