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1 Introduction

The purpose of this paper is to show how some results from the theory of par-
tial differential equations apply to the study ofpseudospectraof non-self-adjoint
operators, which is a topic of current interest in applied mathematics; see [6, 29].

We will consider operators that arise from the quantization of bounded func-
tions on the phase spaceT∗

R
n. For stronger results in the analytic case, we will

assume that our functions are holomorphic and bounded in tubular complex neigh-
borhoods ofT∗

R
n ⊂ C

2n.
Let us present the results in a typical example. We consider

P(h) = −h21+ V(x) ,

a semiclassical Schrödinger operator.
We define thesemiclassical pseudospectrumof the Schrödinger operatorP(h)

as
3(p) = {ξ2 + V(x) : (x, ξ) ∈ R2n, Im〈ξ,V ′(x)〉 6= 0} ,

noting that in the analytic case3(p) either is empty or is the closure of the set of
all values ofp = ξ2 + V(x).

The following result (see Section 3) shows that the resolvent is large inside the
pseudospectrum. We first state it in the case of Schrödinger operators satisfying
the assumptions above.

THEOREM 1.1 Suppose that P(h) = −h21+ V(x), with V ∈ C∞(Rn). Then, for
any z∈ {ξ2 + V(x) : (x, ξ) ∈ R

2n, Im〈ξ,V ′(x)〉 6= 0} there exists u(h) ∈ L2(Rn)

with the property

(1.1) ‖(P(h)− z)u(h)‖ = O(h∞)‖u(h)‖ .
In addition, u(h) is localized to a point in phase space(x, ξ) with p(x, ξ) = z.
More precisely, W Fh(u) = {(x, ξ)}, where the wave front set W Fh(u) is defined in
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(2.5). Finally, for every compact K⋐ 3(p), the above result holds uniformly for
z ∈ K in the natural sense. If the potential is real analytic, then we can replace
h∞ byexp(−1/Ch).

This result was proven by Davies [5] for Schrödinger operators in one dimen-
sion, but as was pointed out in [34], it follows in great generality from a simple
adaptation of the now-classical results of Hörmander [12] and Duistermaat and
Sjöstrand [8]. The main point is that, unlike in the case of normal operators,the
resolvent can be large on open sets ash → 0. That is particularly striking when
P(h) has only discrete spectrum.

To guarantee that, we can, for instance, assume that

(1.2)

∣∣∂αx V(x)
∣∣ ≤ Cα(1 + |x|)m−|α|,

1 + |x|m + |ξ |2

C
≤ |ξ2 + V(x)| , |(x, ξ)| ≥ C , wherem> 0 .

This is the simplest example of the behavior of the potential: we can make weaker
assumptions onV ; see the end of Section 3. In the analytic case, we assume that
(1.2) holds as|x| → ∞, |Im x| < c0 (and we only need it with|α| = 0).

The classical symbolp = ξ2 + V(x) avoids all sufficiently negative values,
and the Fredholm theory guarantees thatP(h) has discrete spectrum forh small
enough (see Section 2).

We can, in place of the Schrödinger operatorP(h), consider the operator with a
bounded symbol,(P(h)− z1)

−1(P(h)− z2), z2 6= z1, and this shows that it is suf-
ficient to consider quantization of bounded functions, with all derivatives bounded,

p ∈ C
∞
b (T

∗
R

n) = {u ∈ C
∞(T∗

R
n) : ∀α ∈ N

n
0 ∂

αu ∈ L∞(T∗
R

n)} .
In that case we give a more general definition of the semiclassical pseudospectrum:

(1.3) 3(p)
def= p({m ∈ T∗Rn : {p, p̄}(m) 6= 0}) ⊂ 6(p)

def= p(T∗Rn) ,

where we used the Poisson bracket

{ f, g} = Hf g , Hf
def=

n∑

j =1

∂ξj f ∂xj − ∂xj f ∂ξj .

The nonvanishing of{p, p̄} is a classical equivalent of the operator not being nor-
mal; see (2.3) and (2.4) below. We note that in the analytic case, we have

3(p) = ∅ or 3(p) = 6(p) .

We also define additional sets
3±(p) = {p(x, ξ) : ±{Rep, Im p}(x, ξ) > 0} ⊂ p(T∗

R
n) ,

6∞(p) =
{
z : ∃(xj , ξj ) → ∞ lim

j →∞
p(xj , ξj ) = z

}
;(1.4)

that is,6∞(p) is the set of limit points ofp at infinity.
In the more general setting we can restate our result as follows:
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THEOREM 1.2 Suppose that n≥ 2, p ∈ C
∞
b (T

∗
R

n), and p−1(z) is compact for a
dense set of values z∈ C. If P(h) has the principal part given by pw(x, hD), then

3(p) \6∞ ⊂ 3−(p) ,

and for every z∈ 3−(p) there exists u(h) ∈ L2(Rn) with the property

(1.5) ‖(P(h)− z)u(h)‖ = O(h∞)‖u(h)‖ .
In addition, u(h) is localized to a point in phase space(x, ξ) with p(x, ξ) = z.
More precisely, W Fh(u) = {(x, ξ)}, where the wave front set W Fh(u) is defined in
(2.5). Finally, for every compact K⋐ 3(p), the above result holds uniformly for
z ∈ K in the natural sense.

If, in addition, p has a bounded holomorphic continuation to{(x, ξ) ∈ C
2n,

|Im(x, ξ)|≤ 1
C }, then the same conclusions hold with h∞ replaced byexp(−1/Ch).

If n = 1, then the same conclusion holds provided that the assumptions of
Lemma3.2′ are satisfied.

We will see in Section 4 that, in general, we cannot construct an almost solution
u(h) at an arbitrary interior pointz of 3(p). However, at many points3(p) \
3−(p) almost solutions can exist; see [23] for explicit examples in dimension 1.

In simple one-dimensional examples, we can already see that the spectrum
σ(P(h)) typically lies deep inside the pseudospectrum3(p) (the set of values of
p in the analytic case); see [4, 5, 29] and Figure 1.1 for a computational manifes-
tation of this phenomenon. Consider, for instance, the following non-self-adjoint
operatorP(h) = (hDx)

2 + i (hDx)+ x2: a formal conjugation

e− x
2h P(h)e

x
2h = (hDx)

2 + x2 +
1

4

shows that the spectrum ofP(h) is given by(2n + 1)h + 1
4, while

3(p) = {z : Rez ≥ (Im z)2} , p = ξ2 + i ξ + x2.

To see these phenomena for general operators, we need to make assumptions
on z0 ∈ ∂6(p). The first one is the principal-type condition,

(1.6) p(x, ξ) = z0 =⇒ dp(x, ξ) 6= 0 , m ∈ T∗
R

n.

Then we assume a dynamical condition:

(1.7) For someλ ∈ C, nocomplete trajectory ofHRe(λp) is contained inp−1(z0).

Under these conditions we have the following:

THEOREM 1.3 Suppose that p∈ C
∞
b (T

∗
R

n) and the principal part of P(h) is
given by pw(x, hD). If z0 ∈ ∂6(p) \6∞(p) satisfies(1.6)and (1.7), then for any
M > 0 and for h< h0(M), 0< h0(M),{

z : |z − z0| < Mh log

(
1

h

)}
∩ σ(P(h)) = ∅ .
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FIGURE 1.1. Numerical computation of the spectrum of(hDx)
2 +

ihDx + x2. Precise results for largerh, with false eigenvaluesgetting
closer to the boundary of the pseudospectrum, Rez = (Im z)2, ash de-
creases.

If, in addition, p is a bounded holomorphic function in a complex tubular neigh-
borhood ofRn, then there exists C0 > 0 such that

{
z : |z − z0| <

1

C0

}
∩ σ(P(h)) = ∅ .

As will be explained in a remark in Section 4, we can replace6(p) in Theo-
rem 1.3 by3(p). In Section 6 we will show that if (1.7) is violated, then, for a large
class ofdissipative operators, the spectrum lies arbitrarily close (ash → 0) to the
boundary of the pseudospectrum. In an example in Section 4, we will indicatewhy
the weakerC∞ result is optimal.

Remark.A more complete version of Theorem 1.3, especially in view of Theo-
rem 1.4 below, should also include a bound on the resolvent. The proof in Sec-
tion 4.2 shows that, under the assumptions of the theorem,‖(P(h)− z0)

−1‖ ≤ C
h ,

since we can takeǫ = Ch there.

At the boundary of the pseudospectrum we can expect an improved bound on
the resolvent when some additional nondegeneracy is assumed. The result below
is based on subelliptic estimates [14, chap. 27], and we borrow our notationfrom
there. If p = p1 + i p2 ∈ C∞ with real-valuedpj , then we define the repeated
Poisson brackets

pI = Hpi1
Hpi2

· · · Hpik−1
pik

whereI = (i1, i2, . . . , ik) ∈ {1,2}k and|I | = k is the order of the bracket.
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We say thatz0 ∈ 6(p) \ 6∞(p) is of finite typefor p if (1.6) holds atz0 and
for any(x0, ξ0) ∈ p−1(z0) there existsk > 1 andI ∈ {1,2}k such that

(1.8) pI (x0, ξ0) 6= 0 .

Theorder of p atw = (x0, ξ0) is

(1.9) k(w) = max{ j ∈ Z : pI (w) = 0 for 1< |I | ≤ j } .
The order ofz0 is the maximum of the order ofp at (x0, ξ0) for (x0, ξ0) ∈ p−1(z0).
We say thatp satisfies condition(P) if the imaginary part ofqp does not change
sign on the bicharacteristics of the real part ofqp for any 0 6= q ∈ C∞.

As shown in [14, corollary 27.2.4],k(w) > k if and only if

(1.10) ∀z ∈ C, j ≤ k, (HRezp)
j Im zp(w) = 0

(see Lemma 5.1 below for a self-contained proof in our special case), and this
provides a reformulation of the assumptions of the following:

THEOREM 1.4 Assume that p∈ C
∞
b (T

∗
R

n) and that the principal part of P(h) is
pw(x, hD). If z0 ∈ ∂6(p) is of finite type for p of order k≥ 1, then k isevenand
for h < h0, 0< h0,

(1.11) ‖(P(h)− z0)
−1‖ ≤ Ch− k

k+1 .

In particular, there exists c0 > 0 such that

(1.12)
{
z : |z − z0| ≤ c0h

k
k+1

}
∩ σ(P(h)) = ∅ , 0< h ≤ h0 .

In one dimension this result was proven in [35], and in some special casesby
Boulton [2], who also showed that the bounds are optimal. As was demonstrated
by Trefethen [30], that is also easy to see numerically.

Remark.After the statement of Theorem 1.3, we pointed out that it can be com-
plemented by a resolvent estimate corresponding tok = ∞ in (1.11). Symmetri-
cally, we have a larger region free of spectrum than the one immediately implied
by (1.11) and given in (1.12):c0 should be allowed to be arbitrarily large. This
follows from modifying the weight in the proof of Lemma 5.3.

A simple, higher-dimensional example to which Theorem 1.4 applies can be
constructed as follows: LetW ∈ C

∞
b (R

2) be a nonnegative function, vanishing on
the circlex2

1 + x2
2 = 1. Consider

P(h) = −h21+ iW(x)+ i
(
x2

1 + x2
2 − 1

)m
with m even.

Then estimate (1.11) holds forz0 > 0 uniformly on compact subsets of(0,∞)with
k = 2m. The increase ink is due to the (simple) tangency of some bicharacteristics
of the real part to the set where the imaginary part vanishes.

We conclude by pointing out that we could have defined the semiclassical pseu-
dospectrum ofP(h),3(P), as the closure of the set of pointszat which (1.5) holds.
We have shown that

6(p) ⊃ 3(P) ⊃ 3(p) .
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An equality is not true in general, but we could perhaps hope for

3(P)◦ = 3(p)

under suitable assumptions.
Another important topic not explored in this paper is the behavior of evolution

operators exp(i t P
h ) for nonnormalP’s and its relation to semiclassical pseudo-

spectra.
We also mention that the interplay between classical properties of symbols and

the existence of localized quasi modes can be observed in the Berezin-Toeplitz
quantization of compact symplectic Kähler manifolds. For the case of the torus,
a very concrete treatment has recently been provided by Chapman and Trefethen
[3], who obtained exponential localization for symbols with only partial analytic
regularity. The general case in theC∞ microlocal framework is presented in [1].

2 Review of Semiclassical Quantization

For simplicity, we will consider the case of semiclassical quantization of func-
tions p ∈ C

∞
b (T

∗
R

n), that is, thatp is bounded with bounded derivatives of all
orders.

In the analytic case we will assume thatp(x, ξ) is bounded and holomorphic in
a tubular neighborhood ofT∗

R
n ≃ R

2n ⊂ C
2n. As pointed out in the introduction,

the case of functions that omit a value inC and that tend to infinity as(x, ξ) → ∞
can be reduced to this case (see also the remark at the end of Section 3).

We use the Weyl quantization

(2.1) pw(x, hDx)u =
1

(2πh)n

∫∫
p

(
x + y

2
, ξ

)
e

i
h 〈x−y,ξ〉u(y)dy dξ ,

which for p ∈ C
∞
b (T

∗
R

n) gives operators bounded onL2(Rn); see [7, chap. 7].
We can consider more general operators

P(h) ∼
∞∑

j =0

h j pwj (x, hD) ,

in which case we callp0 the principal part ofP(h).
In the case of analytic symbols we assume that

P(x, ξ ; h) ∼
∞∑

j =0

h j pj (x, ξ)

in the space of bounded holomorphic functions in a tubular neighborhood of the
real phase space. Although it is not, strictly speaking, necessary for our final con-
clusions, in the analytic case we make an additional assumption that

(2.2) |pj (z, ζ )| ≤ C j j j , (z, ζ ) ∈ C
n , |Im(z, ζ )| ≤

1

C
.

That allows us exponentially small errors in the expansions.
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The product formula of the Weyl calculus says that

(2.3) pw1 (x, hD) ◦ pw2 (x, hD) = (p1♯h p2)
w(x, hD; h)

where

(p1#p1)(x, ξ ; h) = e
ih
2 ω((Dx,Dξ ),(Dy,Dη))p1(x, ξ)p2(y, η)

∣∣
y=x, η=ξ

has the following asymptotic expansion:

(2.4) p1♯h p2(x, ξ ; h) ∼
∞∑

k=0

1

k!

(
ih

2
ω((Dx, Dξ ), (Dy, Dη))

)k

p1(x, ξ)p2(y, η)

∣∣∣∣
y=x,η=ξ

,

with ω =
∑n

j =1 dξj ∧dxj , the symplectic form onT∗
R

n ×T∗
R

n, andD• = (1
i )∂•.

The expansion determinesp1♯h p2 up to a term inO(h∞)C∞
b . In the analytic case,

by summing up tok ∼ 1/(Ch), we can obtainO(e−1/(Ch)) errors; see [24].
A basic tool of microlocal analysis is the FBI transform

T : L2(Rn) → L2(T∗
R

n) ,

defined by

T u(x, ξ) = cnh− 3n
4

∫

Rn

e
i
h

〈x−y,ξ〉+i |x−y|2
2 u(y)dy .

Roughly speaking, its role can be described as follows: the phase spaceproperties
of u ∈ L2(Rn) are reflected by the behavior ofT u ∈ L2(T∗

R
n) ash → 0. In

this note we will deal only withh-dependent smooth functions with a tempered
behavior,|Dαu| = O(h−Nα ). The notion of thewave front setof u, W Fh(u),
explains the localization statement in Theorem 1.2 (see also Theorem 1.2′ below).
In theC∞ case, theh-wave-front set is defined by

(2.5) (x0, ξ0) /∈ W Fh(u) ⇐⇒ ∀N |T u(x, ξ)| ≤ CNh−N

for (x, ξ) in a neighborhood of(x0, ξ0),

and in the analytic case by

(2.6) (x0, ξ0) /∈ W Fh(u) ⇐⇒ ∃c > 0 |T u(x, ξ)| ≤ e− c
h

for (x, ξ) in a neighborhood of(x0, ξ0).

In theC∞ case we can also characterizeW Fh(u) using pseudodifferential opera-
tors:

(x0, ξ0) /∈ W Fh(u) ⇐⇒
∃p ∈ C

∞
c (T

∗
R

n) p(x0, ξ0) 6= 0, p(x, hD)u = O(h∞) .

In the analytic case we will need to understand the action ofP(h) on microlo-
cally weighted spacesH(3tG) whose definition, in the simple setting needed here,
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we now recall; see [10] for the origins of the method and [20] for a recent presen-
tation.

The complexification of the symplectic manifoldT∗
R

n, T∗
C

n, is equipped with
the complex symplectic formωC and two natural real symplectic forms ImωC

and ReωC. We see thatT∗
R

n is Lagrangian with respect to the first form and
symplectic with respect to the second. In general, we call a submanifold satisfying
these two conditions anIR manifold.

Suppose thatG ∈ C∞
c (T

∗
R

n). We associate to it a natural family of IR mani-
folds

(2.7) 3tG = {ρ + i t HG(ρ) : ρ ∈ T∗
R

n} ⊂ T∗
C

n with t ∈ R and|t | small.

Since Im(ζdz) is closed on3tG, there exists a functionHt on3tG such that

d Ht = − Im(ζdz)
∣∣
3tG

,

and in fact we can write it down explicitly, parametrizing3tG by T∗
R

n:

Ht(z, ζ ) = −〈ξ, t∇ξG(x, ξ)〉 + tG(x, ξ) , (z, ζ ) = (x, ξ)+ i t HG(x, ξ) .

The associated spacesH(3tG) are defined as follows: The FBI transformT u(x, ξ)
is analytic in(x, ξ), and we can continue it to3tG. That definesT3tGu ∈ C∞(3tG).
Since3tG differs from T∗

R
n on a compact set only,T3tGu is square-integrable

on3tG.
The spacesH(3tG) are defined by puttingh-dependent norms onL2(Rn):

‖u‖2
H(3tG)

=
∫

3tG

|T3tGu(z, ζ )|2e− 2Ht (z,ζ )
h

(ω|3tG)
n

n!
.

The main result relates the action of a pseudodifferential operator to multipli-
cation by its symbol. Suppose thatp1 and p2 are bounded and holomorphic in a
neighborhood ofT∗

R
n in C

2n (see (2.2)). Then fort small enough
〈
pw1 (x, hD)u, pw2 (x, hD)v

〉
H(3tG)

=
〈
(p1|3tG)T3tGu, (p2|3tG)T3tGv

〉
L2(3tG,e−2Ht /h(ω|3tG )

n/n!)

+ O(h)‖u‖H(3tG)‖v‖H(3tG) ;

(2.8)

see [10, 20]. In particular, by takingp1 = p, p2 = p̄, andu = v, we obtain

(2.9) ‖pw(x, hD)u‖2
H(3tG)

=
‖p|3tG T3tGu‖2

L2(3tG,e−2Ht /h(ω|3tG )
n/n!) + O(h)‖u‖2

H(3tG)
.

For use in the next section, we also recall some basic facts aboutpositive La-
grangian submanifoldsof a complex symplectic manifoldT∗

C
n. A complex plane

λ of (complex) dimensionn is Lagrangian and positive if

(2.10) ∀X,Y ∈ λ ωC(X,Y) = 0, iωC(X̄, X) ≥ 0 .
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The crucial characterization is given as follows (see [14, prop. 21.5.9]):

(2.11) λ ⊂ T∗
C

n is a positive Lagrangian plane⇐⇒ λ = {(z, Az) : z ∈ C
n}

whereA = A1 + i A2 is a symmetric matrix withA1 real andA2 positive definite.

3 Semiclassical Pseudospectrum

In Section 1 we defined the semiclassical pseudospectrum3(p) as the closure
of the set of values ofp with nonvanishing bracket. We also introduced

3±(p) = {p(x, ξ) : ±{Rep, Im p}(x, ξ) > 0} ⊂ p(T∗
R

n) ,

6∞(p) =
{
z : ∃(xj , ξj ) → ∞ lim

j →∞
p(xj , ξj ) = z

}
.

In theC∞ case, Theorem 1.2 follows immediately from a semiclassical reformula-
tion of the nonpropagation of singularities [8, 12, 15]; see [14, sec. 26.3] and [34].

The analytic case is also well-known (see [16]), but since a ready-to-use ref-
erence is not available, we include a proof. It can also be adapted to give a self-
contained proof in theC∞ case.

THEOREM 1.2′ Suppose that n≥ 2, p(x, ξ) satisfies the assumptions in Section2
in the analytic case, and3−(p) is given by(1.4). Then

3−(p) ⊃ 3(p) \6∞(p) ,

and for every z∈ 3−(p) and every(x0, ξ0) ∈ T∗
R

n with

p(x0, ξ0) = z , {Rep, Im p}(x0, ξ0) < 0 ,

there exists0 6= u(h) ∈ L2(Rn) such that

(3.1) ‖(P(h)− z)u(h)‖ = O
(
e− 1

Ch
)
‖u(h)‖ , W Fh(u(h)) = {(x0, ξ0)} .

If n = 1, then the same conclusion holds provided that the assumptions of Lem-
ma3.2′ are satisfied.

In dimension 1 the theorem holds as well, but further assumptions need to be
made onp; see the remark after Lemma 3.2.

Before the proof we want to stress the need for an open dense subset3−(p) (it
could be a larger subset; see the remark below). One could ask if any interior point
of 3(p) \6∞(p) is an “almost eigenvalue” or “quasi mode” in the sense of (3.1).
That is not so as shown by the following example.

Example.Consider the following bounded analytic function onT∗
R:

p(x, ξ) =
ξ2 − 1 + i ξx2(1 + x2)−1

1 + ξ2 + i ξx2(1 + x2)−1
.

We see thatp−1(0) = {(0,1), (0,−1)} and that 0 is an interior point of the pseu-
dospectrum, 0∈ 3(p)◦. Also, 0 is a boundary point of images of neighborhoods
of (0,±1) underp.
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Near(0,±1), p is microlocally equivalent to a nonvanishing multiple ofξ+i x2.
An explicit computation shows that the inverse of the models are bounded byh−2/3,
and a localization argument1 then shows that

‖pw(x, hD)−1‖L2→L2 ≤ h− 2
3 .

Hence, 0 is not a quasi mode.

Remark.We stress that the vanishing of the Poisson bracket{Rep, Im p} (which
occurs in this example atp−1(0)) is not enough to guarantee the absence of a
quasi mode. As was pointed out by Lerner [17], a violation of the condition(9)

(see [14, sec. 26.4]) can produce quasi modes with the simplest example coming
from adapting [14, theorem 26.3.6] as in [34]:p(x, ξ) = ξ − i xk with k > 1
odd. That was done by an explicit construction in [23]. On the other hand, if
z ∈ 3+(p), p(m) = z, and{Rep, Im p}(m) > 0, then(P(h) − z)u = O(h∞)

impliesm /∈ W Fh(u), which is a microhypoellipticity statement.

We start the proof of Theorem 1.2′ with the discussion of3±(p). To establish
that3−(p) is dense, we need the following result of Melin and Sjöstrand [22,
lemma 8.1]:

LEMMA 3.1 Suppose that n≥ 2 and that dRep and dIm p are linearly indepen-
dent on p−1(z). If ω is the symplectic form on T∗Rn, then

{Rep, Im p}λp,z =
ωn−1

(n − 1)!

∣∣∣∣
p−1(z)

,

whereλp,z is the Liouville measure on p−1(z), λp,z ∧ d Rep ∧ d Im p = ωn/n!. In
particular, for any compact, connected component of p−1(z), call it Ŵ, we have∫

Ŵ

{Rep, Im p}λp,z(dρ) = 0 .

As an immediate consequence, we see that3−(p) = 3(p) if the assumptions
of Theorem 1.2 are satisfied, since we have the following:

LEMMA 3.2 If the assumptions on p are satisfied, n≥ 2, and either3+(p) or
3−(p) are nonempty, then in the analytic case3+(p) ∪3−(p) is dense in6(p),
and in general

3±(p) ⊃ 3(p) \6∞(p) .

PROOF: Assume that{Rep, Im p} 6≡ 0. Then

H
def= {ρ ∈ T∗

R
n : {Rep, Im p}(ρ) = 0}

is an analytic hypersurface without any interior points. Consequently, every value
z = p(ρ) with ρ ∈ H can be approximated by valueszj = p(ρj ) with R

2n \ H ∋
ρj → ρ, and3+(p) ∪3−(p) is open and dense inp(T∗

R
n).

1The argument is an easy one-dimensional version of that in Section 5.
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Since under our assumption(p(T∗
R

n))◦ 6= ∅, an elementary version of the
Morse-Sard theorem implies thatd Rep andd Im p are independent onp−1(z) for
z in a dense open set� ⊂ 3(p)\6∞(p). Lemma 3.1 then shows that3+(p)∩� =
3−(p) ∩�, completing the proof of the lemma. �

Remark. In the case of dimension 1 a different argument, based on elementary
topological considerations, is needed, and some assumptions have to be made on
p. To see that, consider, for instance,

p(x, ξ) =
(ξ + i x)2

1 + x2 + ξ2
, {Rep, Im p}(x, ξ) > 0, (x, ξ) 6= (0,0) .

For p’s arising from Schrödinger operators considered in Section 1, we always
have

(3.2)
∑

m∈p−1(z)

sgn{Rep, Im p}(m) = 0

for a dense set of valuesz. In fact, p(x, ξ) = p(x,−ξ) = z, and the set of values
z corresponding toξ 6= 0 is dense in the set of values for which the bracket is
nonzero. Now we simply notice that

{Rep, Im p}(x, ξ) = −{Rep, Im p}(x,−ξ) .

LEMMA 3.2′ Suppose that n= 1 and, in addition to the general assumptions,
each component ofC \6∞(p) has a nonempty intersection with∁3(p). Then the
conclusions of Lemma3.2and (3.2) (for a dense set of values) hold.

PROOF: Let� be a component ofC \6∞(p). Then

ι
def= var argγ (z)(p − z)

is independent ofz ∈ � if γ (z) is the positively oriented circle|(x, ξ)| = R(z)
with R(z) large enough. Forz ∈ � \3(p), ι is zero (for mapping-degree reasons)
and hence it is zero for allz ∈ �. If z ∈ 3(p) ∩� is a regular value, we get

0 = ι = 2π
∑

m∈p−1(z)

sgn{Rep, Im p}(m) ,

soz belongs to both3+(p) and3−(p). �

In the remainder of the proof, there is no restriction on the dimension.

PROOF OFTHEOREM 1.2′: We can assume thatz = 0, and we follow the now-
standard procedure of thecomplex WKB constructionassociated to a positive La-
grangian submanifold of the complexification ofT∗

R
n. We start with the geometric

construction of that submanifold. Since{Rep, Im p} 6= 0, we havedξ p 6= 0, and
we can assume that∂ξ1 p(x0, ξ0) 6= 0. Letφ0 be a real analytic function defined in
a neighborhood ofy0 ∈ R

n−1, x0 = (x0
1, y0), with the properties

φ0(y
0) = 0 , dφ0(y

0) = η0 , ξ0 =
(
ξ0

1 , η
0
)
, Im d2φ0(y

0) ≫ 0 ,
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where the Hessiand2 Imφ0 is well-defined aty0 asd Imφ0 = 0. We will make
further assumptions onφ0 later.

We then define30 ⊂ T∗
C

n locally near(x0, ξ0) as follows:

30 =
{(

x0
1, y; ξ1(y),dyφ0(y)

)
: p

(
x0

1, y; ξ1(y),dyφ0(y)
)

= 0, ξ0
1 (y

0) = ξ0
1

}
,

where we know that the functionξ1(y) is locally defined and analytic from our
condition∂ξ1 p 6= 0. Using holomorphic continuation, we obtain a locally defined
submanifold ofT∗

C
n,30 ∩ T∗

R
n = {(x0, ξ0)}. This submanifold is isotropic with

respect to the complex symplectic form, and its tangent spaces2 are positive in the
sense that (2.10) is satisfied without the condition on the dimension.

For t ∈ C, |t | < ǫ, the complex flow8t exists by the Cauchy-Kovalevskaya
theorem:

8t(z, ζ ) = (z(t), ζ(t)) , z(0) = z, ζ(0) = ζ ,

z′(t) = ∂ζ p(z(t), ζ(t)) , ζ ′(t) = −∂zp(z(t), ζ(t)) ,

that is, d
dt (z(t), ζ(t)) = Hp(z(t), ζ(t)), ωC(•, Hp) = dp.

We then define
3 =

⋃

t∈C, |t |<ǫ

8t(30) ⊂ T∗
C

n ,

which is Lagrangian with respect toωC.
We now want to guarantee that tangent spaces to3 are positive in the sense of

(2.10). We first note that

iωC(t Hp, t Hp) = i |t |2{ p̄, p} = −2{Rep, Im p}|t |2 > γ |t |2 > 0

by the assumptions of the theorem. We have

T(x0,ξ0)3 = T(x0,ξ0)30 + spanC Hp(x
0, ξ0) ,

iωC(X + t Hp, X + t Hp) = iωC(X, X)+ 2 Im(tdp∗(X))+ |t |2iωC(Hp, Hp) ,

wherep∗(ρ) = p(ρ̄). Hence, for positivity, we need to show that we can choose
φ0 so that forX ∈ T(x0,ξ0)30,

|dp∗(X)|2 < αiωC(X, X) , α = −2{Rep, Im p}(x0, ξ0) .

A calculation in local coordinates(z1, z′; ζ1, ζ
′) shows that this follows from

‖A +8B‖2 < αmin Spec(Im8) ,

8 = φ′′
0 , A = |p′

ζ1
|−1i

(
p′
ζ1

p′
z′ − p′

ζ1
p′

z′
)
, B = |p′

ζ1
|−1i

(
p′
ζ1

p′
ζ ′ − p′

ζ1
p′
ζ ′
)
.

The vectorsA and B are real, and hence ifB 6= 0 we can choose the complex
matrix8 so thatA + (Re8)B = 0. This leaves us with

‖(Im8)B‖2 < αmin Spec(Im8) ,

2These tangent spacesTρ30 are complex linear subspaces ofTρC
n.
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which can be arranged by making Im8 sufficiently small.3

From (2.11) we see that3 ⊂ {p = 0} is locally a graph, and since it is La-
grangian, a graph of a differential of a phase functionφ. Since the tangent plane is
positive, (2.11) shows that the Hessian of that phase function has a positive definite
imaginary part:

3 = {(z,dzφ(z))} , p(z,dzφ) = 0 ,

φ(x0) = 0 , dzφ(x
0) = ξ0, Im d2

zφ(x
0) ≫ 0 .

We also note that3 ∩ T∗
R

n = {(x0, ξ0)}, which corresponds to the fact that
Im dzφ 6= 0 for z 6= x0.

Once the phase function has been constructed, we apply the usual WKB con-
struction:

v(z, h) ∼ e
iφ(z)

h

∞∑

j =0

aj (z)h
j ,

where we will want the coefficientsaj to be holomorphic nearz = x0 and to satisfy
bounds|aj (z)| ≤ C j j j . They are constructed so that

( ∑

j<1/(Ch)

pwj (z, hDz)h
j

)(
e

iφ(z)
h

∑

j<1/(Ch)

aj (z)h
j

)
= O

(
e− 1

Ch
)
.

Herepw denotes the Weyl quantization of a holomorphic symbolp(z, ζ ) acting on
holomorphic functions (compare to (2.1)):

pw(z, hDz)u =
1

(2πh)n

∫∫

Ŵz

p

(
z + w

2
, ζ

)
e

i
h 〈z−w,ζ 〉u(w)dw dζ ,

where the contourŴz is suitably chosen; see [24, sec. 4] for a discussion of the
general case.

The transport equations for theaj ’s then are
n∑

k=1

∂ζk p0(z,dzφ(z))∂zkaj (z)+ i p1(z,dzφ(z))aj = Aj (z) ,

whereAj (z) depends on theal ’s with l < j , and we puta0(x0
1, y) = 1. It is now

classical that the solutions satisfy|aj | ≤ C j j j nearx0; see [24, theorem 9.3]. The
real quasi mode is obtained by restricting to the real axis and by truncatingv(z, h):

u(x, h) = χ(x)v(x, h) , χ(x) = 1 , |x − x0| < δ , suppχ ⊂ B(x0,2δ) ,

whereδ is small. Since the construction has shown that Imφ ≥ |x − x0|2/C, the
cutoff functionχ does not destroy the exponential smallness of the error. �

3An alternative, and slicker, way of proceeding is by first observing that the positivity is invariant
under affine linear canonical transformations. Using that fact and a multiplication by a nonvanishing
factor, we can assume thatp = ξn − i xn + O((x, ξ)2) and that(x0, ξ0) = (0,0). It is then
straightforward to findφ(x) with the desired properties.
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For completeness and later use in Section 6, we include a result on the discrete-
ness of the spectrum.

PROPOSITION3.3 Suppose that p∈ C
∞
b (T

∗
R

n). Let� be an open, connected
(h-independent) set satisfying

� ∩6∞(p) = ∅ , � ∩ ∁6(p) 6= ∅ .

Then(pw(x, hD) − z)−1, 0 < h < h0(�), z ∈ �, is a meromorphic family of
operators with poles of finite rank.

In particular, for h sufficiently small, the spectrum of pw(x, hD) is discrete in
any such set.

PROOF: If � satisfies the assumptions of the proposition, then there existsC >

0 such that for everyz ∈ �, we have|p(x, ξ) − z| > 1
C if |(x, ξ)| > C. The

assumption that�∩ ∁6(p) 6= ∅ implies that for somez0 ∈ �, (p(x, ξ)− z0)
−1 ∈

C
∞
b (T

∗
R

n). Letχ ∈ C∞
c (T

∗
R

n; [0,1]) be equal to 1 in a sufficiently large bounded
domain. The remarks above show that

r (x, ξ ; z) = χ(x, ξ)(z0 − p(x, ξ))−1 + (1 − χ(x, ξ))(z − p(x, ξ)−1

is in C
∞
b (T

∗
R

n). The symbol calculus reviewed in Section 2 then gives

r w(x, hD, z)(z − pw(x, hD)) = I + OL2→L2(h)+ K1(z) ,

(z − pw(x, hD))r w(x, hD, z) = I + OL2→L2(h)+ K2(z) ,

whereK j (z), j = 1,2, are compact operators onL2(Rn) depending holomorphi-
cally onz and vanishing forz = z0.

By the analytic Fredholm theory, we conclude that(z− pw(x, hD))−1 is mero-
morphic in� for h sufficiently small. �

Remark.The same result holds forP(h) of the form considered in Section 2 with
pj ∈ C

∞
b (T

∗
R

n): the lower-order terms do not affect the meromorphy whenh is
small. We also comment on the case presented in Section 1.

Suppose thatm(x, ξ) is an admissible weight function, that is, a positive func-
tion onT∗

R
n ≃ R

2n satisfying

∀X,Y ∈ R
2n 1 ≤ m(X) ≤ C〈X − Y〉Nm(Y) for some fixedC andN.

Following [7] for symbols satisfying|∂αX p(X)| ≤ Cαm(X), we can define operator
P = pw(x, hD). In the analytic case we require that

|p(X)| ≤ m(ReX) , |Im X| ≤
1

C
.

In the example given in Section 1, we can takem(x, ξ) = 〈ξ〉2 + 〈x〉p.
Under an ellipticity assumption

|p(X)| ≥
m(ReX)

C
, |X| ≥ C , |Im X| ≤

1

C
,
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we obtain an invertibility: ifz1 6∈ p(R2n), thenP − z1 is invertible. If we define
the operator

Q = (P − z1)
−1(P − z3) , z3 6= z1 ,

then the resolvents ofQ andP are related by

(Q − ζ )−1 = (1 − ζ )−1(P − z1)

(
P −

ζz1 − z3

ζ − 1

)−1

so that the reduction of Schrödinger operators to the case of operatorswith bounded
symbols was justified.

4 Decrease of Pseudospectrum by a Change of Norms

In this section we will prove Theorem 1.3 by using a dynamically defined func-
tion G that grows on the bicharacteristics of Reqp for some 06= q ∈ C∞.

In the analytic case we will now use the microlocally weighted spacesH(3tG),
the construction of which was recalled in Section 2, to decrease the pseudospec-
trum by changing the norm onL2(Rn) in an h-dependent way. In particular, this
will show that under assumptions (1.6) and (1.7), the spectrum is separated from
the boundary of the pseudospectrum.

4.1 Construction of Microlocal Weights

We start with the following lemma:

LEMMA 4.1 Assume that(1.6) and (1.7) hold for z0 ∈ ∂6(p). Then there exists
q(x, ξ) ∈ C

∞
b such that q6= 0 on p−1(z0) and

(4.1) Im(q(p−z0)) ≥ 0 near p−1(z0) , |d Re(q(p−z0))| ≥ c > 0 on p−1(z0) .

PROOF: By subtractingz0 from p, we may assumez0 = 0. Now, sincew0 ∈
∂6(p), we find thatd Rep(w0) andd Im p(w0) are linearly dependent. Takew0 ∈
p−1(0) and the semi-bicharacteristicγ0 ⊂ p−1(0) throughw0, that is, the flow out
of HRe(λp) for λ appearing in condition (1.7); we find that this semi-bicharacteristic
is compact. In a neighborhood ofγ0, we have a defining functionη(x, ξ) of
(Reλp)−1(0) such thatη is real,η = 0, anddη 6= 0 when Re(λp) = 0. This
function is well-defined up to nonvanishing real factors. By completingξ1 = η

to a symplectic coordinate system and using the Malgrange preparation theorem,
with a partition of unity, as in the proof of [14, theorem 26.4.13], we may write
ξ1 = qp + r (x, ξ ′) in a neighborhood ofγ0. By completingx1, ξ1 − Rer (x, ξ ′)

to a symplectic coordinate system nearγ0, we obtain thatr = i̺ with real-valued
̺(x, ξ ′). In fact, we have that∂ξ1̺ ≡ {x1, ̺} ≡ 0 is preserved. Thus, we obtain
the normal formqp = p̃ = ξ1 − i̺ such that Im(qp) = −̺ in a neighborhoodω0

of γ0.
From invariance of the Poisson bracket, we find that∂x1̺ = −|q|2 {Rep, Im p}

cannot vanish identically onγ0 by (1.7); thus̺ 6= 0 at some parts ofγ0. Since
0 ∈ ∂6(p), we find that±̺ ≥ 0 for a choice of sign. In fact, if̺ changes sign,
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then we can find a piecewise linear curveŴ ⊂ ω0 such that the winding number of
p̃(Ŵ) is nonzero. Sinceω0 is simply connected, we find thatp(Ŵ) = q p̃(Ŵ) has
nonzero winding number, which gives 0∈ 6(p)◦ and a contradiction.

If the sign of Im(qp) = −̺ ≤ 0, we changeξ1, q, and̺ to −ξ1, −q, and−̺
to obtain Im(qp) ≥ 0. Then we find thatq is well-defined up to positive factors on
p−1(0). In fact, if we take two overlapping neighborhoods onp−1(0) with normal
forms having nonnegative imaginary parts, then the quotient of the different q must
be positive onp−1(0). By taking a partition of unity, we obtain the result, since
d Im(qp) = 0 on p−1(0). �

Observe that Lemma 4.1 or, more specifically,HRe(qp) gives an orientation of
the bicharacteristics ofp−1(z0). This orientation allows us to construct a global
weightG by the next lemma.

LEMMA 4.2 Suppose that(4.1) holds with q(x, ξ) ∈ C
∞
b . Then there exists G∈

C∞
c (R

2n; R) such that HRe(qp)G(ρ) > 0 for everyρ ∈ p−1(0).

PROOF: Assumption (1.7) gives a seemingly stronger statement:

(4.2) ∃T0 > 0 ∀(x, ξ) ∈ (Re(qp))−1(0) ∃0< t < T0

such that Im(qp)(exp(t HRe(qp))(x, ξ)) 6= 0

whereq is given by Lemma 4.1. This last condition seems different from (1.7),
since we are puttingλ = q. However,d(Im(qp)) = 0 on p−1(0) by Lemma 4.1;
thus (1.7) for someλ implies (4.2). It now allows us to construct a global weight
G. Indeed, we first constructG locally: Let γ (t), 0 ≤ t ≤ T1 (0 ≤ T1 < T0),
be a maximalHRe(qp) orbit in p−1(0). Then we can find a real-valuedG ∈ C∞

c
with support in a small neighborhood of the image ofγ such thatHRe(qp)G ≥ 0 on
p−1(0) with strict inequality on the image ofγ . We then get theG of the lemma
by taking a finite sum of such localG’s. �

4.2 The C
∞ Case

Here we will assume, without loss of generality, thatz0 = 0. If we consider
points in p−1(0), we may replacep by qp. Let

(4.3) C1h ≤ ǫ ≤ C2h log
1

h
whereC1 > 0 is large enough. We shall derive an estimate for the

Pǫ(h)u = v

when WFh(u) is contained in a small neighborhood ofp−1(0), and where

Pǫ(h)
def= e

ǫG
h P(h)e− ǫG

h = e
ǫ
h adG P(h) ∼

∞∑

0

ǫk

k!

(
1

h
adG

)k

(P(h)) ,

G = Gw(x, hD) .
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We note that the assumption onǫ and the boundedness of adG /h show that the
expansion makes sense. We may replaceP(h) by qwP(h) whereq is given by
Lemma 4.1, but first for simplicity we consider the caseq ≡ 1; thus Imp ≥ 0 near
p−1(0). The operators exp(ǫG/h) are pseudodifferential in an exotic classSC2

δ for
anyδ > 0 (see [7]), but that is not relevant here.

Our method is inspired by the work of Unterberger [31], who used the theory
of pseudodifferential operators of variable order (Unterberger and Bokobza [32])
to study propagation of regularity for partial differential equations. Following [31],
we point out that Malgrange [18] had earlier used spaces of functionsof variable
regularity in the case of equations with constant coefficients. In a related context
of the absence of resonances, Martinez [21] recently used similar methods.

Dropping theh in P(h) and using the same letters for operators and the corre-
sponding symbols, we see that

Pǫ = P + i ǫ{p,G} + O(ǫ2) = p + i ǫ{p,G} + O(h + ǫ2)

so that

RePǫ = Rep − ǫ{Im p,G} + O(h + ǫ2) ,

Im Pǫ = Im p + ǫ{Rep,G} + O(h + ǫ2) .

Since we putq = 1, Lemma 4.1 gives

(4.4) Im p ≥ 0

nearp−1(0). Hence

(4.5) ImPǫ ≥
ǫ

C
+ O(h + ǫ2) .

We then consider

J =
(

1

2i
(Pǫ − P∗

ǫ )u,u

)
= Im(Pǫu,u)

so that

(4.6) |J| ≤ C‖Pǫu‖‖u‖ .
On the other hand, the symbol of

1

2i

(
Pǫ − P∗

ǫ

)

is equal to the left-hand side of (4.5) plusO(h), so (4.5) and the sharp Gårding
inequality (see [7, theorem 7.12] or apply (2.8) withG = 0 and p1 = Im Pǫ ,
p2 = 1) imply

J ≥
ǫ

2C
‖u‖2 ,

where we recall thatu had its wave front set close top−1(0)where all our estimates
are valid. Combining this with (4.6), we get

(4.7) ‖u‖ ≤
2C2

ǫ
‖Pǫu‖ .
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WhenW Fh(u) is away fromp−1(0), then ellipticity (in the semiclassical sense)
gives‖u‖ ≤ C‖Pǫu‖ + O(h∞)‖u‖, which shows that (4.7) holds for anyu ∈ C∞

c .
Whenǫ ∼ Mh andM ≫ 1, we see that‖P−1‖ ∼ ‖P−1

ǫ ‖ = O( 1
h), as stated in the

remark after Theorem 1.3.
For largerǫ we cannot compare the norms in anh-independent way butσ(P) =

σ(Pǫ). In view of (4.3), whereC2 > 0 can be arbitrarily large, we conclude that
for everyC > 0, we have

D

(
0,Ch log

1

h

)
∩ σ(P) = ∅ , 0< h < h(C) ,

whenh(C) > 0 is sufficiently small.
In the caseq 6≡ 1, we replaceP(h) with qw(x, hDx)P(h) having principal part

(qp)w(x, hDx). Then(q P)ǫ = qǫPǫ , and sinceqǫ is an elliptic factor, we get the
same results.

Remark. In the assumptions of Theorem 1.3, we tookz0 ∈ ∂6(p). The other
assumptions show that if we replace6(p) by3(p) in our assumptions, the seem-
ingly stronger assumption still holds. In fact, suppose that there exists a sequence
zj → 0 such thatzj ∈ 6(p)\ (3(p)∪6∞(p)). That means that{p, p̄} ↾p−1(zj )

= 0
and that trajectories ofHRep stay in p−1(zj ) for all times and are contained in a
bounded set. Taking the limit of the points of these trajectories aszj → 0 gives a
contradiction to (1.7).

Example.We want to indicate why the result involvingh log( 1
h) is optimal. As

mentioned before, the proof of our argument is similar to arguments showing the
absence of resonances [20]. In that setting it is well-known that regularity of the
potential determines the size of the pole-free region. It is particularly easyto see in
the case of dimension 1 [33]. We can adapt methods of one-dimensional scattering
in the following simple example:

P(h) = (hDx)
2 − iW(x) , x ∈

R

2πZ
,

W(x) = W(−x) ≥ 0 , suppW ⊂
[
−
π

2
,
π

2

]
.

For a potentialV , V(−x) = V(x), let A(λ, h,V)−1 be the transmission coef-
ficient for (hDx)

2 + V(x) − λ2. In the notation of [33], it is given bŷX(ξ)/ i ξ ,
ξ = λ/h, with the potentialp(x) = h−2V(x). Expressing the monodromy opera-
tor

M(λ, h,V) : (u(−π), hDxu(−π)) 7−→ (u(π), hDxu(π))

in terms of the scattering matrix, we obtain

λ2 ∈ σ(P(h)) ⇔ 1 ∈ σ(M(λ, h,−iW))

⇔ A(λ, h,−iW)e
2π iλ

h + A(−λ, h,−iW)e− 2π iλ
h = 2 .
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FIGURE 4.1. Plot of imaginary parts of eigenvalues of(hDx)
2 + V(x),

V(x) = −iW(x), whereW(x) is a step potential, as functions ofh. The
real part is close to 2, and the figure shows numerical resultsbased
on (4.8).

In the simplest case ofV(x) = V01l[−a,a], we have the elementary formula

A(λ, h,V) = e
ia
h λ

(
cos

aρ

h
− i

λ2 + ρ2

2λρ
sin

aρ

h

)
, ρ =

(
1 −

V0

λ2

) 1
2

,

which leads to a transcendental equation forλ,

(4.8)

(1 + r )2 cos((α − r )ξ)− (1 − r )2 cos((α + r )ξ) = 4r ,

ξ =
aλ

h
, r =

(
1 −

V0

λ2

) 1
2

, α = 1 +
2π

a
.

Figure 4.1 shows imaginary parts of numerical solutionsλ ∼ 2 to (4.8) for three
different values ofV0. As h → 0 we see linear dependence. There is no log( 1

h)

improvement due to the lack of continuity. We expect that for more regular poten-
tials, the imaginary parts will behave askh log( 1

h) with k related to the number of
continuous derivatives.
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4.3 The Analytic Case

To apply the theory of weighted spacesH(3tG) reviewed in Section 2, we need
one more lemma.

LEMMA 4.3 Suppose that(1.6)and (1.7)hold, and that G is given by Lemma4.2.
In the notation of(2.7)we have, for sufficiently small t> 0,

(4.9) |p ↾3tG | >
t

C
.

PROOF: Assume thatρ0 ∈ p−1(0) and λ0 = q(ρ0) where q is given by
Lemma 4.1; then we find thatd Im(λ0 p)(ρ0) = 0. Thus,d Re(λ0 p)(ρ0) 6= 0,
so for everyǫ > 0, there is a neighborhoodW of ρ0, such that ifρ ∈ W, then

(4.10) Im(λ0 p)(ρ) ≤ ǫ|Re(λ0 p)(ρ)| .
Now,

λ0 p(ρ + i t HG) = λ0 p(ρ)− i t Hλ0 pG(ρ)+ O(t2)

= λ0 p(ρ)− i t HRe(λ0 p)G + t HIm(λ0 p)G + O(t2) .

It follows that

Im(λ0 p)(ρ + i t HG(ρ)) = Im(λ0 p)(ρ)− t HRe(λ0 p)G(ρ)+ O(t2) .

SinceHRe(λ0 p)G(ρ0) > 0, we find, for|ρ − ρ0| small enough,

(4.11)
(
Im(λ0 p)− ǫ|Re(λ0 p)|

)
(ρ + i t HG(ρ)) ≤

−
1

C
t + O(t |ρ − ρ0|)+ O(ǫt) ≤ −

1

2C
t ,

where we also used (4.10). Hence,

|λ0|2 |p ↾3tG |2 = |λ0 p ↾3tG |2 ≥
(

t

C1
− ǫ|Re(λ0 p)|

)2

+ (Re(λ0 p))2 ≥
t2

C2
1

,

which completes the proof. �

As a consequence of the last lemma, we see that 0 is a removable point of the
pseudospectrum. To see this, we recall thatH(3tG) is equal toL2 as a space and
that the norms are equivalent for every fixedh (but not uniformly with respect to
h). The spectrum ofP(h) therefore does not depend on whether we realize this
operator onL2 or on H(3tG). We conclude that 0 has anh-independent neigh-
borhood that is disjoint from the spectrum ofP(h) whenh is small enough. All
this is summarized in the following result, which is an immediate consequence of
Lemma 4.3 and (2.9):

THEOREM 1.3′ Suppose that z0 ∈ ∂3(p) \ 6∞(p) and that(1.6)and (1.7)hold.
In the notation of Lemma4.2, let us introduce the IR manifold

3tG =
{
ρ + i t HG(ρ); ρ ∈ R

2n
}

for t > 0 small enough.
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If

P(h) ∼
∑

j

h j pwj (x, hD) , p0 = p ,

where the pj satisfy the assumptions of Section2, then

P(h)− z0 : H(3tG) −→ H(3tG)

has a bounded inverse for h small enough. In particular, forδ small enough but
independent of h,

σ(P(h)) ∩ D(z0, δ) = ∅ , 0< h < h0 .

5 Proof of Theorem 1.4

We will see (Lemma 5.1) that the theorem holds under the seemingly weaker
assumption thatz0 /∈ 3(p)◦. We first observe that the property of being of finite
type and the order of the symbol are invariant under multiplication with elliptic
factors (as is condition(P); see [14, theorem 26.4.12]). In fact, if 06= q ∈ C∞,
then the repeated Poisson brackets of Reqp and Imqp of order≤ j is a linear
combination with smooth coefficients of those ofp1 and p2 and vice versa; see
[14, sec. 27.2].

Since we rely on a localization argument based on Weyl calculus of pseudodif-
ferential operators, we will follow [14, sec. 18.5] and introduce

(5.1) gh(dx,dξ) = |dx|2 + h2|dξ |2 .

We then find thatp(x, hξ) ∈ S(1, gh).

5.1 Reduction to Normal Form

Assume thatz0 ∈ 6(p) satisfies (1.6) by subtractingz0; we may assume that
z0 = 0. Letw0 = (x0, ξ0) ∈ p−1(0); then, since|dp(w0)| 6= 0, we may assume
that ∂x p = 0 and∂ξj p = 0, j > 0, atw0 by a linear change of coordinates.
By making a symplectic change of variables and using the Malgrange preparation
theorem, we obtain

(5.2) p = q(ξ1 + i f (x, ξ ′)) = q p̃ , ξ = (ξ1, ξ
′) ,

in a neighborhood� of w0 (see [14, theorem 21.3.6]). Here 06= q ∈ C
∞
b and

f (x, ξ ′) ∈ C
∞
b is real valued.

By the invariance we find that̃pI (w0) 6= 0 for someI such that|I | = k + 1,
wherek is the order ofp atw0, which is less than or equal to the order ofz0 = 0.

LEMMA 5.1 Assume that p is of the form(5.2), z0 /∈ 3(p)◦ is of finite type, and
p(w0) = z0. Then we obtain that z0 ∈ ∂3(p) ∩ ∂6(p), ± f ≥ 0, k is even, and

(5.3) (HRe(λp))
k Im(λp)(w0) 6= 0 for almost allλ ∈ C .

Thus, in a neighborhood ofw0 we find thatp satisfies condition(P).
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PROOF: As usual, we subtract a constant so thatz0 = 0 and choose coordinates
in whichw0 = 0 and(x, ξ) = (x1, z). We find from the definition ofk(w) that
H j

Rep Im p(0) = ∂
j
x1 f (0) = 0 when j < k.

We shall now show thatdz∂
j
x1 f (0) = 0 when j < k

2. In fact, if dz∂
j
x1 f (0) 6= 0

for some j < k
2, then

|dz f (x1,0; 0)| ≥ c|x1| j , 0< |x1| < c .

Since± f ≥ 0 implies that

|dz f | ≤
√

2| f |‖∂2
z f ‖∞

and| f (x1,0; 0)| ≤ C|x1|k, we find in this case thatz 7→ f (x1, z) changes sign in
a neighborhoodωx1 of the origin for any 0< |x1| ≪ 1. Now{p, p} = 1

2i ∂x1 f , and

sincedz∂
j
x1 f (0) 6= 0, we have that|dz∂x1 f (x1,0; 0)| ≥ c|x1| j −1. Thus, for small

enough|x1| > 0, we find thatHRep Im p = ∂x1 f 6= 0 almost everywhere inωx1,
which contradicts the assumption that 0/∈ 3(p)◦. Hence we have shown that

(5.4) dz∂
j
x1

f (0) = 0 , j <
k

2
,

which implies that

(5.5) p̃I (0) 6= 0 =⇒ I = (1, . . . ,1,2) ;

that is, the only iterated bracket of orderk + 1 that does not vanish at 0 is∂k
x1

f .
To see this, let us consider a general bracketp̃I of orderk + 1, which is a sum

of terms of the form

H
∂

j1
x1 f

· · · H
∂

jν
x1 f ∂

jν+1
x1

f , ν + j1 + · · · + jν+1 ≤ k ,

where we note thatH
∂

jℓ
x1 f

is a vector field inz only, since f is independent of

ξ1. We want to show thatν = 0. Otherwise, (5.4) givesj1 ≥ k
2, and consequently

j2+· · ·+ jν+1 ≤ k
2 −ν < k

2. To get a nonvanishing contribution, in the composition

of vector fieldsH
∂

jℓ
x1 f

, all the derivatives have to fall on the coefficients ofH
∂

j
ℓ′

x1 f
,

ℓ′ > ℓ, since by (5.4) all these vector fields vanish at 0. Hence we will always have

a factor containingz derivatives of∂ jν+1
x1 f , and asjν+1 <

k
2, it vanishes at 0. Hence

ν = 0 and we have established (5.5).
If f changes sign in a neighborhood of 0, then we find as in the proof of

Lemma 4.1 that 0/∈ ∂6(p). This also implies that almost every value ofp near
w0 is in3(p). We obtain that± f ≥ 0, k is even, andz0 ∈ ∂3(p). An elementary
computation shows that

(HRe(λp))
k Im(λp)(0) = (Reλ)k−1|λ|2∂k

x1
f (0) ,

which gives the result. �
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After possibly switchingx1 to −x1 and multiplying by−1, we may assume that
f ≥ 0, k = 2l is even, and

(5.6) ∂2l
x1

f (0) > 0 .

By choosing a suitable cutoff functionψ(x′, ξ ′) ∈ C∞
c (T

∗
R

n−1) supported near
(0, ξ ′

0) such that 0≤ ψ(x′, ξ ′) ≤ 1 and replacingf (x, ξ ′) by ψ(x′, ξ ′) f (x, ξ ′)

+ x2l
1 (1 − ψ(x′, ξ ′)), we may assume thatf ∈ C∞ is uniformly bounded and

(5.7) ∂2l
x1

f (x, ξ ′) ≥ c > 0 when|x1| ≤ c0 .

By a change of variables we may assume thatc0 = 1, and by cutting off where
|x1| > 1, we may assume thatf ∈ C

∞
b (R × T∗

R
n−1).

Since 0 /∈ 6∞(p), we may take 0≤ φj ∈ C∞
c (T

∗
R

n), j = 1, . . . , N, and
φ0 = 1 −

∑
1≤ j ≤N φj such thatp is on the form (5.2) withf satisfying (5.7) in

suppφj , j > 0, and|p| ≥ c0 > 0 on suppφ0. Then we obtain that
∥∥φw0 (x, hDx)u

∥∥ ≤ C(‖pw(x, hDx)u‖ + h‖u‖)

by using thatp−1(x, hξ) ∈ S(1, gh) on suppφ0.
We find from Proposition 5.2 and (5.7) that

∥∥φwj (x, hDx)u
∥∥ ≤ Ch− k

k+1
(
‖pw(x, hDx)u‖ + h‖u‖

)
, j > 0 ,

for u ∈ C∞
c (R

n) supported where|x1| ≤ 1, since

(5.8) p̃w(x, hDx)φ
w
j (x, hDx) ∼= φwj (x, hDx)(q

−1)w(x, hDx)p
w(x, hDx)

modulo OpS(h, gh). This gives

‖u‖ ≤
N∑

j =0

‖φwj (x, hDx)u‖ ≤ C0h− k
k+1

(
‖pw(x, hDx)u‖ + h‖u‖

)
;

thus for small enoughh > 0, we find that

(5.9) ‖u‖ ≤ C0h− k
k+1 ‖pw(x, hDx)u‖

for u ∈ C∞
c (R

n) supported where|x1| ≤ 1. Since this estimate can be perturbed
with terms in OpS(h, gh) for small enoughh, we obtain Theorem 1.4.

The estimates for the localized operators will be proven in the next subsection.

5.2 The Model Operator

In this section we shall consider the subelliptic model operator

(5.10) P(h) = hDt + i f w(t, x, hDx) ,

0 ≤ f ∈ C
∞
b (R × T∗

R
n−1), 0< h ≤ 1 ,

which we assume satisfies (5.11).



24 N. DENCKER, J. SJÖSTRAND, AND M. ZWORSKI

PROPOSITION5.2 Assume P(h) is given by(5.10), where f ∈ C
∞
b (R × T∗

R
n−1)

satisfies

(5.11)
∣∣∂k

t f (t, x, ξ)
∣∣ ≥ c > 0 , |t | ≤ 1, ∀(x, ξ) ∈ T∗

R
n.

Then we obtain

(5.12) ‖u‖ ≤ Ch− k
k+1 ‖P(h)u‖

for u ∈ C∞
c supported where|t | ≤ 1.

PROOF: By the nonnegativity off ∈ C
∞
b , we obtain from [13, lemma 7.7.2]

that

(5.13) |∂x f |2 + |∂ξ f |2 ≤ C f , |t | ≤ 1 .

Let fh(t, x, ξ) = f (t, x, hξ); then P(h) = hDt + i f wh (t, x, Dx) where fh ∈
S(1, gh) with gh given by (5.1). We shall introduce a new symbol class adapted to
fh. By (5.13) we obtain that|∂x fh|2 + h−2|∂ξ fh|2 ≤ C| fh|, which means that

(5.14) | fh|gh
1 ≤ C

√
fh , |t | ≤ 1 .

Let

(5.15) m(t, w) = fh(t, w)+ h
k

k+1 ≥ h
k

k+1

andgm(t,w) = gh/m(t, w). Then it follows from (5.14) thatgm is uniformlyσ -tem-
perate,gm/gσm = h2m−2 ≤ h2/(k+1), andm is a weight forgm uniformly when
0< h ≤ 1. In fact, we obtain from (5.14) that

| fh(t, w)− fh(t, w0)| ≤ Cρm(t, w0) whengm(t,w0)(w − w0) ≤ ρ2,

since| fh|gh
2 ≤ C andgh(w − w0) ≤ ρ2m(t, w0), which gives the uniform slow

variation. Since

gσm(t,w1)
(w1 − w0) = h−2m2(t, w1)gm(t,w1)(w1 − w0) ≥ ch− 2

k+1

whengm(t,w0)(w1 − w0) ≥ c, and

gm(t,w1)

gm(t,w0)

=
m(t, w0)

m(t, w1)
≤ Ch− k

k+1 ,

we obtain thatgm is uniformly σ -temperate. It also follows from (5.14) thatfh ∈
S(m, gm), since| fh|gm

1 =
√

m| fh|gh
1 and | fh|gm

j ≤ Cj m j/2| fh|gh
j ≤ Cj m when

j ≥ 2. By changingf where|t | > 0, we may assume that (5.11) is satisfied for all
t . We shall prove a simple estimate for the one-dimensional operator.

LEMMA 5.3 Let P = hDt + i f (t), where0 ≤ f (t) ∈ Ck(R) and1 ≤ f (k)(t) for
all t ∈ R. Then k is even and

(5.16)
∥∥m

1
2 u

∥∥ ≤ C1

∥∥m− 1
2 Pu

∥∥ , u(t) ∈ C
∞
c (R) ,

where m(t) = f (t)+ hk/(k+1).
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PROOF: By Taylor’s formula we have

f (t) =
k−1∑

j =0

f ( j )(0)
t j

j !
+ tk

∫ 1

0
f (k)(θ t)

(1 − θ)k−1

(k − 1)!
dθ ≥

tk

2
, t ≫ 1 ,

and if k is odd, we similarly findf (t) ≤ tk/2 for t ≪ −1. Thus,k is even and
f (t) ≥ tk/2 for |t | ≫ 1. Now t → f (t) can only have at mostk zerosti (counted
with multiplicity) since if f (t0

j ) = 0, t0
1 ≤ t0

2 ≤ · · · , for j = 1, . . . , k + 1, then
there exists at1

j such thatt0
j ≤ t1

j ≤ t1
j +1, j = 1, . . . , k, such that f ′(t1

j ) = 0.
By iterating this argument, we obtain thatt 7→ f (k)(t) has a zero, which is a
contradiction.

Next we show that there existsCk > 0 depending only onk and the bounds on
f (k) such that

(5.17) f (t) ≤ δ ≤
1

Ck
=⇒ t ∈ ωδ =

⋃

i

{
t : |t − ti | < Ckδ

1
k
}
.

Thus, assume thatf (t) ≤ δ when|t − tj | ≤ K δ1/k with 1 ≪ K ≪ δ−1/k, where
we may assume thattj = 0. We introduce the rescaled function

(5.18) fδ(t) = δ−1 f
(
tδ

1
k
)
,

which has the property that 0≤ fδ(t) ≤ 1 in |t | ≤ K and 1 ≤ f (k)δ (t) =
f (k)(tδ1/k) ≤ C when|t | ≤ δ−1/k. Taylor’s formula gives

fδ(t) = pk−1(t)+ rk(t) , pk−1(t) =
k−1∑

j =0

f ( j )
δ (0)

t j

j !
,

1/k! ≤ |r (t)| ≤ C/k! when |t | ≤ 1. Thus, we find that sup|t |≤1 |pk−1(t)| ≤
1 + C/k! where sup|t |≤1 |p(t)| is a norm on the space of polynomials of degree
k − 1. Since all norms on a finite-dimensional space are equivalent, we find that

k−1∑

j =0

∣∣ f ( j )
δ (0)

∣∣ ≤ C̃k .

By using Taylor’s formula again, we obtain

fδ(t) ≥
tk

k!
− C̃k

k−1∑

j =0

|t | j

j !
≫ 1 , 1 ≪ |t | ≤ δ− 1

k ,

giving a contradiction for large enoughK and small enoughδ.
Letωδ be given by (5.17),χδ(t) be the characteristic function ofωδ, and

8δ(t) = δ− 1
k

∫ t

−∞
χδ(s)ds.
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Then |8δ| ≤ C′
k, so conjugating with exp8δ(t) preserves theL2 norm andP is

transformed into
Pδ = hDt + i

(
f (t)+ hδ− 1

kχδ(t)
)
.

Now f (t) + hδ−1/kχδ(t) ≥ min(δ, hδ−1/k), which is optimal whenδ = hk/(k+1).
Then we havePδ = hDt + i ( f (t) + hk/(k+1)χδ(t)), and since1

2m(t) ≤ f (t) +
hk/(k+1)χδ(t) ≤ m(t), we obtain

Im〈Pδu,u〉 ≥
1

2
〈mu,u〉 =

1

2

∥∥m
1
2 u

∥∥2
for u ∈ C

∞
c (R) .

Since Im〈Pδu,u〉 ≤ ‖m−1/2Pδu‖2 + 1
4‖m1/2u‖2, we obtain the result after conju-

gating back. �

5.3 A Localization Argument

Here we again follow the ideas of [14, sec. 27.3]. To localize the estimate,
we take a partition of unity

{
φj (w)

}
∈ S(1, gǫ), wheregǫ = h2ǫ−1gh and 0<

ǫ < 1/(2k + 2) < 1
2 is fixed; this can be done uniformly inh. Observe that since

2ǫ < 1/(k + 1), we find h2ǫ−1 > h−k/k+1 ≥ m−1, so gm ≤ gǫ for any t . We
assume thatφj is supported in a sufficiently smallgǫ neighborhood ofwj , so that
m(t, w) ∼= m(t, wj ) only varies with a fixed factor in suppφj when|t | ≤ 1. Since∑
φ2

j = 1 andgǫ = h4ǫgσǫ , the calculus gives
∑

j

∥∥φwj (x, Dx)u
∥∥2 − Ch4ǫ‖u‖2 ≤ ‖u‖2

≤
∑

j

∥∥φwj (x, Dx)u
∥∥2 + Ch4ǫ‖u‖2

(5.19)

for u ∈ C∞
c (R

n); thus for small enoughh we find

(5.20)
∑

j

∥∥φwj (x, Dx)u
∥∥2 ≤ 2‖u‖2 ≤ 4

∑

j

∥∥φwj (x, Dx)u
∥∥2

for u ∈ C
∞
c (R

n).

We find from Lemma 5.3 that

(5.21)
∥∥mj (t)

1
2φwj u

∥∥2 ≤ C
∥∥mj (t)

− 1
2φwj (Dt + i fh(t, wj ))u

∥∥2 ∀ j

for u ∈ C∞
c (R

n), wheremj (t) = m(t, wj ) = fh(t, wj ) + hk/(k+1). The calculus
gives

(5.22) φwj (x, Dx)
(

f wh (t, x, Dx)− fh(t, wj )
)

= Rwj (t, x, Dx)

where{mj (t)−1/2Rj (t, w)} ∈ S(h1/2−ǫ, gǫ) when |t | ≤ 1. In fact, | fh(t, w) −
fh(t, wj )| ≤ C

√
mj h1/2−ǫ in suppφj since (5.14) gives that| fh|gǫ1 = h1/2−ǫ| fh|gh

1

≤ C
√

mj h1/2−ǫ . Thus, we obtain that

(5.23)
∑

i

∥∥mj (t)
− 1

2φwj (x, Dx)
(

f wh (t, x, Dx)− fh(t, wj )
)

u
∥∥2

≤

Ch2γh
k

k+1 ‖u‖2
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whereγ = 1
2 − ǫ − k/(2k + 2) > 0. Sincehk/(k+1)‖φwj u‖2 ≤ ‖mj (t)1/2φwj u‖2, we

obtain for small enoughh from (5.20)–(5.23) that

(5.24) h
k

k+1 ‖u‖2 ≤ C1h
−k
k+1 ‖Phu‖2

for u ∈ C∞
c (R

n) supported where|t | ≤ 1. This completes the proof of Proposi-
tion 5.2. �

6 Dissipative Operators Without the Dynamical Condition

The failure of (1.7) and the consequent failure of Theorem 1.3 are illustrated by
the following variant of Davies’s example [4] in dimension 2:

p(x, ξ) = ξ2
1 + ξ2

2 + x2
1 + i x2

2 .

The spectrum ofpw(x, hD) is given by{(2n + 1)h}n∈N + {eπ i /4(2k + 1)h}k∈N,
and3(p) is the first quadrant. We see that (1.6) is satisfied everywhere except for
z0 = 0. The dynamical condition (1.7) is satisfied on the imaginary half-axis but
fails on the real half-axis.

In this section we present a general result in the same spirit. Suppose thatP(h)
satisfies the general assumptions of Section 2 but does not need to have an analytic
symbol. In addition, we assume that

(6.1) P(h) = Q(h)− iW(h) , Q(h) = Q(h)∗ , W(h) ≥ 0 .

In the classical terminology of [9], this means that our non-self-adjoint operator is
dissipative. One way of achieving this semiclassically is by putting

Q(h) = qw(x, hD), q real valued, W(h) = aW(x, hD) with a ≥ 0 ,

aW(x, hD) =
∫∫

a(y, η)Ŵwy,η(x, hD)dy dη , Ŵy,η(x, ξ) =
1

πn
e−|x−y|2−|ξ−η|2.

Here•w stands for the Weyl quantization (2.1), and•W for the Wick quantization.
We recall thataW = aw0 with

a0(x, ξ) =
∫∫

Ŵy,η(x, ξ)a(y, η)dy dη ,

so thata ≥ 0 impliesa0 ≥ 0.
This assumption immediately implies that3(p) ⊂ {Im z ≤ 0} and also that

z ∈ σ(P(h)) =⇒ Im z ≤ 0 .

In fact, we have

(6.2)

− Im〈(P(h)− z)u,u〉 ≥ Im z‖u‖2 ,

(P(h)− z)−1 = O

(
1

Im z

)
, Im z> 0 .

We can now use techniques common in the study of dissipative operators; see
[9, 11, 19] and references given there. Similar techniques have also been developed
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in the study of semiclassical resonances [25, 26, 27, 28], and our approach follows
these works in an easier setting of dissipative operators.

Thus we start with the following:

LEMMA 6.1 Assuming(6.1), we have, for any open and precompact subset� of
any component ofC \6∞(p) intersecting∁6(p) and for0< g(h) ≪ 1,

(6.3)

‖(P(h)− z)−1‖ ≤ exp

(
C�h−n log

1

g(h)

)
,

z ∈ � \
⋃

zj ∈σ(P(h))

D(zj , g(h)) .

PROOF: We can assume, without loss of generality, that� = D(z0, ǫ) and that
D(z0,3ǫ) ∩ 6∞(p) = ∅. It then follows that forC sufficiently large,p(x, ξ) /∈
D(z0,2ǫ) when|(x, ξ)| > C. We can then findp# ∈ C

∞
b (T

∗
R

n) such that

p#(x, ξ) = p(x, ξ) for |(x, ξ)| > C ,

∀z ∈ �, ∀(x, ξ) ∈ T∗
R

n, |(p#(x, ξ)− z)−1| ≤ C .

In fact, chooseα : C → C \ D(z0, ǫ) such thatα(w) = w on C \ D(z0,2ǫ) and
put p# = α ◦ p.

This shows that forh small enough,p#(x, hD)− z is invertible,z ∈ �.

In view of the compact support of the symbolp − p#, we have

p(x, hD)− p#(x, hD) = A + B , A : L2(Rn) −→ C
∞
c (R

n) ,

B = O(h∞) : L2(Rn) −→ L2(Rn) ,

p(x, hD)− z =
(
p#(x, hD)+ B − z

)(
I + (p#(x, hD)+ B − z)−1A

)
.

Hence(p#(x, hD)− z)−1(p(x, hD)− p#(x, hD)) is a sum of a compact operator
on L2(Rn) and an operator of small norm.

Since the operatorK (z) = (p#(x, hD) + B − z)−1A is of trace class, we can
define det(I +K (z)), which is holomorphic in�. The inverse at a pointz0 /∈ 6(p),
(I + K (z0))

−1, exists forh sufficiently small, and it is bounded independently of
h. We also see that

| det(I + K (z0))|−1 ≤ C1 with C1 independent ofh.

As in Proposition 3.3,(I + K (z))−1 is meromorphic and, following [9, chap. 5,
theorem 3.1], we see that

‖(I + K (z))−1‖ ≤
det(I + (K (z)K (z)∗)1/2)

|det(I + K (z))|
.
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Hence we need to estimate the determinants from above and below. The upper
bound is clear from|det(1+ A)| ≤ exp tr(AA∗)1/2: it is given by expO(h−n) since

trψ(x)bw(x, hD)〈hD〉−m =
1

(2πh)n

∫∫
ψ(x)b(x, ξ)〈ξ〉−m dx dξ

= O(h−n) .

The zeros of det(I + K (z)) coincide with the eigenvalues ofP(h), and the usual
complex analytic methods (see, for instance, [19, chap. 1] and [25]) show that

∣∣ det(I + K (z))
∣∣−1 ≤

(
1

g(h)

)Ch−n

exp(Ch−n) ,

z ∈ � \
⋃

zj ∈σ(P(h))

D(zj , g(h)) ,

which proves the lemma. �

The main result of this section will be an application of Lemma 6.1, (6.2), and
the following simple function theoretical lemma similar to [28, lemma 2]:

LEMMA 6.2 Suppose that F(z) is holomorphic in[−δ, δ]+ i [−ǫ, ǫ], and|F(z)| ≤
M, M ≥ 2, there. Suppose, in addition, that

|F(z)| ≤
1

Im z
for Im z> 0 and

ǫ

δ
≪ (log M)−1.

Then

|F(z)| ≤ 2
log M

ǫ
for |z| ≤

δ

2
and Im z = 0 .

PROOF: The assumption onδ
ǫ

allows us to construct a holomorphic function
u(z) such that|u(z)| > 2

3 for Im z = 0, and|z| < δ
2, and|u(z)| ≪ 1

M for |Rez| =
δ and |Im z| ≤ ǫ. If we apply an optimized “three-line theorem” argument to
u(z)F(z), the lemma follows. �

The two lemmas immediately give the following:

PROPOSITION6.3 Suppose that P(h) satisfies(6.1). For E ∈ R and k> 0, put

�(h) = [E − δ(h), E + δ(h)] − i

[
0,−

K hnδ(h)

log(1/h)

]
,

δ(h) > hM , K and M large and fixed.

Then for h small enough, we have

(6.4) σ(P(h)) ∩�(h) = ∅ =⇒

{
‖(P(h)− λ)−1‖ ≤ Ch−2n log2( 1

h)δ(h)
−1,

λ ∈ [E − δ(h)
2 , E + δ(h)

2 ] .
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This means that in small neighborhoods of the real axis, only eigenvalues can
produce extreme growth of the resolvent. A contradiction argument from [26, 27,
28] now shows that existence of quasi modes for the operatorP(h) implies the
existence of spectrum arbitrarily close to the real axis, which, dependingon the
structure ofW(h), can be the boundary of6(P).

In particular, we have the following:

PROPOSITION6.4 Suppose that P(h) satisfies(6.1)and that there exists u(h) 6= 0
andλ(h) ∈ R such that

(6.5) ‖(P(h)− λ(h))u(h)‖ = O(hN)‖u(h)‖ for some large N.

Then, for h small enough and with K sufficiently large,

d(σ (P(h)), λ(h)) < K hN−n log

(
1

h

)
.

This is clear from (6.4), since applying that resolvent estimate to (6.5), we
obtain a contradiction.

In the analytic case we expect that if Imp vanishes to a high order on a closed
orbit of HRep, then we can construct a quasi modeu(h) satisfying (6.5) with a fixed
N. If we allow C∞ coefficients, then constructing quasi modes with arbitrarily
largeN’s are possible for operators satisfying the assumptions of this section; see
[26, 28] and references given there, and also [36, fig. 1] for a figure of an example.
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