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Generalized Convexity in Multiple View Geometry
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Abstract Recent work on geometric vision problems
has exploited convexity properties in order to obtain
globally optimal solutions. In this paper we give an
overview of these developments and show the tight con-
nections between di erent types of convexity and opti-
mality conditions for a large class of multiview geome-
try problems. We also show how the convexity proper-
ties are closely linked to di erent types of optimization
algorithms for computing the solutions. Moreover, it
is also demonstrated how convexity can be used for de-
tection and removal of outliers. The theoretical ndings
are accompanied with illustrative examples and exper-
imental results on real data.

Keywords Generalized Convexity ¢ Multiple View
Geometry ¢Computer Vision

1 Introduction

Traditionally, optimization algorithms in multiple view
geometry have been dominated by local optimization
techniques, such as Newton or Levenberg-Marquardt
iterations for nding a local optimum [10]. Solving mul-
tiview geometry problems in general can be di cult due
to the inherent non-convexity and the presence of local
optima for such problems. Recently it has been shown
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that many multiview problems are quasiconvex [8,14,
12] under the L, -norm, and this can be exploited for
nding global solutions. Similar ideas have also been
used for detection and removal of outliers [24,15,19]. A
list of problems that can be solved within this class of
geometric vision problems can be found in Table 1.

In this paper we review this class of problems us-
ing convex analysis [21]. Our rst and main contribu-
tion is an overview of the di erent types of convexity
that these problems possess (and do not possess) as well
as their connections to optimality conditions and opti-
mization algorithms. In particular, the analysis results
in both necessary and su cient conditions for a global
optimum. In turn, this leads the way to new and more
e cient algorithms compared to the original bisection
method presented in [14,12], which constitutes our sec-
ond contribution. A third contribution is that we show
how the convexity properties can be used for detecting
and removing outliers in the data.

This manuscript is based on our preliminary results
in [20,19]. Since then several new algorithms were de-
veloped and compared using these results in [2]. By
searching over all possible rotations using branch and
bound, the class of problems for which global solutions
are attainable was further extended in [7]. Another line
of work was pursued in [9, 18] where convex analysis was
used to verify global optimality under the L,-norm.

In the next section, a mathematical problem formu-
lation is given together with a relevant review of con-
vexity from the optimization literature. In Section 3, we
use our convexity results for analysing and designing al-
gorithms for computing globally optimal solutions. Fi-
nally, in Section 4, it is shown how convexity can be
used to detect and remove outliers inL, -optimization.



Geometric L1 -problem References
i Multiview triangulation [8,12,14,6]
i Camera resectioning [12,14]

i Homography estimation [12,14]

i Structure and motion recovery with known [8,12]
camera orientation

i Reconstruction by using a reference plane [12]

i Camera motion recovery [23]

i Outlier detection [24,15]

i Reconstruction with covariance-based un- [23,13]
certainty

i Structure and motion in 1D-vision [3]

Table 1: List of di erent geometric reconstruction prob-
lems that can be solved globally under thie; -norm.

2 Problem Formulation

The geometric vision problems we are considering in
this paper are the ones where the reprojections can be
written as a ne functions composed with a projection,
that is, quotients of a ne functions. Let R;j(x) : fx 2
R";b"x+H > 0g! R. representthe squared reprojec-
tion error for a single measurement, then for our class
of problems R; takes the form

P
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Ri(x) =

@

Example 1 N-View Triangulation . Consider a set of
3£ 4 camera matricesP; and corresponding image points

lation, the objective is to recover the 3D-coordinates
X = (X1;Xg2;X3). The squared reprojection error can

then be \évritten , i

T 2 T 2
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where rowj of P; is given by the 3-vectorp; concate-
nated with the scalar g; . Hence, the connection to (1)
is given by

& = Pj i Uipis & =80 Ujps j =12 (4)
b = piz; B = Bis (5)
Example 2 N -Point Camera Resectioning . Consider

a set of 3D -points represented with coordinatesU; =
(Ui1; Ui2; Uiz) and corresponding image points with co-

ing, the objective is to recover the3£ 4 camera matrix

P, which can be represented by

3
X1 X2 X3 Xg

P=4x5 xg X7 Xg2:
Xg X10 X11 1

(6)

Similarly to (2) and (3), the squared reprojection error
Ri(x) is given by the following coe cients

a1 =[Y";1,0,0;0;0; i uisUT "5 &1 =i uig; (7)
ai2 =[0;0,0;0,U ;1§ uioUT [T &2 =i Uig; (8)
b =[0;0,0,0,0,0;0;0,UT I"; § =1: (9)

Example 3 Structure and Motion with Known Cam-

era Orientation . As in the previous two examples,
consider the squared reprojection error for one image
point with coordinates u = (uz;u,) and camera matrix

P of a 3D-point with coordinates U = (Uy; Uy; Us),
3 - 3 -

T 2 T 2
py Uty . pp Utps .
plU+ps | U1 piU+ps | U2 (10)
3 ,
- P (i ujps)"U+p;i ujps (11)
j=1 pl U+p3

If the rst 3 £ 3 submatrix of P, i.e., p1, p» and ps,
is known and the remaining variables, i.e., camera cen-
tres (encoded by the last column ofP) and 3D -points,
are to be estimated, then the above quotient is in the
form of (1). Hence, in our framework it is possible to
optimize both the camera positions and the structure
simultaneously.

The constraint qux+ B > Ore ects the fact that the
reconstructed points should be located in front of the
cameras. The dimensionality ofx depends on the par-
ticular application, for example in triangulation n =3,
in camera resectioningn = 11 etc. From a practical
point of view, m is either one or two since this corre-
sponds to applications with 1D or 2D images. However
from a theoretical point of view our results hold for any
m.

In certain applications it is also of interest to mea-
sure angular reprojection errors rather than image re-
projection errors, e.g. [3]. In this case the squared error
residuals take the following form

049
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©(x)=atan? @ ; (12)

where© (x) : fx;Q'x+ B > 0g! [0;¥4=4].

The goal in multiview reconstruction is to nd a
vector x that gives as low reprojection errors as possi-
ble. To do this we need to select a suitable optimization
criterion. The most common choice is to minimize the
sum of the squared reprojection errors (that is, thel,
cost function) since this is the maximum likelihood es-
timate under the assumption of independent, normally
distributed measurement noise. However, this formula-
tion does in general not yield a convex problem as the
following example shows and hence it may be di cult
to solve.



Example 4 Triangulation in three views . This ex-
ample is originally from [12]. Let all points lie in the
plane z = 0, so we may simplify the problem to a 2-
dimensional triangulation problem with 1-dimensional
images. LgtP, be regresented by the2£ 3 camera ma-
trix Py = 13 %1% . The centre of this camera is at
the point (j 3;j 1). We obtain two other cameras P,
and Pz by rotating around the origin by § 120°. Thus,
P, = P1R, and P3; = P,R, whereR is a 3£ 3 matrix
representing a rotation of 120* about the origin. Now,

con guration has three-fold symmetry, if there is to be
a single minimum to the L, cost function, then it could
only be the origin, which is the symmetry centre. How-
ever, the projection of the origin lies at a distance5=3
from the measured image pointsu; = 3. Thus the er-
ror vector E)or the origin is [5=3;5=3;5=3]", which has
Lo-norm 5 3=3.

On the other hand, the point (0;2) maps under Py
to point 1 which has error 5=2. Under the other two
camerasP, and Ps it maps exactly to the image point
3 with zero error. Theperror vector is [5=2;0;0]" which
has L,-norm 5=2 < 5 3=3. Thus, there are better L,
solutions than the origin (which is the L; minimum),
see also Figure 1.

Instead we choose to minimize the maximal repro-
jection error (the L1 -norm), that is,

min maxR; (x); (13)
or
min max© (X); (14)

over the setfx 2 R“;qTx + B > Og. This formulation
was rst proposed for the triangulation problem in [8].
It was shown that any (strict) local minimum is also a
global minimum for this problem.

Example 5 Triangulation in three views, contin-
ued. Taking the L; -norm of the error vectors in the
previous example, ones get the min-max errob=3 for
the point at the origin and 5=2 for the other point.
Hence, with this norm, the point at the origin is pre-
ferred. In fact, as the right plot of Figure 1 shows, it is
indeed the global optimum.

In [12,14] it was shown that problems of the form

not be attained. However the convexity properties of
the problem will allow us to nd a sequence tending
to the in mum which, in practice, is all that is needed.
Furthermore b x+ 1 = 0 implies that one of the viewed
3D points is not in front of the camera which does not
happen in real scenes. In practice, we will replace the
strict inequality B x + B > Owith B x + B , 2 in all
our implementations.

2.1 Seven Types of Convexity

In this section we will review the most common types of
generalized convexities, see also [4,5,21]. Since we will
be dealing primarily with di erentiable functions we
will restrict our presentation to functions of this type.

Denition 1 A dierentiable, real-valued function f
on a convex setS is called

Convex if

flx+@i )y f)+@i )f(y)
forall x;y 2 S and, 2 (0;1), or equivalently, if

fFy)i fe).r F)7(yi x (16)

for all x;y 2 S.
Strictly Convex
with strict inequality for all
, 2 (0;2).

Quasiconvex if

flx+@i )y max(f(x);f(y)

forall x;y 2 Sand, 2 (0;1), or equivalently, if the
sublevel sets

S(f)=fx2S;f(x)- 1g

(15)

if (15) (or equivalently (16)) holds
X;y 2 S, x 6 yand

17

(18)

are convex for allt 2 R.

Strictly Quasiconvex if (17) is ful lled with strict
inequality for all x;y 2 S, f(x) 6 f(y) and , 2
(0;1).

Strongly Quasiconvex  if (17) is ful lled with strict
inequality for all x;y 2 S, x6 y and, 2 (0;1).
Pseudoconvex if wheneverr f(y)T(xj y). Owe
also have thatf (x) , f(y).

Strictly Pseudoconvex if wheneverr f (y)T (x i
y) . Owe also have thatf (x) > f (y).

Figure 2 shows the various implications between the

(13) are examples of quasiconvex problems, although convexity classes. We will concentrate on the implica-
they are not necessarily convex. Since then a number tions Convexity ) Pseudoconvexity) Strict Quasicon-
of problems have been shown to have quasiconvex resid- vexity ) Quasiconvexity, as this is the most important

uals, see Table 1.
Remark. The setfx; qux + B > 08igis not com-
pact and in fact the in mum of such a problem might

ones for this paper. The only non-trivial implication
here isPseudoconvexity) Strict Quasiconvexity which
we prove in the next lemma.



Fig. 1: The top diagram is a contour plot of theL, error for a three-view triangulation problem. Note that there
are three local minima for the L, cost function. In the second plot, theL; cost function has a single minimum at

the origin.
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Fig. 2: Implications between the di erent classes of gen-
eralized convexities for di erentiable functions.

Lemma 1 If f is pseudoconvex theri is also strictly
quasiconvex.

Proof Assume that x; and x, are two points where
f(x1) <f(xp) and and let xz3 = x1+ (@ | ,)xo. If

f(x3) , f(x2) (otherwise we are done) without loss
of generality we may choosexs such that f (x3) is a
local maximum on the line segment x ; + (1 j , )Xz,

., 2 (0;1). Sincef is dierentiable we have that the

directional derivative along the line is f? = 0, where
V= X1j Xs. This gives us

0= jjvjify = r f(xa)T(x1i xa): (19)

Since f is pseudoconvex we now gef (x1) , f(x3)
contradicting the assumption that f (x;) <f (X2).

When we discuss properties of the various convexity
classes we need to distinguish between the following
types of points.

De nition 2 A point y is called a

Stationary Point if r f(y)=0.

Local Minimum if there exists 2 > 0 such that
f(x), f(y) forall x with jjxi yjj- 2

Strict Local Minimum if there exists 2> 0 such
that f (x) >f (y) for all x 6 y with jjx i yjj- 2.
Global Minimum if f(x), f(y) forall x.

Strict Global Minimum if f(x)>f (y) for all x.

For a di erentiable function f we always have thatstrict
local minimum ) local minimum )r f(y) =0. The
reversed implications are, however, not true in general.

It is well known that any stationary point of a con-
vex function is also a global minimum (this is easily
seen from (16)). This is a desirable property since it al-
lows us to use gradient descent methods for nding the
global optimum. For a quasiconvex function this is no
longer true. In this case we require that the point is a
strict local minimum to be sure that it is also a global
minimum.

Lemma 2 If f is quasiconvex andx” is a strict local
minimizer with 1® = f (x") then x® is a global mini-
mum.

Proof According to De nition 1 there is a set B:(x") =
fx;jix i x%j - 2g (2 > 0) such that f(x) > f (x%)
if x 6 x”. Now if there is a solution x with f (%) -



1 then both x® 2 Si=(f) and x 2 S:-(f). However
the line segment betweenx® and x must intersect the
boundary of B: which is not in in S:=(f). Therefore
S: = (f ) is not convex which contradicts the de nition of
guasiconvexity.

Quasiconvex functions may still have several local min-
ima and stationary points. Thus a gradient descent al-
gorithm may not converge to the desired global opti-
mum.

Lemma 3 If f is strictly quasiconvex andx” is a local
minimizer with 1° = f (x") then x” is a global mini-
mum.

Proof Assume that there is an x such that f (x) <
f (x"). Since x” is a local minima f (x") - f(, *x+
@i ,)x®) for , suciently small. But this implies that

fOx+@ i ,)x%), max(f (x);f(x?) for , suciently
small.

Lemma 4 Supposef is pseudoconvex, themr f (x7) =
0if and only if f(x), f(x") for all x.

Proof If r f(x®) =0 thenr f(x*)T(xj x*) =0 for all
x and by de nition f(x), f(x).

If f(x), f(x") forall x then x is a global (and hence
local) minimum and thereforer f (x) =0.

Thus for a pseudoconvex function any stationary point
is a global minimum. This ensures that the gradient
does not vanish anywhere except in the optimum, which
makes it possible to compute the solution using a gra-
dient descent algorithm.

The fact that a convex function is also pseudoconvex
is easily seen from (15). However the Hessian of a pseu-
doconvex function is not necessarily positive de nite,
and therefore a newton step might not go in the right
direction. Figure 3 shows one example of a function
that is strictly quasiconvex but not pseudoconvex (left)
and one example which is pseudoconvex but not con-
vex (right). To the left is the function f (x) = (x+1)x3
which is not pseudoconvex sincef 40) = 0 but the
global minimum is in x = | 3=4. To the right is the
function f (x) = (x i 1)=x with domain x > 0 which is
not convex sincef %(x) < 0if x> 3=2.

The remaining classes, strict convexity, strict pseu-
doconvexity and strong quasiconvexity, have the com-
mon property that any global optimizer is also a unique
global optimizer. We will only prove this for strong qua-
siconvexity (the others are similar) since this is all that
we need in this paper.

Lemma 5 If f is strongly quasiconvex anc” is a global
minimizer then x° is the unique global minimizer.
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Fig. 3: Left: A quasiconvex but not pseuduconvex func-
tion. Right: A pseudoconvex but not convex function.

Proof Assume that there is another global minimizerx,
that is f (x) = f (x”). Then by quasiconvexity

FOx+(L0,)x) = F(x%); (20)

which contradicts the de nition of strong quasiconvex-
ity.

For further details on various convexity issues, see e.g.
[4,5].

2.2 Generalized Convexity of the Error Residuals

In this section we investigate which classes of convex-
ity our application belongs to. More speci cally we will
show that the error functions R; (x) and © (x) are in fact
pseudoconvex (and thereby quasiconvex and strictly qua-
siconvex), but not strongly quasiconvex. Note that in
view of Figure 2 this rules out strict pseudoconvexity
and strict convexity. Furthermore, convexity is ruled
out by the examplef (x) = (xj 1)=x, x > 0 from the
previous section. Note that this function is of the class
(1) and it is obvious form Figure 3 that it is non-convex.

Let us rst consider strong quasiconvexity. An easy
way to exclude this class is to note that the residual
error is constant along lines. For example, in triangula-
tion the reprojection error in one image does not change
if we move the reconstructed 3D-point along a viewing
line of that image.

Next we will show that our error residuals are pseu-
doconvex. Let us rst consider the function R;j(x) in
(1). It can be written as a quotient "\‘,’I'(()f)) between the

function
i 2y (af x + #)?

i = = ! 21
MO0E T “
and the a ne function
Vi(x) = ' x + B (22)

on the setf xjv;(x) > 0g. The function (21) is convex
on the setf xjv;(x) > 0g (see [5]). Furthermore since



(22) is ane it is also concave. In the next lemma we
show that any such quotient is pseudoconvex.

Lemma6 If w; : S 7! Ris convex andv; : S 7! R
is concave thenR;(x) = "VV((;‘)) is pseudoconvex orf =
f xjvi(x) > 0g.
Proof Sincew; is convex andv; concave we have
wi(x) i wi(%),r wi(x) (xi %) (23)
Vi) i vi(k) r vi)T(xi %) (24)
according to (16). The gradient of R; is given by
v
PR = s TW0T () (25)
Setting
rRi(%)"(xj %), 0 (26)
and sincev; (x) > 0 we have
H _ T+
rwi(X) i V\Z'((:))r Vi)  (xi %), O (27)
Inserting (23) and (24) yields
0 W) Wk S (0 (k) (28)
Wik) W) oo o
ORETOR Ri(X) - Ri(x): (29)

Thus, from De nition 1, R;(x) is pseudoconvex on the
setf xjh'x + B > Og.

Before we continue further we will consider angular
error functions.

Corollary 1 If Rj(x) , 0 and pseudoconvex then the
function
@00 =aan2(" R.() (30)
is also pseudoconvex.
Proof The gradient of © is given by
F @00 = atan( " R (¥) P P R/ (1)
1+( Ri(x))? Ri(x)

(31)
Assuming R (X) 6 0 we see that
re) (xi x), 0 (32)
if and only if
rRi(x) (xi %), O (33)
which implies
Ri(x), Ri(X): (34)

Now, asatanz(p y) is monotone increasing fory , 0 we
see that (34) implies© (x) , ©(X). If Rj(X) =0 then
the same holds sinceR; (x) is a positive function.

Hence if we use angular errors instead of reprojection
errors we still have pseudoconvex residuals. We will not
regard angular errors any more. We just remark that it
is possible to develop the same theory in this case as
when we are using standard reprojection errors.

3 Solving the L -Problems
3.1 Algorithms Based on Quasiconvexity

One reason for using thel ; -norm when dealing with
guasiconvex functions is that quasiconvexity is preserved
under the max operation but not under addition. There-
fore the problem of minimizing the maximum reprojec-
tion error is a quasiconvex problem. In [12,14] an al-
gorithm for solving these problems was also given. It is
based on the observation that checking whether there is
an x such that R(x) - *, where R(x) = max; Ri(x), is
a convex feasibility problem and can usually be solved
e ciently. Using the de nition of R;(x) in (1), the fea-
sibility test R(x) - ! can equivalently be written

This is a second order cone program (SOCP) for which
commonly available software packages exist, for exam-
ple, SeDuMi [25].

Suppose we have bounds, and 1 such that 1, -
mink R(x) - 'y then a bisection algorithm for solving
miny R(X) is, up to a predetermined precision threshold
1, given by Algorithm 1.

Algorithm 1 Bisection

given : Aninterval [!;! ] known to contain the optimal value
of °, and tolerance +>0.
repeat

= (t+th)=2

Solve the convex feasibility problem (35).

if feasible then

lh

—

else

1, .— o©

K=
end if
until  1hj 1 - %

A slight modi cation to this algorithm gives a faster
rate of convergence, and is preferred. It relies on the
fact that when an armative solution to the SOCP
feasibility problem (35) is found, the solution x leads to
an upper bound?!  := max; R;(x) on the optimal value
of ° being sought. Thus, in Algorithm 1, we replace the
line ty, := ° with 1y := max; Rj(x).



A further modi cation of the algorithm was inves-
tigated in [14] by replacing the feasibility test with the
following convex program,

X

max  °;
j

(36)

°, 0 i=

(38)

The variables °; can be thought of slack variables and
the objective makes sure that the feasible solution with
the largest possible slack is returned. This solution is
often close to the global optimum and hence the number
of iterations in the bisection algorithm is reduced.
Remark . In [14], the convex program (36) to (38)
was also exploited to detect outliers. If the constraint on
°; in (38) is removed, then a solution with any °; nega-
tive is a possible indication of an outlier measurement.
We will return to the problem of outliers in Section 4.

3.2 Algorithms Based on Pseudoconvexity

When using the bisection algorithm we need to solve
a sequence of convex programs. In each step we x a
parameter * and test whether there is a solution with
error less than!. However as we know that any strict
local minimum is also a global minimum one wonders if
it would su ce to use a local method such as gradient
descent. For general quasiconvex functions it turns out
that the answer is no, since the gradient might vanish in
other points. However, for our speci c class of problems
this does not occur.

In [8] the * was allowed to vary during the opti-
mization, hence the problem was solved with a single
program. Although this program is not convex, it was
observed that this worked well for moderate scale prob-
lems. Still convergence to the global minimum was not
proven.

In this section we show that we are not limited to
keeping! xed. Pseudoconvexity allows us to derive
necessary and su cient conditions for a global opti-
mum, which opens up the possibility of using local op-
timization algorithms as the ones used in [8].

We will present two algorithms for solving our L -
problems. They are both based on interior-point meth-
ods which solve the KKT conditions of the system. The
rst one is a standard solver for non-convex problems.
Using this solver we may formulate the program such
that * is allowed to vary and thus solve the problem
with one program. This is in contrast with the bisection
method which solves a sequence of programs for xed
1. A particular problem with the bisection algorithm is
that it is not possible to specify a starting point when

using, for example, SeDuMi [25]. Hence much could be
gained by, letting * vary, and not have to restart the op-
timization procedure each time! is changed. We show
that, at least for moderate sized problems, these algo-
rithms are more e cient than the bisection algorithm
in terms of execution times.

For large scale applications we propose an algorithm
that is similar to the bisection algorithm in that it solves
a sequence of SOCPs. However rather than xing we
will approximate the original program using a SOCP.

3.2.1 Optimality Conditions

Now recall that we wish to minimize R(x) = max; R; (x),
where eachR; is pseudoconvex. It does not make sense
to say that pseudoconvexity is preserved under the max-
operation, since the resulting function is in general not
di erentiable everywhere. However we are able to use
pseudoconvexity to derive optimality conditions for the
max-function.

Theorem 1 The point x® solves!® = min 4,5 R(X),
where S = f x;vi(x) > 0 8i g, if and only if there exists
. such that

xXn

.iT Ri(x®)=0; (39)
j=1
where, 7, Oif Ri(x"lg,: 1%and, 7 =0if Rj(x") <1 °®
fori=1;:::;m and 2=1,

isi

Proof If Rj(x") <1 “ then there is a neighborhood such
that Rj(x) <! ® sinceR; is continuous. Hence we may
disregard the functions whereR;(x") <! * and assume
that all R;j(x™)= 1",

First we show that if x® is a local minimizer then
(39) is fullled. If x" is a local minimizer, then for all
directions d there is ani such that r R;j(x®)Td, 0, or
equivalently the systemr R;(x")Td < 0 for all i has
no solution. Let A be the matrix with rows r R;(x*)T.
Then the systemr R;(x*)Td < Oforall i can be written

Ad< 0 (40)
and the system (39) can be written

X
AT ®"=0; ", 0 =1 (41)

By Gordan's theorem (which is a Farkas type theorem,
see [4]) precisely one of these systems has a solution,
and therefore (39) has a solution.



Next assume that there exists ark such that R(x") >
R(X%). We will show that the system

X
T Ri(x")=0
! X
=1
i
i, Ofori=1;::;m (42)

has no solution. SinceR is quasiconvex R; are pseu-
doconvex and thereby quasiconvex) the directiond =

%X x"is a descent direction. Thereforer R;(x®)"d- 0
for all i. Now assume thatr R;(x*)Td = 0 for somei.
Then we have

R(X), Ri(X), Ri(x")=1% (43)

since R; is pseudoconvex, which contradictsR(x") >

R(X). Therefore we must have thatr R;(x*)"d < 0 for

all i. Now since all of the | are nonnegative and sum
to one, we have

X
dT

LirRi(x") <0 (44)

and therefore the system (42) has no solution.

Note that pseudoconvexity is only used in the second
part of the theorem. In fact, for general functions these
conditions are necessary but not su cient for a global
minimum, for the su ciency part we require pseudo-
convexity.

The theorem says nothing about uniqueness of the
solution. In fact, it is possible to have several solutions,
but they must all ful Il the conditions of the theorem.

The interpretation of the optimality conditions is
that if none of the gradients vanish, then in each di-
rection d there is ani such that r R;(x)"d , 0, that
is in each direction at least one of the functionsR;
does not decrease. The theorem roughly states that the
gradient does not vanish anywhere except at the opti-
mum. Hence, we could try using a steepest descent al-
gorithm that follows the gradient (or subgradient where
the function is not di erentiable). Such a method only
uses rst order derivatives, and therefore convergence
might be slow (and for nondi erential problems it might
even fail). We would therefore like to employ higher
order methods like interior point methods since these
are in general more e ective. To do this we will use
an equivalent problem (P, in (53)) that is twice di er-
entiable and contains no fractions. To show that the
KKT conditions are necessary and su cient for opti-
mality we will use an intermediate problem which is a
twice di erentiable constrained optimization problem,
before arriving at the desired formulation.

First we rewrite the problem as follows:

P, :min?
st Ri(x)i t12- 0
x2S;1t, 0 (45)

This gives us a constrained problem where all functions
are twice di erentiable. The KKT conditions for this
problem are

Ml ) T
0 o FRi(XT) _

1 + i s | 21 o} - 0 (46)

Ri(x)i (*)?- 0 (47)

i, 0 (48)

JR) (7)) =0: (49)
Corollary 2 The KKT conditions (46)-(49) are both
necessary and su cient for a global optimum in problem
(45).

Proof The KKT conditions are always necessary for op-
timality. As for su ciency, by condition (49) we know
that , 7 is zero if Rj(x") <! °. By Theorem 1 the sys-
tem (42) has a solution if and only if x® is a global
optimum of miny,s R(x). We see that if 1 > 0 then
(46) and (48) have a solution if and only if (42) has
a solution. Sinceminy, s R(X) is equivalent to problem
(45), it follows that (x°;1 ") is a global optimum for this
problem. If 1® = 0 then the result is trivial since then
r Rj(x) =0 for all i.

To avoid working with functions containing quo-
tients we rewrite our problem again. Let

P
@t x+a)?

gi(x) = (50)
hi(x) = (" x + B)? (51)
hi(x;1) = 12hi(x): (52)

An equivalent problem is

P, :mint

st.g(x)i hi(xt)- 0
x2S;1, O (53)

Note that for a xed ! this is the SOCP used in the
bisection algorithm where we have squared the cone
conditions in order to be able to take derivatives. The
KKT conditions for this problem are

H l X H a .1 o l
0 on T G(XT)ir xhi(x®1%) " _
1 + i i i 2|1 uhi(xu) =0 (54)
g(x*)i hi(x*1%)- 0  (55)
°7, 0 (56)
°H@(x®) i hi(x*;1%)=0:  (57)



Corollary 3 The KKT conditions (54)-(57) are both
necessary and su cient for a global optimum in prob-
lem (53).

Proof We have

Tl
oy 1 v G(X)

FROO= s 100 T hi) (58)
Let °7 = m We see that sinceh;(x) is positive

for x 2 S, it follows that (55) - (57) is equivalent to (47)
- (49). For equation (54) we see that if°{" is nonzero
then 12 = J E’;; and therefore the two KKT systems
are equivalent.

3.2.2 Algorithm I. A Primal dual interior point
algorithm for the pseudoconvex system

In this section we brie y review the LOQO-algorithm
[26] which is a state-of-the-art optimization algorithm
that we will use for solving moderate scale geometric
reconstruction problems. In fact, this algorithm was
rst tested in [8] for L, -optimization. It was observed
to work well, however, convergence was not proven.
Since quasiconvexity is not enough to prove conver-
gence, to our knowledge this has not been pursued fur-
ther. LOQO is an interior point algorithm for general
nonconvex problems. As most interior point methods
it searches for a solution to the KKT conditions. For a
general nonconvex problem the solution is not necessar-
ily the global minima since there may be more than one
KKT-point, however, in our case we know that there is
only one.

Recall our problem P, in (53). LOQO starts by
adding slack variablesw; , 0 such that the inequal-
ity constraints are replaced by the equality constraints
g(X)i hi(x;t)i w = 0. The constraints w , 0 are
eliminated by adding a logarithmic penalty term, to
the objective function, resulting in

PLOQO . min 130 j=1 |Og(WJ)
st.g(x)i hi(x*)i w =0: (59)
The rst order conditions for this problem are
p T[ H o o o] TI
0 +x o, rgj(X)ir th(x;l ) =0 (60)
1 J_ ! i 21%h; (x")
°+ W% = (61)
g(x)i hi(x;*)i wi=0: (62)

LOQO uses Newton's method to solve these equations.
It can be shown that as® tends to zero this gives a
solution to the KKT conditions for our problem. And
by the theory in Section 2.2 we know that this gives us
the global optimum.

3.2.3 Algorithm 1l. Solving the KKT condition via a
sequence of SOCPs

Although the algorithm presented in the previous sec-
tion is much more e cient than the bisection algorithm
of [11] for moderate scale problems (see Section 3.3) we
have found that for large problems it converges very
slowly. Therefore we also present an algorithm that
solves the KKT conditions via a sequence of SOCPs.
It resembles the bisection algorithm in that it solves
a sequence of SOCPs. The di erence is that instead of
xing ' to get a cone program we will make a sim-
ple approximation of the condition g (x)j hij(x;t) - 0
with another cone condition such that the KKT condi-
tions of the resulting program approximates the KKT
conditions of the original program. Recall that in the
bisection algorithm we solve feasibility problems of the

type

P. : nd x
st.g(x)i hixt)- 0
x2S;t, 0 (63)

for a sequence of xedt = f1,g. Here! is xed since we
want h;j(x;1) to be an ane function squared. Recall
that h;(x;t) = (* (" x+1))2. However instead of xing
1 we may choose to approximatet (bf x + fj) with its
1st order Taylor expansion around a point(x;;*). The
Taylor expansion can be written

L xB) vt x+ B)+ 6 (T x+ ) (64)

where ¢ = 1 1,. Note that if the second term is
disregarded we getP. . Let
hi (1) = (1B x + B) + ¢ (B x + 1)) (65)
and consider the program
P. :min?
st. g(X)i hi(xt)- 0
X2S;t, 0 (66)
The rst order conditions of this program are
u ﬂ u o e} o ﬂ
0 +X o rgi(x)ir xhiI(X;l) =0 (67)
1 o i @hy (x%;17)
g(x") i hy(x*t%) - 0 (68)
.i. 0 (69)
L (@O) i (x%E) =00 (70)

It is reasonable to assume that this program approxi-
mates problemP, well in a neighborhood around(x;;1 ).
Therefore we de ne the sequencéx;;* g as follows. For
a given (x;;1) we let x;+; be the solution of the pro-
gram (66). To ensure that (X;+1;*+1) will feasible in
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P, we put 1,1 = maxRj(x;+1). Note that f1,gis a
descending sequence with, , O for all I.

We will see thatif 141 = 1, then x;+1 ;1 also solves
problem (53). We have that

hi (x;11) = hi(x;*)
rxhi (1) =1 xhi(xt):

(71)
(72)

Since bothx, and x,+; are feasible we have@h;; (Xj+1 ;1) >
0. By rescaling the dual variables it is now easy to see
that since the system (67)-(70) is solvable with(X;+1 ;1)
then so is (54)-(57).

3.3 Experimental Results

In this section we compare the proposed algorithms
with the state-of-the-art, which is the bisection algo-
rithm. For moderate scale problems we tested the algo-
rithms on randomly generated instances of the triangu-
lation, resection and homography problems of di erent
sizes. The reported execution times are the total time
spent in the optimization routines, that is, we do not
include the time spent setting up the problem.

All the experiments have been carried out on a stan-
dard PC P4 3.0 GHz machine. For solving SOCP prob-
lems, we use the publicly available SeDuMi [25]. Both
SeDuMi and LOQO are considered to be state-of-the-
art optimization software and they are both optimized
for e ciency. Still, we are aware that the reported re-
sults are dependent on the actual implementations, but
it gives an indication of which approach is most e -
cient. Another measure of time complexity is the num-
ber of Newton iterations each method has to solve. Even
though the Newton iterations are not equivalent for the
di erent approaches, it gives, again, an indication of
which scheme is preferred. This measure is mostly rel-
evant for large scale problems.

To achieve approximately the same accuracy for the
di erent algorithms we chose the following termination
criteria. For the bisection algorithm we used the di er-
ence between the upper and lower bounds. When the
di erence is less than 10 # the algorithm terminates.
LOQO uses a threshold on the duality gap as termi-
nation criteria. The threshold was set to 10' 4. For the
SOCP algorithm we used ¢! 10 4 as termination
criteria. For each size we measured the average execu-
tion time for solving 100 instances of the problem. The
results are shown in Table 2.

For the large scale test we used the known rotation
problem. Here we assume that the orientations of the
cameras are known. The objective is to determine the
3D structure (in terms of 3D points) and the positions
of the cameras. We have tested the SOCP-algorithm on

bisection | SOCP-approx. LOQO

Triangulation:
5 cameras 1.23 195 .00281
10 cameras 1.38 .207 .00358
20 cameras 1.29 .223 .00645
30 cameras 1.36 .234 .00969

Homography:
10 points 1.05 .363 .00816
20 points 1.17 373 .0128
30 points 1.22 377 .0193

Resectioning:
10 points .823 327 .0128
20 points .994 .345 .0287
30 points 1.04 .349 .0418

Table 2: Average execution times (s) for 100 random
instances of each problem.

two sequences. The rst one is a sequence of 15 images
of a ower and a chair (see Figure 5), and the second one
is the well known dinosaur sequence (see Figure 6). For
large scale problems, we have noticed that the LOQO
algorithm sometimes stops prematurely, without con-
verging to the global optimum. We believe that this is
due to bad numerical conditioning. Therefore no experi-
ments are reported with LOQO for these test scenarios.

The obtained reconstructions are shown in Figures 5
and 6. Figure 4 shows the convergence of the SOCP-
algorithm. For comparison we have also plotted the
upper (dashed line) and lower bound (dotted line) of
the bisection algorithm at each iteration. For both se-
guences the SOCP algorithm converges after 4 itera-
tions. In contrast the bisection algorithm takes 15 iter-
ations to achieve an accuracy ofl0' #. However, com-
paring the number of SOCPs solved is not completely
fair since each SOCP solved by the bisection algorithm
is slightly simpler. Therefore we also calculated the to-
tal number of Newton steps taken during the optimiza-
tion. Table 3 shows the measured execution times and
the total number of Newton steps.

bisection | SOCP-approx.
Flower sequence:
Execution times (s) 47.4 16.6
Newton iterations 261 87
Dinosaur sequence:
Execution times (s) 34.0 15.9
Newton iterations 215 70

Table 3: Measured execution times (s) and total number
of Newton iterations for computing the structure and
motion of the ower and dinosaur sequences.
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Fig. 4. Convergence of the bisection and the SOCP al-
gorithms for the ower sequence (top) and the dinosaur
sequence (bottom).

4 Outlier Removal Based on Pseudoconvexity

In this section we will consider the problem of outlier
removal under the L; -norm. We will show that the
property of pseudoconvexity is also useful in this con-
text. Note that since the results are derived using the
property of pseudoconvexity they will also hold for the
stronger types of convexities. This includes for example
the minmax problems concidered previously, but also a
number of other problems which have, not just pseudo-
convex, but even convex error residuals.

The problem of outliers has also been addressed in
the context of L, -optimization before. In [14], a heuris-
tic, non-optimal method is used to remove outliers. In
[24] it is shown how to detect potential outliers in the
optimization process. The algorithm in [15], originally
introduced in [17] can be seen as a re nement of [24] as
actual outliers are detected and removed.

In computational geometry, there is a long tradition
of providing performance bounds for di erent types of
geometric optimization algorithms, see [1] for a survey.
We have been inspired by this in our work and some
terminology is borrowed from that research community.

Fig. 5: Three images from the ower sequence, and the
reconstructed structure and motion.

Fig. 6: Three images form the dino sequence, and the
reconstructed structure and motion.

4.1 Maximizing the Number of Inliers

Suppose we are given a set of error residual; (x);i 2
H which are pseudoconvex. A solutiorx 2 R" is said to
be consistent with tolerance! and subsetl if Rj(x) - *
foralli21 %H.

The goal is to nd the largest possible subsetl un-
der the constraint that there exists a consistent solution
x 2 R" for | with a preset tolerance! . See Figure 7 for
an example. Mathematically, we are interested in solv-
ing the following problem,

i
Ri(x)- * 82l

Note that, fora xed | p H, the constraints R;j(x) - *
can be formulated as a convex feasibility problem, since
we assume thatR; (x) is pseudoconvex. This allows us to

Iul—rll:qxa)éR” (73)

S.t.
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determine whether or not there exists a solutionx 2 R"
which is consistent with the subset| by convex pro-
gramming. Using a local search, or bisection, one can
also nd the minimum possible tolerance for| by solv-

ing

12(1)= min maxR; (x); (74)
where 1 ?(1) is the optimal tolerance value. Note that
this is the L; -problem where we have restricted the
maximization to a subset of the residuals. This min-
max problem will play a key role in the analysis of the
problem.

Let x; denote the optimal solution for I . At a rst
glance, the problem in (73) may seem intractable since
it is a mixed combinatorial problem - it involves both a
combinatorial decision (subset selection) and continu-
ous variables (for the transformation). Using the nota-
tion X', a simple reformulation of (73) is readily avail-
able,
mahx i

st Ri(x()- * 821l (75)

This formulation gives a hint of a possible algorithm:
Perform an exhaustive search over all subsets di and
for each subset compute the optimal transformation
and verify whether it is consistent or not. However, the
complexity of the algorithm is exponential and hence
not very useful. We shall see that we need not search
over all subsets. In fact it is possible reduce the com-
plexity to a polynomial-time search algorithm.

Let us consider a simple example that ts into our
framework, namely nding a 2D similarity transforma-
tion between two point sets. The source pointsx; are
mapped to the target points y; by a similarity trans-
formation Qx; + t. The rotation and scaling Q can be
parameterized linearly as

uabﬂ_

Qain= o (76)
As residual error we use the standard 2-normjQx; +
ti viji3, which is convex in the variables(a;b;1). Fig-
ure 7 shows an instance of the problem without any
outliers (o-source points, *-target points). In the upper
left gure, the two point sets and their correspondences
are shown. In the lower left, the error residuals of the
optimal registration are shown. In this case there are 5
residuals that attain the maximum error. To the right

is a histogram of the number of residuals obtaining the
maximum error when running 1000 repetitions of the
problem. Note that we always have 5 or less residuals
that attain the maximum error. We will show later that
this is no coincidence.

Before we continue to analyze the problem formu-
lation in (75), we will introduce some useful concepts
from computational geometry (see [1]).

4.2 Bases and Support Sets

If there exists a subsetS p | having the same optimal
value 1 %(S) = 1%(1), that is,

min maxR;(x) = min  maxR;(x);
X2R" i2S

x2R" 2l (77)

then we say that S and | are equivalent, and write
S» |.

The elements inl for which Rj(x®) = 17(1) (the
active constraints) form the support set. We will denote
this set supp(l;x ). By a basisB of | we mean a set
B that is equivalent to | but contains no equivalent
proper subset. Or formally

De nition 3 B is a basis set ofl if B » | and for all
SuB,S» | we haveS = B.

The maximum cardinality of any basis is called the com-
binatorial dimension of I .

Note that the support set depends on the particular
optimizer, whereas the basis sets are de ned only in
terms of the objective values. The reason for this will
become apparent in the next section.

In general the support set may be larger than the
basis set ofl . It is easy to construct such cases. Consider
for example the 2D-similarity transformation. Suppose
in the optimal solutions the largest residuals have value
1. Then by adding another point correspondence with
exactly * error (under the optimal transformation) we
have added another residual to the support set. How-
ever as the transformation does not change when re-
moving the correspondence again the support set is
not a basis set. Note however that it is very unlikely
that this should occur in a real system subject to some
reasonable noise model. Clearly the set of points at a
certain distance from another point has measure zero.
Therefore in practice we can regard these sets as the
same.

4.3 Size of the Basis Sets

In this section we will show that the combinatorial di-
mension is always (relatively) small and independent of
the cardinality of the constraint set H. We will show
that if x 2 R" then the size of the basis sets is always
less than or equal ton + 1. To do this we will assume
that the residuals R;(x) are pseudoconvex which we
have seen is true for a large number of multiview geom-
etry problems.
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Fig. 7: The registration problem with known correspondences. Lefto-source points, *-target points. Middle: The
residuals (ve active). Right: Histogram of the number of acive residuals when running 1000 instances of the

problem.

First, we need the following classical theorem ([22]):

Theorem 2 (Caratheodory) Let M be a set of points
in R" and let C = con M ). Then x 2 S if and only
if x can be expressed as a convex combination of+ 1
points in M.

We are now ready to establish the size of the basis
sets.

Theorem 3 Let (x";1 ") be the optimal solution oft * =
Mminy, rn Maxjz| Rij(x) for some setl. Then, if B » |
and B is a basis ofl thenjBj- n+1, and

rir;an Ri(x™) = [(nzlgn rlr;an Ri (x): (78)

Proof According to theorem 1 there are,? , 0, i =

s s

fullled. We assume that for a subsequence,; > 0,
k=1;::;1 wherel>n +1, otherwise we are done.
Let M be the setfr R;,(x");::;r R (x°)g. Since
.i . 0, conditions (39) imply that 02 convhull(M ): By
Caratheodory's theorem, 0 can be written as a convex
combination of n+1 points from M . Hence there exist
7+ such that conditions (39) are ful lled with 7 6 0
for at most n+1 of ;7. Next, letting B = fi; ;7 > Og
it is easy to see that the conditions of Theorem 1 are
fullled and thus B » |, and x” solves (78).
Note that the combinatorial dimension is independent
of the cardinality of the constraint set H.

Remark . A special case where the above theorem is
easier to prove is when the min-max problem can be
written as a linear program. In this case we can prove
it by studying the domain of the problem. For a linear
program the optimum is always attained in an extreme
point of the simplex. For a simplex in an n + 1 di-
mensional space the extreme points are comprised of
intersections ofn + 1 of the constraints. For a problem
wherex 2 R" and! 2 R we can discard all butn +1
constraints and still obtain the same solution.

4.4 A Greedy Algorithm for Outlier Removal

In [24] Sim and Hartley proposed a greedy algorithm
for removing outliers. Their algorithm starts by solv-
ing the minmax problem (77) with all residuals con-
sidered to be inliers. The inlier set is then updated by
removing the residuals attaining the largest value, the
support set. Then the minmax problem is solved again
with the new inlier set and the process is repeated un-
til the solution is consistent with some prede ned *.
In general this process does not work, a simple coun-
terexample was given in [24]. It was also shown that for
a ne-projective problems it gives a set containing only
points from the inlier set. More precisely they showed
the following theorem:

Theorem 4 Let xj; be the solution of

10 - H X .
(H) [(nz@n rir;%xR.(x). (79)

Suppose there exists an inlier set %2 H for which

. (x) <1 7(H)-
Jmin maxR; (x) (H) (80)
Then the support setsupp(H; x /) must contain at least

one index not in|.

Here the inlier set | is any set which ful lls (80). As
this is true for any such set, in particular it is true for
the inlier set with the maximum number of inliers in
which we are interested.

It turns out that the property of quasiconvexity is
not enough to show this. Instead the authors used strict
quasiconvexity, which is a slightly stronger condition. In
this section we show that the same result can be seen
from Theorem 3, which also o ers some insights as to
how may outliers this method can handle. Note that
when discarding the entire support set we might if we
are unlucky be removing only one outlier whereas the
rest may be inliers. Hence in order to work, this method
requires a large number of inliers.
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Proof As noted in [24] the key property that is needed is
that we can remove any pointj 2 supp(H; x}; ) without
a ecting the solution, that is

max

Ri(xf) = min
i2Hif jg () X2R

max R;j(X) = min maxR;(x):
Ti2Hif jg X2R" i2H

(81)

However this is true by Theorem 3. Now we may remove
all residuals but for those in the support set and we see
that

min max

Ri(x)= *°(H
X2R" i2supp(H:x ) I() ( )

(82)
and as adding residuals may only give a larger optimal
value we may conclude that at least some point in this
set is an outlier.

Theorem 3 also gives the size of the basis sets. As
these generally are of the same size as the support
sets this gives us an estimate of the inlier outlier ratio
needed in order for the algorithm to successfully remove
all outliers. If n denotes the degrees of freedom of the
problem, then at each iteration we might in worst case
remove n inliers and 1 outlier, and therefore in order
not to run out of inliers the ratio needs to be roughly
n : 1. (We also need to have enough inliers left to es-
timate the model parameters, but this does not a ect
the ratio if the number of measurements is large.)

The downside of using this algorithm is that we do
not nd the entire inlier set but only a subset. We might
try to enlarge the selected inlier set by estimating the
solution x® and one by one add the residuals with the
smallest error under the current solution x°. There is
however no guarantee that we will nd the largest inlier
set.

4.5 Experimental Results

Next we preform a simple real data experiment to ver-
ify our theory. We rst consider the same problem as
in the synthetic experiment in Figure 7, that is 2D to
2D registration with similarity transformation. In this
experiment we try to detect the book shown, in Fig-
ure 8, in the images in the left column of Table 4. We
used the standard SIFT-descriptor [16] to generate cor-
respondences, and then applied the algorithm with the
outlier tolerance 1 set to 3 pixels (we tried other val-
ues of! as well, but they gave similar results). As we
have seen, when using a similarity transformation the
degrees of freedom il and therefore the support set
size should be5 or less which seems to be veri ed by
the histograms in the middle column of Table 4. For
comparison we also ran the algorithm on the same data

Fig. 8: The model image that was matched against the
images in Table 4.

when applying an a ne transformation instead. In this
case the degrees of freedom & and therefore the size
should be no more than7 which can be seen in the right
column of Table 4. All the registrations appear correct
except the fourth one. In this case there are two very
strong possibilities and it is actually the incorrect one
that gets the most inliers. One might expect that the
di erence between the two versions should be bigger
since the a ne version discards more correspondences
in each step. However, to some extent this is compen-
sated by the fact that it terminates faster since it ts
the data easier.
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Similarity Transformation (4 dof):

A ne Transformation (6 dof):

Total Number of Correspondences: 241

Histogram of the support set size:
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Inliers left: 163
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Discarded Correspondences: 53
Inliers left: 159

Total Number of Correspondences: 98
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Discarded Correspondences: 82
Inliers left: 16

Histogram of the support set size:

0 1 2 3 4 5 6 7

Discarded Correspondences: 91
Inliers left: 7

Table 4: Some simple 2D registration problems. Left: The input images wit the registration obtained when applying

a similarity transformation (green points are inliers, red points are the discarded ones and the white lines shows the
estimated position of the book). Middle and Right: Histogramof the support-set-size in each step of the algorithm
when applying similarity transformation and a ne transformat ion respectively.
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