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Motion Estimation in Image Sequences Using
the Deformation of Apparent Contours

Kalle Astrdom, Member, IEEE Computer Society, and Fredrik Kahl

Abstract—The problem of determining the camera motion from apparent contours or silhouettes of a priori unknown curved three-
dimensional surfaces is considered. In a sequence of images, it is shown how to use the generalized epipolar constraint on
apparent contours. One such constraint is obtained for each epipolar tangency point in each image pair. An accurate algorithm for
computing the motion is presented based on a maximum likelihood estimate. It is shown how to generate initial estimates on the
camera motion using only the tracked contours. It is also shown that in theory the motion can be calculated from the deformation of
a single contour. The algorithm has been tested on several real image sequences, for both Euclidean and projective reconstruction.
The resulting motion estimate is compared to motion estimates calculated independently using standard feature-based methods.
The motion estimate is also used to classify the silhouettes as curves or apparent contours. This is a strong indication that the
motion estimate is of good quality. The statistical evaluation shows that the technique gives accurate and stable results.

Index Terms—Motion, surface geometry, silhouette, epipolar constraint.
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1 INTRODUCTION [

HE apparent contours of three-dimensional surfaces are

known to be a rich source of information. Under known
viewer motion, reliable descriptions of curved surfaces can
be recovered from the apparent contours, cf.! [19], [12], [10],
[30], [28], [8]. Inference of 3D shape is even possible from a
single image, cf. [29]. In this paper, we consider the problem
of determining the camera motion from the deformation of
apparent contours. The 3D structure js not assumed to be
known a priori.

Motion estimates are needed in various situations, e.g.,
navigation, object grasping and, as mentioned, surface re-
covery. It is shown how special points on the apparent
contour, called frontier points or epipolar tangency points, can
be detected in image sequences and used to recover the
viewer motion.

The special case of frontier points under orthographic
projection and object rotation around a single axis was con-
sidered in [24], [18]. In [23], although primarily concerned
with stereo calibration from 3D space curves, it was noted
that the intersection of two contours from two discrete
viewpoints generated a point, visible in both images. This is
also mentioned in [30], where the apparent contours are
used for object modeling. This constraint was exploited in
[9] in the analysis of the visual motion of space curves. An
approach for parallel projection has been presented in [31],
[32]. Another approach using trinocular stereo has been
presented in [20].

In [1], [11], it was shown how the viewer motion can be
calculated from the constraints on the camera motion and
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the epipolar tangency points. However, only a pair of im-
ages was considered. In this situation the problem is often
ill-conditioned and therefore it is difficult to accurately es-
timate the motion parameters. We extend this idea to treat
each pair in an image sequence simultaneously to obtain
more stable results and to recover the full motion of the
camera. We show how an initial estimate of the camera
motion can be obtained using only the tracked apparent
contours. A fully automatic and practically working algo-
rithm is developed. The algorithm is extensively tested on
real image sequences and the results are validated in sev-
eral independent ways. This is done for the case of an un-
calibrated camera. For a camera with unknown and possi-
bly varying intrinsic parameters, it is well-known that the
motion can only be recovered up to a projective transfor-
mation, cf. [15], [26]. By assuming constant intrinsic pa-
rameters of the camera, Euclidean reconstruction of the
motion is possible, cf. [16], [2]. The methodology in this
paper can also be employed to calculate camera motion
with calibrated cameras. A preliminary version of this work
was presented in [21].

Given a sequence of images, the objective is to recover
the motion of the camera from the deformation of apparent
contours. In other words, we want to find the camera ma-
trix for each image in the sequence. Considering a pair of
camera matrices, the epipolar geometry can be expressed in
terms of the fundamental matrix. All epipolar tangency
points seen from these two views obey the epipolar con-
straint and this can be used to find the viewer motion that
is compatible with all the fundamental matrices of the se-
quence. Additional insight to the problem is given by ex-
amining a dual formulation of the generalized epipolar
constraint.

The paper is organized as follows. In Section 2, the
viewing geometry of contours and the generalized epipolar
constraint are described. An algorithm based on a maxi-
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mum likelihood estimate of this constraint is given in Sec-
tion 3. In Section 4, extensive experiments on real image
sequences are presented together with a statistical evalua-
tion. The limitations of the method are also described. Fi-
nally, Section 5 contains a brief conclusion.

2 THE VIEWING GEOMETRY OF CONTOURS

2.1 Understanding the Viewing Geometry

Introduce a coordinate system in the image and an object
coordinate system in 3D space. It turns out that it is con-
venient to express points in so-called homogeneous coordi-
nates. A point U in the scene with coordinates (X, Y, Z) is
represented in homogeneous coordinates as U = [X Y Z 1]".
Vectors are considered to be equal in homogeneous coordi-
nates if they are a nonzero multiple of each other. Similarly
in the image, a point with coordinates (x, y) is represented
in homogeneous coordinates as u = [x y 1]". The projection
of a point can then conveniently be represented by a 3 x 4
camera projection matrix P. A point U in the scene with
homogeneous coordinates is projected to the point u in the
image according to

x
Au=AMy|=PU, A=z0, 1)
1

where X is a scale factor. The camera projection matrix can
be factorized as

P=K[R (-Ro)], @)

where K contains information about the internal calibration
of the camera, R is a rotation matrix representing camera
orientation, and c is the camera center or focal point.

Consider a curved surface, for example the one illus-
trated in Fig. 1 and the image of that surface. For an arbi-
trary camera position, the contour generator of a surface is
defined as the locus of the points on the surface for which
the tangent planes contain the camera center. The contour
generator divides the surface into the visible part and the
occluded part. In turn, the apparent contour is defined as the
image of the contour generator.

An abstract concept called the dual space gives addi-
tional insight. Consider a plane in the object world, which
will be referred to as the primal space. Its equation can be
written

aX+bY+c¢Z+d=0. 3)

Represent the plane by a homogeneous vector IT = [a b ¢ d]".
Notice that IT and 2I1 represent the same plane since the
equation is homogeneous. It is natural to think of each
plane as being a point in P’. The set of all planes forms the
dual space. We say that the plane in the primal space corre-
sponds to a point in the dual space (or the dual of a plane is
a point). The class of all points and the class of all planes are
symmetrically related to each other. The dual of a point is
the set of planes that go through the point. These planes
form a plane in the dual space as can be seen by (3). Thus a
point in the primal space corresponds to a plane in the dual
(or the dual of a point is a plane). To every property of
planes in the geometry of points, there corresponds a prop-

contour generator

camera center apparent contour., ¥

Fig. 1. The projection of a contour generator.

erty of points in the geometry of planes. This is the Princi-
ple of Duality, cf. [25]. For smooth surfaces, the dual is de-
fined as the set of planes that are tangent to the surface.
Most often the tangent planes form a surface in the dual
space. For special types of surfaces, like ruled surfaces the
tangent planes form a curve in the dual space.

Consider again the viewing geometry of smooth sur-
faces. The set of tangency planes to the surface at the con-
tour generator is precisely the set of planes that both are
tangent to the surface and go through the camera center. In
other words, it is the intersection of the dual of the surface
with the dual of the camera center, cf. Fig. 2. Thus, this set
of tangency planes in the primal space corresponds to a
curve on the dual surface. The projection of such a tangency
plane, I, onto the image plane is a line, as can be seen in
Fig. 1. If this line ax + by + ¢ = 0 is represented by homoge-
neous coordinates I = [a b c]', then the constraint that the
world point U lies in the plane I is the same as saying that
its projection PU must lie in the line [, i.e.,

mu=I>PU=0.
Since this is valid for all points U, it follows that
=Pl

Let s be the curve parameter of the apparent contour. For
each point u(s) on the curve, calculate the tangent line to the
curve I(s). Then the curve in the dual space can be obtained
as TI(s)= P'l(s). Thus a curve on the dual surface is easily
obtained from the apparent contour in the image if the
camera matrix is known.

2.2 The Generalized Epipolar Constraint
2.2.1 Two Images

Now consider the same surface seen from two viewpoints.
As before, it is assumed that image and object coordinate
systems have been chosen. Denote the projections by cam-
era matrices P, for the first image and P, for the second im-
age. The contour generator is viewpoint dependent. There-
fore the contour generators are different for the two images.
The points that belong to both contour generators can be
seen in both images.

Consider the camera centers at two different time in-
stants, c(t,), ¢(t,). A point U is projected onto the two images
to image points u, and u, according to

Au, =P, Uand Au,=P,LL
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Fig. 2. The dual of the surface is a surface. The dual of the camera center is a plane. The intersection of the dual surface with the dual of the

camera center is the dual contour generator.

Primal

intersection of
contour generators

Dual

camera centers

epipolar tangency plane

Fig. 3. The epipolar tangency plane is a surface tangent plane that also contains two camera centers. The point of tangency to the surface is the
epipolar tangency point. The dual of an epipolar tangency plane is a point, i.e., the point in the intersection of the dual surface and the dual of the

camera centers.

This can be rewritten as a matrix equation

u P ou 0 u
M| -4, =(P1 01 u] 4 |=0.
-, 2 2N\ -2,

Notice that M is a 6 x 6 matrix that has a nontrivial null
vector. Therefore the determinant must be zero. The deter-
minant is bilinear in u, and u,, and can therefore be written as

u Fu, = 0.

This constraint is called the epipolar constraint and F is
called the fundamental matrix. Since the constraint is linear
in each image point, it is also called the bilinear constraint.
The 3 x 3 matrix F can easily be calculated from the camera
matrices P, and P,. The element on position (7, j) of matrix F
can be expressed as (-1)" times the determinant of the 4 x 4
matrix formed by removing row i from P, and row j from P,
and then stacking the resulting 2 x 4 matrices on top of each
other.

A similar constraint can be derived for the apparent
contours of surfaces and curves. Consider all the tangent
planes of the surface that go through the two camera cen-
ters, cf. Fig. 3. These are called the set of epipolar tangency
planes. In each image, the epipolar tangency planes are pro-

jected to a set of lines, the epipolar tangency lines. They all go
through a point, the epipole ¢, and each line is tangent to the
apparent contour. The tangent points on the apparent con-
tour are called epipolar tangency points. This leads to the fol-
lowing theorem, formulated in [1].

THEOREM 2.1. Given two images, and the epipoles e, and e, the
set of lines through e, in image one, which are tangent to an
apparent contour, and the corresponding set of epipolar tan-
gency lines in image two, are projectively related.

This is called the generalized epipolar constraint. Notice
that only a few points on the apparent contours, the epipo-
lar tangency points, can be used in the constraint.

Returning to the dual formulation. The dual of the first
camera center ¢, is a plane II,. Each point in the plane I,
corresponds to a plane in the primal space that goes
through c,. Similarly, the dual of the second camera center c,
is a plane TL,. The intersection I1,, of T, and IT, corresponds
to all planes (the epipolar planes) in the primal that go
through both camera centers ¢, and c,.

Let I, be the dual of the apparent contour in the image,
i.e., the tangency lines to the apparent contour in the image
plane. Recall that P/l (s) is a curve in the dual space that
lies both in the dual surface and in IT,. Similarly, for the sec-
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Fig. 4. lllustration of the generalized epipolar constraint.

ond image, P, 1,(s) lies in the dual to the second camera
center IT,. The two curves PlTll(s) and PZle(s) should inter-
sect on IT,,. This is the dual formulation of the generalized
epipolar constraint.!

2.2.2 Many Images

Consider a sequence of m images. For each image pair we
obtain several generalized epipolar constraints. In the dual

space we obtain m curves (P'L(s), ..., Pl (s)) that ac-
P 14 mem

cording to the generalized epipolar constraint should in-
tersect pairwise. These curves all lie on the dual to the
surface.

Let F; denote the fundamental matrix between image i
and image j, where 1 <i <j <m. Let K, denote the number
of corresponding epipolar tangency points between image i
and image j. Finally, let u, denote the epipolar tangency
point k in image i with respect to camera center j, where
1 < k < K. Notice that u,, and u, are corresponding points,
that K, = K, and that Fi]. = P],T Then, the generalized epipo-

lar constraint can be expressed by the classical epipolar
equation
T

Uy Ejth = 0. )
The points u,, and u, are in epipolar correspondence. An
illustration of the situation is given in Fig. 4. Notice that
the epipoles, e, of image i and e, of image j, can be ob-
tained as the left and right null space of the fundamental

Fije ji

can be obtained from the epipolar tangency constraint, i.e.,
det[eﬁ Ui (ui/k)j =0 and det[eﬁ Ui (uﬁk)s] =0 (5)

where subscript s denotes differentiation with respect to
the parameterization of the apparent contours. Thus, we
are interested in computing two quantities, the funda-
mental matrices and the epipolar tangency points. If the

matrix, i.e., egFij =0 and = 0. The tangency points

1. Given many images, each curve PiTl[.(s) lies on the dual surface. This

gives a representation of the dual surface in terms of a family of curves. The
primal surface is obtained by computing the dual to the dual surface.

fundamental matrix F; is known, the epipolar tangency
points u, and u,, k=1, ..., K;, can be calculated, and vice
versa.

REMARK. The generalized epipolar constraint holds, not
only for apparent contours, but for three-dimensional
curves as well. Therefore we do not have to know in ad-
vance whether a curve is the image of a contour genera-
tor or of a curve.

3 COMPUTATION OF CAMERA MOTION

After discussing the principles, we will now describe all
steps involved in the computation of the camera motion.
We show how to obtain both projective and Euclidean re-
construction of the motion from an uncalibrated camera.
The process can be made fully automatic, i.e., no human
intervention is needed. The steps involved are:

1) detection and tracking of the apparent contours in all
images,

2) initial estimate of motion, and

3) iterative refinement of the motion estimate.

The refinements of the estimate are based on a maximum
likelihood method which is a natural way to estimate pa-
rameters given noisy input data. The method is standard,
cf. [13]. Each step in the iterative refinement involves the
following computations:

1) calculation of the fundamental matrices from the
camera matrices, and their derivatives with respect to
the camera matrices,

2) calculation of the epipoles from the fundamental ma-
trices, and their derivatives with respect to the camera
matrices,

3) finding points u, on the apparent contours where the
tangents go through the epipoles, and their deriva-
tives with respect to the camera matrices,

4) calculating the likelihood L and its derivative with re-
spect to the camera matrices, and

5) updating the camera matrices.

In short, the following formula refines the motion estimate:
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ij i duiji
P (Fy, 532) = (e, %) — (uign, 58%) — (L, 2) ]

T

refinement

Each step in this procedure will now be described in a
little more detail in the two following subsections. Section
3.4 gives a short summary of the algorithm for projective
reconstruction, and Section 3.5 extends the algorithm to
obtain a Euclidean reconstruction of the camera motion.

3.1 Extraction and Tracking of Contours

An important part of the calculation of motion from the
deformation of apparent contour is the extraction and
tracking of the apparent contours. This is a difficult practi-
cal problem which has received considerable attention, see
[7]. The notion of snake has been used for this purpose, see
[22]. Roughly speaking, a snake is a parameterized B-spline
curve, whose parameters are changed dynamically to fit the
apparent contour. The spline curve wriggles to adapt the
image, thus resembling a snake. The curve is represented as
a collection of B-spline segments, where each segment is
represented by four control points (x, y,), i = 1, ..., 4. These
points generate a segment of the contour u(s), according to

[O, 1] 35— u(s) =

1 4 10 1 X W
2 31|-3 0 3 0 Xy Y 2
[155 5]3—6 30—6_363 yzeR
-1 3 3 1
Xy Ys

see [17, p. 493]. This representation has several nice proper-
ties. The contour obtained by joining the segment generated
by control points (1, 2, 3, 4) and the segment generated by
control points (2, 3, 4, 5) automatically has continuous sec-
ond derivatives, unless some of the control points coincide.
Closed contours are easily represented using the control
points cyclically.

The snake is matched to the contour in two steps.
Euclidean transformations are first applied. This ensures a
fast, robust, but rough positioning of the snake in the new
image, cf. Fig. 5a and Fig. 5b. The snake is then deformed to
match the new image, cf. Fig. 5c. The procedure is ex-
plained in more detail in [14].

To deform the snakes, a subpixel edge detector is em-
ployed, that not only gives the location of the contour but
also a confidence interval in the normal direction of the
curve. This is done with the technique described in [3]. For
clear, well-defined edges, like the ones in Fig. 5, the indi-

A

i
el

vidual edge positions can be found with a standard devia-
tion of about on 1/100th of a pixel. Additional errors are
introduced in the B-spline fit and in the radial and tangential
distortion of the camera. The errors caused by the B-spline fit
are of order 1/10th of a pixel. This uncertainty measure is
important and will be used in the maximum likelihood es-
timator. Different epipolar tangency points are weighted
according to the uncertainty in their positioning. The bias
caused by distortion was unknown prior to the experiment.
This will be commented upon in the statistical evaluation
later.

A rough estimate of point correspondences is obtained as
a by-product of the snake type tracking. These correspon-
dences are used to calculate an initial estimate of motion
parameters as described in the next section.

3.2 Initial Hypothesis of Motion

If the epipoles are known, the epipolar tangency points can
be computed and given the epipolar tangency points the
epipolar geometry can be recovered. However, there is no
analytic way of calculating the motion parameters from the
apparent contours. An initial estimate of the motion pa-
rameters is needed in order to use the generalized epipolar
constraints. In some situations, partial knowledge of the
motion can be obtained by other means, e.g., using motion
sensors or prediction from motion history.

In general, no a priori information is available. However, as
a by-product of the snake tracker, approximate point corre-
spondences are obtained for two consecutive images. They are
not true correspondences in the sense that they are images of
the same point, since the contour sweeps over the surface and
because of the aperture problem for curves. The error caused
by these effects is normally small compared to the motion
between different apparent contours. This suggests that the
approximation error may be negligible, and that the technique
can be used to get an initial estimate of motion.

Thus the initial hypothesis of the camera matrices is ob-
tained by assuming that points of the apparent contours are
images of the same point in space. A point-based structure
and motion algorithm is used to calculate the m camera
matrices P, ..., P, from these approximate point correspon-
dences, see [27].

3.3 Iterative Refinement of Camera Matrices
3.3.1 Calculation of Fundamental Matrices

Consider image i and image j and assume that an estimate
of the two corresponding 3 x 4 camera matrices P, and P, are

Fig. 5. The snake (A) is used as a template to track the contour in the next image. A rough positioning is found by allowing rigid motion of the
snake (B). The new snake is then found by allowing the snake to deform (C).
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given. The entries of the 3 x 3 fundamental matrix F; can be
expressed as homogeneous polynomials of degree 4 in the
entries of the camera matrices. Each entry is a 4 x 4 deter-
minant formed by taking suitable rows of P, and P, Thus it
is straightforward to calculate F, and its derivatives with
respect to P, and P,

3.3.2 Calculation of Epipoles

Again with the specific image pair (/, j) in mind, the
epipoles e, in image i with respect to image j and e, can be
calculated as the left and right null spaces of E, ie,

ol
F. =0 and Fve],

rem, it is relatively straightforward to calculate the deriva-
tives of the epipoles with respect to the fundamental ma-
trix. The derivatives of the epipoles with respect to the
camera matrices are then calculated using the chain rule.

= 0. Using the implicit function theo-

3.3.3 Finding Corresponding Epipolar Tangency Points

The epipoles and the tangency constraint (5) determine the
position of the tangency points on the apparent contours.
The images of the epipolar tangency points are points on
the apparent contours where the tangent goes through the
epipole. In each image pair (j, j) there are K such point

pairs
(ut)l’ u,u) . (uinij/ ujil(,-]-)'

Given the tangency points of a contour in image i,

|
{ i k... x,
»
{ i,k

we need also to determine the correspondence between the
two sets of points. If the motion is correct, two correspond-
ing points fulfill the generalized epipolar constraint (4). Since
we have a rough estimate of the motion, the constraint can
be used for matching. For u,, take as corresponding point

and image j,

ijk

R T T
min , if <D,

=1, Kjj ijk ijk

(6)

Uy = arg

where D is a threshold to avoid outliers. The number o, is a
normalization factor described in the next section.

The derivative of u, with respect to the epipole ¢, is ob-
tained as follows:

d”qk _ duy s
de o ds dey’

where s denotes differentiation with respect to the param-
eterization of the apparent contour. Using the implicit
function theorem and (5), we get

E_ ( t]k) X Uy
de; det[ (uijk)ss eij:l ’

where x denotes cross product. The derivatives of the tan-

gency point with respect to the curve parameter s, that is,
(), and (u,,), are easily obtained from the B-spline repre-
sentation. The chain rule gives the derivative of u, with
respect to the camera matrices.

3.3.4 The Likelihood Estimate

Let P be an abstract variable for the collection of the camera

matrices P, = P(t;), t; < t, < ... < t,,, describing the motion.
As residuals ¢y, for the maximum likelihood estimate,

we use the generalized epipolar constraint in (4), i.e.,

e =l Fyy. @)

The error in a;, are due to localization errors of the tan-
gency points. Since they are extracted from the apparent
contours independently, it is a reasonable approximation
that the residuals e, are independent and Gaussian with
zero-mean and standard deviation oy,

o € N(O, o).
The assumption that the residuals are Gaussian is obviously
an approximation. The assumption that the residuals are
independent break down for epipolar tangency points
close to each other. This effect has been neglected. The

standard deviation oy, is estimated using the first order
approx1mat10n,

Ba oo, aa da,
KN, 2 I ®)
au ijk 8ui]. E)u jik auﬁk
where Au,_k and Au"k are covariance matrices for the
ij Ji

. L2 . -
epipolar tangency points.” These covariance matrices are

obtained from the edge detector as the contours are ex-
tracted, see Section 3.2. From (7), the derivatives

aa
au i F u]tk
and
aaijk =FE'y
=Fu,
Buﬁk /A

are obtained.
Then, for the normalized residuals,

/ 0, € N(O, 1), the
likelihood function is

O,

(aijkr/z 1 ( T )
7 -(YTY)/2
= Il 7 ,[‘ "= ’
Iicj<m (27)2
1<k<l<
where n = Z K, is the number of elements in the
1<i<jgm Y

normalized residual vector

Y= (o Y o) = (o o /O )
If we take,

2. In [33], it was reported that the choice of normalized residuals &,/ o},
according to (7) and (8) gives very accurate estimates of the fundamental

matrix for points.
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n
“logL=Y"Y/2+ % log(27),
we see that maximizing the likelihood L is equivalent to
minimizing
g(®)=Y'Y. ©)

From the chain rule we get the derivative of ¢, in (7)
with respect to the camera matrices,

T
dog — duy Fuo +ul dE; ue +ulF gy,
ap = ap itk T Mg ik T ity Tap
The derivatives of u,, u, and F, with respect P have al-

ready been calculated in the preceding sections. The de-
rivative of oy, is obtained by applying the chain rule to (8).

Finally, the derivative of g(P) is

o daijk
ik qP
=
T ik

d Ay 4y, s
dg _opdY A —p-
ap =2 gprd gy = o

(10)

Now, all necessary quantities have been calculated in or-
der to update the motion parameters.

3.3.5 Updating the Camera Matrices

The problem is clearly nonlinear and in order to minimize
g(P) in (9) over the motion parameter manifold, we have
chosen the method of Levenberg-Marquardt. Then, the first
and second derivatives of g with respect to P are needed.
The calculation of the first derivative was described in the
previous section and the second derivative (the Hessian
matrix) can be approximated by

d*g _ay" ay Y,
2 Z*Ez—l@k ~

o2 cap ap
The camera matrices are updated with the following

formula:
-1
da d
P=P- ———g + e —g—
dP

ay’ dy

i R

5 (12)

where ¢ is small, positive scalar to make sure that Hessian
matrix is invertible.

Note that we can only use the constraints given at
epipolar tangency points. The number of such constraints
depends on the number of contours, their complexity but
also on the motion of the camera. It is, thus, very difficult to
give necessary and sufficient conditions for motion estima-
tion from contours. One can, however, discuss this question
in a loose sense by considering the number of constraints
and the number of degrees of freedom in the motion.

For two images and totally uncalibrated cameras, the
number of degrees of freedom is 2 - 11 - 15 = 7, i.e,, 11 for
each camera minus 15 for unknown projective coordinate
system. Thus one would need at least 7 epipolar tangency
points. This can be accomplished by having several convex
contours or one complex contour. In the calibrated camera
case one needs at least 5 tangency points. For three images
the number of degrees of freedom is 18, i.e,, (3 - 11 — 15). But
now it is possible to get constraints for each image pair,
between image 1-2, image 1-3 and between image 2-3. For

each image pair, 6 epipolar tangency points are needed in
average. As the number of images increases, the number of
constraints increases quadratically, while the number of
variables (i.e., motion parameters) increases linearly. With 22
images the number of degrees of freedom is 227 (22 - 11 - 15),
the number of image pairs is 231 so one needs less than one
epipolar tangency point in average in each image pair. This
implies that, in theory, it could be sufficient to track one
single contour in the sequence in order to compute the mo-
tion, as long as there are sufficiently many images. It
should, however, be noted that this is impossible in prac-
tice. Most probably this problem would be extremely ill-
conditioned.

Using image pair 1 and 2, we get constraints on camera
matrices P, and P,. Using image pair 2 and 3, we get con-
straints on camera matrices P, and P,. Now using image
pair 1 and 3, we get additional constraints on P, and P,.
Most often we get more constraints than needed for the
determination of the camera matrices. The maximum likeli-
hood estimate is the solution to an overdetermined nonlin-
ear least squares problem. The fact that the problem is
overdetermined gives us the extra noise reduction.

3.4 Algorithm

In summary, the following algorithm is proposed to com-
pute the camera motion up to an projective fransformation:

1) Detect the apparent contours in the image sequence
(Section 3.1).

2) Compute an initial estimate of the camera motion P
(Section 3.2).

3) Given P, calculate all the fundamental matrices F, .

4) For each F,, calculate the epipoles e, and e;.

5) For each e,, calculate the epipolar tangency points u,,
with constraint (5).

6) Determine corresponding tangency points with the
matching constraint in (6).

7) Given F, and u,, calculate ¢g(P) according to (9).

8) If g(P) is sufficiently small, stop.

9) Calculate % in (10) and % in (11) and update P ac-

cording to (12).

10) Given the new estimate P, calculate F, ¢, and ¢;.

11) Given ¢, and the old u,, update u, by looking in the
neighborhood of the old point.

12)Go to 7.

Notice that the whole sequence of images is used to es-
timate the whole motion P, 1 < < m. Thus all epipolar con-
straints from m(m-1)/2 image pairs are used to estimate m
camera matrices. After a few iterations, one may repeat step
6 in order to find new correspondences and to eliminate
outliers.

3.5 Upgrading to Euclidean Motion

If the images were taken by the same camera, it is a reason-
able assumption that the intrinsic parameters of the camera
are constant. Then, the projective reconstruction of the cam-
era motion can be upgraded to a Euclidean one. This is
known as self-calibration, cf. [16]. It is accomplished with
the following steps:
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1) projective reconstruction of the motion,

2) estimation of the rotations and translations of the mo-
tion and the intrinsic parameters of the camera, and

3) iterative refinement of the Euclidean motion estimate.

The first step has already been described in detail in the
previous sections. The second step involves estimation of
the absolute conic from the camera matrices. The absolute
conic encodes the Euclidean structure in the projective
space. For further details, see [2]. The last step is performed
similarly to the refinements in the projective case, but now
the motion parameter manifold is different. In each refine-
ment step, the camera motion should be updated over the
manifold composed of rotations, translations and intrinsic
camera parameters. Let X be an abstract variable for this
manifold.

Still, we want to minimize the likelihood L and therefore
we need the derivatives of L with respect to X. We have
already calculated the derivatives of L with respect to the
camera matrices, P, Differentiating (2) with respect to X, we

get %. The chain rule gives
dL  dL dP,
ax ~ dp ax-
In short, the following formula refines the Euclidean
motion estimate:

X =(Riti,K)—~ (P,
h

,%)—*(L,%)—[

refinement

All necessary components for Euclidean reconstruction
are now available.

4 EXPERIMENTAL VALIDATION AND STATISTICAL
EVALUATION

In this section, we will present several practical examples of
motion determination, both indoor and outdoor scenes. The
results are statistically analyzed and always validated by an
independent method.

4.1 Validation of the Motion Estimate

In order to validate the motion estimates obtained from
the generalized epipolar constraints above, it is important
to have independent means of estimating the camera mo-
tion. Two such independent motion estimates were devel-
oped for comparison, which use standard feature-based
methods.

The first method uses traditional camera calibration. We
use corresponding point matches of accurate point targets.
These points were identified and tracked over the whole
image sequence. With these point matches it is straightfor-
ward to calculate the camera motion without using any
information of the tracked contours.

The second independent method uses curve matches. In
several experiments three-dimensional curves were added
to the scene. These curves were extracted and then the
structure of the curves and the motion of the camera was
estimated using a shape or subspace method [5] followed

by bundle adjustment for curves [6]. This gives the motion
with high accuracy.

The motion estimate using the generalized epipolar con-
straint can then be compared to that of using points and
curves. If the camera orbits are in close agreement (in an
appropriate chosen coordinate system), it is a strong indi-
cation of the validity of the motion estimate.

A third way of assessing the quality of the motion esti-
mate is to use the motion estimate to classify which image
curves are apparent contours and which are images of a
three-dimensional curves. In [30], [10], several methods are
developed and compared for this purpose. In our experi-
ment, we simply apply the epipolar constraint. Consider a
point x on the image curve in the first image and its space
point X. If X is a point on a three-dimensional curve, there
should be corresponding points on all image curves in the
sequence. The motion parameters, i.e., the camera matrices
P, are considered to be known. In order to recover the
space point X from x the only missing component is the
depth, according to (1). So by first finding the depth that
minimizes the distance between the projections of the point
X and the image curve in all images, and then measuring
this distance, we can determine if X belongs to a space
curve or a contour. Experimental results of the classification
are presented in Section 4.3.

4.2 Experiment 1: Fruit and Stones

Several objects (smooth stones, apples, and a banana) were
placed on a dark background. Small point markers were
also placed in the scene. A sequence of 30 images were then
taken with an ordinary video camera, with wide angle lens,
cf. Fig. 6. The radial and tangential distortion of the camera
was measured offline using images of a calibration pattern.
The remaining distortion after correction is less than 0.5
pixel. In the experiment, six contours were detected and
tracked through the whole sequence. Each contour is de-
scribed by a B-spline with around 40 control points, de-
pending on the arc-length of the contour.

The initial estimate of camera motion was then calcu-
lated using approximate point correspondences as de-
scribed in Section 3.2. This estimate was then refined with
15 iterations as described in Section 3.3. The residual error
dropped rapidly after the first iterations and then stayed
almost constant. Fifteen iterations have proved to be suffi-
cient for all our experiments. The threshold in D in (6) has
been set to 20. In the experiment the standard deviation or
normalization factor oy, in (6) is based upon the estimate of
edge localization standard deviation. In the experiments,
the edges were localized with a standard deviation of
roughly 0.1 pixel in the normal direction. Thus the choice of
D corresponds roughly to 2 pixels.

In Table 1, the number of corresponding epipolar tan-
gency points between some of the 435 image pairs is
shown. In the experiment the number of degrees of free-
dom for the projective camera motion was 30 - 11 — 15 = 315
and the number of constraints was 5,384. This means that
there were 12.4 tangency points in average for the 435
image pairs. One silhouette is shown in Fig. 7 with
epipolar tangency points relative to the other images in
the sequence.
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Image 15

Image 30

- -

Fig. 6. Image sequence of fruit and small rocks. The six apparent contours employed in the experiment are marked in black.
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Fig. 7. The epipolar tangency points of one of the silhouettes in image 1 relative to some of the other 29 images. For each tangency point, it is
also shown the image number j to which the epipolar tangency constraint is given.

The camera motion was also calculated independently
using the special point markers in the sequence. These 24
points were detected and tracked through the whole se-
quence. A standard structure and motion routine was used
to calculate the motion of the camera. This made it possible
to verify the motion calculated from the apparent contours.

In Fig. 8, the camera centers calculated using the points
and using the apparent contours are shown with (o) and
(+), respectively. In the same figure, the initial estimate
before optimization is also shown, marked with (x). The
motion is reconstructed up to a projective transforma-
tion. Notice the good alignment between the two differ-
ent approaches.

A statistical evaluation of the results has been performed
in order to analyze the stability and accuracy of the solu-

TABLE 1
NUMBER OF CORRESPONDING EPIPOLAR TANGENCY POINTS
BETWEEN DIFFERENT IMAGES

image 2 5 10 20 30
1 14 14 13 12 12
2 16 12 12 12
5 12 12 12
10 12 12
20 12

tion. The normalized residuals are shown in Fig. 9. These
residuals should in theory be approximately random with
mean zero and standard deviation 1. As can be seen in the
figure the residuals are slightly larger. However, the stan-
dard deviation has decreased considerably since the initial
estimate, from 27.0 to 1.45. There are still systematic errors
of the order 1/10 of a pixel. These errors are most probably
due to the remaining distortion of the camera. It is possible
to eliminate the errors caused by distortion by including
these parameters in the maximum likelihood estimator. The
errors caused by the imperfect B-spline fit can also be
eliminated by tracking the tangency points directly from
image data. Thus one could hope to achieve residuals cor-
responding to errors of the order 1/100 of a pixel.

4.3 Experiment 2: Candle, Vase, and Curves

The next experiment was performed on an image se-
quence of a candle, a vase, and two three-dimensional
curves, cf. Fig. 10. The generalized epipolar constraints
hold for all of these features. The curves were produced
by folding a piece of white paper. The sequence consists of
a total of 20 images.

The candle and the vase are not so smooth objects as the
fruit and stones in the previous experiment. The apparent
contours are self—occluding, i.e.,, one part of the contour is
occluding another. These effects are difficult to detect and
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Fig. 8. A comparison between the motion estimate before iterative refinement (marked with x), the motion computed with the apparent contours
after iterative refinement (marked with *) and the motion computed with special points (marked with o). The left image shows the orbit of the cam-
era focal points in a 3D graph and the right images show a zoom of the X coordinate for a subsequence of the image set.

they may introduce false epipolar tangency points. Tan-
gency points may appear to be corresponding, but in reality
they are not. However, it is possible to distinguish convex
parts from concave parts of the apparent contours by
measuring the curvature. The false matches due to self-
occlusion only appear at concave parts of the contours and
thus can be eliminated by utilizing only convex parts. There
is, however, a price to pay. Less tangency points are ob-
tained since only parts of the contour are used. This has
proved useful in some of the experiments, but might be
difficult to implement in a fully automatic system since it is

frequency
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Fig. 9. Histogram of normalized residuals for the fruit and stones ex-
periment. In the sequence of 30 images there are more than 5,000
epipolar tangency points.

difficult to distinguish convex from concave parts without
knowing which side of the boundary the inner part of the
object lies.

In order to validate the motion estimate, the motion was
calculated using only the two space curves, as described in
Section 4.1. This provides us with an independent estimate
of the motion. The reconstruction of the motion was com-
puted up to an Euclidean transformation with a self-
calibration technique.

First, we tried to perform a projective reconstruction of
the motion, with exactly the same procedure as in the pre-
vious experiment. However, the result was not satisfactory.
The normalized residuals are shown in Fig. 11a. As can be
seen, the residuals are far larger than what can be expected.
The alignment is very poor compared to that obtained us-
ing only curve matches.

Then, the same experiment was performed using only
the convex parts of the apparent contours in order to avoid
false epipolar tangency points. The normalized residuals
after 15 iterations of iterative refinement for this experiment
is shown in Fig. 11b. The errors are of the same order as in
Experiment 1. After the projective reconstruction, the mo-
tion was upgraded to Euclidean motion, as described in
Section 3.5. In this case the number of degrees of freedom
for the camera motion is 20 - 6 + 5 — 7 = 118, i.e.,, 6 for the
position and orientation of each camera, 5 for the intrinsic
parameters which were constant minus 7 for the choice of
Euclidean coordinate system and scale. The number of con-
straints was 1,929, which is slightly more than 10 tangency
points per image pair.

A comparison was made of the motion obtained from
the curve matches and the motion obtained from the gener-
alized epipolar constraint. The camera centers of the two
orbits are shown in Fig. 12 together with the reconstructed
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Image 1 Image 10

Fig. 10. Image sequence of a candle, a vase, and two 3D curves.
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Fig. 11. Histogram of normalized residuals for the candle and vase experiment. (@) Matching all contours. (b) Matching only convex contour segments.

space curves. Again, notice the good alignment. The recon-
struction of the curves is fairly straightforward. The curve
is estimated so that the reprojected errors are as small as
possible. The initial estimate is relatively easy to obtain
since the camera motion is known. This is known as resec-
tion, cf. [5], [4].

The motion estimate was also validated by trying to classify

D>

Fig. 12. Euclidean reconstruction of the space curves, the camera orbit
from the apparent contours and and the camera orbit from the curve
matches, where the camera centers are marked with crosses and
rings, respectively.

if the image curves are apparent contours or images of space
curves, as described in Section 4.1. The results are presented in
Table 2. The two curves show indeed low reprojected etrors.
For the candle and the vase, the errors are surprisingly small,
but still they are far larger than for the curves. This indicates,
again, the good quality of the motion estimate.

4.4 Experiment 3: Statue in the Park

The final experiment presented in this paper was per-
formed outdoors on a statue in a park. Seven images were
taken by a hand-held camera from different viewpoints.
Three of them are shown in Fig. 13 together with the ex-
tracted apparent contour segments.

This experiment is intended to show the applicability of
the algorithm to more difficult scenarios than the previous
experiments. Only a few contour segments were tracked in
the image sequence and the accuracy of the extracted con-

TABLE 2
RMS oF REPROJECTION ERRORS IN PIXELS
OF THE CLASSIFICATION TEST

Candle 1.60
Vase 2.02
Upper curve 0.32
Lower curve 0.39
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Image 1

Image 4

Image 7

Fig. 13. Image sequence of a statue in a park. The extracted contour segments used in the experiment are marked in black.

tours is Jow due to bad lightning conditions and cluttered
background. The depth variations of the tracked contours
are small and this is known to make reconstruction harder.
The radial and tangential distortion of the camera is un-
known and not corrected for. Still, plausible results are ob-
tained from the algorithm. The standard deviation of the
normalized residuals (after 15 iterations) is 0.92 which is in
agreement with theory. In this experiment, the number of
degrees of freedom for the motion was 62 and the number
of constraints was 159, i.e., roughly 7.6 constraints in aver-
age in the 21 image pairs.

In order to validate the computed camera motion, 12
corresponding points were picked out by hand in the seven
images and these were, in turn, employed to compute the
camera motion, without using any information of the
tracked contours. A comparison of the two camera orbits is
shown in Fig. 14 where camera centers are marked with (o)
and (+), respectively. The alignment is not as good as in the
previous experiments, but it is still satisfactory considering
the accuracy of the measured quantities.

4.5 Limitations

The most notable limitation is that the generalized epipolar
constraint only use information of the epipolar tangency
points. For curves it is possible to get a constraint for each
point of the image curve and not only at these special
points. For surfaces, however, it is not obvious that there is
any additional information.

Z 8

Fig. 14. Camera orbits of the motion obtained from the apparent con-
tours, marked with crosses, and the motion obtained from 12 point
matches, marked with rings, for the statue-in-park experiment.

Another practical difficulty is the problem of estimating
the apparent contour. Parts of the apparent contour is im-
possible to see due to self-occlusions, other parts are diffi-
cult to find, particularly those close to a cusp.

As in the case of structure from motion for points there
are practical difficulties with feature detection (edge detec-
tion) and tracking. We do however believe that the situation
is easier for apparent contours than for points.

The main practical difficulty is, however, in finding a
good initial estimate of camera motion. In our experi-
ments this was obtained through the assumption that the
images were taken in a smooth stream with small camera
displacements. It is still an open question of how to obtain
a good initial estimate of camera motion with a discrete
set of images taken with large and random displacements
between the different camera positions. As in all algo-
rithms based on non-linear optimization there is the
problem of determining whether the global minima has
been found or not.

There is also the question of whether there is enough
information (enough tangency points) in order to calcu-
late camera motion, both from a theoretical and practical
point of view. It is important to know how the motion
estimates degrade if fewer feature points are available.
This is often hard to tell in advance, since it depends on
both the camera motion and the geometry of the scene.
In practice one can use the singular values of the residual
gradient to determine whether the constraints give
enough information for motion estimation or not. If there
is not sufficient number of tangency points then there
will be additional zeroes among the singular values. If
there is enough information but the problem is too ill-
conditioned this will also be evident: Some singular val-
ues will be close to zero.

5 CONCLUSIONS

We have shown how the camera motion can be calculated
from the deformation of apparent contours although noth-
ing is known a priori about the 3D structure of the scene.
The generalized epipolar constraint for a pair of images is
extended to treat a sequence of images simultaneously. The
proposed algorithm works with no human intervention. All
steps involved have been described in detail for the case of
an uncalibrated camera. The generalization to other cases is
straightforward.
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The concept of snakes has been employed to extract
and track the apparent contours in the image sequence.
As a by-product, we have solved the difficult initializa-
tion problem. We need not an initial estimate of motion
obtained by other means. It is directly calculated from
the extracted contours. A maximum likelihood based
technique has then been used to refine the initial esti-
mates. We have also shown, in theory, that it is possible
to compute the motion with only one apparent contour
in each image. By examining the dual formulation of the
problem, additional insight has been gained. For exam-
ple, a direct representation of the surface is obtained in
the dual space.

The presented algorithm has been tested and evaluated
on real image data, both in carefully controlled indoor
scenes and under less favorable conditions in outdoor
scenes. The calculated camera motion is verified with the
independent calculation of camera motion using tracked
point features and curve matches. The calculations are in
close agreement. We have also been able to classify where
an image curve is an apparent contour or an image of a
three-dimensional curve. Unlike previous attempts that
only use a pair of images, our method is robust and has
good statistical properties.
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