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Abstract— A well known strategy for handling the exponential
complexity of modular discrete event systems is to represent
the state space symbolically rather than explicitly, using binary
decision diagrams (BBDs). In this paper, key success factors in
the design of efficient BDD-based reachability algorithms for
synthesis and verification are discussed. Furthermore, it is shown
how the modular structure of a discrete event system (DES) can
be utilized by taking advantage of the process communication
graph and partitioning techniques. Finally, a recently introduced
reachability algorithm based on these principles is discussed and
a proof of correctness for this algorithm is given.

I. INTRODUCTION

A general problem with computations in the supervisory
control theory of Ramadge and Wonham [1] is the exponential
growth of states in a modular discrete event system (DES) as
the number of sub-systems increases. With explicit representa-
tion of all reachable states this quickly leads to unmanageable
time and memory complexity.

We fight the exponential growth of states by employing a
symbolic representation of the state space. More specifically,
we make use of binary decision diagrams (BDDs) introduced
by Akers [2] and later extended by Bryant [3]. A BDD is
an efficient data structure, which under the right conditions
can reach logarithmic compression of the state space [3].
Generally, BDD-based synthesis and verification rely on reach-
ability calculations on the state space. We therefore focus on
designing efficient algorithms for reachability analysis.

In general, adapting existing algorithms for use with BDDs
is not entirely straightforward. As noted by Hu [4] among
others, special attention has to be paid to certain issues in order
to bring out the full potential of the BDDs. Of these issues,
finding a good variable ordering is arguably the most important
concern [3]. Variable ordering has been studied in some
detail by a number of researchers [5], [6], [7]. Unfortunately
the problem of finding the optimal variable ordering is NP-
complete [8]. Still though, a sub-optimal, but well-functioning
variable ordering can be found by diving the problem into two
sub-problems; First find a good internal ordering for each sub-
automaton, thereafter find an ordering between the different
sub-automata [5], [9].

For systems of realistic size, though, variable ordering
alone is not enough. A well known issue with BDD-based
reachability searches is the size of the BDDs. Commonly,
the intermediate BDDs become very large. This can quickly
become a serious impediment to efficient computation. As
discovered by Burch et al. [10] and also mentioned in e.g. [11],
naive breadth first reachability exploration is in general ill-
suited for use with BDDs. To reach significant BDD reduction
it is crucial to explore the search space in an intelligent way.
The key is to impose structure on the state space exploration.
In this paper we give the idea of structured reachability
a deeper information theoretic meaning. Furthermore, we
illustrate how the earlier proposed workset algorithm [12]
utilize the principle of structured search to facilitate BDD-
compression.

The workset algorithm guides the search by making use of
the process communication graph (PCG) introduced by Aziz et
al. [5]. The PCG is a graphical representation of the interaction
of automata under full synchronous composition and provides
valuable information both for variable ordering and for guiding
the state space exploration. In addition to this, we make use of
heuristics to guide the search. In [13], the workset algorithm is
shown to be useable for synthesis and verification of discrete
event systems with extremely large state spaces (> 10200 states
in some cases).

Different ways of guiding the search have been studied
by e.g. Ravi et al. who use user-specified hints to alter the
exploration order [14]. In contrast, the approach in this paper
is fully automatic.

A further important ingredient in the workset algorithm is
the use of partitioning techniques introduced by Burch et al.
[10]. BDD-based algorithms rely on a relational formulation
of the DES, replacing the transition function with a transition
relation. Burch et al. partition the transition relation into a set
of conjuncts or disjuncts. These partitioning techniques have
since been used by others in a number of contexts [11], [15].

In [16] we introduced a straightforward but non-trivial
adaptation of these techniques to work with finite automata
under full synchronous composition. Whereas the general
concept of partitioning is rigorously defined in [10], the actual



construction of the partial transition relations can be done in
many ways. Our method works by constructing one partial
transition relation for each automaton. In particular, we make
use of disjunctive partitioning, i.e. we represent the monolithic
transition relation T by a collection of subsets that form T by
union (disjunction in the language of logic). Here, the term
monolithic refers to the complete, fully synchronized DES.

In this paper we introduce a reformulation of the disjunctive
partitioning to clarify the mechanisms of the earlier proposed
BDD-based synthesis and verification algorithms [17], [13],
[18]. Moreover, we give an in-depth discussion and analysis
of these algorithms. Specifically, we discuss how it is possible
to avoid excessive BDD growth during intermediate phases of
the reachability search.

Central to the workset algorithm is a mechanism that
improves search efficiency by switching the partial transition
relations on and off during the search. Here, it is crucial to
make use of the information in the PCG to be able to ensure
that all reachable states are found (even though the transition
relation is only partially enabled). To formalize the fact that
this mechanism works, we give a proof of correctness of the
workset algorithm in this paper.

II. PRELIMINARIES AND NOTATION

We focus on supervisor synthesis based on reachability
calculations on finite automata (FA). An FA is defined as a
quintuple A = 〈Q,Σ, δ, qi, Qm〉, where Q is the set of states,
Σ is the alphabet, δ : Q × Σ → Q is a partial transition
function, qi is the initial state and Qm is a set of marked
states.

In this paper, we pay special attention to modular systems
A = A1‖ . . . ‖Ai‖ . . . ‖AN consisting of a number of finite
automata (FA) under under Hoare’s full synchronous compo-
sition [19].

Below, some specific concepts on which this work is based
are presented briefly.

A. Relational Formulation of a Finite Automaton

A finite automaton is usually defined with a transition
function δ : Q × Σ → Q, that takes a from-state q ∈ Q
and an event σ ∈ Σ and outputs a to-state q+ = δ(q, σ).
However, for computational purposes it might be preferable
to reformulate the transitions of the automaton as relations,
using the language of set theory.

A relation is a rule that says whether a certain number of
elements ω1, . . . , ωn in a set Ω are related. A relation on Ω
is represented by a subset R ⊆ Ωn of Ωn by saying that the
elements ω1, . . . , ωn are related iff 〈ω1, . . . , ωn〉 ∈ R.

In the context of automata, relation basically means tran-
sition. Here, the elements 〈q, σ, q+〉 are said to be related iff
there is a transition from q to q+ by the event σ. This allows
us to define the transition relation T of an automaton A. We
write T as a subset of Q × Σ × Q.

T = {〈q, σ, q+〉 : ∃ transition from q to q+ by σ}

It is not always needed to include the event in the transition
relation. Later on, when the partial transition relations have
been constructed and are represented by BDDs, the event will
no longer be strictly necessary. Leaving σ out will reduce
the number of variables needed for the BDD representation,
which is beneficial for computations. In the following σ will
be written out as needed.

B. Communication in Composite Automata

For computational purposes it is interesting to investigate
how the automata in a composition are related. The process
communication graph (PCG), adapted from [5], serves this
purpose. A PCG is an undirected graph used to represent the
interaction between automata under synchronization. In the
PCG, each node represents one automaton and there is an
edge between two automata iff the corresponding alphabets
share one or more events.

The communication complexity in a system of automata can
be estimated by making use of the concept of dependency sets.
The dependency set D(Ai) of an automaton is defined as the
set of automata that share events with Ai excluding Ai itself,
i.e D(Ai) is the set of neighbors of A in the PCG. As it turns
out, the cardinalities of these sets, the level-1 dependencies,
yield a surprisingly good estimate of how difficult a particular
problem is in terms of reachability analyses [18].

For the discussion in the following sections it will also
be useful to define the dependency set of a partial transition
relation. To this end, we make use of the above defined
automaton dependency set and define D(T̃ i) as

D(T̃ i) = {T̃ j : Aj ∈ D(Ai)}

C. Binary Decision Diagrams

Building on the relational formulation of automata given
above, we will use binary decision diagrams (BDDs) to
represent sets of states and transitions in an efficient way [20],
[2]. A binary decision diagram is a directed acyclic graph used
to represent a boolean function f : {0, 1}n → {0, 1} in a
compact way. The power of the BDD representation lies in
the fact that it can be reduced according to certain rules often
yielding very efficient data representation.

If the variables in a BDD respect a total order, the BDD is
said to be ordered. Bryant showed that for a given ordering
of the variables, a reduced ordered BDD is a canonical repre-
sentation of a boolean function [3]. This is a very important
property of BDDs and account for much of their popularity.
In the following, we will assume that the BDDs are ordered
and reduced. For a thorough introduction to BDDs, refer to
[3].

Binary decision diagrams are computationally useful for
representing subsets embedded in a large set or universe,
e.g. the state-space of a finite automaton. A standard way of
representing subsets is by using a characteristic function. A
characteristic function is a function on the elements of the
universe which evaluates to one for elements belonging to the
particular subset and to zero for all other elements.



By introducing a binary encoding of the elements of the uni-
verse and defining the characteristic function on this encoding
we obtain a function fit to be represented by a BDD. For a
large number of subsets this BDD can then be significantly
reduced. In practice this often yields a much more compact
representation than an explicit enumeration of the elements.

Representing the subsets of a universe in a slightly differ-
ent way provides another useful way of looking at BDDs.
Consider a universe U consisting of n elements. A particular
subset S ⊆ U of this universe can be represented by an n-digit
binary string where each digit corresponds to one element of
the universe. This is done by indicating members of the subset
by ones and all other elements by zeros. For example consider
the universe U = {A,B,C,D,E}. Here, the subset S = {B,E}
would be represented by the string 01001.

The point here is that BDDs can be seen as a means of
compressing binary strings. Whereas there are other more
straightforward ways of compressing binary strings, the ad-
vantage here is that logical operations can be performed easily
and efficiently directly on the BDD-representations.

III. REACHABILITY CALCULATIONS WITH BINARY
DECISION DIAGRAMS

A reachability search is typically performed as an iterative
fixed point calculation; The reachable set Qk is repeatedly
expanded by adding all states reachable in one step from Qk.
This is continued until no more new states are found - the
global fixed point is reached.

Written out in set-notation, the iteration step is

Qk+1 = Qk

⋃

{q : ∃q′ ∈ Qk : 〈q′, q〉 ∈ T} (1)

By utilizing the fact that the set-notation carries over nicely to
the language of logic we obtain an expression suited for use
with BDDs.

The first step is to replace Qk with the characteristic
function χk(q) defined as

χk(q) =

{

1 q ∈ Qk

0 otherwise (2)

The transition relation T is a subset of Q × Q and can be
replaced by a characteristic function τ(q′, q) in the same way.

Using these definitions, (1) now becomes

χk+1(q) = χk(q) ∨ [∃q′ : χk(q′) ∧ τ(q′, q)] (3)

The characteristic functions χ and τ can both be directly
represented by BDDs. Expression (3), is a purely logical
expression and therefore constitutes a well-defined operation
on BDDs. This means that, in principle, all the pieces are
in place for a BDD-based reachability analysis. However, to
obtain efficient BDD-based algorithms, special care has to be
taken to avoid producing overly large BDDs. This issue will
be discussed in detail in the following sections.

A. Partitioning of the Transition Relation

Partitioning of the transition relation as introduced by Burch
et al. [21], [22], [10] has become something of a standard
tool for alleviating problems with large BDDs [11]. Burch et
al. introduced splitting of the transition relation into a set of
partial transition relations, joined by either disjunction or con-
junction. In [16] we have previously introduced an adaptation
of these partitioning techniques for use with automata under
full synchronous composition. We now give a reformulation
of these ideas that clarifies the connection between automata,
partial relations and BDDs.

A complex discrete event system can often in a natural and
efficient way be represented modularly. In our case, this means
dealing with automata consisting of a number of synchronized
smaller automata. The transition relation T can then in a
natural way be decomposed into partial transition relations by
directly considering the modular structure of the system.

Just as the monolithic transition relation can be seen as a set
of elements of type 〈q, σ, q+〉, the partial transition relations
will be sets of the same type. The monolithic set T can then
be written as a union or intersection of these partial sets,
depending on how they are defined yielding disjunctive or
conjunctive partitioning respectively. In this document we will
leave out the definition of the conjunctive partitioning and refer
instead to [16] for details.

The automaton-based disjunctive partial transition relation
T̃ i of an automaton Ai is defined in the context of a complete
system A = A1‖ . . . ‖AN and depends on the monolithic
transition relation T . The disjunctive transition relation is the
set of state-event-state triplets such that the event is in the
alphabet of Ai and such that all partial states qi are updated
correctly given this event. In other words, the disjunctive
partial relation T̃ i picks out precisely those transitions from
T that occur by events in Σi;

T̃ i = {〈q1 . . . qN , σ, q1+ . . . qN+〉 :
σ ∈ Σi ∧ 〈q1 . . . qN , σ, q1+ . . . qN+〉 ∈ T}.

(4)

Here, we assume that in general Σi 6= Σj . In the case Σi = Σj

for all i, j this definition simply yields the monolithic T .
From this definition we clearly have T =

⋃

T̃ i. By
inspecting (4), we see that we use T to generate the T̃ i’s.
The problem is that we might not have access to the global
transition relation T and so we would like to construct the
partial relations directly from the transition relations of the
sub-automata (T i). Claim 1 allows us to do precisely that.
By considering the augmented dependency set D(Ai) =
D(Ai)

⋃

{Ai} it is possible to generate T̃ i from T i.
Claim 1: The set T̃ i defined in (4) is equal to the set of all

transitions 〈q1 . . . qN , σ, q1+ . . . qN+〉 ∈ Q × Σ × Q obeying
the following three conditions

1) σ ∈ Σi

2) ∀Aj ∈ D(Ai)
⋃

{Ai} :
[

σ ∈ Σj ∧ 〈qj , σ, qj+〉 ∈ T j
]

∨
[

σ /∈ Σj ∧ (qj+ = qj)
]

3) ∀Aj /∈ D(Ai)
⋃

{Ai} : qj+ = qj



Proof: We show that T̃ i consists of precisely those
transitions in T occurring by events in Σi. The first condition
is trivially required for this.

Note that automata not in D(Ai)
⋃

{Ai} are not affected
by σ ∈ Σi. This is expressed by the third condition. We
now consider automata in D(Ai)

⋃

{Ai}. For automata Aj ∈
D(Ai)

⋃

{Ai} we have two possibilities:
1) Either σ is in the alphabet of Aj and then qj has to be

updated
σ ∈ Σj ∧ 〈qj , σ, qj+〉 ∈ T j ,

2) or σ is not in the alphabet of Aj and then qj must remain
unchanged

σ /∈ Σj ∧ (qj+ = qj).

Putting these conditions together yields the claim statement.

B. The Large Intermediate BDD Problem

A partitioned representation of the transition relation is
alone not enough to yield efficient BDD-based reachability
algorithms. This becomes evident when one studies the BDDs
representing the intermediate sets of reachable states during
reachability analysis.

Given the partitioning of T and the BDD representation
of Q and the T̃ is, it is natural to try a standard breadth
first reachability search. This is however bound to deliver
disappointing results. Here, it is important to understand that in
order to reach any substantial reduction of the BDDs, structure
in the represented subsets is vital.

The reason that BDD reduction is so important relates to
the time-complexity of certain BDD operations. Under normal
conditions, binary BDD operations have time complexity
O(|x| × |y|), where |x| and |y| are the number of nodes in
the BDDs x and y [3]. Therefore, in general, smaller BDDs
yield faster, more efficient algorithms.

Consider a system consisting of a number of loosely cou-
pled, synchronized automata and assume that we wish to
perform a reachability analysis on this system. By traversing
the system in a breadth first way we add new states in a near-
random fashion, exploring all sub-automata more or less at
the same time. During the intermediate phases of the search
the set of reachable states will contain newly discovered states
from most of the sub-automata, but probably only few of the
automata will be fully exhausted.

This leads to very little structure in the intermediate sets
of reachable states. As mentioned above, poor structure yields
poor reducibility or compression of the underlying BDDs. To
clarify what happens, we will now study a simple experiment
in some detail.

1) Experiment of the Randomly Growing Set: Consider
a set/universe consisting of N elements. We construct a
sequence of growing subsets of this universe by selecting
new elements from the universe at random. As mentioned
in section II-C we can represent these subsets by BDDs. In
the beginning, when only few elements are selected as well

as towards the end when most of the elements are selected,
these BDD representations will be very compact. However,
during the middle phase of this process, approximately half
of the elements of the universe will have been selected and
without any particular structure. As can bee seen in Figure 1,
the corresponding BDDs are very large.

2) Information Theoretic Considerations: The phenomenon
outlined in the above experiment can best be understood by
studying the binary string representation of the subsets as
mentioned in section II-C. When exactly half of the elements
have been selected, the binary string that represents this subset
will be a completely random binary string consisting of equally
many zeros and ones. From information theory it is well
known that this condition renders compression theoretically
impossible [23].

Moreover, information theory provides us with a tool for
estimating the compressibility of a binary string. The amount
of compression that can be performed is bounded by the
entropy of the string. The entropy is defined as a function
on a random variable and we therefore view the N -digit
binary string as a set of N boolean random variables X =
{X1, . . . , XN}. Assuming that the string contains p ones we
get N random variables with Pr[Xi = 1] = p/N . We
calculate the entropy of X as

H(X) =

N
∑

i=1

H(Xi)

=
N

∑

i=1

∑

xi∈Xi

Pr(xi) log2(
1

Pr(xi)
)

= N
( p

N
log2

N

p
+ (1 −

p

N
) log2

1

1 − p
N

)

,

where we make use of the additivity of the entropy to split
H(X) over the N variables [23].

The BDD-sizes for the subsets are plotted together with this
entropic information content in Figure 1 for N = 1024. It is
difficult to estimate the information content of a BDD, but it
seems reasonable to count the number of nodes as a measure
of this. Even so it is hard to give an exact number. We have
therefore taken the liberty to plot the BDD-size graph on a
different scale to fit the entropy curve. This is mainly to show
the close correspondence in shape between BDD growth and
entropy growth.

IV. WORKSET BASED STRATEGIES

Following the previous section, we conclude that in order
to design successful BDD-based reachability algorithms for
large scale systems it is vital to traverse the search space in
a structured way. What we need to do is to modify the order
of traversal of straightforward breadth first search to fight the
induced pseudo-randomness of this approach. Based on the
PCG of a system of automata and the disjunctive partitioning
of the transition relation, we have in previous papers proposed
a set of algorithms for this purpose [18], [13], [17]. These
algorithms are specifically designed to iteratively expand the
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Fig. 1. Information content of a monotonically growing subse of a set of
N = 1024 elements. Elements are selected at random and added to the subset
one by one. This graph shows BDD sizes together with the calculated entropy
on different scales.

set of reachable states in a way that is advantageous for BDD-
compressibility.

In this section we give an in-depth discussion and expla-
nation of these algorithms as well as a proof of correctness.
For clarity and brevity we focus on one algorithm, the workset
algorithm (Algorithm 1) introduced in [17] and conclude by
briefly commenting on variations on this algorithm.

The workset algorithm operates by maintaining a set Wk of
active partial transition relations - the workset. These transition
relations are selected one at a time and a saturating ”local”
reachability search is performed by trying to reach node
reduction in the region of the BDD representing states in the
corresponding sub-automaton.

Algorithm 1: Workset Forward Reachability
input: qi

let W0 := the set of disjunctive partial transition relations,
Q0 := qi, k := 0
repeat

Pick and remove a transition T̃ i ∈ Wk

k := k + 1
Qk = Qk−1 ∪ ForwardReachability(Qk−1, T̃

i)
if Qk 6= Qk−1 then Wk := Wk−1 ∪ D(T̃ i)

until W = ∅
return Qk

Note here the nested use of a forward reachability search
marked by ForwardReachability. This local traversal is a
standard breadth first search, which performs a full reachability
analysis on the states locally reachable by T̃ i.

A. Exploring the State Space in the Right Order

It is not immediately clear that we gain anything by ex-
ploring the state space in the particular way of the workset
algorithm. Here, the key is the more structured strategy
employed by the workset algorithm. As discussed in section
III-B, straightforward breadth first search (BFS) reachability
yields poor reducibility of the underlying BDDs.

We will now give a simple example to illustrate how the
mechanism of the workset algorithm works to prevent interme-
diate BDD blowup. Consider the automata representations of
the two independent processes A and B illustrated in figure 2.

PSfrag replacements

A

B

σAσAσA

σB σBσB

a1 a2 a3 a4

b1 b2 b3 b4

Fig. 2. Two independent processes A and B with four states each. A and
B are represented by finite automata.

A reachability analysis on A‖B will demonstrate how
the workset algorithm explores the search space. This will
be compared with standard BFS reachability. For the two
automata A and B, we have the following partial transition
relations

T̃A = {〈a1∗1, a2∗1〉, 〈a2∗2, a3∗2〉, 〈a3∗3, a4∗3〉}

T̃B = {〈∗4b1, ∗4b2〉, 〈∗5b2, ∗5b3〉, 〈∗6b3, ∗6b4〉}

Note that each partial transition relation here has 12 elements.
To save space we use a placeholder ∗i to denote an arbitrary
state not affected by this transition relation. We have that e.g.
∗1 can be any of the states {b1, b2, b3, b4}.

The workset algorithm performs exhaustive BFS reachabil-
ity based on these partial relations one at a time. Note that the
workset algorithm is based on two nested loops. In each outer
iteration a partial relation T̃ i is selected and removed. There-
after a BFS reachability analysis based on T̃ i is performed in
an inner loop by the function ForwardReachability.

In this case, since A and B are completely independent, the
workset algorithm will traverse the automata exactly one time
each. Starting with T̃A, the states {a1b1, a2b1, a3b1, a4b1} are
discovered. Here, no more new states are found by T̃A and we
switch to T̃B yielding the rest of the reachable states. Instead
of writing these out explicitly we refer to figure 3, where this
process is illustrated (right) and compared to the corresponding
BFS exploration (left).

To get a clearer picture of what happens we study the
progress of the reachability search by using a binary string
representation of the reachable states. Each position in the

1. 2. 3. 4.

5.

6.

7.
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Fig. 3. Reachability search on A‖B by two different strategies (A and B

are defined in Fig. 2). The diagram to the right shows the workset algorithm
exploring the state space by first considering T̃ A and then T̃ B . The diagram
to the left shows a standard breadth first reachability search.
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Fig. 4. BDDs representing the intermediate sets of reachable states for
each step of the workset algorithm (bottom) and standard breadth first search
(top). As can be seen, the most complex BDD obtained by the workset
algorithm during the reachability search has four nodes. By contrast, during
straightforward BFS reachability, BDDs with as many as seven nodes are
produced twice.

string indicates whether or not the respective state is present
in the particular subset. The following table gives the progress
for the workset algorithm compared to breadth first search.

step reachable states: BFS reachable states: workset
1 1000000000000000 1000000000000000
2 1100100000000000 1100000000000000
3 1110110010000000 1110000000000000
4 1111111011001000 1111000000000000
5 1111111111101100 1111111100000000
6 1111111111111110 1111111111110000
7 1111111111111111 1111111111111111

By inspecting this output we see that the workset algorithm
adds states in a structured way from left to right. This is to be
compared with the evolution of the BFS exploration, which
contains more of an element of randomness.

Intuitively it should be clear that the workset algorithm
produces a more agreeable output. The main point of this
section is however provided by building the actual BDDs
corresponding to the intermediate subsets produced during the
reachability search.

The BDDs representing the intermediate sets of reachable
states for each step of the example in Figure 3 are given in
Figure 4. As can be seen, the most complex BDD obtained by
the workset algorithm during the reachability search has four
nodes. By contrast, during straight forward BFS reachability,
BDDs with as many as seven nodes are produced twice.

B. Variable Ordering

Naturally, the ideas presented here relate very much to
variable ordering. In fact BFS could probably be made to
work just as well as the workset algorithm by choosing a
different variable ordering. The problem here is that this
variable ordering is not known a priori. In fact, as mentioned
before, the problem of finding the optimal variable ordering is
NP [8]. On the other hand, the workset algorithm works very
well with the natural variable ordering induced by encoding
the states of each automaton in turn. What is essential is

that the variable ordering agrees with the order in which the
state space is explored so that a compact BDD representation
can be given in each step. Basically this is accomplished by
minimizing a cost function based on the PCG of the system.
Refer to [16] for details of the encoding scheme.

C. Dealing With Interactions Between Automata

The ideas presented in section IV-A build on the fact that
the workset algorithm operates on one automaton at a time
and iteratively tries to perform locally exhaustive reachability
searches. However, in most cases, due to interacting automata
it is inevitable that during the reachability analysis the transi-
tions in some automaton will be exhausted without all states in
that automaton having been found. The algorithm will then be
forced to proceed with some other automaton or more correctly
some other partial transition relation and then later come back
to the incompletely explored automaton.

The following example illustrates this situation and how the
workset algorithm behaves in this case. We consider, again,
two processes A and B, this time interacting via the event
σC . The automata are given in Figure 5.
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Fig. 5. Two interacting processes A and B with four states each.

Initially the algorithm starts out from the state a1b1. As-
suming that we begin by choosing the transition relation T̃A

the additional state a2b1 is found, but no further states. We
are forced to switch to T̃B and then add {a1b2, a2b2}. Now,
since new states were found, the relations contained in D(T̃B)
are added to the workset W . In this case this is precisely T̃A,
which is again selected to continue the reachability search. We
refrain from accounting for the remaining steps and instead
refer to Figure 6 where the complete process is illustrated.

D. The Workset Algorithm is Correct

In this section we will establish the correctness of the
workset algorithm. The workset algorithm is based on a rather
involved scheme of enabling and disabling the partial transi-
tion relations. It is not immediately clear that this mechanism

3.

2.

1.

4. 5.

6.
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Fig. 6. Reachability search on the system A‖B of interacting automata (A
and B are defined in Fig. 5). On a system of interacting automata the workset
algorithm potentially has to visit the same transition relation several times.



works as intended. The important point is to be able to
guarantee that what is output by the workset algorithm really
is the set of all reachable states. How the workset algorithm
works to ensure this was suggested by the example in Section
IV-C and will here be formalized.

The analysis is rather straightforward to do, but the argu-
ment will run more smoothly if we make use of the following
lemma.

Lemma 2: At iteration k of the workset algorithm, the set
Wk of active transition relations contains all transitions leading
to states reachable in one step from Qk.

Proof: We need to show that at any iteration k, the image
of Qk under T equals the image of Qk under Wk. Note that
at the outset, W contains all partial transition relations T̃ i,
thus giving a complete representation of T . Now an inductive
argument will cover the general case.

Assume that at iteration k, the claim of Lemma 2 holds.
At iteration k + 1, a transition relation T̃ i is now selected
and an exhaustive reachability search is performed with this
relation. Since the search is exhaustive, no further states can
be reached by T̃ i, which can thus be safely removed from Wk.
During the iteration k + 1 either no new states are found and
then the image of Qk is unchanged or new states are found
and then the set D(T̃ i) of all transition relations that might
contain transitions from the new states are added to Wk. Thus
the union of the relations in Wk will be a subset of T , however
still containing all transitions leading from Qk.

Theorem 3: The workset algorithm terminates in finite time
and the output is the complete set of reachable states.

Proof: In each step of the workset algorithm, zero or
more states are added to the set of reachable states. The total
set of states is finite, so the set of reachable states can grow
only finitely many times. In each iteration when no new states
are found, exactly one transition relation is removed from the
set of active relations W . The set W is also finite and hence
the algorithm will terminate in finite time.

Assume now that the algorithm has terminated. By Lemma
2 we know that Wk holds transitions to all states reachable
from Qk. However, since the algorithm has terminated, Wk is
empty and thus no more states are reachable from Qk, i.e. Qk

is the set of all reachable states.

E. Variations of The Workset Algorithm

One weakness of the workset algorithm is that in some cases
even the partitioned transition relations can become very large.
The sizes of these partitions are decided by the dependency
set D(A) of each automaton. Even if the level of interaction
between automata is in general small, this set might be large
for a small subset of the automata, causing the corresponding
transition relations to become very large. For example in the
Profisafe model treated in [18], the largest dependency set
contains as many as 48 automata, yielding transition relations
of unmanageable size. This problem can be overcome by
using a different type of partitioning. Instead of partitioning
over automata, we have experimented with partitioning over
events leading to an event-based workset algorithm. In other

words, this event-based algorithm is essentially equivalent to
the workset algorithm, apart from building on a different
partitioning technique.

While the event-based transition relations are often much
smaller than their automaton-based counterparts, more itera-
tions are generally needed to reach fixed point [18]. To some
extent, this can be compensated for by combining multiple
event-based partitions into larger ones. This is often referred
to as clustering, see for instance [10].

The workset algorithm performs an exhaustive reachability
search in each step before selecting a new transition relation,
referred to as local saturation. In some cases it is, however,
not the best strategy to go for complete saturation in each
step. For this, we have introduced the step-stone algorithm
[13] as a variation of the workset algorithm which works
without complete saturation. Instead a new transition relation
is selected for each expansion of the reachable set. The step-
stone algorithm uses an automaton selection heuristic in the
same way as the workset algorithm does. It is interesting to
note that if the step-stone algorithm is combined with a certain
type of selection heuristic, i.e. a heuristic with memory which
will only switch T̃ i upon exhaustion, it becomes precisely the
workset algorithm.

The proofs of correctness of the event-based workset algo-
rithm and the step-stone algorithm are essentially analogous
to that of the workset algorithm. For the event-based workset
algorithm, the crucial step is to ensure correctness of the event-
based partitioning, i.e. to show that this partitioning behaves
essentially in the same way as automaton-based partitioning.
Except for the difference in partitioning, the event-based work-
set algorithm is equivalent to the automaton-based counterpart.

For the step-stone algorithm, it principally suffices to note
that the rule for removing and adding automata to the workset
W is the same as for the workset algorithm. This means that
the argument in the proof of Lemma 2 is easily adapted to
work for the step-stone algorithm.

F. Related Work

To the authors knowledge, the concept of locally exhaustive
reachability search was introduced by Burch et al. in [10],
using the term modified breadth first strategy. Burch et al.
developed this approach in the context of digital circuits to be
used for model checking purposes.

Burch et al. utilize the principle of local exhaustion of tran-
sition relations to prevent BDD blowup. The set of reachable
states is calculated by repeatedly calculating local fixed points
until a global fixed point is found.

In [11] Valmari and Geldenhuys generalize the ideas intro-
duced in [10] and formulate them in the general setting of
states and transition relations. Based on this they introduce a
number of similar schemes designed to avoid BDD growth.
For transition relation selection they use a simple scheme of
cycling through the partial transition relations one by one until
no more new states are found.

In our work, we develop this last part of the scheme further
and make use of the dependency set D(T̃ i) to keep track



of exactly which T̃ i might need to be considered again.
Moreover, we note the importance of the order in which the
transition relations are selected. We suggest a scheme based
on heuristics such as reinforcement learning for dealing with
the problem of transition relation selection.

V. SUMMARY AND CONCLUSION

In this paper, we have given a theoretical analysis of a set of
algorithms designed to perform efficient reachability analysis
on composite discrete event systems. By carefully chosen
examples, we have tried to provide a better understanding
of the problem with large BDDs and how the workset- and
related algorithms acts to avoid this problem. Especially, we
have noted the importance of exploring the state space in
a structured way or rather in a way that yields structured
intermediate sets of reachable states.

Furthermore, a reformulation of disjunctive partitioning in
the context of full synchronous composition has been pre-
sented. Finally, we have proven the correctness of the workset
algorithm and suggested how these arguments carries over to
related algorithms such as the step-stone algorithm and the
event-based workset algorithm.
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