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Perturbation theory for a class of close selfadjoint extensions
Vadim Adamyan
I.I. Mechnikov Odessa National University,
65026 Odessa, Ukraine
vadamyan@paco.net
Let operators A1 and A2 in a Hilbert space H be selfadjoint extensions of
densely defined in H symmetric operators A0 and A00 . We call extensions A1 and
A2 close of the same class if
−1

−1

• (A2 − z) − (A1 − z) is a nuclear operator for some non-real z ;
• there is a joint selfadjoint extension A0 in H of A0 and A00 .
Special features of perturbation theory for close extensions of the same class
are discussed in this talk with illustrations for singularly perturbed Schrödinger
operators in L2 (E3 ).

Feynman path integral and unharmonic oscillator
Sergio Albeverio
Institut für Angewandte Mathematik, Rheinische Friedrich-Wilhelms-Universität
Bonn, Wegelerstraße 6, D-53115 Bonn, Germany
albeverio@uni-bonn.de
New developments in the theory of infinite dimensional integrals are presented.
The case of potentials of unharmonic type are given particular attention. Connection with evolution equations and semigroups are also discussed.

Orthogonal polynomials with discrete spectrum and converging
recurrence coefficients
Walter Van Assche
Katholieke Universiteit Leuven,
Department of Mathematics, Celestijnenlaan 200B, B-3001 Leuven, BELGIUM
walter@wis.kuleuven.ac.be
Orthogonal polynomials on the real line satisfy a three-term recurrence relation
xpn (x) = an+1 pn+1 (x) + bn pn (x) + an pn−1 (x),
with an > 0 and initial conditions p0 = 1, p−1 = 0. Rakhmanov [4] has shown
that the recurrence coefficients for orthogonal polynomials on [−1, 1] converge,
with an → 1/2 and bn → 0, whenever the orthogonality measure µ satisfies the
Erdős-Turán condition, i.e., µ0 > 0 almost everywhere on [−1, 1]. The converse
of Rakhmanov’s result is not true: there exist measures on [−1, 1] which are not
absolutely continuous, but for which the orthogonal polynomials have recurrence
coefficients for which an → 1/2 and bn → 0. Delyon, Simon and Souillard [1]
have given random examples of this, Lubinsky [2] gave a class of discrete measure
on [−1, 1] with converging recurrence coefficients, and later [3] showed that there
are singularly continuous measures with converging recurrence coefficients. Finally
Totik [5] has given a general construction for measures violating the Erdős-Turán
condition but for which the recurrence coefficients converge. This talk is based
on [6] where an explicit construction is made of a class of discrete measures, with
jumps at zeros of Chebyshev polynomials, and the convergence rate of the recurrence coefficients is obtained by using sieved orthogonal polynomials.
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Asymptotic Formulas for Eigenvalues of the Multidimensional
Schrödinger Operator
Şirin Atılgan, Sedef Karakılıç, Oktay A.Veliev.
Izmir Institute of Technology, Science Faculty, Dept. of Mathematics
Gulbahçeköyü Urla, Izmir, 35437 Turkey
sirinatilgan@iyte.edu.tr
We consider the d-dimensional Schrödinger operator L(q(x)), defined by the
differential expression
Lu = −∆u + q(x)u
in d-dimensional paralellepiped F , with the Dirichlet boundary conditions
u|∂F = 0,
where ∂F denotes the boundary of the domain F , x = (x1 , x2 , ..., xd ) ∈ Rd , d ≥ 2,
∂2
∂2
∂2
d
∆ = ∂x
2 + ∂x2 + ... + ∂x2 is the Laplace operator in R , and q(x) is a real-valued
1
2
d
function in L2 (F ).
Asymptotic formulas for the resonans and non-resonans eigenvalues of the
operator L(q(x)) in an arbitrary dimension are obtained. We show that the eigenvalues of the operator L(q(x)) in the non-resonance domain are close to the eigenvalues of the unperturbed operator L(0), and the eigenvalues in the resonance domain
are close to the eigenvalues of the corresponding one-dimensional Sturm-Liouville
operator.
Asymptotic formulas for the eigenvalues of the Polyharmonic operator
H(q(x)) = (−∆)l + q(x), l > 12 are discussed.

Spectral methods of nonunitary operators in correlation theory of
discrete fields
Berrabah Bendoukha
Laboratoire de Maths pures et appliquées. Univ. Mostaganem. BP 227,
Mostaganem ( 27000), Algérie
ben_berrabah@yahoo.fr
In this talk, we consider discret fields of the form: X (n1 , n2 ) = T1n1 T2n2 X0
(1) where T1 and T2 are quasiunitary contractions in Hilbert space H, X0 ∈ H.
Under spectral conditions on operators T1 and T2 , we give the general form of the
correllation function K ((n1 , n2 ) , (m1 , m2 )) = hX (n1 , n2 ) ; (m1 , m2 )iH and study
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his assymptotical behaviour. We also give in terms of correllation function the
necessary and sufficient conditions for representation (1).
References
[1] B.Bendoukha, Modèles universels de certaines classes d’opérateurs dans un espace de Hilbert.
Maghreb Math. Rev. Vol.5 , Issues 1&2 (1996) , 1-11.
[2] B.Bendoukha , On a certain class of nonstationnary sequences in Hilbert space. International
Journal of Mathematics and Mathematical sciences. Issue 29 , Mai 2003, pp. 1855-1866.
[3] [3] M.S.Brodskii, Unitary nodes and their characteristical Functions.Uspehi Math. Nauk, Vol.
33 (1978 ), 141-168 ( Russian ).
[4] [4] B.Sz.-Nagy & C.Foias , Analyse harmonique des opérateurs de l’espace de Hilbert. Paris,
Masson and Acad. Kiado, Budapest 1967.

Spectral theory of commutative Jacobi fields and its some
applications
Yu.M.Berezansky
Institute of Mathematics NASU, Kyiv, Ukraine
berezan@mathber.carrier.kiev.ua
The Jacobi field is a linear (with respect to parameter h belonging to real Hilbert
space H) family A of selfadjoint commuting operators A(h) acting on a symmetric
Fock space F(H) and having the Jacobi (i.e. three-diagonal) structure.The theorem
on expansion in the generalized joint eigenvectors of family A is proved and corresponding spectral theory is constructed.Note, that the examples of Jacobi field
are, in particular, the classical free field and Poisson field.The applications of this
spectral theory to the random processes, to the theory of generalized functions of
infinitely many variables and connected moment problems and to integration of
some nonlinear equations are obtained.

Fredholm Operators and
Bifurcations in Plateau Problem
Andrei Borisovich and Joalanta Dymkowska
Institute of Mathematics, University of Gdańsk
ul. Wita Stwosza 57, Gdańsk 80-502, POLAND
andbor@math.univ.gda.pl
The problem to find out a two-dimensional minimal area surface with a given
boundary was formulated at first by J. Lagrange in 1760. The study of minimal
surfaces, critical points of area functional, was begun in the works of such authors
as Laplace, Lagrange, Monge and Euler. Such a direction of variations calculus
was called a "Plateau Problem" by the name of J. Plateau, who as one of the
first observed minimal films in physical experiments in the 19th century. Detailed
descriptions of the classical and modern results may be found in fundamental monographs by T. Rado, R. Courant, A. Fomenko and A. Tuzhilin, J. Jost and some
others.
The effect of bifurcation of minimal surfaces families under the continuous
deformation of its common boundary first was found in physical experiments with
minimal films. The main well known examples of such bifurcations were found by
J. Plateau in 1849. They are bifurcations of catenoids and helicoids families in the
periodic boundary-valued problem for area functional. In author’s works the general
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method to the study of bifurcations in Plateau problem was developed. It is based
on the Crandall-Rabinowitz bifurcation theorem, finite-dimensional reduction of
Lyapunov-Schmidt type for Fredholm maps of index 0, key function and some others
constructions. The experiments by Plateau were described mathematically. It was
proved, that in the case of catenoid there occurs the catastrophe of A2 (”f old”)
type and in the case of helicoid – A3 (”cusp”) . All the data were found by the
author’s method fit the physical data of experiments. Many new bifurcations of
minimal surfaces were found and were studied. More, the method was effective in
some others variational problems connected with area functional.

Mourre’s inequality and embedded bound states
Laura Cattaneo
Institute for Applied Mathematics, University of Bonn
Wegelerstrasse 6, D-53115 Bonn
cattaneo@wiener.iam.uni-bonn.de
A self-adjoint operator H with an eigenvalue λ embedded in the continuum
spectrum is considered. Let the operator P be the eigenprojection associated with
λ. Then boundedness of all operators of the form An P is proven. A is any selfadjoint operator satisfying Mourre’s inequality in a neighborhood of λ and such
that the higher commutators of H with A up to order n + 2 are relatively bounded
with respect to H.
The boundedness of An P can in particular be used to generalize the notion of
complex resonance to a class of quantum systems characterized only by Mourre’s
inequality and smoothness of the resolvent.

Selfadjointness of non-Jacobi infinite matrices
Dariusz Cichon
Uniwersytet Jagiellonski, Instytut Matematyki, Poland
cichon@im.uj.edu.pl
Given a symmetric operator we may compare it with a known selfadjoint one
applying commutator conditions. Then the boundedness of special commutators
together with an assumption on domains of involved operators yield the essential
selfadjointness of the symmetric operator. This, when applied to integral operators
or, more specifically, infinite matrices allows us to find criteria for (essential) selfadjointness of these operators. In the case of matrices, the essential selfadjointness
is ensured whenever the growth of entries is appropriately tempered. Thus non
three-diagonal matrices are allowed.

Spectral Analysis of Dirac operators
P. A. Cojuhari
Department of Applied Mathematics, AGH University of Science and Technology,
Al. Mickiewicza 30, 30-059 Cracow, Poland
cojuhari@uci.agh.edu.pl
Let H0 be the operator defined in the space L2 (Rn ; C m ) by
H0 =

n
X
k=1

αk Dk + αn+1 ,
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where Dk = i ∂x∂ k (k = 1, ..., n), αk (k = 1, ..., n + 1) are m × m Hermitian matrices
which satisfy the anticommutation relations (or, so-called relations of Clifford)
αj αk + αk αj = 2δjk (j, k = 1, ..., n + 1).
The matrices αk (k = 1, ..., n + 1) can be considered as elements of GL(m, C) with
m = 2n/2 for n = 2k and m = 2(n+1)/2 for n = 2k + 1 (k ∈ N ) .
Let Q(x) be a m × m Hermitian matrix-valued function and consider in the
space L2 (Rn ; C m ) the operator Q of multiplication by Q(x).
Our purpose is to study the spectral properties of the perturbed Dirac operator
H = H0 + Q (see, for instance [1]). The main attention is paid on the study of the
structure of the spectra of the Dirac operator H. In particular, the point, absolute
continuous and singular continuous parts of the spectrum are investigated. Estimate
formulae for the discrete spectrum are also given. The main results are obtained
by the methods developed by us in [2], [3], [4].
References
[1] B. Thaller, The Dirac Equation, Springer, Berlin - Heidelberg - New York, 1992.
[2] P. A. Cojuhari, On the finiteness of the discrete spectrum of some matrix pseudodifferential
operators, Izv. Vysh. Ucebn. Zaved. Mat. 1, 1983, p.42-50.
[3] P. A. Cojuhari, Estimees of the number of perturbed eigenvalues, Operator Theoretical
Methods, 17 th OT Conf. Proc., Theta Fond., Bucharest, 2000, p.113-200.
[4] P. A. Cojuhari, S. Corsac, On the abcence of singular continuous spectrum for some
selfadjoint operators, Bul. Acad. de Sht. R. M, Mat., 2000, 2 (30), p.15-30.

Around the semiclassical behavior of "Quantum Fidelity"
Monique Combescure
Institut de Physique Nucléaire de Lyon
Bâtiment Paul Dirac 4 rue Enrico Fermi 69622 VILLEURBANNE
monique.combescure@ipnl.in2p3.fr
A lot of recent papers appeared in the physics literature about the notion of socalled "quantum fidelity" (or Loschmidt Echo), in order to measure the sensitivity
of a classically chaotic quantum system with respect to small perturbations. Some
of the results presented in these papers are even contradictory. We present a new
approach of this problem in a semiclassical framework.We make use of a beautiful
formula suggested by Mehlig and Wilkinson, about the metaplectic representation,
that we establish in full generality.

One dimensional models of excitons in carbon nanotubes
Horia D. Cornean, Pierre Duclos, Thomas G. Pedersen
Institut for Matematiske Fag, Aalborg Universitet
Fredrik Bajersvej 7G, 9220 Aalborg, Danmark
cornean@math.aau.dk
Excitons in carbon nanotubes may be modeled by two oppositely charged particles living on the surface of a cylinder. We derive three one dimensional effective
Hamiltonians which become exact as the radius of the cylinder vanishes. Two of
them are solvable.
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On new developments in the spectral analysis of the Schrödinger
and Dirac operators
Serguei Denissov
California Institute of Technology,
Mathematics 253-37, Caltech, Pasadena, CA, 91125, USA
denissov@caltech.edu
In this talk, we will discuss the recent results in the spectral analysis of the Dirac
and Schrödinger operators. The focus of the talk will be on the multidimensional
case, the one-dimensional problems might be covered briefly as well.

Quaternionic potentials in quantum mechanics
Ducati, G and De Leo, S
Federal University of Parana, Dept. of Mathematics
PO Box 19081 Curitiba (PR) - Brazil ZIP 81531-990
ducati@mat.ufpr.br
We discuss the Schrödinger equation in presence of quaternionic potentials. The
study is performed analytically as long as it proves possible, when not, we resort to
numerical calculations. As well known, the central force problem plays an important
role in many applications of quantum mechanics. After a brief introduction to
tunneling effects by quaternionic potential barriers, we investigate the existence
of bound states in presence of quaternionic attractive potential. Comparison with
standard (complex) quantum mechanics could be useful to quantify and qualify new
phenomena which witness an hidden quaternionic quantum dynamics in particle
physics.

Scattering problem for "step-like" Jacobi operator
I.Egorova and J.Bazargan
Institute for Low Temperature Physics and Engineering,
47, Lenin ave., Kharkiv, 61103, Ukraine
egorova@ilt.kharkov.ua
We study the scattering problem for the "step-like" Jacobi operator with asymptotically periodic coefficients that are close to different periodic backgrounds of
period 2 on the half-axes.
Let L± : `2 (Z) → `2 (Z) be two periodic Jacobi operators with the coefficients
±
±
±
an+2 = a±
n > 0, bn+2 = bn ∈ R respectively. The following condition is imposed
on the mutual location of their spectra. Suppose that the operators L± have nonempty interior gaps it the spectra, and the auxiliary spectra of these operators do
not intersect with the set of the bands edges. Suppose also, that the spectra of L±
have one common band and the others are mutually disjoint.
Consider the Jacobi operator L : `2 (Z) → `2 (Z)
(Ly)n = an−1 yn−1 + bn yn + an yn+1 ,

an > 0, bn ∈ R,

such that
±∞
X
n=0

±
|n|2 {|an − a±
n | + |bn − bn |} < ∞.

(1)
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For this operator we propose the characterization of its scattering matrix. By means
of the Marchenko approach ([1]) we solve the direct/inverse scattering problem for
the operator L in the non-resonance case.
References
[1] Marchenko, V.A. Sturm-Liouville Operators and Applications, Birkhäuser, 1986.

Vertex coupling approximations
in quantum graphs
Pavel Exner
Department of Theoretical Physics, Nuclear Physics Institute, Academy of
Sciences, 25068 Rez/Prague, Czechia
exner@ujf.cas.cz
It is well known that the probability current conservation does not fix the
the vertex coupling in quantum graph models uniquely. We describe an optimal
parametrization of such couplings and ask about the meaning of different elements
of this class. The squeezing limit of thin graph-like manifolds is analyzed and shown
to yield essentially the “free case” only. Other approximations consider the graph
itself and employ a family of interactions supported in the vicinity of the vertex
in analogy with one-dimensional point interactions; two results of this type are
illustrated on the cases of δ and δ 0 vertex couplings.

A Model Hamiltonian for Condensed Matter Physics
D.Finco
Institut für Angewandte Mathematik
Rheinische Friedrich-Wilhelms Universität
Wegelerstrasse 6, 53115 Bonn, Germany
finco@wiener.iam.uni-bonn.de
We consider a class of singular, zero-range perturbations of the quantum hamiltonian of a system consisting of a test particle and N harmonic oscillators (Rayleigh
gas). Using the theory of quadratic forms we construct the self-adjoint and bounded
from below perturbed hamiltonian and we give representation formulas for the resolvent and the unitary group. The one dimensional, two dimensional and three
dimensional cases are discussed.

On the Laplacian on the halfplane with a periodic boundary
condition
Rupert L. Frank and Roman G. Shterenberg
Royal Institute of Technology,
Department of Mathematics, Lindstedtsvägen 25, 10044 Stockholm, Sweden
rupert@math.kth.se
We study spectral and scattering properties of the Laplacian H (σ) = −∆ in
L2 (R2+ ) corresponding to the boundary condition ∂u
∂ν +σu = 0 for a wide class of periodic functions σ. For non-negative σ we prove that H (σ) is unitarily equivalent to
the Neumann Laplacian H (0) , the unitary equivalence being provided by the wave
operators. In general, there appear additional channels of scattering corresponding
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to surface states which we analyze in detail.
The results are published in
R. L. Frank, On the scattering theory of the Laplacian with a periodic boundary
condition. I. Existence of wave operators, Documenta Math. 8 (2003), 547–565.
R. L. Frank, R. G. Shterenberg, On the scattering theory of the Laplacian with
a periodic boundary condition. II. Additional channels of scattering, Documenta
Math. 9 (2004), 57–77.

Transport Mobility Edge for Random Landau Hamiltonians
Francois Germinet
Département de Mathématiques Université de Cergy-Pontoise Site Saint-Martin,
BP 222 95302 Cergy-Pontoise, France
We consider a two-dimensional Landau Hamiltonian in the continuum with a
random potential. We show that near the Landau levels, in between regions of
complete localization, there exists at least one energy E which is responsible for
some non trivial transport, characterized by a transport exponent β(E) greater
than 1/4. To our best knowledge, this is the first time that non trivial transport
is proved for quantum Hall systems. The proof combines several important results
obtained by various people in the field (random Schrodinger operators) during the
last 15 years. This is a joint work with A. Klein and J. Schenker.

Selberg zeta function and geometric scattering on compact
manifolds
J. Brüning and V. Geyler
Humboldt-Universität, FB Mathematik,
Unter den Linden 2, D-10099 Berlin, Germany
geyler@mathematik.hu-berlin.de
A new approach to the Selberg trace formula on a compact Riemann surface
X of a constant negative curvature K was proposed in [1] and [2]; this approach
is based on some relations between the resolvent kernels of the Laplace-Beltrami
operator on the surface and the Selberg zeta function ZX of this surface. On the
other hand, if Γ is a Fuchsian group of the first kind with non-compact fundamental
domain, then the Selberg trace formula contains an information about the scattering
matrix for the surface with cusps X = Γ\H, where H is the Lobachevsky plane (the
upper Poincaré half-plane) [3]. In the case of a compact surface X we can attach
the semi-axis R+ to X at a point q ∈ X with the help of boundary conditions at
q; the corresponding scattering amplitude S(k; q) in terms of the Green function of
the Laplace–Beltrami operator on X is calculated in [4]. The following relation is
among the main results of the talk:
h
Z0 (s)
= (2s − 1) 2(g − 1)ψ(s) + β−
Z(s)
p
Z
p
p
¢−1 i
|α|2 s(s − 1) ¡
Ca(S( s(s − 1; q)) + γ s(s − 1
dq .
4π(g − 1)
X
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Here α, β, γ (α ∈ C, β, γ ∈ R) are parameters of the boundary condition, ψ is the
logarithmic derivative of the Euler Γ-function, g is the genus of X, Ca(S) stands
for the Cayley transform of S, and we assume K = −1.
The work was partially supported by DFG, INTAS, and RFBR.
References
[1]
[2]
[3]
[4]

J. Elstrodt. Jber. d. Dt. Math.-Verein. 83, 45-77 (1981).
P. Cartier, A. Voros. Progr. Math. 87, 1-67 (1990).
A. B. Venkov. Spectral theory of authomorphic functions, Dordrecht e.a.: Kluwer AP, 1990.
J. Brüning, V. A. Geyler. J. Math. Phys. 44, 371-405 (2003).

Discrete spectrum of complex Jacobi matrices and Pavlov’s
theorems
I. Egorova and L. Golinskii
Institute for Low Temperature Physics and Engineering
47 Lenin pr., Kharkov 61103, Ukraine
egorova@ilt.kharkov.ua, golinskii@ilt.kharkov.ua
Let



b0
 a0

J =



c0
b1
..
.

...
c1
..
.
..

.


... ...
... ... 


..

.

.. ..
.
.

be a complex Jacobi matrix with
lim an = lim cn = 1,

n→∞

n→∞

lim bn = 0

n→∞

that is, the operator J is a compact perturbation of the discrete laplacian J0 . We
say that J belongs to the class P(β) if
|an − 1| + |cn − 1| + |bn | ≤ C1 (exp(−C2 nβ )),

n → ∞,

0 < β < 1.

1
2

Theorem 1. Let J ∈ P(β), 0 < β < and let E be a limit set of the discrete
spectrum σd (J). Then E is the closed set of the Lebesque measure zero and its
Hausdorff dimension obeys dim E ≤ (1 − 2β)(1 − β)−1 . Moreover, if J ∈ P( 21 ), then
E = ∅ (σd (J) is a finite set).
Theorem 2. For arbitrary ε >> 0 and −1 < λ < 1 there exists an operator
J ∈ P( 12 − ε), such that E = {λ}.
The above results can be viewed as the discrete analogs of Pavlov’s theorems
on non-selfadjoint Schrödinger operators on the halfline.
References
Pavlov B.S. On non-selfadjoint Schrödinger operators, I,II,III // Problems in mathematical physics, no. 1,2,3, 1966-1968.
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Inverses of generators
Oleksandr Gomilko
Institute of Hydromechanics National Academy of Sciences, Ukraine,
Zhelyabov str. 8/4, 03057 Kiev, Ukraine
gomilko@ukrpost.net
Let A be a linear operator on a Banach space B that generates a uniformly
bounded C0 -semigroup of linear operators on B. We show that is possible that
operator A is one-to-one with dense range but operator A−1 does not generate
C0 -semigroup on B. This answers an open question from [1].
1. R. deLaubenfels, Inverses of generators, Proc. Amer. Math. Soc. 104, No.
2 (1988), 443-448.

Absence of quantum states corresponding to unstable classical
channels
Ira Herbst and Erik Skibsted
University of Virginia,
Charlottesville
iwh@virginia.edu
We consider classical hamiltonians h(x, ξ)which are homogeneous of degree zero
in the x variable and develop a general theory to show that there are no quantum
states corresponding to unstable classical channels.

Inverse spectral problems for Sturm–Liouville operators in
impedance form
Sergio Albeverio, Rostyslav O. Hryniv, and Yaroslav Mykytyuk
Institut für Angewandte Mathematik
Abt. für Stochastik, Wegelerstr. 6, D-53115 Bonn, Germany
rhryniv@wiener.iam.uni-bonn.de
We consider Sturm–Liouville operators in L2 (0, 1) generated by the differential
expression
`(f ) = −a−1 (af 0 )0
subject to suitable boundary conditions. Here the impedance function a is positive
and belongs to Wp 1(0, 1), p ∈ [1, ∞).
For such operators, we give a complete description of the Dirichlet and Neumann–
Dirichlet spectra and solve the inverse spectral problem of recovering the impedance
function by these two spectra. The reconstruction procedure is based on the Krein
equation and yields a global solution, as opposed to e.g. local results by Andersson [Inverse Problems 4 (1988), 353–397].
The research of R.H. is supported by the Alexander von Humbodt foundation.
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A mathematical theory of the phase space Feynman path integral
of the functional
Wataru Ichinose
Department of Mathematical Sciences, Shinshu University
Matsumoto 390-8621, Japan
ichinose@math.shinshu-u.ac.jp
Let zj (x, Π) (j = 1, 2, . . . , N ) be functions in phase space, where Π denotes the
genuine kinetic momentum. For fixed t1 < . . . < tN in [0, T ] we define the functional
QN
F (q, Π) by j=1 zj (q(tj ), Π(tj )) on the space of all paths (q, Π) = (q(θ), Π(θ)) (0 ≤
θ ≤ T ) in phase space. In this talk we study rigorously the phase space Feynman
path integral of the functional F (q, Π), which is defined by the limit of the timeslicing approximations. We give a necessary condition and a sufficient condition
of F for the path integral of the functional F to be well-defined. In addition, we
give the expression of the path integral of the functional F in terms of the operator
notation, which was studied by Feynman himself heuristically. We will give the
proof to Feynman’s formulas stated in his celebrated paper [2].

References
[1] S. Albeverio and R. J. Høegh-Krohn, “Mathematical theory of Feynman path integrals,”
Lecture Notes in Math., Vol. 523, Springer-Verlag, Berlin-Heidelberg-New York, 1976.
[2] R. P. Feynman, Space-time approach to non-relativistic quantum mechanics, Rev. Mod. Phys.
20 (1948), 367-387.
[3] R. P. Feynman and A. R. Hibbs, “Quantum Mechanics and Path Integrals,” McGraw-Hill,
New York, 1965.
[4] K. Gawȩdzki, Construction of quantum-mechanical dynamics by means of path integrals in
phase space, Rep. Math. Phys. 6 (1974), 327-342.
[5] W. Ichinose, On the formulation of the Feynman path integral through broken line paths,
Commun. Math. Phys. 189 (1997), 17-33.
[6] W. Ichinose, Convergence of the Feynman path integral in the weighted Sobolev spaces and
the representation of correlation functions, J. Math. Soc. Japan 55 (2003), 957-983.

Cρ∗ -Algebras and Functional Calculus Homomorphism
Amir Khosravi
Faculty of Mathematical Sciences and Computer Engineering,
University For Teacher Education, 599 Taleghani Ave.
Tehran 15618, IRAN
khosravi_amir@yahoo.com

Let 0 < ρ ≤ 1 and A be a Cρ∗ -algebra (a ρ-Banach algebra whose norm has the
C -property). We note that if ρ = 1, then it is a C ∗ -algebra. We study some of
their basic properties and we generalize some of the known results in C ∗ -algebras to
Cρ∗ -algebras. Specially we generalize continuous functional calculus homomorphism
to Cρ∗ -algebras. In fact we prove that:
Theorem. Let A be a unital Cρ∗ -algebra, a be a normal element of A and let z :
σ(a) → C be the inclusion map. Then there exists a unique unital ∗-homomorphism
ϕ : C(σ(a)) → A such that
(i) ϕ is a ∗-monomorphism, (ii) kϕ(f )k = kf kρ∞ ,
(iii) ϕ(p) = p(a, a∗ ), for every polynomial p(z, z̄) in z and z̄.
∗
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We also generalize Gelfand representation theorem for commutative C ∗ -algebra
to Cρ∗ -algebra:
Theorem (Gelfand Representation).
Let A be a commutative Cρ∗ -algebra with identity 1. Then the Gelfand transform
G : A → C(∆A) is a ∗-isomorphism such that
kâk∞ = r(a) = kak1/ρ

(a ∈ A),

and σ(a) = â(∆A) for every a ∈ A.
We show that every element of a Cρ∗ -algebra is a linear combination of positive
elements and the set of positive elements is a cone and we get some other results,
e.g.:
Theorem. Every positive linear functional f on a Cρ∗ -algebra is continuous and if
1 is the identity of A, then for every a ∈ A,
|f (a)| ≤ f (1)kak1/ρ .
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Weak Annihilators for Non-Self-Adjoint Operators with Almost
Hermitian Spectrum
Alexander V. Kiselev and Sergei N. Naboko
School of Mathematics, Dublin Institute of Technology and Dept. of
Mathematical Physics, St. Petersburg State University,
School of Mathematics, DIT Kevin Street, Dublin 8, IRELAND
alexander.kiselev@dit.ie, akiselev@mph.phys.spbu.ru
New results on the existence of an outer weak annihilator, i. e., a scalar outer
analytic in the upper half-plane function γ(λ) such that
w − lim γ(L + iε) = 0,
ε↓0

for a non-self-adjoint trace class perturbation L of a bounded self-adjoint operator
A acting in Hilbert space H are described.
In particular, it is proved that the existence of an outer weak annihilator for the
operator L is equivalent to the fact that the spectrum of the operator L is almost
Hermitian, that is, Ni0 = H (or, equivalently, Ni0 (L∗ ) = H for the adjoint operator
L∗ ). Here Ni0 is a singular spectral subspace of the operator L (introduced in [1],
see also [2]), corresponding to a portion of real singular spectrum of L. This spectral
subspace can be shown to play a crucial role in spectral analysis of a non-dissipative
operator L (essentially all new spectral properties of a non-dissipative operator,
compared to an orthogonal sum of a dissipative and an adjoint to dissipative ones,
are due to the presence and properties of Ni0 ) and in analysis of the similarity
problem (to either a dissipative or a self-adjoint operator).
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It is shown that in the case when the operator L possesses almost Hermitian
spectrum the determinant of one of the factors in the Ginzburg-Potapov factorization of its characteristic function can be chosen as a weak annihilator for L.
In effect, these results provide a generalization of the Caley identity to the case
of non-self-adjoint operators of the class considered.
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Adiabatic quasi-periodic Schrödinger operators
Interactions between spectral bands
Alexander Fedotov and Frédéric Klopp
LAGA, Université Paris-Nord
F-93430 Villetaneuse, France
klopp@math.univ-paris13.fr
In this talk, we present some recent spectral results for one dimensional periodic Schrödinger operators perturbed by a slowly varying incommensurate periodic
potential (see [1, 2]). More precisely, we consider the following self-adjoint quasiperiodic Schrödinger operator acting on the real line
d2
+ (V (x − z) + α cos(εx)).
dx2
where V : R → R is a non constant, locally square integrable, 1-periodic function, ε
is a small positive number chosen such that 2π/ε be irrational, z is a real parameter
and α is a strictly positive parameter that we will keep fixed in most of the paper.
We show that in certain energy regions the perturbation leads to resonance effects related to the ones observed in the problem of two resonating quantum wells.
These effects affect both the geometry and the nature of the spectrum. In particular, they can lead to the intertwining of sequences of intervals containing absolutely
continuous spectrum and intervals containing singular spectrum. Moreover, in regions where all of the spectrum is expected to be singular, these effects typically give
rise to exponentially small "islands" of absolutely continuous spectrum. Another
typical phenomenon is level repulsion (which in the standard double well problems
gives rise to splitting). It is seen that this phenomenon is related with the nature
of the spectrum.
Hz,ε = −
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Schrödinger operators with singular interactions: a resonance
model
Sylwia Kondej
Institute of Physics,
University of Zielona Góra,
ul. Szafrana 4a, 65246 Zielona Góra, Poland
skondej@if.uz.zgora.pl
We discuss a generalized Schrödinger operator in L2 (R2 ) with an attractive singular
interaction supported by a straight line and a finite family of points. It can be regarded as
a model of a leaky quantum wire and a family of quantum dots. We analyze the discrete
spectrum and show that the resonance problem can be explicitly solved in this setting.

Inverse problem for the discrete
1D Schrödinger operator with periodic potentials
Evgeni Korotyaev
Institut für Mathematik, Humboldt Universität zu Berlin,
Rudower Chaussee 25, 12489, Berlin
evgeni@math.uni-potsdam.de
Consider the discrete 1D Schrödinger operator with a periodic potential. We
study the Marchenko-Ostrovski mapping:" a periodic potential " to heights of vertical slits on the quasi-momentum domain (similar to the continuous case on the
real line). We obtain the following results : i) this mapping is a local isomorphism
outside some ball , ii) this mapping is a global isomorphism outside large ball. iii)
we study the same problems for small potentials, iv) for above cases the asymptotics of the spectrum is obtained: firtsly, for large potentials and secondly for small
potentials

Singular perturbations given by Jacobi matrices
Volodymyr Koshmanenko
Institute of Mathematics, Kyiv 01601, Ukraine
kosh@imath.kiev.ua
Let A > m ≥ 0 be a strictly positive unbounded self-adjoint operator with
domain D(A) in a separable Hilbert space H and Ȧ denote its symmetric restriction
with infinite deficiency indices. Let KerȦ = N , N ∩ D(A) = 0, denote the defect
subspace of Ȧ. And let J be a Jacobi matrix. We consider J as an operator
parameter for construction of a new self-adjoint extension Ã 6= A of Ȧ, i.e., Ã is a
singular perturbation of A since the set D := D(A) ∩ D(Ã) is dense in H [2, 3].
With this aim we associate to a Jacobi matrix J the singular operator TJ : H1 →
H−1 acting in the A-scale of Hilbert spaces H−1 ⊃ H0 ≡ H ⊃ H1 . Formally the
e = A+̃TJ . In
singularly perturbed operator is given as the generalized sum [1] A
e using the Krein resolvent formula and taking elements of a
really we construct A
Jacobi matrix J consequently as coefficients of rank one singular perturbations in
some basic {ψj }∞
j=1 in subspace N . We find conditions which insure the arising an
e
additional point spectrum Ej in the operator A.
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On Isomorphism of Elliptic Operators
Alexander Kozhevnikov
Department of Mathematics, University of Haifa,
Mount Carmel, Haifa, 31905, ISRAEL
rsma201@math2.haifa.ac.il
The talk deals with a properly elliptic invertible differential operator P of even
order 2m over Rn with constant coefficients which defines a natural mapping of
the space C0∞ (Ω) of all infinitely smooth finite functions over a bounded domain
Ω ⊂ Rn to itself. It turns out that there exists an extension operator to P which
is an isomorphism between the standard Sobolev spaces H m (Ω) and H0−m (Ω) and
such that the inverse operator can be represented in an extremely simple form using
the Fourier transform. In comparison with usual boundary value problems, here the
extension to P is more complicated than the operator generated by the boundary
value problem. On the contrary, the inverse operator is much more simple than
the operators solving the usual boundary value problems. The isomorphism holds
under an extra condition that the Dirichlet boundary-value problem for P in the
domain exterior to Ω is elliptic and uniquely solvable (trivial kernel and cokernel).

Non-Szegö asymptotics
for orthogonal polynomials on the unit circle
Stas Kupin
Universite de Provence
39, rue Joliot Curie 13453 France Cedex 13
kupin@cmi.univ-mrs.fr
Asymptotical properties of orthogonal polynomials from the so-called Szegő
class are very well-studied.First, we discuss pointwise asymptotics for orthogonal
polynomials from a class that is considerably larger than the Szegö class. Then
we prove that these asymptotics hold in the L2-sense (with a weight) on the unit
circle.
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Discrete spectrum asymptotics for Schrödinger operators on
lattice
Saidakhmat N. Lakaev, Zahriddin I. Muminov
Samarkand State University ,
Department of Mathematics, Samarkand State University,
University Boulevard 15, 703004, Samarkand, Uzbekistan
slakaev@yahoo.com, zimuminov@mail.ru
The Hamiltonian of a system of three quantum mechanical particles moving on
the three-dimensional lattice Z3 with arbitrary "dispersion functions" having not
necessarily of compact support and interacting via zero-range attractive potentials
is considered.
For the two-particle energy operator h(k), with k ∈ T3 = (−π, π]3 the twoparticle quasi-momentum, the existence of a unique positive eigenvalue below the
bottom of the continuous spectrum of h(k) is proven, provided that the operator
h(0) has a zero energy resonance.
The existence of infinitely many eigenvalues of the three particle discrete Schrödinger
operator H(0) is proven and the asymptotics for the number of eigenvalues N (0, z)
lying below z < 0,
N (0, z)
lim
= U0
(1)
z→0− | log | z ||
is found.
Moreover for all nonzero and small values of the three-particle quasi-momentum
K ∈ T3 = (−π, π]3 the finiteness of the number N (K, τess (K)) of eigenvalues
below the bottom τess (K)) of the essential spectrum of the three particle discrete
Schrödinger operator H(K) is proven. The asymptotics for the number N (K, 0)
(resp. N (K, τess (K))) of eigenvalues of H(K) lying below zero (resp. below the
bottom τess (K)) ) of the essential spectrum σess (H(K))
lim

K→0

N (K, 0)
= 2U0
| log |K||

(resp. lim

K→0

N (K, τess (K)
= U,
| log |K||

U ≥ 4U0 )

(2).

is established. We remark that whereas the result (1) is similar to that of continuous
case and, the results (2) and (3) are surprising and characteristic for the lattice
systems, in fact they do not have any analogues in the continuous case.

The generalized Schur algorithm and inverse spectral problems
D.Alpay, A.Dijksma, H.Langer,
TU Vienna,
Dept. of Mathematics, Wiedner Hauptstrasse 8-10, A-1040 Vienna, Austria
hlanger@mail.zserv.tuwien.ac.at
The generalized Schur algorithm is used to obtain representations of J-unitary
polynomial 2 × 2–matrix functions as a product of elementary factors. In the line
case this is related to the inverse spectral problem of finding a canonical system
which has the given generalized Nevanlinna function as its Titchmarsh-Weyl coefficient. The continuous analogue of this method is explained for a special class of
Titchmarsh-Weyl functions.
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Reflectionless point interactions
Pavel Kurasov and Annemarie Luger
Institut for Analysis and Scientific Computing
Vienna University of Technology
Wiedner Hauptstr. 8-10
A-1040 Wien, Austria
aluger@mail.zserv.tuwien.ac.at
For reflectionless potentials we construct a generalized point interaction having
the same scattering data. It turns out that in this situation the extension space
can not be chosen as a Hilbert space, but an indefinite inner product occurs.
Moreover we describe the time dependence of this model for a few-soliton solution of the Korteweg-de Vries equation.

Asymptotic behaviour of eigenvalues of some Jacobi matrices
Jan Janas1 and Maria Malejki2
Institute of Mathematics, Polish Academy of Sciences,
ul. Sw. Tomasza 30, 31-027 Kraków, Poland
najanas@cyf-kr.edu.pl
2
Faculty of Applied Mathematics, AGH University of Science and Technology,
al. Mickiewicza 30, 30-059 Kraków, Poland
malejki@uci.agh.edu.pl
1

We investigate the asymptotic behaviour of the point spectrum for some special
unbounded Jacobi operators J acting in the Hilbert space l2 = l2 (N ). For given
sequences of real numbers λn and qn the Jacobi operator is given by J = SW +
W S ∗ + Q, where Q = diag(qn ) and W = diag(λn ) are diagonal operators, S
is the shift operator in l2 and the operator J acts on the maximal domain. By
various methods we calculate the asymptotic behaviour of eigenvalues for different
classes of Jacobi operators. We consider some cases of J when qn = δnα + o(nα )
and λn = nβ + o(nβ ) for α ≥ β. For example we consider the case qn = δn and
λn = n + c for δ > 2.

Eigenproblems on exterior domains and approximation of DN
maps
Malcolm Brown and Marco Marletta
School of Mathematics, Cardiff University,
PO Box 926, Cardiff CF24 4YH, United Kingdom
scmmm3@cs.cf.ac.uk
We consider eigenvalue problems for the Schrödinger operator
−∆ + q(·)
n

c

in an exterior domain Ω = R \Ω , where Ωc is a simply-connected bounded domain
with a smooth boundary, and q(·) is a complex-valued potential. These and similar
problems arise in a variety of applications, including scattering of water waves by
an obstacle. A typical way to solve such problems numerically is to truncate the
infinite domain Ω by introducing an artificial outer boundary with some associated
boundary conditions, and then solve the problem on the truncated domain using a
suitable numerical approach.
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In this talk we consider the effect of the truncation on the spectrum by considering its effect on the Dirichlet to Neumann (DN) and related maps on the (fixed)
inner boundary. Our results fall into 3 classes: (a) guaranteed convergence results
for some special cases; (b) characterization of ‘spurious’ eigenvalues for the general
case; (c) nesting results for sets of DN maps for the general case. The results in (c)
are similar in spirit to recent work of Amrein and Pearson for the self-adjoint case.

Eigenfunction Expansions and Spectral Projections for Isotropic
Elasticity outside an Obstacle
Federico Menéndez Conde
Universidad Autónoma de Hidalgo,
Carretera Pachuca-Tulancingo Km 4.5, Pachuca, HGO, Mexico
fmclara@uaeh.reduaeh.mx
We consider the selfadjoint realization of −∆ − α grad div acting on a domain Ω, exterior to a compact obstacle with smooth boundary, subject to Dirichlet
boundary conditions. The spectral projections of this operator are written in terms
of an expansion of generalized eigenfunctions. The methods used follow those of N.
Shenk [1] for the analogous problem for the Laplace operator.
References
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The parabolic Anderson model: The asymptotics of the
statistical moments, Lifshitz tails and related topics
Bernd Metzger
Technische Universität Chemnitz
Fakultät für Mathematik
09107 Chemnitz, Germany
metzger@mathematik.tu-chemnitz.de
We consider the parabolic Anderson model ∂t u = κ4u + V u on R+ × Zd with
initial condition u(t, 0) ≡ 1. Here 4 is the discrete Laplacian, κ is a diffusion constant and V = {V (x) : x ∈ Zd } is an i.i.d. random field taking values in R. The
large-time behaviour of u(t, 0) is strongly linked with the occurrence of high peaks
in the fields V and u(t, .). These intermittency peaks give the main contribution
to the formation of the statistical moments and determine the correlation structure
of u(t, 0). The latter quantities are extensively studied in the stochastics literature
using path integral methods and the theory of large deviations.
The parabolic Anderson model is also closely connected to the theory of Anderson
localization. The large-time behaviour of the statistical moments and the correlation structure correspond to the asymptotics of the integrated density of states and
to properties of localized eigenstates. Our aim is to study the relation between the
stochastic and the spectral theoretic point of view with respect to these quantities.
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Spectra of Singular Differential Operators on the Circle
Vladimir A. Mikhailets
Institute of Mathematics, Ukrainian National Academy of Sciences
Tereschenkivska str. 3, 03601 Kiev, Ukraine
mikhailets@imath.kiev.ua
Let m ∈ N, V be a (2-periodic) complex-valued distribution in the negative
Sobolev space H −m (T). Spectra of the singular Schrödinger-type operators
d2m
+ V (x)
dx2m
in the Hilbert space L2 (T) are studied. These operators are well defined owing
to the KLMN theorem and the convolution lemma. The resolvent of any S is a
compact operator. The operator S is self-adjoint iff the distribution V is real-valued
(i.e. V̂ (k) = V̂ (−k), k ∈ Z, where V̂ (k) denote the Fourier coefficients of V ). The
following estimates for the eigenvalues λj = λj (m, V ) which are enumerated with
their algebraic multiplicity and ordered so that
S = (−1)m

Re(λj ) < Re(λj+1 ), or Re(λj ) = Re(λj+1 ), Im(λj ) ≤ Im(λj+1 ), j = 0, 1, 2, . . .
are found:
(1) For any m ∈ N, V ∈ H −m (T) the one-term asymptotic formulae
λ2n−1 , λ2n = n2m π 2m + o(nm ), n −→ ∞
is valid.
(2) Let m ∈ N, V ∈ H −mα (T), α ∈ [1/2, 1). Then for any ε > 0 uniformly
for bounded sets of distributions V in H −mα (T) the asymptotic formulae
q
λ2n−1 , λ2n = n2m π 2m + V̂ (0) ± V̂ (−2n)V̂ (2n) + rn± (m, V ), (*)
rn± ∈ hm(1−2α−ε)
are hold. Here hβ , β ∈ R, denote the weight Hilbert sequence spaces:
X
sn ∈ hβ ⇐⇒
|sn |2 (1 + n)2β =: ksk2β =⇒ sn = o(n−β ), n −→ ∞.
(3) Let m ∈ N, V ∈ H −mα (T), α ∈ [0, 1/2). Then uniformly for bounded sets
of distributions V in H −mα (T) formulae (*) are hold with the remainder
terms in hm(1/2−α) .
Similar estimates for the semiperiodic eigenvalues are found. Some applications
to spectral analysis of the periodic Schrödinger operators with singular potentials
are given.
The results are obtained joint with V.M. Molyboga.
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Two-particle bounded states of transfer-matrix for Gibbsian fields
(high temperature regime)
R.A.Minlos
Dobrushin Mathematical Laboratory,
Institute for Information Transmission Problems (Russian Academy of Science),
Karetnyj pereulok, 19, Moscow, 101447 Russia
minl@iitp.ru
It is possible to construct one- and two-particle invariant spaces for transfermatrix of large class of Gibbsian fields on lattice Zd (d = 1, 2, 3). The restriction
of transfer-matrix on two-particle subspace is similar to the family of operator like
generalized Friedrich’s model.
The talk is devoted to the description of the eigenvalues of these operators for
high temperature (the criteria of existence, the position).

Simple and double eigenvalues of the Hill operator with a two
term potential
B. Mityagin
Department of Mathematics, Ohio State University,
231 West 18th Ave Columbus, OH 43210, USA
mityagin.1@osu.edu
We analyze the instability zones and multiplicities of eigenvalues of Hill operator
with a two term potential
Ly = - y” + a cos2x + b cos4x
with parametrization of its coefficients a = - 4qt, b = - 2q2. A proper gauge
transform (W. Magnus and S. Winkler) kills a term with a higher frequency and
gives us a chance to realize the similar to L operator with a tridiagonal matrix K.
[But it is not a Jacobi matrix.] We sharpen Magnus/Winkler results on multiplicity
of the L’s eigenvalues and give complete structure of the spectrum Sp(L) with
periodic or antiperiodic boundary conditions. Quantum type effect is observed
when t is an integer. This links our analysis with the theory of quasi-exactly
solvable differential equations (A. Turbiner, P. Olver and others). Asymptotics of
spectral gaps for L when q approaches zero gives a series of surprising identities with
squares of integers. [All of the above are joint results of the speaker and Plamen
Djakov.] Our related papers are
1. Plamen Djakov and Boris Mityagin, The asymptotics of spectral gaps of 1D
Dirac operator with cosine potential, Lett. Math. Phys. 65 (2003), 95 - 108.
2. Plamen Djakov and Boris Mityagin, Multiplicities of the eigenvalues of
periodic Dirac operators, Ohio State Math. Research Inst. Preprints, 04-1, January
7, 2004, 32 p.,
but the talk’s results are not there.
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On some unbounded tridiagonal matrices generating C0
semigroups in lp spaces
Marcin Moszynski
Uniwersytet Warszawski, Wydział Matematyki Informatyki i Mechaniki, Instytut
Matematyki Stosowanej i Mechaniki, ul. Banacha 2, 02-097, Warszawa, Poland
mmoszyns@mimuw.edu.pl
We study some (unbounded) Jacobi matrices acting in lp spaces. We find some
conditions on the sequences on the main, the lower, and the upper diagonal of the
matrix, guaranteeing that the operator is the generator of a C0 semigroup. [joint
work with J. Banasiak and M.Lachowicz]

An inverse scattering problem for Sturm–Liouville operators on
semiaxis
Yaroslav Mykytyuk
Lviv National University,
Universytetska str. 1, 79602 Lviv, Ukraine
yamykytyuk@yahoo.com
Consider in the Hilbert space L2 (R+ ) a Sturm-Liouville operator T given by
the differential expression
T f := l(f ) = −a−1 (af 0 )0 + q
on the domain
1
D(T ) = {f ∈ L2 (R+ ) : f, af 0 ∈ W1,loc
(R+ ), l(f ) ∈ L2 (R+ ), f (0) = 0 }.
¡
We suppose
that
q
is
a
real-valued
function
that
belongs
to
the
space
L
R+ , (1 +
1
¢
1
0
x)dx and that the function a ∈ W1,loc (R+ ) is positive and (log a) ∈ L1 (0, ∞). For
such operators we give a complete description of its scattering data and solve the
inverse scattering problem of recovering the operator T .

Inverse spectrum problem for quantum graphs
Pavel Kurasov and Marlena Nowaczyk
Lund Institute of Technology,
BOX 118, 221 00 Lund
marlena@maths.lth.se
Quantum graph is a differential operator on a geometric graph with certain self
adjoint boundary conditions at the vertices. The simplest example is the Laplace
operator i.e. the second derivative operator with natural b.c. (the function is continuous and the sum of derivatives is zero). Following Gutkin and Smilansky we prove
that the spectrum of free operator determine the graph if the lengths of edges are
rationally independent. The proof is based on the trace formula connecting periodic
orbits with the spectrum of a quantum graph.
We will also discuss physical boundary condition instead of natural. An example of two different isospectral graphs will be given (of course having rationally
dependent edges).
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Compact extremums of integral functionals
Orlov I.V.
Taurida National V. Vernadsky University,
4, Vernadsky Ave., 95007, Simferopol, Ukraine
old@tnu.crimea.ua
A new approach to extreme problems for integral functionals is proposed. The
difficulties arising in these questions are mainly closed to absence of the second
strong derivative for general integral functionals and to realization of their extremums on some compact sets. These cases exclude application of the classical
Frechet extreme conditions.
Let f be a real functional on some locally convex space E. Say that f has
K-extremum at x ∈ E if, for every absolutely convex compactum C ⊆ E, the
restriction f |x+EC has local extremum at x (here EC = span(C)). Analogously,
say that f is K-differentiable at x, if every restriction f |x+EC is differentiable at x
respective to k · kC , generated by C.
The sufficient K-extreme conditions in terms of K-derivative are proved both in
the cases of one and many variables. The applications to Euler-Lagrange functional
Z b
Φ(y) =
f (x, y(x), y 0 (x)) dx (y(·) ∈ W21 ([a, b], E))
a

are considered.
The repeated K-differentiability of Φ(y) is proved. It allowed to obtain the sufficient K-minimum condition of Φ(y), namely, positive definiteness of f 00 (x, y(x), y 0 (x))
in second and third variables (here y(·) is extremal, a 6 x 6 b). In the case of nuclear space E this condition is expressed by means of the second derivatives of
f.
A simple example of K-extremum Φ(y), which is not a local extremum, is
constructed. The possible modifications of the approach above for diverse classes
of integral functionals are discussed.
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Point perturbations as pseudopotentials
V. Geyler and K. Pankrashkin
Mathematical Faculty, Mordovian State University, Bolshevistskaya 68, 430000
Saransk Russia, geyler@mrsu.ru
Institute of Mathematics, Humboldt-University, Rudower Chaussee 25, 12489
Berlin Germany
const@mathematik.hu-berlin.de
We consider magnetic Schroedinger operators with zero-range potentials (point
perturbations) within the framework of the operator extension theory. Under rather
generic conditons on magnetic and electric potentials it is shown that such operators
can be represented as the sum of the unperturbed operator and a certain singular
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linear operator called pseudopotential. Such an expression can be viewed as an
operator in the space of distributions and gives a description of the point perturbation in a form closed to the description of usual Schrödinger operators with regular
potentials; within this context, the point pertubation can be treated as a kind of
additive perturbation, and the matrix of parameters becomes a matrix of coupling
constants. An analytic form of the pseudopotential for several classes of unperturbed operators is given and the relationship with various types of regularization
is discussed.

Transport properties and modelling of Quantum Networks
B. Pavlov
Dept. of Mathematics, University of Auckland, Private Bag 92019, Auckland,
New Zealand
pavlov@math.auckland.ac.nz
We propose the description of one-particle transport in the quantum network
based on observation that the resonance transmission of an electron across the wells,
from one quantum wire to the other, happens due to the excitation of oscillatory
modes in the well. This approach allows us to obtain also an approximate formula for the transmission coefficients, based on numerical data for eigenvalues and
eigenfunctions of the discrete spectrum of some intermediate Schrödinger operator
in certain range of energy. We interpret the corresponding approximate Scattering matrix as a Scattering matrix of an appropriate solvable model in form of a
quantum graph with the resonance node. We also suggest a new version of the analytic perturbation technique based on factorization of the corresponding scattering
matrix near the resonance.

Spectral asymptotics of quantum harmonic oscillator
perturbed by almost periodic potential
Alexis Pokrovski
Laboratory of Quantum Networks, Institute for Physics,
St-Petersburg State University, St.Petersburg 198504, Ulyanovskaya 1
alexis.pokrovski@pobox.spbu.ru
Consider the Hamiltonian of a perturbed quantum harmonic oscillator
d2
+ x2 + q(x) in L2 (R),
dx2
supposing that the perturbation q satisfies kqk < ∞, where
Z x
q(s) ds
kqk = kqk∞ + kq 0 k∞ + kQk∞ , Q(x) =
T =−

0

and k·k∞ is the norm in L∞ (R). In particular, q may be periodic or almost periodic.
The spectrum of T is purely discrete: σ(T ) = {µn }∞
n=0 , where |µn | ≤ |µn+1 |.
Generalizing the result of [1], we determine the term of the spectral asymptotics,
linear in the perturbation q. For kqkn−1/4 → 0 we obtain
Z ∞
(1)
µn − (2n + 1) =
q(x)ψn0 (x)2 dx + O(kqk2 n−1/2 ) = O(kqkn−1/4 ),
−∞

where

{ψn0 }∞
n=0

is the set of orthonormed real unperturbed eigenfunctions.
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Consider the operator
H = −∂x2 + (−i∂y − x)2 + q(x) in L2 (R2 ).
This operator is the quantum Hamiltonian of an electron on a plane in homogeneous
magnetic field perpendicular to the plane, in the presence of the electric field q(x).
For real q satisfying kqk ≤ ∞ the operator H is self-adjoint and its spectrum
σ(H) has neither discrete nor singular continuous components. Using the asymptotics (1), we prove that there exists an absolute constant c > 0 such that for any
integer N > ckqk4 we have
σ(H)

\

[2N, ∞) =

∞
[

+
[µ−
n , µn ],

−
+
µ−
n ≤ µn < µn+1 ,

n=N

where

½

µ±
n

1
− (2n + 1) = ± sup ±
2π
τ ∈R

Z

π

√

q(τ + sin θ 2n + 1) dθ
−π

¾

µ
+O

kqk
n1/3

¶
.
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Subfields of a Jacobi Field
Artem D. Pulemyotov
Department of Mathematics and Mechanics,
Kyiv National T. Shevchenko Univ.,
64 Volodymyrska str., 01033 Kyiv, Ukraine
pulen@i.kiev.ua
˜
By definition, a Jacobi field J = (J(φ))
φ∈H+ is a family of commuting selfadjoint three-diagonal operators in the Fock space F(H). The operators J(φ) are
indexed by the vectors of a real Hilbert space H+ . The function φ 7→ J(φ)Φ is
assumed to be linear and continuous for any finite vector Φ ∈ F(H).
Let H− stand for the dual of H+ . Consider a real Hilbert space T− and a
bounded operator K + : T− → H− . We suppose Ker(K + ) = {0}. The spectral
measure ρ of the field J is defined on H− . The operator K + takes ρ to a probability
measure ρK defined on T− w.r.t. the formula
ρK (∆) = ρ((K + )−1 (∆))
((K + )−1 (∆) denotes the full preimage of ∆). The main objectives of my talk are:
1. To obtain a family JK of commuting selfadjoint operators with its spectral
measure equal to ρK .
2. To obtain the chaotic decomposition for the space L2 (T− , dρK (ω)).
Noteworthily, the family JK appears to be isomorphic to a subfield of the initial
field J. If K + is an invertible operator then JK is isomorphic to J.
The talk is based on my joint work with Prof. Yurij M. Berezansky and Dr.
Eugene W. Lytvynov.
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Trace formula and high energy spectral asymptotics for the
Landau Hamiltonian
Evgeni Korotyaev and Alexander Pushnitski
Department of Mathematical Sciences
Loughborough University
Loughborough LE11 3TU, U.K.
a.b.pushnitski@lboro.ac.uk
A two-dimensional Schrödinger operator with a constant magnetic field perturbed by a smooth compactly supported potential is considered. The spectrum of
this operator consists of eigenvalues which accumulate to the Landau levels. We
call the set of eigenvalues near the n’th Landau level an n’th eigenvalue cluster,
and study the distribution of eigenvalues in the n’th cluster as n → ∞. A complete
asymptotic expansion for the eigenvalue moments in the n’th cluster is obtained
and some coefficients of this expansion are computed. A trace formula involving
the eigenvalue moments is obtained.

The phenomenon of instability of the absolutely continuous
spectrum of nonself-adjoint ordinary differential operators.
Roman Romanov
School of Computer Science, Cardiff University, Cardiff
Queen’s Buildings, PO Box 916, Newport Road, Cardiff CF24 3XF, UK
and
Laboratory of Quantum Networks, Institute for Physics
Saint Petersburg State University, 198504 St. Petersburg, RUSSIA
R.V.Romanov@cs.cf.ac.uk
We show that the absolutely continuous spectrum of dissipative ordinary differential operators of the second order is unstable under slowly decaying perturbation
of the imaginary part. The main result here is that if the additive perturbation has
imaginary part which is not from L1 , then the absolutely continuous subspace is
trivial. This result is in sharp contrast with the situation of the self-adjoint theory,
where the absolutely continuous spectrum is preserved as soon as the perturbation
is in L2 .

On the absolutely continuous spectrum of multi-dimensional
Schrödinger operators
Oleg Safronov
KTH, Sweden and UAB, USA
safronov@math.kth.se
We consider a multi-dimensional Schrödinger operator −∆ + V in L2 (Rd ) and
find conditions on the potential V which guarantee that the absolutely continuous
spectrum of this operator is essentially supported by the positive real line. We
prove some results which go beyond the case L1 + Lp with p < d.
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Existence and Completeness of wave operators
M-S. Saif
Math. Dept., Faculty of Science, Fayoum , Egypt
s_saif47@hotmail.com
The aim of the present paper is to show the existence and the completeness
of the wave operators W± and other related results. One of the main objects of
scattering theory is that the absolutely continuous spectrum of the self-adjoint
operator T0 do not change when one add perturbation V to T0 . The definition of
W± is central.
Let T0 and T be a self-adjoint operators on a Hilbert spaces H0 and H respectively. By J we denote a bounded operator from H0 into H. J is also called the
identification operator. A fundamental question one asks in scattering theory is
when do the strong limit
W± f = s − limt→±∞ eitT Je−itT f
exist, for every f in the absolutely
continuous subspace H0ac of T0 . This limits (if exist) define the wave operators W± .
If W± (T, T0 , J) exist and are isometric on T0ac then W± (T, T0 , J) is called complete if Ran W± (T, T0 , J) = H ac .(H ac is the absolutely continuous subspace of
T.)
This implies that, the scattering operator S, defined by S = W+∗ W− , is unitary
on H0ac if W± are complete. Also S intertwines T0 , i.e; e−itT0 S = S e−itT0 , t ∈ R.
We construct on trace class method in dealing with the existence and completeness of the wave operators for the self-adjoint operators T0 , T. The original result
of trace class scattering theory is the ”Kato-Rosenblum-Pearson theorem”. KatoRosenblum theorem was extended to the case where the difference of the resolvents
of the unperturbed operator T0 and perturbed operator T is a trace operator.
We shall study some examples to show the existence and completeness of the
wave operators W± (T, T0 ), T = T0 + V, under suitable conditions on T0 and V.
The main example study an operator considered a generalization of the fractional
´s
³P
α m
Laplacian T in the differential expression
T =
,0 ¹ s ¹ m
α≤m aα (x)D
s

on Rn with L2 −domain is equal to W2,s = Λ−s (L2 ). Hence Λ−s = (I − ∆) 2 . We
apply trace class theory to prove the existence and completeness of W± under mild
conditions.
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Spectral Theory of Time Dispersive and Dissipative Systems
Alex Figotin and Jeffrey H Schenker
ETH Zürich,
Institut für Theoretische Physik, ETH Zürich
CH-8093 Zürich
Switzerland
jeffrey@phys.ethz.ch
I will discuss linear time dispersive and dissipative systems. Very often such
systems are not conservative and the standard spectral theory can not be applied. I
will describe a mathematically consistent framework, based on the classical theorem
of Bochner, allowing (i) to constructively determine if a given time dispersive system
can be extended to a conservative one; (ii) to construct that very conservative
system (which is essentially unique). Time permitting, I will illustrate the method
by applying it to the scattering of light off a dispersive, absorbing scatterer.

Weak disorder expansion for localization lengths of quasi-1D
systems
Hermann Schulz-Baldes
TU Berlin, Institut fuer Mathematik Strasse des 17. Juni 136 D-10623 Berlin,
Germany
schuba@math.tu-berlin.de
A perturbative formula for the lowest Lyapunov exponent of an Anderson model
on a strip is presented. It is expressed in terms of an energy dependent doubly stochastic matrix, the size of which is proportional to the strip width. This matrix and
the resulting perturbative expression for the Lyapunov exponent are evaluated numerically. Dependence on energy, strip width and disorder strength are thoroughly
compared with the results obtained by the standard transfer matrix method. Good
agreement is found for all energies in the band of the free operator and this even
for quite large values of the disorder strength.

Spectral portraits and pseudospectrum for the Orr–Sommerfeld
equation and associated model problem
A. A. Shkalikov
Department of Mechanics and Mathematics, Moscow Lomonosov State University,
Moscow, Vorob’evi Gori, 119899, Russia
ashkalikov@yahoo.com
We will remark that the well-known Orr–Sommerfeld equation with large Reynolds
numbers is closely related to a model problem
−iεz 00 + q(x)z = λz,
z(−1) = z(1) = 0
with small ε > 0. We investigate the spectrum behaviour and estimate the resolvent growth of this problem (localization of the pseudospectrum) as ε → 0. We
prove that for some classes of analytic profiles q(x) the spectrum of the problem
is located near some critical curves in the complex plane C as ε → 0. We find
the quantization formulas for the eigenvalue distribution near critical curves. We
consider also important particular profiles q(x) = xk , k ∈ N.
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Periodic magnetic Schrodinger operator with degenerate lower
edge of the spectrum
Roman Shterenberg
Department of Mathematical Physics, Physical Faculty, St.Petersburg State
University, ul. Ul’yanovskaya 1, 198504 St.Petersburg, Petrodvorets, RUSSIA
roman@rs3759.spb.edu
We investigate the structure of the lower edge of the spectrum of the periodic
magnetic Schrodinger operator. It is known that in the nonmagnetic case the
energy is a quadratic form of the quasimomentum in the neighbourhood of the lower
edge of the spectrum of the operator. We construct an example of the magnetic
Schrodinger operator for which the energy is partially degenerated with respect to
one component of the quasimomentum.

Absence of Accumulation Points in the Pure Point Spectrum of
Jacobi Matrices
Luis O. Silva
Departamento de Métodos Matemáticos y Numéricos
IIMAS, Universidad Nacional Autónoma de México
Apdo. Postal 20-726 México, D.F. 01000
silva@leibniz.iimas.unam.mx
∞
¯
Consider the sequences {bn }∞
n=1 ⊂ R+ and {qn }n=1 ⊂ R. A Jacobi matrix J,
2
regarded as an operator in l (N), is the closure of a symmetric operator J whose
domain is the set of all sequences {un }∞
n=1 having a finite number of non-zero
elements and defined by

(Ju)n = bn−1 un−1 + qn un + bn un+1

n ∈ N \ {1}

(Ju)1 = q1 u1 + b1 u2 .
Ever since the subordinacy theory of Gilbert and Pearson [1] was carried over
into the discrete domain [3], various asymptotic methods have been used to study
the spectral properties of Jacobi matrices. However, the spectral analysis given by
the theory of subordinacy leaves unanswered the question of whether the pure point
parts of the spectrum have points of accumulation in finite intervals. For answering
this question we developed a method whose ingredients are, firstly, a uniform generalization of the Levinson theorem on the asymptotics of solutions of discrete linear
systems, secondly, the smooth properties of solutions of Levinson type systems,
and finally, some basic properties of symmetric operators. The method has a wide
¯ the
range of applicability. As an illustration of this we prove that, for operator J,
pure point part of the spectrum is actually discrete, when either of the following is
satisfied:
(1) bn = na + cn and qn = 0, ∀n ∈ N, where a ∈ (0; 1] and {cn }∞
n=1 is a
T -periodic positive sequence (T ≥ 2).
(2) bn = na (1 + cnn ) and qn = 0, ∀n ∈ N, where a > 1, {cn }∞
n=1 is a 2N periodic positive sequence (N ∈ N), and J is self-adjoint.
¯ and J-2
¯ have pure point spectrum in
In [2] it was established that operators J-1
some intervals, but the question of discreteness remained open.
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Generic singular continuous spectrum for geometric disorder
Peter Stollmann
Faculty of Maths, TU Chemnitz, 09107 Chemnitz, Germany
p.stollmann@mathematik.tu-chemnitz.de
Geometric disorder is defined with the help of Delone sets. We show that
under some mild restrictions the associated Hamiltonians exhibit purely singular
continuous spectrum generically.
The main analytical input is a result of Simon known as the “Wonderland theorem”. Here, we provide an alternative approach and actually a slight strengthening
by showing that various sets of measures defined by regularity properties are generic
in the set of all measures on a locally compact metric space.

Scattering Theory for Jacobi Operators with Quasi-Periodic
Background
G. Teschl
Department of Mathematics, University of Vienna, Nordbergstr. 15, A1090
Vienna, Austria
gerald.teschl@univie.ac.at
Scattering theory for Jacobi operators is by now well-understood in the case of
a constant background operator. The case of periodic respectively quasi periodic
background operators has only recently been started. We will investigate inverse
scattering theory which is particulary important for application of the inverse scattering transform to the Toda equation.

Analysis of decoherence in a two-particle system
R. Adami, R. Figari, D. Finco and A. Teta
Dipartimento di Matematica Pura e Applicata,
Universita’ di L’Aquila
via Vetoio - loc. Coppito, L’Aquila (Italy)
teta@univaq.it
We consider a two-particle system in the limit of small mass ratio, with an
initial state given in a product form and the light particle in a scattering state. We
derive the asymptotic dynamics of the system with an explicit control of the error
and we discuss an application to the analysis of the decoherence effect induced on
the heavy particle.
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Functional model for operators with spectrum on a curve and its
applications
Alexey Tikhonov
Taurida National University, 28 Kirov str., apt. 61 Simferopol, 95011 Crimea
Ukraine
tikhonov@club.cris.net
We extend results of the paper A.S. Tikhonov "Functional model and duality of spectral components for operators with continuous spectrum on a curve"
(St.Petersburg Math.J, Vol 14 (2003), No.4, 655–682) to the case of multiply connected domains. A main result is the existence of functional model of Sz.-NagyFoias-Naboko type for an arbitrary trace class perturbation of normal operator
with spectrum on a curve. The functional model framework is applied to establish
the duality of spectral components of such operators. In particular, we consider
the duality of the absolutely continuous and singular spectral components which
is a generalization of the corresponding well-known decomposition for self-adjoint
operators and the canonic C0 · − C1· triangulation for contractions.

Remarks on the spectrum of the Neumann problem
with magnetic field in the half space
Abderemane MORAME1 and Françoise TRUC2
Université de Nantes, Faculté des Sciences, Dpt. Mathématiques,
UMR 6629 du CNRS, B.P. 99208, 44322 Nantes Cedex 3, FRANCE
morame@math.univ-nantes.fr
2
Université de Grenoble I, Institut Fourier,
UMR 5582 CNRS-UJF, B.P. 74,
38402 St Martin d’Hères Cedex, France
Francoise.Truc@ujf-grenoble.fr
We consider a Schrödinger operator with a constant magnetic field in a half
3-dimensional space, with Neumann type boundary conditions. It is known from
the works by Lu-Pan and Helffer-Morame that the lower bound of its spectrum is
less than the intensity b of the magnetic field, provided that the magnetic field is
not normal to the boundary.
We prove that the spectrum under b is a finite set of eigenvalues (each of infinite
multiplicity).
In the case when the angle between the magnetic field and the boundary is
small, we give a sharp asymptotic expansion of the number of these eigenvalues.
1
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Generalized quadratic forms and robust states in complex linear
spaces
Tyshkevich D. L.
Taurida National V. Vernadsky University,
4, Vernadsky Ave., 95007, Simferopol, Ukraine
ltyshk@crimea.edu
Let X be a complex linear space, R : = R ∪ {−∞, +∞, ν} — the set of real
numbers extended with symbols of infinities and symbol ν that means indeterminate
quantity. We naturally extend operations of addition and multiplication to R (at
that they remain commutative and associative). Further the notion of limit of
network of real numbers generalized to R.
Let ι : X → R be an arbitrary fixed function. The couple hX, ιi we call state
space. Domain of finiteness is the set F in(X, ι) : = {x ∈ X | ι(x) ∈ R}. We will be
say that function ι : X → R preserve finiteness with regard to scalar multiplication if
for all x ∈ F in(X, ι) and α ∈ C αx ∈ F in(X, ι). A state x from domain of finiteness
F in(X, ι) we call robust (with regard to ι) if for any y ∈ F in(X, ι) x+y ∈ F in(X, ι).
The set of all such states we denote RF in(X, ι). RF in(X, ι) is linear space.
Function ι : X → R that satisfies conditions: 1) ι(x + y) + ι(x − y) = 2ι(x) +
2ι(y) (x, y, x + y ∈ F in(X, ι)) (the rule of parallelogram); 2)ι(αx) = |α|2 ι(x) (α ∈
C, x ∈ X) (quadratic homogeneity) we call generalized quadratic form. Using wellknown polarization identity for ι we turn RF in(X, ι) to inner product space.
In different physical theories space hX, ιi with generalized quadratic form ι
means the space of states x ∈ X where ι play a role of either certain energetic
form or certain probabilistic characteristic of physical quantity for some physical
system being in the state x. Presence of set {−∞, +∞, ν} in codomain of ι is
related with such natural fact that characteristics indicated above may be infinite
or may be indeterminate at all for some states. Note, that, for example, in the
case of interpretation of ι as energetic form robustness of state x means that no
perturbation can lead to a state with infinite energy or indeterminate state.
We consider different examples of spaces with generalized quadratic form.

Lieb-Thirring inequalities in Quantum wires
Timo Weidl
Institut fuer Analysis, Dynamik und Modellierung, FB Mathematik Universität
Stuttgart Pfaffenwaldring 57 DE-70569 Stuttgart, Germany
Timo.Weidl@mathematik.uni-stuttgart.de
We discuss Lieb-Thirring type bounds on trapped modes in strip- und tubelike domains, perturbed by potentials, geometric deformations or local changes of
boundary conditions. This is a joint work with P. Exner and in part also with H.
Linde.
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Algebras dense in L2 spaces
Michal Wojtylak
Instytut Matematyki, Uniwersytetu Jagiellonskiego, ul. Reymonta 4, 30-059
Krakow, Poland
Michal.Wojtylak@im.uj.edu.pl
Let µ be a finite positive Borel measure defined on a σ-algebra of subsets of a
set X. Using operator techniques we provide some criteria for finitely generated algebras to be dense in the space L2 (µ). The main tools are symmetric and selfadjoint
operators of multiplication and Nussbaum’s criterion for essential selfadjointness.

On generalized sum rules for Jacobi matrices
F. Nazarov, F. Peherstorfer, A. Volberg and P. Yuditskii
Institute for Analysis,
Johannes Kepler University of Linz,
A-4040 Linz, Austria
Petro.Yudytskiy@jku.at
The work is in a stream initiated by a paper of Killip and Simon [Ann. of Math.,
2003]. Using methods of Functional Analysis and the classical Szegö Theorem we
prove sum rule identities in a very general form. Then, we apply the result to obtain
new asymptotics for orthonormal polynomials. We reformulate Simon’s conjecture,
formulated initially for orthogonal polynomials on the unit circle, for polynomials
orthogonal on an interval of the real axis and show that the conjecture holds true
on an infinite series of examples that were proposed by Laptev, Naboko, Safronov.

New results in control of discrete,
continuous and band spectra of Shrödinger equation
in inverse problem and supersymmetry approach
Boris Zakhariev
Laboratory of theoretical Physics, Joint Institute for Nuclear Research, Dubna,
141980, Russia
zakharev@thsun1.jinr.ru
In recent years we have achieved a breakthrough in understanding quantum
mechanics due to new approach: using inverse problem theory and supersymmetry
with computer visualization (spectral scattering and decay control, particularly for
periodic structures). We have just published our new book "Submissive Quantum
Mechanics: New Status of the Theory in inverse problem approach" in Russian and
put it and its first part in English into my homepage http://thsun1.jinr.ru/ zakharev/ for free access. The new theory reveals the elementary and universal constituents ("bricks" and building blocks) for construction (at least theoretically) of
quantum systems with the given properties (spectral control) "as with a children toy
constructor set". The fundamental depth of the discovered algorithms is combined
with the extremely clear presentation. Our recent achievement is the theory of
spectral control of periodic structures (shifting spectral zones, changing the degree
of forbiddenness at arbitrary energy point in forbidden zone – intensity of tunneling through the zone interval. We have even understood how to solve Schroedinger
equation ’mentally’ ). A resonance mechanism (unknown before) of forbidden zone
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formation will be higlighted. That enables also to understand better (in a qualitative way) the wave behavior in the allowed bands (beatings of waves as a result of
violation of a conformity between wave internodal length and the potential period).
This deepens the Bloch’s theory of waves in periodical structures. As an paradoxical examples will be also demonstrated: 1.Dense spectrum of localized states and
discrete spectrum of scattering states for Shrödinger equation. 2. Multichannel systems having simultaneously for the same interaction matrix and at the same energy
value (but different boundary conditions): a) bound state solutions, b) solutions
with absolute transparency of the target, c) solutions with absolute reflectivity of
the target . Such simple instructive example enrich our quantum intuition.

Spectral properties of pseudorelativistic hamiltonians of atoms
and positive ions with nuclei of finite masses
G. Zhislin
Division of mathem.physics of Radiophysical Research Institut (NIRFI), 25
Bolshaya Pecherskaya str. 603950, Nizhny Novgorod, Russia
greg@nirfi.sci-nnov.ru
We study the discrete spectrum structure of pseudorelativistic hamiltonians H
of atoms and positive ions with nuclei of finite masses and with n electrons for any
n ≥ 1. Since the separation of the center of mass of such systems is impossible we
investigate the spectrum of the restriction Hp of the operator H to the subspace of
the states with fixed value P of the total momentum of the system. Such restriction
forms the hamiltonian Hp of the relative motion (with fixed P ). For the operators
Hp we discovered:
A) Two-sides estimates of counting function of the discrete spectrum σd (Hp )
of the operator Hp in the terms counting functions of some effective two-particle
operators;
B) The principal term of spectral asymptotics of σd (Hp ) near the lower bound
inf σess (Hp ) of essential spectrum Hp .
It is interesting that the effective operators in A) and spectral asymptotics in
B) depend on some integral properties of ground states of the operators, which
determine inf σess (Hp ).
These results were established with application some approaches from [2, 3]
and use some assertions from [1, 4, 5]. Early the discrete spectrum structure of the
considered systems was discovered only for n = 1 [2]. For any n ≥ 1 the discrete
spectrum was studied solely for the case of infinitely heavy masses [6, 3], where
fixing the total momentum was not done, since it was not necessary and where the
operators were considerably more single for the investigation a compared with Hp .
The investigation is supported by RFBR, grant 03-01-00715.
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On the asymptotic behaviour of the number of eigenvalues for a
class of weakly regular elliptic operators
Lech Zielinski
LMPA, Centre Universitaire de la Mi-Voix, Université du Littoral
50, rue F. Buisson, B.P. 699, 62228 Calais Cedex, France
Lech.Zielinski@lmpa.univ-littoral.fr
Let us assume that for h > 0 the differential operators
P Anh = a(h, x, hD) are
self-adjoint in the Hilbert space L2(Rd ) and a(h, x, ξ) =
h an (x, ξ) holds with
sufficiently regular an (n = 0, 1, ...). If the real number E satisfies the inequality
E < lim inf a0 (x, ξ),
|x|+|ξ|→∞

then there exists h0 > 0 such that the spectrum of Ah is discrete in ] − ∞; E]
for h ∈]0; h0 ] and we can define the counting function N (Ah , E) as the number of
eigenvalues smaller than E (counted with their multiplicities). We are interested
in the semiclassical approximation of N (Ah , E) given by the Weyl formula
N (Ah , E) = cE h−d + WE (h),

(WF)

where cE is a constant (depending on E and a0 ) and the remainder WE (h) is o(h−d )
when h → 0.
It is well known that a development of the microlocal analysis based on the theory
of Fourier integral operators of L. Hörmander, gives (WF) with WE (h) = O(h1−d )
under the hypothesis
a0 (x, ξ) = E =⇒ ∇a0 (x, ξ) 6= 0.

(NC)

The aim of the talk is to discuss the following problems:
a) to estimate WE (h) when the condition (NC) is violated,
b) to describe estimates of WE (h) depending on the regularity of coefficients for
operators with non-smooth coefficients,
c) to deduce classical Weyl formula for globally elliptic operators in Rd .

Sum Rules for Jacobi Matrices and Divergent Lieb-Thirring Sums
Andrej Zlatos
Mathematics Department, University if Wisconsin,
480 Lincoln Dr. Madison, WI 53706 USA
zlatos@math.wisc.edu
Let Ej be the eigenvalues outside [−2, 2], and µ0 the density of the a.c. part
of the spectral measure for the vector δ1 , of a Jacobi matrix with an − 1 ∈ `2 and
bn → 0. We show that if bn ∈
/ `4 , bn+1 − bn ∈ `2 , then
X
(|Ej | − 2)5/2 = ∞,
j
4

2

and if bn ∈ ` , bn+1 − bn ∈
/ ` , then
Z 2
ln(µ0 (x))(4 − x2 )3/2 dx = −∞.
−2

We also show that if an − 1, bn ∈ `3 , then the above integral is finite if and only
if an+1 − an , bn+1 − bn ∈ `2 . We prove these and other results by deriving sum
rules in which the a.c. part of the spectral measure and the eigenvalues appear on
opposite sides.
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Abstracts not included into the original
book of abstracts
Kaczmarz algorithm in Hilbert space
Rainis Haller and Ryszard Szwarc
Institute of Mathematics, Wrocław University
pl. Grunwaldzki 2/4, 50-384 Wrocław, Poland
szwarc@math.uni.wroc.pl
Let {en }∞
be
a
sequence
of unit vectors in Hilbert space H. We are interested
n=0
in reconstructing vectors x from the sequence of the coefficients {(x, en )}∞
n=0 . The
Kaczmarz algorithm provides approximate solutions xn according to the formulas
x−1 = 0 and
xn = xn−1 + (x − xn−1 , en )en .
Kaczmarz [1] proved that if H has finite dimension N, the sequence {en }∞
n=0 is
N -periodic and linearly dense then xn → x, for any x ∈ H.
We will discuss the Kaczmarz algorithm for infinite dimensional Hilbert spaces
and give necessary and sufficient conditions for the sequence {en }∞
n=0 for which the
algorithm reconstructs vectors. Such sequences will be called effective. We will
also provide sufficient conditions for sequences {en }∞
n=0 such that every truncated
sequence {en }∞
is
effective
as
well.
n=k
The work was inspired by a paper by S. Kwapień and J. Mycielski [2], who
studied stationary sequences of unit vectors, when the quantities (ei , ej ) depend
only on the difference of the indices. We will recover their result from ours, which
will give entirely different approach to that case.
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