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Preface

I have always had a fascination for images, be it the impressionistic masterpieces of late
19th century artists, the beauty of a well composed photograph or the modern art of
computer graphics. In view of this, it is not surprising that my interest immediately awoke
when I, during the pursuit of my Master’s degree in computer science and technology,
heard about the course in image analysis given at the Department of Mathematics. This
in turn opened my eyes to the subject of mathematics itself and made me realize its value
and importance. In the spring of 1998, after focusing my studies in this direction, I
presented my Master’s thesis on the subject of multi-scale image analysis based on partial
differential equations.

With my interest in computer vision and image analysis only escalating during the
work on my Master’s thesis, it felt like a natural step to apply for a PhD position in the
Mathematical Imaging Group. I received a position in the project “Dynamic Vision”
financed by the Swedish Research Council (for Engineering Sciences). This project has
been aimed at investigating different aspects of computer vision when used together with
control theory in robotics. My work in the project has come to focus on the task of hand-
eye calibration and intrinsic camera calibration in the setting of robotic vision. This re-
search has led to a number of conference papers, [HM9,HM8,HM6,HM4,HM3,HM1].

However, in the beginning of my doctoral work I also partly continued the work on
multi-scale image analysis and diffusion methods in image processing and had a rewarding
collaboration with Johan Hult and Clemens Kaminski at the Department of Combustion
physics which resulted in [HM7].

In the autumn of 2001, I had the privilege to be a guest of Prof. Yiannis Aloimonos
and his research group at the Computer Vision Laboratory at the University of Maryland,
MD, USA. There, I was introduced to the world of optical illusions and had a stimulating
working companion in Dr. Cornelia Fermüller on this subject. The research that I took
part in has resulted in [HM5] and [HM2].

The material presented in this thesis is based on the above mentioned research, con-
ducted during my five years as a PhD student. It has been published or submitted to
international journals and presented at a number of international conferences. The pa-
pers are listed below in reverse chronological order.
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Chapter 1

Introduction
The work collected in this thesis can at first sight seem to be quite diverse. It is divided
into three parts, which all deal with images in one form or the other, but the different
settings range from robotic camera sensors over human perception to physical measure-
ment setups. However, entering deeper into each part, common theoretical ideas and
computational aspects will become apparent which reveals unexpected connections.

An overview of the thesis and its three subjects will here be presented while deeper
introductions are given in the beginning of each part.

Part I: Calibration Methods for Robotic Vision

Making robots see has been a task that has fascinated researchers ever since the beginning
of the study of image analysis and computational vision. The interest in this stems not
only from the sci-fi dream of constructing humanoids, but also from technical solutions
which aim at emulating (and refining) the human movability and visional capacity to per-
form monotonic and dangerous tasks. The affordability and versatility of digital cameras
often makes them attractive for industrial applications in favor of other robotic sensors
such as range laser scanners.

When using a camera as a visual sensor for a robot the camera could either be located
at a fixed position outside the workspace of the robot or it could be attached to a limb of
the robot and follow its movements. The work presented here mainly concerns the latter
case.

Before the camera can be used to guide the robot in performing a task, such as find-
ing and grasping objects, there are some quantities in the setup that usually need to be
calculated. These include intrinsic parameters in the computational model of the camera
such as e.g. the focal length. The procedure of estimating these parameters is called in-
trinsic camera calibration. Further, in the case that the camera is attached to the hand
(end-effector) of the robot, the relative orientation and position of the camera in relation
to the robot hand need to be determined. Calculating this rigid transformation is referred
to as hand-eye calibration. Also, in the case of the utilization of two or more cameras,
the relative orientation and position among these needs to be obtained.

In this first part of the thesis, two different approaches to the above mentioned cali-
bration tasks are presented and analyzed. The presentation starts with some background
material and theoretical preliminaries in Chapter 2. The two approaches are then dis-
cussed in Chapters 3 and 4, respectively.
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CHAPTER 1.

Part II: Geometrical Optical Illusions

In the next part of the thesis we turn to the fascinating subject of visual illusions and
specifically to the subgroup known as geometrical optical illusions. These are illusions
that can be seen in two dimensional geometrical patterns and line drawings. The purpose
of this work is to build a explanatory framework encompassing many of the illusions in
this class. We propose that bias in the estimation processes of different features in the
image is a major contributive factor to the perceived illusory effects. This bias results
from errors stemming from uncertainty and noise in the visual process. The following
types of errors are considered: Errors in the position and gray values of image points,
errors in the position and orientation of small edge elements (edgels) and errors in the
direction and lengths of motion vectors perpendicular to edges. For each type of error
model, examples of illusions best explained by that model are presented and analyzed.

No assumptions are made on the specific type of visual system that is considered
in this part of the thesis, artificial or natural, although the findings clearly apply to the
human visual system. The discussion highlights the importance of considering noise and
uncertainty in any visual process. This also applies to computer vision algorithms and
should be considered for example when constructing calibration methods as those in Part
I.

There are also more specific theoretical connections to the other parts of the thesis.
The estimation of motion discussed here is related to the calculations in the calibration
method presented in Chapter 4 of Part I. Further, the model of errors in gray value
is closely related to the scale-space theory from which the nonlinear diffusion filtering
techniques discussed in Part III can be derived. Part II consists of Chapter 5 together
with Appendix A.

Part III: Nonlinear Diffusion in Image Processing

The last part of the thesis is devoted to the use of nonlinear diffusion filtering to pro-
cess images obtained by planar laser-induced fluorescence spectroscopy (PLIF). PLIF
spectroscopy is an imaging technique that, due to its high temporal resolution and sen-
sitivity, is very well suited to study combustion processes occurring in turbulent flames.
Of special interest is to extract the flame front in the obtained images, since this is where
the chemical reactions in the flame take place. However, because of limited detector res-
olution and inflicting physical phenomena, the flame boundaries in the PLIF images are
not very sharp. Also, the imaging process suffers from a high noise level, due to e.g. stray
laser light.

To process these images, nonlinear diffusion filtering is ideal. It will smooth out noise
and uninteresting detail while sharpening the flame boundaries. The usage of nonlinear
diffusion techniques in image processing originally stems from the theory of scale-spaces.
To create well-defined multi-scale image representations the linear diffusion equation is
commonly used. However, linear diffusion filtering will in the process of smoothing the
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image also blur and dislocate edges. To prevent this, Perona and Malik [104] proposed a
nonlinear diffusion equation where the amount of smoothing depends on the differential
structure in the image, so that interesting edges can be preserved and enhanced.

In Chapter 6, which solely constitutes Part III, introductions to nonlinear diffusion
and scale-space theory in image processing and to PLIF imaging of turbulent flames are
given. Further, the general properties of nonlinear diffusion is examined and its applica-
tion and adaption to the current PLIF images is discussed and analyzed.

Contributions

Starting with Part I, the theoretical contributions lies in Chapter 3 and 4. The work
presented in Chapter 3 constitutes extensions of the theory on plane-based intrinsic cam-
era calibration originally proposed by Zhang [141] and Sturm and Maybank [119]. The
current theory has been developed in [80], [81] and [83].

The calibration method presented in Chapter 4 was inspired by the pioneering work
of Negadaripour and Horn [96] and Horn and Weldon [62] on direct methods for scene
reconstruction. During the early development of the current theory the work on direct
estimation of structure and motion by Stein and Shashua [117] came to our attention.
The theory in Chapter 4 is closely related to this work but instead of structure estimation
it focuses directly on calibration and is adapted to a robot vision setting. The presented
theory also has a lot in common with the work on self-calibration from image derivatives
by Brodsky and Fermüller [8].

To the theory presented in Chapter 3 and 4, A. Heyden has contributed with some
ideas and comments. The final version of the theory in Chapter 4 is the result of fruitful
discussions with H. Stewenius. The theory has gradually been developed in [78], [79]
and [82].

The theoretical contributions in Part II lies mainly in the idea of viewing illusory
effects as the result of bias in visual estimation processes. This connects a large number of
illusions that formerly has been viewed as unrelated. The work on bias in the estimation
of gray values and line intersections has been a collaboration with C. Fermüller and Y.
Aloimonos. The work on bias in motion estimation, particularly in view of the Ouchi
illusion, is work previously presented by C. Fermüller, R. Pless and Y. Aloimonos [101]
and is included for the sake of completeness. The current presentation is an adaptation
of [36].

Finally, the contributions of Part III lies in the thorough study of the properties of
nonlinear diffusion filtering and its successful application to images obtained by planar
laser-induced fluorescence spectroscopy. There are no new contributions when it comes
to the applied theory, which is originally due to Perona and Malik [104]. The special
form of the equation used is due to Weickert [130]. The influence of the parameters in
this equation on the present application is carefully studied. The presentation follows
[84] with some extensions on scale-space theory.
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Chapter 2

Preliminaries
Some basic concepts needed in the forthcoming chapters will be introduced in this chap-
ter. The different calibration tasks discussed in this part of the thesis are also presented
with some references to previous work. More specific background material is then given
in the beginning of each chapter.

2.1 Basic Concepts

We start by briefly introducing some notions from projective geometry that will be used
in the theoretical discussions. These notions are of particular relevance to Chapter 3 but
will also assist the derivation of the camera model in Section 2.1.2. Finally, the optical
flow constraint equation will be derived which is a cornerstone in the calibration method
presented in Chapter 4.

2.1.1 Notions from Projective Geometry

Projective geometry is a powerful mathematical tool, very well suited for theoretical rea-
soning in geometric computational vision. We will here review the notions from projec-
tive geometry that are utilized in this part of the thesis. For more thorough presentations
cf. [19, 113, 55]. We begin with a basic definition.

Definition 2.1.1. Let � be a vector space of dimension ���. The set of one dimensional
linear subspaces of � is called the projective space of dimension �, denoted by ��.

� will be referred to as the underlying vector space. A point in �
� is represented by a

vector
� �

�
�� �� ��� ����

�� � � �

where at least one �� �� �. Two vectors � and � represent the same point in �
� if

and only if there exists a scalar � �� � such that � � ��. Each such representation is
called the homogeneous coordinates of the point. In �

� and �
�, we will often use the

notations � �
�
� � �

��
and � �

�
	 
 � �

��
, respectively. For a point in

�
� where � �� � and a point in �

� where � �� � the representations � �
�
� � �

��
and � �

�
	 
 � �

��
are most commonly used in this text.

Definition 2.1.2. A projective transformation, or homography, �� � � �� � � �
�,

is a bijective transformation which, using homogeneous coordinates, can be written

�� � 
� �

7



CHAPTER 2.

where 
 is a non-singular ��� ��� ��� �� matrix.

Note that the matrix associated with a given projective transformation is defined up to a
nonzero scale factor. The notation � will occasionally be used to represent equality up to
scale. In this notation, � � 
� in Definition 2.1.2.

Definition 2.1.3. A projective basis in �� is a set of ��� points such that for no subset
of �� � points, the corresponding representatives in the underlying space � are linearly
dependent.

The following canonical basis, called the standard projective basis, is often used: �� ��
� ��� � ��� �

��
, � � �� ���� � � �, where 1 is in the �th position, and ���� ��

� ��� �
��

. By the next theorem, the so-called fundamental theorem of projective
geometry cf. [113], it follows that any projective basis can be transferred to the standard
basis.

Theorem 2.1.1. Given a projective basis, ����
���
��� , in �

�, then there exists a projective
transformation 
, that maps the basis to the standard projective basis, i.e.

���� � 
��� �� �� �� � � �� ���� �� ��

Moreover, 
 is uniquely determined up to a scale factor.

We will also need projective transformations between spaces of different dimensions.

Definition 2.1.4. A projection from �
� to �

�, where � � �, is a surjective transfor-
mation that can be written

�� � 
� �

where 
 denotes a ��� ��� ��� �� matrix of rank �� �.

Note that, just as for a projective transformation from � to �, a projection is only defined
up to a nonzero scale factor.

Two notions from projective geometry that will be used in Chapter 3 are the plane
at infinity and the absolute conic. These special geometric primitives and their roles in
projective geometry will here briefly be presented.

The affine space � � is defined as �� with the omission of one hyperplane. In the
canonical frame, this plane is normally chosen as ���� � � and is called the plane at
infinity. We denote the plane at infinity by ��. The coordinate representation of the
points, in the canonical frame, is described by the one-to-one map

�
� � ���� ��� ���� ���� ��� ��� �� � �

�	�� �

The points on the plane at infinity can be interpreted as directions in � � , where the point�
�� �� ��� �� �

��
corresponds to the direction

�
�� �� ��� ��

�� � �
� . A

8



2.1. BASIC CONCEPTS

projective transformation preserving the plane at infinity is called an affine transforma-
tion. It is easy to see that such transformations are characterized by having a representa-
tion �


 �

� �

�
�

where 
 is a non-singular ��� matrix, � denotes an �-vector and � is a non-zero scalar.
The affine transformations form a subgroup of the projective transformation group called
the affine transformation group.

In the same way as the plane at infinity determines the embedding of � � in �
�, the

Euclidean space �� can be embedded in �
� by singling out a special quadric on the

plane at infinity. Generally, a quadric in �
� is defined as the set of points � � �

� such
that ���� � � where � is a symmetric �����������matrix. In the canonical frame,
the planar quadric determining �� is normally chosen as the intersection of the quadric��

��� �
�
� � � with the plane at infinity �� � �. This quadric is called the absolute

quadric and is denoted by ��. An affine transformation that keeps the absolute quadric
invariant is called a similarity transformation, and can be written


 �

�
�� �

� �

�
�

where � is an orthogonal � � � matrix, � denotes an �-vector and � denotes a non-
zero scalar. In particular, if 	
��
� � �, 
 is called a Euclidean transformation. The
Euclidean transformations form a subgroup of the affine transformation group. In �

�,
�� is the intersection of

��
��� �

�
� � � and �� � � and is called the absolute conic.

In Chapter 3 the projection (or image) of the absolute conic in the image plane plays a
central role.

2.1.2 Modeling of the Camera

To be able to draw any conclusions about an observed scene from images taken by a
camera, we need to have a model for how the images are created. Although most cameras
use an intricate set of lenses to modify the path of light, a very simple projection model
called the pinhole camera model has shown to be sufficient for most applications. In
this model a point � in �

� is perspectively projected onto an image plane, forming
a model for ��. That is, if we draw a line between the object point � and the focal
point, also called the camera center, the corresponding image point � will be the point
of intersection of this line and the image plane, cf. Figure 2.1.

Suppose the camera and the scene is embedded in a Euclidean space, which has a
metric. The point on the image plane which is closest to the focal point is then called
the principal point and the distance between these two points is called the focal length,
denoted by � . The optical axis is the axis through the focal point and the principal point.

9



CHAPTER 2.

optical axis

�

�

�

�

Figure 2.1: The pinhole camera model. � is an object point whose projection in the
image plane is the image point �. � is the focal point (or camera center) and � is the
principal point.

If we introduce a coordinate system in the underlying Euclidean space such that the
focal point is at the origin ��� �� ��, the optical axis coincides with the �-axis and such
that the image plane is � � � , then the projection of an object point �	�
� �� to an
image point ��� �� simply becomes

���
�	

� � �
	

�

� � �



�

� (2.1)

We often also scale the coordinate system so that � � �. The projection equations
(2.1) can be reformulated as the matrix equation

�



���
�

�

 �



�� � �
� � �
� � �

�

 ����� ����

�


���
	


�
�

�
��
 � (2.2)

where � � �.

To make the model more general we allow for an independent coordinate system
transformation in the image plane. For example, if the principal point has coordinates

10



2.1. BASIC CONCEPTS

���� ��� in the image plane, the projection (2.2) instead becomes

�� �



�� � ��
� � ��
� � �

�

 ����� ����

�
�� (2.3)

Image coordinates are usually measured in pixels and the number of pixels per unit
distance can differ between the �- and �-axes. The ratio between these two scale factors is
called the aspect ratio and is usually denoted by �. Also, to allow for non-perpendicular
image axes the skew � is introduced. If we take these two additional quantities into
consideration the projection equation becomes

�� � �
�
���� ����

�
� � (2.4)

where

� �



�� �� ��
� �� ��
� � �

�

 (2.5)

In practice, however, the skew can often be neglected, i.e. � � �. The parameters included
in � are usually called the intrinsic parameters of the camera.

It is often convenient to fix a world coordinate system in the scene that differs from
the one attached to the camera. The projection equation will then include a Euclidean
transformation that first transforms the object point from the world to the camera coordi-
nate system before projecting it onto the image plane. Let this Euclidean transformation
be given by

� ��
�
� 
�	
� �

�
� � (2.6)

where � denotes a �� � rotation matrix and 	 is a non-homogeneous translation vector.
The null space of the matrix representing the projection model determines the focal point
of the camera. When choosing the fourth column in the transformation matrix above as


�	, the focal point has the coordinates � �
�
�� �

��
. Using this transformation

together with (2.4) yields

�� � �
�
� 
�	

�� �� �
�

� � ��� (2.7)

The parameters � and 	 are often called the extrinsic parameters and the �� 
 matrix
� is called the camera matrix. If the calibration matrix � is unknown the camera is said
to be uncalibrated.

11



CHAPTER 2.

Observe that there are �� independent parameters in this camera model, � for the
orientation � of the camera, � for the position � of the camera and � parameters in the
calibration matrix �. Note that this is the same number of parameters as in a projection
from �

� to �
�. In fact, there is a one-to-one mapping from a general � � 
 projection

matrix � to a camera with �� independent intrinsic and extrinsic parameters.

2.1.3 The Optical Flow Constraint Equation

A constraint equation on the motion of the image points in an image sequence will here be
derived. Think of an image sequence as a continuous stream of images. Let ���� �� �� be
the gray level intensity at the image point ��� �� at time �. Further, let ���� �� and ���� ��
denote the components of the motion field in the image plane in the � and � directions,
respectively. Assuming that the irradiance at a point in the scene is (locally) invariant to
the viewing angle and distance we expect the following equation to be fulfilled,

���� �Æ�� � � �Æ�� �� Æ�� � ���� �� �� � (2.8)

That is, the intensity at point �� � �Æ�� � � �Æ�� at time �� Æ� will be the same as the
intensity at ��� �� at time �. If it is assumed that the intensity varies smoothly with �, �
and �, the left hand side in (2.8) can be expanded in a Taylor series giving

���� �� �� � Æ�
��

��
� Æ�

��

��
� Æ�

��

��
�  � ���� �� �� � (2.9)

Here,  is is the error term of order ���Æ����. By cancelling out ���� �� ��, dividing by
Æ� and taking the limit as Æ�� �, we obtain

���� ��� � �� � � � (2.10)

where���
�	

� �
Æ�

Æ�
� �� �

� �
Æ�

Æ�
� �� �

(2.11)

and �� � 	

	� , �� � 	


	� and �� �
	

	� .

Equation (2.10) is called the optical flow constraint equation since it is often used
to calculate the estimation of the motion field ��� �� called optical flow. Rewrite (2.10)
in the form

���� ��� � ��� �� � 
�� � (2.12)

It is clear that the optical flow constraint equation determines the motion field in the
direction of the intensity gradient ���� ���. However, the component perpendicular to
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2.2. CALIBRATION BACKGROUND

the gradient is still undetermined. This ambiguity is referred to as the aperture prob-
lem. There has appeared numerous techniques for calculating optical flow, cf. [6] for an
overview. Every such technique uses some kind of smoothness assumption on the motion
field to deal with the aperture problem. One of the simplest, most accurate and most pop-
ular optical flow methods is originating from a paper by Lucas and Kanade [75]. They
apply a locally constant model for the motion field ��� �� and solves a weighted system of
equations of the form (2.10) by least squares estimation in a small neighborhood around
each point. This model for motion estimation will be applied in Part II of this thesis
when discussing errors in the perception of motion.

The calibration model presented in Chapter 4 makes use of (2.10) but does not rely
on the estimation of optical flow. That is, it only uses the information of the motion field
perpendicular to edges, which is obtained directly from the spatial ���� ��� and temporal
�� image derivatives. The component of the motion field in the direction of the gradients
is usually called the normal flow. Methods which use the normal flow directly for visual
computations have been coined direct methods, cf. [96, 62, 117]. See Chapter 4 for
further details.

2.2 Calibration Background

2.2.1 Intrinsic Camera Calibration

Intrinsic camera calibration is the process of estimating the parameters in the matrix K
(2.5) in the camera model. After these intrinsic parameters have been determined, metric
information of the scene in view can be extracted from the images.

A standard method for camera calibration is the so-called DLT algorithm (Direct
Linear Transform). Here, the geometry of an observed object in 3D space is assumed to be
known with very good precision. Usually this object consists of two or three perpendicular
planes with some sort of grid pattern where the relative position of the grid corners are
known. The projection of these corners are then extracted from the images of the object
using e.g. the Harris corner detector [54]. In this way both the object points �� and the
image points �� are known and the linear relation (2.7) is used to calculate the camera
matrix � . A minimum number of 6 points are needed for the calculation.

After the linear calculation of � the estimation is most often improved by minimizing
the the following reprojection error over P,�

�



�� 
 ���

� (2.13)

This can be done e.g. using Levenberg-Marquardt minimization [85].
When a good estimate of � has been obtained the first three columns of the � � 


matrix can be factored into an upper triangular matrix with positive diagonal elements
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and a rotation matrix, by a modified QR-decomposition [46]. This yields the calibration
matrix � and the pose (extrinsic parameters) of the camera, � and �, according to (2.7).

A practical problem with the method outlined above is that the calibration object
is required to be three-dimensional for the calculation of � . The construction of an
accurate calibration object is considerably simplified if the object is allowed to be planar.
A method for plane-based camera calibration was introduced independently by Zhang
[141] and Sturm and Maybank [119]. The calibration theory presented in Chapter 3
constitutes extensions of the theory presented in these papers. See Chapter 3 for further
details on calibration from a planar object.

Another category of calibration techniques are the so-called self-calibration (or auto-
calibration) algorithms, cf. [88, 31, 58, 74, 122]. See [55] for an overview. These methods
do not use any calibration object and rely only on the rigidity of the scene and different
assumptions on the intrinsic parameters. Often it is assumed that the calibration param-
eters stay fixed throughout the image sequence, but self-calibration from much weaker
assumptions is possible [59, 107]. All the methods cited above rely on the extraction and
matching of features such as corner points. However, an algorithm for self-calibration
based directly on the spatial and temporal image derivatives has also been proposed, cf.
[8]. This algorithm is related to the calibration method presented in Chapter 4.

2.2.2 Hand-Eye Calibration

In this thesis a robot vision system where the camera (or multiple cameras) is attached
to the end-effector of a robot arm is considered, cf. Figure 2.2. The end-effector will be
referred to as the robot hand.

The process of estimating the Euclidean transformation between the coordinate frame
of the camera and the coordinate frame of the robot hand is called hand-eye calibration.
In the literature this transformation is usually denoted by 	 and we will use this notation
in this section also. It should not be mixed up with the coordinates of a 3D point. The
rotational part of 	 will occasionally be called the hand-eye orientation and the transla-
tional part will be called the hand-eye translation. The problem of hand-eye calibration
is traditionally formulated as solving the following matrix equation with respect to 	 ,


	 � 	! � (2.14)

where 
 � 
��� 
� and ! � !�!
��
� . The transformations 
�, 
�, !� and !� are

illustrated in Figure 2.3. If the robot has been calibrated, i.e. if we can move the robot
hand to a specified orientation and position with high accuracy, the transformations 
�

and 
� are obtained directly. The transformations !� and !� from a calibration object
to the camera coordinate frames are obtained as the extrinsic parameters from the camera
calibration methods discussed in the last section.

A number of different approaches has been proposed for solving (2.14). In the earliest
works [115, 124, 17] linear solution methods were developed which separated the calcu-
lation of the rotational part and the translational part of the hand-eye transformation
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2.2. CALIBRATION BACKGROUND

Figure 2.2: A robot with a hand-eye configuration.

A1

X

A2

B2

XB1

Figure 2.3: The transformations in the hand-eye calibration problem [98].
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	 . For each motion (image pair) an instance of (2.14) is established and in [124] it was
shown that a minimum of two motions with non-parallel rotation axes are required to
solve for 	 . In [144, 24, 109] the equation (2.14) is slightly reformulated to also include
the unknown transformation from the robot base coordinate frame to the coordinate
frame of the calibration object. Methods for solving for the rotational and translational
part of 	 simultaneously have been presented in [15] and [20], where dual quarternions
are used in [20] for the algebraic formulation. Another method with simultaneous con-
sideration of the rotational and translational parts is proposed in [61], where a nonlinear
minimization procedure is presented. Also, a variant of the standard formulation (2.14)
is considered in [61], where the intrinsic and extrinsic parameters in the camera matrix
need not to be made explicit.

A method that do not use a calibration grid is introduced in [5]. This method uses
so-called structure-from-motion to formulate a variant of (2.14), now including an extra
unknown scale factor for each image pair. The structure-from-motion problem in com-
puter vision is the task of determining the structure of the scene and the 3D motion of
the camera using only the correspondences of image points. The algorithm for structure-
from-motion used in [5] uses a calibrated camera to reconstruct the camera motion up to
a similarity transformation, cf. [18]. Different restricted motions, i.e. pure translations
and pure rotations, are considered as well as general motions. However, the method has
the drawback that image points have to be matched and tracked from the beginning to
the end of the robot trajectory.

Finally, a technique for both intrinsic camera calibration and hand-eye calibration
using specially designed motions has been proposed in [76]. This technique also does not
need a calibration object and has common grounds with the calibration method presented
in Chapter 4. However, the technique still assumes that image point correspondences
are established. In Chapter 4 a method for intrinsic camera calibration and hand-eye
calibration is presented which does not need extraction and tracking of image points.

2.2.3 Stereo Head Calibration

By a stereo head (or stereo rig) we refer to a configuration with two cameras rigidly
mounted as in Figure 2.4. Stereo heads are very common in robotic vision since depth
information can be obtained directly from feature correspondences once the configuration
has been calibrated. The cameras are generally assumed to have different intrinsic and
extrinsic parameters.

Stereo head calibration is the process of determining the intrinsic parameters of
the two cameras and the relative rigid orientation and translation between them (the
relative pose). In Chapter 3, the relations that arise when a stereo head is viewing a plane
with known metric structure under translational and general motions are studied. This
constitutes extensions of the plane-based calibration theory presented by Zhang [142]
and Sturm and Maybank [119].
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Figure 2.4: A stereo head configuration.

A traditional way of finding the relative rigid transformation between the two cam-
eras in a stereo head is to calculate the so-called fundamental matrix " from image
correspondences. After calibrating the cameras separately with respect to the intrinsic
parameters, the essential matrix # can be obtained from " . From the essential matrix
we can then obtain the rigid transformation using a singular value decomposition, cf.
[55, 29] for further details. The recent research on stereo head calibration has focused on
self-calibration algorithms. Several authors have proposed new methods and examined
the geometrical relations, cf. [145, 143, 22, 1, 60]. In [21], Demirdjian et al. present a
method for self-calibration of a stereo head using a planar scene.
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Chapter 3

Plane-based Calibration
In this chapter some extensions of the theory on plane-based calibration introduced by
Zhang [141, 142] and Sturm and Maybank [119] will be presented. The use of a planar
calibration object greatly simplifies its construction and high precision of the object points
is easy to achieve. Calibration from a plane using translational motions has earlier been
addressed by Tsai [123] who presented a rigorous calibration theory including accuracy
evaluations. However, the motivation for the current work has been to extend the theory
of [142, 119] and find simple relationships that fit into that framework.

The basic theory from [141, 119] is presented in Section 3.1. The additional relations
that arise when it is assumed that the motions used are pure translations are then studied
in Section 3.2. It is also shown what additional calculations and motions of the robot
hand that are needed to obtain the hand-eye orientation in a robot vision setting. In
Section 3.3 we turn to stereo head calibration and explore the relations that arise in this
setting. Then, in Section 3.4, results of experiments on different realizations of the current
theory are presented. The chapter is ended in Section 3.5 with some conclusions.

3.1 Basic Theory

We will throughout this chapter use the perspective pinhole camera model, cf. Section
2.1.2. That is, the projection is governed by (2.7), where � is defined in (2.5). However,
the translation vector 	 will in this chapter denote the translation from the focal point of
the camera to the origin of the world coordinate system in the coordinate frame of the
camera. Thus, the camera matrix � will have the form � � �

�
� 	

�
.

The orientation and origin of the world coordinate system can be chosen so that the
plane of the calibration object is � � �. We then get

�



���
�

�

 � �

�

� 
� 
� 	

�


���
	


�
�

�
��
 � �

�

� 
� 	

� 
�	

�

�

 � (3.1)

where 
� is the �:th column of �. In this way an object point is related to the correspond-
ing image point by a homography $ , cf. Definition 2.1.2,


���
�

�

 � $



�	

�

�

 � $ �

�

�
�
�

� 
� 	

�
� (3.2)
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This homography between the object plane and the image plane can be estimated for each
image, in the same manner as estimating the camera matrix � using the DLT algorithm,
cf. [140, 55].

Let �� be the �:th column in $ . Then,�
�� �� ��

�
�

�

�
�
�

� 
� 	

�
(3.3)

and


� � ������ � (3.4)


� � ������ � (3.5)

Introduce % � ������. Since 
� and 
� are orthonormal the following constraints,
involving ��, �� and %, can be derived from (3.4) and (3.5):


�� 
� � ����
��������� � ����

�%�� � � � (3.6)


�� 
� � ����
��������� � ����

�%�� � � � (3.7)


�� 
� � ����
��������� � ����

�%�� � � � (3.8)

From these equations the unknown scale factor � can be eliminated:

��
�%�� � � � (3.9)

��
�%�� � ��

�%�� � (3.10)

The matrix % actually represents the image of the absolute conic, cf. Section 2.1.1, and we
now have two linear constraints on this symmetric matrix from each image of the plane.
By using three different views of the plane there are enough constraints to solve for %.
The intrinsic camera matrix � can then be obtained by Cholesky factorization, cf. [46],
and matrix inversion.

3.2 Plane-based Calibration using Translations

In this section we will examine the problem of calibration from images of a planar object
when the relative orientation between the object and the camera does not change, i.e. the
motion of the camera between successive images is a pure translation. This case is degen-
erate in the standard formulation from the previous section. This is evident from the fact
that the column vectors �� and �� only depend on � and on 
� and 
�, respectively.
Consequently, the constraints (3.9) and (3.10) remain unchanged if the orientation �
does not change. However, by using some knowledge about the translational motion new
constraints can be formulated. Zhang briefly addresses this possibility in Appendix D of
[140]. The theory presented in this section was developed in [81] and [83]. This spe-
cial case of plane-based calibration is interesting for robotic systems with few degrees of
freedom.
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We start by examining the number of degrees of freedom of the translational calibra-
tion problem to see what can be calculated assuming different amounts of knowledge.
Assume that two images are obtained by the camera and that it has performed a pure
translational motion between the imaging instants. From each of the two images a ho-
mography from the calibration plane to the image plane is estimated. Denote these ho-
mographies by $ and $ �, respectively. Since the first two columns of $ are parallel to
the first two columns of $ � and since the homographies are known only up to scale, we
get 11 distinct elements from the two homographies. There are 6 degrees of freedom for
the pose of the camera in the first image. Thus, there are ��
 � � � degrees of freedom
left for the intrinsic parameters and the translational motion. That is, to calculate all the
5 intrinsic parameters we need to know the translation completely. If e.g. the skew is as-
sumed to be zero, � � �, the camera can be calibrated even if the length of the translation
is unknown. If it, additionally, is assumed that the aspect ratio � � �, the camera can be
calibrated when the direction of the translation is unknown but the length is known.

The constraints for the translational case will now be formulated. If $ is expressed as
in (3.2), the estimated homography $ � after a translation 	� can be written as

$ � �
�

��
�
�

� 
� 	��	�

�
� (3.11)

�
�

��
�
�

� 
� 	� ���
� � ���
� � ���
�

�
� (3.12)

where 	� is the translation vector expressed in the coordinate system of the calibration
object, i.e. in the world coordinate system.

When estimating the homographies the knowledge of the special structure of these
homographies should be used in order to get more robust estimations. When using trans-
lational motions the images are obtained with the same orientation of the camera and the
first two columns in the associated homographies should be parallel. Since the scalings
of the homographies are arbitrary, the homographies for all images with the same ori-
entation can be estimated simultaneously, so that the first two columns are the same for
every estimated homography. That is, the scale factors are chosen equal, �� � �. This
drastically reduces the number of parameters to be estimated and makes the preceding
calculations more accurate. In the continuation there will thus only be one scale factor,
�, present.

Consider the third columns in the matrices $ and $ �,

�� �
�

�
�	 � (3.13)

��� �
�

�
��	� ���
� � ���
� � ���
�� � (3.14)

Let

��� � ��� 
 �� � (3.15)
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Then, using (3.3),

��� �
�

�
�����
� � ���
� � ���
�� � ����� � ����� �

�

�
����
� � (3.16)

and, consequently,


� �
�

���
������� 
 ����� 
 ������ � (3.17)

In search for new calibration constraints, containing ��� and 	�, scalar products including

� are written down. Taking the scalar product of the orthonormal vectors 
� and 
� and
using (3.6) and (3.8) gives


�� 
� �
��

���
��� �

��������� 
 ����� 
 ������

�
��

���
���� %

��� 
 ����
�
� %�� 
 ����

�
� %���

�
��

���
���� %

��� 
 ���
��

� � � �

This implies that

��� %
��� �

���
��

� (3.18)

Similarly, the scalar product of 
� and 
� yields

��� %
��� �

���
��

� (3.19)

It remains to consider the scalar product of 
� with itself, i.e. the norm condition 


�

 �
�,


�� 
� �
��

���
� �
���� 
 ����

�
� 
 ����

�
� �%�

��� 
 ����� 
 ������
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implying that

���� %
��� �



	�

�
��

� (3.20)
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By letting �% � ��%, the complete set of constraints arising from two images of a plane
when the camera undergoes a translational motion 	� � ����� �

�
�� �

�
�� are

��� �%�� � � � (3.21)

��� �%�� � � � (3.22)

��� �%�� � � � (3.23)

��� �%
��� � ��� � (3.24)

��� �%
��� � ��� � (3.25)

���� �%
��� � 

	�

� � (3.26)

After solving the system (3.21)-(3.26) in the unknowns of �%, ���, ��� and 

	�

, a
Cholesky factorization of �% is performed. Inverting and scaling the resulting matrix gives
us the intrinsic calibration matrix �. The scale factor � is easily found since � has an
element equal to 1 in the bottom right position.

3.2.1 Calculating the Hand-Eye Orientation

Considering a robot vision system, it will now be discussed what is needed to extend the
calculations to also include computation of the rotational part of the hand-eye transfor-
mation, cf. Section 2.2.2. For calculation of the translational part, rotational motions
need to be used, cf. [124]. Since this section concerns calibration from translational
motions we will focus on estimating the hand-eye orientation, ���.

The calculation of ��� is very direct and can be based on a minimum number of
two translations. Consider two translations 	� and 	�� in the coordinate system of the
calibration object. From the second translation 	�� a new set of equations of the form

(3.24)-(3.26) is obtained. If ���� is the analogue of ��� for the second translation, one of
the three new constraints is

����
�

�%
���� � 

	��

� � (3.27)

To calculate the hand-eye orientation, it is assumed that the translation vectors are
known in the robot hand coordinate system. Since the lengths of these vectors are equal
to the lengths of the corresponding translation vectors in the coordinate system of the cal-
ibration object, 

	�

 and 

	��

 are known quantities. In this way we have five constraints
on �% and the camera can be calibrated if zero skew, � � �, is assumed.

For the estimation of ��� we want to find the representation 	�
, in the camera coor-
dinate system, of the corresponding translation 	��, in the robot hand coordinate system,
which in turn corresponds to the translation 	� in the coordinate system of the calibration
plane. The homography $ � after the translation 	� can be represented as

$ � �
�

�
�� 
� 
� 	� 	�
 � � (3.28)
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Using the vector ��� introduced earlier, cf. (3.15), we get

��� �
�

�
�	�
 � (3.29)

For the calculation of ��� the length of 	�
 is not of importance and

	
 � ������ � (3.30)

The hand-eye orientation ��� is calculated by relating the translation vectors in the
camera coordinate system to the corresponding translation vectors in the robot hand
coordinate system. After calculating 	�
 and 	��
 corresponding to 	�� and 	��� , respectively,
a third corresponding pair of translations can be constructed using 	���
 � 	�
 � 	��
 and
	���� � 	�� � 	��� . After normalizing the translation vectors, ��� can be calculated using

��� �
�
	�
 	��
 	���


� �
	�� 	��� 	����

���
� (3.31)

When using (3.31) numerically, the matrix ��� will not be exactly orthogonal. To find
the nearest orthogonal matrix in the Frobenius norm a singular value decomposition can
be performed on ���, ��� � &'� � . The orthogonal matrix ���� � &� � is then
chosen as the rotation matrix.

3.3 Plane-based Stereo Head Calibration

In this section, the relations that arise when calibrating of a stereo head configuration
using a planar calibration object will be studied. The discussion will be divided into two
subsections. Firstly, in Section 3.3.1, the theory on using pure translational motions from
Section 3.2 will be applied to the stereo case. Secondly, in Section 3.3.2, general motions
of the stereo head will be considered and relations that can be derived in this case will be
discussed.

Throughout this section entities corresponding to the right camera in the stereo head
will be denoted by an ( and entities corresponding to the left camera will be denoted by
an ).

3.3.1 Stereo Head Calibration using Translations

One interesting application of the theory presented in Section 3.2 is the calibration of a
stereo head using pure translational motions. If the stereo head is translated, the transla-
tion vector 	�, cf. (3.11), will be the same for the two cameras in the coordinate system
of the calibration object. This can be used to make a simultaneous calibration of the two
cameras.
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3.3. PLANE-BASED STEREO HEAD CALIBRATION

Assume that the length of the translational motion of the stereo head is known. If,
additionally, zero skew is assumed, � � �, the following equations can be used to calibrate
the cameras,

���
� �%���� � � � (3.32)

���
� �%���� � � � (3.33)

���
� �%���� � � � (3.34)

���
�
�%���� � � � (3.35)

���
�
�%���� � � � (3.36)

���
�
�%���� � � � (3.37)

���
� �%����� 
 ���

�
�%����� � � � (3.38)
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� �%����� 
 ���

�
�%����� � � � (3.39)

����
�
�%����� � 

	�

� � (3.40)

����
�
�%����� � 

	�

� � (3.41)

In the case of unknown length, but known direction, of the translation the last four
equations can be written

���
� �%����� � ��� � (3.42)

���
�
�%����� � ��� � (3.43)

���
� �%����� � ��� � (3.44)

���
�
�%����� � ��� � (3.45)

����
�
�%����� 
 ����

�
�%����� � � � (3.46)

After calculation of the camera matrices �� and ��, the pose of the cameras, i.e. the
orientation and position of the cameras in relation to the calibration object, can easily be
obtained from relation (3.3). The following formulas are obtained for the columns in �
and for 	,


� � ������ � (3.47)


� � ������ � (3.48)


� � 
� � 
� � (3.49)

	 � ������ � (3.50)

where � � �*������� � �*�������, cf. [142]. From this, the relative rigid trans-
formation �+ between the two cameras in the stereo head can be obtained and the stereo
head is then completely calibrated. Thus, this can be done from one single translation, if
zero skew is assumed and either the direction or length of the translation is known.
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3.3.2 Stereo Head Calibration using General Motions

The case of general motions of the stereo head will now be considered. It will be studied
how the rigid transformation �+ � � �� 
 �	 � between the two cameras can be included
into the representation of the present homographies. For readability, the bar separates the
leftmost � � � matrix from the rightmost 3-vector, in the � � 
 transformation matrix.
Following the notation in the last section, an ( and an ) will be used to denote the right
and left cameras, respectively.

In essence, our discussion will result in a way of calculating the infinite homography
$�, cf. Section 2.1.1, between the image planes of the two cameras. This will be done,
firstly, by a similar methodology and notation as in the previous sections of this chapter,
by writing down equations for the homographies $ � and $� from the calibration plane
to the left and right image planes, respectively. Secondly, a slightly more direct derivation
will be presented. The calculation of $� for a stereo head has previously been addressed
by Zisserman et al. [145] in the case of self-calibration.

By using the transformation �+ , the orientations and positions of the left and right
camera in relation to the calibration plane can be related in the following way,

��� 
 	� � � � �� 
 �	 �
�
�� 	�

� �

�
� (3.51)

It then follows that
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and accordingly

$ � �
�

��
�� ��� 
�� 


�
� �	

� � ����	� � � (3.55)

For the right camera we have, cf. (3.2),

$� �
�

��
��� 
�� 


�
� 	

�� � (3.56)
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By eliminating 
��, 
�� and 	� between (3.55) and (3.56) the following relations between
the columns in $ � and $� are obtained,

��� �
��

��
�� ���������� � (3.57)

��� �
��

��
�� ���������� � (3.58)

��� �
��

��
�� ���������� 


�

��
�� ����	 � (3.59)

Using images from at least two stereo views (two positions of the stereo head) the matrix

�� ������� can be obtained from equations (3.57) and (3.58), up to a scale factor. This

follows from the fact that �� ������� is independent of the pose of the stereo head,
while the homographies from the calibration plane to the image planes change for each
position. The calculated matrix is denoted by

$� � �� ������� � (3.60)

since it actually is an expression for the infinite homography between the images planes
of the cameras in the stereo head, i.e. the homography between the image planes induced
by the plane at infinity, cf. [55].

The infinite homography can be used for relating the matrices %� � �������� and
%� � �������� in the following way,

%� ��������� � $������ ��� ������$� �

$����������$� � $��%�$� � (3.61)

Using (3.61) together with the single camera constraints for each camera, (3.9) and
(3.10), the two cameras in the stereo head can be calibrated simultaneously. In [145],
in the case of self-calibration, it is argued that (3.61) does not provide any additional
constraints on the calibration problem. Further, we have observed that two motions, the
minimum number for single camera calibration, still are needed for calibrating the stereo
head after adding (3.61) in the calculations. However, in the experiments presented in
Section 3.4.2 it is shown how the addition of (3.61) influences the calculations under
noisy conditions.

A Different Formulation

The discussion above reveals an efficient way to calculate the infinite homography be-
tween the two image planes in a stereo head, from two stereo views of a plane. The
relation between the infinite homography $� and the estimated homographies, $� and
$ �, can also be derived in a slightly more direct way. Let $ �� and $ �� be the homogra-
phies from the plane at infinity to the right and the left image plane, respectively. These
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homographies can be expressed in a similar way as the homographies from the calibration
plane to the image plane, cf. (3.1), but instead of setting � � � we use the fact that the
last element in the homogeneous coordinates of the points at infinity is equal to zero,
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 � (3.62)

Comparing (3.62) to (3.1), it is observed that the first two columns of $� and $ �� ($ �

and $ ��) actually are equal up to scale, i.e.

��� � ���� � � � �� � � (3.63)

��� � ����� � � �� � � (3.64)

Since, by definition,

$� � $ ��$ ���� � (3.65)

the following holds for the first two columns of $ �� and $ ��,

$����� � ���� � � � �� � � (3.66)

Because of (3.63) and (3.64), we once again arrive at (3.57) and (3.58),

��� � $���� � (3.67)

��� � $���� � (3.68)

A Note on Determining ��

At the end of Section 3.3.1 it was commented on how to calculate the rigid transforma-
tion �+ � � �� 
 �	 � between the left and the right cameras of the stereo pair. However, ��
can be obtained without first calculating the transformations from the calibration plane
to the cameras. If $� has been calculated, �� can be obtained from (3.60),

�� � ���$������ � (3.69)

3.4 Experiments

Results of experiments, using different implementations of the theory derived in this
chapter, will here be presented. We will start by studying the practical performance of
plane-based calibration from translations in Section 3.4.1. Then, in Section 3.4.2, the
practical effect of relation (3.61) on the calibration of a stereo head from a planar object
is analyzed.
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3.4.1 Experiments using Translational Motions

For the experiments on calibration using translational motions both synthetic image data
and images from a real robot vision system have been used.

Synthetic Data

Calibration has been performed on computer generated data to get a measurement on
how sensitive the calculations are to errors and noise in the input data. Projections of
a grid with � � � points were calculated. The simulated camera was rotated first �Æ

degrees around the �-axis, then ��Æ degrees around the �-axis and then finally 
��Æ
degrees around the �-axis in relation to the calibration grid. The distance between the
grid points, both horizontally and vertically, was 5 length units (l.u.) which is to be
compared to the initial position of the camera which was 100 l.u. from the plane along
the �-axis and 10 l.u. along the �-axis. We have looked at three different cases:

Case 1 The length of the translational motion 	� is known, but the direction is unknown.
The aspect ratio , and the skew � is assumed to be 1 and 0, respectively.

Case 2 The direction of 	� is known, but the length is unknown. The skew � is assumed
to be 0.

Case 3 Both the length and the direction of 	� is known. All intrinsic parameters are
calculated.

Noise with a standard deviation of 0.5 pixels was added to the projected points. This is to
be compared to the artificial image size which was approximately ���� �
� pixels. The
calibrations were performed 100 times and the means and the standard deviations of the
different parameters were calculated. Two camera positions, i.e. two images, were used
with the length of the translation being 

	�

 � �� and the direction being parallel to the
vector ��� �� ���. The correct calibration matrix was

� �



���� � ���

� ��� ���
� � �

�

 � (3.70)
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The resulting means and standard deviations of the estimated parameters were in the three
different cases,
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� � �

�

 �

Considering that the minimal case of two images were used for the calculations, the
standard deviations are rather reasonable. The use of more images would probably make
the estimations more precise. It can be seen from these simulations that case 2 is the most
unstable, while the other two cases seem to be rather equivalent in this respect.

Real Data

The robot used for the experiments on a real robot vision system is a modified ABB
IRB2000, cf. Figure 3.1, which is capable of moving in all six degrees of freedom. The
camera is mounted by a ball head camera holder on the hand of the robot so that the
orientation of the camera can be changed with respect to the orientation of the robot
hand coordinate system.

Figure 3.2 shows an image from one of the used image sequences, picturing the cali-
bration plane. In the following experiments approximately ten images were used in each
sequence.

Experiments have been performed for both a single camera and a stereo head. In the
stereo head case, the head was simulated by making two identical translational motions,
starting from two different locations using different orientations and settings of the cam-
era. The two different camera settings will be referred to as the left and the right camera,
respectively.

As a reference, the cameras were calibrated using general motions and the basic con-
straints for plane-based calibration, (3.9) and (3.10). This resulted in the following cali-
bration matrices,
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Figure 3.1: The robot used in the experiments.

Figure 3.2: An image from one of the sequences used.
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and
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�

 �

To test the practical performance of calibration from pure translations, the left camera
was first translated in the direction orthogonal to the floor, i.e. 	� � ��� �� ��. By using
equations (3.21)-(3.25) the camera was calibrated assuming zero skew, � � �. The
following intrinsic camera matrix was obtained,

��
������	 �



������
 � �����

� ��
��� �����
� � �

�

 �

The value on the focal length is clearly underestimated compared to ��
�������.

The left camera was also calibrated using a motion sequence where the translation
direction was changed after each image. Here, the directions of the translations were
unknown and we instead used a known fixed length of the translations. Hence, equa-
tions (3.21)-(3.23) and multiple instances of (3.26) were used for the calculations. The
following matrix was obtained,

��

����� �



������� � ����


� ������ �����
� � �

�

 �

With respect to ��
�������, �

�

����� seems to be a better estimate than ��

������	. This is
in accordance with the observations made using the synthetic input data.

The stereo head configuration of the left and right camera has also been calibrated
using the theory presented in Section 3.3.1. The camera pair was translated in the di-
rection orthogonally to the floor, but this information was actually not used. Instead a
known length of the translations was used and equations (3.32)-(3.41) were applied. The
following two matrices were calculated:
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and
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The result obtained here is very close to the reference method, where general motions of
the cameras were used, at least with respect to the focal length and the aspect ratio.

When, as in the last experiment, the lengths of the translations are known, and it is
known that the translation direction is unchanged through the whole image sequence,
additional constraints can be used in the homography estimation. Indeed, by using the
known translation lengths in the estimation only 11 parameters in total need to be esti-
mated for all the homographies together. By using as much apriori information of the
structure of the homographies as possible the calibration process becomes more stable and
accurate.

3.4.2 Experiments using a Stereo Head and General Motions

To test the influence of relation (3.61) on the calibration of a stereo head, experiments on
synthetic data have been performed. This allows for a study of the calibration procedure
in the presence of different amounts of added noise.

Our input data consist of a planar grid with ����
 points. Six different stereo views
of the plane were used. Following [140], we describe the rotations by a vector 
 which is
parallel to the rotation axis, having a length that is equal to the angle of rotation measured
in degrees. The translations are described by a vector 	. The six orientations and positions
of the right hand camera in the stereo pair were chosen as follows:
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 � ���� �� ���� 	
 � �
���
��� �����

� � �
��� ��� ��� 	� � �
���
��� ���� �

The left camera was then rotated and translated using 
 � ��� ��� �� and 	 � �
��� �� ��
with respect to the right camera.

The two simulated cameras were calibrated both separately, using only the standard
constraints (3.9) and (3.10), and simultaneously, using the addition of (3.61). Noise was
added to the projected image points, from a variance of ��� pixels up to ��� pixels in
steps of ���. In Figures 3.3 and 3.4, the mean of the relative error from 100 simulations
of estimating , is plotted for the left and the right camera, respectively. The solid line
corresponds to the use of (3.61) and the dashed line to estimation without using this
relation. It can be seen that (3.61) gives an improvement of the calibration for the left
camera, while it hardly affects the right camera. The result is similar for the other intrinsic
parameters. Probably the views of the calibration grid by the left camera are more sensitive
to the added noise, and the right camera helps the left camera to achieve better estimations
through the simultaneous calibration.
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Figure 3.3: Mean of the relative errors in the estimation of , for the left camera. The
solid line corresponds to the use of (3.61). The dashed line corresponds to calculation
without using this relation.
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Figure 3.4: The analogue to Figure 3.3 for the right camera.
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Figure 3.5: The mean of the relative error when estimating �� for left camera, when this
camera is disturbed by twice the amount of noise as the right camera.

One application of the findings presented here would be the case of calibrating two
cameras, when it is known that one of the cameras is more difficult to calibrate than the
other one. In this case it could be a good idea to first calibrate the superior camera on
its own and then calibrate the two cameras simultaneously. This would probably lead to
more accurate estimates of the intrinsic parameters for the more error prone camera.

Figure 3.5 shows an example of calibrating two cameras when the left camera is dis-
turbed by twice the amount of noise as the right camera. The plot shows the mean error
in pixels of 50 simulations, when estimating �� for the left camera. The noise level in this
camera is twice as high as indicated on the horizontal axis. The dashed line represents
single camera calibration and the solid lines represents simultaneous calibration of the
two cameras. The same effect is seen for the other intrinsic camera parameters.

3.5 Conclusions

Extensions of the plane-based calibration theory due to Zhang [142] and Sturm and May-
bank [119] have been presented in this chapter. It has been shown what relations that
can be derived if the motion is assumed to be pure translational. This theory is then con-
sidered in the setting of hand-eye calibration and stereo head calibration. Experimental
studies using the derived equations shows that the minimal realizations of the theory do
not give very accurate results. However, using many different motions or knowledge of
both the direction and length of the translations improve the estimations. One applica-
tion that seems to work very well is the simultaneous calibration of the two cameras in a
stereo head using translational motions. The results obtained in that setting shows strong
agreement with the results obtained using the basic constraints for plane-based calibration
and general motions.
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A method for calculating the infinite homography between the two image planes in
a stereo head, using the homographies estimated between the calibration plane and the
image planes, has also been derived. Its possible usage for simultaneous calibration of the
two cameras in the stereo head has been discussed and illustrated using experiments.
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A Direct Method for Calibration
A method for intrinsic camera calibration and hand-eye calibration, based directly on
the spatial and temporal image derivatives in an image sequence, will be derived in this
chapter. The target system for this algorithm is, just as in the previous chapter, a robot
vision system with a camera mounted on the hand of the robot. It is assumed that the
robot has been calibrated so that exact knowledge of the motion of the robot hand is
available.

In [62] and [96], Horn and co-workers coined the term direct methods for algo-
rithms using only the component of the motion field in the direction of the intensity
gradient, directly available from the optical flow constraint equation (2.10), as input data.
This pioneering work on direct methods for shape recovery and 3D motion estimation
has been continued by several authors [52, 33, 34, 118, 117, 97]. The work presented in
this chapter has most in common with the work of Stein and Shashua [118, 117]. The
constraint equations derived by these authors are closely related to the relations presented
here. However, in [118, 117] calibrated cameras where considered and camera motion
and scene structure were estimated from general motions. In our presentation, a robot
vision setting is considered and the main objective is intrinsic camera calibration and
hand-eye calibration. The calibration is made possible by assuming that the robot hand
can be moved in a predetermined way.

The equations derived in the work presented here are constraints directly on the
unknown calibration parameters, i.e. the intrinsic camera parameters and the hand-eye
transformation. The constraint equations are constructed solely from the spatial and tem-
poral image derivatives and the motion parameters of the robot hand. The motion field
for uncalibrated instantaneous rigid motion has previously been studied by Viéville et al.
[127] and Fermüller et al. [8]. In [8], a method for self-calibration from image derivatives
is presented. The algorithm is very general and calculates the intrinsic camera parameters
using general unknown motions of the camera. To this end, a smoothness constraint
on the surfaces in view is formulated. Using this constraint, an iterative process is con-
structed to separate the translational and rotational components of the motion field. The
calibration parameters are then estimated from the rotational components of several flow
fields. By assuming that we can control the motion of the robot hand, our calculations
becomes considerably simpler than those in [8]. No smoothness assumptions need to be
be made and by choosing special motions, such as pure translations, the calculations are
linear in the unknowns.

Our first results on using image derivatives directly for robotic camera calibration was
presented in [78] and [79]. In these papers only the hand-eye calibration problem was
addressed. In [82] a technique for intrinsic camera calibration was added to the theory.
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The calibration method and its theoretical presentation has been considerably simplified
during its development.

We start the presentation of the calibration theory in Section 4.1 by deriving a basic
relation that will be a cornerstone in the forthcoming chapters. Then, in Section 4.2, it is
shown how the intrinsic camera parameters and the orientation of the camera in relation
to the robot hand can be calculated simultaneously, using translational motions of the
robot hand. A calibration constraint for general motions is then presented in Section
4.3. Using this constraint, motions including a rotational component are then utilized
in Section 4.4 to calculate the position of the camera in relation to the robot hand. By
using the result of the computations presented in Section 4.2 as additional input data,
the calculation becomes linear in the unknowns. Next, in Section 4.5, the possibility
of a preceding nonlinear optimization, using the results from the previous calculations
as starting point, is discussed. After the full calibration algorithm has been presented,
details on the practical estimation of the derivatives are studied in Section 4.6. Results
of experiments on both computer generated and real data are then presented in Section
4.7, and different aspects of the method are highlighted. The chapter is ended with a
concluding discussion in Section 4.8.

4.1 A Basic Photometric Relation

We will start by deriving a photometric constraint on the motion of a 3D point that
is seen by an uncalibrated camera undergoing a general motion. Further, the camera is
mounted on a robot hand, implying a rigid transformation between the hand and the
camera. Let � � �	�
� �� be the (non-homogeneous) coordinates of a 3D point in
the coordinate system of the robot hand and let the time derivative of this point, i.e. the
motion vector, be denoted by �� � � �	� �
 � ���. Let � � ��� �� the (non-homogeneous)
coordinates of the projection of � in the image plane.

Let the rigid transformation between the robot hand coordinate system and the cam-
era coordinate system, i.e. the hand-eye transformation, be given by +� �

�
�� 
��	�

�
.

Here, the rotation matrix �� represents the relative orientation between the robot hand
coordinate system and the camera coordinate system. The non-homogeneous vector 	�
represents the translation between the origin of the robot hand coordinate system and the
focal point of the camera. The projection of a point in the robot hand coordinate system
to the image plane of the camera is then described by
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���
	


�
�

�
��
 � (4.1)
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Figure 4.1: The tangent line � of the grey level contour at image point ��� ��.

Let 
 � ���, so that the projection (4.1) can be written as

�
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�
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�� 
 	�� � (4.2)

Denote by �� and �� the spatial derivatives in the �- and �-directions, respectively. The
temporal derivative is denoted by ��. Following [117] we introduce the notation

� �



� ��

��

����� ����

�

 � (4.3)

Note that � represents the tangent line of the grey level contour at image point ��� ��, cf.
Figure 4.1.

If we denote the homogeneous coordinates of ��� �� by � �
�
� � �

��
, the fact

that � lies on the line � can be expressed as ��� � �, or by using (4.2) as

��
��
 	�� � � � (4.4)

Differentiating this expression with respect to time gives

� ����� ��
 �� � � � (4.5)

When discussing the estimation of the derivatives in Section 4.6, we will mention that it
can be advantageous to let the spatial derivatives be smoothed in time through the image
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sequence. This does, however, as the following shows, not influence the result of the
current derivation. The temporal derivative of � is

�� �



� ���

���

� ����� �����
 ����� ����

�

 � (4.6)

where ��� �� � � ��� ���. Since, according to the optical flow constraint equation (2.10),
���� ��� � 
��, we get

��� - � ����� ���� 
 � ����� �����
 ����� ���� � �� � (4.7)

and finally, by inserting this in (4.5), the basic photometric relation is reached,

��
 ��� ��� � � � (4.8)

4.2 Calibration from Translational Motions

If the motion of the robot hand is a pure translation, the motion of the world points
relative to the robot hand coordinate system is a translation with reverse direction. Let

� be the translation vector of the robot hand. Since the motion of the robot hand is
assumed known, 
� is known. Now, for the motion of a world point in the robot hand
coordinate system, �� � 

�. Using this in (4.8) gives

��

� 
 ��� � � � (4.9)

Besides the unknown matrix 
, this equation also contains the unknown scalar �.
By the modeling of the camera in Section 2.1.2, this quantity corresponds to the distance
from the image plane to the point� along the �-axis in the camera coordinate system and
it is consequently generally different for every image point �. To get a linear constraint
for 
 only, we make a second translation �
�. If the two image sequences resulting from
the translations have one image in common and if the temporal derivatives �� and ��� are
calculated with respect to this image, � is the same in the constraint resulting from the
second translation,

���
 �
� 
 ���� � � � (4.10)

If, in the image sequence, the direction of translation changes after each obtained image,

� and �
� are simply two successive translations which have an image in common at the
end of 
� and at the starting point of �
�, cf. Figure 4.2A. However, a better estimation
of �� (and ���) is given if several images, obtained using the same direction of translation,
are used for its computation. Then, the image common for the two directions of trans-
lations are obtained at the location marked in Figure 4.2B. Note that the vector � also is
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Figure 4.2: The image common for the two translation directions 
� and �
� are ob-
tained at location marked with a black dot. (A) illustrates the situation where �� (and ���)
are calculated using only two images and (B) illustrates the situation where several images,
obtained using the same translation direction, are used for the calculation of �� (and ���).
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marked with a bar in 4.10. This is because the spatial derivatives, in the implementations,
can be made to have a time dependence, cf. Equation (4.6) and Section 4.6. Thus, � also
depends on the direction of translation.

By eliminating � between (4.9) and (4.10), the following linear constraint in the
elements of 
 is obtained,

����
�

� 
 ����

�
 �
� � � (4.11)

We have one equation of this form for every pixel in the image and for each pair of
translations, but only � unknowns. Let .�� be the element in row � and column / in 
.
Equation (4.11) can then be rewritten as,
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� � � (4.12)

It can be observed that the system matrix, constructed from one instance of (4.12)
for each pixel, only has rank 6. Thus, at least one more translation, ��
�, is needed to
solve for 
. Adding the analogue of (4.12), corresponding to e.g. the translation pair
�
� and ��
�, to the linear system gives a system matrix of rank 8. That is, 3 different
translations are sufficient. After solving for the elements in 
, the resulting matrix is
factorized using a modified QR-decomposition [46], yielding a right diagonal matrix �
and an orthogonal matrix ��. The intrinsic camera parameters and the orientation of
the camera are consequently obtained simultaneously.

4.3 A Photometric Constraint for General Motions

As a preparation for Section 4.4, on calculating the position of the camera in relation to
the robot hand, we will here derive analogue expressions for (4.9) and (4.11) for general
motions, i.e. motions including both rotation and translation.

The infinitesimal motion model introduced by Longuet-Higgins and Prazdny [73]
will be applied. According to this model the general motion vector of a point �, in the
robot hand coordinate system, can be expressed as

�� � 

� 
�� �� � (4.13)
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where
� is the translation vector and�� is the axis of rotation in robot hand coordinate
system. Since the motion of the robot hand is assumed to be known, 
� and �� are
known. For this motion model to be valid, we have to assume small-angle rotations and
that the translation is small compared to the distance to the objects in the scene. However,
these restrictions fits us well since small motions still have to be assumed for the optical
flow constraint equation (2.10) to be valid, cf. Section 2.1.3.

To be able to work directly with quantities in the images, the constraints should be
expressed in the image coordinates � � ��� �� instead of the 3D coordinates �. To this

end, (4.2) is used to exchange � for � �
�
� � �

��
in (4.13). Singling out � on the

right hand side of (4.2) results in

�
���� 	� � � � (4.14)

A vector product can always be expressed using a skew-symmetric matrix.

If � �
�
.� .� .�

��
and � �

�
0� 0� 0�

��
, �� � can be written as
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�
�� �
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Using this notation, inserting (4.14) in (4.13) results in
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��� � (4.15)

This expression for �� is now inserted in the resulting relation (4.8) from Section 4.1,
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���
 ��� � � � (4.16)

Equation (4.16) is the analogue of (4.9) for a general motion. Just as in Section 4.2,
a second motion is performed in order to eliminate the unknown quantity �. The re-
quirement is, as in the translational case, that the image sequences have one image in
common and that the two temporal derivatives are calculated with respect to this image.
The constraint arising from the second motion, � �
�� ����, will look like
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Eliminating � from (4.16) and (4.17) gives
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where



 � 
�
� 
 	� ���� �

�

 � 
� �
� 
 	� � ���� �

This is a photometric constraint for an uncalibrated camera undergoing two general mo-
tions and the analogue of (4.11) in Section 4.2.
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4.4 Calculation of Camera Position

In Section 4.2, translational motions where used to calculate the matrix 
 � ���, i.e.
the intrinsic camera parameters and the orientation of the camera in relation to the robot
hand. To calculate the full hand-eye transformation we also need to estimate the position
of the camera in relation to the robot hand, i.e. the vector 	�. Pure translational motions
will not give any information about this vector, i.e. its calculation requires motions also
including a rotational part, cf. [124].

Unfortunately, the photometric constraint for general motions (4.18) is highly non-
linear in the unknowns 
 and 	�. No simple linear way of using this constraint to solve
for 
 and 	� simultaneously has been found. By applying a sequential methodology we
can however first make translational motions to calculate 
 and then use this estimate to
simplify the calculation of 	�. Below, it is therefore assumed that the image coordinates
have been adjusted for 
, in the sense that the point � is transformed using � �� 
���
and that the line � is transformed using � �� 
� �. These transformations will hereafter
be assumed and below 
 is replaced by the identity matrix.

Two different alternatives on the calculation of 	� will be presented. In the first one
it is assumed that pairs of motions of one rotational motion and one pure translational
motion are performed, where one image is common for the two motions, a similar sit-
uation as in Figure 4.2. Furthermore, it is assumed that the rotation is centered around
the origin of the robot hand coordinate system. The second method uses general motions
sequences and applies (4.18) where 
 is assumed to be known.

Alternative 1

Rewrite equation (4.16) for the case of pure rotation of the robot hand and known 
,

��
�
��

�
�	� � ����

�
��

�
��
 ��� � � � (4.19)

Assume that a translation �
� is also performed, resulting in the constraint (4.10), and
that the image sequences for the rotational and translational motions have one image in
common. If the temporal derivatives are calculated with respect to this image, � is the
the same in (4.19) and (4.10). Eliminating � between (4.19) and (4.10) results in

� ����
�
�
��

�
��	� � 
��� �
���

�
�
��

�
��
 ��� � (4.20)

We get one constraint of this kind for every pixel in the image. The system matrix,
constructed from one instance of (4.20) for each pixel, will only have rank 2 because
of the skew-symmetric matrix

�
��

�
� in the coefficient for 	�. On account of this, a

minimum of two pairs of translational and rotational motions are needed to solve for 	�.
However, the translational motion can be the same for both pairs.
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Alternative 2

In this case general motions of the robot hand are used. The calculations are based on
(4.18) assuming known 
. Rewriting this equation, the following constraint on 	� is
obtained,

�!���
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 �!��
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��	� � 
!��� �
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� � (4.21)

where
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�
�� �

If both motions, �
����� and � �
�� ����, contains significant rotational parts, the sys-
tem matrix constructed from one instance of (4.21) for each pixel has full rank. For a right
hand side to exist, one of the motions also needs to include a significant translational part.
If these conditions are fulfilled 	� can be calculated from two general motions.

4.5 A Comment on a Nonlinear Optimization Stage

After 
 and 	� has been calculated linearly, using the procedures in Sections 4.2 and 4.4,
a nonlinear optimization scheme could be applied with the linear solutions as starting
point. To this end, general motions are used and the constraint (4.18) is applied. The
nonlinear least squares error can be minimized with respect to 
 and 	� using, for exam-
ple, the Levenberg-Marquardt method [85]. An analytical expression for the Jacobian is
rather easy to obtain.

However, in our experiments, we did not find that the nonlinear optimization stage
improved the results. A deeper analysis has to be performed to fully understand the
structure of the cost function. For 3D motion estimation, it has been argued in [35]
and [117] that the minima of the adopted cost functions lie in a narrow “valley”, which
indicates an ambiguity between the translational and rotational parameters. A similar
situation could be present in our setting. Intuitively, an ambiguity between the location
of the principal point and the translational part of the hand-eye transformation seems
probable.

4.6 Estimating the Derivatives

Since direct calibration is based solely on the spatial and temporal image derivatives,
success of the algorithm depends heavily on good estimates of the derivatives. The most
successful way of estimating the derivatives that we have found is by convolving the images
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with differentiated Gaussian kernels. For example, the kernel used for the �-derivative
looks like

1���� �� �

��

�������
 
� ��

����
� ��

���� (4.22)

This means that the derivative estimations include smoothing. Actually, it seems like the
calculations benefit from a rather large degree of smoothing. Since we are not interested
in the reconstruction of any scene structure, we can allow ourselfs to use quite large
smoothing kernels. In the experiments, kernels as large as � � � have been used, where
the width is expressed in pixels.

Concerning the temporal derivative, we also got the best results by weighting the
intensities over time using a one-dimensional differentiated Gaussian kernel. This means
that a number of images must be obtained while performing the same motion, cf. Figure
4.2. In the case where the motion change after each image, the temporal derivative is
estimated simply by the difference in intensities of two subsequent images.

It has been noticed that the calculations benefit from smoothing the images in the
spatial direction before calculating the temporal derivatives. Also, smoothing the spatial
derivatives through time in the same degree as in the estimation of the temporal derivative
improved the results. In the case where the motion change after each image, this smooth-
ing consists of a simple averaging of the spatial derivatives in two subsequent images.

4.7 Experiments

Experiments on both computer generated image sequences and on image sequences from
a real robot vision system have been carried out. The advantage of the computer generated
experiments is that we have exact knowledge of the ground truth, i.e. the correct intrinsic
parameters and the correct hand-eye transformation. Further, the images are initially
noise free and the lighting conditions are controlled.

4.7.1 Experiments using Computer Generated Images

The images in these experiments where generated using the raytracing software POV-ray
3.1. The scene in view consisted of two textured perpendicular planes (a floor and a wall)
with a small cube placed on the “floor”, cf. Figure 4.3.

Motion of the robot hand and the induced motion of the camera was simulated. The
rotation matrix ��� describing the orientation of the camera in relation to the robot hand
was chosen as

��� �
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� �����
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�

 �
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Figure 4.3: An image from the computer generated sequence.

i.e. a rotation ��Æ around the x-axis followed by a rotation ��Æ around the y-axis and a
rotation ��Æ around the z-axis, using a fixed coordinate system.

The position of the camera in relation to the robot hand was described by the trans-
lation vector �+� � +� � +�� � �
� �� ��. The unit of this vector is the length unit of the
computer graphics scene that the artificial camera is seeing. In our experiments the wall
in the background of the images was located at a distance of �� length units (l.u.) from
the initial position of the camera. The calibration matrix � was chosen as

� �



������� � ��

� �
���� ��
� � �

�

 �

i.e. the focal length � was 347.56, the aspect ratio , � ����, the skew � � � and the
principal point ���� ��� was ���� ���, where the center of the image is located at ��� ��.
The origin of the coordinate system of the image plane was located in the middle of the
image. We have tested the influence on the calibration result of mainly four aspects of
the calibration algorithm; the choice of translation directions, the choice of step size in
the translation Æ, the choice of width of the smoothing kernels �� and the sensitivity to
added noise with standard deviation ��.

The intrinsic parameters and hand-eye orientation were calculated using the method
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described in Section 4.2. Following this, the hand-eye translation was calculated using
alternative 1 in Section 4.4. For each motion performed, 9 images were obtained.

First we tested the influence of the choice of translation directions. The three trans-
lation directions were chosen as 
 � ���
 ���2� ��� 2�, �
 � �
 ��� 2� �� ��� 2� and
��
 � � ��

�
��� 2� ��

�
��� 2� ��� 2� in the robot hand coordinate system. Results on the

intrinsic calibration when varying 2 are shown in Table 4.1. We see that � , , and � are

2 � , � �� ��
�
���� ���� � �� ��

��Æ 347.86 0.7524 0.0000 18.41 12.61
��Æ 348.26 0.7516 -0.0003 20.64 8.96
��Æ 347.24 0.7511 -0.0011 18.79 9.52

�Æ 347.07 0.7517 -0.0012 19.04 9.94
��Æ 347.58 0.7512 -0.0012 19.62 9.90
��Æ 347.34 0.7510 -0.0004 19.98 11.59
��Æ 347.36 0.7479 0.0003 20.64 11.33
��Æ 346.15 0.7482 0.0018 21.78 12.58

Table 4.1: Results on the intrinsic calibration when changing the translation directions.

well estimated for most of the angles in the interval, but the principal point ���� ��� is
more unstable. This instability of the principal point will also be noticeable in the other
experiments presented here. The results seem most accurate in the middle section of the
interval, i.e. when the translation directions are not too close together and not too near a
planar configuration. This tendency can also be noticed when studying the influence of
the choice of translation directions on the orientation and position calculations, but for
these parameters the degradation of the result is more apparent for the largest values on
the angle 2 than for the smallest. In the following, the translation directions correspond-
ing to 2 � ��Æ has been used.

The spatial and temporal derivatives in the calculations were approximated by con-
volving the images with differentiated Gaussian kernels with standard deviation ��, cf.
Section 4.6. The next thing we tested was to vary ��, i.e. varying the width of the
smoothing kernels. In these experiments the same width was used for both the spatial
and temporal derivatives. The results are shown in Table 4.2 for the extrinsic calibration
and in Table 4.3 for the intrinsic calibration. For the orientation calculation the result
is shown as the deviation in degrees of the calculated rotation axis from the real rotation
axis. The width of the smoothing kernels �� is expressed in pixels. In this noise free ex-
periment it seems like the quality is rather unaffected by the choice of smoothing kernels,
as long as it is not too small, i.e. less than �.

The most critical parameter in the choice of motion seems to be the step size between
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�� 32 +� +� +�
� 
 � �

0.5 2.8829 4.4312 1.5220 1.2453
1.0 0.3017 4.0140 1.9856 2.9961
1.5 0.0817 3.9955 2.0018 3.0092
2.0 0.0586 3.9982 2.0000 3.0079
2.5 0.0287 4.0017 2.0008 3.0060
3.0 0.0440 4.0061 2.0030 3.0035

Table 4.2: Results on the extrinsic calibration when changing the width �� of the smooth-
ing kernels.

�� � , � �� ��
�
���� ���� � �� ��

0.5 368.01 0.6546 -0.0514 13.90 84.54
1.0 347.58 0.7517 -0.0012 19.62 9.90
1.5 347.34 0.7515 -0.0008 20.55 9.89
2.0 347.26 0.7513 -0.0005 20.81 9.73
2.5 347.25 0.7512 -0.0002 20.99 9.53
3.0 347.30 0.7510 -0.0002 21.15 9.51

Table 4.3: Results on the intrinsic calibration when changing the width of the smoothing
kernels ��.

the images in the image sequences. This is of course related to how far away the main
objects in the current view are located. As mentioned earlier, in our experiments the wall
in the background of the images is located at a distance of �� l.u. . This is to be compared
to ��� l.u. , which is the step size used in most of the experiments presented here. In Table

�
 we see that just doubling the step size to ��� l.u. reduces the quality of the extrinsic
calibration considerably. The same is true for the intrinsic calibration, especially for the
calculation of the principal point. However, as seen in the bottom part of Table 
�
, by
increasing the width of the smoothing kernels, ��, much more accurate estimations can
be obtained.

The last thing we tested was the sensitivity to noise. Gaussian distributed noise was
added with increasing standard deviation ��. The standard deviation is here measured
in gray levels. The number of grey levels in the images was ���. The method is quite
insensitive to rather large amounts of noise, especially when increasing the width of the
smoothing kernel ��. In Figure 4.4 and 4.5 we show the influence of the noise level on the
focal length and on the position and orientation calculations using two different widths
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Æ��� 32 +� +� +�
� 
 � �

0.05;1 0.0560 4.0426 1.9765 2.9720
0.10;1 0.3017 4.0140 1.9856 2.9961
0.15;1 0.8337 4.1129 1.9972 2.9597
0.20;1 1.6260 4.2541 2.0213 2.9367
0.25;1 3.8763 4.3972 2.1212 2.8765
0.05;2 0.0222 4.0004 2.0038 3.0051
0.10;2 0.0586 3.9982 2.0000 3.0079
0.15;2 0.0549 4.0033 2.0004 3.0051
0.20;2 0.4536 4.0157 2.0087 3.0021
0.25;2 2.1206 4.0332 2.0821 2.9666

Table 4.4: Results on the extrinsic calibration when changing the translation step size Æ
and the width of the smoothing kernels ��.

�� of the smoothing kernels. The dotted lines in the figures corresponds to the results
using �� � � and the solid line corresponds to �� � �. The unit on the horizontal axes
is the standard deviation ��, measured in pixels. The unit on the vertical axis in the right
diagram in Figure 4.5 is the deviation in degrees from the correct rotation axis. As can
be seen, the improvement of the results is rather dramatic when doubling ��. The good
handling of noise is probably due to the enormous amount of data that the calculations
are based on. In the images used here, the actual number of pixels that gives rise to one
constraint each was more than ����� (The images were orginally ���� ��� pixels but
shrunk a bit during the smoothing).
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Figure 4.4: Senitivity to noise of the focal length.
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Figure 4.5: Senitivity to noise of the position calculation (left) and orientation calculation
(right).

4.7.2 Experiments using a Real Robot Vision System

To try the method on a real robot vision system, we used the same robot vision system as
in the experiments of Chapter 3, cf. Section 3.4.1.

The method described in Section 4.2 was used to calculate the intrinsic camera pa-
rameters and the hand-eye orientation. Unfortunately, no satisfactory results have been
obtained for the calculation of the camera position using real image data. Possible reasons
for this is discussed in the conclusions of this chapter, Section 4.8.

Figure 4.6 shows an image from the image sequence used in these experiments. The
scene consists of a carpet, layed out on the floor approximately 1.5 m from the camera
and the robot hand. Objects were put under the carpet so that the scene would not be
completely planar. The size of the images are �
� � ��� pixels. The robot hand was
moved along the �, � and � axes of the robot hand coordinate system and 8 images on
each side of the origin along each axis were obtained. For the estimation of the temporal
derivative, a smoothing kernel of width �� � � was used.

As a reference, the intrinsic camera calibration was also performed using the Camera
Calibration Toolbox for Matlab by J.-Y. Bouguet. This is an implementation of the plane-
based calibration techniques proposed by Zhang [142] and Sturm and Maybank [119], cf.
Section 3.1. We used 15 images of a calibration plane from different viewpoints for this
calibration. For the orientation calculation we used as reference the method for hand-eye
calibration proposed by Tsai and Lenz [124].

The result of the intrinsic calibration using the Calibration Toolbox was
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Figure 4.6: An image from the real image sequence.

Here, a nonlinear optimization stage was applied, which gave estimations of the uncer-
tainties for the different parameters.

Two image sequences with different step sizes Æ, i.e. the distance between each ob-
tained image, were used in the experiments. Starting with the step size Æ � ��� cm, the
following calibration matrices where obtained using two different widths of the spatial
smoothing kernels, �� � � and �� � �,
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Using the step size Æ � ��� cm the following calibration matrices were obtained using
�� � � and �� � �,
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The agreement of the method proposed in this chapter using translational motions
with the plane-based calibration technique for general motions is striking. The instability
of the principal point that could be noted in the experiments on the computer generated
data is also apparent here. The uncertainty in the estimation of the principal point is
probably due to the small movements of the camera, compared to the distance to the
object in the scene.
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The hand-eye calibration method of Tsai and Lenz, using the extrinsic parameters
from the plane-based camera calibration, gave the following rotation matrix for the cur-
rent setup,
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This amounts to a rotation of 
�����Æ around the �-axis, 
����Æ around the �-axis
and 
�����Æ around the �-axis, using a fixed reference frame. This can be compared to
the hand-eye orientation obtained by our method, using step size Æ � � cm and spatial
smoothing kernel �� � �,
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which amounts to a rotation 
�����Æ around the �-axis, 
����Æ around the �-axis and

���

Æ around the �-axis.

4.8 Conclusions

In this chapter, a method for intrinsic camera calibration and hand-eye calibration, based
directly on the spatial and temporal image derivatives in an image sequence, has been
presented. The method is divided into mainly two stages, where in the first stage the
intrinsic camera parameters and the hand-eye orientation are estimated from an image
sequence obtained during translational motions. In the second stage, the position of the
camera in relation to the robot hand is obtained using motions also including a rotational
part.

The method has been tested on both computer generated images and images obtained
using a real robot vision system. The performance of the algorithm is very good using the
computer generated images. The calculations are rather unaffected by, for example, the
choice of translation directions and the width of the smoothing kernels in this setting.
The method here also shows a remarkable insensitivity to added noise.

Using real images, the algorithm is however much less robust. We have, for example,
not been able to obtain a reasonable value on the position of the camera in relation to
the robot hand, even though this parameter is very well estimated using the computer
generated images. The main reason for this large difference in performance is probably
that the field of view of the camera used in the real experiments is much more narrow than
for the simulated camera in the computer generated case. Studies on scene reconstruction
and motion estimation from image flows [117, 35] have shown that a rotational flow field
is very hard to discriminate from a translational flow field if the field of view is small.
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Accurate results can, as shown by the experiments, be obtained for the focal lengths
and the hand-eye orientation and for the estimation of these parameters the approach is
probably useful. However, difficult or changing lighting conditions, and textures where a
good estimate of the derivatives is hard to achieve, can still have a considerable negative
effect on the result. For example, a fluorescent light in our robot laboratory was noted to
have negative influence on the estimations.

A deeper analysis of the method and more experimental studies are needed to fully
evaluate its usefulness. One idea for further development of the method is to apply a
coarse-to-fine iterative scheme, cf. [117], to be able to use larger motions.
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Part II

Geometrical Optical Illusions
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Chapter 5

Uncertainty in Visual Processes Predicts
Geometrical Optical Illusions
By their way of deceiving our eyes and mind, optical illusions have always been a source
of fascination. Most people are familiar with some illusions, e.g. the Müller-Lyer illusion,
Figure 5.1A, or the illusory drawings by Escher or Reutersvärd, Figure 5.1B. Through
history architects have used optical illusions to alternate the perception of a space or
structure. For example, the architects of ancient Greece made their columns slightly
swollen to compensate for the fact that tall thin structures appear to be slightly shrunken
in the middle. Another effect, observed by almost everyone and documented on very
early in history, is the moon illusion, i.e. the phenomenon that the moon appears to be
smaller at zenith than at the horizon. Ptolemy 150AD gave the explanation for this that
is still considered today.

In the nineteenth century, as scientists started to get interested in perception, opti-
cal illusions became the subject of systematic study. In different mind-related fields such
as psychology, neurology, physiology, and philosophy, studies of illusions have been per-
formed. A strategy for finding out how correct perception operates is to observe situations
where it fails. By carefully altering the stimuli and testing the changes in visual perfor-
mance, researchers have tried to gain insight into the principles of perception. From a
large number of experimental studies a lot has been learned about the parametric influ-
ences on illusory patterns, i.e. which orientation, thickness, number of lines etc. that
causes the maximum or minimum illusory effect. Using this knowledge it is possible to
invent variations on illusory figures. To do this there is no need to understand in any
depth why we perceive the illusion.

At this time, hardly anyone involved in the study of perception would acknowledge
that there exists any general theory explaining optical illusions. It is therefore an intriguing
task to try to reduce all observations to a few major principles underlying large classes
of illusions, that later might be expressed in one all-embracing theory. In this chapter
one such major principle is presented that builds an explanatory framework for the best
known and most studied illusions of all, the geometrical optical illusions.

The Proposed Theory

The term geometrical optical illusions, or geometrisch-optische Täuschungen, was coined
by Oppel [99] in a paper about the overestimation of an interrupted as compared to an
uninterrupted extent, cf. Figure 5.2, later called the Oppel-Kundt illusion [71]. The term
is now used for any illusion that can be seen in line drawings. Other famous illusions in
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(A) (B)

Figure 5.1: (A) The Müller-Lyer illusion, (B) Opus 1 (1934) by Oscar Reutersvärd [108].
See Sparr [116] and Heyden [57] for computational vision analyses of the “impossible”
drawings by e.g. Escher and Reutersvärd.

this class include the before mentioned Müller-Lyer illusion [90], the Fraser spiral [39],
and the Poggendorff and Zöllner illusions [146]. The contrast effect, i.e. the underesti-
mation of a small extent near a large one and the overestimation in brightness of a bright
entity next to a dark one etc. [102], is usually also included here. The number of illusory
patterns that fall into this class is very large, and the underlying phenomena can seem to
be quite diverse.

The claim of this work is that the statistics of visual computations is the cause, or one
of the major causes, underlying geometrical optical illusions and illusory effects due to
motions signals in line drawings. When interpreting a pattern, features in the image such
as points and lines, intersection of lines or local image motion must be derived, i.e. they
must be estimated from the input data. Noise in the data, whose origin can be of different
kinds, causes the estimation of these features to be biased. As a result, the locations and
orientations of the features are perceived erroneously and the appearance of the pattern
is altered. The bias occurs in any visual processing, but under average conditions it is
not large enough to be noticeable. Illusory patterns are constructed such that the bias is
strongly pronounced.

Turning to the human visual system, our eyes receive as input a sequence of images.
Even if we fixate on a static pattern eye movements are performed and a series of images
is gathered. According to experts on eye movements, cf. [12], the data from a number
of retinal images are combined into one image representation. Helmholtz [128] refers
to the representation of the retinal image as the field of fixation, Blickfeld, and to the
representation that moves with the eye as the visual globe, Sehfeld. More recently the
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terms retinotopic frame and stable feature frame have been used [32].

Figure 5.2: The Oppel-Kundt illusion [110].

The early visual processing apparatus extracts local image measurements from the
image sequence which serve as input to further estimation processes. For the modeling
conducted here we consider the following kinds of measurements: the positions and gray
value magnitudes of image points, the orientations and positions of small edge elements
(edgels) and the direction and lengths of image motion vectors perpendicular to local
edges (cf. normal flow, Section 2.1.3 and Chapter 4). These image measurements can
only be derived within a range of accuracy, in other words, noise influence the measured
quantities. The first interpretation processes consist of estimating local edges using as
input all the available image points, estimating the intersections of lines using all the
edgels and computing local image motion using all the normal flow measurements in a
small region. These estimation processes are biased. Thus the perceived positions of image
points and edges are shifted, their directions tilted and their motion wrongly estimated.
These perceived features then serve as input to the next higher level in the interpretation
process. Long straight lines or general curves are fitted to the edgels and this gives rise
to the tilted and displaced straight lines and distorted curves that are perceived in many
illusionary patterns. In the case of motion, the local image measurements are combined
in segmentation and 3D motion estimation processes to interpret the spatiotemporal
content of the scene. It should be emphasized that the estimation processes discussed are
not specific for the human vision system but are applied by most visual systems, natural
or artificial.

In the case of gray value estimation, theories related to our approach have previously
been presented. For example, optical and neural blur has been argued to be the cause of
some geometrical optical illusions [49, 50, 43, 44, 45]. Also, models of band-pass filtering
have been proposed to account for a number of illusions [95, 93, 91, 9, 26]. These studies
invoked in intuitive terms the concept of noise and uncertainty, since band-pass filtering
constitutes a model of edge detection in noisy gray level images and since optical and
neural blurring are related to the smoothing that we will use to model uncertainty in grey
value. The theme of our study is that these previous findings constitute a special case of
a more general principle, namely that uncertainty and noise cause bias in the estimation
of image features. It will be shown that this principle accounts for a large number of
geometrical optical illusions that previously have been considered unrelated.

In the following three sections, bias in grey value estimation, in the estimation of
edge elements and bias in motion estimation will be analyzed in succession. For each
estimation model, we discuss a number of illusions that are best explained by that model.
However, it should be emphasized that all three kinds of data are used in almost any
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interpretation process and that they are certainly related. Noisy edgel data and noisy
spatiotemporal data can for example be derived from noisy grey values. The relationships
between the estimation processes are not investigated in this work. After these three main
sections an overview of previous related work on illusions is given in Section 5.4. This is
then followed by some further discussion and conclusions in Section 5.5. The calculation
of the expected value of the utilized least squares estimations is given in Appendix A.

5.1 Bias in Gray Value Estimation

5.1.1 Basic Theory

Let the intensity in an ideal noise free image sequence, parameterized by image position
��� �� and time �, be ���� �� ��. The images retrieved at the retina can be thought of
as a noisy version of the ideal signal. In general, two kinds of noise sources must be
considered, noise in the gray level value and noise in the spatiotemporal location.

At every point ��� �� �� an additive, independently and identically distributed noise
term Æ���� �� �� with zero mean and covariance matrix �� is considered. This represents
the error in gray level value and is modeled as a Gaussian distribution, i.e. Æ���� �� �� �
4������. Error in position is also considered. Suppose that the ideal signal from the
scene should be received at location ��� �� in the image. The positional uncertainty
is modeled using a Gaussian distribution centered at ��� �� with covariance matrix ��.
The expected value of the intensity thus amounts to the convolution of the signal with a
spatiotemporal Gaussian kernel, i.e.

#������ �4������� �1������� � (5.1)

where � � ��� �� �� and

1������ �
�

�������

��

���  
� �

��
����

� � � (5.2)

In the modeling of static signals only the spatial variables need to be considered.
Furthermore, for simplicity, the spatial noise components in the �- and �-directions are
assumed to be identical and independent throughout this chapter, where �� is the stan-
dard deviation in the gray level noise and �� is the standard deviation in the positional
noise. The expected value of the intensity is then

#������ �� �4��� ���� �1��� �� ���� �

#����� �� �1��� �� ���� � #�4��� ��� �1��� �� ���� � (5.3)

Edges will be modeled as the extrema of the first-order derivatives [11], or as the zero
crossings of the Laplacian operator �� � 	�

	�� � 	�

	�� , cf. [87, 86]. As seen in (5.3), the
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5.1. BIAS IN GRAY VALUE ESTIMATION

expected value can be written as the sum of two terms. The second term, the expected
value of 4��� ����1��� �� ���, and its derivatives are independent of the position. This
means that noise in the gray value does not affect the expected locations of edges and for
the purpose of this analysis it can be ignored.

Note that

1��� ��� � �����

��
�

�1��� ���

��
� ���� � (5.4)

and, accordingly, that

1��� �� ��� � ������ �� � ��1��� �� ��� � ���� �� � (5.5)

Hence, differentiating ���� �� and then smoothing it with a Gaussian is equivalent to cal-
culating the differentiated Gaussian distribution function and use this for the convolution
with ���� ��, cf. Section 4.6 and Section 6.1.1. In the case of second-order derivatives,
convolution with the Laplacian of Gaussian (LoG) filter, ��1��� �� ��, and then lo-
cating the zero-crossings is a common method for edge detection in image analysis [87].
The LoG filter can be closely approximated with the difference of two Gaussian ker-
nels, a Difference of Gaussians filter (DoG). It has been argued that the edges in the
human early visual system is computed using physiological realizations of DoG filters
[111, 28, 136, 135, 86]. Thus we are interested in the locations ��� �� where

��
�1��� �� ���

��
� ���� ���� � �

�1��� �� ���

��
� ���� �������� � (5.6)

has a local maximum, or where

��1��� �� ��� � ���� �� � � � (5.7)

So the implementation of edge detection in the visual system could be one source of
positional uncertainty. Another interpretation is that there is uncertainty in the position
since a sequence of images is combined into one image representation and errors occur
in the geometric compensation for location. A third interpretation is that the eye can
be viewed as a defocused imaging system, which even for only one image taken at one
instant in time can be modeled by Gaussian smoothing. Since repeated convolution with
different Gaussian kernels is equivalent to convolution with a wider Gaussian kernel (with
a standard deviation that is the square root of the sum of the variances of the kernels),
any combination of the above mentioned noise sources is also well approximated by our
model.

Gaussian smoothing of static images has been intensively studied in the literature on
linear scale space theory, cf. Section 6.1. A large number of theoretical results has been
derived which can be employed straightforwardly in our study. For example, Lindeberg
[72] derives formulae for the instantaneous velocity of edge points in the direction normal
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to edges when the scale parameter � is varied, the so-called drift velocity. This can be
used when studying how the estimation of the position of an edge changes under different
amounts of positional noise, i.e. under different amounts of Gaussian smoothing.

Consider at every edge point -� a local orthonormal coordinate system �5� 6� with
the 5-axis parallel to the spatial gradient direction at -� and the 6-axis perpendicular to
it, cf. gauge coordinates in Section 6.1. If the edges are given as the zero-crossings of the
Laplacian, the drift velocity ���5� ��6� amounts to

���5� ��6� � 
 ��
����

�
�
�
������

�
� ������

�
� ����� �����

�
� (5.8)

For a straight edge, where all the directional derivatives in the 5-direction are zero, this
simplifies to

���5� ��6� � 
�

�

�����
����

��� �� � (5.9)

The scale space behavior of straight edges is illustrated in Figure 5.3. Three cases
are considered. Firstly, edges between a dark and a bright region do not change location
under Gaussian smoothing, cf. Figure 5.3A. Secondly, the two edges at the boundaries of
a bright line, or bar, in a dark region drift apart, assuming that the width of the smoothing
kernel is large enough so that the whole bar affects the edges, cf. Figure 5.3B. Finally, the
effect of the smoothing on a line of medium brightness next to a bright and dark region
is to move the two edges towards each other, Figure 5.3C. These observations suffice to
explain a number of illusions.

5.1.2 Illustrative Examples

Two geometrical optical illusions provided by the Department of Psychology at Akita
University [2] will be studied. These illusionary patterns consist of regular grids and
checkerboard patterns with small squares superimposed on them. The effect of the
squares is to change the appearance of straight lines to bended curves.

Figure 5.4 shows one of the figures, a black square grid on a white background with
small black squares superimposed. Figure 5.4B shows the central part of the figure mag-
nified. The black squares at the center of the squares have been removed for sake of clarity
since they do not notably affect the perception of the illusion. In Figure 5.4C the result
of edge detection on the raw image using the Laplacian of a Gaussian (LoG) is shown.
Figure 5.4D shows the smoothed image which results from filtering with a Gaussian ker-
nel with standard deviation �*
 times the width of the bars. In Figure 5.4E the results of
edge detection on the smoothed image using a LoG is shown. (This is clearly the same as
performing edge detection on the raw image using a LoG with larger standard deviation).

The grid consists of lines (or bars), and the effect of Gaussian smoothing on the bars
is to drift the two edges apart. However, at the locations where a square is aligned with
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(A) (B) (C)

Figure 5.3: The first row shows gray level figures of, (A) a dark region next to a bright
region, (B) a bright line in a dark region, and (C) a gray line next to a dark and a bright
region. Superimposed on the gray level figures are the edges which have been computed
as the zero crossings of the Laplacian of a Gaussian (LoG) for two different widths of
the Gaussian. The solid lines correspond to a standard deviation, �, of 3 pixels and
the dashed lines to a � of 7 pixels. The second row shows cross sections of the two
differently smoothed versions of the gray level figures above. The third row shows the first
order derivatives, and the fourth row the second order derivatives of these functions. The
maxima of the first order derivatives and the zero crossings of the second order derivatives
are marked by vertical lines. From their change in position the observations about the
movement of edges in scale space can be deduced: In (A) the edge stays in place, in (B)
the edges drift apart, and in (C) the edges are getting closer (collapse into one for � � �).
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(A)

(B) (C)

(D) (E)

Figure 5.4: (A) Illusory pattern: “spring” [2]. (B) A small (simplified) part of the illusion
to which (C) edge detection, (D) Gaussian smoothing, and (E) smoothing and edge
detection have been applied.
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5.1. BIAS IN GRAY VALUE ESTIMATION

the grid there is only one edge and this edge does not change location under Gaussian
smoothing. The net effect of the smoothing is that the edges of the grid lines are no
longer straight. The curvature of the edges obtained from the smoothing is qualitatively
similar to the curvature perceived in the figure, cf. Figure 5.4A and Figure 5.4E.

Figure 5.5A shows the second pattern from [2]. This pattern consists of a black and
white checkerboard with small white squares superimposed in the corners of the black tiles
close to the edges. Next to the small white squares short black bars are created – a white
area (from a small white square) next two a black bar (from a black checkerboard tile)
next to a white area (from a white checkerboard tile). This explains the effect: The edges
which are the boundaries of the created bars drift appart under scale-space smoothing and
the other edges, between the black and white tiles of the checkerboard, stay in place. The
result is that the edges near the locations of the small white squares are pushed outwards
toward the white checkerboard tiles. This is illustrated in Figure 5.5B which shows the
combined effect of smoothing and edge detection for a part of the pattern. Figures 5.5C
and 5.5D zoom in on the drift velocity in the smoothed image as derived from (5.8).
Again the effect obtained from the smoothing is the same as the one perceived in the
original illusionary pattern.

Another geometrical optical illusion in this category is the famous "café wall" illusion,
shown in Figure 5.6A. It consists of a black and white checkerboard pattern with alternate
rows shifted one half-cycle and with thin "mortar" lines separating the rows. The mortar
lines should be midway in luminance between the black and white rectangles to give the
strongest illusory effect. The effect is a tilt in the mortar lines, with alternate mortar lines
tilted in the opposite directions.

In the café wall figure, at the locations where a mortar line borders both a dark tile
and a bright tile, the two edges move towards each other under Gaussian smoothing and
for thin lines it takes a relatively small amount of smoothing for the two edges two merge
into one. In positions where the mortar line is between two bright regions or where
it is between two dark regions, the edges move away from each other. The results of
smoothing and edge detection are shown in Figure 5.6C for the magnified part of the
pattern shown in Figure 5.6B. Short line segments are apparent here which are tilted with
the same sign of the slope as percieved in the original illusionary pattern. Figures 5.6D
and 5.6E show the drift velocity in large magnification which illustrates the tendency of
the movement of the edges.

If bias is indeed the main cause of the illusion we should be able to counteract the
effect by introducing additional elements. This has been pursued in Figure 5.7A. The
additional white and black squares put in the corners of the tiles remove the illusory
effect. Figure 5.7B shows a magnified part of the pattern and Figure 5.7C shows the
edges detected. As the latter figure shows, the inserted squares partly compensate for the
drifting of the edges along the mortar line separating tiles of the same gray value. As
a result slightly wavy edgels are obtained. The "waviness" is, however, to weak to be
perceived (low amplitude, high frequency) and as a result a straight line without tilt is
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(A) (B)

(C) (D)

Figure 5.5: (A) Illusory pattern: “waves” [2]. (B) The result of smoothing and edge
detection on a part of the pattern. (C) and (D) The drift velocity at edges in the smoothed
image logarithmically scaled for parts of the pattern.
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(A)

(B) (C)

(D) (E)

Figure 5.6: (A) Café wall illusion. (B) Small part of the figure. (C) Result of smoothing
and edge detection. (D) and (E) Zoom-ins on the drift velocity.
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seen.

(A)

(B) (C)

Figure 5.7: Modified café wall pattern. The additional black and white squares change
the edges in the filtered image, which counteracts the illusory effect.

A full account of the perception of lines in the above illusions requires additional
explanation. The lines are derived in two (or more) processing stages. In the first stage,
local edge elements are computed and bias explains the tilting of these elements. The
second stage consists of the integration of these local edge elements into longer lines. Our
hypothesis is that this integrarion uses as input the positions and orientations of the short
edge elements to compute an approximation of the longer curves. If the linking of edge
elements is carried out in this way tilted lines will be computed in the café wall illusion
and wavy curves will be derived in the pattern "waves" in Figure 5.4. It is not important
to our explanation how the approximation is carried out exactly, be it linear estimation
or through some more elaborate nonlinear process. Most probably it is carried out in
conjunction with other perceptual grouping processes [49, 50]. The essential thing is
that information about the orientation of edgels is used. Even if there are gaps between
consecutive edgels the final perception of the pattern will be that of a continuous line or
curve. This can be explained by the fact that the human vision system is very good at
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5.2. BIAS IN THE ESTIMATION OF LINE ELEMENTS

perceiving continuity and detecting discontinuity. It can, for example, easily discriminate
between smooth curves and jagged discontinuous curves.

Our account of the integration process also explains one of the most forceful of all
illusions, Frasers twisted cord illusion [39], also known as the Fraser spiral, and related
Fraser figures. The Fraser spiral pattern, cf. Figure 5.8, consists of circles made of black
and white elements which together form something similar to a twisted cord, on a checked
background. The twisted cords give the perception of being spiral-shaped, rather than a
set of circles. The principle of the pattern is easily explained using another Fraser illusion
shown in Figure 5.9. Figure 5.9C shows the basic units of all Frasers figures, a short line
with a triangle at either end. This appears in both black and white. In the Fraser illusion
in Figure 5.9, the short lines are all tilted with the same slope. The edges perceived from
these short lines are consequently tilted in the same way and the “weigths” in form of the
triangles at the ends increases the perception of the slope. From these edge elements an
extended tilted line is perceived due to the integration process. In the Fraser spiral the
line elements are sections of spirals and an extended spiral is perceived. The illusory effect
is also obtained for a twisted cord on a gray background, cf. Figure 5.9B, but it is slightly
weaker than with the pattern of the background included. In the perception of each basic
element in 5.9C, the visual system probably tries to fit a line to the perceived input data.
The triangles then work as weights in this fitting process to increase the slope of the short
lines.

5.1.3 A Comment on Smoothing and Line Intersection

In [128], the perceptual effect of a line intersecting a slightly broader line is illustrated
as in Figure 5.10. The fine line, as shown in A, appears to be bent in the vincinity of
the broader black line, as indicated in exaggeration in B. The effect of smoothing or,
equivalently, uncertainty in the positional data, is shown in Figure 5.11. Here, the image
in 5.11A is smoothed and the gray value maxima on the intersecting line is indicated in
5.11B and magnified in Figure 5.11C. The resemblence to Figure 5.10B is striking. A
more detailed analysis of the behaviour of intersecting lines is the topic of the next section.

5.2 Bias in the Estimation of Line Elements

There is a large group of illusions in which lines intersecting at acute angles are a decisive
factor in the illusion. To analyze these line drawings, a slightly different noise model is
adopted in this section, with the noise being defined directly on the edge elements. Noise
in gray level values results in noise in the estimated edge elements. Another physologically
plausible explanation is that noise in the edge elements is due to quantization errors of
the cells analyzing orientation [63].
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Figure 5.8: Fraser’s spiral [39].

(A) (B) (C)

Figure 5.9: (A) Fraser figure with straight twisted cords. (B) The illusion is weaker with a
gray background. (C) The basic elements of the figure are tilted elements with a triangle
at either end [110].
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Figure 5.10: The fine line as shown in (A) appears to be bent in the vicinity of the broader
black line, as indicated in exaggeration in (B), [128].

(A) (B) (C)

Figure 5.11: (A) A line intersecting a bar at an angle of fifteen degrees. (B) The image has
been smoothed and the maxima of the gray level function have been detected and marked
with stars. (C) Magnification of intersection area.
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5.2.1 Basic Theory

Next the estimated position of an intersection of straight lines is analyzed. The inputs are
edge elements, parameterized by the image gradient ���� ���, which coincides with the
normal vector to the edge, and the position of the center of the edge element ���� ���.
The edge elements are influenced by noise, cf. Figure 5.12A. To obtain the intersection of
straight lines, imagine a line through every edge element and compute the point closest
to all the lines, Figure 5.12B.

(A) (B)

Figure 5.12: (A) The inputs are edge elements parameterized by the position of their
centers ���� � ���� and the image gradient ���� � ����. (B) The intersection of straight lines
is estimated as the point closest to all the “imaginary” lines passing through the edge
elements.

In algebraic terms, consider additive, independently identically distributed (i.i.d.)
zero mean noise in the parameters of the edgels. In the following unprimed letters are
used to denote estimates, primed letters to denote actual values and Æ’s to denote errors.
Hence, �� � � �� � Æ��, �� � � �� � Æ�� , �� � ��� � Æ�� and �� � ��� � Æ��.

For every point ��� �� on the lines the following equation holds,

� ���� � ��� � � ���
�
� � � ���

�
� � (5.10)

This is fulfilled only approximately by the measurements. Let � be the number of
edge elements. Each edgel measurement � defines a line given by the equation

����� ���� � ������ � ������ � (5.11)

From the collected set of edge elements a system of equations is obtained which can be
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represented in matrix form as

��� � � � (5.12)

where �� is the � � � matrix incorporating the data in ��� and ��� from � number of
edgels and � is the � dimensional vector with components ������ � ������ . The vector
� � ��� �� denotes the resulting intersection point of the lines. Using standard least
squares (LS) estimation, the estimated intersection point is given by

� � ���� ���
����� � � (5.13)

It is well known, cf. [40], that the LS solution to a linear system of the form 
� � � is
biased, when errors are present in the measurement matrix 
. Also the statistics of the
estimation in the case of i.i.d. noise in both 
 and � have been studied [47]. In our
case, � is the product of elements in 
 and two other noisy terms and the statistics are
somewhat different.

To simplify the analysis, the variances of the noise in the spatial derivatives in the
� and � directions are assumed to be the same. Denote this variance by ��� . Also, the
expected values of higher order terms are assumed to be negligible. In Appendix A, the
expected value of � is found by expressing (5.13) using a second order Taylor expansion
at zero noise. It converges in probability to

#��� � �� � �7 ������� 
 ������ � (5.14)
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and ��� is the mean of ��� , i.e.

��� �
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�
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�

��
��� ���

�
� (5.16)

Further, �� is the actual intersection point and and � is the number of edge elements.
This number has no effect since the magnitude of the elements in 7 ��� are proportional
to �*�.

Using (5.14) allows for an interpretation of the bias. The estimated intersection point
is shifted by a term which is proportional to the product of matrix 7 ��� and the differ-
ence vector ���� 
 ���. The vector ���� 
 ��� extends from the actual intersection point
to the mean position of the edge elements. Thus, it is the mass center of the edgels that
determines this vector. The matrix 7 �, which depends only on the spatial gradient distri-
bution, is a real symmetric matrix and thus its eigenvectors are orthogonal to each other.
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The matrix 7 ��� has the same eigenvectors as 7 � and inverse eigenvalues. The direction
of the eigenvector corresponding to the larger eigenvalue of 7 ��� is dominated by the
normal to the major orientation of the image gradients and thus the product of 7 ���

with ���� 
 ��� is most strongly influenced by this orientation. Consider the case of two
intersecting lines and thus two gradient directions. The effect of 7 ��� is larger bias in
the direction of fewer image gradients and smaller bias in the direction of more gradients.
This leads to larger displacement of the intersection point in the direction perpendicular
to the line with fewer edge elements.

5.2.2 Illustrative Examples

The best known illusions due to intersecting lines are the Poggendorff and Zöllner illu-
sions. A version of the Poggendorff illusion, as described by Zöllner [146], is displayed
in Figure 5.13A. The upper left portion of the interrupted, tilted straight line does not
appear to be the continuation of the lower portion on the right. The upper portion seems
to be positioned too high compared to the lower portion. Another version of this illusion
is shown in Figure 5.13B. Here, it appears that the middle part of the interrupted line is
not in the same direction as the two outer parts, but is turned clockwise with respect to
the them.

(A) (B)

Figure 5.13: The Poggendorff illusion.

Famous vision scientists such as Hering [56] and Helmholtz [128] saw the Poggen-
dorff and related illusions as the result of the perceptual enlargement of acute angles. It
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has been found in extensive studies that acute angles are overestimated and obtuse angles
are slightly underestimated, although regarding the latter there has been some controversy.
The effect is larger with short line segments and seems to diminish with long intersecting
lines. Our model predicts that these phenomena are due to the bias in the estimation of
the intersection point.

Referring to Figure 5.13A, the intersection point of the upper left portion of the
tilted line with the left vertical edge seems to be moved up and the intersection point of
the lower portion of the tilted line with the right vertical edge seems to be moved down.
From parametric studies it is known that the illusionary effect decreases with an increase
in the acute angle and reaches zero at �� degrees. Our model predicts this. Figures 5.14B
and C plots the estimated bias in the � and � directions as a function of the angle between
the line elements. In these plots, the data is a tilted line which makes an angle 8 with a
vertical line, as shown in Figure 5.14A. As the vertical line is twice as long as the tilted
line, the number of edge elements on the vertical line is twice as many.

(A) (B) (C)

Figure 5.14: (A) The tilted line intersects the vertical line in the middle at an angle 8.
There are twice as many edge elements on the vertical as on the tilted line. (B) Bias
perpendicular to the vertical. (C) Bias parallel to the vertical.

Figure 5.15 shows two variants of the Zöllner illusion. The vertical bands in Figure
5.15A and the diagonal bands in Figure 5.15B are parallel, but they look convergent and
divergent. In these patterns the biases in the estimation of the intersection points of the
long lines (or the edges of the broader bands in A) with the shorter line segments cause
the edge elements between the intersection points along the longer lines to be tilted, as
illustrated in Figure 5.15C. In a second computational step, long lines are computed as
an approximation to the small edge elements. If, as discussed in the Section 5.1.2 on
this integration process, the positions and orientations of the edge elements are used in
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the approximation, tilted line or bars will be computed sloping in the same direction in
the same direction as perceived by the visual system. Figure 5.16 shows the estimation of
the tilted line elements for a pattern such as in Figure 5.15A with an angle of 45 degrees
between the vertical and the tilted bars. As input to the estimation we used edge elements
uniformly distributed on the vertical and on the tilted lines. Just as for the Poggendorff
illusion, it has experimentally been found that the effect increases with an increase in the
acute angle between the main line and the obliques, in accordance with Figures 5.14B
and C. For really small angles, however, some counteracting effect seems to take place.

(A) (B) (C)

Figure 5.15: (A), (B) Zöllner patterns. (C) The bias in the intersection points of the edges
causes the line elements between intersection points to be tilted.

Many other well-known illusions can be explained on the basis of biased line inter-
sections. Examples are the Orbison figures and the patterns of Wundt, Hering and Luck-
iesh, cf. Figure 5.17. In these patterns geometrical objects such as straight lines, circles,
triangles or squares are superimposed on differently tilted lines, which gives a distorted
appearance of the objects. This distortion can be explained by erroneous estimation of the
tilt in the line elements between intersection points and the subsequent fitting of curves
to these line segments.

5.3 Bias in Motion Estimation

When processing image sequences some representation of image motion must be derived
as a first stage. It is believed that the human visual system has the ability to compute the
optical flow field from a sequence of images, cf. [134]. As mentioned in Section 2.1.3 op-
tical flow is derived in a two stage process. First, using the optical flow constraint equation
(2.10), the normal flow is calculated, i.e. the component of the optical flow field in the
direction of the gradient in each point (the velocity component perpendicular to edges).
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Figure 5.16: Estimation of edges in Zöllner pattern. The line elements are found by
connecting two consecutive intersection points, resulting from the intersection of edges
of two consecutive bars with the edge of the vertical bar (one in an obtuse and one in an
acute angle).

Figure 5.17: A pattern by Luckiesh [110]. The circle seems to be bumped on the left side.
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In a second stage the optical flow is estimated by combining, in a small neighborhood of
each image point, normal flow measurements from features in different directions. It will
be shown that this estimate is biased.

To derive the optical flow from the normal flow measurements we will use the assump-
tion of Lucas and Kanade [75], that the optical flow is approximately constant within a
small neighborhood of each image point. Each of the � measurements in the neighbor-
hood provides an equation of the form (2.10) and thus the following overdetermined
system of equations is obtained,

���� �� � � � (5.17)

where �� denotes, as before, the matrix of spatial gradients ���� � ����. The vector of
temporal derivatives is denoted by �� and � � ��� �� denotes the optical flow. The least
squares solution to 5.17 is given by

� � 
���� ���
����� �� � (5.18)

As noise model we consider zero mean i.i.d. noise in the spatial and temporal deriva-
tives. As in Section 5.2.1, equal variance ��� for the noise in the spatial derivatives in the
� and � directions is assumed. Also, it is assumed that terms with higher order than 2 can
be ignored.

The statistics of (5.18) is well understood, as these are classical linear equations. The
expected value of the flow, using a second order Taylor expansion, is derived in Appendix
A. The expected value converges to

#��� � �� 
 ����7
����� � (5.19)

where, as before, the actual values are denoted by primes.
Equation (5.19) is very similar to (5.14) and the interpretation given there applies

here as well. It shows that the bias depends on the gradient distribution, i.e. the texture,
in the neighborhood of the current image point. The estimate of the flow is always un-
derestimated in length and its direction is biased towards the orientation of the majority
of the gradients.

5.3.1 Illustrative examples

Figure 5.18 shows a variant of a pattern created by Hajime Ouchi [101]. The pattern
consists of two rectangular checkerboard patterns oriented in orthogonal directions, a
background orientation surrounding an inner ring with perpendicular orientation. Small
retinal motions, or slight movements of the paper, cause an apparent motion of the inset
relative to the background.

The tiles used to make up the pattern are longer in one direction than in the other.
This leads to a gradient distribution in a small neighborhood with many more normal
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Figure 5.18: A pattern similar to one by Ouchi [101].

79



CHAPTER 5.

flow measurements in the direction perpendicular to the longer edge than in the direc-
tion of the shorter edge. Since the tiles in the two regions of the figure have different
orientations, the biases in the regional optical flow estimations are different for the two
regions. The difference between the bias in the inset and the bias in the background is
interpreted as motion of the ring. An illustration is given in Figure 5.19 for the case of
motion along the the first meridian (to the right and up). In addition to computing the
flow, the visual system also performs motion segmentation, which is why a clear relative
motion of the inset is seen. For a detailed analysis of this illusion, cf. [37].

Figure 5.19: The regional motion error vector field. The vectors shown are the differ-
ences between the true motion and the calculated motion. To derive the sliding motion,
compute the difference between the error in the inset and the error in the surround, and
project the resulting vector on the dominant gradient direction in the inset. The line
from the center is the direction of the true motion.

Another impressive illusory pattern is shown in Figure 5.20, cf. [106]. If fixating
on the center and moving the page along the optical axis, back and forth, the inner
circle appears to rotate. The rotation is clockwise if the figure is moved away from the
eyes. If the paper is moved closer to the eyes, the optical flow vectors are directed along
lines through the image center pointing away from the center. The normal flow vectors
are perpendicular to the edges of the parallelograms in the rings. Thus the estimated
flow vectors are biased in clockwise direction in the outer ring and in counterclockwise
direction in the inner ring, as shown in Figure 5.21. The difference between the inner and
outer vectors (along a line through the center) is tangential to the circles which explains
the perceived rotational movement. In a similar way, one can explain the perception of
the rings moving closer to each other when rotating the pattern around an axis through
the center and perpendicular to the paper.

There of course exist other methods besides the Lucas-Kanade approach applied here
for calculating optical flow. Besides gradient based models there are frequency domain
and correlation based models [6]. But computationally they are not very different. In
all models there is a stage in which smoothness assumptions are made and measurements
within a neighborhood of the current point is combined to estimate the flow at this point.
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Figure 5.20: If fixating on the center and moving the paper along the line of sight, the
inner circle appears to rotate [106].

Figure 5.21: Flow field computed from motion of Figure 5.20.
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At this stage, statistical difficulties occur and noisy estimates lead to bias. See [38], for an
extensive study of the statistics of optical flow estimation.

5.4 Other Theories of Illusion

To put this work into perspective a short overview of previous works on geometrical
optical illusions will here be given. Theories about illusions have been formulated ever
since their discovery. Many of the theories are aimed only at one specific illusion and
most of the early works would be seen nowadays as adding little to a mere description of
the illusion.

Theories which attempt to explain a broad spectrum of illusions and which have
attracted more notice in recent years are based on a specific sort of mechanism which has
been suggested to explain the workings of human visual perception. These mechanisms
are either hypothetical, based on physical analogies or general observations about the
physiology and architecture of the brain. In contrast, the theory proposed here is of a
mathematical nature, based on the geometry and statistics of capturing light rays and
computing their properties, such as the gray values and spatiotemporal derivatives. Thus,
it applies to any vision system, artificial or biological. However, one might find that
our theory resembles some existing theories if they are put in a statistical framework.
Chiang [16] proposed a retinal theory that applies to patterns in which lines running
close together affect one another. He likened the light coming into the eye from two lines
to the light falling onto a screen from two slit sources in the study of diffraction patterns.
His explanation for this was the blurring and diffusing effect of the medium and the
construction of the eye. The perceived locations of the lines are at the peaks of their
distributions. Thus, two closely situated lines influence each others locations and become
one when the sum of their distributions forms a single peak. According to Chiang, this
leads to an overestimation of acute angles and provides an explanation of the Poggendorff,
Zöllner and related illusions as well as the effect in the Müller-Lyer illusion.

Glass [45] also discussed optical blurring as a cause for the perceptual enlargement of
acute angles as it fills in the angle at line intersections. He proposed this as an explana-
tion of the Zöllner and Poggendorff effect. Ginsburg argued that neural blurring occurs
because of lateral inhibition, i.e. the tendency of adjacent neural elements of the visual
system to inhibit each other. This has the effect of spatial frequency filtering. In [43]
he suggested that low frequency attenuation contributes to the formation of the illusory
Kanizsa triangle, cf. the cover of [86] for a variation of this illusion. In [44], he discussed
filtering processes as a cause for the Müller-Lyer illusion.

In a number of recent studies band-pass filtering has been proposed as cause of geo-
metrical optical illusions. Morgan and Moulden [95] and Earle and Maskell [26] discuss
linear band-pass filters as a cause of the café wall illusion. In [95], it is showed that a
pattern like twisted cords, as in the Fraser illusions, is revealed in the mortar lines if the
café wall figure is processed with a spatial band-pass filter. The cords then consists of
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maxima and minima in the filtered image. We refer to spatial smoothing followed by
edge detection and computationally these two explanations are rather similar. However,
we argue that this is a special case of general principle of uncertainty and noise in visual
processes which causes bias in the estimation of features, in this case edges.

Morgan and others [94, 92] have also, in the case of the twisted cord phenomenon,
commented on the process of integrating the slope of the small lines in the twisted cords to
an extended tilted line. In computational terms, these discussions are specific implemen-
tations of approximation processes using as input position and orientation information.
In particular, they discuss the use of neural collector units [95, 94] and Gabor patches
[112, 92].

Morgan and Casco [93] discuss band-pass filtering in conjunction with second order
stage filters that extract features in the Zöllner and Judd illusion. In [9], Bulatov et
al. propose an elaborate neurophysiological model and the Müller-Lyer and the Oppel-
Kundt illusions are discussed. Morgan [91] suggests blurring in second stage filters as the
main cause of the Poggendorff illusion.

The diffraction in Chiang’s model and the optical and neural blurring in the other
mentioned models amounts to an uncertainty in the location of the perceived gray values.
They can also be interpreted as noise occurring somewhere in the image formation of the
image processing. Thus, the concept of uncertainty is invoked in vague ways in these
studies. The models that have been discussed are, however, very restricted. They apply to
particular processes, either on the retina or in the neural elements of the vision system.

There are a number of theories in which eye movements are advanced as an important
causative factor in illusions. Our theory proposes that eye movements play an important
role since they are a relevant source of noise. Helmholtz suggested in [128] that ocular
movements are of importance in some illusions, but he also explained doubt that they
could be the main cause, as other illusions do not seem to be influenced by them. Carr
[13] proposed that eyes react to accessory lines and as a result pass more freely over unfilled
than filled elements. According to this theory, the eyes move more freely over the figure
with outgoing fins than over the one with outgoing fins in the Müller-Lyer figure. In
the Poggendorff and Zöllner figures deflections and hesitations in the eye movements
are associated with the intersections of the long lines with the obliques. Piaget [105]
proposed a "law of relative centrations". By centration he refers to a kind of centering of
attention which is very much related to fixation. Centration on a part of the field in view
is supposed to cause an overestimation of that part relative to the rest of the field. Virsu
[126] suggested that the eye movements most readily made are horizontal and vertical
rectilinear movements. When viewing lines with other orientations which intersect the
vertical and horizontal structures, an eye movement correction must take place and this
is supposed to give rise to perceptual distortion.

Other famous works include theories who discuss illusions in the context of figural
after-effects [41, 69]. Figural after-effects refers to the tendency of an observer to transfer
features of an observed object, such as the slope of a line, to an object observed directly
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afterwards. There are also theories based on the assumption that the perceptual system
interprets illusory patterns as flat projections of three-dimensional displays, cf. [121, 120,
48].

5.5 Discussion and Conclusions

In this chapter, we have discussed a major hurdle that vision systems have to deal with,
noise in the image data. Noise in the gray level and its spatial and temporal derivatives
causes a serious problem for early visual processes and leads to bias in the performed
estimations. An artifact of the bias is illusory perceptions of images involving patterns
where the bias is highly pronounced.

Linear estimation processes, in particular linear least squares, have been considered in
this work. The question arises if the estimations could be corrected if more sophisticated
techniques were used. If the accurate knowledge of the statistics of the noise where at
hand we should be able to compensate for the bias. Inverse filters could be applied to
reconstruct the gray level signal and the corrected least squares estimator could be used to
remove the asymptotic bias. The method of total least squares estimation, cf. [46, 89, 10],
is another alternative. This type of estimation has been shown to provide asymptotic
unbiased solutions for the system 
� � � if both 
 and � are corrupted by noise.
However, for this method to work well accurate information about the noise variables
must be present, e.g. the relative amounts of noise in the spatial and temporal derivatives.

For a specialized vision system working under very restricted conditions, it might be
possible to estimate the statistical parameters of the noise and achieve almost unbiased
estimations. However, for a system which is supposed to deal with very general and
varying visual input data, such as the human visual system, the estimation of the noise
characteristics seems hard. Besides the sensor noise, which might stay approximately
fixed, factors that influence the noise include e.g. the lightning conditions, the physical
properties of the objects being viewed, and the orientation of the viewer in 3D space. In
particular, these factors have large influence on the calculation of image derivatives.

An interesting observation is that the illusory perception of some patterns weakens
after extended viewing, in particular when subjects are asked to fixate. In this case the
noise parameters might be fixed long enough for the visual system to acquire reasonable
approximations of these parameters which allows it to improve the estimates.

The bias has been demonstrated for very general mathematical models. We have dis-
cussed possible sources of noise but have not specified e.g. the amount of uncertainty
originating from eye movements compared to the amount originating from noise in the
neural system in specific situations, nor in which ranges the uncertainty lies. These are
issues that need to be examined. In particular, using psychophysical and physiological
methods it might be feasible to conduct investigations on the amounts of noise and the
relation of eye movements to noise. Also, we have only discussed the bias in the estima-
tions, which was sufficient to demonstrate the cause of a large number of illusions and
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predict some parametric studies. However, the variance of the estimators should proba-
bly also be studied. The larger the sample size, the smaller the variance of the estimator.
Thus, this measure predicts slightly more accurate perception of a dense pattern com-
pared to a less dense pattern. When it comes to estimating optical flow, a large variance
in the gradient direction is important for accurate results.

The are many illusions which are classified as geometrical optical illusions that we
have not taken up for discussion. These include, for example, the before-mentioned
contrast effect; the illusion of filled and unfilled extents, i.e. the effect that a filled extent
is overestimated when compared to an unfilled extent (an example is the Oppel-Kundt
illusion); the Ponzo illusions, cf. Figure 5.22B; the vertical-horizontal illusion, i.e. the
phenomenon of judging a vertical line to be longer than a horizontal line of the same
extent; the framing effect, i.e. the overestimation of framed objects and the Delboeuf
circles, cf. Figure 5.22A. Size parameters are of great importance in some of these illusions.
For example, in the Delboeuf illusion the size of the outer circle perceptually decrease
and the inner one increase for a diameter ratio up to about 2:1 (with a maximum at
about 3:2). For larger ratio the smaller circle changes from being overestimated to being
underestimated.

(A) (B)

Figure 5.22: (A) Delboeuf circles. (B) A version of the Ponzo illusion.

The illusions studied in this chapter have been explained on the basis of rather small
amounts of noise. These amounts of noise do not seem to be a major factor behind the
illusions mentioned here. However, larger amounts of smoothing has the effect of neigh-
boring parts in a figure to influence each other and as a result they are moved closer to
each other. Consider the Delboeuf circles in Figure 5.22A. Small amounts of smoothing
will cause both circles in the middle figure to contract. If the amount of noise is increased
so that the two circle effect each other under smoothing, then the outer circle will con-
tract and the inner circle will expand. Image formation processes should not give rise to
such large amounts of noise to account for these large amounts of smoothing. However, a
possible explanation could be a scale-space architecture in the human visual system, em-
ploying multiple levels of image resolution, cf. Section 6.1. There is evidence, cf. [139],
that there are hierarchies of neurons of increasingly large receptive fields within our vi-
sual system, with neurons of smaller receptive fields providing information to neurons of
larger receptive fields, and vice versa. Also, higher level processes such as segmentation
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and recognition needs information from large parts of the image. This leads us to believe
that there must exist some processes that combine information from local neighborhoods
into representations of global information, and these processes might carry uncertainty.
For example, to interpret one of the illusory figures in Figure 5.22 requires analysis of the
whole pattern, as judgments of the sizes of different parts of the pattern are made.

To conclude, the findings of this research are also important for practical applications.
The proposed theory is not only applicable to the human visual system, but to any visual
system, natural or artificial. It points out the importance of considering the noise and un-
certainty in the input data when constructing vision algorithms. This work has primarily
discussed uncertainty in processes such as feature extraction and optical flow estimations,
but since many other computations in visual systems are estimation processes, it is of
general importance in vision research.
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Nonlinear Diffusion in Image
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Chapter 6

Nonlinear Diffusion Filtering of Images
Obtained by Planar Laser-induced
Fluorescence Spectroscopy
During the last decade increasing attention has been given to the use of partial differential
equations (PDE’s) in image processing and computer vision. A large number of interest-
ing applications has been reported, including e.g. 3D scene reconstruction [30], image
restoration [7], and numerous medical segmentation techniques. Two large subgroups
that have emerged within this field of research are the theory of level set methods [114]
and scale-space theory [72, 131].

In this chapter, an application of nonlinear diffusion equations will be studied. Non-
linear diffusion filtering in image processing was pioneered by Perona and Malik [103]
and further developed by e.g. Weickert [130] and is closely related to scale-space theory.
The objective of the current application is to find flame contours in noisy images of tur-
bulent flames. The imaging technique used is so-called planar laser-induced fluorescence
(PLIF) spectroscopy which has proven to be one of the most valuable tools in the study of
the physics and chemistry of turbulent reactive flows [53]. Nonlinear diffusion filtering is
applied to the PLIF images to make the flame boundaries more apparent which simplifies
preceding computations such as calculation of the flame contour length.

In the next section, nonlinear diffusion filtering and its relation to scale-space the-
ory is introduced. The particular diffusion equation used in the current application and
the forthcoming analysis is also given. This section also includes a simple scheme for
the numerical implementation. In Section 6.2, planar laser-induced fluorescence spec-
troscopy is presented and motivation is given for the processing of the acquired images. A
thorough analysis of the properties of the nonlinear diffusion filtering technique is then
presented in Section 6.3, followed by particular aspects concerning the technique in the
present application in Section 6.4. In Section 6.5, the influence of the filtering technique
on a preceding flame front identification is analyzed. Finally, Section 6.6 summarizes the
presentation and the advantages of and the problems with the technique.

6.1 Nonlinear Diffusion and Scale-Space Theory

In the following presentation an image will be defined as a function � on �
� , where ����

represents the gray level or intensity at point � � ��� ��. A very common way to low-
pass filter (or smooth) an image to reduce the influence of noise is to convolve it with a
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Gaussian kernel 1����:

1���� ��
�

����
 �

����

��� � (6.1)

where � determines the standard deviation (or width) of the kernel. It is a classical fact
that the solution of the linear diffusion equation

��� � 	� �3��� � (6.2)

where 3 is a scalar constant, for time � is exactly the same operation as convolving the
image � with a Gaussian kernel of width

�
��.

The purpose of the so-called scale-space theory is to create a multi-scale represen-
tation of an image. A scale-space method can be defined as a family of filters �+�����
which when applied to the original image ����� yields a sequence of images ������ �
�+�������. The image �+������� represents an approximation of ����� where a neigh-
borhood around �, of a size which depends on �, has been scanned to determine the
value of �+�������. In this way one could argue that the image is simplified and that the
information in the image is reduced for larger �, and the scale is said to be coarser. This
kind of filtering can e.g. be implemented by convolution with a Gaussian kernel (6.1)
with increasing width or, equivalently, by solving a linear diffusion equation (6.2) on the
image. The Gaussian scale-space theory in image processing was pioneered by Witkin
[137] in the beginning of the 80’s.

For the scale-space to be well-founded and contain relevant and correct informa-
tion about the objects in the image, it should fulfill some rather natural axioms. These
should include some sort of causality criterion. This type of criterion guarantees that
any feature at a coarse scale has a “cause” at a finer scale. In other words, no spurious
detail should be generated and no new local maxima should be created when moving
from finer to coarser scales. This can be formulated as a maximum-minimum principle
for the scale-space generating equation. Other natural requirements are that the process
should be invariant to translations and rotations of the image and constant shifts in gray
scale. Koenderink [70] and Lindeberg [72] have by different methodologies argued that
the Gaussian scale-space is the only well-founded linear scale-space. The latter reference
contains an extensive study of the properties of Gaussian scale-space. For an example of
well-founded axiomatic constructions of scale-space theories cf. Alvarez et al. [3].

In the present application we are interested in finding a good approximation of the
contour of an object in a noisy image. Smoothing with a Gaussian kernel, or solving a
linear diffusion equation on the image, will help to suppress noise, but it will also blur
and dislocate edges and contours, cf. Figure 6.1. In [104], Perona and Malik proposed
to exchange the scalar diffusion constant 3 in (6.2) for a scalar valued function 9 of the
length of the gradient�� of the gray levels in the image. The resulting diffusion equation
then reads as

��� � 	� �9�
��
���� � (6.3)
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The function 9 will in the following sometimes be referred to as the diffusivity function.
The length of the gradient, 
��
, has been empirically proven to be a good measure of
the edge strength at the current location and expresses a dependence on the differential
structure of the image. This dependence, of course, makes the diffusion process nonlinear.

Often the term anisotropic diffusion is used synonymously to nonlinear diffusion
for the process governed by (6.3). We, however, choose to adopt the formalism used
by Weickert [130], that states that the term anisotropic should be reserved for processes
where the diffusion scalar 3 is replaced by a diffusion tensor : so that :����� and
����� can be made to have different direction.

In the formulation by Perona and Malik, the function 9 is required to be smooth
and non-increasing with 9��� � � and 9��� � � for � � �. This choice of 9 can
increase the steepness of a gray level edge in an image. Two different equations proposed
by Perona and Malik that fulfill the above stated requirements are

9��� �
�

� � ��*���
� (6.4)

and

9��� �  ���� 	
�

� (6.5)

There exists some controversy whether the Perona-Malik equation (6.3) generates a
true scale-space. In [104] it is argued that it fulfills a maximum-minimum principle, pro-
vided that it possesses twice differentiable solutions. However, this is questionable because
of the strong gradient enhancing effect that can be obtained by the choice of diffusivity
function 9. Further, in some scale-space theories a so-called comparison principle [3] is
formulated, requiring that the scale-space is order preserving:

+���� � +��9� on �� for all � � � and all � , 9 such that � � 9 .

This is not satified by the edge enhancing Perona-Malik equation. Still, in practical im-
plementations the “scale-space” generated by (6.3) gives a reasonable simplification of the
image when moving from finer to coarser scales and the approach is very useful in many
applications.

To get insight into the behaviour of (6.3), so-called gauge coordinates, denoted 5
and 6, will be introduced. Here, 5 is the normalized direction parallell to the gradient
and 6 is the normalized direction orthogonal to the gradient. Using this, the right hand
side of (6.3) can be written as

	� �9�
��
���� � 9�
��
���� �!��
��
���� � (6.6)

where !�
��
� � 
��
9�
��
� and ��� and ��� are the second-order derivatives in the
directions 6 and 5, respectively. The function ! will hereafter be referred to as the flux
function or simply the flux. For a detailed derivation of relation (6.6), cf. [77]. In this
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new form it can be seen that the coefficient !��
��
� in front of the term ��� governs
diffusion across the edges.

For the processing of the images in the present application, a function originally
proposed by Weickert [130] will be used as diffusivity function 9. This function was
found to be very well suited to the properties of the PLIF images recorded by our camera.
Weickert’s diffusivity function reads as

9��� � �
  
��	
� �


�	 � (6.7)

Here, � is a positive integer, ;� � � and � � �. The constant ;� is chosen in such
a way that the flux !��� is increasing for � < � and decreasing for � � �. That is,
!���� � � when � < � and !���� < � when � � �. Following this, ;� is uniquely
determined by the choice of �. In this way, the diffusion in the direction across the edges
will be a forward diffusion when 
��
 < � and a backward diffusion when 
��
 � �,
and the slopes at the edges will increase. The parameter � acts as a contrast parameter that
separates regions where forward diffusion occurs from those where backward diffusion
takes place.

For a comparison between a linear scale-space generated by (6.2) and a “scale-space”
generated by (6.3), using the diffusivity function (6.7), cf. Figure 6.1 and Figure 6.2.

Equation (6.3) is apparently rather unstable and sensitive to noise because of the
backwards diffusion properties. This makes the stability of the solutions of the equation
strongly dependent on the regularizing effect of the discretization and numerical imple-
mentation. Therefore, it seems natural to introduce a controlled regularization directly
into the continuous formulation of the process. Catté et al. proposed in [14] to replace
the intensity gradient by its smoothed version as parameter to the diffusivity function 9,
i.e. replace 9�
��
� by the estimate 9�
��1� � ��
�, where 1� is a Gaussian kernel of
width �. The resulting equation reads as

��� � 	� �9�
��1� � ��
���� � (6.8)

The model of Catté et al. has the advantage that it is insensitive to noise at finer scales,
determined by �. Therefore, it does not misinterpret noise as edges which should be
enhanced. This makes (6.8) much more stable than (6.3).

6.1.1 Numerical Implementation

Good results can be obtained with rather simple discretizations of (6.8). The discretiza-
tion used in the examples shown in this paper is based on central finite difference approx-
imations of the spatial derivatives with reflecting boundary conditions. The step sizes "�
and "� are both set equal to 1 (pixel). For the differentials in the � and � directions,
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Figure 6.1: Linear diffusion scale-space. From left to right, top to bottom: � � �, � � �,
� � � and � � ��.
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Figure 6.2: Nonlinear diffusion scale-space generated by (6.7), using the parameter values
� � �, � � � and � � �. From left to right, top to bottom: � � �, � � ��, � � �
�
and � � ���.
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respectively, we have:

������ �
������ 
 ������

�
� (6.9)

������ �
������ 
 ������

�
� (6.10)

The difference calculations can be implemented by multiplication by sparse matrices of-
fering a substantial improvement in computational speed. In this manner, ��� � �	
and ��� � 
 � where
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Here, 4 represents the number of the discrete points (pixels) in � along the �-axis and
7 the number of pixels along �.

To iterate one time step one starts by calculating 
��1� � ��
. Since 	
	� �1� � �� �

	"�

	� � �, this can be done by smoothing the image with differentiated Gaussian kernels,
cf. Section 4.6 and Section 5.1.1. The function 9�
��1� � ��
� is then evaluated at all
discrete points and finally � is updated according to:

�� � ���� �"���9 � �������	 � 
 �9 � �������� � (6.11)

Here, 9 ������� denotes elementwise multiplication of the matrices 9�
��1� ������
�
and ���

���.
The time step "� has to be chosen carefully for the process to be stable. Calculations

of an upper bound for stability in similar settings [42] suggest "� � ��� as an appropriate
choice, but simulations using the current discretization have shown that in practice we
can receive stable solutions using time steps as large as "� � ���.

The explicit scheme explained here is of course very basic and because of the re-
striction in the size of the time step it can be rather time consuming. More advanced
numerical methods would most probably reduce the time of computation. Among these,
the use of adaptive grid finite elements [51], semi-implicit schemes based on additive
operator splitting [132], and parallel implementations [133], should be mentioned.
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6.2 Planar Laser-Induced Fluorescence Spectroscopy

The application of nonlinear diffusion filtering presented here concerns reduction of noise
and enhancement of contours in images of flames. Some background will here be given
on the imaging technique in use, planar laser-induced fluorescence (PLIF) spectroscopy.

For the study of turbulent reactive flows two-dimensional laser spectroscopic imaging
has been proven to be very valuable. A variety of spectroscopic techniques are avail-
able for two dimensional imaging of relevant scalars in combustive flows: Raman spec-
troscopy [138], Mie scattering, Rayleigh scattering [100], and laser-induced fluorescence
[100, 125, 67] have all been applied in a two dimensional fashion in these environments.
These techniques has in common that a suitable high-power laser beam is shaped into a
planar sheet that cuts through the measurement volume of interest. The laser light is scat-
tered by particles present in the measurement volume and is captured at right angles by a
suitable camera, cf. Figure 6.3. By a suitable choice of laser wavelength and other param-
eters, one is able to measure the concentrations of chemical species present in the flame
environment, the flame temperature, the flow characteristics, etc. By use of high-power
laser sources with short pulse lengths (in the order of ���
 s), this information can be
obtained practically instantaneously on the chemical and physical time scales prevailing
in combustion systems. Such data is valuable to improve the understanding of combus-
tion processes and in the quest to design cleaner, more efficient combustion devices. An
overview of spectroscopic applications to combustion diagnostics is given in [27].

Laser induced fluorescence is of particular importance in this context since it is the
only technique with the sensitivity required for making concentration measurements of
radical species that are produced in situ during the combustion process and are only
present at trace levels. Of particular importance in this context is the OH radical, since it
occurs in all systems in which air is used as an oxidizer. The local OH concentration is a
good indicator of the efficiency of the combustion process, since it is sensitively dependent
on the local flow field properties [129]. The evolution of OH concentration fields in a
flame with shear flow-generated turbulence can be visualized in real time in a film-like
manner by the use of planar laser-induced fluorescence [68]. The effects of convective
stress on the flame front and local fuel-air mixing on the flame could be tracked in real
time by these measurements. The PLIF spectrometer used for this work is unique in terms
of temporal and spatial resolution attainable. However, its dynamic range is limited to
8 bits resolution, and in a typical experimental situation the signal-to-noise ratio and
contrast-to-noise ratio are therefore limited.

Figure 6.4B shows an example of a low-quality OH PLIF image obtained in the
turbulent diffusion flame displayed in Figure 6.4A. It represents a two-dimensional cut
through the flame indicated by the rectangular box. For comparisons with model calcu-
lations of a flame like this it is necessary to extract information such as contour lengths
and areas from such data.

The PLIF image shown in Figure 6.4B is an 8-bit image with a size of 261 � 241
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Figure 6.3: Schematic setup of planar laser light-scattering techniques.
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(A) (B) (C)

Figure 6.4: (A) Photograph of line-of-sight flame emission from a turbulent non-
premixed flame. The area imaged by the PLIF experiments is indicated by the white
box, corresponding to 24 � 23 mm, starting 40 mm above the burner nozzle. (B) Raw
PLIF image showing the two-dimensional OH-radical concentrations in a cut through
the flame. (C) PLIF image after nonlinear diffusion filtering. The position of the flame
front is strongly enhanced.

pixels, corresponding to a region of 24 � 23 mm in the flame, starting 40 mm above
the burner nozzle. The image corresponds to raw data from which a nearly constant
background level has been subtracted and which has been compensated for laser beam
profile variations. Details of the beam profile compensation scheme are given in [25].
Apart from this the image is unprocessed.

The main goal of the current research is to extract information about the position
of the so-called flame front, which is where the chemical reactions in the flame are tak-
ing place. As a good approximation, the flame front lies close to the region where the
maximum gradient of the OH concentration lies [65].

In the PLIF image the OH concentration boundaries are not very sharp, owing to
a limited detector resolution caused by imperfect imaging and cross talk between pixels
and also owing to physical phenomena such as convective and diffusive mixing of OH
with ambient gases. Since the production terms for OH are highly nonlinear in nature
and are strongly temperature dependent, there are also large gray-scale variations within
the regions where OH occurs. Also, there are high levels of noise present, which can
be attributed to several sources: scattered stray laser light that enters the detector, noise
stemming from the signal amplification process in the image intensifiers of the camera,
and noise associated with the CCD devices in the camera.

For quantitative comparison with results obtained from theoretical calculations of the
combustion system, some form of image processing of the PLIF images for quantitative
data extraction is necessary. For this processing nonlinear diffusion filtering is ideal. It
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will sharpen the edges while at the same time suppress the noise stemming from the above
mentioned sources. Because the length of the flame contour compared to the burned areas
is of interest for comparison with theoretical findings, this is a highly desirable feature.
As mentioned before simple low-pass filtering with a Gaussian smoothing kernel will
remove noisy high frequency components from the images but also increase the blurring
of the edges. Standard edge detection schemes based on linear filters, such as the Canny
edge detector [11], inevitably suffers from localization inaccuracy when analyzing images
at coarser scales where a lot of smoothing is necessary. Also, structure is often lost at
meaningful regions such as edge junctions. Since the smoothing and edge detection is
performed in one single process in nonlinear diffusion filtering, edges stay localized and
preceding corrections such as edge linking and thinning become unnecessary.

6.3 Properties of Nonlinear Diffusion

In this section, some of the properties of nonlinear diffusion filtering will be demonstrated
by application to a number of artificially generated one-dimensional test curves. These
test curves simulate characteristics expected in real experimental situations using the PLIF
system mentioned above. This will give us insight on how to use nonlinear diffusion
filtering optimally for the present application.

The basic properties of the process are exhibited in Figure 6.5. It shows the progressive
filtering of a blurred, noisy edge, which was generated by a step function and to which
white noise was added. The edge intensity varies between 0 and approximately 250,
corresponding to the dynamic range of the present camera system. The standard deviation
of the noise was ���# of the peak intensity of the step function. Weickert’s diffusivity
function (6.7) was used in equation (6.8), with � � �, ;� � �����, � � �� and
� � �. After only 25 computational iterations the edge is strongly enhanced. At the
same time the noise is effectively removed.

To see which edges are preserved during the process, it is useful to study the flux
function !�
��
� � 
��
9�
��
� from (6.6) and plot ! against the gradient ��. In
Figure 6.6 this is shown for the three different diffusivity functions presented in Section
6.1. The two dotted curves corresponds to the two functions (6.4) and (6.5), originally
proposed by Perona and Malik [104], whereas the solid line corresponds to (6.7) for
� � �. All three curves are plotted for � � �. The principal behavior is the same for the
three functions: Diffusion is rising to a maximum at points where 
��
 � �, then falling
off again where 
��
 � �. In a given situation one must choose a parameter set for which
the flux !�
��
� obtains maximum for gradient magnitudes exhibited by noisy features
and minimum for the edges that must be preserved. Weickert’s diffusivity function (6.7),
for � � �, is the most selective one of the three, peaked sharply around 
��
 � �.
The flux function ! of this function for lower � values is less sharply peaked and more
closely resembles the ones proposed by Perona and Malik. In the present case, Weickert’s
function for � � � was found to match the noise characteristics of the detector very
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Figure 6.5: Sharpening of an edge by nonlinear diffusion. The plot shows the evolution
of a noisy, blurred step function during 25 computational iterations. Clearly the edge is
strongly enhanced, while noise fluctuations are effectively smoothed out by the process.

well (the noise spectrum closely resembled a normal distribution in the present case).
This means that good results can be achieved after relatively few iterations (typically 100
iterations or less for a given PLIF image, cf. Section 6.4).

A drawback is that the method becomes more sensitive to the proper choice of �
and is numerically less stable than the other two with flux functions shown in Figure
6.6. Much of this instability is prevented by use of the smoothing kernel as in (6.8). In
practice we have found that good results are achieved if � is set to approximately ��# of
the minimum gradient magnitudes that we wish to preserve and if a � within the interval
0.5-1 is used. Figure 6.7 shows the behavior of different terms appearing in (6.8) when
a noise free but smoothed edge function is used. This figure is an aid for qualitative
understanding of the edge-sharpening process. Figure 6.7A shows the edge function �
after � equal to 1, 10 and 100 computational iterations, using a one dimensional version
of the scheme outlined in Section 6.1.1. The gradual steepening as � increases is clearly
exhibited. In Figure 6.7B, the gradient�� is plotted. This shows quantitatively how the
edges in � become steeper with time. Finally, Figure 6.7C displays the rate of change of
the gradient, ����. Initially, one can see that the largest rate of change occurs at the point
where the gradient�� is largest. ���� is positive here, so the edge increases its sharpness.
Simultaneously, there are two negative lobes in ���� to the left and to the right of the
center peak, giving the effect that the slope of � is flattened at these positions, which is
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Figure 6.6: Graph displaying the flux function !�
��
� � 9�
��
�
��
 for three differ-
ent diffusivity functions 9, with � � �. Line (a) corresponds to (6.7) for � � �, while
(b) and (c) corresponds to (6.4) and (6.5), respectively.

reflected in Figure 6.7A. At � � ��, ���� has reached its maximum near the center.
In contrast, the side lobes are decreasing again in magnitude, indicating that the edge
diffusion is slower there than initially. Finally, at � � ���, diffusion has virtually come
to a standstill over the entire region shown, although a minute amount of steepening is
still active near the center of the graph. From this time on nothing much is gained by
a continuation of the process. In practice, therefore, one should balance the degree of
smoothing and sharpening that one wishes to achieve with the associated computational
cost (number iterations required to achieve the task). We found that, using our numerical
scheme, � � ��� was sufficient for all measurement situations that we encountered.
Note, however, that there is no rule, in principle governing the maximum number of
iterations, although numerical rounding errors will ultimately lead to a uniform intensity
distribution in the limit ���.

Figure 6.8 displays the gradient selectivity of the method. In Figure 6.8A, a function
� is shown, consisting of a series of steps with equal periods (40 pixels) but decreasing
gradient values. In Figure 6.8B, the gradient function �� is shown. Figure 6.8C shows
��� which is the same function after filtering using 25 iterations. In Figure 6.8D, the
gradient function corresponding to the filtered function is shown. In this example, all
edges are strongly enhanced except for the last feature shown, where the value of gradient
is to too low to be preserved by the filtering process. The sizes of the gradients preserved
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Figure 6.7: Behavior of an edge propagating through the diffusion filtering process. The
evolution of �, (A); ��, (B); and ����, (C) are shown for � equal to 1,10 and 100
iteration steps.
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are governed by the shape of the diffusivity function 9, and are strongly dependent on
the value of the contrast parameter �. In the present case, � � ��
 was chosen. A smaller
� would have enhanced all edges in the test function. In a practical situation, one has
to adapt � to the physical situation prevailing, and it is clear that the method will fail
if the gradient magnitudes of the structures that one wishes to preserve are similar to a
significant part of the gradient magnitudes present in the noise spectrum.
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Figure 6.8: Illustration of the edge selective behavior of the diffusion process. (A) shows
the unprocessed oscillating function �; (B) its gradient function��. Function � contains
a large range of gradient values, successively decreasing for each period. (C) shows the
filtered version �#�� and (D) its gradient function ��#��. It can be seen that the peak
with the least steep edges (the rightmost peak in graph (A)) is not retained in the filtered
image. All other edges are strongly enhanced.

The performance of the method in the presence of various degrees of noise is seen in
Figure 6.9. Again, a series of structures is shown with a period of 40 pixels and a nominal
amplitude of 100 counts (on top of a DC level of 100 counts). The standard deviation
of the noise added to each peak (from left to right) is �#, ��#, ��#, ��# and 
�# of
the maximum amplitude. It can be seen that the edges in the original function are almost
completely restored and slightly enhanced, despite the severe noise levels present.

In a given experimental situation, the best choice of � can be obtained by a spectral
analysis of the gradient magnitudes present in the noise and by adapting 9���� �� to
maximize diffusion over the noise components, while preserving the frequency compo-
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Figure 6.9: Filtering of periodic structures with increasing degrees of white noise added
and consequently decreasing signal-to-noise ratios. (A) shows the unfiltered function �
and (B) its gradient function. After filtering, (C), the features of the original periodic
function are restored and enhanced. (D) shows the corresponding gradient function after
filtering.
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nents corresponding to edges that one wishes to preserve. An example of this is shown in
Figure 6.10, which corresponds to a function of the type displayed in Figure 6.9. Figure
6.10A shows the gradient of the original, noise free periodic function and Figure 6.10B
shows its gradient spectrum, upon which the flux function ! � 9������ is superim-
posed. Note that the absolute value of the, in this case one-dimensional, gradient �� is
removed for this illustration. Figure 6.10C shows the gradient function corresponding
to the periodic function corrupted by increasing amounts of white noise. Figure 6.10E
shows the gradients in the noisy function after filtering using � � ��� iterations. Com-
paring the histograms, one can clearly see how components corresponding to noise have
effectively been diffused away. Note that some of the moderate gradient component in
the original also diffuse away, which leads to edge sharpening. In the presented case the
optimal diffusivity function corresponds to � � ��. For � � ��, the original edges are
not retained, but for � < �� some noise gradients may be amplified. In extreme situations
such as in this example, where the gradient spectrum of the noise overlaps significantly
with that of the original function, the correct choice of � is crucial. As is discussed in
[42] in a similar context, the optimal � should be chosen to be as small as possible so
that the largest possible range of physical gradient magnitudes can be preserved. In the
context of the PLIF images that are presented below, we found � � �����, where �� is
the standard deviation of the noise gradient distribution, to be a good choice for almost
all experimental situations encountered.

Note that the current analysis corresponds to the diffusivity function (6.7) using the
parameter value � � �. The choice of � defines the shape of the diffusivity function.
Therefore the optimal choice of � to suppress noise and sharpen edges might not be the
same with a different choice of � and a new analysis has to be performed.

6.4 Nonlinear Diffusion Filtering of OH PLIF Images

An example of an OH PLIF image before and after nonlinear filtering is shown in Figure
6.4, where Figure 6.4B is the unprocessed OH PLIF image and Figure 6.4C shows the
image after nonlinear diffusion filtering, using the diffusivity function 6.7, with � � �.
The image corresponds to 300 computational iterations with � � 
�� and � � �.
Clearly the signal-to-noise ratio and the contrast-to-noise ratio are clearly enhanced, thus
simplifying a successive segmentation of OH boundaries, cf. Section 6.5.

In Figure 6.11, the effect of the contrast parameter � on the filtered images is illus-
trated. Figure 6.11A shows the intensity along one pixel row, corresponding to the line
indicated in white in Figure 6.4B. In Figures 6.11B-6.11D, the filtered data is shown for
� equal to 3, 5 and 7. The edge sharpening is evident from these cuts. Note the effect of
the contrast parameter on the preservation of image structure: As � is increased, small-
scale structure is lost. In Figure 6.11D, for example, the middle peak of OH has begun to
disappear. It is clear, therefore, that the proper choice of the contrast parameter is crucial.
However, since the noise gradient spectrum was similar in all experimental situations that
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Figure 6.10: (A) shows the gradient function �� of an unperturbed periodic function �
and (C) shows the gradient function of the same function with added noise (analogous
to Figure 6.9A). (E) shows the gradient function ��#�� of the filtered structure. (B),(D)
and (F) are the corresponding histograms of the gradient distributions. The magnitude
of 9�
��
��� is superimposed on the histogram to help visualize which gradients values
that are preserved by the process.
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we encountered, a single � value (obtained by the method outlined in Section 6.3) was
usually sufficient to produce satisfactory results for nearly all images processed within an
experimental run. The choice of width of the smoothing kernel � and the number of
iterations � is far less critical, cf. Section 6.5. Good results were achieved for � � ���
and � � � in all cases.
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Figure 6.11: Effects of the contrast parameter � on the retainment of image structure
during nonlinear diffusion filtering. The line profile shown corresponds to the pixel row
indicated in white in Figure 6.4B. (A) shows the raw intensity profile. (B),(C) and (D)
shows the filtered profile for � equal to 3, 5 and 7, respectively.

Figure 6.12 shows three-dimensional plots of Figures 6.4B and 6.4C. A comparison
of the two images illustrates several attractive properties of the filtering process. Noise
levels are drastically reduced without compromising overall intensities. Small structure
are preserved, while OH boundaries are strongly enhanced.

6.5 Flame Front Identification

One can easily identify the OH boundary (the flame front) from the diffusion filtered
images by computing the gradient of the filtered image and thresholding and binarizing
the resulting gradient image. The boundary of the resulting image is then taken as the
OH boundary. In Figure 6.13, this procedure has been applied to Figure 6.4C and the
detected boundary has been superimposed on the raw image (Figure 6.4B). From the
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Figure 6.12: Three-dimensional plots of Figure 6.4B and Figure 6.4C, respectively.
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identified flame front, the circumference-to-area ratio, 5, of the burned regions in the
flame can be calculated, which is a parameter that is highly suitable for comparisons with
theoretical flame calculations [65].

Figure 6.13: Original raw PLIF image with the identified flame front superimposed as
white outlines.

An important issue in the present application is how the choice of parameters for
the nonlinear filtering influences 5. To investigate this quantitatively, we evaluated the
sensitivity of 5 to the choice of the parameters in (6.8) and to the signal-to-noise level in
the raw image.

For this purpose, the OH PLIF image in Figure 6.4B was first nonlinear diffusion fil-
tered with a range of values used for �, � and �. The flame front was then extracted from
the filtered images by the method outlined above, and 5 was evaluated. The variation of
5 in relation to these parameters is plotted in Figure 6.14A-6.14C.

In the plots in Figure 6.14, 5 is normalized to 1 for the parameter values used in
Section 6.4, i.e. � � 
��, � � �, � � � and � � ���. In Figure 6.14A, 5 is shown
as a function of the contrast parameter �. It can be seen that 5 increases with increasing
�. This result can be explained by the fact that small features with low gradients are not
preserved by the filter at large �’s, cf. Figure 6.11D, and as a consequence the evaluated
area decreases, thus making 5 larger. As can be seen, 5 increases by approximately ��#
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when � increase by nearly a factor 2. As was discussed above, the critical dependence on
the choice of � is a weakness of the method, which may limit its use in some applications.
For larger � than ���, in the present example, structures start to merge and some main
edges start to diffuse away after many iterations.
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Figure 6.14: Dependence of the circumference to area ratio, 5, as a function of different
filter parameters. (A) shows the dependence on �, (B) on � and (C) on �.

In Figure 6.11B, 5 is plotted as a function of the width of the smoothing kernel �.
Over the range ��
 � � � ���, 5 stays nearly constant and thus the choice of � is not
critical in the present application. For values of � smaller than 0.4, the flame area is
overestimated because noisy structures are preserved. Values of � larger than 1.2 result
in the same problem as the classical linear diffusion: Edges become blurred to a degree
where physical information is lost.

In Figure 6.11C, the evolution of 5 with �, the number of iterations, is shown. It can
be seen that 5 stabilizes after slightly more than 100 iterations, although there is actually
a continuous small decrease caused by numerical errors.

To investigate the influence of the signal-to-noise ratio on 5, a series of test images
were generated with increasing degrees of noise added. For this purpose a test image was
generated from the OH contour depicted in Figure 6.13. Gaussian noise, with a standard
deviation ranging from 0 to ��# of the signal level was added to this test image. The
ratio 5 was then calculated in the same manner as described above. The results are shown
in Figure 6.15. For noise levels up to ��#, corresponding to a signal to noise ratio of 10,
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5 is constant within less than a percent, highlighting the strength of the current method.
For larger noise levels, 5 is increasing because some artificial structure is being generated
by the noise. Note, however, that even for noise levels as high as ��# (corresponding to
a signal-to-noise ratio of only 3, a situation rarely present in an actual experiment) the
increase in 5 is only approximately 
#.
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Figure 6.15: Circumference-to-area ratio, 5, as a function of the noise level in an artifi-
cially generated test image.

6.6 Conclusions

In this chapter, the application and adaptation of nonlinear diffusion filtering to pla-
nar laser induced fluorescence (PLIF) spectroscopy has been presented. An introduction
to both nonlinear diffusion in image processing and to the imaging technique of PLIF
spectroscopy has been given. In the present application the main objective has been to
extract contours in PLIF images of flames for the evaluation of reaction boundaries in
turbulent flows. Nonlinear diffusion filtering is ideal for this since it suppresses the noise
present in the imaging process and at the same time enhances the unsharp object bound-
aries owing to e.g. detector limitations. This facilitates subsequent extraction of the flame
contour, and quantities interesting for comparison with theoretical findings, such as the
circumference-to-area ratio 5, can easily be calculated.

A thorough analysis of nonlinear diffusion filtering in general and for the processing
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of PLIF images of flames in particular, is presented. The influence of the parameters
in the technique is examined. Especially, it is shown that the interesting quantity 5
is rather insensitive to the choice of the width � of the smoothing kernel and to the
number of iterations, while the parameter � is a bit more critical. It is also shown that the
amount of noise added to the image, before the nonlinear filtering process, influence the
subsequently calculated value of 5 only slightly up to very high noise levels.

Although the filtering technique has been applied in the particular context of laser-
induced fluorescence imaging, it should be equally well suited for other planar laser di-
agnostic techniques, e.g. planar imaging by Mie, Rayleigh or Raman spectroscopy. For
reports on successful usage of the technique for data extraction from measurements per-
formed in turbulent flames, cf. [23], [66], [4] and [64].
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Expected Value of Least Squares
Solutions for the Estimation of
Intersections and Motion
A second-order Taylor expansion of the expected values of the least squares solution for
both the estimation of an intersection point, Section 5.2, and the estimation of a motion
vector (optical flow), Section 5.3, will here be given.

Let � be the vector to be estimated, i.e. either the intersection point � or the flow
�. �� is the matrix consisting of the spatial derivatives ��� � ��� . � in Section 5.2 is the
vector whose elements are ������ � ������ and� in Section 5.3 is the vector of temporal
derivatives ���

The expected value #��� of the least squares solution is given by

#��� � #
�
���� ���

������ ��
�

�

As the noise is assumed to be independent and have zero-mean, the first-order terms as
well as the second-order terms in the noise of the temporal derivatives (or the positional
parameters) vanish. This means that it is only the noise in the spatial derivatives which
causes bias in the mean. The expansion at points corresponding to zero noise (i.e., Æ��� �
Æ��� � Æ��� � � or Æ��� � Æ��� � Æ��� � Æ��� � �) can be written as
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where 4 � � denotes zero noise. For notational simplicity, we define

7 � ��� �� and � � ��� � �

7 � � � ��
�
��
� and �� � ��

���� �

The explicit terms of the matrix 7 are
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Denote by �� the vector � corresponding to the estimation of line intersections and by
�# the vector corresponding to estimation of flow. The explicit terms are

�# �

� �
�
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. Since it is assumed that
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where the terms that do not depend on � are underlined (where � is the number of mea-
surements being combined in a region). These terms will give a consistent, statistically
constant response. The rest of the terms diminish proportionally to �

� . Informal experi-
ments show that these terms become negligible for � � �, a number clearly smaller than
the number of terms likely to be combined in any real system.

In the analysis of Section 5.2, the elements of � are ������ � ������ . Thus
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and the main terms in the expected value of the intersection point #��� are
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that is,
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where ��� denotes the mean of the values ��� .
In the analysis in Section 5.3 the elements of� are ��� . Thus the first-order derivatives
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and the second-order derivatives vanish. The expected value of the flow #��� simplifies
to
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