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Abstra
tThe problem to minimize the drag on a body that moves in an in
ompressible�uid is 
onsidered. We show that the di�eren
e between two solutions is smallif the di�eren
e between the domains of the �ow is small. This is then used toshow that the energy fun
tional des
ribing the drag is 
ontinuous on a 
ompa
tset, whi
h implies that there exists a minima. An attempt to �nd the minimais then made by using steepest de
ent methods in MATLAB and FEMLAB.
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Chapter 1Introdu
tion1.1 Ba
kgroundIn the spring of 2003 Timmy Fagerlund made a study (see [6℄) of how the shapeof some birds 
hange before they are going to migrate. In the study he tookMRT (magneti
 resonan
e tomography) pi
tures of birds from four di�erentspe
ies and measured how the fat was deployed in the body. The study showedthat the fat is not deposited evenly over the body as one might assume, it wasin fa
t lo
alized to the front and the rear of the body. A reason for this mightbe that the birds try to minimize the maximum 
ross-se
tion area in order tominimize the drag. In this Master's thesis we will try to �nd out if there is su
ha minimum, and if so, try to �nd a numeri
al approximation of it.1.2 Nomen
latureIn order to avoid 
onfusion we will, throughout this thesis, use the followingnotation:
• We denote the identity map Id and the identity matrix I. Note that I isthe fun
tional matrix of Id.
• Ψ will always be the inverse of Φ.
• If Φ : Ω → Ω̃ where Ω, Ω̃ ⊆ R

n, then Φ′ is the fun
tional matrix of Φ.Thus, detΦ′ will be the Ja
obian of Φ.
• If Φ : Ω → Ω̃ where Ω, Ω̃ ⊆ R

n then
(∂iΦ) =








∂iΦ1

∂iΦ2...
∂iΦn








.
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• If Φ : Ω → Ω̃ where Ω ⊆ R
n, Ω̃ ⊆ R

m then
(DΦ) =








∂1Φ1 ∂2Φ1 . . . ∂nΦ1

∂1Φ2 ∂2Φ2 . . . ∂nΦ2... ... . . . ...
∂1Φm ∂2Φm . . . ∂nΦm








.

• If u : Ω → R where Ω ⊆ R
n then
∇u =








∂1u
∂2u...
∂nu








.Note that ∇u = (Du)T .
• If u : Ω → R where Ω ⊆ R

n then D2u is the Hessian, that is
(D2u) =








∂11u ∂12u . . . ∂1nu
∂21u ∂22u . . . ∂2nu... ... . . . ...
∂n1u ∂n2u . . . ∂nnu








.

• If u : Ω → Ω̃ where Ω ⊆ R
n, Ω̃ ⊆ R

m and Φ : S → Ω where S ⊂ R
k then

u ◦ Φ = u(Φ(x))Also, due to the di�
ulty of naming new 
onstants, we will keep the same symbolfor the 
onstants (mostly 
) even if they have 
hanged from one line to the next.We often use fun
tions in the Sobolev spa
es W s,∞, stri
tly speaking it does notmake sense to talk about pointwise values of these fun
tions. However it is wellknown that any fun
tion in W s,∞ is equal to a fun
tion in Cs−1,1 everywhereex
ept on a set of measure zero. That is, if Φ ∈ W s,∞ then Φ 
an be representedby a fun
tion whose derivatives of order 0 to s − 1 are Lips
hitz 
ontinuous.Therefore, when we speak of pointwise values it is understood that this is thevalues of the representative in Cs−1,1. In order to make the presentation, shortmost of the theoreti
al ba
kground and the more trivial parts of the thesis havebeen put in an appendix. Readers who are not familiar with e.g Lp and Sobolevspa
es are en
ouraged to start by reading the Appendix.1.3 Problem de�nitionWe will try to model the �ight of the bird by putting an obsta
le in an air�ow and determine the drag. We take U to be an open bounded set (in R
2or R

3) and in the 
enter we take a 
losed set B. In �gure 1.3 we have drawn
U as a re
tangle, however most of the theorems require that the boundary ofU is e.g. Lips
hitz 
ontinuous, therefore we will say that U is di�eomorphi
to an ellipse (in R

2 and a sphere in R
3). The set U should be thought of asthe universe in whi
h the bird lives in, that is a portion of the sky. B will be5



a ni
e set in the sense that it has properties like simply 
onne
ted and twi
edi�erentiable boundary (in the numeri
al part B will be an ellipse). The set Bshould be thought of as the bird. The domain in whi
h the �ow u will be in isthen D = U \ B. These sets will be kept 
onstant throughout the thesis.
B

DFigure 1.1: The domain U.In order to 
ompare di�erent shapes of birds we will say that there aremappings Φ : U → U that maps the sets B and D to Φ(B) and Φ(D). The newshape of the bird is then Φ(B) and the �ow is in Φ(D). We will always dealwith simple mappings su
h that the boundary ∂Φ(D) of Φ(D) will be equal to
Φ(∂D). This is 
lear if e.g. Φ = Id 
lose to ∂U and Φ is a 2-di�eomorphism(see Appendix, De�nition A.5).The �ow is modelled by the steady state Navier-Stokes equations, whi
h are







−ν∆uΦ +
∑n

i=1 uΦi∂iuΦ + ∇pΦ = 0 in Φ(D)div uΦ = 0 in Φ(D)
uΦ = f ◦ Φ−1 on ∂Φ(D)where uΦ is the velo
ity of the �uid and pΦ is the pressure. Note that uΦ is ave
tor valued fun
tion.1.3.1 The drag powerThe for
es on the body is made up of two terms, namely the vis
ous for
e ν ∂u

∂nand the pressure for
es −pn, where n is outer normal to the boundary ∂B. Thetotal for
e on the body is ∫

∂B

(ν
∂u

∂n
− pn)dxCal
ulating the power of the drag is under 
ertain 
onditions equivalent to
al
ulating the energy integral

E =

∫

D

|∇u|2 dxTo see this we do the following: We let u0 be 
onstant (k, 0, 0) (in R
3 or (k, 0)in R

2). We let the boundary 
onditions be
{

u = 0 on ∂B
u = u0 on ∂D \ ∂B6



If we now put φ = u−u0 and insert in the weak form (A.6) (see appendix, herewe have kept the boundary terms, and put f = 0) we get
ν

∫

D

∇u · ∇(u − u0) dx +

∫

D

∑

i

ui∂iu(u − u0) dx =

∫

∂D

(ν
∂u

∂n
− pn)(u − u0) dxSin
e u0 is 
onstant we have that ∂iu = ∂i(u − u0), and due to Lemma A.4 thenonlinear term disappears. For the boundary terms we have that u−u0 = 0 on

∂D \ ∂B and u = 0 on ∂B. We also have that ∇u0 = 0. This gives us
ν

∫

D

∇u · ∇u dx = −u0

∫

∂B

(ν
∂u

∂n
− pn) dxThis shows that the value of E is in fa
t proportional to the drag power.To minimize the drag power is thus equivalent to minimizing the energyintegral

E(Φ) =

∫

Φ(D)

|∇uΦ|2 dx.Note that when uΦ is a ve
tor fun
tion we mean that |∇uΦ|2 = |∇uΦ1|2 + ... +
|∇uΦn|2. The integral E(Φ) will be our goal fun
tion whi
h will be minimizedwith respe
t to Φ.1.3.2 The full problemIn order to have a good way to measure di�eren
es between di�erent domainswe will say that a domain Φ(D) is 
lose to D if the mapping Φ is 
lose to theidentity, in some sense. We only allow domains for whi
h there are mappingsthat ful�lls some spe
ial 
onditions, listed below.Let A be the set of admissible mappings. Be
ause we don't want the map-pings to destroy some smoothness properties of the domains we only allow map-pings whi
h are in W 2,∞(U) (see De�nition A.1 appendix). It 
an be shownthat if Φ ∈ W 2,∞(U) then there is a Φc ∈ C1,1(U) su
h that Φc and Φ is equaleverywhere ex
ept on a set of measure zero, that is we 
an always think of Φ as afun
tion whi
h is Lips
hitz 
ontinuous and with Lips
hitz 
ontinuous derivatives(see [13℄).Moreover we put a bound on the di�eren
e between the mapping and theidentity, su
h that ||Φ − Id||W 2,∞(U) ≤ k where k is a 
onstant. We also wantsome points in U to be �x points. We denote the set of �x points F.We also want the mappings to be invertible. Therefore we demand that theset F will in
lude all points whi
h are 
lose to the boundary of U and that

||Φ′ − I||2 := sup
|v|2=1

|(Φ′ − I)v|2 ≤ 1/2 ∀x ∈ U (1.1)Here | · |2 denotes the absolute value in R
n. This together with the fa
t that

Φ 
an be 
hosen to be 
ontinuous, will be enough to prove that Φ is invertible(see Lemma A.5 appendix).Sin
e the bird will not 
hange its length we set the �rst 
oordinate of Φ to
x1, that is Φ1(x) = x1. Finally, sin
e we want to 
ompare di�erent shapes ofbirds with the same size we demand that

∫

Φ(B)

dx =

∫

B

dx.7



The de�nition of our set of admissible mappings will beDe�nition 1.1
A = {Φ ∈ W 2,∞(U); ||Φ − Id||W 2,∞(U) ≤ k, ||Φ′ − I||2 ≤ 1/2,

Φ1(x) = x1, Φ(x) = x if x ∈ F,

∫

Φ(B)

dx =

∫

B

dx}The full problem 
an now be stated asProblem. Is there a Φ0 ∈ A su
h that
E(Φ0) ≤ E(Φ), ∀Φ ∈ Awhere
E(Φ) =

∫

Φ(D)

|∇uΦ|2 dxand 





−ν∆uΦ +
∑n

i=1 uΦi∂iuΦ + ∇pΦ = 0 in Φ(D)div uΦ = 0 in Φ(D)
uΦ = f ◦ Φ−1 on ∂Φ(D)with A de�ned as above.
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Chapter 2Di�eren
e of SolutionsIn order to be able to show that there exists a minimum for our problem weneed to establish some properties for the energy integral I. It is well knownfrom basi
 
ourses in analysis that a fun
tion f : R → R has a minimum (ormaximum) on a subset S if the fun
tion f is 
ontinuous on S and S is 
ompa
t.Our setting here is a little bit more 
ompli
ated, but we still have somethingsimilar. For general variational problems we have (due to [5℄, see Appendix) thefollowing:Problem A.1 Is there a Φ0 ∈ S su
h that
E(Φ0) ≤ E(Φ) ∀Φ ∈ STheorem A.1 Problem A.1 has a solution if and only if there exists a topologyon S su
h that1. For all α ∈ R the sublevel sets
Sα = {Φ ∈ S; E(Φ) ≤ α}are 
losed.2. There exists an α0 ∈ R su
h that Sα0 is 
losed and 
ompa
t.To be able to talk about 
losed and 
ompa
t sets we must have somethinglike a notion of distan
e. In this 
hapter we will try to �nd inequalities whi
hsays something like: If uΦ and uΥ solves the Navier-Stokes equations in Φ(D)and Υ(D) respe
tively, then uΦ ◦Φ → uΥ ◦Υ if Φ → Υ. This will later be usedto prove that the 
onditions of Theorem A.1 are ful�lled.2.1 Problem stated with Lapla
e's equationIn this se
tion we will study a s
alar model problem similar to our. Instead oflooking at our original problem we will see what happens if we let the governingequation be the Lapla
ian. The reason for this is, that Lapla
e's equation issimilar to Stokes' equations. 9



The simpli�ed problem will be:Problem 1 Is there a Φ0 ∈ A su
h that E(Φ0) ≤ E(Φ), ∀Φ ∈ A. Where
E(Φ) =

∫

Φ(D)

|∇uΦ|2 dxand uΦ is a solution to
{

−∆uΦ = 0 in Φ(D)
uΦ = f ◦ Φ−1 on Φ(∂D)

(2.1)and A as in De�nition 1.1. (see se
tion 1.3.2)Remark. In the de�nition of Problem 1 above we say that u solves Lapla
e'sequation in a 
lassi
al sense, that is u is at least twi
e di�erentiable. Howeverthis will not always be ne
essary. For example, to prove the following H2-boundwe only need that u solves the weak formulation (see (A.1) Appendix) of theproblem with f ∈ H3/2. We will always assume that the solutions are as regularas we need them to be.2.1.1 Di�eren
e between solutions in H2-normWe now look at what happens to the solution u if we apply a mapping Φ 
loseto Id in W 2,∞-norm. We let u be the solution of Lapla
e's equation in D, and
uΦ the solution in Φ(D). We will try to prove that if Φ tends to Id then uΦtends to u. We have

{
−∆uΦ = 0 in Φ(D)

uΦ = f ◦ Ψ on Φ(∂D)

{
−∆u = 0 in D

u = f on ∂DWe remind the reader that Ψ = Φ−1. Put w = u − uΦ ◦ Φ. This yields
{

−∆w = −∆(u − uΦ ◦ Φ) = ∆(uΦ ◦ Φ) in D
w = f − f ◦ Ψ ◦ Φ = 0 on ∂DSin
e w ful�lls Poisson's equation with sour
e term f = ∆(uΦ ◦ Φ) we get,due to (A.3), the bound ||w||H2(D) ≤ ||∆(uΦ ◦ Φ)||L2(D). We now look at thederivatives of uΦ ◦ Φ. Due to the 
hain rule we dedu
e that

∂i(uΦ ◦ Φ) =
∑

j

(((∂juΦ) ◦ Φ) ∂iΦj)and
∂ii(uΦ ◦ Φ) =

∑

j,k

((∂jkuΦ) ◦ Φ) ∂iΦj∂iΦk +
∑

j

((∂juΦ) ◦ Φ) ∂iiΦjIn matrix notation ∆(uΦ ◦ Φ) 
an be written
∑

i

∂ii(uΦ ◦ Φ) =
∑

i

(
(∂iΦ)T ((D2uΦ) ◦ Φ)(∂iΦ) + ((DuΦ) ◦ Φ)(∂iiΦ)

) (2.2)10



Sin
e ∆uΦ = 0 in Φ(D) we know thattr((D2uΦ) ◦ Φ) =
∑

i

eT
i ((D2uΦ) ◦ Φ)ei = 0where ei is the ve
tor with zeros at all entries ex
ept at position i where it isone. For the �rst term in (2.2) we now get

∑

i

(∂iΦ)T ((D2uΦ) ◦ Φ)(∂iΦ) =

∑

i

(
(∂iΦ − ei)

T ((D2uΦ) ◦ Φ)(∂iΦ − ei) + eT
i ((D2uΦ) ◦ Φ)(∂iΦ) + (∂iΦ)T ((D2uΦ) ◦ Φ)ei

)
=

∑

i

((∂iΦ − ei)
T ((D2uΦ) ◦ Φ)(∂iΦ − ei)

+eT
i ((D2uΦ) ◦ Φ)(∂iΦ − ei) + (∂iΦ − ei)

T ((D2uΦ) ◦ Φ)ei) =
∑

i

((∂i(Φ − Id))T ((D2uΦ) ◦ Φ)(∂i(Φ − Id))+

eT
i ((D2uΦ) ◦ Φ)(∂i(Φ − Id)) + (∂i(Φ − Id))T ((D2uΦ) ◦ Φ) ei)In the se
ond term in (2.2) we see that we 
an immediately repla
e ∂iiΦ by

∂ii(Φ − Id) sin
e ∂iiId = 0. Hen
e,
||∆(uΦ ◦ Φ)||2L2(D) ≤

c
∑

i

(∫

D

|(∂i(Φ − Id))T ((D2uΦ) ◦ Φ)(∂i(Φ − Id))|2 dx +

∫

D

|eT
i ((D2uΦ) ◦ Φ)(∂i(Φ − Id))|2 dx+

∫

D

|(∂i(Φ − Id))T ((D2uΦ) ◦ Φ)ei|2 dx +

∫

D

|((DuΦ) ◦ Φ)(∂ii(Φ − Id))|2 dx

)

≤

c
∑

i



||∂i(Φ − Id)||4L∞(U)

∑

j,k

∫

D

|(∂kjuΦ) ◦ Φ|2 dx+

||∂i(Φ − Id)||2L∞(U)

∑

j

∫

D

|(∂ijuΦ) ◦ Φ|2 dx+

||∂i(Φ − Id)||2L∞(U)

∑

j

∫

D

|(∂jiuΦ) ◦ Φ|2 dx+

||∂ii(Φ − Id)||2L∞(D)

∑

j

∫

D

|(∂juΦ) ◦ Φ|2 dx



 ≤

c|| det(Ψ′)||L∞(Φ(D))||Φ−Id||2W 2,∞(U)

(

(||Φ − Id||2W 2,∞(U) + 1)||uΦ||2H2(Φ(D)) + ||uΦ||2H1(Φ(D))

)We have, due to (A.4), that uΦ is bounded by its boundary value f ◦ Ψ. Dueto Corollary A.1 we have that ||f ◦ Ψ||H3/2(Φ(D)) is bounded by ||f ||H3/2(D). In11



fa
t Corollary A.1 is only proven for Hs where s is positive integer, however thisis true for all positive s due to ??.This gives us our �rst theorem.Theorem 2.1 If Φ is a 2-di�eomorphism with ||Ψ||W 2,∞(U) ≤ cΨ and uΦ and usolves Lapla
e's equation in Φ(D) and D respe
tively then ||u− uΦ ◦Φ||2H2(D) ≤

c|| detΨ′||L∞(U)||Φ − Id||2W 2,∞(U)(1 + ||Φ − Id||2W 2,∞(U))||f ||2H3/2(∂D)where 
 depends on cΨ, the dimension and the 
onstant in Poin
aré's lemma.2.1.2 Di�eren
e between solutions in H1-normUnfortunately the bound in H2-norm will not be good enough for our needs.The reason for this is that, as we will see, W 2,∞ is not 
ompa
t in any reasonabletopology suitable for the problem at hand. This means that we are unable to saythat the sublevel-sets Aα (see se
tion 3.1.2) are 
ompa
t. However W 2,∞(U) is
ompa
tly imbedded in W 1,∞ so a bound in H1 will help us.Here we use the same notation as in se
tion 2.1.1. If uΦ and u are solutionsto Lapla
e's equation in Φ(D) and D we have in the weak formulation (A.1)(see appendix) that
∫

D

∇u · ∇χ dx = 0 ∀χ ∈ H1
0 (D) (2.3)and ∫

Φ(D)

∇uΦ · ∇ξ dx = 0 ∀ξ ∈ H1
0 (Φ(D)) (2.4)Again we put w = u − uΦ ◦ Φ and due to (2.3) get

∫

D

∇w · ∇χ dx =

∫

D

∇(−uΦ ◦ Φ) · ∇χ dx (2.5)Di�erentiating yields
∫

D

∇w · ∇χ dx = −
∫

D

∑

k

(
∑

i

((∂iuΦ) ◦ Φ)∂kΦi) ∂kχ

)

dx =

−
∫

D




∑

k,i

((∂iuΦ) ◦ Φ)∂k(Φi − xi)∂kχ +
∑

k

((∂kuΦ) ◦ Φ) ∂kχ



 dx =

−
∫

D

((D(Φ − Id))((∇uΦ) ◦ Φ)) · ∇χ dx −
∫

D

((∇uΦ) ◦ Φ) · ∇χ dxWe see that sin
e w ∈ H1
0 we 
an put χ = w. This gives us

||∇w||2L2(D) =

∫

D

|∇w|2 dx =12



−
∫

D

((D(Φ − Id))((∇uΦ) ◦ Φ)) · ∇w dx −
∫

D

((∇uΦ) ◦ Φ) · ∇w dx =

−
∫

D

((D(Φ − Id))((∇uΦ) ◦ Φ)) · ∇w dx−
∫

D

(| detΦ′| − 1)((∇uΦ) ◦ Φ) · ∇w dx −
∫

D

| detΦ′|((∇uΦ) ◦ Φ) · ∇w dx (2.6)The se
ond integral in (2.6) will tend to zero be
ause detΦ′ tends to 1. Forthe third term we have, due to (2.4),
∫

D

| detΦ′|((∇uΦ) ◦ Φ) · ∇w dx =

∫

Φ(D)

∇uΦ · (((∇w) ◦ Ψ) −∇(w ◦ Ψ)) dx

=

∫

Φ(D)

∇uΦ · ((D(Id − Ψ))((∇w) ◦ Ψ)) dxEquation (2.6) now be
omes
||∇w||2L2(D) = −

∫

D

((D(Φ − Id))((∇uΦ) ◦ Φ)) · ∇w dx

−
∫

D

(| detΦ′|−1)((∇uΦ)◦Φ) ·∇w dx−
∫

Φ(D)

∇uΦ · ((D(Id−Ψ))((∇w)◦Ψ)) dxUsing Cau
hy-S
hwarz inequality on (2.6) we now obtain
||∇w||2L2(D) ≤ ||(D(Φ − Id))((∇uΦ) ◦ Φ)||L2(D)||∇w||L2(D)+

||(| det Φ′| − 1)((∇uΦ) ◦ Φ)||L2(D)||∇w||L2(D)+

||∇uΦ||L2(Φ(D))||(D(Ψ − Id))((∇w) ◦ Ψ)||L2(Φ(D)) ≤

c||Φ − Id||W 1,∞(U)||(∇uΦ) ◦ Φ||L2(D)||∇w||L2(D)+

c|| detΦ′ − 1||W 1,∞(U)||(∇uΦ) ◦ Φ||L2(D)||∇w||L2(D)+

c||Ψ − Id||W 1,∞(U)||∇uΦ||L2(Φ(D))||(∇w) ◦ Ψ||L2(Φ(D)) ≤

c||Φ − Id||W 1,∞(U)|| detΨ′||L∞(U)||f ◦ Ψ||H1/2(Φ(D))||∇w||L2(D)+

c|| detΦ′ − 1||L2(U)|| detΨ′||L∞(U)||f ◦ Ψ||H1/2(Φ(D))||∇w||L2(D)+

c||Ψ − Id||W 1,∞(U)||f ◦ Ψ||H1/2(Φ(D))||(∇w) ◦ Ψ||L2(Φ(D))If Φ is in a 1-di�eomorphism then, by 
orollary A.1, lemma A.7 and lemma A.8(see appendix) then
||f ◦ Ψ||H1/2(Φ(D)) ≤ c||f ||H1/2(D)

|| detΦ′ − 1||L2(U) ≤ c||Φ − Id||W 1,∞(U)

||Ψ − Id||W 1,∞(U) ≤ c||Φ − Id||W 1,∞(U)

||∇w ◦ Ψ||L2(Φ(D)) ≤ c||∇w||L2(D)13



Note that these 
onstants all depend on the W 1,∞(D)-norm of Φ and Ψ. How-ever, if Φ is in A they be
ome independent of Φ and Ψ be
ause of the bound
||Φ−Id||W 2,∞(U) ≤ k and ||Φ′−I||2 ≤ 1/2. Due to Poin
aré's inequality we alsohave ||w||L2(D) ≤ c||∇w||L2(D). Dividing by ||∇w||L2(D) and using Poin
aré'sinequality gives us our H1 bound.Theorem 2.2 If Φ is a 1-di�eomorphism with ||Φ||W 1,∞(U) ≤ cΦ, ||Ψ||W 1,∞(U) ≤
cΨ and if uΦ and u solves Lapla
e's equation in Φ(D) and D respe
tively, then

||u − uΦ ◦ Φ||H1(D) ≤ c||Φ − Id||W 1,∞(U)||f ||H1/2(D)(|| detΨ′||L∞(U) + 1)where 
 depends on cΦ, cΨ, the dimension and the 
onstant in Poin
aré's lemma.Remark We see that sin
e the Lapla
ian is linear we 
an di�erentiate andobtain bounds for the derivatives. We will then get something like
||u−uΦ◦Φ||Hs(D) ≤ g(|| detΨ′||L∞(U))h(||Φ−Id||W s,∞(U))||f ||Hs−1/2(∂D) (2.7)where g(x) is bounded, h(x) → 0 when x → 0, if s is a positive integer. We seethat by lemma A.10 (appendix), theorems 2.1, 2.2 we 
an get the the following
orollary.Corollary 2.1 If Φ is an s-di�eomorphism with ||Φ||W s,∞(U) ≤ cΦ, ||Φ−1||W s,∞(U) ≤

cΦ−1 , and if uΦ and u solves Lapla
e's equation in Φ(D) and D respe
tively and
1
α ≤ || detΦ′||L∞(U) ≤ α then

||u − uΦ ◦ Φ||Hs(D) ≤ c||Φ − Id||W s,∞(U)||f ||Hs−1/2(∂D)where s = 1 or 2 and 
 depends on cΦ, cΦ−1 , α, U and the dimension.Together with Corollary A.1, Corollary 2.1 this gives usCorollary 2.2 If Φ and Υ are s-di�eomorphisms with ||Φ||W s,∞(U) ≤ cΦ,
||Φ−1||W s,∞(U) ≤ cΦ−1 , ||Υ||W s,∞(U) ≤ cΥ, ||Υ−1||W s,∞(U) ≤ cΥ−1 , and 1

α ≤
|| det(Υ ◦ Φ−1)′||L∞(U) ≤ α then

||uΦ ◦ Φ − uΥ ◦ Υ||Hs(D) ≤ c||Φ − Υ||W s,∞(U)||f ||Hs−1/2(D)where s = 1 or 2 and 
 depends on cΦ, cΦ−1 , cΥ, cΥ−1 , α, U and the dimension.2.1.3 A bound on |E(Υ) − E(Φ)|We will now try to �nd a bound on the di�eren
e of |E(Υ) − E(Φ)| where
Φ, Υ ∈ A, and I is our obje
tive fun
tion E(Φ) =

∫

Φ(D)
|∇uΦ|2 dx where uΦsolves some equations in Φ(D). As we shall see we will need this to be able tosay that the sublevel-sets Aα are 
ompa
t. We have

|E(Id) − E(Φ)| =

∣
∣
∣
∣
∣

∫

D

|∇u|2 dx −
∫

Φ(D)

|∇uΦ|2 dx

∣
∣
∣
∣
∣
=14



∣
∣
∣
∣

∫

D

|∇u|2 dx −
∫

D

|(∇uΦ) ◦ Φ|2| detΦ′| dx

∣
∣
∣
∣
≤

∣
∣
∣
∣

∫

D

|∇u|2 − |(∇uΦ) ◦ Φ|2 dx

∣
∣
∣
∣
+ || detΦ′ − 1||L∞(U)

∫

D

|(∇uΦ) ◦ Φ|2 dx (2.8)This gives us two terms whi
h both will be bounded by f and Φ − Id. For these
ond term in (2.8) we have due to lemma A.9
|| detΦ′ − 1||L∞(U)

∫

D

|∇uΦ|2 dx ≤ c||Φ − Id||W 1∞(U)||(∇uΦ) ◦ Φ||2L2(D) ≤

c||Φ − Id||W 1∞(U)|| detΨ′||L∞(U)||f ◦ Ψ||2H1/2(Φ(∂D)) ≤

c|| detΨ′||L∞(U)||Φ − Id||W 1∞(U)||f ||2H1/2(∂D)We note that the �rst term in (2.8) is in fa
t
∣
∣
∣||∇u||2L2(D) − ||(∇uΦ) ◦ Φ||2L2(D)

∣
∣
∣ ≤

(||∇u||L2(D) + ||(∇uΦ) ◦ Φ||L2(D))
∣
∣||∇u||L2(D) − ||(∇uΦ) ◦ Φ||L2(D)

∣
∣we have that

||∇u||L2(D) + ||(∇uΦ) ◦ Φ||L2(D) ≤ c(1 + || detΨ′||1/2
L∞(U))||f ||H1/2(∂D)we also have due to the reversed triangle inequality that

∣
∣||∇u||L2(D) − ||(∇uΦ) ◦ Φ||L2(D)

∣
∣ ≤ ||∇u − (∇uΦ) ◦ Φ||L2(D) =

||(∇u −∇(uΦ ◦ Φ)) + (∇(uΦ ◦ Φ) − (∇uΦ) ◦ Φ)||L2(D) ≤
||∇u −∇(uΦ ◦ Φ)||L2(D) + ||(D(Φ − Id))((∇uΦ) ◦ Φ)||L2(D) ≤

c|| detΨ′||1/2
L∞(U)||Φ − Id||W 1,∞(U)||f ||H1/2(∂D)Note that some of the 
onstants depend on how big ||Φ||W 1,∞(U) and ||Ψ||W 1,∞(u)is. Sin
e we know that Φ is in A we have that ||Φ||W 1,∞(U) and ||Ψ||W 1,∞(U) isbounded. Therefore we get the following theoremTheorem 2.3 If Φ ∈ A and 1

α ≤ || detΦ′||L∞(U) ≤ α then
|E(Id) − E(Φ)| ≤ c||Φ − Id||W 1,∞(U)||f ||2H1/2(∂D)where c depends on U , α and the dimension.Now we note that if we repla
e Id by Υ we get

|E(Φ)−E(Υ)| ≤
∣
∣
∣
∣
∣

∫

Φ(D)

|∇uΦ|2dx −
∫

Φ(D)

| det(Υ ◦ Φ−1)′||∇uΥ ◦ Υ ◦ Φ−1|2dx

∣
∣
∣
∣
∣
≤

|| det(Υ ◦ Φ−1)′ − 1||L∞(U)

∫

Φ(D)

|∇uΥ ◦ Υ ◦ Φ−1|2 dx+

∫

Φ(D)

(
|∇uΦ|2 − |∇uΥ ◦ Υ ◦ Φ−1|2

)
dx15



Sin
e we know that Υ is also in A we 
an, in exa
tly the same way as we havedone above, prove that
|E(Φ) − E(Υ)| ≤ c||Υ ◦ Φ−1 − Id||W 1,∞(U)||f ||2H1/2(∂D) (2.9)And �nally 
orollary A.1 now gives usCorollary 2.3 If Φ and Υ are in A, and 1

α ≤ || det(Υ ◦ Φ−1)′||L∞(U) ≤ αthen
|E(Φ) − E(Υ)| ≤ c||Υ ◦ Φ−1 − Id||W 1,∞(U)||f ||2H1/2(∂D) ≤

c||Υ − Φ||W 1,∞(U)||f ||2H1/2(∂D)where 
 depends on α, U and the dimension.Remark. This means that the mapping Φ 7→ E(Φ) is Lips
hitz 
ontinuousfrom A to R.2.2 Problem stated with Stokes equationsIn this se
tion we will look at what happens if we let the governing equations bethe Stokes equations. We will try to �nd the same bounds as for the Lapla
ianand a lot of the 
al
ulations will be the same. Our problem will beProblem 2 Is there a Φ0 ∈ A su
h that E(Φ0) ≤ E(Φ) ∀Φ ∈ A. Where
E(Φ) =

∫

Φ(D)

|∇uΦ|2 dxand uΦ is a solution to






−ν∆uΦ + ∇pΦ = 0 in Φ(D)div uΦ = 0 on Φ(D)
uΦ = f ◦ Ψ on Φ(∂D)with A de�ned as in De�nition 1.1 (see se
tion 1.3.2).2.2.1 Di�eren
e of solutions in H2-norm IIWe start by looking at the di�eren
e of solutions for the Stokes equations indi�erent domains. We have







−ν∆uΦ + ∇pΦ = 0 in Φ(D)div uΦ = 0 in Φ(D)
uΦ = f ◦ Ψ on Φ(∂D)







−ν∆u + ∇p = 0 in Ddiv u = 0 in D
u = f on ∂DPut w = u − uΦ ◦ Φ, and q = p − pΦ ◦ Φ . We then get







−ν∆w + ∇q = ν∆(uΦ ◦ Φ) −∇(pΦ ◦ Φ) =: R in Ddiv w = −div (uΦ ◦ Φ) =: g in D
w = 0 on ∂D16



A

ording to (A.7) we then have
||w||H2(D) + ||q||H1(D)/R ≤ c0(||R||L2(D) + ||g||H1(D))First we look at the j:th 
omponent of R. We have

Rj = −ν




∑

i,k,l

((∂kluΦj) ◦ Φ)∂iΦk∂iΦl+

∑

i,k

((∂kuΦj) ◦ Φ)∂iiΦk



+
∑

k

((∂kpΦ) ◦ Φ)∂jΦk =

−ν

(
∑

i

(∂iΦ)T ((D2uΦj) ◦ Φ)(∂iΦ) +
∑

i

((DuΦj) ◦ Φ)(∂iiΦ)

)

+

((DpΦ) ◦ Φ)(∂jΦ) (2.10)Sin
e uΦ and pΦ solves Stokes equations we know that
−ν∆uΦj + ∂jpΦ = 0 ⇔ −ν

∑

i

eT
i ((D2uΦj) ◦ Φ)ei + ((DpΦ) ◦ Φ)ej = 0 (2.11)This gives us that the �rst term in (2.10) 
an be written as

−ν
∑

i

(∂iΦ)T ((D2uΦj)◦Φ)(∂iΦ) = −ν
∑

i

(
(∂iΦ − ei)

T ((D2uΦj) ◦ Φ)(∂iΦ − ei)+

eT
i ((D2uΦj) ◦ Φ)(∂iΦ − ei) + eT

i ((D2uΦj) ◦ Φ)(∂iΦ − ei)
)
− ((DpΦ) ◦ Φ)ej(2.12)In the se
ond term of (2.10) we 
an immediately insert Φ − Id sin
e ∂iiId = 0.This gives us

||Rj ||2L2(D) ≤

c

(
∑

i

(∫

D

|(∂i(Φ − Id))T ((D2uΦj) ◦ Φ)(∂i(Φ − Id))|2 dx +

∫

D

|(∂i(Φ − Id))T ((D2uΦj) ◦ Φ)ei|2 dx+

∫

D

eT
i ((D2uΦj) ◦ Φ)(∂i(Φ − Id)) dx+

∫

D

|((DuΦj) ◦ Φ)(∂ii(Φ − Id))|2 dx

)

+ ((DpΦ) ◦ Φ)(∂j(Φ − Id))

) (2.13)Sin
e both pΦ and uΦ are bounded by f ◦ Ψ we get
||R||2L2(D) ≤ c|| detΨ′||L∞(Φ(D))||Φ − Id||2W 2,∞(U)(||Φ − Id||2W 2,∞(U)+

1)||f ◦ Ψ||2H3/2(Φ(∂D)) (2.14)17



We also have to look for a H1 bound of the divergen
e term g. Sin
e v solvesStokes equations we have that
∑

j

((DuΦj) ◦ Φ)ej = (div uΦ) ◦ Φ = 0 (2.15)For g we have
g =

∑

j

∂j(uΦj ◦ Φ) =
∑

j,k

((∂kuΦj) ◦ Φ)∂jΦk =
∑

j

((DuΦj) ◦ Φ)∂jΦ =

∑

j

((DuΦj) ◦ Φ)(∂jΦ − ej) +
∑

i

((DuΦj) ◦ Φ)ej

=
∑

j

((DuΦj) ◦ Φ)(∂jΦ − ej) (2.16)In the same way as before, this yields
||div w||2L2(D) ≤ c|| detΨ′||L∞(Φ(D))||Φ− Id||2W 1,∞(U)||f ◦Ψ||2H1/2(Φ(∂D)) (2.17)For the derivatives we get
∂ig = ∂i

∑

j

((DuΦj) ◦ Φ)(∂jΦ − ej) =
∑

j

(∂jΦ − ej)
T ((D2uΦj) ◦ Φ)(∂iΦ)+

∑

j

((DuΦj) ◦ Φ)(∂ij(Φ − Id)) =

∑

j

((∂jΦ − ej)
T ((D2uΦj) ◦ Φ)(∂iΦ − ei)+

(∂jΦ − ej)
T ((D2uΦj) ◦ Φ)ej + ((DuΦj) ◦ Φ)(∂ij(Φ − Id))) (2.18)and we 
an dedu
e the following bound on the derivatives

||∂ig||2L2(D) ≤ c|| detΨ′||L∞(Φ(D))||Φ − Id||2W 2,∞(U)(||Φ − Id||2W 2,∞(U)+

1)||f ◦ Ψ||2H3/2(Φ(∂D)) (2.19)Now we 
an add all terms together and get our H2 bound on the di�eren
eof the solutionsTheorem 2.4 If Φ is a 2-di�eomorphism with ||Ψ||W 2,∞(U) ≤ cΨ and uΦ, pΦand u, p solves Stokes equations in Φ(D) and D respe
tively then
||u − uΦ ◦ Φ||2H2(D) + ||p − pΦ ◦ Φ||2H1(D)/R

≤

c|| detΨ′||L∞(U)||Φ − Id||2W 2,∞(U)(1 + ||Φ − Id||2W 2,∞(U))||f ||2H3/2(∂D)where 
 depends on cΨ, U and the dimension.
18



2.2.2 Di�eren
e of solutions in H1-norm IIWe will now try to �nd a H1-bound for the Stokes equations. We use the samenotation as in the previous se
tion. Sin
e the regularity result (A.7) is valid for
m = −1 we have

||w||H1(D) + ||q||L2(D)/R ≤ c0(||R||H−1(D) + ||g||L2(D)) (2.20)By (2.17) we already have the ||g||L2(D) bound. For ||R||H−1(D) we have
||R||H−1(D) = sup

||χ||H1(D)=1

< R, χ > (2.21)where χ ∈ H1
0 (D).

< R, χ >=
∑

i

< ν∆(uΦi ◦ Φ) − ∂i(pΦ ◦ Φ), χi >=

−
∑

i

(
∫

D

ν∇(uΦi ◦ Φ) · ∇χi dx

)

+

∫

D

(pΦ ◦ Φ)div χ dx =

−
∑

i

(
∫

D

ν(D(Φ − Id))((∇uΦi) ◦ Φ) · ∇χi dx +

∫

D

ν((∇u) ◦ Φ) · ∇χi dx

)

+

∫

D

(pΦ ◦ Φ)div χ dx (2.22)The �rst term in (2.22) will go to zero when Φ goes to Id. For the se
ond andthird term we have
−ν
∑

i

(
∫

D

((∇uΦi) ◦ Φ) · ∇χidx

)

+

∫

D

(pΦ ◦ Φ)div χ dx =

−ν
∑

i

(
∫

D

(1−| detΦ′|)((∇uΦi)◦Φ)·∇χi dx

)

−ν
∑

i

(
∫

D

| detΦ′|((∇uΦi)◦Φ)·∇χi dx

)

+

∫

D

(1 − | detΦ′|)(pΦ ◦ Φ)div χ dx +

∫

D

| detΦ′|(pΦ ◦ Φ)div χ dx (2.23)The (1−| detΦ′|) terms will be bounded by ||Φ− Id||W 1,∞(U) be
ause of lemmaA.9. For the se
ond and fourth term in (2.23) we get
−ν
∑

i

(
∫

D

| detΦ′|((∇uΦi) ◦ Φ) · ∇χi dx

)

+

∫

D

| detΦ′|(pΦ ◦ Φ)div χ dx =

−ν
∑

i

(
∫

Φ(D)

∇uΦi · ((∇χi) ◦ Ψ) dx

)

+

∫

Φ(D)

pΦ((div χ) ◦ Ψ) dx =

−ν
∑

i

(
∫

Φ(D)

∇uΦi·((∇χi)◦Ψ−∇(χi◦Ψ)) dx

)

−ν
∑

i

(
∫

Φ(D)

∇uΦi·∇(χi◦Ψ) dx

)

+

∫

Φ(D)

pΦ(((div χ) ◦ Ψ) − div (χ ◦ Ψ)) dx +

∫

Φ(D)

pΦdiv (χ ◦ Ψ) dx (2.24)19



Sin
e uΦ and pΦ solves Stokes equations and χ ◦Ψ ∈ H1
0 (Φ(D)) we get that these
ond and fourth term in (2.24) 
an
els. We also have that

ν
∑

i

(
∫

Φ(D)

∇uΦi · ((∇χi) ◦ Ψ −∇(χi ◦ Ψ)) dx

)

=

ν
∑

i

(
∫

Φ(D)

∇uΦi · (D(Id − Ψ))((∇χi) ◦ Ψ) dx

) (2.25)For the third term in (2.24) we have
(div χ) ◦ Ψ − div (χ ◦ Ψ) =

∑

i

((∂iχi) ◦ Ψ) −
∑

i

(∂i(χi) ◦ Ψ) =

∑

i

((∂iχi) ◦ Ψ) −
∑

i,k

((∂kχi) ◦ Φ)(∂iΨk) =

−
∑

i,k

((∂kχi) ◦ Ψ)(∂i(Ψk − xk)) =
∑

i

(∂i(Id − Ψ))T ((∇χi) ◦ Ψ) (2.26)Combining (2.22)-(2.26) gives the expression
(R, χ) = −

∑

i

(
∫

D

ν(D(Φ − Id))((∇uΦi) ◦ Φ) · ∇χi dx

)

−

ν
∑

i

(
∫

D

(1− | detΦ′|)((uΦi) ◦Φ) ·∇χidx

)

+

∫

D

(1− | detΦ′|)(pΦ ◦Φ)div χ dx−

ν
∑

i

(
∫

Φ(D)

∇uΦi · (D(Id − Ψ))((∇χi) ◦ Ψ) dx

)

+

∑

i

(
∫

Φ(D)

pΦ(∂i(Id − Ψ))T ((∇χi) ◦ Ψ) dx

) (2.27)(2.27) now gives us the bound
||R||H−1(D) ≤ c(||Φ − Id||W 1,∞(U)||(∇uΦi) ◦ Φ||L2(D)||∇χ||L2(D)+

||1 − detΦ′||L∞(U)||(∇uΦi) ◦ Φ||L2(D)||∇χ||L2(D)+

||1 − detΦ′||L∞(U)||pΦ ◦ Φ||L2(D)||div χ||L2(D)+

||∇uΦ||L2(Φ(D))||Ψ − Id||W 1,∞(U)||(∇χ) ◦ Ψ||L2(Φ(D))+

||pΦ||L2(Φ(D))||Ψ − Id||W 1,∞(U)||(∇χ) ◦ Ψ||L2(Φ(D)) (2.28)For the terms involved we have the following bounds
||(∇uΦi) ◦ Φ||L2(D) ≤ c|| detΨ′||L∞(U)||f ||H1/2(∂D)

||1 − detΦ′||L∞(U) ≤ c||Φ − Id||W 1,∞(U)

||pΦ ◦ Φ||L2(D) ≤ c|| detΨ′||L∞(U)||f ||H1/2(∂D)20



||∇uΦ||L2(Φ(D)) ≤ c||f ||H1/2(∂D)

||pΦ||L2(Φ(D)) ≤ c||f ||H1/2(∂D)

||Ψ − Id||W 1,∞(U) ≤ c||Φ − Id||W 1,∞(U)

||(∇χ) ◦ Ψ||L2(Φ(D)) ≤ c||χ||H1(D)

||χ||H1(D) = 1where the 
onstants depend on ||Φ||W 1,∞(U), ||Ψ||W 1,∞(U), U and the dimension.This together with (2.17) this gives us our Lips
hitz bound in H1-norm.Theorem 2.5 If Φ is an 1-di�eomorphism with ||Φ||W 1,∞(U) ≤ cΦ, ||Ψ||W 1,∞(U) ≤
cΨ and uΦ and u solves Stokes equations in Φ(D) and D respe
tively, 1

α ≤
|| detΦ′||L∞(U) ≤ α then
||u − uΦ ◦ Φ||H1(D) + ||p − pΦ ◦ Φ||L2(D)/R ≤ c||Φ − Id||W 1,∞(U)||f ||H1/2(∂D)where 
 depends on cΦ, cΨ, α, U and the dimension.In exa
tly the same way as we did for the Lapla
ian we 
an now �nd the samebound for |E(Φ) − E(Υ)|.Corollary 2.4 If Φ and Υ are in A, and 1

α ≤ || det(Υ ◦ Φ−1)′||L∞(U) ≤ αthen
|E(Φ) − E(Υ)| ≤ c||Υ ◦ Φ−1 − Id||W 1,∞(U)||f ||2H1/2(∂D) ≤

c||Υ − Φ||W 1,∞(U)||f ||2H1/2(∂D)where 
 depends on α, U and the dimension.2.3 Problem stated with Navier-Stokes equationsWe will now look at our real problem.Problem 3 Is there a Φ0 ∈ A su
h that E(Φ0) ≤ E(Φ) ∀Φ ∈ A. Where
E(Φ) =

∫

Φ(D)

|∇uΦ|2 dxand uΦ is a solution to






−ν∆uΦ +
∑n

i=1 uΦi∂iuΦ + ∇pΦ = 0 in Φ(D)div uΦ = 0 in Φ(D)
uΦ = f ◦ Ψ on Φ(∂D)with A as in De�nition 1.1 (see se
tion 1.3.2).
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2.3.1 Di�eren
e of solutions in H1-norm IIIIn the same way as before we will look at the di�eren
e w = u − uΦ ◦ Φ. Wehave 





−ν∆uΦ +
∑n

i=1 uΦi∂iuΦ + ∇pΦ = 0 in Φ(D)div uΦ = 0 in Φ(D)
uΦ = f ◦ Ψ on Φ(∂D)







−ν∆u +
∑n

i=1 ui∂iu + ∇p = 0 in Ddiv u = 0 in D
u = f on ∂DThe nonlinear term will, as one might expe
t, 
ause problems. In order to avoidthese, we will have to assume that the Reynolds number is su�
iently small. Inthe weak formulation we have that

ν
∑

i

∫

Φ(D)

∇uΦi · ∇ξi dx =

∫

Φ(D)




∑

i,j

uΦi∂iuΦjξj +
∑

i

∂ipΦξi



 dx ∀ξ ∈ H1
0 (Φ(D)) (2.29)and

ν
∑

i

∫

D

∇u · ∇χi dx =

∫

D




∑

i,j

ui∂iujχj +
∑

i

∂ipΦχi



 dx ∀χ ∈ H1
0 (D) (2.30)Again we put w = u − uΦ ◦ Φ and get

ν

∫

D

∑

i

∇wi · ∇χi dx =

ν

∫

D

∑

i

((∇ui − (∇uΦi) ◦ Φ) − ((D(Φ − Id))((∇uΦi) ◦ Φ)) · ∇χi dx (2.31)
∀χ ∈ H1

0 (D). Sin
e uΦ is the solution of Navier-Stokes equations in Φ(D), ∇uΦiis bounded. We see that the the term D(Φ − Id)(∇uΦi) ◦ Φ will then tend tozero. If we apply (2.30) to the right hand side in (2.31) and put w = χ we get
ν

∫

D

∑

i

|∇wi|2 dx =

∫

D

∑

i,j

ui∂iujwj dx +

∫

D

p div w dx

−ν

∫

Φ(D)

∑

i

∇uΦi · ((∇wi) ◦ Ψ) dx (2.32)The se
ond term in (2.32) will tend to zero sin
e the divergen
e of w will go tozero and p is bounded. For the last term in (2.32) we have
−ν

∫

Φ(D)

∑

i

∇uΦi · ((∇wi) ◦ Ψ) dx =22



−ν

∫

Φ(D)

∑

i

∇uΦi ·((∇wi)◦Ψ−∇(wi◦Ψ)) dx−ν

∫

Φ(D)

∑

i

∇uΦi ·∇(wi◦Ψ) dx =

ν

∫

Φ(D)

∑

i

∇uΦi ·((D(Φ−Id))((∇wi)◦Ψ)) dx−ν

∫

Φ(D)

∑

i

∇uΦi ·∇(wi◦Ψ) dx =

−ν

∫

Φ(D)

∑

i

∇uΦi · ∇(wi ◦ Ψ) dx + h(Φ − Id) (2.33)Here h(Φ − Id) is a fun
tion that tends to zero as ||Φ − Id||W 1,∞(U) tends tozero. In order to make the 
al
ulations a bit less messy we will from now onwrite all terms that tends to zero as h(Φ− Id) where h is a fun
tion that tendsto zero as ||Φ − Id||W 1,∞(U) tends to zero. Note that we will keep the samesymbol h even if it 
hanges from one line to the next. We now apply (2.29) to(2.33) and get
−ν

∫

Φ(D)

∑

i

∇uΦi · ((∇wi) ◦ Ψ) dx =

−
∫

Φ(D)

∑

i,j

uΦj∂juΦi(wi ◦ Ψ) dx −
∫

Φ(D)

pΦ div (w ◦ Ψ) dx =

−
∫

D

| detΦ′|
∑

i,j

(uΦj ◦ Φ)((∂juΦi) ◦ Φ)wi dx + h(Φ − Id) (2.34)For the �rst term in (2.34) we have
−
∫

D

| detΦ′|
∑

i,j

(uΦj ◦ Φ)((∂juΦi) ◦ Φ)wi dx =

−
∫

D

| detΦ′−1|
∑

i,j

(uΦj◦Φ)((∂juΦi)◦Φ)wi dx−
∫

D

∑

i,j

(uΦj◦Φ)((∂juΦi)◦Φ)wi dx =

−
∫

D

∑

i,j

(uΦj ◦ Φ)(∂j(uΦi ◦ Φ))wi dx−

∫

D

∑

i,j

(uΦj ◦ Φ)((∂juΦi) ◦ Φ − ∂j(uΦi ◦ Φ)) wi dx + h(Φ − Id) =

= −b(uΦ ◦ Φ, uΦ ◦ Φ, w) + h(Φ − Id) (2.35)We now apply (2.35) and (2.34) to (2.32) and get
ν

∫

D

∑

i

|∇wi|2 dx = b(u, u, w) − b(uΦ ◦ Φ, uΦ ◦ Φ, w) + h(Φ − Id) (2.36)We have due to lemma A.5 that b(u, w, w) = 0 if u ∈ H1 and w is in H1
0 anddiv u = 0. This gives us that the expression above is

b(u, u − uΦ ◦ Φ, w) + b(u, uΦ ◦ Φ, w) − b(uΦ ◦ Φ, uΦ ◦ Φ, w) + h(Φ − Id) =

b(w, uΦ ◦ Φ, w) + h(Φ − Id) ≤ c(n)||w||2H1
0 (D)||uΦ ◦ Φ||H1

0 (D) + |h(Φ − Id)|

≤ c(n)|| detΨ′||1/2
L∞(D)||uΦ||H1

0 (Φ(D))||w||2H1
0 (D) + |h(Φ − Id)| =23



≤ c(n)||uΦ||H1
0 (Φ(D))||w||2H1

0 (D)+

c(n)(|| det Ψ′||1/2
L∞(D) − 1)||uΦ||H1

0 (Φ(D))||w||2H1
0 (D) + |h(Φ − Id)| =

c(n)||uΦ||H1
0 (Φ(D))||w||2H1

0 (D) + |h(Φ − Id)| (2.37)Now we move all w terms to the left side and get
(

ν − c(n)||uΦ||H1
0 (Φ(D))

)

||w||2H1
0 (D) ≤ |h(Φ − Id)| (2.38)Now we see that if there is a 
onstant k su
h that

ν − c(n)||uΦ||H1
0 (Φ(D)) ≥ k > 0 (2.39)then the term on the left hand side of (2.38) will be larger than zero, and weknow that

k||w||2H1
0 (D) ≤

(

ν − c(n)||uΦ||H1
0 (Φ)

)

||w||2H1
0 (D) ≤ |h(Φ − Id)| (2.40)Now we need to now that the 
onditions (2.39) 
an be ful�lled. We will see thatif the Reynolds number is low then they are in fa
t ful�lled. Due to lemma A.4we have that there is a 
onstant Re0 depending on U and the dimension su
hthat if

Re :=
||f ◦ Ψ||H1/2(Φ(D))

ν
≤ Re0 (2.41)then

||uΦ||H1(Φ(D)) ≤ (3k + 1)c0||f ◦ Ψ||H1/2(Φ(D)) (2.42)We therefore have that if ||Ψ||W 1,∞(U) ≤ cΨ

ν − c(n)||uΦ||H1
0 (Φ(D)) ≥ ν − c(n)(3k + 1)c0c1||f ||H1/2(D)where c1 is a 
onstant that depends on cΨ, and k and c0 are as de�ned in se
tionA.7.2 of the appendix. If ||Ψ||W 1,∞(U) is bounded then we 
an now 
hoose νlarge or f small su
h that (2.39) is ful�lled. Therefore we 
an 
on
lude thefollowingTheorem 2.7 There exists a 
onstant Re1 su
h that, if uΦ and u solves thestationary Navier-Stokes equations in Φ(D) and D respe
tively, and Φ ∈ A,and if
Re :=

||f ||H1/2(D)

ν
≤ Re1then ||u − uΦ ◦ Φ||H1(D) → 0 if ||Φ − Id||W 1,∞(U) → 0.In almost the same way as for the Lapla
e and Stokes problems we 
an nowproveCorollary 2.5 There exists a 
onstant Re1 su
h that, if Φ and Υ are in Aand

Re =
||f ||H1/2(D)

ν
≤ Re1then |E(Φ) − E(Υ)| → 0 as ||Φ − Υ||W 1,∞(U) → 0.24



Chapter 3Existen
e of Solutions in AIn this 
hapter we will prove existen
e of minimizers to our Problems 1,2 and 3(de�ned in se
tions 2.1, 2.2 and 2.3). The main obje
tive is to �nd a topology on
A (de�ned in se
tion 1.3.2) su
h that the 
onditions of theorem A.1 are ful�lled.3.1 Compa
tnessWe start by looking at the topology. We take a bounded sequen
e {Φk} in
W 2,∞(U). The mapping

M : Φ 7→ (Φ, ∂1Φ, ..., ∂nΦ, ∂11Φ, ..., ∂1nΦ, ..., ∂nnΦ)is an isometry from W 2,∞ to the jet-spa
e
Π∗

2 = L∞(U) × L∞(U) × ...L∞(U)
︸ ︷︷ ︸

0

@

n
2

1

A+n+1with norm
||f ||Π∗

2
= ||(f1, ..., fn, f11, ..., f1n, ..., fnn)||Π∗

2
=

max(||f1||L∞(U), ..., ||fn||L∞(U), ||f11||L∞(U), ..., ||f1n||L∞(U), ..., ||fnn||L∞(U))Sin
e L∞(U) is the dual spa
e of L1(U) we have that Π∗
2 is the dual spa
e of

Π2 = L1(U) × L1(U) × ...L1(U)
︸ ︷︷ ︸

0

@

n
2

1

A+n+1with norm
||f ||Π2 = ||(f1, ..., fn, f11, ..., f1n, ..., fnn)||Π2 =

||f1||L1(U) + ... + ||fn||L1(U) + ||f11||L1(U) + ... + ||f1n||L1(U) + ... + ||fnn||L1(U)Sin
e L1 is separable and M(Φk) is bounded in Π∗ norm the Bana
h-AlaogluTheorem tells us that, we 
an �nd a subsequen
e su
h that
(Φkj , ∂1Φ

kj , ..., ∂nΦkj , ∂11Φ
kj , ..., ∂1nΦkj , ..., ∂nnΦkj )

∗
⇁25



(v, v1, ..., vn, v11, ..., v1n, ..., vnn)in the σ(Π∗
2, Π2) topology. Clearly Φkj will now tend to v weakly-* in L∞. How-ever sin
e D(U) ⊂ L1(U) we also have 
onvergen
e in the sense of distributionsand therefore ∂ijΦk

∗
⇁ ∂ijv. Therefore we get that the sequen
e Φkj 
onvergesin the distribution sense to v, and we 
an thus 
on
lude that a 
losed subset of

W 2,∞ is 
losed and 
ompa
t with the σ(Π∗
2, Π2) topology. We 
all this topologythe weak-* topology. We have thus proven the following lemmaLemma 3.1 The set {Φ ∈ W 2,∞(U); ||Φ− Id||W 2,∞ ≤ k} is 
losed and 
ompa
tin the weak-* topology of Π∗

2.In order to be able to use our Sobolev inequalities derived in 
hapter 2 weneed to know that ||Φk−v||W 1,∞(U) goes to zero when Φk goes to v weakly-*. Itis well known that W 2,∞ is 
ompa
tly imbedded in W 1,∞. This follows from thefa
t that W s,∞ 
an be identi�ed with Cs,1, and that the Arzela-As
oli Theorem(see Appendix) says that Cs,1 is 
ompa
tly imbedded in Cs−1,1. This meansthat we 
an re�ne the sequen
e above to get that it 
onverges to v′ in W 1,∞strongly. Sin
e we only re�ne the sequen
e it will still 
onverge to Φ∞ in the
σ(Π∗

2, Π2) topology. We now look at the jet-spa
e
Π∗

1 = L∞(U) × L∞(U) × ...L∞(U)
︸ ︷︷ ︸

n+1with norm
||f ||Π∗

1
= ||(f1, ..., fn)||Π∗

1
= max(||f1||L∞(U), ..., ||fn||L∞(U))The mapping

Φ 7→ (Φ, ∂1Φ, ..., ∂nΦ)is an isometry from W 1,∞ to Π∗. If Φk 
onverges to v′ in W 1,∞ strongly thenit will also 
onverges to v′ in the σ(Π∗
1, Π1) topology. Now sin
e 
onvergen
e inthe σ(Π∗

2, Π2) topology implies 
onvergen
e in the σ(Π∗
1, Π1) topology, we havethat Φk 
onverges to both v and v′ in the σ(Π∗

1 , Π1) topology and therefore wemust have that v = v′. This means that the following lemma is trueLemma 3.2 The set {Φ ∈ W 2,∞(U); ||Φ− Id||W 2,∞ ≤ k} is 
losed and 
ompa
tin the strong topology of W 1,∞(U).3.1.1 Convergen
e in AWe will now show that if Φk is in A, we 
an �nd a subsequen
e Φk
j whi
h
onverges in A. Re
all that the de�nition of A is

A = {Φ ∈ W 2,∞(U); ||Φ − Id||W 2,∞(U) ≤ k, ||Φ′ − I||2 ≤ 1/2,

Φ1(x) = x1, Φ(x) = x if x ∈ F,

∫

Φ(B)

dx =

∫

B

dx}26



Lemma 3.1 tells us that if Φk ful�lls the 
ondition ||Φk − Id||W 2,∞(U) ≤ kthen we 
an �nd a sequen
e Φkj that 
onverges weakly-* to a Φ∞ that ful�lls
||Φk − Id||W 2,∞(U) ≤ k. Lemma 3.2 tells us that this sequen
e 
an be 
hosensu
h that ||Φkj − Φ∞||W 1,∞(U) → 0 as kj → 0.The mapping M1 : W 1,∞(U) ∋ Φk 7→ ||(Φk)′ − I||2 ∈ R+ is 
ontinuous andsin
e ||Φkj − Φ∞||W 1,∞(U) → 0 as kj → 0 we get that

||(Φ∞)′ − I||2 ≤ 1/2Re
all that the operator norm || · ||2 is de�ned by
||Φ′||2 = sup

|v|2=1

|Φ′v|2where | · |2 is the standard eu
lidian absolute value.For a �xed x ∈ U the mappingM2 : C0,1 ∈ Φk → Φk
1(x) = Φk

1(x)−x1 ∈ R is 
on-tinuous. Sin
e M2(Φ
k) = 0 ∀k we have that M2(Φ

∞) = 0, that is Φ∞
1 (x) = x1if x ∈ U . Exa
tly the same argument gives us that Φ∞(x) = x if Φ ∈ F .Finally for the last 
ondition. We have that

∫

Φ(B)

dx =

∫

B

| detΦ′|dxThe mapping
M3 : W 1,∞ ∋ Φ 7→

∫

B

| detΦ′|dx −
∫

B

dx ∈ Ris 
ontinuous and sin
e F (Φk) = 0 ∀k it follows that
∫

Φ∞(U)

dx =

∫

B

dxThis gives us our 
ompa
tness lemma.Lemma 3.3 The set A is 
ompa
t in the W 1,∞-norm topology.3.1.2 The sublevel-sets A
αIn order to be able to show existen
e of solutions to our problem we need toshow that the sublevel-sets Aα = {Φ ∈ A; E(Φ) ≤ α} are 
losed in W 1,∞, andthat at least one of them is 
ompa
t and not empty. Sin
e we now that a 
losedsubset of a 
ompa
t set is 
losed the 
ompa
tness will follow from the fa
t thatthey are 
losed.That Aα = {Φ ∈ A; E(Φ) ≤ α} is 
losed means that the pre image of [0, α]is 
losed. But this is true sin
e by theorem 2.3, 
orollary 2.4 and 
orollary 2.5we have that I is 
ontinuous on A, and therefore by de�nition the pre image is
losed. This gives us our 
ompa
tness lemmaLemma 3.4 The sublevel-sets Aα = {Φ ∈ A; E(Φ) ≤ α} are 
losed and 
ompa
tin W 1,∞(U). 27



3.1.3 Existen
e of solutionsEverything is now in pla
e for our existen
e theorem. Due to Theorem A.1 wehave that Problem 1,2 and 3 has a solution. ⇔ There exists a topology on Asu
h that1. For all α ∈ R the sublevel-sets Aα are 
losed.2. There exists an α0 ∈ R su
h that Aα0 is non-empty an 
ompa
t.The topology on A is the strong topology of W 1,∞, and as we have seen thesublevel-sets Aα are 
losed and 
ompa
t with this topology. Obviously not all ofthe sublevel-sets are empty sin
e if we 
hoose Φ = Id then E(Φ) = ||∇u||2L2(D)whi
h is �nite.Theorem 3.1 Problem 1,2 and 3 has a solution.Remark. Note that for problem 3 we have to demand that the Reynoldsnumber is small enough su
h that Theorem 2.7 is ful�lled.
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Chapter 4Numeri
sIn the previous 
hapters we have been 
on
erned with showing that our problemhas a solution. In this 
hapter will now brie�y study how we 
an �nd it by usingfemlab and matlab. To be able to prove that a lo
al minimizer is in fa
t a globalminimizer, one needs to have a fun
tion whi
h has some spe
ial property like e.g.
onvexity. Unfortunately this does not seem to be the 
ase with our problem.Therefore we will only be able to look for lo
al minimas by steepest de
entmethods. However by sele
ting su�
iently many starting points we hope to�nd all lo
al minimas, and then determine whi
h one is the global minima.4.1 Solution of the problem with matlab/femlabNow that we know from 
hapter 3 that there is a solution to the problem theobvious way to pro
eed would be to say that, if we have two domains whi
h are
lose to ea
h other in some sense, then there is a mapping between the two whi
his 
lose to the identity. We 
ould then 
onstru
t domains whi
h depend on someparameters and solve with femlab. Sin
e it is mu
h easier to 
onstru
t thesedomains than to 
onstru
t mappings whi
h ful�ll all 
onditions in A, this seemslike a good idea. However this approa
h has a downside. Sin
e we are going touse steepest de
ent methods to �nd the minimum we need to be able to 
al
ulatederivatives, in our 
ase, numeri
ally. This means that we will make very small
hanges to the domain and evaluating what happens. However sin
e we usefemlab a small 
hange to the domain might lead to a 
ompletely di�erent mesh.This seems to make the steepest de
ent method produ
e very strange results.One would think that a very �ne mesh would limit this problem however due tolimitations in 
omputer power we 
an not make the mesh as small as we needto. Therefore we again turn to our mappings. If we have mapping from onedomain to another, 
lose to the identity, we 
an apply it to the mesh an get anew mesh whi
h is almost the same as the old one. This gives us a mu
h ni
ergoal fun
tion to evaluate.4.1.1 Constru
tion of mappingsWe will now dis
uss how to 
onstru
t a family of very simple mappings in R
2.The problem with these mappings is the invertibility demand. We 
annot simply29




onstru
t a base of mappings and then add them together be
ause the additionmay destroy the invertibility. A number of methods have been tested like e.g.using B-splines and using their 
ontrol points as parameters. However this givesvery 
ompli
ated expressions for the volume 
hange. The method below is theone that gives the simplest 
al
ulations and the one we have used.We want the mappings to have the form Φ(x, y) = (x, Φ2(x, y)+ y), be
auseif Φ2 is small this will be 
lose to Id(x, y) = (x, y). We start by looking at aline L parallel to the y-axis. We want to move a point d on the length h in thedire
tion of L. The idea is simply to take a fun
tion f twi
e di�erentiable, withshape like in �gure 4.1.

0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.5

1

1.5
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2.5

3

3.5

4

d(x) 

h(x) 

Figure 4.1: Mapping whi
h moves the point d(x) the length h(x).Sin
e we demand that the mappings should be invertible we get that ∂Φ2

∂y shouldbe less than 1. This gives us a bound on h. If we let d and h depend on x, then
d(x) will be the 
urve that we want to move and h(x) will be the length whi
hit will move. Φ will now have the form

Φ(x, y) = (x, h(x)f(d(x), y) + y)We note that the 
hange of the area between the x axis and the 
urve will be
∫

h(x) dx.We 
an now have some parameters k to 
ontrol h. In our 
ase we used three or�ve parameters whi
h 
ontrols the value of h in three or �ve intervals. In our
ase we made the 
onstru
tion so that the 
onstant area 
ondition gives a linear
ondition on k. The invertibility 
ondition will also give a bound on the size ofk. If we apply these mappings to the mesh we get quite good results see �gure4.2.Using femlab we 
an now evaluate the goal fun
tion, and using matlabs ownfun
tions for optimization we 
an minimize it with respe
t to the parameters k.4.2 ResultsWe made the 
al
ulation for four di�erent 
ases. One for the Stokes version ofthe problem and three for Navier-Stokes with di�erent Reynolds number. The30
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Figure 4.2: The nodes of the mesh before and after applying Φ.trouble with Navier-Stokes equations is that when the Reynolds number is highthe �ow be
omes turbulent, whi
h makes it very hard solve, numeri
ally. Air�ow is very turbulent, therefore we had to limit ourselves to �ows with mu
hlower Reynolds number.In the 
ase with three parameters we 
an a
tually plot the goal fun
tionsin
e we have a linear 
ondition on k whi
h gives the last parameter, see �gures4.3-4.6. Ea
h of these goal fun
tions 
ontain 109 data points, and it took abouta day for the 
omputer to 
al
ulate them, plus a number of failed attempts.
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Figure 4.3: Goal fun
tion for the problem stated with the Stokes equations.
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Figure 4.4: Goal fun
tion for the problem stated with the Naiver stokes equa-tions with Reynolds number 1.
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Figure 4.5: Goal fun
tion for the problem stated with the Navier-Stokes equa-tions with Reynolds number 10.
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Figure 4.6: Goal fun
tion for the problem stated with the Navier-Stokes equa-tions with Reynolds number 100.
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The minimum seems to be 
lose to zero in all four 
ases. The table belowshows the result of the steepest de
ent sear
h.
2

Starting point: Stokes Re = 1 Re = 10 Re = 100k1 0 -0.0010 -0.0008 -0.0007 -0.0005k2 0 0.0006 0.0003 -0.0011 -0.0028k3 0 0.0004 0.0005 0.0018 0.0033k1 0.02 -0.0010 -0.0008 -0.0007 -0.0005k2 0 0.0006 0.0003 -0.0011 -0.0028k3 -0.02 0.0004 0.0005 0.0018 0.0033k1 -0.02 -0.0010 -0.0008 -0.0007 -0.0005k2 0 0.0006 0.0003 -0.0011 -0.0028k3 0.02 0.0004 0.0005 0.0018 0.0033k1 -0.02 -0.0010 -0.0008 -0.0007 -0.0005k2 0.03 0.0006 0.0003 -0.0011 -0.0029k3 -0.01 0.0004 0.0005 0.0018 0.0033k1 0.01 -0.0010 -0.0008 -0.0007 -0.0005k2 -0.02 0.0006 0.0003 -0.0011 -0.0029k3 0.01 0.0004 0.0005 0.0018 0.0033Figures 4.7 - 4.10 shows the �ow, with Reynolds number 100, around fourdi�erent shaped obsta
les. The shape in �gure 4.8 is the one 
losest to theoptimal shape. If one looks 
arefully one 
an see that the bla
k area behind theobsta
le in 4.8 is slightly smaller than in the other pi
tures. The bla
k area isin fa
t parti
les whi
h have lower velo
ity. This means that this obsta
le a�e
tsthe �ow behind it less than the other ones. We also see that the area in frontof the obsta
le is quite similar in all pi
tures. All this would indi
ate that theshape in �gure 4.8 is the best of these four.
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Figure 4.7: Flow around a shape with k = (-0.02, 0, 0.02) (Re = 100).

Figure 4.8: Flow around a shape with k = (0, 0, 0) (Re = 100).
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Figure 4.9: Flow around a shape with k = (-0.02, 0, 0.02) (Re = 100).

Figure 4.10: Flow around a shape with k = (-0.02, 0, 0.02) (Re = 100).
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In the 
ase where �ve parameters were used we got the following table (whi
htook about �ve days to 
ompute).Starting point: Stokes Re = 1 Re = 10 Re = 100k1 0 -0.0019 -0.0015 -0.0003 0.0009k2 0 -0.0001 -0.0003 -0.0017 -0.0013k3 0 0.0006 0.0003 -0.0016 -0.0040k4 0 0.0006 0.0004 0.0000 -0.0018k5 0 0.0009 0.0011 0.0036 0.0061k1 -0.01 -0.0019 -0.0015 -0.0003 0.0008k2 0 -0.0001 -0.0003 -0.0017 -0.0031k3 0 0.0006 0.0003 -0.0016 -0.0037k4 0 0.0005 0.0004 0.0000 -0.0011k5 0.01 0.0009 0.0011 0.0036 0.0070k1 -0.01 -0.0019 -0.0015 -0.0019 0.0009k2 0.01 -0.0001 -0.0003 -0.0001 -0.0031k3 0 0.0006 0.0003 -0.0006 -0.0037k4 0.01 0.0005 0.0004 0.0006 -0.0011k5 -0.01 0.0009 0.0011 0.0009 0.0070k1 -0.01 0.0045 -0.0011 -0.0009 -0.0001k2 0 0.0069 0.0006 -0.0012 -0.0025k3 0.02 0.0041 0.0009 -0.0013 -0.0038k4 0 -0.0055 0.0003 0.0001 -0.0009k5 -0.01 -0.01 -0.0007 0.0034 0.0072k1 -0.01 -0.0003 0.01 0 -0.0001k2 -0.01 0.0014 -0.0200 0.0050 -0.0024k3 -0.01 0.0014 0.0053 -0.0150 -0.0038k4 0.02 0.0001 0.0036 0.0000 -0.0009k5 0.01 -0.0026 0.0011 0.0100 0.0072k1 0.01 -0.0100 -0.0011 -0.0009 -0.0001k2 -0.0067 0.0064 0.0006 -0.0012 -0.0024k3 -0.0067 0.0200 0.0009 -0.0013 -0.0038k4 -0.0067 -0.0064 0.0003 0.0001 -0.0009k5 0.01 -0.0100 -0.0007 0.0034 0.0072k1 0.01 0.0100 -0.0048 -0.009 0.0007k2 0.02 0 -0.0061 -0.0012 -0.0024k3 -0.01 0.0050 0.0043 -0.0013 -0.0045k4 -0.01 -0.0050 0.0079 0.001 -0.0011k5 -0.01 -0.0100 -0.0013 0.0034 0.0073k1 0.01 0.0100 -0.0011 -0.0009 -0.0001k2 0.02 0.0000 0.0006 -0.0012 -0.0025k3 0 -0.0000 0.0009 -0.0013 -0.0038k4 -0.02 0 0.0003 0.0001 -0.0009k5 -0.01 -0.0100 -0.0007 0.0034 0.0072The next table shows the 
orresponding values of the drag.
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Stokes Re = 1 Re = 10 Re = 10017.5322 24.9341 5.7306 1.857117.5323 24.9341 5.7306 1.856417.5323 24.9341 5.7364 1.856517.5983 24.9306 5.7300 1.855617.5260 25.3139 5.8553 1.855617.9421 24.9306 5.7300 1.855617.6911 25.0688 5.7300 1.856117.6421 24.9306 5.7300 1.8556It is di�
ult to say anything from these values. Sin
e the most of the startingpoints give di�erent minima we would need lots of more starting points. Howeverwe see that in the last 
ase with Reynolds number 100, all the minimas have asimilar shape. It is therefore tempting to assume that the minimum is 
lose tothese. The best shapes we have found are shown in �gures 4.11-4.14.

Figure 4.11: k = (-0.0003, 0.0014, 0.0014, 0.0001, -0.0026). (Stokes)
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Figure 4.12: k = (-0.0011, 0.0006, 0.0009, 0.0003, -0.0007). (Re = 1)

Figure 4.13: k = (-0.0009, -0.0012, -0.0013, 0.0001, 0.0034). (Re = 10)
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Figure 4.14: k = (-0.0001, -0.0025, -0.0038, -0.0009, 0.0072). (Re = 100)Figure 4.15 shows the �ow around an obsta
le shaped like a drop of water.One would expe
t that this shape would be optimal. However the our obsta
leis not a�e
ted in the same way by gravity as a drop of water. Surprisingly weget a rather high drag for the drop shape. For the drop we get 2.0241 while forour best shape we get 1.8556. Indeed if we 
ompare �gures 4.14 and 4.15 we 
ansee that the drop shaped obsta
le a�e
ts the �ow slightly more than our bestshape. This strange result might be be
ause of the lower Reynolds number.

Figure 4.15: k = (0.01, 0.01, 0, -0.01, -0.01). (Re = 100)
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Appendix AGeneral Theoreti
alBa
kground.In this appendix we will provide a very short theoreti
al ba
kground for the
on
epts used in this thesis. For a more 
omplete ba
kground of the basi
material [8℄ and [1℄ is worth 
onsulting, and for the material 
on
erning Stokesand Navier-Stokes equations [7℄ is re
ommended. For a derivation of Navier-Stokes equations see [9℄.A.1 General variational problemsThe theoreti
al part of this thesis is devoted to proving that problems 1,2 and3 (de�ned in se
tions 2.1, 2.2 and 2.3) has a solution. This 
an be done thanksto the following theorem whi
h is taken from [5℄.Problem A.1 Is there a Φ0 ∈ S su
h that
E(Φ0) ≤ E(Φ), ∀Φ ∈ STheorem A.1 Problem A.1 has a solution if and only if there exists a topologyon S su
h that1. For all α ∈ R the sublevel sets

Sα = {Φ ∈ S; E(Φ) ≤ α}are 
losed.2. There exists an α0 ∈ R su
h that Sα0 is 
losed an 
ompa
t.Proof We will only prove �if� an not �if and only if� sin
e this is all that isused in this thesis. Take a non-empty and 
ompa
t Sα0 . Then for all α ≤ α0 thesets Sα are the interse
tion of a 
losed and a 
ompa
t set and are thus 
ompa
t.Now let m = infΦ∈S E(Φ) and pi
k a de
reasing sequen
e {αi}∞i=1 tending to mwith αi ≤ α0 su
h that Sαi are all non empty. Any point in this interse
tion of
{Eαi}∞i=1 is a solution to Problem A.1.41



A.2 Spa
esIn this se
tion we introdu
e some of the di�erent spa
es whi
h are used inthis thesis. The standard way to de�ne distan
e between fun
tions is to use anormed ve
tor spa
e. A normed ve
tor spa
e is 
alled a Bana
h spa
e if it is
omplete in the metri
 
oming from the norm, i.e. if every sequen
e {xn}, su
hthat limm,n→∞ ||xn − xm|| = 0, has a limit. If D ⊂ R
n we make the followingde�nitionDe�nition A.1 The spa
e Lp(D) 1 ≤ p < ∞ is the spa
e of real valued fun
-tions su
h that ||u||Lp(D) ≤ ∞, where

||u||Lp(D) =

(∫

D

|u|p dx

)1/pThe spa
e L∞(D) is the spa
e of real valued fun
tions su
h that ||u||L∞(D) =
limp→∞ ||u||Lp(D) < ∞.The Lp(D) spa
es are a Bana
h spa
es with the 
orresponding norm || · ||Lp(D).The norm || · ||L∞(D) 
an also be written as

||u||L∞(D) = ess. sup
x∈D

|u(x)|If the fun
tion u is 
ontinuous then
||u||L∞(D) = sup

x∈D
|u(x)|.Remark. Note that when dealing with Lp spa
es we have to rede�ne what itmeans that two fun
tions are equal. We say that two fun
tions are equivalent(f ≡ g) if they only di�er on a set of measure zero. A more 
orre
t statementis then that the spa
e Lp/ ≡ is a Bana
h spa
e. It is easy to see that withoutthis equivalen
e relation the Lp spa
es will not be Bana
h. In fa
t the Lp normwill not be a norm sin
e any fun
tion whi
h is zero everywhere ex
ept on a setof measure zero will have Lp-norm zero.The analysis of partial di�erential equations involves not only the fun
tion val-ues but also the values of the derivatives. So if we want to ensure 
onvergen
efor the derivatives we need to in
lude them in the norms. This leads to theSobolev spa
es.De�nition A.2 The spa
e W k,p(D) is the set of all fun
tions u ∈ Lp(D) su
hthat the derivatives of order k is in Lp(D). In W k,p(D) we de�ne the norm by

||u||W k,p(D) =




∑

|α|≤k

||∂αu||pLp(D)



 , p ≤ ∞

||u||W k,∞(D) = max
|α|≤k

||Dαu||L∞(D)42



The spa
e W k,p(D) is a Bana
h spa
e, and if p ≤ ∞ it is also separable. Thespa
e W k,2(D) is usually denoted Hk. If k is not an integer then W k,p(D) 
anbe de�ned via the Fourier transform.De�nition A.3 The spa
e W k,p
0 (D) is the 
losure of the test fun
tions D(D) in

W k,p(D)-norm. Similary Hk
0 (D) is the 
losure of the testfun
tions in Hk(D)-norm.

W k,p
0 (D) is obviously a Bana
h spa
e. Sometimes it is 
onvenient to use thenorm de�ned below on H1

0 .De�nition A.4 ||u||H1
0 (D) = ||∇u||L2(D)A.3 Poin
aré's inequalityA very useful lemma is Poin
aré's inequality. It tells us that if the domain isbounded then the fun
tions in H1

0 (D) are bounded by their derivatives. This isessential for proving existen
e of solutions for Lapla
e's equation. It is used toshow that ∫D ∇u · ∇v dx is an inner produ
t on H1
0 (D).Lemma A.1 Let D be 
ontained in the strip |x1| ≤ d < ∞. Then there isa 
onstant 
, depending only on k and d, su
h that

||u||2Hk(D) ≤ c
∑

|α|=k

||Dαu||2L2(D)for every u ∈ H1
0 (D).Proof. We give the proof for k = 1, the general 
ase then follows by indu
tion.We take u ∈ D(D). Integration by parts yields

||u||2L2(D) =

∫

D

1|u(x)|2 dx = −
∫

D

x1
∂

∂x1
|u|2 dx ≤ 2d||u||L2(D)||

∂u

∂x1
||L2(D)Sin
e D(D) is dense in H1

0 (D) this holds for all u ∈ H1
0 (D).A.4 The tra
e theoremDue to [1℄ we have a theorem that 
an be used to get information on how solu-tions of partial di�erential equations depend on their boundary values. We willgive the theorem here without proof.TheoremA.2 Let s ≥ 1/2. There exists a 
ontinuous linear map T : Hs(Rm) →

Hs−1/2(Rm−1), 
alled the tra
e operator, with the property that for any φ ∈
D(Rn) we have

Tφ(x1, . . . , xm−1) = φ(x1, . . . , xm−1, 0).The theorem is proven by putting g(x1, . . . , xm−1) = φ(x1, . . . , xm−1, 0) and43



noting that
Fg(ξ1, ..., ξm−1) =

1√
2π

∫ ∞

−∞

Fφ(ξ1, ..., ξm)dξm.

||g||Hs−1/2(D) 
an then be estimated with the Fourier version of the norm. Wealso have a theorem that gives us an inverse operator, the extension operator,to the tra
e operator.Theorem A.3 Let s ≤ 1/2. Then there exists a bounded linear mapping
E : Hs−1/2(Rm−1) → Hs(Rm), su
h that T ◦ E = Id.The proof is obtained by expli
it 
onstru
tion of E.

Eφ =
1

c

∫

Rm

eiξ·x (1 + |ξ′|2)s−1/2

(1 + |ξ|2)s
Fφdξwhere ξ′ = (ξ1, ..., ξm−1).By using a partition of unity argument these results 
an be extended tobounded domains with Ck boundary.A.5 The Arzela-As
oli TheoremThe following theorem is due to [1℄. In this thesis we use it to prove that W 2,∞is 
ompa
tly imbedded in W 1,∞.Theorem A.4 (Arzela-As
oli) Let {fm} be a sequen
e of real valued fun
-tions de�ned in a 
ompa
t subset S of R

n. Assume that there is a 
onstant Msu
h that |fm(x)| ≤ M for every m ∈ N and every x ∈ S. Moreover assumethat the sequen
e fm is equi
ontinuous at every point of S. Then there exists asubsequen
e whi
h 
onverges uniformly on S.Proof. Let {xi} , i ∈ N be a sequen
e of points that is dense in S The se-quen
e {fm(x1)} is bounded, thus we 
an 
hoose a subsequen
e m1j , su
h that
{fm1j (x1)} 
onverges as j → ∞. Similarly, we 
an 
hoose a subsequen
e m2jof m1j su
h that {fm2j(x2)} 
onverges as well. We do this for all xi. Now we
onsider the diagonal sequen
e {fmjj}. Ex
ept for the �rst i − 1 terms, mjjis a subsequen
e of mij , and therefore {fmjj (xi)} 
onverges for every i ∈ N.Now put gj = fmjj . Sin
e {gm} is a subsequen
e of fm it is equi
ontinuous on
S, therefore for every ǫ > 0 there is a δ > 0 su
h that |gm(y) − gm(x)| < ǫ/3whenever |y − x| < δ. Sin
e S is 
ompa
t there is a K ∈ N su
h that for every
x ∈ S there exists i ∈ {1, ..., K} with |xi − x| < δ. Now we 
hoose N largeenough su
h that |gm(xi)− gk(xi)| < ǫ/3 for m, k > N and every i ∈ {1, ..., K}.For m,k > N and arbitrary x ∈ S we now have
|gm(x) − gk(x)| ≤ |gm(x) − gm(xi)| + |gm(xi) − gk(xi)| + |gk(xi) − gk(x)| ≤ ǫfor some i ∈ {1, ..., K}. Therefore the sequen
e is uniformly Cau
hy.44



A.6 The Bana
h-Alaogu TheoremThe following theorem is also form [1℄. It is used to prove that a bounded setin W 2,∞ is weakly* 
ompa
t.Theorem A.5 (Bana
h-Alaogu) Let X be a separable Bana
h spa
e and let
fn be a bounded sequen
e in X∗. Then fn has a weakly 
onvergent subsequen
e.Proof. Let {xk}k∈(N) be dense in X . We start by using a standard diago-nal argument to get a sequen
e that 
onverges for all xk sin
e fn is bounded.Let M be an upper bound for ||fn||. To see that the sequen
e 
onverges forevery x we do the following. For a given ǫ > 0 and arbitrary x ∈ X , we 
an
hoose k su
h that ||x − xk|| ≤ ǫ/(3M). We then have
|fn(x)− fm(x)| ≤ |fn(x)− fn(xk)|+ |fn(xk)− fm(xk)|+ |fm(xk)− fm(xk)| ≤ ǫif m and n are large enough.A.7 The governing equationsIn this se
tion we will look at the weak formulation of our governing equations.The reason for using weak formulations is that it is easier to prove that there isa solution to the weak problem and that under 
ertain 
onditions this solutionalso solves the strong problem, then proving dire
tly that there is a solution tothe strong problem.A.7.1 Lapla
e's EquationThe homogenous 
aseWe begin by looking at the homogenous Lapla
e equation. The non homogenous
ase 
an be transformed into the homogenous by using the tra
e theorem. Theequations are

{
−∆u = f D

u = 0 ∂DIn the distribution sense this is equivalent to �nding a u su
h that
−
∫

D

∆u φdx =

∫

D

fφ dx ∀φ ∈ D(D)where u is zero on ∂D in some sense. Sin
e u is zero on ∂D we have due toGauss Theorem that
∫

D

∆u φdx =

∫

D

∇ · (∇uφ) dx −
∫

D

∇u · ∇φdx = −
∫

D

∇u · ∇φdxThe weak formulation is thus
∫

D

∇u · ∇φdx =

∫

D

fφ dx (A.1)where φ ∈ H1
0 (D), sin
e D(D) is dense in H1

0 (D). Put B(u, φ) =
∫

D
∇u · ∇φdxand L(φ) =

∫

D
fφ dx. In order to prove existen
e and uniqueness of solutions45



one 
an now prove that B(u, φ) is an inner produ
t on H1
0 (D). This followsfrom the fa
t that B(u, φ) is 
ontinuous and equivalent to the standard innerprodu
t on H1(D)

(u, v)H1 =

∫

D

(uv + ∇u · ∇v) dxLemma A.2 B(u, φ) is 
ontinuous on H1
0 (D) × H1

0 (D).Proof. If u ∈ H1, φ ∈ D(D) we have that
||B(u, φ)|| ≤

∫

D

|∇u · ∇φ| dx ≤
∫

D

|∇u||∇φ| dx ≤

(

∫

D

|∇u|2 dx)1/2(

∫

D

|∇φ|2 dx)1/2 ≤ ||∇u||L2(D)||∇φ||L2(D)Sin
e D(D) is dense in H1
0 (D), B is 
ontinuous in H1

0 (D) × H1
0 (D).Lemma A.3 B(u, φ) is an inner produ
t on H1

0 (D) equivalent with the standardinner produ
t.Proof. If u ∈ D(D) we have due to Poin
aré's lemma
B(u, u) =

∫

D

|∇u|2 dx =
1

2

∫

D

|∇u|2 dx +
1

2

∫

D

|∇u|2 dx

≥ 1

2

∫

D

|∇u|2 dx +
1

2k

∫

D

|u|2 dx ≥ c||u||2H1S
hwarz inequality now gives
c||u||2H1 ≤ B(u, u) ≤ C||u||2H1The fa
t that D(D) is dense in H1

0 (D) proves the lemma.We now use Reisz representation theorem whi
h says that, if H is a Hilbertspa
e and L : H 7→ R is a linear 
ontinuous fun
tional on H then there is aunique u ∈ H su
h that (u, φ) = L(φ) ∀φ ∈ H . The fa
t that L(φ) is 
ontinuousfollows from the fa
t that
∣
∣
∣
∣

∫

D

fφ dx

∣
∣
∣
∣
≤ ||f ||L2 ||φ||L2 (A.2)This proves that there is a solution to the weak problem. (A.1) and (A.2) alsogives us a regularity result

||u||H1(D) ≤ c||f ||L2(D)In fa
t a better regularity result 
an be obtained. A 
lassi
al result is, if ∂D isin Cs we have
||u||Hs(D) ≤ c||f ||Hs−2(D) (A.3)where s is an integer (see [12℄). 46



The non homogenous 
aseWe assume that ∂D is in Ck (k ∈ N) and ∂D is bounded. Due to the Tra
eTheorem (see [1℄ or Appendix) we know that if s ≤ k there exists a boundedlinear tra
e operator T : Hs(D) → Hs−1/2(∂D), and a bounded linear extensionoperator E : Hs−1/2(∂D) → Hs(D) su
h that T ◦ E is the identity. Usingthe extension operator we 
an trade the homogeneous for
e terms in 2.1 forboundary data. If we put F = Ef and u = w + F we get
{

∆(w + F ) = ∆u = 0 in D
w + f = u = 0 on ∂D

⇒
{

∆w = −∆F in D
w = 0 on ∂DIn the weak formulation we get

∫

D

∇w · ∇φdx = −
∫

D

∇F · ∇φdx ∀φ ∈ D(D)Sin
e D(D) is dense in H1
0 (D) this extends to all φ ∈ H1

0 (D). Setting φ = wand applying Cau
hy-S
hwarz inequality yields
∫

D

|∇w|2 dx =

∫

D

∇w · ∇w dx =

∫

D

(−∇F ) · ∇w dx = (−∇F,∇w) ≤

||∇F ||L2(D)||∇w||L2(D) ≤ ||F ||H1(D)||w||H1(D)Sin
e D is bounded we also have due to Poin
aré's inequality
∫

D

|∇w|2 dx =
1

2

∫

D

|∇w|2 dx +
1

2

∫

D

|∇w|2 dx

≥ c

2

∫

D

|w|2 dx +
1

2

∫

D

|∇w|2 dx ≥ c||w||2H1(D)Finally we get
c||w||2H1(D) ≤

∫

D

|∇w|2 dx ≤ ||F ||H1(D)||w||H1(D) ⇒ ||w||H1(D) ≤ c||F ||H1(D)This gives us the bound on u

||u||H1(D) = ||w+F ||H1(D) ≤ ||w||H1(D)+||F ||H1(D) ≤ c||F ||H1(∂D) ≤ c||f ||H1/2(∂D)We see that by di�erentiating the equations we 
an get the same bounds on thederivatives of u. In fa
t it is also a 
lassi
al result that if ∂D is bounded and in
Ck where s ≤ k

||u||Hs(D) ≤ c||f ||Hs−1/2(∂D) (A.4)see [12℄.A.7.2 The Stationary Navier - Stokes EquationsThe homogenous 
aseIn this se
tion we will state the weak formulation of the Stokes and Navier-Stokes equations. A big advantage of using the weak formulations is that, aswe shall see, the pressure disappears from the equations. Also as in the Lapla
e47




ase, we only require that the solution is in H1
0 . The homogenous stationaryNavier-Stokes equations are stated as follows.







−ν∆u +
∑n

i=1 ui∂iu + ∇p = f in Ddivu = 0 in D
u = 0 on ∂DNote that u is now a ve
tor valued fun
tion, whi
h means that the �rst equationis in fa
t a system of equations. We de�ne our spa
e of solutions to be

V = {u ∈ H1
0 (D), div u = 0}We now multiply the �rst equation with a fun
tion φ ∈ V and integrate.

∑

k

(
∫

D

(−ν∆ukφk) dx +

∫

D

∑

i

ui(∂iuk)φk dx +

∫

D

(∂kp)φk dx

)

=

∑

k

∫

D

fkφk dx (A.5)If we apply Gauss theorem to the �rst term in (A.5) we get
∫

D

(−ν∆ukφk) dx = −ν

∫

D

∑

i

(∂iiuk)φk dx = −
∫

D

∑

i

(

∂i((∂iuk)φk)−(∂iuk)(∂iφk)
)

dx =

−
∫

∂D

∑

i

(∂iuk)φknidS +

∫

D

(∇uk)φk dxFor the pressure term in (A.5) we get
∑

k

∫

D

∂kpφk dx =
∑

k

(∫

D

∂k(pφk) dx −
∫

D

p∂kφk dx

)

=

∑

k

∫

∂D

pφknkdS −
∫

D

pdivφdxThe se
ond term disappear sin
e φ ∈ V . For the nonlinear term we get
∫

D

∑

i

ui(∂iuk)φk dx =

∫

D

∑

i

(∂i(uiuk)φk − (∂iui)ukφk) dx =

∫

D

(
∑

i

(∂i(uiukφk) − uiuk∂iφk) − ukφkdivu

)

dx =

∫

∂D

∑

i

uiukφknidS −
∫

D

∑

i

uiuk∂iφk dxWe now 
olle
t the boundary terms
∫

∂D

(
∑

i

(−ν(∂iuk)ni + uiukni) + pnk)

)

φkdS48



These terms all disappears sin
e φ is zero on ∂D, therefore they will have to bespe
i�ed as boundary terms. They are 
alled the natural boundary 
onditionsfor Navier-Stokes equations, and 
an be written as
−ν

∂uk

∂n
+ (u · n)uk + pnk = gk on ∂DThe weak formulation of Navier-Stokes will now be: Find u ∈ V su
h that

ν

∫

D

∇uk · ∇φk dx −
∫

D

uk(u · ∇φk) dx =

∫

D

fkφk dxfor all φ ∈ V . An alternative way to formulate the problem (used in [7℄) is tokeep the nonlinear term as in (A.5). The problem with this is that the expression
∑

ui∂iuφ does not ne
essarily make sense for any u, and φ in V . To avoid thisproblem we introdu
e a new spa
e
Ṽ = {u ∈ H1

0 (D) ∩ Ln(D), div u = 0}equipped with the norm
||u||Ṽ = ||u||H1

0 (D) + ||u||Ln(D)Due to [7℄ we have
∣
∣
∣
∣
∣

∫

D

∑

i

ui(∂ivk)φk dx

∣
∣
∣
∣
∣
≤ c(n)||u||H1

0 (D)||v||H1
0 (D)||u||Ṽwhi
h means that the nonlinear term is well de�ned. In general Ṽ is a subspa
eof V however if n is 2 or 3 then Ṽ = V . Therefore we get the alternative weakformulation:Find u ∈ V su
h that

a(u, φ) + b(u, u, φ) = (f, φ) (A.6)for all φ ∈ V . Where
a(u, φ) = ν

∫

D

∇u · ∇φdxand
b(u, v, w) =

∫

D

∑

i

ui∂ivw dxThe weak formulation of the Stokes equations are the same ex
ept that there isno nonlinear term. Due to [7℄(p.35 proposition 2.3) we also have a very usefulregularity result. If u and p solves the Stokes equations






−ν∆u + ∇p = f in Ddivu = g in D
u = h on ∂D(in R

2 or R
3) and m integer ≥ −1 then

||u||Hm+2(D) + ||p||Hm+1(D)/R ≤ c(||f ||Hm(D) + ||g||Hm+1(D) + ||h||Hm+3/2(D))(A.7)49



The non homogenous 
aseBe
ause of the nonlinear term the non homogenous version of Navier stokesequations 
an not be transformed dire
tly into the homogenous via tra
e the-orems. However something similar 
an be done. In this se
tion we will derivea regularity bound for the non homogenous version of Navier-Stokes equationswhi
h will be needed to show that if the boundary data f is small then u willalso be small. We have






−ν∆u +
∑n

i=1 ui∂iu + ∇p = 0 Ddiv u = 0 D
u = f ∂DTo be able to transform this to a problem similar to the homogenous problem weneed to �nd a ve
tor �eld whi
h takes the same values as u on the boundary andhas divergen
e zero. We 
an do this by solving the following Stokes problem.







−∆ξ + ∇r = 0 in Ddiv ξ = 0 in D
ξ = f on ∂D(A.7) now gives us that

||ξ||H1(Φ(D)) ≤ c0||f ||H1/2(D) (A.8)If we put ũ = u − ξ we get that ũ solves






−ν∆ũ +
∑n

i=1 ũi∂iũ +
∑n

i=1 ũi∂iξ +
∑n

i=1 ξi∂iũ + ∇p = f̃ Ddiv ũ = 0 D
ũ = 0 ∂Dwhere f̃ = ∆ξ −

∑

i ξi∂iξ. In the weak formulation we get
a(ũ, χ) + b(ũ, ũ, χ) + b(ũ, ξ, χ) + b(ξ, ũ, ũ) =< f̃, ũ > (A.9)for all χ in V , with a and b de�ned as in the previous se
tion. One 
an prove inthe almost the same way as for the homogenous Navier-Stokes that this equationhas a solution and that it is unique for low Reynolds number (see [7℄). We 
analso prove a regularity result for the solution. Putting χ = ũ yields

a(ũ, ũ) + b(ũ, ũ, ũ) + b(ũ, ξ, ũ) + b(ξ, ũ, ũ) =

ν||ũ||2H1
0 (D) + b(ũ, ξ, ũ) =< f̃, χ > (A.10)this gives us the bound

ν||ũ||2H1
0 (D) ≤ ||f̃ ||V ′(D)||ũ||H1

0 (D) + c(n)||ũ||2H1
0 (D)||ξ||H1(D) ⇔

(ν − c(n)||ξ||H1(D))||ũ||H1
0 (D) ≤ ||f̃ ||V ′(D) (A.11)where V ′ is the dual spa
e of V . Now if we e.g have that

c(n)||ξ|| ≤ ν/2 (A.12)50



then we get our regularity result
||ũ||H1

0 (D) ≤
2

ν
||f̃ ||V ′(D) (A.13)We also have

||f̃ ||V ′(D) = sup
||χ||

H1
0(D)

=1

< f̃, χ >where χ is in V , and
< f̃, χ >=< ν∆ξ −

∑

i

ξi∂iξ, χ >= −ν

∫

D

∇ξ · ∇χdx − b(ξ, ξ, χ) ≤

ν||ξ||H1(D)||χ||H1
0 (D) + c(n)||ξ||2H1(D)||χ||H1

0 (D) (A.14)(A.14) and (A.13) gives us that
||ũ||H1

0 (D) ≤
2

ν
(ν||ξ||H1(D) + c(n)||ξ||2H1(D)) =

2||ξ||H1(D) +
c(n)

ν
||ξ||2H1(D) (A.15)we now get

||u||H1(D) = ||ũ + ξ||H1(D) ≤ ||ũ||H1(D) + ||ξ||H1(D) ≤

k||ũ||H1
0 (D) + ||ξ||H1(D) =

(2k + 1)||ξ||H1(D) +
c(n)2k

ν
||ξ||2H1(D) (A.16)where c(n) depends on the dimension and k depends on U . (A.8) now gives us

||u||H1(D) ≤ (2k + 1)c0||f ||H1/2(D) +
c(n)2kc2

0

ν
||f ||2H1/2(D) (A.17)The 
ondition c(n)||ξ||H1(D) ≤ ν/2 will be ful�lled for low Reynolds numbers.By (A.8) we have that (A.12) is ful�lled if

c(n)c0||f ||H1/2(D) ≤
ν

2
⇒

Re :=
||f ||H1/2(∂D)

ν
≤ 1

2c(n)c0
(A.18)Substituting ||f ||

H1/2(∂D)

ν for 1
2c(n)c0

in (A.17) gives
||u||H1(D) ≤ (3k + 1)c0||f ||H1/2(D) (A.19)Thus we 
an 
on
lude thatLemma A.4 There exists a 
onstant Re0 whi
h depends on the dimension and

U su
h that for all
Re :=

||f ||H1/2(∂D)

ν
≤ Re0the bound (A.19) holds. 51



A.7.3 Some properties of the term b(u, v, w)From [7℄ we also have the following very useful properties.Lemma A.5 For any open set D in n = 2 or 3,
b(u, v, v) = 0 (A.20)
b(u, v, w) = −b(u, w, v) (A.21)

∀u ∈ H1 with divu = 0 and v, w ∈ H1
0 (D).Proof. We take u ∈ V and v ∈ D(D). For su
h u and v we have

∫

D

ui∂ivjvj dx =

∫

D

ui∂i
(vi)

2

2
dx = −1

2

∫

D

∂iui(vj)
2 dx

⇒ b(u, v, v) = −1

2

∑

j

∫

D

div u(vj)
2 dx = 0By density this is also true for v ∈ H1

0 (D). For the se
ond property we repla
e
v by v + w and use the multi linear properties of b.

0 = b(u, v + w, v + w) = b(u, v, v + w) + b(u, w, v + w) =

b(u, v, v) + b(u, v, w) + b(u, w, v) + b(u, w, w) = b(u, v, w) + b(u, w, v)A.8 Some properties of AIn this se
tion we establish some simple properties of the mappings in A whi
hare needed in 
hapter 3.A.8.1 InvertibilityNow we will derive some su�
ient 
onditions for invertibility. We need to havethis be
ause we need to know that the limit of every sequen
e in A is invertible.We will sket
h the proof of the following lemmaLemma A.6 If Φ : U 7→ U , Φ is 
ontinuous and Φ(x) = x if x ∈ ∂U then
Φ is invertible if

||Φ′ − I||2 = sup
|v|2=1

|(Φ′ − I)v| ≤ k < 1 ∀x ∈ U (A.22)It is well known that for any Φ whi
h is bounded in W 2,∞ norm we 
an 
hoosea representative whi
h is in C1,1, that is we 
an think of Φ and its derivativesas Lip
hitz 
ontinuous. We have
(Φ(x) − Φ(y), x − y) = (

∫ 1

0

(Φ′(x − t(y + x)))(x − y)dt, x − y) (A.23)52



Here (·, ·) denotes the standard inner produ
t in R
n and | · |2 the length of ave
tor in R

n. We put E = Φ − I. (A.23) then be
omes
(Φ(x) − Φ(y), x − y) = ((x − y) +

∫ 1

0

(E(x − t(y + x)))(x − y)dt, x − y) =

|x − y|22 + (

∫ 1

0

(E(x − t(y + x)))(x − y)dt, x − y) ≥

|x − y|22 − |(
∫ 1

0

(E(x − t(y + x)))(x − y)dt, x − y)| (A.24)we see that if the matrix norm of E ful�lls
||E||2 = sup

|v|2=1

|Ev|2 ≤ k < 1 ∀x ∈ U (A.25)then (A.24) be
omes
(Φ(x) − Φ(y), x − y) ≥ (1 − k)|x − y|22 (A.26)Applying Cau
hy-S
hwartz inequality to (A.26) and dividing by |x − y|2 nowyields

|Φ(x) − Φ(y)|2 ≥ (1 − k)|x − y|2 (A.27)(A.27) tells us that Φ will be inje
tive if ||Φ− Id||2 ≤ k. For the invertibility wealso need to have subje
tivity. This 
an be proven in the following way. It is wellknown that if Φ is 
ontinuous then any simply 
onne
ted domain U is mappedto a simply 
onne
ted domain Φ(U). Simply 
onne
ted means that if we takeany 
losed 
urve in the domain it 
an be 
ontinously deformed into a pointwithout passing any points whi
h is not in U . Now assume that Φ : U 7→ U isnot surje
tive. If we know that Φ(∂U) = ∂U this means that there is a point
x0 inside of U that does not belong to the Φ(U). However then Φ(∂U) 
annot be deformed to a point without x0, and therefore Φ(U) 
an not be simply
onne
ted, whi
h 
ontradi
ts our assumption.A.8.2 The pullba
k operators Φ and Φ−1The following subse
tion is due to [1℄. Even though [1℄ de�ne the pullba
k op-erators a little bit di�erent than we do, the same proofs 
an be used.De�nition A.5 Let D, Ω be open sets in R

n. A bije
tion Φ : D → Ω is 
alleda k-di�eomorphism if, Φ and Φ−11. Φ and Φ−1 are 
ontinuous on D and Ω, respe
tively,2. their derivatives of order 1 through k are bounded in W 2,∞ on D and Ω,respe
tively.The pullba
k operators are de�ned by Φ∗u = u ◦ Φ and (Φ−1)∗u = u ◦ Φ−1.We will use the 
onditions of se
tion A.8.1 for the invertibility.53



Lemma A.7 If Φ and Υ are s-di�eomorphisms then
||Id − Υ ◦ Φ−1||W s,∞(U) ≤ c||Φ − Υ||W s,∞(U)where s is a positive integer and c depends only on U and the dimension.Proof. Sin
e Φ and Υ are in A, we have that ||Φ||W 2,∞(U) and ||Υ||W 2,∞(U) arebounded.

||Id − Υ ◦ Φ−1||L∞(U) =
ess.sup

x∈U
|Id − Υ ◦ Φ−1| =

ess.sup

Φ(x̃)∈U
|Φ − Υ ◦ Φ−1 ◦ Φ| = ||Φ − Υ||L∞(U)We also have that

||xi − Υi ◦ Φ−1||L∞(U) = ||Φi ◦ Φ−1 − Υi ◦ Φ−1||L∞(U) =

||(Φi − Υi) ◦ (Φ−1)||L∞(U) = ||w ◦ Φ−1||L∞(U)where w = Φi − Υi. If we di�erentiate we get
||∂i(w ◦ Φ−1)||L∞(U) = ||

∑

k

(∂kw) ◦ Φ−1∂iΦ
−1
k ||L∞(U) ≤

c
∑

k

||∂kw||L∞(U) ≤ c||Φ − Υ||W 1,∞(U)where 
 depends on the derivatives of Φ−1. We see that if we di�erentiate on
emore we will get
||∂ij(w ◦ Φ−1)||L∞(U) ≤ c||Φ − Υ||W 2,∞(U)whi
h proves the lemma.We 
an of 
ourse 
ontinue to di�erentiate and get bounds for higher norms,if Φ and Υ are bounded in those norms. Then the following lemma is trueLemma A.8 If Φ and Υ are s-di�eomorphisms then

||Id − Υ ◦ Φ−1||W s,∞(U) ≤ c||Φ − Υ||W s,∞(U)where s is a positive integer and c depends only on U and the dimension.The following Corollary 
an be proven in exa
tly the same way as we havedone above.Corollary A.1 If Φ is an k-di�eomorphism then, the pullba
k operators Φ∗ and
(Φ−1)∗ are bounded linear mappings from Hk(Ω) to Hk(D) and from Hk(D) to
Hk(Ω) respe
tively.
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A.8.3 The term det Ψ′In order to be able to say something like uΦ ◦ Φ → u when Φ → Id, we needto have a bound on the term detΨ′. It seems reasonable to assume that if Φ is
lose to Id then detΨ′ is 
lose to 1. We start by looking at detΦ′.Due to [2℄ we have that the determinant is linear in all 
olumns (or rows). LetA and B be two n×n matrixes with 
olumns A1, ..., An and B1, ..., Bn. We thenhave
det A − detB = det(A1, A2, ..., An) − det(B1, B2, ..., Bn) =

det(A1 − B1, A2, ..., An) + det(B1, A2, ..., An) − det(B1, B2, ..., Bn) = ... =

det(A1 − B1, A2, ..., An) + det(B1, A2 − B2, ..., An) + det(B1, B2, ..., An − Bn)For a general n × n matrix we have that |Ai| ≤ ||A||L∞(D) whi
h gives
|| detA − detB||L∞(U) ≤ ||A − B||L∞(U)

n−1∑

k=0

||A||n−1−k
L∞(U) ||B||kL∞(U)If we repla
e A by Φ′ and B by I we get

|| detΦ′ − det I||L∞(U) ≤ ||Φ′ − I||L∞(U)

n−1∑

k=0

||Φ′||n−1−k
L∞(U)If Φ is in A we have that the sum is less than a 
onstant whi
h gives usLemma A.9 If Φ is an 1-di�eomorphism then

|| detΦ′ − det I||L∞(U) ≤ c||Φ − Id||W 1,∞(U)where 
 depends on ||Φ||W 1,∞(U) and the dimension nWe now look for a bound on detΨ′. We take x̃j ∈ D and x ∈ Φ(D) su
hthat x̃ = Ψ(x) and x = Φ(x̃). Sin
e Φ ◦ Ψ = Id we have due to the 
hain rule
(Φ ◦ Ψ(x))′ = (Φ′ ◦ Ψ(x))Ψ(x) = Φ′(x̃)Ψ′(x) = I (A.28)This gives us that

detΨ′ detΦ′ = 1 ⇒ det Ψ′ =
1

detΦ′If Φ ful�lls
1

α
≤ |detΦ′| ≤ α(A.28) then we have the following lemmaLemma A.10 If 1

α ≤ || detΦ′||L∞(U) ≤ α then
1

α
≤ || detΨ′||L∞(U) ≤ α
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