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Abstract

We consider expanding maps such that the unit interval can be repre-
sented as a full symbolic shift space with bounded distortion. There
are already theorems about the Hausdorff dimension for sets defined
by the set of accumulation points for the frequencies of words in one
symbolic space at a time. It is shown in this text that the dimension is
preserved when sets defined using different maps are intersected. More
precisely, it is proven that the dimension of any countable intersection
of sets defined by their sets of accumulation for frequencies of words
in different expansions, has dimension equal to the infimum of the di-
mensions of the sets that are intersected. As a consequence, the set
of numbers for which the frequencies do not exist have full dimension
even after countable intersections. We prove these results also for a
dense set of [-shifts.

1 Introduction

1.1 Expanding maps generating full shifts

Let f:]0,1) — [0,1) be such that [0,1) can be split into a finite number
gy of intervals [a,b) such that f[(, ) is monotone and onto for each of these
intervals. We take an enumeration of the intervals and associate each interval
to the corresponding number so that we can refer to an interval as [n] where
n is the appropriate number. Assume that for each of the intervals [a,b) it
holds that |f(z) — f(y)| > |z — y| for all z,y € [a,b). Then we can define
cylinders

Cor o ={ € [0,1): (7 6Da) € fx 3
=1

where Cy,  ;, is called a generation n cylinder. We will consider [0,1) as a
generation 0 cylinder. Assume that lim, . |Cs,. 4, = 0 for all

()32, € B¢, :=1{0,1,..., g7 — 1}.



Then we have a unique correspondence between points x € [0, 1] and se-
quences ()52 € Xy,

For a given integer m > 0 we consider words w = i1, ..., iy of length m
in the alphabet {0,...,g¢ —1}. We can enumerate these words as {wj}?le.
For any number z € [0,1] and n > m, let

Tzﬁj(x,n) =#{ie{l,....;n—m}:zi, ... Tigm1 =w;}
and
f
Tin, (%, 1) .
G]J;:m:{x:q:_?n_)pwj’ n — o0, ]Zla-“ag}n}’ (1)

where p = (puw,, - - .pwg}n) such that 0 < p,, <1 for all 7 and Zfil Puw; = L.

Here p can be interpreted as the frequencies with which the words of length
m occur. Note that for many z € [0, 1], the limit in (1) does not even exist.
Consider the sets

Tqﬁj (z,n)

G}J:’m(n’e):{xe[0,1):pwj—e< <ij+€,vj}-

Note that G{;’m (n,€) is the union of of all generation n cylinders for which
the frequencies of words of length m in the finite sequence determining the
cylinder is € close to p. If a point x is at the left endpoint of one of these

T (z,n)

cylinders, then — 0 for all words w of length m except 0. Thus, if

Pw > € for some word w # 0™, then x cannot be in Glj,—c’m(n + N,¢) when N
gets too large. This leads to the following conclusion.

Remark 1.1. Let m € N and € > 0. If p is such that for some word w # 0™
of length m we have py, > €, then the set

N UéGmme

N=1n=N
is a Gy set.

Note also that o =
¢ e U e ne

N=1n=N
for all € > 0.

Definition 1.2. A number x € [0, 1] is m-normal to f if for all words w of

i (,n)

vt — |Cyl| as n — oo, where |Cy| denotes the length

length m we have
of the set Cy,.



It is easy to see that if

T € ﬂ U Gg’m(n,e),

N=1n=N

where 0 < € < ||Cy;| — pu,| for some j, then the frequency of the word w;
of length m in the expansion of & cannot be |Cy,|. Thus, x is not m-normal
to f. In fact, the expressions for the frequencies in (1) do not even have
to converge. For x to be in limsup,,_, . G}J;’m(n, €), it is sufficient that the
vector p is a point of accumulation for these expressions.

Let A/™(z) denote the set of points of accumulation in [0, 1] for the
qu,i (x,n))g;n

. 97 . .
frequencies ( P as n — 0o, where (w;);.; is an enumeration of the

=1

words of length m. We will need the following conditions on f.
(i) Assume that we have bounded distortion, i.e. that there is a constant
K¢ > 0 such that for any cylinder Cy,. 4, , including [0,1), it holds

that ) )
Yy
NG

for all y, z € Cy, .z, , which implies that

’Cajl---‘rn+1’ > 1
|C$1--~Zn’ 95Ky

for all sequences (7;)2; € Xy, and all n € N.

(ii) Given f and m € N there is a vector p such that dimH(G]J;’m) =1
Assume that f is such that for each word w of length m there is a
vector ¢ such that ¢, # py, for which dim H(Gg’m) is arbitrarily close
to 1.

We will prove the following theorems.

Theorem 1.3. Let (f;)5°, be a sequence of functions satisfying conditions
(1) and (ii). Then the set of numbers that are not m-normal to any of these
fi for any m has Hausdorff dimension 1.

Theorem 1.4. Let (f;)52, be a sequence of functions satisfying conditions

f
(1) and (ii). Then the set of numbers for which the frequency % does
not converge as n — oo for any word w of any length m, in the expansion to

any of the functions f;, has Hausdorff dimension 1.

Theorem 1.5. Let (f;)72, be a sequence of functions satisfying condition
(i), let (m;)2, be a sequence of numbers in N and let (p;)72, be a sequence

such that p; € |0, 1]gfi2 for each i. Then

dimp (ﬂ{x - b € ATomi(x) }) = irgf{ dimpg ({a: - b € Afomi(g) }) }

i=1



1.2 3-shifts where the expansion of 1 terminates

The following method to expand real numbers in non-integer bases was in-
troduced by Rényi [4] and Parry [3]. For more details and proofs of the
statements below, see their articles.

Let [z] denote the integer part of the number z. Let 8 € (1,2). For
any z € [0,1] we associate the sequence d(z, 3) = {dn(z,5)}5%, € {0, 1}
defined by

dn(l',ﬁ) = [5fg<37)]a

where f3(z) = Bz mod 1. The closure of the set

{d(z,0): 2 €[0,1)}

is denoted by Sz and it is called the gB-shift. It is invariant under the left-
shift o: {in}22g — {in+1}02, and the map d(-,3): z +— d(x, ) satisfies
o™ (d(z,3)) = d(f5(z),B). If we order Sz with the lexicographical ordering
then the map d(-, 3) is one-to-one and monotone increasing. The subshift
Sp satisfies

S5 = { (e} : 0" Ui} < d(1,8) ¥n}. ®)

If 2 € [0, 1] then

— di(z, B
xzz kélirl)'
k=0

We let g be the map mg: Sz — [0,1) defined by
>~ i
. k
w5 iktizo Z k41°
k=0 p

Hence, m3(d(z, 5)) = « holds for any = € [0,1) and 5 > 1.
A cylinder s is a subset of [0, 1) such that

s:=m3({ {Jk}rzo : ik =Jk, 0 <k <n})

holds for some n and some sequence {iy}7,. We then say that s is an
n-cylinder or a cylinder of generation n and write

As in Section 1.1 we define
Tﬁ(ﬂ:,n):#{iE{0,...,n—m—1}:a:i,...ja:i_,_m_l:w}

for any word w of length m and

n—m

B
(x,n .
Gg’m:{l’:/rwj()_)pwju 7’L—>OO, j:l,,Qm} (3)



where 0 < p,,; <1 for all j. We also define

f
Gg’m(n,e): {xe[(),l) :pw—e<M

<pw+6 j:1,...72m}.
n—m

As in Section 1.1 we note the following.

Remark 1.6. Letm € N and € > 0. If p is such that for some word w # 0™
of length m we have py, > €, then the set

N U & ne

N=1n=N
is a G set.
Note that
oo [e.9]
Gg’m C ﬂ U Gg’m(n, €)

N=1n=N

for all € > 0. Let A%™(zx) denote the set of points of accumulation in
m B 2 m .
[0, 1]R?™ for the frequencies (#) BN =00, where (w;)2; is an
1=

enumeration of the words of length m.

Consider ( such that the expansion of 1 terminates, i.e. such that we
have d(1,3) = jo ... jx—10°°. The set of such [ is dense in (1,2) and for such
B € (1,2) we can use (2) to construct Sg from the full shift ¥ = {0,1} as
follows. There are finitely many words w of length & such that w < d(1, ().
If we start with Y9 and remove all elements that contain any of these words,
then by (2) we get Sg. Thus Sg is a subshift of finite type. For such shifts
there is a finite constant Cz > 0 such that

|Cx0~~-xn—l| ﬁcﬂ

for all sequences (z;);2, € Sz and all n € N. We can use this to prove the
following theorems.

Theorem 1.7. Let (3;):2, be any sequence in (1,2) such that the expansion

o
of 1 terminates for each [(;. Then the set of numbers for which % does
not converge as n — oo for any word w of any length m, in the expansion to

any of the functions fg,, has Hausdorff dimension 1.

Theorem 1.8. Let (3;)2, be any sequence in (1,2) such that the expansion
of 1 terminates for each [3;, let (m;)2, be a sequence of numbers in N and
let (p;)22, be a sequence such that p; € [0,1]2™" for each i. Then

dimp (ﬂ{x : g € APimi(g) }) = irgf{ dimp ({a: : b € APmi() }) }

i=1



2 Falconer’s classes

In |2], Falconer defines classes of sets in R™ with the property that dimensions
are preserved under countable intersections. The idea in the proofs of the
main theorems of this text is to show that the sets involved are in the classes
defined by Falconer. We present here a one-dimensional version of these
classes.

Definition 2.1. For 0 < s < 1, let G° be the class of G5 sets F' C R such
that dimpg (N2, fi(F)) > s for all sequences of similarity transformations

{fit2y

Remark 2.2. [t follows immediately from the definition that for each choice
of s € (0,1] and t € (0,s) we have

G'CG® and G° = ﬂ g

te(s,1]

As a tool in his proofs, Falconer uses outer measures M3, defined by
[e.e]
M3 (F) = mf{ NOILP: FcuR }
i=1

where each I; is of the form [2Fm, 2F(m+1)), m € {0,...2™ —1}, with which
we call dyadic intervals. He proves that G° can be characterised in several
ways. We present here the characterisation we will use.

Theorem 2.3. If F is a Gg set in R, then that F is in the class G° is
equivalent to that there exists a constant ¢ > 0 such that

MZ(FNI) > clf? (4)
for any I C R of the form [28m, 2F(m 4 1)) where k € Z.

It is obvious from the definition that if F' € G*, then dimg (F') > s. Falconer
also proves that

Theorem 2.4. The class G° is closed under countable intersections.

We note that sets like limsup,,_, . Gg’m(n, €) are all subsets of [0,1).
There is no way that any of these sets can be in the class G® since such
sets must be dense in R. But we defined the sets Gg’m(n, €) by expand-
ing z € [0,1) using the function f. It is clear that we can do similarly
in any interval [n,n + 1) where n € Z. We can thereby extend our sets
lim sup,,_, Gg’m(n,e) into R. Let  C [0,1) be some set of the type

lim sup,,_, Gg’m(n, €) and let F' be its extension to R. To make sure that



F}, satisfies condition (4) of Theorem 2.3, it is clearly enough to prove that
for some constant ¢ > 0 it holds that

M3(FNI)> ¢l

for all dyadic intervals I C [0,1). This would imply that F' € G and that we
can control the dimension of its intersections with other sets in G*. Now, the
intersections of sets of the type F are just restrictions to [0, 1) of intersections
of sets of the type Fj. This means that in [0,1), the set F behaves just like
the set F' € G° does in R. Thus, in the remainder of this text we will say
that a set I C [0,1) is in G if we get a set in G° by extending F to a set F
in the way described above.

3 Proofs

3.1 Functions generating full shifts

In this section we prove Theorems 1.3, 1.4 and 1.5. When working with sets
like G;)f’m(n, €) it is much easier to consider covers consisting only of cylinders
from the expansion by f rather than using the dyadic intervals of the outer
measure MS . Let N° be the outer measure defined as

mf{Z|C\S Fcuz,C }

where each Cj is a cylinder with respect to the expansion by f.

Lemma 3.1. For each f as described in section 1.1, satisfying condition (i),
and any set A C [0,1) we have

1
T 29¢Ky

M5 (A) > N3 (A).

Proof. Given a set A, let (U;) be a cover of A by dyadic cylinders. Let k be
the smallest generation for which there is a generation k cylinder from the
expansion by f contained in U;. Let Cy, . 4, be the largest of these cylinders.
It is clear that Cy, 4, , covers at least one endpoint of Us;.

If it does not cover the entire U;, let Cy, ., be the largest generation &
cylinder contained in U; \ Cy,. 4, _,. By the minimality of & we know that
Cy,...y_, covers the other endpoint of Uj;.

Now together, Cy, ., , and C'yl._,yjf1 cover U;. Indeed, by the minimal-
ity of k, any cylinder between Cy, ., and Cy,. ., must have generation at
least k. But all such cylinders must belong to some generation k—1 cylinder,
and since there are none between Cy,. ., , and Cy, 4, ,, there can be no
gap between these two sets.



By condition (i) we have
Cor o a | H1Cyr gy | < 9pKp|Coy |+ 97 K 7| Cyy | < 295 K5 |Uil.

We can do this for each i so it implies ), |U;|® > 29f1Kf N5 (A). Since this

holds for all covers we get
1

M2 (A) > N2 (A).
(4) 2 5 Nau(4)

O

The following lemma is a version of less Lemma 1 from [2] with N* instead
of M*. The proof is almost identical.

Lemma 3.2. Let F C [0,1) and 0 < ¢ < 1. If [ = [a,b) C [0,1) is such that
NL(FNC)=clC?
for all cylinders C' with respect to the expansion by f contained in I, then
NS (FNI)>clf.
The following lemma is a modified version of Lemma 7 in [2].

Lemma 3.3. Let {F}}72, be a sequence of open subsets of R such that for
some 0 < s <1 and ¢ > 0 we have that

lim N5 (F,NC) > ¢|CJ°
k—oo

for every cylinder C' with respect to the expansion by f. Then

0 0
A Unee
m=1k=m

Proof. For each m € N and each cylinder C' we have

NS (U2, Fi,nC) > kli)ngo N3 (FxNC) > c|C)°.
By Lemma 3.2 we have

NS (U2, FxNI) > kli_)I?glO NS (Fp,NI) > c|I]°.

for all dyadic intervals I. By Lemma 3.1 we get

C

M: (U F.NI)>

N (RZmFe 0 I) =

IS
207K, 1|

for all dyadic intervals I. Then by Theorem 2.3 we have U2 Fy € G° and

by Theorem 2.4 we get
o0 oo
m U Fy, € Gg°.

m=1k=m



We will use Lemma 3.3 to prove the theorems. But to be able to apply
Lemma 3.3 we need to prove a couple of propositions.

Proposition 3.4. Let 0 < s < 1 and f be a function satisfying condition

(). If there is a subsequence { My} | of the natural numbers and 0 < ¢ < 1

such that .
NE(0,1] N GE™ (My, €)) < e

for all k, then for each cylinder C C [0, 1), with respect to the expansion by

f, there exists a number Ko such that

N2(CNGY™(My, e/2)) < c|C°
for allk > K¢.

Proof. Let C be a cylinder of generation n and consider the set

n
CmGg’m<Mk +n,€ — E)

To cover this set we need to cover a family of generation My+n cylinders. For
each of these cylinders, we get a generation Mj, cylinder in [0, l]ﬂGg’m(M ks €)
if we remove the first n symbols in the coding. Indeed, these n symbols
cannot affect the frequency more than by a term Mik By assumption, there
is a cover (U;)2, of [0, 1] ﬁG}é’m(Mk, €) with value less than Kif For each U,
there is a corresponding interval U; in C' such that U; covers the generation
M, +n cylinders in C that corresponds to the generation M} cylinders that
U; covers. Since we have bounded distortion, we know that |U;| < K¢|C||U;].
But (U;)$2, is a cover of C'N Gg’m(Mk +n,€— g7) so

N (CNGH™(My, ¢/2)) < K3|CIPN([0,1] N GL™ (Mg, €)) < c|C*
as long as k is so large that MLk < 5. Thus, for any cylinder C, there exists
a K¢ such that N3, (C'N Glj,—c’m(Mk,e/Z)) < c|C|? for all k > K¢. O
Proposition 3.5. Let f be a function satisfying condition (i). Then, for

any m, p and € > 0 it holds that

1
lim N2, ([0,1]NGL™(n,€)) > —

for all s such that 0 < s < dimH(Gg’m).

Proof. Assume on the contrary that there exists a ¢ < 1 and a subsequence
{M}}32, of the natural numbers such that N3 ([0,1) N Gg’m(Mk, €)) < Ki;

for all k. Then by Proposition 3.4 we have that for any cylinder C' it holds
that N5, (C'NGL™(My,€/2)) < c|C]* for all k > Kc.



In that case, there is a finite cover by cylinders {C’l1 }i of
[0,1) N GL™ (My,, €/2)
such that >, [Cy|° < Kif Indeed, to attain the value

Cc

s fim
Noo([07 1) mGﬁ (Mk17€/2)) < ?f

one only has to look among a finite number of covers, all consisting of cylin-
ders of generation at most My, . Using higher generation cylinders does not
give a lower value since s < 1.

Now, choose kg > maxi{KCZ;}. Then there are finite covers {Cj;}; of

cln Gg’m(MkQ,e/Q) such that . [|Cj;[% < c|CH|* for all i. Let {C?} be all

the covers of the C’Z-1 together. This is a cover of
[0,1) N GL™ (My,, €/2) N GY™ (M, ¢/2)

and its value is at most
Z C° < chl\s <1
Continuing in this way we get that

[0,1) N (N2 GF™ (Mg, €/2)) D 02 py, Gy (n,¢/2)

can be covered by covers consisting of arbitrarily small cylinders and with
arbitrarily small value. It now follows that

dimp (Mg, G5 ™ (n,€/2)) < s
for any k1 > K[p,1. But

GL™(n,¢/2)) ﬂ GL™(n,¢/2))

n=My,

un

IIDg

SO
dimpg (US5—y M5y GH™(ny€e/2)) < s

Since Gg’m CcUnei Moy, Gg’m(n, €/2), this implies that

dimi(G5") < dim ([ G5"(n.c/2) < s

M=1n=M

which is a contradiction. O

10



Proposition 3.6. Let f be a function satisfying condition (i). Then for
each m, € > 0, p and each cylinder C C [0,1), it holds that

1
1 f’
HILH;ON;(CﬂGﬁm(n, €)) > KJ%5|C|S

for all s such that 0 < s < dimp (G5™).

Proof. Let C be a generation n cylinder and let (U;)22; be a cover of the set
C’ﬂG;;’m (m+mn,€). Reasoning as in the proof of Proposition 3.4 we conclude

that there is a corresponding cover (U;)$2, of [0,1) N Gg’m(m, € — ) such
that |U;| < %|UZ| for all 7. Using Proposition 3.5 we get

- ” CF L s SN G
Jm NN G0 0) 2 T lim NL(0UN G0 5) 2 elC]

O

Proposition 3.7. Let f be a function satisfying condition (i) and m € N.
If p is such that there is a word v # 0™ such that p, > 0, then if 0 < € < p,,

then o =
ﬂ U G},—C’m(n,e)

N=1n=N
is in the class G° for each s < dimH(Gg’m).

Proof. By Remark 1.1

oo oo
A U 6o
N=1n=N
is a G set. Using Proposition 3.6, we can now apply Lemma 3.3. By Remark
2.2 we get the proposition. O

But by Theorem 2.4 the class G° is closed under intersections so we get

Proposition 3.8. Let f be a function satisfying condition (i) and m € N.
If p is such that there is a word v # 0™ such that p, > 0, then for some
K € N the set

o0

1
m lim sup Gg,—c’m(n, —)

18 in the class G° for all s < dimH(Gg’m). This means that the set of points
f m
. . . . . g Tiy,; (x,n) ¥ .
x for which p is an accumulation point in Rf of (T>i:1 asn — o0 1is
in the class G° for all s < dimH(Gg’m).

We are now ready to prove the theorems stated in the introduction.

11



Proof of Theorem 1.3. The set (;_ y limsup,, . G3™(n,1/k) contains no
m-normal numbers as long as p,, # Cy, for all words w of length m. So by
condition (4¢) and Proposition 3.8 the set of numbers that are not m-normal
to f contains a set from the class G° for every s < 1. By Theorem 2.4 the
class G is closed under countable intersections, so Theorem 1.3 follows. [

Proof of Theorem 1.4. Given a word w, condition (ii) assures that there are
p and ¢ that differ at the position corresponding to the word w while both
Nie i limsup,, ., G3™(n,1/k) and (2 limsup, ., G¥™(n,1/k) are in
the class G° for s arbitrarily close to 1. Intersecting these sets we get points
for which the frequency of w does not exist. By Theorem 2.4 we can intersect
between such sets corresponding to different words and still be in the class
G?. Full dimension now follows immediately. O

Proof of Theorem 1.5. We first note that if for some p; we have p; ,, = 0 for
all words w except 0™, then

dim gy ({ x: p; e AT (g) }) =0,

so the statement of the theorem is trivially satisfied. After noting this, the
theorem follows from Proposition 3.8 and Theorem 2.4. O

3.2 B-shifts where the expansion of 1 terminates

In this section we prove Theorems 1.7 and 1.8. The methods and most of
the proofs in this section are almost identical to those of Section 3.1. Let
N? be the outer measure defined as

o0
NE(F) = mf{ S Fc ugzlci}
i=1
where each C; is a cylinder with respect to the expansion by f3.

Lemma 3.9. For each (3, for which the expansion of 1 terminates, and any
set A C [0,1) we have

s 1 s

Proof. Take the proof of Lemma 3.1 and replace 297Ky by 28Cs. Ul

The following lemma is a version of Lemma 1 from [2] with N* instead
of M*®. The proof is almost identical.

Lemma 3.10. Let F C [0,1) and 0 < ¢ < 1. If I = [a,b) C [0,1) is such
that
NL(FNC)>cC?

12



for all cylinders C with respect to the expansion by fz contained in I, then
NS (FNI)>clI)’.

Lemma 3.11. Let {F}.}7° be a sequence of open subsets of R such that for
some 0 < s <1 and c > 0 we have that

lim N2, (F,NC) > c[C]*

k—o0
for every cylinder C with respect to the expansion by fz. Then

o

ﬂ UFkEQS.

m=1k=m

Proof. Take the proof of Lemma 3.3, replace 2g; Ky by 28Cz and replace
the reference to 3.2 by 3.10. O

We will use Lemma 3.11 to prove the theorems. But to be able to apply
Lemma 3.11 we have to prove some propositions.

First we note that among the cylinders with respect to fg, there are
many that are scalings of [0,1). Indeed, for any cylinder Cy,. 5, , there
is a maximal number [ such that Cyy 2, , = Cp . o By the max-

imality of [, we know that the cylinder C _,ot1 is nonempty. This

T0...Tn
implies that any word in Sz can follow after xg. .. p_10"1 and thereby
f“+l+1(C’x0_”xn_loz+1) = [0,1), ie. Cro..w,_,0+1 18 a scaling of [0,1) by a
factor A=+ We also note that

1
‘CIQ...In_loH'l ’ 2 %y |Cx0...xn_1 |

g

Proposition 3.12. Let 0 < s <1 and 3 € (1,2) be such that the expansion
of 1 terminates. If there is a subsequence { My} | of the natural numbers
and 0 < ¢ < 1 such that

N&(0,1] N GY™ (My, €)) < ¢

for all k, then for each cylinder C' with respect to fg such that C' is a scaling
of [0,1), there exists a number K¢ such that

N2(CNGI™(My,€/2)) < c|CJ?
for allk > K¢.

Proof. Take the proof of Proposition 3.4 and replace the use of “any cylinder”
by "any cylinder that is a scaling of [0,1)”, and replace Ky by 1. O

13



Proposition 3.13. Let 0 < s < 1 and B € (1 2) be such that the expansion
) LS

of 1 terminates. Let Q(s,[3) = @ (1 — % . If there is a subsequence
{My}72, of the natural numbers and 0 < ¢ < 1 such that
N2([0,1] N GE™ (M, €)) <~
2Q(s, B)

for all k, then for each cylinder C with respect to fg, there exists a number
Ko such that
N2(CNGE™(My,€/2)) < c|CJ*

for all k > K¢.

Proof. Let Cy,.. z,_, be a cylinder with respect to fg. Then there is a number

I such that Cpg.z,y = Cpy o and [Cp o grea| > %|C’a70 21|, where
Cyo..z_,oi+1 18 @ scaling of [0,1). Starting with the cylinder C,, . o1 we

can repeat this argument. Repeating it j times we can split Cy, 4, , into
j + 1 cylinders, all but the last being scalings of [0,1). Covering Cyy. 4, _,
with these we get at most the value

s 1 ! 1 K] s
‘Cxo...xnfl‘ ﬁ Z(l - B) < ’Cxo...$n71| Q(S,ﬁ) < 00
=0

for all j. Given § > 0 we can choose j so large that the cylinder not being
a scaling of [0,1) contributes less than § to the value of the cover. By
the assumptions of this proposition and by Proposition 3.12, we can find a
constant K¢,  ,  such that for any C; of the j cylinders that are scalings
of [0,1) we have

N2(CiNGY™(My,€/2)) < lef

_°c
2Q(s, B)

for all k > K¢, ., . Since Z?Zl |Ci|* < |Cay..zy 1 |°Q(s, B) We get

N2(Cugooony N GE™ (My, €/2)) < |Cagon 1 P QLs, ﬂ)QQ( %) +9

< |Cry..tns °

for all k > Kc, if 6 > 0 was chosen small enough. O

Tn—1

Proposition 3.14. Let 5 € (1,2) be such that the expansion of 1 terminates.
Then, for any m, p and € > 0 it holds that

Jim NL(0.1) NG () = g5

for all s such that 0 < s < dimH(Gg’m).
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Proof. Take the proof of Proposition 3.5. Replace the set Gg’m(Mk, €)) by
Gg’m(Mk, €), replace G’;,—c’m by Gg’m, replace Ky by 2Q(s, 8) and replace the
reference to Proposition 3.4 by a reference to Proposition 3.13. O

Proposition 3.15. Let 5 € (1,2) be such that the expansion of 1 terminates.
Then for each m, € > 0, p and each cylinder C C [0,1), it holds that

HILHC}ONS(CQGB’( ))_WQ( 5

for all s such that 0 < s < dimH(Gg’m).

C°

Proof. Let C be a cylinder with respect to fz. Then it contains a cylinder
C* such that |C*| > %' and such that C* is a scaling of [0,1). Let the
generation of C* be n and let (U;)°; be a cover of C* N Gg’m(m + n,e).
Reasoning as in the proof of Proposition 3.4, replacing Ky by 1, we conclude
that there is a corresponding cover (U;)22; of [0,1) N Gﬁ " (m, e — L) such
that |U;| <

|C* ]U | for all i. Using Proposition 3.14 we get

lim N3, (CNGE™(n,€) > lim N3 (C*NGo™(n,e)) >

n—oo
€ 1

€7 Jim N(0.1) NG (0. ) 2 s |7 2 s O

O

Proposition 3.16. Let 5 € (1,2) be such that the expansion of 1 terminates
and m € N. If p is such that there is a word v # 0" such that p, > 0, then

if 0 < € < py, then
o0 o0
N Ua&mme
N=1n=N
is in the class G* for each s < dimH(Gg’m).
Proof. By Remark 1.6
o0 o0
N U&mme
N=1n=N
is a Gg set. Using Proposition 3.15, we can now apply Lemma 3.11. By
Remark 2.2 we get the proposition. O

But by Theorem 2.4 the class G° is closed under intersections so we get

Proposition 3.17. Let 5 € (1,2) be such that the expansion of 1 terminates
and m € N. If p is such that there is a word v # 0™ such that p, > 0, then
for some K € N the set

oo

1
ﬂ lim sup Gg’m(n, %)

k=K n—oo
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is in the class G° for all s < dimH(Gg’m). This means that the set of points
. 3 om
x for which p is an accumulation point in R*" for (M) asn — oo

i=1
is in the class G° for all s < dimH(Gg’m).
We are now ready to prove the theorems stated in the introduction.

Proof of Theorem 1.7. Let w be a word of length m. It follows from higher-
dimensional multifractal analysis on subshifts of finite type (see [1]) that
there is vector p such that dim H(Gg ™) = 1 and a vector g with py, # gy such
that dimH(Gg’m) is arbitrarily close to 1. Thus, by Proposition 3.17 both
the set (g limsup,,_,o, G5 (n,1/k) and (2 limsup,, ., G3" (n, 1/k)
are in the class G® for s arbitrarily close to 1. Intersecting these sets we get
points for which the frequency of w does not exist. By Theorem 2.4 we can
intersect between such sets corresponding to different words and still be in
the class G°. Full dimension now follows immediately. O

Proof of Theorem 1.8. We first note that if for some p; we have p; ,, = 0 for
all words w except 0™, then

dimpg ({ x:p; € A%mi(y) }) =0,

so the statement of the theorem is trivially satisfied. After noting this, the
theorem follows from Proposition 3.17 and Theorem 2.4. O
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