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1 Introduction

The purpose of this paper is to show how some results from the theory-of pa
tial differential equations apply to the study péeudospectraf non-self-adjoint
operators, which is a topic of current interest in applied mathematics; s28][6

We will consider operators that arise from the quantization of boundect fu
tions on the phase spadeéR". For stronger results in the analytic case, we will
assume that our functions are holomorphic and bounded in tubular congitgx n
borhoods ofT*R" ¢ C?".

Let us present the results in a typical example. We consider

P(h) = —h?A + V(x),
a semiclassical Schrédinger operator.

We define thesemiclassical pseudospectruriithe Schrédinger operatét(h)
as

A(p) ={E2+V(X) : (X,8) € R, Im(&, V(X)) # O},
noting that in the analytic cask(p) either is empty or is the closure of the set of
all values ofp = £2 4+ V (x).
The following result (see Section 3) shows that the resolvent is largeeittsed
pseudospectrum. We first state it in the case of Schrédinger operatsfyiag
the assumptions above.

THEOREM 1.1 Suppose that fh) = —h?A + V(x), with V € C*(R"). Then, for
any ze {£24+V(X) : (X, &) € R, Im(&, V/(X)) # 0} there exists th) € L2(R")
with the property

(1.1) [(P(h) —2u(h)|| = O*®)[luh)]l.

In addition, uh) is localized to a point in phase space, &) with p(x, §) = z.
More precisely, W F{u) = {(x, &)}, where the wave front set W) is defined in
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(2.5). Finally, for every compact Ke A(p), the above result holds uniformly for
z € K in the natural sense. If the potential is real analytic, then we can replace
h*> by exp(—1/Ch).

This result was proven by Davies [5] for Schrodinger operators endimen-
sion, but as was pointed out in [34], it follows in great generality froninapte
adaptation of the now-classical results of Hormander [12] and Duistéramah
Sjostrand [8]. The main point is that, unlike in the case of normal operdtas,
resolvent can be large on open sethas- 0. That is particularly striking when
P(h) has only discrete spectrum.

To guarantee that, we can, for instance, assume that

3¢V ()| < Cu(X+ [xp™ 1,
C
This is the simplest example of the behavior of the potential: we can make weaker
assumptions oWV ; see the end of Section 3. In the analytic case, we assume that
(1.2) holds agx| — oo, |ImX| < ¢ (and we only need it withe | = 0).

The classical symbop = £2 4+ V(x) avoids all sufficiently negative values,
and the Fredholm theory guarantees tR#h) has discrete spectrum forsmall
enough (see Section 2).

We can, in place of the Schrddinger opera®gh), consider the operator with a
bounded symbok P (h) — z;) (P (h) — 2»), z, # z1, and this shows that it is suf-
ficient to consider quantization of bounded functions, with all derivativ@inded,

peCP(TR") = {u e C*(T*R") : Ve € N 0%u € L*(T*R")}.
In that case we give a more general definition of the semiclassical pgeectoum:

<|E24+ VX, [(x,&)]>C, wherem> 0.

13) AP Ep(me TR : {p, py(m) £0) C (p) &

where we used the Poisson bracket

P(T*RM),

n
def
{f,g} = Hig, Hj :eZagjfan — Oy, f0g .
j=1

The nonvanishing ofp, p} is a classical equivalent of the operator not being nor-
mal; see (2.3) and (2.4) below. We note that in the analytic case, we have
A(p)=2 or A(p)=X(p.
We also define additional sets
As(p) = {px, &) : {Rep, Im p}(x, ) > 0} C p(T'RY),
A s(p = {2:306.6) > oo im pox. ) = 2}

that is, X (p) is the set of limit points op at infinity.
In the more general setting we can restate our result as follows:
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THEOREM 1.2 Suppose that i- 2, p € C2°(T*R"), and p(2) is compact for a
dense set of valuesz C. If P(h) has the principal part given by*fgx, hD), then

A(P)\ Zoc C A_(P),

and for every z= A _(p) there exists (h) € L2(R") with the property
(1.5) [(P(h) —2u(h)|| = O(h>)]u(h)]|.
In addition, uh) is localized to a point in phase spac¢e, &) with p(x, §) = z.
More precisely, W F{u) = {(x, &)}, where the wave front set W) is defined in
(2.5). Finally, for every compact Ke A(p), the above result holds uniformly for
z € K in the natural sense.

If, in addition, p has a bounded holomorphic continuation{t®, £) € C?",
[Im(x, &)| < %}, then the same conclusions hold with replaced byexp(—1/Ch).

If n = 1, then the same conclusion holds provided that the assumptions of
Lemma3.2 are satisfied.

We will see in Section 4 that, in general, we cannot construct an almost solutio
u(h) at an arbitrary interior poinz of A(p). However, at many pointa (p) \
A _(p) almost solutions can exist; see [23] for explicit examples in dimension 1.

In simple one-dimensional examples, we can already see that the spectrum
o (P(h)) typically lies deep inside the pseudospectragp) (the set of values of
p in the analytic case); see [4, 5, 29] and Figure 1.1 for a computational reanife
tation of this phenomenon. Consider, for instance, the following nonasidfint
operatorP (h) = (hDy)? + i (hDy) + x2: a formal conjugation

X X 1

e mP(her = (hD)”+x*+ 7
shows that the spectrum &(h) is given by(2n + 1)h + 1, while
A(p)={z:Rez> (Im2)?}, p=~&2+it+x2

To see these phenomena for general operators, we need to make taassimp
onzy € dX(p). The first one is the principal-type condition,

(1.6) p(x, &) =zg = dp(x,&) #0, me T*R".

Then we assume a dynamical condition:

(1.7) For some. € C, nocomplete trajectory oHgg;.p) is contained inp~1(zo).
Under these conditions we have the following:

THEOREM 1.3 Suppose that pe C°(T*R") and the principal part of h) is
given by ff(x, hD). If zg € X (p) \ T (p) satisfieg1.6)and (1.7), then for any
M > 0and for h< hg(M), 0 < hg(M),

{z: |z — 29| < Mhlog(%)} No(Ph) =o.
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FIGURE 1.1. Numerical computation of the spectrum @fDy)2 +
ihDy + x2. Precise results for largér, with false eigenvaluegetting
closer to the boundary of the pseudospectrumz Re(Im z)2, ash de-
creases.

If, in addition, p is a bounded holomorphic function in a complex tubular neigh
borhood ofR", then there exists £> 0 such that

1
{z: |z — 29| < —} No(P(h) =o.
Co

As will be explained in a remark in Section 4, we can replag@) in Theo-
rem 1.3 byA (p). In Section 6 we will show that if (1.7) is violated, then, for a large
class ofdissipative operatorghe spectrum lies arbitrarily close (as— 0) to the
boundary of the pseudospectrum. In an example in Section 4, we will inditgte
the weakeC> result is optimal.

Remark.A more complete version of Theorem 1.3, especially in view of Theo-
rem 1.4 below, should also include a bound on the resolvent. The proacn S
tion 4.2 shows that, under the assumptions of the theofeRt(h) — zp) || < &

h L
since we can take = Ch there.

At the boundary of the pseudospectrum we can expect an improveu koou
the resolvent when some additional nondegeneracy is assumed. Thidetaw
is based on subelliptic estimates [14, chap. 27], and we borrow our nofedion
there. If p = p1 +ip2 € C* with real-valuedp;, then we define the repeated
Poisson brackets

Pr = Hp, Hp, - Hp,_ Pi
wherel = (iq, s, ...,ix) € {1, 2} and|l | = k is the order of the bracket.



PSEUDOSPECTRA 5

We say thatzg € Z(p) \ T (p) is of finite typefor p if (1.6) holds atz; and
for any (xo, &) € p~1(zo) there existk > 1 andl € {1, 2}¥ such that

(1.8) pi (Xo, &0) # 0.
Theorderof patw = (X, &) is
(2.9) k(w)=max{j €eZ: p(w)=0forl<|l| < j}.

The order ofzy is the maximum of the order qf at (o, &) for (Xo, &) € p~*(z0).
We say thatp satisfies conditioriP) if the imaginary part ofjp does not change
sign on the bicharacteristics of the real parggffor any 0#£ q € C*.

As shown in [14, corollary 27.2.4k(w) > k if and only if

(1.10) VZeC, j <k, (Hgezp)! Imzpw)=0

(see Lemma 5.1 below for a self-contained proof in our special case)ihés
provides a reformulation of the assumptions of the following:

THEOREM 1.4 Assume that @& C5°(T*R") and that the principal part of Fh) is
p*(x, hD). If zyg € X (p) is of finite type for p of order k- 1, then k isevenand
forh < ho, 0< ho,

(1.11) I(P(h) — 20|l < Ch™#i1,
In particular, there existsg¢> 0 such that
(1.12) {z:12— 20| < coh®1} No(P(h) =@, O0<h<hg.

In one dimension this result was proven in [35], and in some special bgses
Boulton [2], who also showed that the bounds are optimal. As was demtmustra
by Trefethen [30], that is also easy to see numerically.

Remark. After the statement of Theorem 1.3, we pointed out that it can be com-
plemented by a resolvent estimate correspondifgto oo in (1.11). Symmetri-
cally, we have a larger region free of spectrum than the one immediately implied
by (1.11) and given in (1.12)co should be allowed to be arbitrarily large. This
follows from modifying the weight in the proof of Lemma 5.3.

A simple, higher-dimensional example to which Theorem 1.4 applies can be
constructed as follows: L&t/ € C2°(R?) be a nonnegative function, vanishing on
the circlex? 4+ x5 = 1. Consider

P(h) = —h?A +iWX) +i(x? +x2 —1)"  with m even.

Then estimate (1.11) holds fag > 0 uniformly on compact subsets (@, o) with
k = 2m. The increase ik is due to the (simple) tangency of some bicharacteristics
of the real part to the set where the imaginary part vanishes.

We conclude by pointing out that we could have defined the semiclass@aal ps
dospectrum oP (h), A(P), as the closure of the set of poirtat which (1.5) holds.
We have shown that

2(p) D A(P) D A(p).
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An equality is not true in general, but we could perhaps hope for
A(P)° = A(p)

under suitable assumptions.

Another important topic not explored in this paper is the behavior of evolution
operators ex@t%) for nonnormalP’s and its relation to semiclassical pseudo-
spectra.

We also mention that the interplay between classical properties of symbols and
the existence of localized quasi modes can be observed in the BeregpiitdZ0
guantization of compact symplectic Kahler manifolds. For the case of the, torus
a very concrete treatment has recently been provided by Chapman efiethén
[3], who obtained exponential localization for symbols with only partial aaly
regularity. The general case in tG& microlocal framework is presented in [1].

2 Review of Semiclassical Quantization

For simplicity, we will consider the case of semiclassical quantization of func-
tions p € C°(T*R"), that is, thatp is bounded with bounded derivatives of all
orders.

In the analytic case we will assume thaix, &) is bounded and holomorphic in
a tubular neighborhood GF*R" ~ R?" ¢ C2". As pointed out in the introduction,
the case of functions that omit a valueGrand that tend to infinity a&, £) — oo
can be reduced to this case (see also the remark at the end of Section 3).

We use the Weyl quantization

1 + i
@1)  pUxhDou= o // p (X > Y, é) en*YSu(y)dy de,

which for p € C3°(T*R") gives operators bounded drf(R"); see [7, chap. 7].
We can consider more general operators

P(h) ~ ) "hip“(x,hD),
j=0
in which case we calpg the principal part o (h).
In the case of analytic symbols we assume that

P(x.§:h) ~ > hlpj(x.5)
j=0
in the space of bounded holomorphic functions in a tubular neighborhbtiak o
real phase space. Although it is not, strictly speaking, necessarufdinal con-
clusions, in the analytic case we make an additional assumption that
o 1
(2.2) P OI<C @29eC, lImz )=

That allows us exponentially small errors in the expansions.
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The product formula of the Weyl calculus says that
(2.3) py’ (X, hD) o p3'(x, hD) = (pafinp2)" (x, hD; h)
where
(PP (x, £ h) = €2(PxP- PP by (x &) po(y, ),
has the following asymptotic expansion:

(2.4) pufhp2a(x,&;h) ~

E :E ('Ew((DX, D:), (Dy, Dn))) P1(X, &) p2(y, n) :
k=0 y=en=

with w = Z?:l d&; Adx;, the symplectic form off *R" x T*R", andD, = (%)a..
The expansion determingsfi, p2 up to a term inO(h*>)Cg°. In the analytic case,
by summing up tk ~ 1/(Ch), we can obtair©(e"¥ (€M) errors; see [24].

A basic tool of microlocal analysis is the FBI transform

T:L2R") — LAT*R"),
defined by

TUu(x, §) = Goh™ % f N A
Rn

Roughly speaking, its role can be described as follows: the phase [smgesties

of u € L%(R") are reflected by the behavior &fu € L?(T*R") ash — 0. In

this note we will deal only witth-dependent smooth functions with a tempered

behavior,|D“u| = O(h~MN«). The notion of thewave front sebf u, W R, (u),

explains the localization statement in Theorem 1.2 (see also Theorébel®).

In theC* case, thén-wave-front set is defined by

u(y)dy.

(2.5) (x°&% ¢ WR(u) < YN |Tu(x,£)| < Cyh™™
for (x, &) in a neighborhood ofx°, £9),
and in the analytic case by

(2.6) (x°, &% ¢ WRy(U) < 3c >0 |Tu(x,£)| <eh
for (x, &) in a neighborhood ofx?, £9).

In the C*° case we can also characteriéh, (u) using pseudodifferential opera-
tors:

(x% &% ¢ WR(U) =
Ip € C(T'RM p(x% £% #£ 0, p(x, hD)u = O(h™).

In the analytic case we will need to understand the actioR@f) on microlo-
cally weighted spaceld (Atg) whose definition, in the simple setting needed here,
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we now recall; see [10] for the origins of the method and [20] for a repmsen-
tation.

The complexification of the symplectic manifoldR", T*C", is equipped with
the complex symplectic forrmc and two natural real symplectic forms tog
and Revc. We see thall*R" is Lagrangian with respect to the first form and
symplectic with respect to the second. In general, we call a submanifoltysagis
these two conditions aliR manifold

Suppose thaG € C°(T*R"). We associate to it a natural family of IR mani-
folds

(27) Awc={p+itHg(p): p e T'R"} c T*C" witht € R and|t| small.

Since Im(¢d2) is closed omM\g, there exists a functiohl, on A;g such that
dH = —Im(d2)|, .

and in fact we can write it down explicitly, parametrizings by T*R":

Ht(Z’ C) = _<g’ tVSG(X, S)) +tG(X’ S) s (Z’ {) = (Xv %‘) + itHG(X7 %_) .

The associated spacBg Ac) are defined as follows: The FBI transfoifu(x, &)
is analytic in(x, &), and we can continue it td;g. That defined,, u € C*(Atg).
Since A differs from T*R" on a compact set onlyl, .U iS square-integrable
on Aig.

The space$i (A:g) are defined by putting-dependent norms oln?(R"):

2g- 2420 (@] a)"

2
Iulliyae) = / I TacU(Z, O] Y

Atg

The main result relates the action of a pseudodifferential operator to multipli-
cation by its symbol. Suppose thpt and p, are bounded and holomorphic in a
neighborhood of *R" in C?" (see (2.2)). Then far small enough

<pf)(x’ h D)U, plzu(X, h D)U>H(Ate)
(2.8) = ((p1|AtG)TAtGu’ (p2|A:G)TAtGU>L2(Atg,e*2Ht/“(w|AtG)“/n!>
+OM) ulln ) IVHAw) 3

see [10, 20]. In particular, by takings = p, p. = p, andu = v, we obtain
(2.9) 1P" (X, hD)UIF(n) =
|| p|AlGTAtGu”Ez(AtG,e_ZHt/h(a}h\lG)n/n!) + O(h)”u”lz_'(AtG) .

For use in the next section, we also recall some basic facts glogitive La-
grangian submanifoldsf a complex symplectic manifold*C". A complex plane
A of (complex) dimensiom is Lagrangian and positive if

(2.10) VX, Y er wc(X,Y)=0,ioc(X,X)>0.
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The crucial characterization is given as follows (see [14, prop. 4L.5.9
(2.11) A c T*C"is a positive Lagrangian plane=> A = {(z, A2) : z e C"}
whereA = A; +i A, is a symmetric matrix withA; real andA, positive definite.

3 Semiclassical Pseudospectrum

In Section 1 we defined the semiclassical pseudospectr(py as the closure
of the set of values op with nonvanishing bracket. We also introduced
Ax(p) = {p(X, &) : ={Rep, Im p}(x, &) > 0} € p(T'R"),
Too(P) = {z:3(x, &) — °°,-'L”o‘o p(xj, &) =z} .
In theC® case, Theorem 1.2 follows immediately from a semiclassical reformula-
tion of the nonpropagation of singularities [8, 12, 15]; see [14, seB] 26id [34].
The analytic case is also well-known (see [16]), but since a readgeaaef-

erence is not available, we include a proof. It can also be adaptedd@gielf-
contained proof in th€> case.

THEOREM 1.2 Suppose that &= 2, p(x, §) satisfies the assumptions in Sectibn
in the analytic case, and _(p) is given by(1.4). Then
A-(P) D AP\ Zx(P),
and for every z A_(p) and everyx?, £°) e T*R" with
P’ % =2z, {Rep,Imp}(x°§% <0,
there exist® # u(h) € L2(R") such that

3.1)  (P(h) —uh)] = O(e &) Juh)ll, WFRuh)) ={(°,£%)}.

If n = 1, then the same conclusion holds provided that the assumptions of Lem-
ma3.2 are satisfied.

In dimension 1 the theorem holds as well, but further assumptions need to be
made onp; see the remark after Lemma 3.2.

Before the proof we want to stress the need for an open dense gubget (it
could be a larger subset; see the remark below). One could ask if angiipent
of A(p) \ oo (p) is an “almost eigenvalue” or “quasi mode” in the sense of (3.1).
That is not so as shown by the following example.

Example.Consider the following bounded analytic function ©HR:
E2—14iex?(L+x»1

14+ &2+iex2(1+x5)-1°

We see thap=1(0) = {(0, 1), (0, —1)} and that O is an interior point of the pseu-

dospectrum, G A(p)°. Also, 0 is a boundary point of images of neighborhoods
of (0, +1) underp.

pP(x, &) =
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Near(0, +1), pis microlocally equivalent to a nonvanishing multiplezofix?.
An explicit computation shows that the inverse of the models are boundettby
and a localization arguménthen shows that

1" (X, hD) 2oz < h 5.
Hence, 0 is not a quasi mode.

Remark.We stress that the vanishing of the Poisson brafRetp, Im p} (which
occurs in this example gp=1(0)) is not enough to guarantee the absence of a
quasi mode. As was pointed out by Lerner [17], a violation of the condition
(see [14, sec. 26.4]) can produce quasi modes with the simplest exaonpilegc
from adapting [14, theorem 26.3.6] as in [34y(x, &) = & —ixK with k > 1
odd. That was done by an explicit construction in [23]. On the other hind
ze Ay (p), p(m) = z, and{Rep, Im p}(m) > 0, then(P(h) — 2u = O(h*)
impliesm ¢ W R, (u), which is a microhypoellipticity statement.

We start the proof of Theorem 1.®ith the discussion o\, (p). To establish
that A_(p) is dense, we need the following result of Melin and Sjéstrand [22,
lemma 8.1]:

LEMMA 3.1 Suppose that & 2 and that dRe p and dim p are linearly indepen-
denton pl(2). If w is the symplectic form on*R", then

n—-1
(n - 1)' p’l(Z)’

wherep ; is the Liouville measure onp(2), Ap; AdRepAdIimp = o"/n!. In
particular, for any compact, connected component of(p), call it I', we have

[ Rep.m plis(ep) =0,
r

{Rep, Im p}ipz =

As an immediate consequence, we see thatp) = A(p) if the assumptions
of Theorem 1.2 are satisfied, since we have the following:

LEMMA 3.2 If the assumptions on p are satisfied,>n 2, and eitherA (p) or
A _(p) are nonempty, then in the analytic case (p) U A_(p) is dense inz(p),
and in general

A+(P) D A(P) \ Zeo(P) -

PrOOF. Assume thatRep, Im p} # 0. Then

H £'(p e T*R" : {Rep, Im p}(p) = 0}

is an analytic hypersurface without any interior points. Consequentyyeslue
z = p(p) with p € H can be approximated by valugs= p(p;) with R?"\ H >
pj — p, andA, (p) U A_(p) is open and dense ip(T*R").

1The argument is an easy one-dimensional version of that in Section 5.
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Since under our assumptidp(T*R™))° # @, an elementary version of the
Morse-Sard theorem implies thdRe p andd Im p are independent op~(z) for
zinadense opens&t C A(p)\ T (p). Lemma 3.1 then shows that, (p)NQ =
A_(p) N &, completing the proof of the lemma. d

Remark.In the case of dimension 1 a different argument, based on elementary
topological considerations, is needed, and some assumptions have to ®@®mad
p. To see that, consider, for instance,
(£ +ix)?
P &) = ————,
1+x2+&
For p’s arising from Schrodinger operators considered in Section 1, wayalw
have

(3.2) > sgnRep, Im p}(m) =0
mep-L(2)

for a dense set of values In fact, p(x, £) = p(x, —&) = z, and the set of values
z corresponding t& # O is dense in the set of values for which the bracket is
nonzero. Now we simply notice that

{Rep,Im p}(x,§) = —{Rep, Im p}(x, —-£).

LEMMA 3.2 Suppose that n= 1 and, in addition to the general assumptions,
each component & \ ., (p) has a nonempty intersection witlA (p). Then the
conclusions of Lemma.2and (3.2) (for a dense set of valughold.

{Rep,Imp}(x,§) > 0, (x,§) # (0,0).

PROOF. Let 2 be a componentdf \ X.,(p). Then

def
L = vararg,, (p —2)
is independent of € Q if y(2) is the positively oriented circlgx, £)| = R(2)

with R(z) large enough. Far € Q \ A(p), ¢ is zero (for mapping-degree reasons)
and hence itis zero foralle Q. If ze A(p) N Qis a regular value, we get

O=:=27 ) sgr{Rep,Im p}m),

mep~1@

soz belongs to bot , (p) and A _(p). O
In the remainder of the proof, there is no restriction on the dimension.

PRoOF OFTHEOREM1.2: We can assume that= 0, and we follow the now-
standard procedure of tlimmplex WKB constructioassociated to a positive La-
grangian submanifold of the complexificationofR". We start with the geometric
construction of that submanifold. Sin¢Rep, Im p} # 0, we haved; p # 0, and
we can assume thag, p(x°, £%) # 0. Letg, be a real analytic function defined in
a neighborhood of® € R"1, x° = (x?, y°), with the properties

do(y) =0, do(y®) =1, £°=(0.1n°). Imd®po(y®) >0,
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where the Hessiad? Im ¢, is well-defined aty® asd Im ¢y = 0. We will make
further assumptions oy later.
We then define\o ¢ T*C" locally near(x°, £°) as follows:
Ao = {(X, y: &1(y), dydo(Y)) : P(XL, Vs E1(Y). dygo(Y)) = 0, £2(Y%) = &7},

where we know that the functiofy (y) is locally defined and analytic from our
conditiondg, p # 0. Using holomorphic continuation, we obtain a locally defined
submanifold ofT*C", AgN T*R" = {(x°, £%)}. This submanifold is isotropic with
respect to the complex symplectic form, and its tangent sparespositive in the
sense that (2.10) is satisfied without the condition on the dimension.

Fort € C, |t] < €, the complex flowd, exists by the Cauchy-Kovalevskaya
theorem:

Qi(z,8) =z, ¢t), 20 =z 0 =¢,
Z(t) = 9 p(zt), ¢(1), ¢'(t) = —d,p(z(t), ¢ (1)),

that is, §; (z(1), ¢ (1) = Hp(2(1), ¢ (1)), wc(e, Hp) = dp.
We then define
A= |J @agcTC",
teC, |t|<e
which is Lagrangian with respect ta-.
We now want to guarantee that tangent spaces &e positive in the sense of
(2.10). We first note that

iwc(tHp, tHp) = i[t/*{p, p} = —2{Rep, Im p}|t|* > y[t|> > O
by the assumptions of the theorem. We have
T(X()gO)A = T(X0’§O)AQ + Spar@: Hp(XO, %'O) ,
iwc(X +tHp, X+ tHp) = ioc(X, X) + 2Imtdp (X)) + [t%ioc(Hp, Hp) ,

wherep*(p) = p(p). Hence, for positivity, we need to show that we can choose
¢o so that forX e T c0) Ao,

ldp*(X)|? < adiwc(X, X), a=—2{Rep, Imp}x° &£9.
A calculation in local coordinate@;, Z; ¢1, ¢’) shows that this follows from
|A+ ®BJ||? < @ min Spe¢im @),
®=¢5, A=Ip, "N (P, Py —P,Py). B=1p,I"" (P, Py — Py Pp)-

The vectorsA and B are real, and hence B # 0 we can choose the complex
matrix ® so thatA + (Re®)B = 0. This leaves us with

||(Im ®)B||? < « min Spe¢im ®),

2These tangent spac&sAg are complex linear subspacesTofC".
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which can be arranged by making tmsufficiently smal®

From (2.11) we see that C {p = 0} is locally a graph, and since it is La-
grangian, a graph of a differential of a phase functorsince the tangent plane is
positive, (2.11) shows that the Hessian of that phase function hagt@edsfinite
imaginary part:

A ={(z,d:¢(2)}, p(z d0)=0,
¢(x0) =0, dp(x%) =£° Imdip(x°) > 0.
We also note thatn N T*R" = {(x° &%}, which corresponds to the fact that
Imd,¢ # 0 forz # x°.

Once the phase function has been constructed, we apply the usual WKB ¢
struction: o & _
vz h) ~eT Y g @h,

j=0
where we will want the coefficientg to be holomorphic near = x% and to satisfy
boundsjaj(z)| < C!j!. They are constructed so that

< > p}”(z,th)hj)(e%@ > aj(z)hj>=(9(e‘flﬁ).

j<1/(Ch) j<1/(Ch)

Here p* denotes the Weyl quantization of a holomorphic symb@, ¢) acting on
holomorphic functions (compare to (2.1)):

1 Z+ i rew
p*(z, hD)u = W // p (Tw’ f) en = Oy(w)dw de ,
Iy

where the contourl’, is suitably chosen; see [24, sec. 4] for a discussion of the
general case.
The transport equations for tlag's then are

n
Z g Po(Z, d20(2)) 948 (2) +1p1(z, A2 (2)3 = Aj(2),
k=1
whereA; (z) depends on the’s with | < j, and we pubg(xy, y) = 1. Itis now
classical that the solutions satigfy| < C!j! nearx?; see [24, theorem 9.3]. The
real quasi mode is obtained by restricting to the real axis and by trunagiznh):

ux, h) = xvx,hy, xx) =1, [x—x°% <8, suppx CB(x° 25),

wheres is small. Since the construction has shown thaplm |x — x°?/C, the
cutoff functiony does not destroy the exponential smallness of the error. [

3 An alternative, and slicker, way of proceeding is by first observingttiepositivity is invariant
under affine linear canonical transformations. Using that fact andléphication by a nonvanishing
factor, we can assume that = & — ixn + O((x, £)2) and that(x%, %) = (0,0). It is then
straightforward to find (x) with the desired properties.
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For completeness and later use in Section 6, we include a result on theadiscre
ness of the spectrum.

PROPOSITION3.3 Suppose that g C;°(T*R"). LetQ be an open, connected
(h-independentset satisfying

QNI(p) =2, QNCZ(p) #9.
Then(p¥(x,hD) — 271, 0 < h < ho(Q), z € 2, is a meromorphic family of
operators with poles of finite rank.

In particular, for h sufficiently small, the spectrum of (x, hD) is discrete in
any such set.

PrROOF. If Q satisfies the assumptions of the proposition, then there &xists
0 such that for everg € 2, we have|p(x, &) — z| > % if |(X,&)] > C. The
assumption tha® NCX (p) # @ implies that for someg € Q, (p(X, &) —2z9) L €
CeP(T*R™). Let x € C°(T*R"; [0, 1]) be equal to 1 in a sufficiently large bounded
domain. The remarks above show that

(X, €2 = x(X, §) (20— px, §) "+ (1 = x (X, )z — p(x, &)~
is in Cg°(T*R"). The symbol calculus reviewed in Section 2 then gives
r“(x,hD,2)(z— p”(x,hD)) =1 + Oz, 12(h) + K1(2),
(z—p"X, hDYr“(x,hD,z) = I + Or2_,12(h) + Ka(2),
whereK;|(2), j = 1, 2, are compact operators ar(R") depending holomorphi-
cally onz and vanishing foe = zj.

By the analytic Fredholm theory, we conclude ttat p* (x, hD))~! is mero-
morphic in<2 for h sufficiently small. a

Remark.The same result holds fd?(h) of the form considered in Section 2 with
p; € C°(T*R"): the lower-order terms do not affect the meromorphy whes
small. We also comment on the case presented in Section 1.

Suppose than(x, &) is an admissible weight function, that is, a positive func-
tion onT*R" ~ R?" satisfying

VX, Y e R 1<m(X) <C(X—=Y)Nm(Y) forsome fixedC andN.

Following [7] for symbols satisfyingpy p(X)| < C,m(X), we can define operator
P = p“(x, hD). In the analytic case we require that

=

IP(X)] = m(ReX), [ImX] = c
In the example given in Section 1, we can take, £) = (£)2 + (x)P.
Under an ellipticity assumption

m(ReX
IPX)] = (C ) X|=C, |ImX| <

’

O -
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we obtain an invertibility: ifzy ¢ p(R?"), thenP — z; is invertible. If we define
the operator

Q=P-z2) (P-2), z#uz,
then the resolvents @ and P are related by

_ -1
Q-0 7r=A-0P-2) (P - ;?_ 123)

so that the reduction of Schrédinger operators to the case of opesdtfomunded
symbols was justified.

4 Decrease of Pseudospectrum by a Change of Norms

In this section we will prove Theorem 1.3 by using a dynamically defined-func
tion G that grows on the bicharacteristics of ggfor some 0£ q € C*.

In the analytic case we will now use the microlocally weighted spab@s;c),
the construction of which was recalled in Section 2, to decrease the p@Eado
trum by changing the norm ob?(R") in an h-dependent way. In particular, this
will show that under assumptions (1.6) and (1.7), the spectrum is segpéirare
the boundary of the pseudospectrum.

4.1 Construction of Microlocal Weights
We start with the following lemma:

LEMMA 4.1 Assume thaf1.6) and (1.7) hold for z € X (p). Then there exists
q(x, &) e Cg° such that g O on p~1(z0) and

(4.1) Im(g(p—20)) > Onear p'(z), [|dRe@(p—2p))| >c > 0on p *(z).

PROOF. By subtractingzy from p, we may assumg, = 0. Now, sincewg €
90X (p), we find thatd Re p(wg) andd Im p(wo) are linearly dependent. Tak® <
p~1(0) and the semi-bicharacteristig C p~1(0) throughwy, that is, the flow out
of Hreup) fOr A appearing in condition (1.7); we find that this semi-bicharacteristic
is compact. In a neighborhood ¢f, we have a defining function(x, &) of
(ReAp)~1(0) such thaty is real,n = 0, anddn # 0 when Re¢rp) = 0. This
function is well-defined up to nonvanishing real factors. By completing= n
to a symplectic coordinate system and using the Malgrange preparatiorrtheor
with a partition of unity, as in the proof of [14, theorem 26.4.13], we may write
& = qp+r(x, &) in aneighborhood ofy. By completingxy, & — Rer(x, &)
to a symplectic coordinate system negywe obtain that = i with real-valued
o(X,&"). In fact, we have thad;, 0 = {x1, 0} = O is preserved. Thus, we obtain
the normal formrgp = p = &, — ip such that Iniqp) = —e in a neighborhoody
of yo.

From invariance of the Poisson bracket, we find that = —|q|? {Rep, Im p}
cannot vanish identically opg by (1.7); thuse # 0 at some parts ofy. Since
0 € 9X(p), we find thattp > 0 for a choice of sign. In fact, i changes sign,
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then we can find a piecewise linear cuive- wg such that the winding number of
P(I") is nonzero. Sincey is simply connected, we find that(I") = qp(I") has
nonzero winding number, which givess0X (p)° and a contradiction.

If the sign of Im(gp) = —o < 0, we changé&,, g, andp to —&;, —q, and—p
to obtain Im{qp) > 0. Then we find thaq is well-defined up to positive factors on
p~1(0). In fact, if we take two overlapping neighborhoods jpnt(0) with normal
forms having nonnegative imaginary parts, then the quotient of the diffgraust
be positive onp~1(0). By taking a partition of unity, we obtain the result, since
dIm(qp) = 0 on p~1(0). O

Observe that Lemma 4.1 or, more specificaligeqp gives an orientation of
the bicharacteristics gb~*(zy). This orientation allows us to construct a global
weightG by the next lemma.

LEMMA 4.2 Suppose thaf4.1) holds with qx, &) € C°. Then there exists &
C(R?"; R) such that hkeqp G(p) > 0 for everyp € p~1(0).

PrROOF. Assumption (1.7) gives a seemingly stronger statement:

(4.2) 3Ty >0 V(x,&) € (Regp)1(0) I0<t<Tp
such that Iniq p) (exp(t Hreqp) ) (X, §)) # 0

whereq is given by Lemma 4.1. This last condition seems different from (1.7),
since we are putting = q. However,d(Im(gp)) = 0 on p~1(0) by Lemma 4.1;
thus (1.7) for some. implies (4.2). It now allows us to construct a global weight
G. Indeed, we first construds locally: Lety(t),0 <t < T, (0 < T; < Tp),

be a maximalHgreqp Orbit in p~1(0). Then we can find a real-valugdl € C°
with support in a small neighborhood of the image/auch thatHreqp G > 0 on
p~1(0) with strict inequality on the image of. We then get th& of the lemma

by taking a finite sum of such loc&’s. O

4.2 TheC*® Case

Here we will assume, without loss of generality, that= 0. If we consider
points in p~1(0), we may replace by qp. Let

1
(4.3) Cih < e < Cshlog h

whereC; > 0 is large enough. We shall derive an estimate for the
P.(hyu=v
when WH,(u) is contained in a small neighborhood pf*(0), and where

def €G _€G € ad Ek 1 k
P.(h) = eT P(h)e" ™ = erid®P(h) ~ XO:W<H adG) (P(h)),

G = G"(x, hD).
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We note that the assumption erand the boundedness of@adh show that the
expansion makes sense. We may replB¢k) by g¥ P(h) whereq is given by
Lemma 4.1, but first for simplicity we consider the cagse 1; thus Imp > 0 near
p~1(0). The operators expG/ h) are pseudodifferential in an exotic clﬁ2 for
anyé > 0 (see [7]), but that is not relevant here.
Our method is inspired by the work of Unterberger [31], who used theyheo
of pseudodifferential operators of variable order (UnterbergdrBokobza [32])
to study propagation of regularity for partial differential equations. Fahg [31],
we point out that Malgrange [18] had earlier used spaces of funatibwariable
regularity in the case of equations with constant coefficients. In a relatadxt
of the absence of resonances, Martinez [21] recently used similar nsethod
Dropping theh in P(h) and using the same letters for operators and the corre-
sponding symbols, we see that

P.=P+4ie{p, G} +O(? = p+ie(p, G} + O(h +€?)
so that
ReP. = Rep — ¢{lm p, G} + O(h + €?),
ImP. = Im p+ ¢{Rep, G} + O(h + €?).
Since we put] = 1, Lemma 4.1 gives

(4.49) Imp=>0
nearp~1(0). Hence
(4.5) ImP. > é +Oh+é?.

We then consider

3= (%(Pe o u) — Im(P.u, )

so that
(4.6) 13| < CllPeullllull.
On the other hand, the symbol of

1

—(P. — P*

is equal to the left-hand side of (4.5) pldah), so (4.5) and the sharp Garding
inequality (see [7, theorem 7.12] or apply (2.8) with= 0 andp; = Im P,
p2 = 1) imply

€
J> —|ul?,
—2C” [

where we recall thai had its wave front set close *(0) where all our estimates
are valid. Combining this with (4.6), we get

2C
(4.7) lull < Tzn P.ul.
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WhenW F,(u) is away fromp~1(0), then ellipticity (in the semiclassical sense)
gives|u|| < C||P.ull + O(h*)|lu]|, which shows that (4.7) holds for anye C°.
Whene ~ MhandM > 1, we see thatP 1| ~ |P- ]| = O(}), as stated in the
remark after Theorem 1.3.

For largere we cannot compare the norms intaindependent way but(P) =
o (P.). In view of (4.3), whereC, > 0 can be arbitrarily large, we conclude that
for everyC > 0, we have

D(O,Chlog%) No(P)=@, 0<h<h(C),

whenh(C) > 0 is sufficiently small.

In the caseay # 1, we replaceP (h) with g* (x, h Dy) P(h) having principal part
(@p)”(x, hDy). Then(gP). = q.P., and sincey, is an elliptic factor, we get the
same results.

Remark.In the assumptions of Theorem 1.3, we tapke X (p). The other
assumptions show that if we replak&p) by A(p) in our assumptions, the seem-
ingly stronger assumption still holds. In fact, suppose that there existpases
z; — Osuchthag; € X(p)\ (A(P)UZX(p)). That means thdtp, p} lp-1z)= "0
and that trajectories ofirep Stay in p~1(z) for all times and are contained in a
bounded set. Taking the limit of the points of these trajectorieg as 0 gives a
contradiction to (1.7).

Example.We want to indicate why the result invoIvingog(%) is optimal. As
mentioned before, the proof of our argument is similar to arguments showeng th
absence of resonances [20]. In that setting it is well-known that regutd the
potential determines the size of the pole-free region. It is particularlyteasse in

the case of dimension 1 [33]. We can adapt methods of one-dimensiatizrsw

in the following simple example:

R
_ 2
P(h) = (hDy) IWX), xe on
T

W(x) = W(—=x) >0, suppW C [— > %} .

For a potentiaV, V (—x) = V(X), let A(x, h, V)~! be the transmig\sion coef-
ficient for (nDyx)? + V(x) — A2. In the notation of [33], it is given by (£)/i&,
£ = 1/h, with the potentialp(x) = h=2V (x). Expressing the monodromy opera-
tor
M, h, V) : (U(=7m), hDxu(—7)) —> (u(), hDyu(r))
in terms of the scattering matrix, we obtain
22 eo(P(h) < 1ea(M@®, h, —iW))
27iA

o AQL h, —iW)e ™ + A=, h, —iW)e F* = 2.
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FIGURE 4.1. Plot of imaginary parts of eigenvalues(bDy)2 + V (x),

V (X) = —iW(x), whereW(x) is a step potential, as functionstof The
real part is close to 2, and the figure shows numerical resased
on (4.8).

In the simplest case of (x) = Vol|_a 2, We have the elementary formula
A(x,h, V) = e cosap i)L2 + P sin 30 =1 Vo :
Y= h 20p h)' P~ 32)
which leads to a transcendental equatiomfor
(14 r)?cos(@ —1)é) — (L —r)?cos(a +1)§) = 4r,
(4.8) axr Vo } 2
g () et

Figure 4.1 shows imaginary parts of numerical solutians 2 to (4.8) for three
different values oVy. Ash — 0 we see linear dependence. There is nc(f}()g
improvement due to the lack of continuity. We expect that for more regulanpote
tials, the imaginary parts will behave kb Iog(%) with k related to the number of
continuous derivatives.
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4.3 The Analytic Case

To apply the theory of weighted spadd$A.g) reviewed in Section 2, we need
one more lemma.

LEMMA 4.3 Suppose thatl.6)and (1.7) hold, and that G is given by Lemma2
In the notation of(2.7) we have, for sufficiently small O,
t

(49) |p rAtG | > 6 .

PROOF. Assume thatog € p~%(0) and Ay = g(po) Whereq is given by
Lemma 4.1; then we find thatim(iop)(po) = 0. Thus,d Re(Aop)(po) # O,
so for everye > 0, there is a neighborhodd of pg, such that ifp € W, then
(4.10) IMAop)(p) < €|Re(RoP)(p)].

Now,
hop(p +itHg) = AoP(p) — itH;,pG(p) + O(t?)
= AoP(p) — itHRe(op) G + tHimuop G + O(t?) .
It follows that

Im(op)(p +itHg(p)) = IM(opP)(p) — tHrewmop G(0) + ot?).
SinceHreu,op) G (o) > 0, we find, for|p — po| small enough,
(4.11) (Im(xop) — €|Re(oP)|)(p +itHs(p)) <
1 1
— Et + O(tlp — pol) + Ofet) < —%t ;
where we also used (4.10). Hence,

2

t 2 t
10l?1P Taw I = [20P [ae 7> (C— —e|Re(xop>|) + (Re(hop))® = = .
1 Cl

which completes the proof. O

As a consequence of the last lemma, we see that O is a removable point of the
pseudospectrum. To see this, we recall tHai\ ) is equal toL? as a space and
that the norms are equivalent for every fixedbut not uniformly with respect to
h). The spectrum oP(h) therefore does not depend on whether we realize this
operator onL? or on H(A;g). We conclude that 0 has dnindependent neigh-
borhood that is disjoint from the spectrum Bfh) whenh is small enough. All
this is summarized in the following result, which is an immediate consequence of
Lemma 4.3 and (2.9):

THEOREM 1.3 Suppose thatgze dA(pP) \ X (p) and that(1.6) and (1.7) hold.
In the notation of LemmaA.2, let us introduce the IR manifold

A = {p +itHg(p); p € R*"} fort > 0small enough.
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P(h)~ Y hip”(x,hD), po=p,
j

where the psatisfy the assumptions of Sect@rthen
P(h) — 2o : H(Atg) — H(Ate)

has a bounded inverse for h small enough. In particular,éf@mall enough but
independent of h,

o(P(h)ND(z,8) =2, 0<h<hy.

5 Proof of Theorem 1.4

We will see (Lemma 5.1) that the theorem holds under the seemingly weaker
assumption thazty ¢ A(p)°. We first observe that the property of being of finite
type and the order of the symbol are invariant under multiplication with elliptic
factors (as is conditioP); see [14, theorem 26.4.12]). In fact, if8 q € C*,
then the repeated Poisson brackets ofjR@nd Imqp of order< | is a linear
combination with smooth coefficients of those f and p, and vice versa; see
[14, sec. 27.2].

Since we rely on a localization argument based on Weyl calculus of pdigudo
ferential operators, we will follow [14, sec. 18.5] and introduce

(5.1) gn(dx, d&) = |dx|? + h?|dg .
We then find thap(x, h&) € S(1, gn).

5.1 Reduction to Normal Form

Assume thakzy € X (p) satisfies (1.6) by subtracting; we may assume that
z0 = 0. Letwgy = (Xo, &) € p~2(0); then, sincddp(wg)| # 0, we may assume
thatoxp = 0 andd; p = 0, ] > O, atwp by a linear change of coordinates.
By making a symplectic change of variables and using the Malgrange ptiar
theorem, we obtain

(5.2) p=qE +if(x, &) =aqp, &=(&.8),

in a neighborhood2 of wq (see [14, theorem 21.3.6]). Heres8 q € C;° and
f(x,&") e Cg° is real valued.

By the invariance we find thdl, (wo) # 0 for somel such thatl | = k + 1,
wherek is the order ofp at wg, which is less than or equal to the orderzgf= 0.

LEMMA 5.1 Assume that p is of the for(.2), zy ¢ A(p)° is of finite type, and
p(wg) = zg. Then we obtain thatgze dA(p) N X (p), =f > 0, k is even, and

(5.3) (Hreop)* IM(Lp)(wo) # 0 for almost allx € C.

Thus, in a neighborhood afy we find thatp satisfies conditioriP).
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PrROOF. As usual, we subtract a constant so that 0 and choose coordinates
in which wg = 0 and(x, §) = (xg, ). We find from the definition ok(w) that
Haep IM p(0) = dy, f(0) = 0 whenj < k.

We shall now show thaiza)‘;1 f(0) = 0whenj < g In fact, if dza)‘;1 f(0) #£0
for somej < &, then

0, (x,0;0)] > cxq|), 0< x| <cC.

dz f < /21 F 11107 Flloo

and| f (x4, 0; 0)] < C|x1|, we find in this case that— f (X1, z) changes sign in
a neighborhooday, of the origin for any O< |x;| < 1. Now{p, p} = 2_1iaxl f,and
sinced,dy, f (0) # 0, we have thad,dy, f (X1, 0; 0)| > c|x¢|!~1. Thus, for small
enough|x;| > 0, we find thatHgep IMm p = 9y, f # 0 almost everywhere ity ,
which contradicts the assumption thag Q\ (p)°. Hence we have shown that

Since+ f > 0 implies that

. k
(5.4) A0} f(0)=0. j=<3.

which implies that
(5.5) PO #0=1=(1,...,1,2);

that is, the only iterated bracket of orde#- 1 that does not vanish at OED{;‘1 f.

To see this, let us consider a general bragkeof orderk + 1, which is a sum
of terms of the form

e Hop 0l FL vt it o <k,

where we note thaHaiﬁf is a vector field inz only, since f is independent of
&1. We want to show that = 0. Otherwise, (5.4) give§ > 'g and consequently
jo++ -+ Jur1 < 5—v < X. To geta nonvanishing contribution, in the composition
of vector fieIdsHa xjf y all the derivatives have to fall on the coeﬁicientsrd)afx,-ﬁ, o

¢ > £, since by (5.4) all these vector fields vanish at 0. Hence we will always h
a factor containing derivatives ofai;“ f,and asj,;1 < ‘g it vanishes at 0. Hence
v = 0 and we have established (5.5).

If f changes sign in a neighborhood of 0, then we find as in the proof of
Lemma 4.1 that G2 32 (p). This also implies that almost every value phear
we isin A(p). We obtain thatt f > 0, k is even, andg € dA(p). An elementary
computation shows that

(Hreap) IM(p)(0) = (ReA) M40 f(0),

which gives the result. g
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After possibly switching; to —x; and multiplying by—1, we may assume that
f >0,k =2 iseven, and

(5.6) 392 £(0) > 0.

By choosing a suitable cutoff functiopi(x’, ') € C°(T*R"1) supported near
(0, &y) such that O< (X', &) < 1 and replacingf (x, &') by ¢ (X', &) f(x, &)
+ xf' 1—y (X, &), we may assume thdt € C* is uniformly bounded and

(5.7) R F(x,£)>c>0 when|xy < co.

By a change of variables we may assume that 1, and by cutting off where
x| > 1, we may assume thdte C°(R x T*R"1).

Since 0¢ X (p), we may take 0< ¢; € CE(T*R"), j = 1,...,N, and
¢o = 1— Y1,y such thatp is on the form (5.2) withf satisfying (5.7) in
suppg;, j > 0, and|p| > ¢y > 0 on supppo. Then we obtain that

| (x, hDu| < C(llp” (x, hDu|l + hijul})

by using thatp=%(x, h&) € S(1, gn) on supppo.
We find from Proposition 5.2 and (5.7) that

|6 (x, hDu|| < Ch™&1(Jp“(x, hDoull + hiul), j > O,
for u € C°(R") supported whergx;| < 1, since
(5.8)  P"(x,hDo¢"(x, hDy) = ¢”(x, hDx) (™)™ (x, hDy) p" (X, h Dx)
modulo OpS(h, gn). This gives

N
lull = Y Il (x. hDoull < Coh™ &t (|| p(x, hDyull + hijull);
j=0

thus for small enough > 0, we find that
(5.9) lull < Coh™ %1 p”(x, hD,u]

for u € C*(R") supported whergx;| < 1. Since this estimate can be perturbed
with terms in OpS(h, gy) for small enough, we obtain Theorem 1.4.
The estimates for the localized operators will be proven in the next subsectio

5.2 The Model Operator
In this section we shall consider the subelliptic model operator

(5.10) P(h) =hD+if"(t,x,hDy),
O0<feC®RxTR"™),0<h<1,

which we assume satisfies (5.11).
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PROPOSITIONS.2 Assume Ith) is given by(5.10) where fe C°(R x T*R"1)
satisfies

(5.11) 9ft,x, &) >c>0, [t|<1 V(x,&eTR".
Then we obtain
(5.12) lull < Ch™®1||P(h)u]

for u e C&° supported whergt| < 1.

PROOF By the nonnegativity off e C;°, we obtain from [13, lemma 7.7.2]
that
(5.13) lax fI2+19: 1> <Cf, |t <1.

Let fo(t,x, &) = f(t,x,h); thenP(h) = hD; 4+ if"(t, x, Dy) where f,, €
S(1, gn) with gy given by (5.1). We shall introduce a new symbol class adapted to
fn. By (5.13) we obtain thay fn|2 + h=2|3; fn|? < C| fu|, which means that

(5.14) [fald < Cy/fn, [t <1.
Let
(5.15) M(t, w) = fu(t, w) + &1 > het

andgm,w) = Oh/M(t, w). Then it follows from (5.14) thad, is uniformly o -tem-
perate,gm/gs, = h?m=2 < h?&+D andm is a weight forgy, uniformly when
0 < h < 1. Infact, we obtain from (5.14) that

| fa(t, w) — fa(t, wo)| < Com(t, wo) WhENGm,ug (W — wo) < p?,

since| fh|‘~2’h < C andgh(w — wo) < p?m(t, wg), which gives the uniform slow
variation. Since

Ity (W1 — W0) = N 2ME(L, w1) G,y (w1 — wo) = Ch™ i1
whengm,wy) (w1 — wo) > ¢, and

Omctwn) _ m(t, wo) -

Omtwy M, w1) —

we obtain thagy, is uniformly o-temperate. It also follows from (5.14) théi{
S(m, gm), since|fnli" = /m|fy|?" and| fh|]gm < Cjmi/?| fh|Jgh < Cjm when

j > 2. By changingf where|t| > 0, we may assume that (5.11) is satisfied for all
t. We shall prove a simple estimate for the one-dimensional operator.

_k
h™

LEMMA 5.3 Let P=hD; +if (t), where0 < f(t) € C¥(R) and1 < f®(t) for
allt € R. Thenk is even and

(5.16) |méu| < Cy|m2Pu
where nit) = f(t) + hk/&+D,

;UM e @),
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PrROOF. By Taylor’s formula we have

k—1

, ] 1 _ k-1
fty=>" f(”(O)% +tkf f(k)(et)(l O o=t
j=0 ' 0

k
(k— 1)! =7 t>L

and ifk is odd, we similarly findf (t) < tk/2 fort « —1. Thus,k is even and
f(t) > tk/2 for|t| > 1. Nowt — f(t) can only have at mostzerost; (counted
with multiplicity) since if f(t?) = 0,t) <tJ < ..., for j = 1,...,k + 1, then
there exists ajl such thattj0 < tj1 < tj1+1, j =1,...,k, such thatf’(tjl) = 0.
By iterating this argument, we obtain that— f®(t) has a zero, which is a
contradiction.

Next we show that there exis® > 0 depending only ok and the bounds on
f © such that

1
(5.17) f(t)gagc—k:>tew5=U{t:|t—ti|<ck5%}.

i
Thus, assume thet(t) < § when|t —tj| < KsVk with 1 « K « §7VK, where
we may assume thgt= 0. We introduce the rescaled function

(5.18) fy(t) = 671 (t5K),

which has the property that & f;t) < 1in|t| < K and 1 < f*t) =
f 0 tsY%) < C when|t] < 8~ YK, Taylor's formula gives
k—1 ] tJ
() = pa® +r®,  pea® =Y {70,
=0 I
1/k! < [r(t)] < C/k! when|t| < 1. Thus, we find that syp.; [px-1(t)| <
1+ C/k! where sup ., |p(t)| is a norm on the space of polynomials of degree
k — 1. Since all norms on a finite-dimensional space are equivalent, we find tha

Kk—

=

1 £(0)] < Cx.

Il
=}

i
By using Taylor’s formula again, we obtain
kg .
fS(t)Zk—!—Ck27>>l, 1Kt <67K,
J:
giving a contradiction for large enoudf and small enoughb.
Let ws be given by (5.17)xs(t) be the characteristic function af, and

t
Ds(t) =67k / xs(s)ds.

—00
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Then|®;| < Cj, so conjugating with ex@;(t) preserves thé.2 norm andP is
transformed into .

Ps=hDy+i(f(t)+hs kxs(t)).
Now f (t) + hs=Xxs(t) > min(s, h8~¥¥), which is optimal whers = h¥/&+D,
Then we haveP; = hD; + i (f(t) + h& D y(t)), and sincelm(t) < f(t) +
hk/k+D y (1) < m(t), we obtain

Im(Psu, u) > %(mu, u) = %Hm%uﬂ2 foru e CPMR).

Since ImPsu, u) < [m~Y2P,ul|? + 3||m"/2u||?, we obtain the result after conju-
gating back. O
5.3 A Localization Argument

Here we again follow the ideas of [14, sec. 27.3]. To localize the estimate,
we take a partition of unityf¢; (w)} € S(1, g.), whereg. = h*~g, and 0 <
€ <1/(2k+2) < % is fixed; this can be done uniformly im Observe that since
2¢ < 1/(k+ 1), we findh*-1 >~ h ¥/l > m-1 sog, < g. for anyt. We
assume thap; is supported in a sufficiently smail neighborhood ofv;, so that
m(t, w) = m(t, wj) only varies with a fixed factor in suplg when|t| < 1. Since
Z¢>j2 = 1 andg. = h*g?, the calculus gives

> |6 x. Doul® — Ch*jjul? < [ju?

(5.19) '

<Y [ (x. Dou||* + Ch*<|juj?
j

for u € C(R™); thus for small enough we find

(5.20) )[4 (x, Dou|” < 2Jul2 < 4" ¢ (x, Dou|* foru e CZRM.
j j

We find from Lemma 5.3 that
(5.21) Imy®zgrul® < Cm®) 2 (D +ifalt, w)u|® Vi

for u € C(RM), wherem;(t) = m(t, wj) = fu(t, wj) + h¥®*D. The calculus
gives

(5.22) i’ (X, Dx) (fp’(t, X, Dx) — fu(t, wj)) = RY(t, x, Dy)
where {m; (1) V2R (t, w)} € S(hY?7¢ g.) when|t| < 1. In fact, | fa(t, w) —
fn(t, wj)| < C/MhY2=¢ in suppg; since (5.14) gives thatfy |3 = h¥2=<| |
< C/m;jhY/2=¢. Thus, we obtain that
2
(523) Y [mi)2¢"(x. Dy) (¥ (t. x, Dy) — Fn(t, wp)u| <
i

Ch? h¥ |u||2
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wherey = 3 —e —k/(2k+2) > 0. Sinceh/ g u|1? < [Im; (t)Y2p>ul|?, we
obtain for small enough from (5.20)—(5.23) that

(5.24) heT u)l? < C;ht || Phull?
for u € CZ(R") supported wheré¢t| < 1. This completes the proof of Proposi-
tion 5.2. O

6 Dissipative OperatorsWithout the Dynamical Condition

The failure of (1.7) and the consequent failure of Theorem 1.3 are ahestiby
the following variant of Davies’s example [4] in dimension 2:

P(X, &) = E2 + 2 + X2 +ix3.

The spectrum ofp®(x, hD) is given by{(2n + Dh}nen + {€774(2k + 1)h}ken,
andA(p) is the first quadrant. We see that (1.6) is satisfied everywhere exwept f
Zo = 0. The dynamical condition (1.7) is satisfied on the imaginary half-axis but
fails on the real half-axis.

In this section we present a general result in the same spirit. Suppos(that
satisfies the general assumptions of Section 2 but does not need tanhanalic
symbol. In addition, we assume that

(6.1) P(h) = QM) —iwh), Q) =Qh*, Wch)=0.

In the classical terminology of [9], this means that our non-self-adjoiatatpr is
dissipative. One way of achieving this semiclassically is by putting

Q(h) = q”(x, hD), qreal valued, W(h) = a"¥(x, hD) witha > 0,
a"(x,hD) = // aty, ply,(x,hDydydy, Ty, (x,§) = ine“x‘y‘z“s‘"'z.
’ T

Heree” stands for the Weyl quantization (2.1), a#id for the Wick quantization.
We recall thagv = a¥ with

ao(X, §) = // Ty, (x, &)aly, pdy dn,
so thata > 0 impliesag > 0.
This assumption immediately implies thatp) ¢ {Imz < 0} and also that
zeo(P(h) = Imz<0.
In fact, we have
—Im((P(h) — 2u, u) = ImZ|ju|)?,

(6.2)
Imz

(P(h) -2 = o<i> Imz=o.

We can now use techniques common in the study of dissipative operaters; se
[9, 11, 19] and references given there. Similar techniques havee¢sodeveloped
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in the study of semiclassical resonances [25, 26, 27, 28], and otwagpfollows
these works in an easier setting of dissipative operators.

Thus we start with the following:

LEMMA 6.1 Assuming(6.1), we have, for any open and precompact sulssetf
any component of \ X, (p) intersectingl = (p) and for0 < g(h) <« 1,

_ 1 N log ——
I(P(h) —2) llseXp(CQh Iogg(h)),
zeQ\ |J D@.gty.

zjea (P(h))

(6.3)

PROOF. We can assume, without loss of generality, that D(zp, €) and that
D(zy, 3¢) N Zo(p) = @. It then follows that forC sufficiently large,p(x, &) ¢
D(zo, 2¢) when|(x, §)| > C. We can then fing* € C°(T*R") such that

p*(x, &) = p(x,&) for|(x,&)| > C,
VzeQ,V(x &) eTR", [(pPx,6)—27Y <C.

In fact, choosex : C — C\ D(z, €) such thatx(w) = w onC \ D(z, 2¢) and
put p* = a o p.

This shows that foh small enoughp”(x, hD) — zis invertible,z € .

In view of the compact support of the symhol p*, we have

px,hD) — pf(x,hD) = A+ B, A:L*R") — CR"),
B = Oh®): L2R") — L2R",
p(x,hD) —z= (p*(x,hD) + B — Z)(I + (p*(x,hD) + B — 20 *A).

Hence(p”*(x, hD) — 2)~Y(p(x, hD) — p*(x, hD)) is a sum of a compact operator
on L2(R") and an operator of small norm.

Since the operatdK (z) = (p*(x, hD) + B — z)~!Ais of trace class, we can
define detl + K (2)), which is holomorphic irf2. The inverse at a poirzy ¢ X (p),
(I + K(z0))7%, exists forh sufficiently small, and it is bounded independently of
h. We also see that

|det(l + K(z9))|"* < C; with C; independent oh.

As in Proposition 3.3(1 + K(2))~! is meromorphic and, following [9, chap. 5,
theorem 3.1], we see that

detl + (K@K @)%

-1
11+ K@)l < detl + K@)]
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Hence we need to estimate the determinants from above and below. The upper
bound is clear fromdet(1+ A)| < exp ti AA*)Y/2: itis given by exp?(h~") since
1
try (x)b*(x, hD)(hD)™™ = @nh) / Y (X)b(x, £)(£) " dx dg

=0h™.

The zeros of dét + K (2)) coincide with the eigenvalues &f(h), and the usual
complex analytic methods (see, for instance, [19, chap. 1] and [26}) Hfat

Ch™"
|det(l + K(@2)| " < (g(—lh)) expCh™),

zea\ |J D@.gt,

zjeo (P(h))

which proves the lemma. g

The main result of this section will be an application of Lemma 6.1, (6.2), and
the following simple function theoretical lemma similar to [28, lemma 2]:

LEMMA 6.2 Suppose that Fz) is holomorphic in—38, §]1+i[—e, €], and|F (2)| <
M, M > 2, there. Suppose, in addition, that

1 €
F(2)l<— forlmz>0 and - log M)~ L.
I()I_ImZ > 5<<(g )

Then

logM
[F(2)] < 2& for |z| <

)
<—- and Imz=0.
€ 2

PROOF. The assumption oé allows us to construct a holomorphic function
u(z) such thatu(z)| > £ forimz =0, and|z| < $, and|u(z)| < & for |Rez| =
s and|Imzl < e. If we apply an optimized “three-line theorem” argument to
u(2)F(2), the lemma follows. O

The two lemmas immediately give the following:

PROPOSITIONG.3 Suppose that th) satisfieq6.1). For E € R and k> 0, put
K h"s(h)

~log(1/ h)} ’

s(h) > hM, K and M large and fixed.

Q(h) = [E — 8(h), E + 8()] — [o,

Then for h small enough, we have

I(P(h) — 1)~ < Ch~2log?(2)s(h)~2,

(6.4) o(P(h)NQ(h) =90 = {A €[E - %h) E+ @]'
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This means that in small neighborhoods of the real axis, only eigenvahmes c
produce extreme growth of the resolvent. A contradiction argument fe@n?7,
28] now shows that existence of quasi modes for the opefathy implies the
existence of spectrum arbitrarily close to the real axis, which, deperuirtge
structure oW (h), can be the boundary & (P).

In particular, we have the following:

PROPOSITIONG.4 Suppose that fh) satisfieg6.1)and that there exists() # 0
andX(h) € R such that

(6.5) I(P(h) — A(hy)uh)y|| = OhMN)|uch)|| for some large N.

Then, for h small enough and with K sufficiently large,

d(o (P(h)), A(h)) < KhN""log (%) .

This is clear from (6.4), since applying that resolvent estimate to (6.5), we
obtain a contradiction.

In the analytic case we expect that if fmvanishes to a high order on a closed
orbit of Hrep, then we can construct a quasi mad#) satisfying (6.5) with a fixed
N. If we allow C* coefficients, then constructing quasi modes with arbitrarily
large N's are possible for operators satisfying the assumptions of this sect®n; se
[26, 28] and references given there, and also [36, fig. 1] foradigf an example.
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