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1 Introduction

The estimation of structure and motion from image se-
quences is one of the most studied problems within
computer vision. However, almost all the efforts in this
area have dealt with rigid objects. Our surrounding en-
vironment is generally not a rigid place, with swaying
trees, moving people and rolling waves. Hence, to have
structure and motion systems work effectively in our
world, in general, the assumption of rigid objects has to
be relaxed.

We present an approach for estimating the structure
and motion of deforming or non-rigid objects. This is
done by employing the Principal Component Analysis
(PCA) framework, whereby the object is supposed to
deform according to a linear model. That is, the struc-
ture of frame �,
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where ��� denote the coordinates of a 3D point, can be
expressed as

�� � �� �
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���

����� � (1)

where ��� is a scalar, �� is a 3D mode of variation
and �� is the mean shape. These types of models have
proven to be highly effective in expressing many types
of deforming objects, e.g. [4]. Thus, the model is fairly
general making it applicable in many different scenarios
and does not require a strong domain specific prior.

The estimation of non-rigid structure and motion is
done by generalizing the ’standard’ rigid structure and
motion approach, which is based on the following to
two steps:

1. Make an initial estimate via factorization, e.g. [8].

2. Perform bundle adjustment to minimize the ML-
error.

In this work, we have focused on the geometry of the
problem, and hence we have not dealt with feature
tracking or surface reconstruction. The main challenges
in this extension are determining the complexity of the
model, i.e. the value of � in (1), and dealing with the ad-
ditional ambiguities accompanying the extended mod-
eling framework.

There is of course previous work on non-rigid struc-
ture and motion estimation. Most notably [2, 3, 9] all
successfully employ a similar framework for solving
the same problem. They have developed a more or less
heuristic factorization based approach, which is also ex-
tended to perform automatic feature tracking using op-
tical flow. As the tracking is automatic, they are able
to deal with longer image sequences and more feature
points, resulting in very visually appealing reconstruc-
tions. Their experiments show the great potential of the
approach. It is straightforward to extend our work in
the same direction, but this will not be pursued here.
Hence, as far as we have been able to establish, the
novel contributions of this work are:

� the model selection approach.

� the identification of the additional ambiguities in
the non-rigid case.

� the bundle adjustment with regularization to ac-
count for the inherent ambiguities1, using the full
perspective camera model.

Apart from this, we also propose a new heuristic for
making an initial estimate of the non-rigid structure and
motion.

1In [2], a regularization prior is a also used to stabalize the solu-
tion, but the prior has no direct geometric or statistical meaning.
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2 Factorization Heuristic

We propose a rather simple heuristic for obtaining an
initial estimate of the structure and motion. Accord-
ing to (1), the mean of the 3D structure is ��. We
use the assumption that the mean is in some sense
dominant. More precisely, translated into the language
of factorization, if the factorization method of Tomasi-
Kanade [8] is used, then the resulting structure is simi-
lar to �� . This yields a simple algorithm for producing
an estimate, and it is only needed as an initial estimate.
Our experiments indicate that this estimate is accurate
enough for many scenarious. However, it is unclear ex-
actly when the assumption is not valid.

Along with the estimate of ��, a valid motion es-
timate is also produced by the Tomasi-Kanade factor-
ization algorithm. Based on this motion estimate, the
non–rigid structure and its covariance can be estimated.

In order to make the initial estimate, one may instead
use the methods of Brand [2] or Bregler et al. [3].

2.1 Varying Structure Estimation

Given the motion, a method for estimating the mean
structure and most importantly its variance is described
below. For further details, see [1].

It is well-known from statistics that efficient esti-
mates of mean and variance are obtained by computing
the mean of the observations and the squared residu-
als (w.r.t. the mean), respectively. However, an image
of the 3D non-rigid structure is only a 2D projection.
Thus, an image can be viewed as having a 3D observa-
tion with high uncertainty along the viewing direction.
Given this, the mean and the variance of the non–rigid
structure can be estimated by weighting according to
the directional certainty of the observation. The exact
formulas can be found in [1].

Assuming that the number of variation modes, �, is a
priori know, then a non–rigid estimate of the structure
could easily be constructed by forming the �� of (1)
from the � largest principal components of the estimated
variance. Here upon the ��� can be linearly solved for,
giving a complete model of the non–rigid structure.

3 Model Selection

In general, the number of modes of variation, �, is not
known. So, � is among the entities that needs to be
estimated. This is a model selection problem and it

is by no means negligible. If too few modes are se-
lected, the model cannot fully express the non–rigid
structure. This does not imply that an over parameteri-
zations is preferred, since that would lead to modeling
noise, again decreasing the quality of the structure es-
timation. In the problem at hand, there is also a worry
that excess modes of variation could be ’used’ to model
the perspective distortion of the 3D structure. This in ef-
fect means that the motion is being ’modeled’ by these
excess modes. So getting a good estimate of � is a vital
part of the non–rigid structure and motion estimation.

Given that we would rather under parameterize than
over parameterize in order to avoid ’modeling’ the
motion, we propose to use Bayes information criteria
(BIC) for model selection. BIC is less likely to over pa-
rameterize than other popular information criteria e.g.
Akaikes information criteria. We use the BIC formu-
lation of [6], with a small alteration due to the fact that
the variance is likely to be underdetermined. See [1] for
further details.

In order for these information criteria to work, a reli-
able method for estimating the variance of the structure
is needed. Thus, this section and Section 2.1 both form
the basis for the model selection process. Our exper-
iments indicate the proposed approach give good esti-
mates of �. The whole process could be improved by
incorporating the bundle adjustment algorithm in an it-
erative loop.

4 Perspective Solution

The final estimate of the non–rigid structure and motion
is refined using the full perspective camera model.

4.1 Bundle Adjustment

Similar to traditional bundle adjustment [7], we propose
to use a non–linear optimization algorithm on the ob-
servation model to get a “gold standard solution” [5]. A
Levenberg–Marquardt approach is applied in order to
minimize the reprojection errors in the images. The ap-
proximate solution obtained in Section 2 is used as an
initial guess.

We will assume that the cameras are calibrated, but
the same framework and approach would work in the
uncalibrated case as well. Each camera is parameter-
ized with a rotation matrix and the coordinates of the
camera centre. The additional part in the problem at
hand, is the different parameterization of the structure.
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In the optimization, the collection of object points is pa-
rameterized by (1).

4.2 Ambiguities

The problem of estimating deformable structure and
motion as defined has some inherent ambiguities which
are not present in rigid structure and motion estima-
tion. Also, the parameterization itself induces some ad-
ditional ambiguities into the solution.

The ambiguity of rigid structure and motion concern-
ing world coordinate system and global scale naturally
extends to the non-rigid case. Thus, the recovery of
structure and motion can at best be determined up to an
unknown (scaled) Euclidean transformation [5].

In addition, each mode in the linear model (1) intro-
duces four extra degrees of freedom in the reconstruc-
tion. The ambiguity corresponds to an indeterminacy of
relative translation and scale between the camera cen-
tres and the object. For example, suppose the object
is modeled with one mode and let �� � ��� � ����
denote a � � � camera matrix with camera centres � �.
Then, a point �� � 	� � ��	� is projected to
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where 
 is an arbitrary �-vector. This shows that there
is a translational ambiguity between the column vectors
of the mode �� and the camera centres ��. Similarly,
one can show that there is a scale indeterminacy.

The indeterminacy means that the different time in-
stances of the object cannot be aligned properly. A nat-
ural way to restrict the ambiguity is to impose a cost for
two consecutive object instances to differ, which can be
seen as a regularizing prior:

Æ

��
���

��
���

����� ������� ��
�

� (2)

where Æ is a small number, e.g. Æ � �
��. This prior
states, that if there is an ambiguity of how the 3D struc-
ture should move relative to the world coordinate sys-
tem and scale, then stay stationary2. The value Æ should
be chosen such, that the size of (2) is minute compared

2By changing global scale, the cost in (2) can be lowered. Thus,
the global must be fixed and this is done by keeping the standard
deviation of all 3D points in the first frame to �.

to the residual from the data, but large enough that it is
clearly distinguishable from numerical noise.

Similar to the ambiguity between the structure and
the motion due to the world coordinate system, there is
an ambiguity between (i) the mean �� and the modes
�� and (ii) the weights ��� . In total, this introduces
��� � �	 extra degrees of freedom for � modes. These
extra degrees of freedom could be removed by a dif-
ferent parameterization (or by fixing some parameters),
but it does not change the solution.

5 Experimental Results

To validate the proposed approach, we applied it to sim-
ulated and real data. See [1] for a more extensive pre-
sentation. In the simulated experiments we focused on
the factorization heuristic, in which our proposed ap-
proach proved a viable candidate compared to [3].

The proposed approach was applied to two sets of
real data, where the features were tracked by hand. The
first data set consisted of a group of flags flying in the
wind, see [1].

The second data set consisted of an image sequence
of a moving toy skeleton. One image is depicted in
Figure 1. In particular, the arms and the legs in of
the doll were moved in a dancing manner. The algo-
rithm detected three modes of variation, ���� ��� ���,
on top of the mean mode, ��. The mean mode and
the first mode of variation is depicted in Figure 2. As
can be seen in the figure, the modes detected describe
the deformations of the object well. The Root Mean
Square (RMS) errors between the measured and repro-
jected points were ��
 and ��� pixels after the affine fac-
torization and after the bundle adjustment, respectively.
Considering that the features were tracked by hand in
images of size ��
 � �
�
 pixels, the resulting errors
are indeed plausible.
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Figure 1: A frame of the skeleton sequence, with de-
noted features. The lines connecting the features are
added for comprehendable 3D illustrations.

Mode 1

Figure 2: The mean mode, ��, and the first mode, ��, of
the skeleton sequence. The solid lines denote the mean
mode and the dotted lines illustrates the deformations
of the first mode. For correspondance to the image data
see Figure 1.
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