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Faculty of Engineering
Centre for Mathematical Sciences

Mathematics



Mathematics
Centre for Mathematical Sciences
Lund University
Box 118
SE-221 00 Lund
Sweden

http://www.maths.lth.se/

Licentiate Theses in Mathematical Sciences 2008:3
ISSN 1404-028X

ISBN 978-91-633-2583-0
LUTFMA-2028-2008
©Martin Byröd, 2008

Printed in Sweden by Media-Tryck, Lund 2008



3Prefa
eThe 
entral theme of this thesis is the problem of �nding all zeros of a system ofpolynomial equations in several variables. The driving motivation for studyingthis topi
 has been to use the knowledge to solve real world 
omputer visionproblems. For the reader not a
quainted with 
omputer vision and in parti
ularthe geometri
 problems that arise in the interplay between the proje
ted imageand the three dimensional world, it is probably far from obvious how polynomialequations and 
omputer vision are related. To bridge this gap, after a briefintrodu
tion, the thesis starts o� with a 
hapter on basi
 
on
epts of 
omputervision and 
amera geometry as well as an introdu
tion to some 
on
epts ofalgebrai
 geometry, whi
h is the theory of polynomial equations. After this theremainder of the thesis is devoted to 
ontributions made during the 
ourse ofwork up to this point.During the thesis work, two types of 
ontributions have been made: (i)Contributions related to the theory and te
hniques of numeri
al methods forpolynomial equation solving [7, 6, 8℄ and (ii) the appli
ation of these te
hniquesto previously unsolved problems in 
omputer vision [29, 6, 10℄. The paper [6℄is mainly an appli
ation, but o

urs in both 
ategories sin
e it also 
ontains apreliminary version of the redundant basis method presented in Chapter 4.In summary, the thesis is based on material from the following papers:[8℄ M. Byröd, K. Josephson, K. Åström, A Column-Pivoting Based Strategyfor Monomial Ordering in Numeri
al Gröbner Basis Cal
ulations, Submit-ted, 2008.[10℄ M. Byröd, Z. Kukelova, K. Josephson, T. Pajdla, K. Åström, Fast andRobust Numeri
al Solutions to Minimal Problems for Cameras with RadialDistortion, A

epted for publi
ation at the IEEE Conferen
e on ComputerVision and Pattern Re
ognition (CVPR), An
horage, Alaska, 2008.[6℄ M. Byröd, K. Josephson, K. Åström, Fast Optimal Three View Trian-gulation, Pro
. Asian Conferen
e on Computer Vision (ACCV), Tokyo,Japan, 2007.[7℄ M. Byröd, K. Josephson, K. Åström, Improving Numeri
al A

ura
y ofGröbner Basis Polynomial Equation Solvers, Pro
. International Confer-en
e on Computer Vision (ICCV), Rio de Janeiro, Brazil, 2007.[29℄ K. Josephson, M. Byröd, F. Kahl, K. Åström, Image-Based Lo
aliza-tion Using Hybrid Feature Corresponden
es, ISPRS Workshop BenCOSat CVPR, Minneapolis, USA, 2007.In addition to the above, the following papers have also been written duringthe thesis work:[35℄ Z. Kukelova, M. Byröd, K. Josephson, T. Pajdla, K. Åström, Fast andRobust Numeri
al Solutions to Minimal Problems for Cameras with Ra-dial Distortion, Submitted to Computer Vision and Image Understanding ,2008.[9℄ M. Byröd, K. Josephson, K. Åström, Optimal Three View Triangula-tion By Polynomial Equation Solving, Submitted to IPSJ Transa
tionson Computer Vision and Appli
ations , 2008.



4Organization of the ThesisIn more detail, the thesis is organized as follows. After an introdu
tion inChapter 1, we give an overview of some basi
 
on
epts of geometri
 
omputervision and the 
lassi
al theory of algebrai
 geometry in Chapter 2. Thereafter, inChapter 3, we present the theoreti
al underpinnings of a set of new numeri
alte
hniques introdu
ed in Chapter 4. These �rst four 
hapters 
onstitute the�rst part of the thesis and for 
ompleteness, Chapter 4 also 
ontains a se
tionwith some experimental results to highlight the relative bene�ts and drawba
ksof the various introdu
ed te
hniques. In part two of the thesis we set out touse these te
hniques to solve a set of real world 
omputer vision problems.Chapter 5 starts o� by looking at a spe
i�
 instan
e of the triangulation problem.Thereafter, in Chapter 6, we investigate how relative 
amera motion 
an be
omputed in the presen
e of potentially heavy radial distortion. Finally, inChapter 7, we study the mathemati
s of 
amera pose estimation when a mixtureof world 
oordinate to 
amera and 
amera to 
amera 
orresponden
es are given.A
knowledgementsI would like to a
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al Imaging Group and in parti
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Chapter 1Introdu
tionNumerous geometri
 problems in 
omputer vision involve the solution of systemsof polynomial equations. This is parti
ularly true for so 
alled minimal stru
tureand motion problems [12, 34, 53℄. Solutions to minimal stru
ture and motionproblems 
an often be used in RANSAC algorithms to �nd inliers in noisydata [20, 54, 55℄. For su
h appli
ations one needs to solve a large number ofminimal stru
ture and motion problems as fast as possible in order to �nd thebest set of inliers. The minimal solutions then typi
ally also serve as an initialestimate to be able to deploy a more sophisti
ated optimization algorithm, whi
hrelies on inlier free data and good initialization. There is thus a need for fastand numeri
ally stable algorithms for solving parti
ular systems of polynomialequations.Another area of re
ent interest is global optimization used for e.g optimaltriangulation, rese
tioning and fundamental matrix estimation. Global opti-mization is a promising, but di�
ult pursuit and di�erent lines of atta
k havebeen tried, e.g bran
h and bound [1℄, L∞-norm methods [24, 30℄ and methodsusing linear matrix inequalities (LMIs) [32℄. An alternative way to �nd theglobal optimum is to 
al
ulate stationary points dire
tly (usually by solvingsome polynomial equation system) [25, 52℄. So far, this has been an approa
h oflimited appli
ability sin
e 
al
ulation of stationary points is numeri
ally di�
ultfor larger problems. By using the new methods for polynomial equation solvingpresented in this thesis it should be possible to handle a somewhat larger 
lassof problems, thus o�ering an alternative to the above mentioned optimizationmethods. An example of this is optimal three view triangulation whi
h has pre-viously not been solved in a pra
ti
al way [52℄. We show in Chapter 5 that usingthe new te
hniques presented in this thesis, this problem 
an now be solved ina reasonably e�
ient way with an algorithm implemented in standard IEEEdouble pre
ision.The state-of-the-art method for numeri
al solution of polynomial equationsis based on 
al
ulations with Gröbner bases [48℄ and has many appli
ations in
omputer vision, but also in other �elds su
h as 
ryptology [19℄ and roboti
s [2℄.A typi
al outline of su
h algorithms is that one �rst studies a spe
i�
 geometri
problem and �nds out what stru
ture the Gröbner basis of the ideal I has forthat problem, how many solutions there are and what the degrees of monomialso

urring in the Gröbner basis elements are. For ea
h instan
e of the problemwith numeri
al data, the pro
ess of forming the Gröbner basis follows the same7



8 CHAPTER 1. INTRODUCTIONsteps and the 
onstru
tion of the Gröbner basis 
an be written down as a se-quen
e of pre determined elimination steps using numeri
al linear algebra. TheGröbner basis 
an then be used to 
onstru
t an a
tion matrix, whi
h representsmultipli
ation in the quotient spa
e C[x]/I. The solution to the problem is thenobtained through an eigenvalue de
omposition of the a
tion matrix.Currently, the limiting fa
tor in using these methods for larger and moredi�
ult 
ases is numeri
al problems. For example in [52℄ it was ne
essary touse emulated 128 bit numeri
s to make the system work, whi
h made the im-plementation very slow. This thesis improves on the state of the art of thesete
hniques making it possible to handle larger and more di�
ult problems in apra
ti
al way.In the thesis we pin-point the main sour
e of these numeri
al problems (the
onditioning of a 
ru
ial elimination step) and propose a range of te
hniquesfor dealing with this issue. The main novelty is a new approa
h to the a
tionmatrix method for equation solving, relaxing the need of adhering to a properlyde�ned monomial order and a 
omplete Gröbner basis. This unlo
ks substantialfreedom, whi
h is used in a number of di�erent ways to improve stability.Firstly, we show how the sensitive elimination step 
an be avoided by usingan overly large/redundant linear basis for C[x]/I to 
onstru
t the a
tion matrix.This method yields the right solutions along with a set of false solutions that
an then easily be �ltered out by evaluation in the original equations.Se
ondly, we show how a true linear basis for C[x]/I 
an be 
onstru
ted froma redundant basis in su
h a way that good numeri
al pre
ision is retained. Thisis done by attempting to �nd an optimal reordering or even linear 
ombinationof the monomials and we investigate what 
onditions su
h a reordering/linear
ombination needs to satisfy. We develop the tools needed to 
ompute thea
tion matrix in a general linear basis for C[x]/I and propose two strategies forsele
ting this basis whi
h enhan
es the stability of the solution pro
edure.The �rst of these is a fast strategy based on QR fa
torization with 
olumnpivoting. The Gröbner basis like 
omputations employed to solve a systemof polynomial equations 
an essentially be seen as matrix fa
torization of anunder-determined linear system. Based on this insight, we 
ombine the robustmethod of QR fa
torization from numeri
al linear algebra with the Gröbnerbasis theory needed to solve polynomial equations. More pre
isely, we employQR fa
torization with 
olumn pivoting in the above mentioned elimination stepand obtain a simultaneous sele
tion of linear basis and triangular fa
torization.Fa
torization with 
olumn pivoting is a very well studied te
hnique and thereexist highly optimized and reliable implementations of these algorithms in e.gLAPACK [38℄, whi
h makes this te
hnique a

essible and relatively straightfor-ward to implement.The se
ond te
hnique for basis sele
tion goes one step further and employssingular value de
omposition (SVD) to sele
t a general linear basis of polyno-mials for C[x]/I. This te
hnique is 
omputationally more demanding than theQR method, but yields even better stability.Finally, we show how a redundant linear basis for C[x]/I 
an be 
ombinedwith the above basis sele
tion te
hniques. In the QR method, sin
e the pivotelements are sorted in des
ending order, we get an adaptive 
riterion for whereto trun
ate the Gröbner basis like stru
ture by setting a maximal thresholdfor the quotient between the largest and the smallest pivot element. When thequotient ex
eeds this threshold we abort the elimination and move the remaining



1.1. RELATED WORK 9
olumns into the basis. This way, we expand the basis only when ne
essary.1.1 Related WorkThe area of polynomial equation solving is 
urrently very a
tive. See e.g [11℄and referen
es therein for a 
omprehensive exposition of the state of the art inthis �eld.One of the oldest and still used methods for non-linear equation solving isthe Newton-Raphson method whi
h is fast and easy to implement, but dependsheavily on initialization and �nds only a single zero for ea
h initialization. In theunivariate 
ase, a numeri
ally sound pro
edure to �nd the 
omplete set of rootsis to 
ompute the eigenvalues of the 
ompanion matrix. However, if only realsolutions are needed, the fastest way is probably to use Sturm sequen
es [28℄.In several variables a �rst method is to use resultants [14℄, whi
h using adeterminant 
onstru
t enables the su

essive elimination of variables. However,the resultant grows exponentially in the number of variables and is in most
ases not pra
ti
al for more than two variables. An alternative way of elim-inating variables is to 
ompute a lexi
ographi
al Gröbner basis for the idealgenerated by the equations whi
h 
an be shown to 
ontain a univariate polyno-mial representing the solutions [14℄. This approa
h is however often numeri
allyunstable.A radi
ally di�erent approa
h is provided by homotopy 
ontinuation meth-ods [57℄. These methods typi
ally work in 
onjun
tion with mixed volume 
al-
ulations by 
onstru
ting a simple polynomial system with the same number ofzeros as the a
tual system that is to be solved. The simple system with knownzeros is then 
ontinuously deformed into the a
tual system. The main draw-ba
k of these methods is the 
omputational 
omplexity with 
omputation timesranging in se
onds or more.At present, the best methods for geometri
 
omputer vision problems arebased on eigende
omposition of a 
ertain matri
es (a
tion matri
es) representingmultipli
ation in the quotient spa
e C[x]/I. The a
tion matrix 
an be seen as adire
t generalization of the 
ompanion matrix in the univariate 
ase. The fa
torsthat make this approa
h attra
tive is that it (i) is fast and numeri
ally feasible,(ii) handles more than two variables and reasonably high degrees (up to around10) and (iii) is well suited to tuning for spe
i�
 appli
ations. To the authorsbest knowledge, this method was �rst used in the 
ontext of 
omputer visionby Stewénius et al [48℄ even though Gröbner basis methods were mentionedin [27℄.
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Chapter 2PreliminariesThis 
hapter introdu
es some ba
kground knowledge to fa
ilitate the under-standing of the remainder of the thesis. We start by presenting the basi
s ofgeometri
 
omputer vision in
luding the linear pin-hole 
amera and the funda-mental and essential matri
es. We then give some elements of algebrai
 geome-try used for polynomial equation solving.2.1 Geometri
 Computer VisionThe general �eld of 
omputer vision deals with the problem of making a 
om-puter �see�. This thesis, however, treats only geometri
 
omputer vision, whi
hrefers to extra
ting geometri
 information about the world (s
ene) and the ob-server (
amera) from a sequen
e of two or more images. This forms the basis formany appli
ations; Stereo, 3D re
onstru
tion, panorami
 stit
hing, augmentedreality, roboti
s, et
. See [26℄ for a thorough introdu
tion to the subje
t. Thefundamental entity in this pro
ess is the 
amera, whi
h needs to be modeled insome sensible manner. The most popular way of doing this is to adopt the 
en-tral proje
tion prin
iple whi
h yields the pin-hole 
amera model. In geometri
language, the pin-hole 
amera 
onsists of a 
amera 
enter t and a plane π (theimage plane) with a lo
al 
oordinate system. Proje
tion of a world point X isdone by interse
ting the ray from t through X with π and the proje
ted point
x is simply obtained as the interse
tion, see Figure 2.1.

t
x

X

πFigure 2.1: Proje
tion of the point X onto the image plane π using the pin-hole
amera model. 13



14 CHAPTER 2. PRELIMINARIESWe now 
hoose 
oordinate system in the world so that the 
amera is at theorigin and pla
e the origin O of π so that the axis from the 
amera 
enter to Ois perpendi
ular to π and then align the 
amera axis with the world 
oordinate
Z-axis produ
ing the s
hemati
 setup illustrated in Figure 2.2.

z

x

X

π

Z

X
Z

X

Figure 2.2: The setup with the 
amera axis aligned with the z-axis is 
onvenientfor deriving the 
entral proje
tion equations.With this setup, we 
an use the top-triangle theorem of Eu
lidean geometryto derive the proje
tion of a world point X = [X, Y, Z]T . From Figure 2.2 weeasily see that we get the image 
oordinates
x = X

Z

y = Y
Z .

(2.1)Now 
onsider the more general 
ase with a 
amera 
enter t 6= 0 and a 
ameraaxis whi
h is not aligned with the Z-axis (but still interse
ts the origin of theimage plane). This 
an be brought ba
k to the situation in Equation 2.1 by amatrix multipli
ation
X′ =

[
R −Rt

] [
X
1

]
, (2.2)where R is a 3 × 3 rotation matrix yielding x = X ′/Z ′ and y = Y ′/Z ′. Wedenote the matrix in equation 2.2 by P and swit
h to homogeneous 
oordinateswhi
h means that we extend the image 
oordinates x and the world 
oordinates

X with a 1 as in Equation 2.2. We thus get the familiar pin-hole proje
tionequation
λx = PX, (2.3)where the depth λ is now instead put on the left hand side.2.1.1 The Calibration MatrixThe 
amera matrix P derived above is a 3× 4 matrix with a spe
ial stru
ture.If we let P be any 3 × 4 matrix we get a general proje
tive 
amera. Using avariant of QR de
omposition of matri
es we 
an write P as

P = K
[
R t

]
, (2.4)



2.1. GEOMETRIC COMPUTER VISION 15where R is an orthogonal matrix and K is upper triangular. It is 
ommon towrite
K =

f fs x0

0 fγ y0

0 0 1

 , (2.5)whi
h 
an then be interpreted as the fo
al length f , the prin
ipal point [x0, y0]T(the point of interse
tion between 
amera axis and image plane), the aspe
tratio α (s
ale ratio between the y-axis and the x-axis in the image) and theskew s whi
h models non-orthogonal 
oordinate axes in the image. Of theseparameters, the fo
al length f is the only parameter whi
h is expli
itely usedin this thesis.Typi
al assumptions are: (i) the 
amera is 
alibrated whi
h means that K isknown and we 
an then multiply the image 
oordinates with K−1 and assumethat K is the identity matrix in (2.4), (ii) the 
amera is 
alibrated up to anunknown fo
al length f whi
h means that we 
an assume
K =

f 0 0
0 f 0
0 0 1

 , (2.6)or (iii) the 
amera is un
alibrated whi
h means we have a general 
amera matrix
P . Algorithmi
ally, as we will see, the un
alibrated 
ase is often the easiest towork with sin
e any partial or full 
alibration means that we have to introdu
enon-linear 
onstraints whi
h 
ompli
ate the situation.2.1.2 Epipolar GeometryIn the setting of two un
alibrated 
ameras P1 and P2, image 
oordinates x1 and
x2 
orresponding to a 
ommon world point X obey a bilinear 
onstraint knownas the epipolar 
onstraint

xT
1 Fx2 = 0. (2.7)We work with homogeneous 
oordinates and F is thus a 3 × 3 matrix, whi
his known as the fundamental matrix and is uniquely determined by the 
am-era matri
es P1 and P2. An important property of F is that we always have

det(F ) = 0. Conversely, any 3× 3 matrix F with det(F ) = 0 is a fundamentalmatrix of some 
ameras P1 and P2.Consider now two 
alibrated 
ameras P1 and P2 on the form (2.2). Theseuniquely determine a matrix E, 
alled the essential matrix, whi
h satis�es (2.7)for any 
orresponding points as well as det(E) = 0. Moreover, sin
e E is
omputed from two 
alibrated 
ameras it 
an be shown that the two nonzerosingular values of E are equal whi
h 
an be expressed as
2EET E − tr(EET )E = 0, (2.8)known as the tra
e 
onstraint for the essential matrix.2.1.3 Stru
ture from MotionOne of the main goals of geometri
 
omputer vision 
an be formulated as solvingthe stru
ture from motion problem. The term stru
ture from motion 
omes



16 CHAPTER 2. PRELIMINARIESfrom the idea of inferring the stru
ture (3D 
on�guration) of an observed s
enesolely from motion as 
aptured in a sequen
e of images. In the general settingnothing is assumed to be known about the 
ameras. Algebrai
ally formulated,we are given m ·n image points xij 
aptured by m unknown 
ameras Pi from nunknown world points Xj . The problem is to determine the unknown 
amerasand world points satisfying
λijxij = PiXj (2.9)for all i and j.A typi
al stru
ture from motion system 
onsists of the following steps1. Establish tentative point 
orresponden
es a
ross views using some lo
alpat
h des
riptor. SIFT [41℄ is a popular 
hoi
e. This step typi
ally pro-du
es a large set of true as well as false 
orresponden
es.2. Repeatedly 
ompute fundamental/essential matri
es from pairwise viewsusing randomly sele
ted small subsets of points and save the sets whi
h are
onsistent with many of the other points (the RANSAC algorithm [20℄).3. Fine tune the re
onstru
tion by employing a large s
ale optimization al-gorithm to minimize e.g the sum of squares of reproje
tion errors over allviews for the points sele
ted in the previous step.The stru
ture from motion problem is by no means solved and ea
h of thesteps above 
onstitutes an a
tive sub-�eld in its own right.2.1.4 Minimal ProblemsIn the stru
ture from motion system sket
hed in the previous se
tion, step 2involved 
omputing 
amera geometries from small numbers of 
orresponden
es.The motivation for this is that a small set of 
orresponden
es is less likely to
ontain in
orre
t mat
hes. It is therefore interesting to investigate what theminimal number of point 
orresponden
es is for a given geometri
 problem andto devise algorithms for solving them. Su
h problems are usually referred to asminimal problems or minimal 
ases and will o

ur frequently throughout thisthesis.Understanding the geometry and the number of solutions of minimal stru
-ture and motion problems has a long history. For instan
e, 
omputing thefundamental matrix in the un
alibrated 
ase requires a minimal set of sevenpoints in two views and with this setup the problem has three solutions. Thisproblem was studied and solved already in 1855, 
f [12℄. The 
orresponding
alibrated 
ase was in prin
iple solved in 1913 [34℄ and later 
orre
ted by De-mazure [15℄. However, it was only re
ently that a pra
ti
al numeri
al algorithmfor solving this problem was given [45, 49℄. As mentioned above the study ofminimal 
ases has got in
reased attention with its use in RANSAC algorithmsto solve both for geometry and 
orresponden
e in numerous appli
ations [26℄.2.2 Algebrai
 Geometry for Equation SolvingIn this se
tion we review some of the 
lassi
al theory of multivariate polynomials.We 
onsider the following problem



2.2. ALGEBRAIC GEOMETRY FOR EQUATION SOLVING 17Problem 1. Given a set of m polynomials fi(x) in s variables x = (x1, . . . , xs),determine the 
omplete set of solutions to
f1(x) = 0,...
fm(x) = 0.

(2.10)We denote by V the zero set of (2.10). In general V need not be �nite, but inthis work we will only 
onsider zero dimensional V, i.e V is a point set.The general �eld of study of multivariate polynomials is algebrai
 geometry.See [14℄ and [13℄ for a ni
e introdu
tion to the �eld and for proofs of all 
laimsmade in this se
tion. In the language of algebrai
 geometry, V is an a�nealgebrai
 variety and the polynomials fi generate an ideal I = Σihi(x)fi(x),where hi ∈ C[x] are any polynomials and C[x] denotes the set of all polynomialsin x over the 
omplex numbers.The motivation for studying the ideal I is that it is a generalization of the setof equations (2.10). A point x is a zero of (2.10) i� it is a zero of I. Being evenmore general, we 
ould ask for the 
omplete set of polynomials whi
h vanish on
V . If I is equal to this set, then I is 
alled a radi
al ideal.We say that two polynomials f, g are equivalent modulo I i� f − g ∈ I anddenote this by f ∼ g. With this de�nition we get the quotient spa
e C[x]/Iof all equivalen
e 
lasses modulo I and let [·] denote the natural proje
tion
C[x] 7→ C[x]/I, i.e by [fi] we mean the set {gi : fi − gi ∈ I} of polynomialsequivalent to fi modulo I.A related stru
ture is C[V ], the set of equivalen
e 
lasses of polynomialfun
tions on V . We say that a fun
tion F is polynomial on V if there is apolynomial f su
h that F (x) = f(x) for x ∈ V and equivalen
e here meansequality on V (see Figure 2.3). If two polynomials are equivalent modulo I,then they are obviously also equal on V . If I is radi
al, then 
onversely twopolynomials whi
h are equal on V must also be equivalent modulo I. Thismeans that for radi
al ideals, C[x]/I and C[V ] are isomorphi
. Now, if V isa point set, then any fun
tion on V 
an be identi�ed with a |V |-dimensionalve
tor and sin
e the unisolven
e theorem for polynomials guarantees that anyfun
tion on a dis
rete set of points 
an be interpolated exa
tly by a polynomial,we get that C[V ] is isomorphi
 to Cr, where r = |V |.2.2.1 The A
tion MatrixTurning to equation solving, our starting point is the 
ompanion matrix whi
harises for polynomials in one variable. For a third degree polynomial

p(x) = x3 + a2x
2 + a1x + a0, (2.11)the 
ompanion matrix is −a2 1 0

−a1 0 1
−a0 0 0

 . (2.12)The eigenvalues of the 
ompanion matrix are the zeros of p(x) and for highdegree polynomials, this provides a numeri
ally stable way of 
al
ulating theroots.
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Figure 2.3: Given V = {1, 2, 3}, the two polynomials p1(x) and p2(x) shownin the �gure are equivalent and hen
e represent the same equivalen
e 
lass in
C[V ].With some 
are, this te
hnique 
an be extended to the multivariate 
ase aswell, whi
h was �rst done by Lazard in 1981 [39℄. For V �nite, the spa
e C[x]/Iis �nite dimensional. Moreover, if I is radi
al, then the dimension of C[x]/I isequal to |V |, i.e the number of solutions [14℄. For some p ∈ C[x] 
onsider nowthe operation Tp : f(x) 7→ p(x)f(x). The operator Tp is linear and sin
e C[x]/Iis �nite dimensional, we 
an sele
t a linear basis B of polynomials for C[x]/Iand represent Tp as a matrix mp. This matrix is known as the a
tion matrixand is pre
isely the generalization of the 
ompanion matrix we are looking for.In fa
t, in the example above, we 
an let the set {[x2], [x], [1]} be a basis for
C[x]/ 〈p(x)〉, where 〈p(x)〉 denotes the ideal generated by p(x). Representing
Tx : f(x) 7→ xf(x) in this basis yields exa
tly the matrix in Equation 2.12.The eigenvalues of mp are p(x) evaluated at the points of V . Moreover, theeigenve
tors of mT

p equals the ve
tor of basis elements evaluated on V . Brie�y,this 
an be understood as follows: Consider an arbitrary polynomial p(x) = cTb,where c is a ve
tor of 
oe�
ients and b is a ve
tor of polynomials forming abasis of C[x]/I. We then have
[p · cT b] = [(mpc)Tb] = [cTmT

p b]. (2.13)This holds for any 
oe�
ient ve
tor c and hen
e it follows that [pb] = [mT
p b],whi
h 
an be written pb = mT

p b+g for some ve
tor g with 
omponents gi ∈ I.Evaluating the expression at a zero x̄ ∈ V we get g(x) = 0 and thus obtain
p(x̄)b(x̄) = mT

p b(x̄), (2.14)whi
h we re
ognize as an eigenvalue problem on the matrixmT
p with eigenve
tors

b(x̄). In other words, the eigenve
tors of mT
p yield b(x) evaluated at the zerosof I and the eigenvalues give p(x) at the zeros. The 
on
lusion we 
an drawfrom this is that zeros of I 
orresponds to eigenve
tors and eigenvalues of mp,but not ne
essarily the opposite, i.e there 
an be eigenve
tors/eigenvalues thatdo not 
orrespond to a
tual solutions. If I is radi
al, this is not the 
ase andwe have an exa
t 
orresponden
e.Note here that in a stri
t sense, a set of monomials B 
annot form a basisfor C[x]/I sin
e C[x]/I is a spa
e of equivalen
e 
lasses. What we mean is thata set of monomials B are representatives of equivalen
e 
lasses forming a basisof C[x]/I or alternatively that the natural proje
tion [·] of the monomials onto
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x
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Figure 2.4: The interse
tion of a line and a 
ir
le 
an be formulated as a systemof two polynomial equations. See Example 2.
C[x]/I form a basis. In the following we will, however, typi
ally use the slightlyin
orre
t but more readable terminology of referring to a set of monomials as abasis.2.2.2 Gröbner BasesWe have seen theoreti
ally that the a
tion matrix mp provides the solutions toa 
orresponding system of polynomial equations. The main issue is now how to
ompute mp. This is in general done by sele
ting a linear basis B for C[x]/Iand then 
omputing [p ·bi] for ea
h bi ∈ B. To do a
tual 
omputations in C[x]/Iwe need to represent ea
h equivalen
e 
lass [f ] by a well de�ned representativepolynomial. The idea is to use multivariate polynomial division and represent
[f ] by the remainder under division of f by I. Fortunately, for any polynomialideal I, this 
an always be done and the tool for doing so is a Gröbner basis
G for I [14℄. The Gröbner basis for I is a 
anoni
al set of generators for Iwith the property that multivariate division by G, denoted f

G, always yieldsa well de�ned remainder. By well de�ned we mean that for any f1, f2 ∈ [f ],we have f1
G

= f2
G. The Gröbner basis is 
omputed relative a monomial orderand will be di�erent for di�erent monomial orders. As a 
onsequen
e, the setof representatives for C[x]/I will be di�erent, whereas the spa
e itself remainsthe same.The linear basis B should 
onsist of elements bi su
h that the elements

{[bi]}ri=1 together span C[x]/I and bi
G

= bi. Then all we have to do to get
mp is to 
ompute the a
tion pbi

G for ea
h basis element bi, whi
h is easily doneif G is available.Example 2. The following two equations des
ribe the interse
tion of a line anda 
ir
le as illustrated in Figure 2.
x2 + y2 − 1 = 0

x− y = 0.
(2.15)A Gröbner basis for this system is
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y2 − 1

2 = 0
x− y = 0,

(2.16)from whi
h we trivially see that the solutions are 1√
2
(1, 1) and 1√

2
(−1,−1).However, it is nevertheless instru
tive to 
onstru
t the a
tion matrix. In this
ase B = {y, 1} are representatives for a basis for C[x]/I and we have Tx[1] =

[x] = [y] and Tx[y] = [xy] = [y2] = [12 ], whi
h yields the a
tion matrix
mx =

[
0 1
1
2 0

]
, (2.17)with eigenvalues 1√

2
,− 1√

2
. ⊓⊔2.2.3 A Note on Algebrai
 and Linear BasesAt this point there is a potentially 
onfusing situation sin
e there are two dif-ferent types of bases at play. There is the linear basis B of the quotient spa
e

C[x]/I and there is the algebrai
 basis (Gröbner basis) G of the ideal I. Tomake the subsequent arguments as transparent as possible for the reader wewill emphasize this fa
t by referring to the former as a linear basis of C[x]/Iand the latter as an algebrai
 basis of I.2.2.4 Floating Point Gröbner Basis ComputationsThe well established Bu
hberger's algorithm is guaranteed to 
ompute a Gröbnerbasis in �nite time and works well in exa
t arithmeti
 [14℄. However, due toround-o� errors, it easily be
omes unstable in �oating point arithmeti
 andex
ept for very small examples it be
omes pra
ti
ally useless. The reason forthis is that in the Gröbner basis 
omputation, leading terms are su

essivelyeliminated from the generators of I by pairwise subtra
tion of polynomials,mu
h like Gaussian elimination. This leads to 
an
ellation e�e
ts where itbe
omes impossible to tell whether a 
ertain 
oe�
ient should be zero or not.A te
hnique introdu
ed by Faugere et al in [18℄ is to write the system ofequations on matrix form
CX = 0, (2.18)where X =

[
xα1 . . . xαn

]T is a ve
tor of monomials with the notation
xαk = xαk1

1 · · ·xαks
s and C is a matrix of 
oe�
ients. Elimination of leadingterms now translates to matrix operations and we then have a

ess to a wholebattery of te
hniques from numeri
al linear algebra allowing us to perform manyeliminations at the same time with 
ontrol on pivoting et
.This te
hnique takes us further, but for larger more demanding problemsit is ne
essary to study a parti
ular 
lass of equations and use knowledge ofwhat the stru
ture of the Gröbner basis should be to design a spe
ial purposeGröbner basis solver [48℄. Typi
al examples where this method 
an be appliedare: relative orientation for omnidire
tional 
ameras [22℄, fundamental matrixestimation with radial distortion [36℄, optimal three view triangulation [52℄, et
.The typi
al work �ow has been to study the parti
ular problem at hand with theaid of a 
omputer algebra system su
h as Maple or Ma
aulay2 [4℄ and extra
tinformation su
h as the leading terms of the Gröbner basis, the monomials touse as a basis for C[x]/I, the number of solutions, et
 and work out a spe
i�




2.2. ALGEBRAIC GEOMETRY FOR EQUATION SOLVING 21set of larger (Gauss-Jordan) elimination steps leading to the 
onstru
tion of aGröbner basis for I.Although, these te
hniques have permitted the solution to a large numberof previously unsolved problems, many di�
ulties remain. Most notably, theabove mentioned elimination steps (if at all doable) are often hopelessly ill 
ondi-tioned [52, 37℄. This is in part due to the fa
t that one has fo
used on 
omputinga 
omplete and 
orre
t Gröbner basis respe
ting a properly de�ned monomialorder, whi
h we show is not ne
essary.In this work we move away from the goal of 
omputing a Gröbner basis for
I and fo
us on �nding a representative of f in terms of a linear 
ombination ofa basis B, sin
e this is the key to 
onstru
ting mp. We denote this operation
f for a given f ∈ C[x]. Spe
i�
ally, it is not ne
essary to be able to 
ompute
f for any f ∈ C[x]. To 
onstru
t mp, we only need to worry about �nding ffor f ∈ pB \ B, whi
h is an easier task. It should however be noted that the
omputations we do mu
h resemble those ne
essary to get a Gröbner basis.A further advantage of not having to 
ompute a 
omplete Gröbner basis isthat we are not bound by any parti
ular monomial order whi
h as we will see,when used right, buys 
onsiderable numeri
al stability. In addition to this weintrodu
e an obje
t whi
h generalizes the a
tion matrix and 
an be 
omputedeven when a true linear basis for C[x]/I 
annot be used.Drawing on these observations, we investigate in detail the exa
t matrixoperations needed to 
ompute f and thus obtain a pro
edure whi
h is bothfaster and more stable, enabling the solution of a larger 
lass of problems thanpreviously possible. The theory behind these statements is explored in Chapter 3and subsequently used in Chapter 4 to derive new stable algorithms for equationsolving.
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Chapter 3Theoreti
al ContributionsIn this 
hapter we present a new way of looking at the a
tion matrix method forpolynomial equation solving. The advantage of the new formulation is that ityields more freedom in how the a
tion matrix is 
omputed allowing us to derivenumeri
ally more stable algorithms.3.1 A New Approa
h to the A
tion Matrix MethodWe start with a few examples that we will use to 
larify the ideas of this 
hapter.Example 3. In the �ve point relative orientation problem for 
alibrated 
am-eras, [34, 15, 44, 49℄, the 
al
ulation of the essential matrix using 5 image point
orresponden
es leads to 10 equations of degree 3 in 3 unknowns. These equa-tions involve 20 monomials. By writing the equations as in (2.18) and usinga total degree ordering on the monomials we get a 
oe�
ient matrix C of size
10× 20 and a monomial ve
tor X = [xα1 . . .xαn ]T with 20 monomials. It turnsout that the �rst 10 × 10 blo
k C1 of C = [C1 C2] is in general of full rankand thus the �rst 10 monomials X1 
an be expressed in terms of the last 10monomials X2 as

X1 = −C−1
1 C2X2. (3.1)This makes it possible to regard the monomials in X2 as representatives of alinear basis for C[x]/I. It is now straightforward to 
al
ulate the a
tion matrixfor Tx (the multipli
ation operator for multipli
ation by x) sin
e monomials inthe linear basis are either mapped to monomials in the basis or to monomialsin X1, whi
h 
an be expressed in terms of the basis using (3.1). ⊓⊔In this example the linear basis X2 
an be thought of as a basis for the spa
eof remainders after division with a Gröbner basis for one 
hoi
e of monomialorder and this is how these 
omputations have typi
ally been viewed. However,the 
al
ulations above are not really dependent on any properly de�ned mono-mial order and it seems that they should be meaningful irrespe
tive of whethera true monomial order is used or not. Moreover, we do not use all the Gröbnerbasis properties.Based on these observations we emphasize two important fa
ts: (i) We arenot interested in �nding the Gröbner basis or a basis for the remainder spa
e23



24 CHAPTER 3. THEORETICAL CONTRIBUTIONSrelative to some Gröbner basis per se; it is enough to get a well de�ned mapping
f and (ii) it su�
es to 
al
ulate f on the elements x ·xαi , i.e we do not need tobe able to 
ompute f for all f ∈ C[x]. These statements and their impli
ationswill be made more pre
ise further on.Example 4. Consider the equations

f1 = xy + x− y − 1 = 0,
f2 = xy − x + y − 1 = 0,

(3.2)with solutions (−1,−1), (1, 1). Now let B = {x, y, 1} be a set of representa-tives for the equivalen
e 
lasses in C[x]/I for this system. The set B does not
onstitute a proper basis for C[x]/I sin
e the elements of B represent linearlydependent equivalen
e 
lasses. They do however span C[x]/I. Now study theoperator Ty a
ting on B. We have Ty(1) = y, Ty(x) = xy ∼ x − y + 1 and
Ty(y) = y2 ∼ xy ∼ x− y + 1 whi
h gives a multipli
ation matrix 1 1 0

−1 −1 1
1 1 0

 .An eigende
omposition of this matrix yields the solutions (−1,−1), (1, 1), (−1, 0).Of these the �rst two are true solutions to the problem, whereas the last onedoes not satisfy the equations and is thus a false zero. ⊓⊔In this example we used a set of monomials B whose 
orresponding equiv-alen
e 
lasses spanned C[x]/I, but were not linearly independent. However, itwas still possible to express the image Ty(B) in terms of B. The elements of theresulting a
tion matrix are not uniquely determined. Nevertheless we were ableto use it to �nd the solutions to the problem. In this se
tion we give general
onditions for when a set B 
an be used to 
onstru
t a multipli
ation matrixwhi
h produ
es the desired set of zeros, possibly along with a set of false zeros,whi
h need to be �ltered out.More generally this also means that the 
hosen representatives of the linearbasis of C[x]/I need not be low order monomials given by a Gröbner basis. Infa
t, they need not be monomials at all, but 
ould be general polynomials.Drawing on the 
on
epts illustrated in the above two examples we de�ne asolving basis, similar to B in Example 4. The overall purpose of the de�nitionis to rid our selves of the need of talking about a Gröbner basis and properlyde�ned monomial orders, thus providing more room to derive numeri
ally stablealgorithms for 
omputation of the a
tion matrix and similar obje
ts.In the following we will also provide te
hniques for determining if a 
andidatebasis B 
onstitutes a solving basis and we will give numeri
ally stable te
hniquesfor basis sele
tion in too large (linearly dependent) solving bases, here referredto as redundant bases.3.1.1 Solving BasesWe start o� with a set of polynomial equations as in (2.10) and a (point) set ofzeros V (f1, . . . , fm) and make the following de�nition



3.1. A NEW APPROACH TO THE ACTION MATRIX METHOD 25De�nition 5. Consider a �nite subset B ⊂ C[x] of the set of polynomials overthe 
omplex numbers. If for ea
h bi ∈ B and some p ∈ C[x] we express pbi as alinear 
ombination of basis elements as
p(x)bi(x) = Σjmijbj(x), (3.3)for some (not ne
essarily unique) 
oe�
ients mij and where equality meansequality on V , then we 
all B a solving basis for (2.10) w.r.t p. ⊓⊔We now get the following for the matrix mp made up of the 
oe�
ients mij .Theorem6. Given a solving basis B for (2.10) w.r.t p, the evaluation of p on

V is an eigenvalue of the matrix mp. Moreover, the ve
tor b = (b1, . . . , br)Tevaluated on V is an eigenve
tor of mp.Proof. By the de�nition of mp, we get
p(x)b(x) =

pb1...
fbr

 =

Σjm1jbj...
Σjmrjbj

 = mpb(x) (3.4)for x ∈ V . ⊓⊔As will be
ome 
lear further on, when B is a true basis for C[x]/I, then thematrix mp de�ned here is simply the transposed a
tion matrix for multipli
ationby p.Given a solving basis, the natural question to ask is now under whi
h 
ir
um-stan
es all solutions to the related system of equations 
an be obtained from aneigenvalue de
omposition of mp. We next explore some 
onditions under whi
hthis is possible. A starting point is the following de�nitionDe�nition 7. A solving basis B is 
alled a 
omplete solving basis if the inverseimage of the mapping x 7→ b(x) from variables to monomial ve
tor is �nite forall points. ⊓⊔A 
omplete solving basis allows us to re
over all solutions from mp as shownin the following theorem.Theorem8. Let B be a 
omplete solving basis for (2.10) and mp as above andassume that for all eigenvalues λi we have λi 6= λj for i 6= j. Then the 
ompleteset of solutions to (2.10) 
an be obtained from the set of eigenve
tors {vi} of
mp.Proof. The ve
tor b(x) evaluated on V is an eigenve
tor of mp. The number ofeigenve
tors and eigenvalues of mp is �nite so we 
an 
ompute all eigenve
tors
{vi} and get {b(x̄)} for all x̄ ∈ V as a subset of these. Applying b−1 to vi forall i thus yields a �nite set of points 
ontaining V . Evaluation in (2.10) allowsus to �lter out the points of this set whi
h are not solutions to (2.10). ⊓⊔If on the other hand the inverse image is not �nite for some vi so that we get aparameter family x 
orresponding to this eigenve
tor, then the 
orre
t solution
an typi
ally not be obtained without further use of the equations (2.10) asillustrated in the following example.



26 CHAPTER 3. THEORETICAL CONTRIBUTIONSExample 9. Consider the polynomial system
y2 − 2 = 0
x2 − 1 = 0 (3.5)with V = {(1,

√
2), (−1,

√
2), (1,

√
2), (−1,−√2), }. Clearly, B = {x, 1} withmonomial ve
tor b(x, y) =

[
x 1

]T , is a solving basis w.r.t x for this examplesin
e 1 · x = x and x · x = x2 = 1 on V . Hen
e, b(x, y) evaluated on V is aneigenve
tor of
mx =

[
0 1
1 0

]
, (3.6)whi
h is easily 
on�rmed. However, these eigenve
tors do not provide any in-formation about the y-
oordinate of the solutions. We 
ould try adding y to Bbut this would not work sin
e the values of xy on V 
annot be expressed as alinear 
ombination of x and y evaluated on V . A better 
hoi
e of solving basiswould be B = {xy, x, y, 1}. ⊓⊔At a �rst glan
e, Theorem 8 might not seem very useful sin
e solving for xfrom b(x) = vi potentially involves solving a new system of polynomial equa-tions. However, it provides a tool for ruling out 
hoi
es of B whi
h are notpra
ti
al to work with. Moreover, there is usually mu
h freedom in the 
hoi
eof B. In general, B 
an be set of polynomials. However, it is often pra
ti
al towork with a basis of monomials. For ea
h bi we then get the following resultCorollary 10. If B 
onsists of monomials bi on the form bi(x) = xαi1

1 · · ·xαis
sand the r × s matrix A with Aij = αij is of rank s, then all solutions to (2.10)
an be obtained from the eigenve
tors of mxk

.Proof. Taking the logarithm of bj(x) we get 
omponent wise
log(bi(x)) = Σjαij log(x̃j), (3.7)where x̃j = ±xj if ne
essary. Using the matrix A, this 
an be written
log(b(x)) = A

log(x̃1)...
log(x̃s)

 . (3.8)If rank(A) = s then we 
an solve linearly for log(x̃) and theorem 8 yields the
on
lusion. ⊓⊔We get an even more 
onvenient situation if the right monomials are in
ludedin B:Corollary 11. If {1, x1, . . . , xs} ⊂ B, then all solutions to (2.10), 
an be dire
tlyread o� from the eigenve
tors of mxk
.Proof. Sin
e the monomials {1, x1, . . . , xs} o

ur in B, they enter in the ve
tor

b(x) and hen
e the mapping in De�nition 7 is inje
tive with a trivial inverse. ⊓⊔



3.1. A NEW APPROACH TO THE ACTION MATRIX METHOD 27The purpose of Theorem 6 and Corollaries 10 and 11 are to provide guar-antees for when all information about the solutions 
an be obtained from themultipli
ation matri
es. The idea behind these results is to 
onsider the relationbetween a solution point x̄ and monomial ve
tor b(x̄). We know that a solutionpoint x̄ always 
orresponds to a ve
tor b(x̄) whi
h is an eigenve
tor of the 
or-responding multipli
ation matrix. The only way we 
ould miss some solutionswould hen
e be if two di�erent zeros x̄1 and x̄2 map to the same monomialve
tor. However, if the mapping x 7→ b(x) is inje
tive, this 
annot happen andwe are safe.The situation in Corollary 11 is 
ertainly the most 
onvenient one. However,even if not all variables are in
luded as elements in B, we 
an often still expressea
h variable xk as a linear 
ombination of the basis elements bi(x) for x ∈ Vby making use of the original equations. We thus again obtain a well de�nedinverse to the mapping in De�nition 7.Example 12. Consider the polynomial system (3.2) from Example 4. Subtra
t-ing f1 and f2 and dividing by 2 we get a third polynomial f3 = x − y. Thus
B = {y, 1} 
onstitutes a solving basis w.r.t x sin
e Tx(1) = x = y (on V ) and
Tx(y) = xy = x− y +1 = 1 (on V ). The ve
tor of monomials b(x, y) =

[
y 1

]Tis not invertible sin
e it does not give any information about the x 
oordinate.However, we 
an use f3 = x − y = 0 to get the solutions from from the eigen-ve
tors. ⊓⊔Finally, we show how the 
on
ept of solving basis 
onne
ts to the standardtheory of a
tion matri
es in the quotient spa
e C[x]/I.Theorem13. If the ideal I generated by (2.10) is radi
al, then a 
omplete solv-ing basis B w.r.t to p for (2.10) with the property that all eigenvalues of mp aredistin
t spans C[x]/I.Proof. Sin
e I is radi
al, C[x]/I is isomorphi
 to C[V ], the ring of all polynomialfun
tions on V . Moreover, sin
e V is �nite, all fun
tions on V are polynomialand hen
e C[V ] 
an be identi�ed with Cr, where r = |V |. Consider now thematrix B =
[
b(x1), . . . ,b(xr)

]. Ea
h row of B 
orresponds to a (polynomial)fun
tion on V . Hen
e, if we 
an show that B has row rank r, then we are done.Due to theorem 6, all b(xi) are eigenve
tors of mp 
orresponding to eigenvalues
p(xi). By the assumption of distin
t eigenvalues we have p(xi) 6= p(xj) whenever
b(xi) 6= b(xj). Sin
e B is a 
omplete solving basis we have b(xi) 6= b(xj)whenever xi 6= xj . This means that the r points in V 
orrespond to distin
teigenvalues and hen
e, sin
e eigenve
tors 
orresponding to di�erent eigenvaluesare linearly independent, B has 
olumn rank r. For any matrix row rank equals
olumn rank and we are done. ⊓⊔The above theorem provides a 
orresponden
e between solving bases and linearbases for C[x]/I and in prin
iple states that under some extra restri
tions,a solving basis is simply a 
ertain 
hoi
e of linear basis for C[x]/I and thenthe matrix mp turns into the a
tion matrix. However, relaxing these extrarestri
tions we get something whi
h is not ne
essarily a basis for C[x]/I in theusual sense, but 
an still be used to 
onstru
t a matrix mp whi
h en
odes thesolutions. This is what we 
all a solving basis. Using the 
on
ept of a solvingbasis provides two distin
tive advantages:
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al polynomial system with r zeros, C[x]/I is r-dimensional, soa basis for C[x]/I 
ontains r elements. This need not be the 
ase for a solvingbasis, whi
h 
ould well 
ontain more than r elements, but due to Theorem 8still provides the right solutions. This fa
t is exploited in Se
tion 4.1.(ii) Typi
ally, the arithmeti
 in C[x]/I has been 
omputed using a Gröbnerbasis for I, whi
h dire
tly provides a monomial basis for C[x]/I in form of theset of monomials whi
h are not divisible by the Gröbner basis. In this work wemove fo
us from Gröbner basis 
omputation to the a
tual goal of expressing theprodu
ts pbi in terms of a set of linear basis elements and thus no longer needto adhere to the overly stri
t ordering rules imposed by a parti
ular monomialorder. This freedom is exploited in Se
tions 4.2.1 and 4.2.2.Finally, (i) and (ii) are 
ombined in Se
tion 4.2.3.3.1.2 Solving Basis Computations using Numeri
al LinearAlgebraWe now des
ribe the most straightforward te
hnique for de
iding whether a
andidate basis B w.r.t one of the variables xk, 
an be used as a solving basisand simultaneously 
al
ulate the a
tion of Txk
on the elements of B.We start by generating more equations by multiplying the original set ofequations by a hand 
rafted (problem dependent) set of monomials. This yieldsadditional equations, whi
h are equivalent in terms of solutions, but hopefullylinearly independent from the original ones. In Example 9, we 
ould multiplyby e.g {x, y, 1}, yielding xy2 − 2x, x3 − x, y3 − 2y, x2y − y, y2 − 2, x2 − 1.Given a 
andidate for a linear basis B of monomials one then partitionsthe set of all monomials M o

urring in the equations in to three partsM =

E ⋃R⋃B, whereR = xkB\B is the set of monomials that need to be expressedin terms of B to satisfy the de�nition of a solving basis and E =M\ (R⋃B)is the set of remaining (ex
essive) monomials. Ea
h 
olumn in the 
oe�
ientmatrix represents a monomial, so we reorder the 
olumns and write
C =

[
CE CR CB

]
, (3.9)re�e
ting the above partition. The E-monomials are not used in the a
tionmatrix 
omputation so we eliminate them by putting CE on row e
helon formusing LU fa
torization

[
UE1 CR1 CB1

0 CR2 CB2

] XE
XR
XB

 = 0. (3.10)We now dis
ard the top rows and provided that enough linearly independentequations were added in the �rst step so that CR2 is of full rank, we multiplyby C−1
R2 from the left produ
ing

[
I C−1

R2CB2

] [
XR
XB

]
= 0, (3.11)or equivalently

XR = −C−1
R2CB2XB, (3.12)
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h means that the R-monomials 
an be expressed as a linear 
ombination ofthe basis monomials. Thus B is a solving basis and the matrix mxk

an easilybe 
onstru
ted as in (3.3). In other words, given an enlarged set of equationsand a 
hoi
e of linear basis B, the full rank of CR2 is su�
ient to solve (2.10) viaeigende
omposition of mxk

. The above method is summarized in Algorithm 1and given the results of Se
tion 3.1.1 we now have the followingResult 14. Algorithm 1 yields the 
omplete set of zeros of a polynomial system,given that the pre- and post
onditions are satis�ed.Proof. The post
ondition that CR2 is of full rank ensures that B is a solvingbasis and together with the pre
onditions, Theorem 8 and Corollary 11 thenguarantees the statement. ⊓⊔Example 15. Consider the equations from Example 2. Multiplying the se
ondequation by x and y yields the enlarged system

1 0 1 0 0 1
1 −1 0 0 0 0
0 1 −1 0 0 0
0 0 0 1 −1 0




x2

xy
y2

x
y
1

 = 0, (3.13)withM = {x2, xy, y2, x, y, 1} and sin
e we 
hose B = {y, 1}, we get R = {xy, x}and E = {x2, y2}. After Step 11 and 12 of Algorithm 1 we have CR2 = [ 2 0
0 1 ]and CB2 =

[
0 1−1 0

] and inserting into (4.11) we obtain[
xy
x

]
=

[
0 − 1

2
1 0

] [
y
1

]
, (3.14)whi
h then allows us to 
onstru
t mx for this example. ⊓⊔A typi
al problem that might o

ur is that some eigenvalues of mxk

areequal, whi
h means that two or more zeros have equal xk-
oordinate. Then the
orresponding eigenve
tors 
an not be uniquely determined. This problem 
anbe resolved by 
omputing mxk
for several k and then forming a random linear
ombination ma1x1+···+asxs = a1mx1 + · · ·+asmxs , whi
h then with very smallprobability has two equal eigenvalues.As previously mentioned, 
omputing mp for a larger problem is numeri
allyvery 
hallenging and the predominant issue is expressing pB in terms of B, viasomething similar to (3.12). The reason for this is that without proper 
are,

CR2 tends to be
ome very ill 
onditioned (
ondition numbers of 1010 or higherare not un
ommon). This was also the reason that extremely slow emulated 128bit numeri
s had to be used in [52℄ to get a working algorithm.In the next 
hapter we investigate te
hniques to 
ir
umvent this problem andprodu
e a well 
onditioned CR2, thus drasti
ally improving numeri
al stability.
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Algorithm 1 Compute a solving basis w.r.t xk and use it to solve a polynomialsystem.Require: List of equations F = {f1, . . . , fm}, set of basis monomials B 
on-taining the 
oordinate variables 1, x1, . . . xs, m lists of monomials {Li}mi=1.Ensure: CR2 is of full rank, eigenvalues of mxk
are distin
t.1: Fext ← F2: for all fi ∈ F do3: for all xαj ∈ Li do4: Fext ← Fext

⋃{xαj · fi}5: end for6: end for7: Constru
t 
oe�
ient matrix C from Fext.8: M← The set of all monomials o

urring in Fext.9: R← xk · B \ B10: E ←M \ (R⋃B)11: Reorder and partition C: C̃ = [CE CR CB].12: LU-fa
torize to obtain CR2 and CB2 as in (3.10).13: Use (3.12) to express xk ·xαi in terms of B and store the 
oe�
ients in mxk
.14: Compute eigenve
tors of mxk

and read o� the tentative set of solutions.15: Evaluate in F to �lter out possible false zeros.



Chapter 4Te
hniquesDrawing on the ideas introdu
ed in the previous 
hapter, this 
hapter presentsa range of te
hniques for improving the numeri
al stability of algorithms whi
hrely on eigenvalue de
omposition of a multipli
ation matrix. These te
hniquesare based on e�
ient and numeri
ally sound methods from numeri
al linearalgebra. A bene�t of this is that su
h routines have a relatively long history andare very well studied. Moreover, there exist highly optimized implementationsin free 
ode libraries su
h as LAPACK [38℄.4.1 Using Redundant Solving Bases - The Trun-
ation MethodAs mentioned in Se
tion 3.1.2, the sub matrix CR2 whi
h appears in Equa-tion 3.10 is a large 
ause of numeri
al problems in the equation solving pro
ess.A typi
al situation with an ill 
onditioned or rank de�
ient CR2 is that thereare a few problemati
 monomials where the 
orresponding 
olumns in C areresponsible for the deteriorated 
onditioning of CR2. A straightforward way toimprove the situation is to simply in
lude the problemati
 monomials in B, thusavoiding the need to express these in terms of the other monomials. In pra
ti
ethis means that some 
olumns of CR are moved into CB. This te
hnique issupported by Theorem 8, whi
h guarantees that we will �nd the original setof solutions among the eigenvalues/eigenve
tors of the larger mp found usingthis redundant basis. The pri
e we have to pay is performing an eigenvaluede
omposition on a larger matrix.Not all monomials fromM 
an be in
luded in the basis B while still enablingthe 
al
ulation of the ne
essary multipli
ation matri
es. In general it is a di�
ultquestion exa
tly whi
h monomials 
an be used or even if there exists a set Bamong M, whi
h 
an be used as a solving basis. One 
an however easily seethat B has to be a subset of the following set, whi
h we denote the permissiblemonomials:De�nition 16. The set of permissible monomials is the set
P = {b ∈M : pb ∈ M} (4.1)of monomials whi
h stay inM under multipli
ation by p.31



32 CHAPTER 4. TECHNIQUESAn example of how the redundant solving basis te
hnique 
an be used isprovided by the problem of L2-optimal triangulation from three views [52℄. Theoptimum is found among the up to 47 stationary points, whi
h are zeros of apolynomial system in three variables. In this example an enlarged set of 255equations in 209 monomials were used to get a Gröbner basis. Sin
e the thesolution dimension r is 47 in this 
ase, the 47 lowest order monomials were usedas a basis for C[x]/I in [52℄, yielding a numeri
ally di�
ult situation. In fa
t,as will be shown in more detail in the experiments se
tion, this problem 
an besolved by simply in
luding more elements in B. In this example, the 
ompletepermissible set P 
ontains 154 monomials. By in
luding all of these in B leaving55 monomials to be expressed in terms of B, we get a mu
h smaller and in this
ase better 
onditioned elimination step. As mentioned above, this leads to alarger eigenvalue de
omposition, but all true solutions 
an still be found amongthe larger set of eigenvalues/eigenve
tors. This is illustrated in Figure 4.1, wherethe set of eigenvalues 
omputed from mxk
for one instan
e are plotted in the
omplex plane together with the a
tual solutions of the polynomial system.
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Figure 4.1: Eigenvalues of the a
tion matrix using the redundant basis methodand a
tual solutions to the polynomials system plotted in the 
omplex numberplane. The former are a stri
t superset of the latter.4.2 Basis Sele
tionIn the previous se
tion we saw how it is possible to pi
k a �too large� (> relements) linear basis P and still use it to solve the equations. In this se
tionwe show how one 
an sele
t a true (linearly independent) basis as a subset of
P in a numeri
ally stable way and thus gain both speed and stability. In thefollowing, P denotes any subset ofM with the property that the obtained CR2is of full rank, thus making P a solving basis.
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e the set V of zeros of (2.10) is �nite with r points, P seen as a setof fun
tions on V 
ontains at most r linearly independent elements. It shouldtherefore be possible to 
hoose a subset P ′ ⊂ P su
h that the elements in P ′
an be expressed as linear 
ombinations of elements in P \ P ′. By dropping P ′from the solving basis, the set B = P \ P ′ would thus 
onstitute a new tightersolving basis w.r.t the same multiplier p and ideal I as P .We now present two numeri
ally stable te
hniques for 
onstru
ting a truebasis B from a redundant solving basis P .4.2.1 The QR MethodWe start by sele
ting P as large as possible, still yielding a full rank CR2and form [CE CR CP ]. Any sele
tion of basis monomials B ⊂ P will then
orrespond to a matrix CB 
onsisting of a subset of the 
olumns of CP .By performing Gaussian elimination we again obtain (3.10), but with Brepla
ed by P , letting us get rid of the E-monomials by dis
arding the top rows.Furthermore, the R-monomials will all have to be expressed in terms of the
P-monomials so we 
ontinue the elimination putting CR2 on triangular form,obtaining [

UR CP1

0 CP2

] [
XR
XP

]
= 0. (4.2)At this point we 
ould simply 
ontinue the Gaussian elimination, with ea
h newpivot element representing a monomial expressed in terms of the remaining basismonomials. However, this typi
ally leads to poor numeri
al performan
e sin
e,as previously mentioned, the elimination might be very ill 
onditioned. This iswhere the basis sele
tion 
omes to play.As noted above we 
an 
hoose whi
h of the p monomials in P to put in thebasis and whi
h to redu
e. This is equivalent to 
hoosing a permutation Π ofthe 
olumns of CP2,

CP2Π =
[
cπ(1) . . . cπ(p)

] (4.3)and then pro
eed using standard elimination. The goal must thus be to makethis 
hoi
e so as to minimize the 
ondition number κ(
[
cπ(1) . . . cπ(p−r)

]
) ofthe �rst p−r 
olumns of the permuted matrix. In its generality, this is a di�
ult
ombinatorial optimization problem. However, the task 
an be approximatelysolved in an attra
tive way by QR fa
torization with 
olumn pivoting [23℄. Withthis algorithm, CP2 is fa
torized as

CP2Π = QU, (4.4)where Q is orthogonal and U is upper triangular. By solving for CP2 in (4.4)and substituting into (4.2) followed by multipli
ation from the left with [
I 0
0 QT

]and from the right with [ I 0
0 Π ], we get[
UR CP1Π
0 U

] [
XR

ΠT XP

]
= 0. (4.5)We observe that U is in general not quadrati
 and write U =

[
UP′2 CB2

],where UP′2 is quadrati
 upper triangular. We also write CP1Π =
[
CP′1 CB1

]



34 CHAPTER 4. TECHNIQUESand ΠT XP1 =
[
XP′1 XB

]T yielding
[
UR CP′1 CB1

0 UP′2 CB2

] XR
XP′

XB

 = 0. (4.6)Finally [
XR
XP′

]
= −

[
UR CP′1
0 UP′2

]−1 [
CB1

CB2

]
XB (4.7)is analogous to (3.12) and amounts to solving r upper triangular equation sys-tems whi
h 
an be e�
iently done by ba
k substitution.The reason why QR fa
torization �ts so ni
ely within this framework is thatit simultaneously solves the two tasks of redu
tion to upper triangular form andnumeri
ally sound 
olumn permutation and with 
omparable e�ort to normalGaussian elimination.Furthermore, QR fa
torization with 
olumn pivoting is a widely used andwell studied algorithm and there exist free, highly optimized implementations,making this an a

essible approa
h.Standard QR fa
torization su

essively eliminates elements below the maindiagonal by multiplying from the left with a sequen
e of orthogonal matri
es(usually Householder transformations). For matri
es with more 
olumns thanrows (under-determined systems) this algorithm 
an produ
e a rank-de�
ient Uwhi
h would then 
ause the 
omputations in this se
tion to break down. QRwith 
olumn pivoting solves this problem by, at iteration k, moving the 
olumnwith greatest 2-norm on the last m − k + 1 elements to position k and theneliminating the last m − k elements of this 
olumn by multipli
ation with anorthogonal matrix Qk.4.2.2 The SVD MethodBy 
onsidering not only monomial bases, but more general polynomial bases itis possible to further improve numeri
al stability. We now show how singularvalue de
omposition (SVD) 
an be used to 
onstru
t a basis for C[x]/I as rlinearly independent linear 
ombinations of elements in a solving basis P .As in Se
tion 4.2.1 we start out by sele
ting an as large as possible (redun-dant) solving basis and perform preliminary matrix operations forming (4.2),where the aim is now to 
onstru
t a linearly independent basis from P . We nowdo this by performing an SVD on CP2, writing

CP2 = UΣVT , (4.8)where U and V are orthogonal and Σ is diagonal with typi
ally r last elementszero Σ =
[

Σ′ 0
0 0

] for a system with r solutions.Now multiplying from the left with [
I 0
0 UT

] and from the right with [ I 0
0 V ] in(4.2), we get [

UR CP1V
0 Σ

] [
XR

VT XP

]
= 0. (4.9)The matrix V indu
es a 
hange of basis in the spa
e spanned by P and wewrite X̃P = VT XP = [ X′

P XB ]T , where P ′ and B are now sets of polynomials.



4.2. BASIS SELECTION 35Using this notation we getUR 0 C̃P1

0 Σ′ 0
0 0 0

 XR
XP′

XB

 = 0, (4.10)where Σ′ is diagonal with n − r nonzero diagonal entries. The zeros above
Σ′ enter sin
e Σ′ 
an be used to eliminate the 
orresponding elements withouta�e
ting any other elements in the matrix. In parti
ular this means that wehave {

XP′ = 0
XR = −U−1

R C̃P1XB
(4.11)on V , whi
h allows us to express any elements in span(M) in terms of XB,whi
h makes B a solving basis.Computing the a
tion matrix is 
ompli
ated slightly by the fa
t that we arenow working with a polynomial basis rather than a monomial one. To dealwith this situation we introdu
e some new notation. To ea
h element ek of

P̃ = P ′⋃B we assign a ve
tor vk = [ 0 ... 1 ... 0 ]T ∈ R|P̃|, with a one at position
k. Similarly, we introdu
e ve
tors uk ∈ R|M|, wk ∈ R|B| representing elementsofM and B respe
tively. Further we de�ne the linear mapping R : span(M) 7→
span(B), whi
h using (4.11) asso
iates an element of span(M) with an elementin span(B). We represent R by a |B| × |M| matrix

R =
[−C̃T

P′U−1T
R 0 I

]
, (4.12)a
ting on the spa
e spanned by the ve
tors uk.We also introdu
e the mapping Mp : span(P) 7→ span(M) given by Mp(f) =

p · f with the representation
(Mp)ij = I(xαi = p · xαj ), (4.13)where I(·) is the indi
ator fun
tion.

Mp represents multipli
ation by p on P . In the basis P̃ indu
ed by the
hange of basis V we thus get̃
Mp =

[
I 0
0 VT

]
MpV. (4.14)Finally, we get a representation of the multipli
ation mapping from B to Bas

m̃p = RM̃pL, (4.15)where L = [ 0I ] simply interprets the wk ∈ R|B| ve
tors as R|P̃|-ve
tors. Thematrix m̃p derived here is the transpose of the 
orresponding matrix in Se
-tion 3.1.1.An eigende
omposition of m̃T
p yields a set of eigenve
tors ṽ in the new basis.It remains to inverse transform these eigenve
tors to obtain eigenve
tors of mT

p .For this last step we need to 
onstru
t the 
hange of basis matrix Vq in thequotient spa
e. Using R and L, we get
V−1

q = P̃VT L. (4.16)



36 CHAPTER 4. TECHNIQUESAssume now that ṽ is an eigenve
tor of m̃T
p . Using Vq we have

m̃T
p = VT

q mpV−T
q . (4.17)We 
an see dire
tly that ṽ = VT

q v is an eigenve
tor for this matrix i� v is aneigenve
tor of mp. This yields
v = V−T

q ṽ (4.18)and hen
e we have a way of going ba
k to our original basis where we 
an reado� the solutions to our equations.As will be seen in the experiments, the SVD method is somewhat morestable than the QR method, but signi�
antly slower due to the 
ostly SVDfa
torization.4.2.3 Basis Sele
tion and Adaptive Trun
ationWe have so far seen three te
hniques for dealing with the 
ase when the submatrix CP2 is ill 
onditioned. By the method in Se
tion 4.1 we avoid operatingon CP2 altogether. Using, the QR and SVD methods we perform elimination,but in a numeri
ally mu
h more stable manner. One might now ask whether itis possible to 
ombine these methods. Indeed it turns out that we 
an 
ombineeither the QR or the SVD method with a redundant solving basis to get anadaptive trun
ation 
riterion yielding even better stability in some 
ases. Theway to do this is to 
hoose a 
riterion for early stopping in the fa
torizationalgorithms. The te
hniques in this se
tion are related to trun
ation s
hemes forrank-de�
ient linear least squares problems, 
f [33℄.A neat feature of QR fa
torization with 
olumn pivoting is that it provides away of numeri
ally estimating the 
onditioning ofCP2 simultaneously with elim-ination. By design, the QR fa
torization algorithm produ
es an upper triangularmatrix U with diagonal elements uii of de
reasing absolute value. The fa
tor-ization pro
eeds 
olumn wise, produ
ing one |uii| at a time. If rank(U) = r,then |urr| > 0 and ur+1,r+1 = · · · = unn = 0. However, in �oating pointarithmeti
, the transition from �nite |uii| to zero is typi
ally gradual passingthrough extremely small values and the rank is 
onsequently hard to determine.For robustness it might therefore be a good idea to abort the fa
torization pro-
ess early. We do this by setting a threshold τ for the ratio |u11
uii
| and abort thefa
torization on
e the value ex
eeds this threshold. A value of τ ≈ 108 has beenfound to yield good results1. Note that this produ
es an equivalent result to
arrying out the full QR fa
torization and then simply dis
arding the last rowsof U. This is pra
ti
al sin
e o�-the-shelf pa
kages as LAPACK only providefull QR fa
torization, event hough some 
omputational e�ort 
ould be sparedby modifying the algorithm so as not to 
arry out the last steps.Compared to setting a �xed (redundant) basis size, this approa
h is bene�
ialsin
e both rank and 
onditioning of CP2 might depend on the data. By theabove method we de
ide adaptively where to trun
ate and i.e how large thelinear basis for C[x]/I should be.1Performan
e is not very sensitive to the 
hoi
e of τ and values in the range 106 to 1010yield similar results.
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ontext of the SVD we get a similar 
riterion by looking at the singularvalues instead and set a threshold for σ1
σi
, whi
h for i = rank(CP2) is exa
tlythe 
ondition number of CP2.4.3 Other Te
hniquesWe end the part on te
hniques in this 
hapter with two less involved but stilluseful ideas.4.3.1 A Single Elimination StepIn previous works whi
h have been more 
losely 
onne
ted to 
lassi
al alge-brai
 geometry using properly de�ned monomial orders et
, a Gröbner basis forthe parti
ular ideal has typi
ally been obtained by su

essive elimination andaddition of equations [48, 36℄. This is also more similar to how the originalBu
hberger's algorithm for 
omputing a Gröbner basis works. We strongly ad-vo
ate avoiding this and instead �rst adding all equations and then doing thefull elimination in one go. The reason for this is that, as mentioned often in thistext, the eliminations tend to be ill 
onditioned. If several elimination steps areinterleaved with addition of new equations, numeri
al errors a

umulate andthe algorithms easily be
ome unstable.4.3.2 Using Eigenvalues Instead of Eigenve
torsIn the literature, the preferred method of extra
ting solutions using eigenvaluede
omposition is to look at the eigenve
tors. It is also possible to use theeigenvalues, but for a problem with s variables, this seemingly requires us tosolve s eigenvalue problems sin
e ea
h eigenvalue only gives the value of onevariable. However, there 
an be an advantage with using the eigenvalues insteadof eigenve
tors. If there are multiple eigenvalues (or almost multiple eigenvalues)the 
omputation of the 
orresponding eigenve
tors will be numeri
ally unstable.However, the eigenvalues 
an usually be determined with reasonable a

ura
y.In pra
ti
e, this situation is not un
ommon with the a
tion matrix.Fortunately, we 
an make use of our knowledge of the eigenve
tors to devisea s
heme for qui
kly �nding the eigenvalues of any a
tion matrix on C[x]/I.From Se
tion 2.2 we know that the right eigenve
tors of an a
tion matrix is theve
tor of basis elements of C[x]/I evaluated at the zeros of I. This holds for anya
tion matrix and hen
e all a
tion matri
es have the same set of eigenve
tors.Consider now a problem involving the two variables xi and xj . If we have
onstru
ted mxi , the 
onstru
tion of mxj requires almost no extra time. Nowperform an eigenvalue de
omposition mxi = VDxiV

−1. Sin
e V is the set ofeigenve
tors for mxj as well, we get the eigenvalues of mxj by straightforwardmatrix multipli
ation and then element wise division from
mxjV = VDxj . (4.19)This means that with very little extra 
omputational e�ort over a single eigen-value de
omposition we 
an obtain the eigenvalues of all a
tion matri
es weneed.



38 CHAPTER 4. TECHNIQUES4.4 Experimental ValidationIn this se
tion we evaluate the numeri
al stability of the proposed te
hniqueson a range of typi
al geometri
 
omputer vision problems. The experimentsare mainly 
arried out on syntheti
 data sin
e we are interested in the intrinsi
numeri
al pre
ision of the solver. By intrinsi
 pre
ision we mean pre
ision underperfe
t data. The error under noise is of 
ourse interesting for any appli
ation,but for minimal data this is an e�e
t of the problem formulation and not of theparti
ular equation solving te
hnique.In Se
tion 4.4.1 all the main methods (standard, trun
ated, SVD and QR)are tested on the problem of optimal triangulation from three di�erent views.This problem was �rst studied in [52℄ where emulated 128 bit arithmeti
s wasne
essary to get usable results. Later, with the te
hniques presented in thisthesis the problem was given an e�
ient implementation in standard IEEEdouble pre
ision and the details of this are given in Chapter 5 in the appli
ationspart of the thesis. However, this example provides su
h a ni
e illustration of therelative bene�ts and drawba
ks of the di�erent te
hniques so we take the libertyof borrowing some of the results and present them already in this se
tion.Apart from the triangulation example, the improved methods are tested onthe problems of relative pose with unknown but 
ommon fo
al length [50℄ andrelative pose for generalized 
ameras [51℄. Signi�
ant improvements in stabilityare shown in all 
ases.4.4.1 Optimal Three View TriangulationThe triangulation problem is formulated as �nding the world point that min-imizes the sum of squares of the reproje
tion errors in the three views. Wedo this by 
omputing the gradient of the sum of squares error and setting itto zero. This yields three sixth degree polynomial equations in three variables(the X , Y and Z 
oordinates of the unknown point) and using e.g a 
omputeralgebra system one 
an 
he
k that the system has 47 (real and 
omplex) zeros.After some preliminary manipulations des
ribed in Chapter 5 we expand theset of equations up to degrees 9 (see the beginning of Se
tion 3.1.2) yielding 225equations in 209 di�erent monomials.The syntheti
 data used in the validation was generated with three randomlypla
ed 
ameras at a distan
e around 1000 from the origin and a fo
al length ofaround 1000. The unknown world point was randomly pla
ed in a 
ube withside length 1000 
entered at the origin. The methods have been 
ompared on
100,000 test 
ases.Numeri
al ExperimentsThe �rst experiment investigates what improvement 
an be a
hieved by simplyavoiding the problemati
 matrix elimination using the te
hniques of Se
tion 4.1.For this purpose we 
hoose the 
omplete set of permissible monomials P as aredundant basis and perform the steps of Algorithm 1. In this 
ase we thusget a redundant basis of 154 elements and a 154× 154 multipli
ation matrix toperform eigenvalue de
omposition on. In both 
ases the eigenve
tors are usedto �nd the solutions. The results of this experiment are shown in Figure 4.2.
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an be seen, this relatively straightforward te
hnique already yields a largeimprovement in numeri
al stability.
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Figure 4.2: Histogram of errors over 100,000 points. The improvement in stabil-ity using the redundant basis renders the algorithm feasible in standard IEEEdouble pre
ision.Looking 
losely at Figure 4.2 one 
an see that even though the general stabil-ity is mu
h improved, a small set of relatively large errors remain. It is un
learwhat 
auses these errors. However, by doing some extra work using the QRmethod of Se
tion 4.2.1 to sele
t a true basis as a subset of P , we improve sta-bility further in general and in parti
ular 
ompletely resolve the issue with largeerrors, 
f Figure 4.3. Moreover, we get a smaller eigenvalue de
omposition andhen
e redu
e 
omputational 
omplexity.In Figure 4.4, the performan
e of the QR method is 
ompared to the slightlymore stable SVD method whi
h sele
ts a polynomial basis for C[x]/I from themonomials in P . In this 
ase, errors are typi
ally a fa
tor ∼ 5 smaller for theSVD method 
ompared to the QR method.The reason that a good 
hoi
e of basis improves the numeri
al stability isthat the 
ondition number in the elimination step 
an be lowered 
onsiderably.Using the basis sele
tion methods, the 
ondition number is de
reased by about afa
tor 105. Figure 4.5 shows a s
atter plot of error versus 
ondition number forthe three view triangulation problem. The SVD method displays a signi�
antde
rease and 
on
entration in both error and 
ondition number. It is interestingto note that to a reasonable approximation we have a linear trend between errorand 
ondition number. This 
an be seen sin
e we have a linear trend with slopeone in the logarithmi
 s
ale. Moreover, we have a y-axis interse
tion at about
10−13, sin
e the 
oordinates are around 1000 in magnitude this means that wehave a relative error ≈ 10−16κ = ǫmachκ. This observation justi�es our strategyof minimizing the 
ondition number.As mentioned in Se
tion 4.3.2, it might be bene�
ial to use the eigenvaluesinstead of eigenve
tors to extra
t solutions.When solving this problem using eigenvalues there are two extra eigenvalueproblems of size 50× 50 that need to be solved. The impa
t of the swit
h from
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Figure 4.3: Histogram of errors for the standard, redundant basis and QR meth-ods. The QR method improves stability in general and in parti
ular 
ompletelyremoves the small set of large errors present in both the standard and redundantbasis methods.
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Figure 4.4: Comparison between the SVD and QR methods. The SVD methodimproves somewhat over the QR method at the 
ost of the 
omputationallymore demanding SVD fa
torization.
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Figure 4.5: Error versus 
ondition number for the part of the matrix whi
h isinverted in the solution pro
edure.eigenve
tors to eigenvalues is shown in Figure 4.6. For this example we gainsome stability at the 
ost of having to perform three eigenvalue de
ompositions(one for ea
h 
oordinate) instead of only one. Moreover, we need to sort theeigenvalues using the eigenve
tors to put together the 
orre
t triplets.
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Figure 4.6: Error histograms showing the di�eren
e in pre
ision between theeigenvalue and eigenve
tor methods.However, we 
an use the tri
k of Se
tion 4.3.2 to get nearly the same a

ura
yusing only a single eigenvalue de
omposition. Figure 4.7 shows the results ofthis method. The main advantage of using the eigenvalues is that we push downthe number of large errors 
onsiderably.Finally we study the 
ombination of basis sele
tion and early stopping whi
h
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Figure 4.7: This graph shows the in
rease in performan
e when the fast eigen-value method is used instead of the eigenve
tor method.yields a redundant solving basis for the three view triangulation problem. Thebasis size was determined adaptively as des
ribed in Se
tion 4.2.3 with a thresh-old τ = 108. Table 4.1 shows the distribution of basis sizes obtained when thismethod was used. Sin
e the basis is 
hosen minimal in 94% of the 
ases forthe SVD-method and 95% for the QR method the time 
onsumption is almostidenti
al to the original basis sele
tion methods, but as 
an be seen in Table 4.2the number of large errors are redu
ed. This is probably due to the fa
t thattrun
ation is 
arried out only when the matri
es are 
lose to being singular.50 51 52 53 54 ≥ 55SVD 94.0 3.5 0.8 0.4 0.3 1.0QR 95.0 3.0 0.7 0.3 0.2 0.8Table 4.1: Basis sizes for the QR and SVD methods with variable basis size. Thetable shows the per
entage of times 
ertain basis sizes o

urred during 100,000experiments.To 
on
lude the numeri
al experiments on three view triangulation two ta-bles with detailed error statisti
s are given. The a
ronyms STD, QR, SVD andTRUNC respe
tively denote the standard method, QR method, SVD methodand redundant basis method. The su�xes eig, fast and var respe
tively denotethe eigenvalue method, the fast eigenvalue method (Se
tion 4.3.2) and the useof a variable size basis (Se
tion 4.2.3). Table 4.2 shows how many times theerror gets larger the some given levels for several solvers. This is interesting forexample when RANSAC is used. As 
an be seen, the QR-method with adaptivebasis size is the best method for redu
ing the largest errors but the SVD-methodwith use of the eigenvalues is the best in general. Table 4.3 shows the medianand the 95:th per
entile errors for the same methods as in the previous table.Notable in here is that the 95:th per
entile is improved with as mu
h as fa
tor
107 and the median with a fa
tor 105. The SVD-method with eigenvalues is



4.4. EXPERIMENTAL VALIDATION 43shown to be the best but the QR-method gives almost as good results.Method > 10−3 > 10−2 > 10−1 > 1STD 35633 24348 15806 9703STD:eig 29847 19999 12690 7610SVD 1173 562 247 119SVD:eig 428 222 128 94SVD:fast 834 393 178 94SVD:var+fast 730 421 245 141TRUNC 6712 4697 3339 2384TRUNC:fast 5464 3892 2723 2015QR 1287 599 269 127QR:eig 517 250 149 117QR:fast 1043 480 229 106QR:var+fast 584 272 141 71Table 4.2: Number of errors out of 100,000 experiments larger than 
ertainlevels. The QR-method with adaptive basis size yields the fewest number oflarge errors. Method 95th 50thSTD 1.42 · 101 9.85 · 10−5STD:eig 5.30 · 100 3.32 · 10−5SVD 1.19 · 10−5 6.09 · 10−9SVD:eig 1.20 · 10−6 1.29 · 10−9SVD:fast 4.37 · 10−6 2.53 · 10−9SVD:var+fast 2.34 · 10−6 2.50 · 10−9TRUNC 6.55 · 10−3 1.40 · 10−8TRUNC:fast 1.87 · 10−3 3.27 · 10−9QR 1.78 · 10−5 1.06 · 10−8QR:eig 1.70 · 10−6 2.08 · 10−9QR:fast 6.97 · 10−6 3.64 · 10−9QR:var+fast 3.41 · 10−6 3.61 · 10−9Table 4.3: The 95th per
entile and the median error for various methods. Theimprovement in pre
ision is up to a fa
tor 107. The SVD method gives the bestresults, but the QR-method is not far o�.Speed ComparisonThe main motivation for using the QR-method rather than the SVD-methodis that the QR-method is 
omputationally less expensive. To verify this thestandard, SVD and QR-methods were run and the time was measured. Sin
e theimplementations were done in Matlab it was ne
essary to take 
are to eliminatethe e�e
t of Matlab being an interpreted language. To do this only the timeafter 
onstru
tion of the 
oe�
ient matrix was taken into a

ount. This isbe
ause the 
onstru
tion of the 
oe�
ient matrix essentially amounts to 
opying
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oe�
ients to the right pla
es whi
h 
an be done extremely fast in e.g a Clanguage implementation.In the routines that were measured no subroutines were 
alled that were notbuilt-in fun
tions in Matlab. The measurements were done with the Matlabpro�ler.The time measurements were done on an Intel Core 2 2.13 GHz ma
hine with2 GB memory. Ea
h algorithm was exe
uted with 1000 di�erent 
oe�
ientmatri
es 
onstru
ted from the same type of s
ene setups as previously. Thesame set of 
oe�
ient matri
es was used for ea
h method. The result is given inTable 4.4. Our results show that the QR-method is approximately three timesfaster than the SVD-method but 50% slower than the standard method. Thereason that the redundant basis method is more than twi
e as slow as the QRmethod is the larger eigenvalue de
omposition whi
h dominates the 
omputationtime. Method Time per 
all / ms Relative timeSVD 66.89 1TRUNC 55.84 0.83QR 24.45 0.37STD 16.44 0.25Table 4.4: Time 
onsumption in the solver part for the three di�erent methods.The time is an average over 1000 fun
tion 
alls.4.4.2 Relative Pose with Unknown Fo
al LengthRelative pose for 
alibrated 
ameras is a well known problem and the standardminimal 
ase for this is �ve points in two views. There are in general tensolutions to this problem. For the same problem but with unknown fo
al length,the 
orresponding minimal 
ase is six points in two views, whi
h was solved byStewénius et al using Gröbner basis te
hniques [50℄.Following the same re
ipe as Stewénius et al it is possible to express thefundamental matrix as a linear 
ombination,
F = F0 + F1l1 + F2l2. (4.20)Then putting f−2 = p one obtains nine equations from the 
onstraint on theessential matrix [46℄

2EET E − tr(EET )E = 0. (4.21)A 10th equation is then obtained by making use of the fa
t that the fundamentalmatrix i singular, i.e det(F ) = 0. These equations involve the unknowns p, l1and l2 and are of total degree 5. The problem has 15 solutions in general.We set up the 
oe�
ient matrix C by multiplying these ten equations by pso that the degree of p rea
hes a maximum of four. This gives 34 equations ina total of 50 monomials.The validation data was generated with two 
ameras of equal fo
al lengthof around 1000 pla
ed at a distan
e of around 1000 from the origin. The sixpoints were randomly pla
ed in a 
ube with side length 1000 
entered at theorigin. The standard, SVD, and QR-methods have been 
ompared on 100,000



4.4. EXPERIMENTAL VALIDATION 45test 
ases and the errors in fo
al length are shown in Figure 4.8. In this 
asethe QR-method yields slightly better results than the SVD-method. This isprobably due to loss in numeri
al pre
ision when the solution is transformedba
k to the original basis.
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Figure 4.8: The error in fo
al length for relative pose with two semi 
alibrated
ameras with unknown but 
ommon fo
al length.4.4.3 Relative Pose for Generalized CamerasGeneralized 
ameras provide a generalization of the standard pin-hole 
amerain the sense that there is no 
ommon fo
al point through whi
h all image rayspass, 
f [47℄. Instead the 
amera 
aptures arbitrary image rays or lines. Solvingfor the relative motion of a generalized 
amera 
an be done using six point
orresponden
es in two views. This is a minimal 
ase whi
h was solved in [51℄with Gröbner basis te
hniques. The problem equations 
an be set up usingquaternions to parameterize the rotation, Plü
ker representation of the linesand a generalized epipolar 
onstraint whi
h 
aptures the relation between thelines. After some manipulations one obtains a set of sixth degree equationsin the three quaternion parameters v1, v2 and v3. For details, see [51℄. Theproblem has 64 solutions in general.To build our solver in
luding the 
hange of basis we multiply an original setof 15 equations with all 
ombinations of 1, v1, v2, v3 up to degree two. After thiswe end up with 101 equations of total degree 8 in 165 di�erent monomials.We generate syntheti
 test 
ases by drawing six points from a normal dis-tribution 
entered at the origin. Sin
e the purpose of this investigation is notto study generalized 
ameras under realisti
 
onditions we have not used anyparti
ular 
amera rig. Instead we use a 
ompletely general setting where the
ameras observe six randomly 
hosen lines ea
h through the six points. Thereis also a random relative rotation and translation relating the two 
ameras. Itis the task of the solver to 
al
ulate the rotation and translation.The methods have been 
ompared on a data set of 10,000 randomly generatedtest 
ases. The results from this experiment are shown in Figure 4.9. As 
an



46 CHAPTER 4. TECHNIQUESbe seen, a good 
hoi
e of basis yields drasti
ally improved numeri
al pre
isionover the standard method.
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Figure 4.9: The angular error for relative pose with generalized 
ameras.4.5 Dis
ussionWe have introdu
ed some new theoreti
al ideas as well as a set of te
hniquesdesigned to over
ome numeri
al problems en
ountered in state-of-the-art meth-ods for polynomial equation solving. We have shown empiri
ally that thesete
hniques in many 
ases yield dramati
 improvements in numeri
al stabilityand further permits the solution of a larger 
lass of problems than previouslypossible.The te
hniques for solving polynomial equations that are used in this work
an be summarized as follows. The original equations are �rst expanded bymultiplying the polynomials with a set of monomials. The resulting equationsis expressed as a produ
t of a 
oe�
ient matrix C and a monomial ve
tor X.Here we have some freedom in 
hoosing whi
h monomials to multiply with. Wethen try to �nd a solving basis B for the problem. For a given 
andidate basis Bwe have shown how to determine if B 
onstitutes a solving basis. If so then we
an use numeri
al linear algebra to 
onstru
t the a
tion matrix and get a fastand numeri
ally stable solution to the problem at hand. However, we do notknow (i) what monomials we should multiply the original equations with and (ii)what solving basis B should be used to get the simplest and most numeri
allystable solutions. Are there algorithmi
 methods for answering these questions?For a given expansion CX 
an one determine if this allows for a solving basis?A 
on
ise theoreti
al understanding and pra
ti
al algorithms for these problemswould 
ertainly be of great aid in the work on polynomial problems and is ahighly interesting subje
t for future resear
h.
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Chapter 5Optimal TriangulationIn this 
hapter we 
onsider the problem of globally optimal triangulation fromthree separate views. Whereas, the two-view 
ase has a relatively simple 
losedform solution, the three-view 
ase has just the right 
omplexity to make it anex
ellent target for the te
hniques introdu
ed in Chapter 4. For four or moreviews though, optimization by solving a polynomial is still more or less infeasible.
Figure 5.1: The unknown lo
ation of a point 
an be re
onstru
ted using itsproje
tion in a sequen
e of images if the lo
ation and orientation of the 
amerasare known. This is usually 
alled triangulation.5.1 Introdu
tionTriangulation, referring to the a
t of re
onstru
ting the 3D lo
ation of a pointgiven its images in two or more known views, is an important part of numer-ous 
omputer vision systems. Albeit 
on
eptually simple, this problem is not
ompletely solved in the general 
ase of n views and noisy measurements.There exist fast and relatively robust methods based on linear least squares [26℄.These methods are however sub-optimal. Moreover the linear least squaresformulation does not have a 
lear geometri
al meaning, whi
h means that inunfortunate situations, this approa
h 
an yield very poor a

ura
y.The most desirable, but non-linear, approa
h is instead to minimize the L2norm of the reproje
tion error, i.e the sum of squares of the reproje
tion errors.The reason for this is that the L2 optimum yields the maximum likelihoodestimate for the 3D point under the assumption of independent Gaussian noiseon the image measurements [25℄. This problem has been given a 
losed form49



50 CHAPTER 5. OPTIMAL TRIANGULATIONsolution1 by Hartley and Sturm in the 
ase of two views [25℄. However, theapproa
h of Hartley and Sturm is not straightforward to generalize to morethan two views.In the 
ase of n views, the standard method when high a

ura
y is needed isto use a two-phase strategy where an iterative s
heme for non-linear least squaressu
h as Levenberg-Marquardt (Bundle Adjustment) is initialized with a linearmethod [56℄. This pro
edure is reasonably fast and in general yields ex
ellentresults. One potential drawba
k, however, is that the method is inherently lo
al,i.e �nds lo
al minima with no guarantee of being 
lose to the global optimum.An interesting alternative is to repla
e the L2 norm with the L∞, norm
f [31℄. This way it is possible to obtain a provably optimal solution with ageometri
ally sound 
ost fun
tion in a relatively e�
ient way. The drawba
k isthat the L∞ norm is suboptimal under Gaussian noise and it is less robust tonoise and outliers than the L2 norm.The most pra
ti
al existing method for L2 optimization with an optimalityguarantee is to use a bran
h and bound approa
h as introdu
ed in [1℄, whi
h,however, is a 
omputationally expensive strategy. 2In this work, we propose to solve the problem of L2 optimal triangulationfrom three views using a method introdu
ed by Stewénius et al in [52℄, where theoptimum was found by expli
it 
omputation of the 
omplete set of stationarypoints of the likelihood fun
tion. This approa
h is similar to that of Hartleyand Sturm [25℄. However, whereas the stationary points in the two view 
ase
an be found by solving a sixth degree polynomial in one variable, the easiestknown formulation of the three view 
ase involves solving a system of three sixthdegree equations in three unknowns with 47 solutions. Thus, we have to resortto more sophisti
ated te
hniques to ta
kle this problem.Stewénius et al used algebrai
 geometry and Gröbner basis te
hniques to an-alyze and solve the equation system. However, as previously mentioned, Gröb-ner basis 
al
ulations are known to be numeri
ally 
hallenging and they werefor
ed to use emulated 128 bit pre
ision arithmeti
s to get a stable implemen-tation, whi
h rendered their solution too slow to be of any pra
ti
al value.Using the new te
hniques presented in this thesis, we are now able to givethe Gröbner basis method a fast implementation using standard IEEE dou-ble pre
ision. By this we also show that global optimization by 
al
ulationof stationary points is indeed a feasible approa
h and that Gröbner basis likete
hniques provide a powerful tool in this pursuit.5.2 Three View TriangulationThe main motivation for triangulation from more than two views is to use theadditional information to improve a

ura
y. In this se
tion we brie�y outline theapproa
h we take and derive the equations to be used in the following se
tions.1The solution is a
tually not entirely on 
losed form, sin
e it involves the solution of asixth degree polynomial, whi
h 
annot in general be solved on 
losed form. Therefore one hasto go by e.g the eigenvalues of the 
ompanion matrix, whi
h implies an iterative pro
ess.2Sin
e the main part of the material of this 
hapter was written, a faster version of thebran
h and bound algorithm for L2 optimal triangulation has been published [42℄ that prob-ably has 
omparable running time to the method presented here, even though exa
t runningtimes are not available for the 
ase of three views. However, the new bran
h and boundmethod also generalizes to n views and is therefore probably a more pra
ti
al 
hoi
e.



5.3. A NUMERICAL SOLUTION TOTHE THREE VIEWTRIANGULATION PROBLEM51This part is essentially identi
al to that used in [52℄. We assume a linear pin-hole 
amera model, i.e proje
tion in homogeneous 
oordinates is done a

ordingto λixi = PiX , where Pi is the 3 × 4 
amera matrix for view i, xi is the image
oordinates, λi is the depth and X is the 3D 
oordinates of the world point tobe determined. In standard 
oordinates, this 
an be written as
xi =

1
Pi3X

[
Pi1X
Pi2X

]
, (5.1)where e.g Pi3 refers to row 3 of 
amera i.As mentioned previously, we aim at minimizing the L2 norm of the repro-je
tion errors. Sin
e we are free to 
hoose 
oordinate system in the images, wepla
e the three image points at the origin in their respe
tive image 
oordinatesystems. With this 
hoi
e of 
oordinates, we obtain the following 
ost fun
tionto minimize over X

ϕ(X) =
(P11X)2 + (P12X)2

(P13X)2
+

(P21X)2 + (P22X)2

(P23X)2
+

(P31X)2 + (P32X)2

(P33X)2
.(5.2)The approa
h we take is based on 
al
ulating the 
omplete set of stationarypoints of ϕ(X), i.e solving ∇ϕ(X) = 0. By inspe
tion of (5.2) we see that

∇ϕ(X) will be a sum of rational fun
tions. The expli
it derivatives 
an easilybe 
al
ulated, but we refrain from writing them out here. Di�erentiating andmultiplying through with the denominators produ
es three sixth degree poly-nomial equations in the three unknowns of X = [X1 X2 X3]T . To simplify theequations we also make a 
hange of world 
oordinates, setting the last rows ofthe respe
tive 
ameras to
P13 = [1 0 0 0], P23 = [0 1 0 0], P33 = [0 0 1 0]. (5.3)Sin
e we multiply with the denominator we introdu
e new stationary pointsin our equations 
orresponding to one of the denominators in (5.2) being equalto zero. This happens pre
isely when X 
oin
ides with the plane through oneof the fo
al points parallel to the 
orresponding image plane. Su
h points havein�nite/unde�ned value of ϕ(X) and 
an therefore safely be removed.To summarize, we now have three sixth degree equations in three unknowns.The remainder of the theoreti
al part of the 
hapter will be devoted to theproblem of solving these.5.3 A Numeri
al Solution to the Three View Tri-angulation ProblemAs dis
ussed in Se
tion 5.2, we optimize the L2 
ost fun
tion by 
al
ulation ofthe stationary points. This yields three sixth degree polynomial equations in

X = [X1 X2 X3]T . In addition to this, we add a fourth equation by takingthe sum of our three original equations. This 
an
els out the leading terms,produ
ing a �fth degree equation whi
h will be useful in the subsequent 
al
u-lations [52℄. These equations generate an ideal I in C[X ]. We start this se
tionout by going through the previous method of trying to 
ompute a Gröbner basisfor I and explain where this method runs into problems. This serves as a basisfor employing the methods of Chapter 4 to get a fast and stable algorithm.



52 CHAPTER 5. OPTIMAL TRIANGULATIONFirst, however, we need to deal with the problem where one or more of
Xi = 0. When this happens, we get a parametri
 solution to our equations.As mentioned in Se
tion 5.2, this 
orresponds to the extra stationary pointsintrodu
ed by multiplying up denominators and these points have in�nite valueof the 
ost fun
tion ϕ(X). Hen
e, we would like to ex
lude solutions with any
Xi = 0 or equivalently X1X2X3 = 0. The algebrai
 geometry way of doing thisis to 
al
ulate the saturation sat(I, X1X2X3) of I w.r.t X1X2X3, 
onsisting ofall polynomials f(X) s.t. (X1X2X3)k · f ∈ I for some k.Computationally it is easier to 
al
ulate sat(I, Xi) for one variable at a timeand then joining the result. This removes the same problemati
 parameterfamily of solutions, but with the side e�e
t of produ
ing some extra (�nite)solutions with Xi = 0. These do not present any serious di�
ulties sin
e they
an easily be dete
ted and �ltered out.Consider one of the variables, say X1. The ideal sat(I, X1) is 
al
ulated inthree steps. We order the monomials a

ording to X1 but take the monomialwith the highest power of X1 to be the smallest, e.g X1X

2
2X3 ≥ X2

1X2
2X3. Withthe monomials ordered this way, we perform a few steps of the Gröbner basis
al
ulation, yielding a set of generators where the last elements 
an be dividedby powers of X1. We add these new equations whi
h are �stripped� from powersof X1 to I.More 
on
retely, we multiply the equations by all monomials 
reating equa-tions up to degree seven. After the elimination step two equations are divisibleby X1 and one is divisible by X2

1 .The saturation pro
ess is performed analogously for X2 and X3 produ
ingthe saturated ideal Isat, from whi
h we extra
t our solutions.The �nal step is to 
al
ulate a Gröbner basis for Isat, at this point generatedby a set of nine �fth and sixth degree equations. To be able to do this wemultiply with monomials 
reating 225 equations in 209 di�erent monomials oftotal degree up to nine. The last step thus 
onsists of putting the 225 by 209matrix C on redu
ed row e
helon form.This last part turns out to be a deli
ate task though due to generally verypoor 
onditioning. In fa
t, the 
onditioning is often so poor that roundo� errorsin the order of magnitude of ma
hine epsilon (approximately 10−16 for doubles)yield errors as large as 102 or more in the �nal result. This is the reason onehad to resort to emulated 128 bit numeri
s in [52℄.Using the new te
hniques for 
omputing the a
tion matrix though, we 
annow more or less 
ompletely avoid these 
onditioning problems. By extensiveexperimentation (see Se
tion 4.4) we have found that using the QR method(Se
tion 4.2.1) with an adaptive basis size (Se
tion 4.2.3) yields the best stabil-ity/speed tradeo�, see Table 5.1.5.4 ExperimentasThe algorithm des
ribed in this 
hapter has been implemented in Matlab whi
hsuggests that further gains in speed 
ould be made by implementing it in e.gC. However, the main time 
onsuming parts of the algorithm are the LU andQR fa
torizations and the eigenvalue de
omposition of the a
tion matrix andMatlab uses LAPACK and BLAS for these operations whi
h 
ontain state-of-the-art implementations of the above mentioned linear algebra operations. Care



5.4. EXPERIMENTAS 53QR Standard Standard, 128 bitRunning time: 14ms 10ms 30sStability: Good Very poor GoodTable 5.1: Overview of running time and stability 
hara
teristi
s for the newQR-based algorithm, for the previous method in double pre
ision and for theprevious method implemented in emulated 128 bit arithmeti
s. The previousmethod is only stable in the higher pre
ision, whi
h makes it very slow (a fa
tor300 slower). Using the QR method we get a fast and stable algorithm in standarddouble pre
ision.has been taken to make the Matlab 
ode for the remaining operations as e�
ientas possible.Experimental results for the triangulation problem have already been pre-sented in Chapter 4, but we repeat some of them here for 
ompleteness of the
hapter with the purpose of demonstrating the speed and numeri
al pre
isionof the method. We have run the algorithm on both real and syntheti
allygenerated data using a 2.0 Ghz AMD Athlon X2 64 bit ma
hine. With thissetup, triangulation of one point takes approximately 13 millise
onds using thenew method. This is to be 
ontrasted with the previous implementation byStewénius et al [52℄, whi
h needs 30 se
onds per triangulation with their setup.The bran
h and bound method of [1℄ is faster than [52℄ but exa
t running timesfor triangulation are not given in [1℄. However, based on the performan
e of thisalgorithm on similar problems, the running time for three view triangulation isprobably at least a 
ouple of se
onds using their method.5.4.1 Syntheti
 DataTo evaluate the intrinsi
 numeri
al stability of the solver the algorithm hasbeen run on 100,000 randomly generated test 
ases. World points were drawnuniformly from the 
ube [−500, 500]3 and 
ameras were pla
ed randomly ata distan
e of around 1000 from the origin with fo
al length of around 1000and pointing inwards. We 
ompare the approa
h presented here to that of [52℄implemented in double pre
ision here referred to as the standard method sin
eit is based on straightforward Gröbner basis 
al
ulation. A histogram over theresulting errors in estimated 3D lo
ation is shown in Figure 5.2. As 
an be seen,the error is typi
ally around a fa
tor 105 smaller with the new method.Sin
e we 
onsider triangulation by minimization of the L2 norm of the error,ideally behavior under noise should not be a�e
ted by the algorithm used. In these
ond experiment we assert that the algorithm behaves as expe
ted under noise.We generate data as in the �rst experiment and apply Gaussian noise to theimage measurements in 0.1 pixel intervals from 0 to 5 pixels. We triangulate
1000 points for ea
h noise level. The median error in 3D lo
ation is plottedversus noise in Figure 5.3. There is a linear relation between noise and error,whi
h 
on�rms that the algorithm is stable also in the presen
e of noise.5.4.2 A Real ExampleFinally, we evaluate the algorithm under real world 
onditions. The Oxforddinosaur [16℄ is a familiar image sequen
e of a toy dinosaur shot on a turn table.
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ision is improvedby about a fa
tor 105.
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Figure 5.3: Error in 3D lo
ation of the triangulated point X as a fun
tion ofimage-point noise. The behavior under noise is as expe
ted given the problemformulation.The image sequen
e 
onsists of 36 images and 4983 point tra
ks. For ea
h pointvisible in three or more views we sele
t the �rst, middle and last view andtriangulate using these. This yields a total of 2683 point triplets to triangulatefrom. The image sequen
e 
ontains some erroneous tra
ks whi
h we deal withby removing any points reproje
ted with an error greater than two pixels in anyframe. The whole sequen
e was pro
essed in approximately 34 se
onds and theresulting point 
loud is shown in Figure 5.4.
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Figure 5.4: The Oxford dinosaur re
onstru
ted from 2683 point triplets usingthe QR-method with variable basis size. The re
onstru
tion was 
ompleted inapproximately 34 se
onds.We have also run the same sequen
e using the previous method implementedin double pre
ision, but the errors were too large to yield usable results. Notethat [52℄ 
ontains a su

essful triangulation of the dinosaur sequen
e, but thiswas done using extremely slow emulated 128 bit arithmeti
 yielding an estimatedrunning time of 20h for the whole sequen
e.5.5 Con
lusionsIn this 
hapter we have shown how a typi
al problem from 
omputer vision,triangulation, 
an be solved for the globally optimal L2 estimate using Gröbnerbasis like te
hniques. With the new te
hniques for equation solving, we havetaken this approa
h to a state where it 
an now have pra
ti
al value in a
tualappli
ations. In all fairness though, linear initialization 
ombined with bundleadjustment will probably remain the 
hoi
e for most appli
ations sin
e this isstill signi�
antly faster and gives ex
ellent a

ura
y. However, if a guaranteeof �nding the provably optimal solution is desired, we provide a 
ompetitivemethod.More importantly perhaps, by this example we show that global optimizationby 
al
ulation of the stationary points using Gröbner basis te
hniques is indeeda possible way forward. This is parti
ularly interesting sin
e a large number of
omputer vision problems ultimately depend on some form of optimization.Currently the limiting fa
tor in many appli
ations of Gröbner bases is nu-meri
al di�
ulties. Using the te
hnique presented in this thesis, we are able toimprove the numeri
al pre
ision by approximately a fa
tor 105. We thus showthat there is room for improvement on this point and there is 
ertainly more toexplore here.
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Chapter 6Epipolar Geometry UnderRadial DistortionIn this 
hapter we study the problem of estimating relative 
amera motion be-tween two frames in the presen
e of potentially heavy radial distortion. E�
ientand reliable solutions to the relative motion problem serve as the 
ore of many
omputer vision systems. Traditionally, one has assumed a linear 
amera modeland at best 
ompensated for radial distortion towards the end of the pro
ess.In this 
hapter it is indi
ated how radial distortion 
an be taken into a

ountalready from the outset. In parti
ular, two minimal 
ases of stru
ture frommotion with radial distortion are derived and solved.6.1 Introdu
tionEstimating 
amera motion and inner 
alibration parameters from sequen
es ofimages is a 
hallenging 
omputer vision problem with a broad range of appli-
ations [26℄. Typi
ally one starts with a noisy set of tentative image point
orresponden
es. The �rst step then is to make de
isions about inliers and out-liers and get a good initial estimate to be able to deploy a more sophisti
atedoptimization algorithm on the set of all inliers.Two robust and widely used te
hniques for this purpose are RANSAC [20℄and kernel voting [40℄, both relying on solving a large number of instan
es ofthe underlying problem, ea
h with a small number of point 
orresponden
es.There is thus a need to develop fast and stable algorithms for solving geometri

omputer vision problems with a minimal number of points. Typi
ally thisamounts to solving a system of polynomial equations in several varibles.Traditionally, minimal problems have been formulated assuming a linear pin-hole 
amera model with di�erent restri
tions on the inner 
alibration parameterset
. However, for some 
ameras su
h �sh-eye lenses this 
an be insu�
ient andone might need to handle strong radial distortions already from the outset.Solving for the fundamental matrix under radial distortion was �rst studiedin [3℄, where a non-minimal algorithm based on 15 point 
orresponden
es wasgiven for a pair of un
alibrated 
ameras. More re
ently, in [36, 37℄, a numberof di�erent minimal problems with radial distortion have been studied andpra
ti
al solutions have been given in some 
ases.57
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Figure 6.1: (Left) Input images with di�erent radial distortions (Top) 66%
utout from omnidire
tional image and (Bottom) image taken with standardperspe
tive 
amera. (Right) Corre
ted images.Leveraging on the new te
hniques presented in this thesis, fast and numer-i
ally stable algorithms for two minimal problems with radial distortion previ-ously unsolved in �oating point arithmeti
 are formulated and solved:1. The problem of estimating a one-parameter radial distortion model andepipolar geometry from image point 
orresponden
es in two un
alibratedviews with di�erent radial distortions in ea
h image.2. The problem of estimating a one-parameter radial distortion model andepipolar geometry from image point 
orresponden
es in two partially 
al-ibrated views.These two problems were previously studied in [37℄ and found to be numeri
allyvery 
hallenging. In [37℄ the authors provide solutions to these problems 
om-puted in exa
t rational arithmeti
 only. This results in very long 
omputationaltimes and is not usable in pra
ti
al appli
ations. Here we show that these twoproblems 
an be e�
iently solved in �oating point arithmeti
.The speed and intrinsi
 numeri
al stability as well as robustness to noiseof the proposed algorithms is demonstrated using both syntheti
 data and realimages.



6.2. UNCALIBRATED CASE 596.2 Un
alibrated CaseIn this 
ase, we study the situation with two un
alibrated 
ameras and twodi�erent unknown radial distortion parameters. We use the same formulationof the problem as in [37℄. This formulation assumes a one-parameter divisionmodel [21℄ given by the formula
pu ∼ pd/(1 + λr2

d) (6.1)where pu = (xu, yu, 1)T and pd = (xd, yd, 1)T are the 
orresponding undistorted,resp. distorted, image points, and rd is the radius of pd w.r.t. the distortion
enter.The minimal set of 
onstraints needed to uniquely solve for relative motionfor un
alibrated 
ameras with di�erent radial distortion λ1 and λ2 is 9 point
orresponden
es with epipolar 
onstraints
p⊤ui

(λ1)F p′ui
(λ2) = 0, i = 1, . . . , 9 (6.2)and the singularity of the fundamental matrix F

det (F ) = 0. (6.3)Assuming f3,3 6= 0 we 
an set f3,3 = 1 and obtain 10 equations in 10 unknowns.By linear elimination, these 10 equations 
an be redu
ed to 4 equations in4 unknowns (one of 2nd degree, two of 3rd degree and one of 5th degree). Formore details see [37℄ where it was shown that this problem has 24 solutions.The numeri
al solver is 
onstru
ted starting with the four remaining equa-tions in the four unknowns f3,1, f3,2, λ1 and λ2. The �rst step is to expandthe number of equations, as outlined in Se
tion 3.1.2, by multiplying them bya hand
rafted set of monomials in the four unknowns, in this 
ase yielding 393equations in 390 monomials. See Se
tion 6.2.1 for details.We now sta
k the 
oe�
ients of the equations in a matrix C. Following this,we order the monomials and 
orrespondingly the 
olumns of C as in (3.9). Thesets E and R depend on whi
h variable is used to 
reate the a
tion matrix. Forthis problem f3,1 was used as a
tion variable. The 
lassi
al method is thereafterto 
hoose the linear basis B of C[x]/I to be the 24 lowest monomials (w.r.t somemonomial order). This is enough to get a solution to the problem, but we 
an usethe methods of Chapter 4 to sele
t a basis of linear 
ombinations of monomialsfrom a larger set and thereby improve numeri
al stability. Empiri
ally, we havefound that the linear basis 
an be sele
ted from the set of all monomials up todegree four ex
luding the monomial λ4
1. The set R then 
onsists of monomialsof degree �ve that are rea
hed when the monomials of degree four are multipliedwith f3,1. The set E 
ontains the remaining 285 monomials.Putting the part of C 
orresponding to E andR on triangular form by meansof an LU de
omposition now produ
es Equation 3.10. We 
an then remove allequations that in
lude ex
essive monomials and still have enough informationto 
onstru
t the a
tion matrix.Finally, we use the QR method to sele
t a linear basis for C[x]/I and 
on-stru
t the matrix mf3,1 from whi
h the solutions are extra
ted.



60CHAPTER 6. EPIPOLAR GEOMETRY UNDER RADIAL DISTORTION6.2.1 Details on the Expansion Step for the Un
alibratedCaseWe have found in experiments that to 
onstru
t the ne
essary elements of theGröbner basis like stru
ture needed to 
onstru
t mf3,1 , we need to generatepolynomials up to total degree eight. Thus, the 2nd degree polynomial has tobe multiplied with all monomials up to degree six and 
orresponding numbersfor the 3rd and 5th degree polynomials.Further investigations have shown that not exa
tly all monomials up todegree eight are needed, so in the implementation, the 2nd degree polynomialwas only multiplied with monomials up to degree �ve and ea
h variable nothigher than four, further on was λ1 not multiplied with higher degree than two.For the other polynomials it was possible to limit the degree of ea
h individualvariable to one lower than the total degree.These multipli
ations yield 393 equations in 390 monomials. Without thelast �ne tuning of the degrees, the number of equations and monomials willbe larger but all extra monomials will be in the set E and will make no realdi�eren
es to the solver ex
ept slightly longer 
omputation times.6.3 Calibrated CaseWe now turn to the setup with two 
alibrated 
ameras and one 
ommon un-known radial distortion parameter. To solve the 
orresponding minimal prob-lem, we make use of the epipolar 
onstraint for 6 point 
orresponden
es
p⊤ui

(λ) E p′ui
(λ) = 0, i = 1, . . . , 6, (6.4)the singularity of the essential matrix E

det (E) = 0 (6.5)and the tra
e 
ondition, whi
h says that two singular values of the essentialmatrix are equal
2

(
EET

)
E − trace(EET )E = 0. (6.6)Again assuming e3,3 6= 0, we 
an set e3,3 = 1 and obtain 16 equations in 9unknowns. Using similar method as in the un
alibrated 
ase, these equations
an be rewritten as 11 polynomial equations in 4 unknowns (one of 3rd degree,four of 5th degree and six of 6th degree). In [37℄ it was shown that this problemhas 52 solutions.The numeri
al solution of this problem largely follows that of the the un-
alibrated version. In the �rst expansion, all equations are multiplied withmonomials to rea
h degree eight. This gives 356 equations in 378 monomials.As in the un
alibrated 
ase it is possible to redu
e the number of monomials by�ne tuning the degrees we need to go to, in this 
ase yielding 320 equations in363 monomials.The next step is to reorder the monomials and 
olumns as in equation (3.9).On
e again, the linear basis of C[x]/I 
an be 
onstru
ted from the monomials ofdegree four and lower. R will then 
onsist of those monomials of degree �ve thatare rea
hed when the degree four monomials are multiplied with the variable

e3,1, whi
h is used as a
tion variable.



6.4. EXPERIMENTS 61As beforeC is transformed to triangular form by LU de
omposition and afterthat we only 
onsider those equations that do not in
lude any of the monomialsin E . Now C holds all ne
essary information to 
hoose representatives in C[x]/Iand 
reate the a
tion matrix with respe
t to multipli
ation by e3,1.6.4 ExperimentsWe have tested the algorithms for the un
alibrated and 
alibrated minimalproblems on syntheti
 images with various levels of noise, outliers and radialdistortions as well as on real images. The time 
onsumptions for both algorithmshave also been measured.The algorithms proposed here are signi�
antly more stable than the algo-rithms presented in [37℄ whi
h ran in exa
t rational arithmeti
 only. Sin
e doingthe 
omputations in exa
t arithmeti
 is extremely slow (minutes instead of mil-lise
onds), a 
omparison with the �oating point algorithm presented here is notmeaningful and has therefore been omitted.Both problems are solved by �nding the roots of a system of polynomialequations whi
h means that we obtain several potentially 
orre
t answers, 52in the 
alibrated 
ase and 24 in the un
alibrated 
ase. In general we obtainmore than one real root, in whi
h 
ase we need to sele
t the best one, i.e theroot whi
h is 
onsistent with most measurements. To do so, we treat the realroots obtained by solving the equations for one input as real roots from di�erentinputs and use kernel voting [40℄ for several inputs to sele
t the best root amongall generated roots. The kernel voting is done by a Gaussian kernel with �xedvarian
e and the estimate of λ1 and λ2 in the un
alibrated 
ase and λ in the
alibrated 
ase is found as the position of the largest peak [40, 36℄.6.4.1 Tests on Syntheti
 ImagesFor both problems treated here, the same syntheti
 experiments were 
arriedout to evaluate the quality of the solvers.In all simulated experiments we generate syntheti
 data using the followingpro
edure:1. Generate a 3D s
ene 
onsisting of 1000 points distributed randomly withina 
ube. Proje
t M% of the points on image planes of the two displa
ed
ameras. These are mat
hes. In both image planes, generate (100−M)%random points distributed uniformly in the image. These are mismat
hes.2. Apply di�erent radial distortions to the undistorted 
orresponden
es inea
h image and in this way generate noiseless distorted points.3. Add Gaussian noise of standard deviation σ to the distorted points.Un
alibrated 
aseIn the �rst two experiments we study the robustness of the algorithm for theun
alibrated 
ase to Gaussian noise added to the distorted points.The �rst experiment investigates the estimation error of λ as a fun
tion ofnoise. The ground truth radial distortions parameters were λ1 = −0.2, λ2 =
−0.3 in the �rst 
ase and λ1 = −0.01, λ2 = −0.7 in the se
ond 
ase. See
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alibrated 
ase: Relative errors of (Left) λ1 and (Right) λ2 asa fun
tion of noise. Ground truth (Top) λ1 = −0.2, λ2 = −0.3 and (Bottom)
λ1 = −0.01, λ2 = −0.7. Blue boxes 
ontain values from 25% to 75% quantile.Figure 6.2. The noise varied from 0 to 2 pixels. For ea
h noise level relativeerrors for 2000 λs (estimated as 
losest values to the ground truth value from allsolutions) were 
omputed. The results in Figure 6.2 for the estimated λ1 (Left)and λ2 (Right) are presented by the Matlab fun
tion boxplot whi
h shows values
25% to 75% quantile as a blue box with red horizontal line at median. The red
rosses show data beyond 1.5 times the interquartile range.For noiseless data we obtain very a

urate estimates of radial distortion pa-rameters even for very di�erent λs. For larger noises the log10 relative errors aremu
h higher (mostly around 10−1). However obtained λs are still satisfa
toryand mostly di�er from the ground truth value in the se
ond de
imal pla
e. Themain point is however not to use a minimal point set to get a good estimate, butto repeatedly draw minimal 
on�gurations from a larger set of potential mat
hesand then use e.g kernel voting to get a more reliable estimate. Finally, the result
an be further enhan
ed using the obtained estimate as a good starting guessin a large s
ale bundle adjustment. The e�e
t of kernel voting is studied in these
ond experiment.In this experiment we did not sele
t the root 
losest to the ground truthvalue for ea
h run of the algorithm, instead we used kernel voting to sele
t thebest λs among all generated roots from several runs. The ground truth radialdistortion parameters were as in the previous experiment (λ1 = −0.2, λ2 = −0.3in the �rst 
ase and λ1 = −0.01, λ2 = −0.7 in the se
ond 
ase) and the levelof noise varied from 0 to 2 pixels. Moreover, in the �rst 
ase there were 10% of
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alibrated 
ase, kernel voting: Estimated (Left) λ1 and (Right)
λ2 as a fun
tion of noise, (Top) ground truth λ1 = −0.2, λ2 = −0.3 (greenlines), 90% of inliers and 100 samples in kernel voting and (Bottom) groundtruth λ1 = −0.01, λ2 = −0.7, 100% of inliers and 50 samples in kernel voting.outliers in the image (M=90).The testing pro
edure was as follows:1. Repeat K times (We use K from 50 to 100 though for more noisy data Kfrom 100 to 200 gives better results).(a) Randomly 
hoose 9 point 
orresponden
es from a set of N potential
orresponden
es (6 point 
orresponden
es for the 
alibrated 
ase).(b) Normalize image point 
oordinates to [−1, 1].(
) Find 24 roots using the presented algorithm.(d) Sele
t the real roots in the feasible interval, i.e −1 < λ1, λ2 < 1 andthe 
orresponding F 's.2. Use kernel voting to sele
t the best root.Figure 6.3 shows λs 
omputed using the algorithm for the un
alibrated 
aseas a fun
tion of noise. In the �rst 
ase with outliers Figure 6.3 (Top) 100 λswere estimated using kernel voting for roots 
omputed from 100 (K = 100)9-tuples of 
orresponden
es randomly drawn for ea
h noise level. In the se
ond
ase Figure 6.3 (Bottom) 200 λs were estimated using kernel voting for roots
omputed from 50 (K = 50) 9-tuples of 
orresponden
es. This means that forea
h noise level the algorithm ran 10,000 times in both 
ases. The results areagain presented by the Matlab fun
tion boxplot.
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ase: (Left) relative errors of λ as a fun
tion of noise,ground truth λ = −0.3. (Right) kernel voting: Estimated λ using kernel votingfor roots 
omputed from 200 6-tuples of 
orresponden
es randomly drawn forea
h noise level. Ground truth λ = −0.3 (green line).Calibrated 
aseThe same syntheti
 experiments were 
arried out for the 
alibrated solver.The results of the �rst experiment whi
h shows relative errors of the es-timated λ as a fun
tion of noise are shown in Figure 6.4. The ground truthradial distortion was λ = −0.3. For noiseless data we again obtain very pre
iseestimates of radial distortion parameter λ. For larger noise levels the log10 rel-ative errors are slightly larger than for the un
alibrated 
ase. However, usingkernel voting we 
an still obtain good estimates. This is shown by the se
ondexperiment.In this experiment λ was estimated 50 times using kernel voting for roots
omputed from 200 6-tuples of 
orresponden
es randomly drawn for ea
h noiselevel, Figure 6.4. The median values for λ are again very 
lose to the groundtruth value λ = −0.3 for all noise levels from 0 to 2 pixels. However the varian
esof this for the 
alibrated 
ase are larger, espe
ially for higher noise levels, thanthe varian
es for the un
alibrated 
ase. This means that for good estimates of
λ this algorithm requires more samples in the kernel voting pro
edure than inthe un
alibrated 
ase.6.4.2 Time ConsumptionTo evaluate the speed of the new algorithm a reasonably optimized version ofthe algorithm for the un
alibrated 
ase was implemented. The implementationwas done in Matlab so rewriting the algorithm in a 
ompiled language su
h asC should redu
e the exe
ution time further.The algorithm was run 10,000 times and the time 
onsumption was measuredusing the Matlab pro�ler. The experiments were performed on an Intel Core 2CPU 2.13 GHz ma
hine with 2 GB of memory. The estimated average exe
utiontime for solving one instan
e of the un
alibrated problem was 16 millise
ondsand the 
orresponding time for the 
alibrated problem was 17 millise
onds.These results are to be 
ompared with the exe
ution times given for the sameproblem in [37℄, where solutions were 
omputed in exa
t rational arithmeti
.
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Figure 6.5: Real data, 60% 
utouts from omnidire
tional images. (Left) In-put images with di�erent radial distortions for 
amera 1 (Top) and 
amera 2(Bottom). (Right) Corre
ted images.There, the pro
essing time for one problem instan
e was 30 s for the un
alibrated
ase and 1700 s for the 
alibrated 
ase.6.4.3 Tests on Real ImagesThe algorithm for un
alibrated 
ameras with di�erent radial distortions hasbeen tested on several di�erent sets of images. In the �rst experiment the inputimages with di�erent relatively large distortions in ea
h image, Figure 6.5 (Left),were obtained as 60% 
utouts from �sh-eye images taken with two di�erent
ameras with di�erent radial distortions. Tentative point mat
hes were thenfound by the wide base-line mat
hing algorithm [43℄. They 
ontained 
orre
tas well as in
orre
t mat
hes. Distortion parameters λ1 and λ2 were estimatedusing the algorithm for un
alibrated 
ameras with di�erent radial distortionsand the kernel voting method for 100 samples. The input (Left) and 
orre
ted(Right) images are presented in Figure 6.5. Figure 6.6 shows the distribution ofreal roots for images from Figure 6.5, from whi
h λ1 = −0.301 and λ2 = −0.368were estimated as the argument of the maximum. The peaks from kernel votingare sharp and the λ's are estimated a

urately.In the se
ond experiment the algorithm was tested on images with signi�-
antly di�erent distortions. The left image Figure 6.1 (Left), was obtained as a
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Figure 6.6: Distribution of real roots obtained by kernel voting for images inFigure 6.5. Estimated λ1 = −0.301 and λ2 = −0.368.
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Figure 6.7: Distribution of real roots obtained by kernel voting for images inFigure 6.1. Estimated λ1 = −0.926 and λ2 = 0.0025.
66% 
utout from a �sh-eye image and the right image was taken with a standardperspe
tive 
amera. Sin
e these images had a rather large di�eren
e in radialdistortion, the tentative point 
orresponden
es 
ontained a larger number ofmismat
hes. Distortion parameters λ1 and λ2 were again estimated using thealgorithm for un
alibrated 
ameras with di�erent radial distortions and the ker-nel voting method. The input (Left) and 
orre
ted (Right) images are presentedin Figure 6.1. Figure 6.7 shows the distribution of real roots for these imagesfrom whi
h λ1 = −0.926 and λ2 = 0.0025 were estimated. As 
an be seen thepeaks obtained by kernel voting are not so sharp but still su�
ient to get goodestimates of the λ's even from only 100 samples.6.5 Con
lusionsIn this 
hapter we have given fast and robust algorithms for two minimal prob-lems previously unsolved in �oating point arithmeti
. The two problems ofsimultaneously solving for relative pose and radial distortion were, due to nu-meri
al problems, previously solved in exa
t rational arithmeti
 only, yieldingthem too time 
onsuming to be of pra
ti
al value. With the �oating point al-gorithm presented here we have redu
ed the 
omputation time from minutes to



6.5. CONCLUSIONS 67millise
onds. Moreover, we have veri�ed that this is done without loss of nu-meri
al pre
ision by extensive experiments both on syntheti
 and real images.In the experiments we have also demonstrated that the radial distortionestimation is reasonably robust both to outliers and noise when kernel voting isused over several runs. Finally we have shown that large di�eren
es in distortionbetween the two images 
an be handled.
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Chapter 7Hybrid Minimal ProblemsCamera estimation tasks are usually divided into (i) absolute orientation esti-mation where a set of world points with known 
oordinates 
orrespond to a setof image points and the task is to determine the exa
t pose and position of the
amera and (ii) relative orientation estimation where two or more 
ameras viewthe same s
ene and a set of 
orresponding points between images are given. Inthis 
hapter we investigate the mathemati
s of 
ases that fall in between thosetwo extremes, i.e we 
onsider a 
amera whi
h 
aptures some points with known3D 
oordinates and some points whi
h are not known but give partial informa-tion sin
e they are seen by other known 
ameras. The appli
ation we have inmind is global image-based lo
alization.7.1 Introdu
tionLo
alization refers to the ability of automati
ally inferring the pose and theposition of an observer relative a model [5℄. Solving this problem using animage-based approa
h amounts to �rst establishing tentative 
orresponden
esbetween an input image and the model, �ltering out outliers and 
omputing the
amera lo
ation and orientation. The need to understand and solve minimalsetups thus arises in a manner very similar to that in Chapter 6. The model orthe map of the environment 
an be anything from a single room in a buildingto a 
omplete 
ity. In general, one image will be used as a query image, butin prin
iple several images 
an be used as input. No prior knowledge of theobserver's position is assumed and therefore the problem is often referred to asglobal lo
alization whereas lo
al versions assume an approximate position. Themapping of the environment 
an be regarded as an o�-line pro
ess sin
e it isgenerally done on
e and for all. Su
h a mapping 
an be done using standardStru
ture from Motion (SfM) algorithms [26℄, or by some other means.We demonstrate how a mixture of 2D and 3D features 
an be used simul-taneously for lo
alization. If one were to rely solely on 3D mat
hes, one isrestri
ting the set of possible 
orresponden
es to relatively few 
orresponden
esand a relatively ri
h 3D model would be required in order to be su

essful. Onthe other hand, using only 2D features requires relatively many 
orre
t 
orre-sponden
es to generate a single hypothesis. In addition, with existing methodssu
h as the seven point algorithm of two views [26℄, one is limited to pi
king69
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orresponden
es from one single image in the model. Again, one isrestri
ting the set of 
orresponden
es to a relatively small subset. Further, theabsolute s
ale 
annot be re
overed solely from 2D 
orresponden
es of one queryimage and one model image.Using hybrid 
orresponden
e sets for generating hypotheses gives a numberof advantages. We 
an make use of all possible 
orresponden
es simultaneously,even from di�erent 2D model images. Compared to approa
hes using only 2D
orresponden
es, the s
ale relative to the 3D map 
an be re
overed and, moreimportantly, the number of 
orresponden
es is smaller whi
h is a good propertywhen using RANSAC. One 
an argue that in most 
ases, traditional methodswould work �ne. However, if one a

epts possibly somewhat longer 
omputationtimes, using hybrid 
orresponden
e sets (as well as traditional ones) provides astri
tly greater 
han
e of obtaining an outlier-free point set and there is hen
eno reason why the extra information should not be used.The main 
ontributions of this 
hapter are:1. A 
omplete list of minimal hybrid 
ases is given and for most 
ases wealso give the number of possible solutions.2. Algorithms for e�
iently 
omputing the solutions of two of the minimal
ases are given. One of these 
ases was only solvable using the te
hniquesof Chapter 4.7.2 Problem FormulationWith the lo
alization appli
ation in mind, we are interested in solving the fol-lowing problem:Problem 17. Under the assumption that for a query image, there are m potential
orresponden
es to image points in views with known absolute orientation and
n potential 
orresponden
es to s
ene points with known 3D 
oordinates, �ndthe largest subset of the 
orresponden
es that admits a solution to the absoluteorientation problem within a spe
i�ed a

ura
y.The method that we use to solve the lo
alization problem is based onhypothesize-and-test with RANSAC [20℄ and lo
al invariant features [41℄. Thisinvolves solving minimal stru
ture and motion problem with hybrid 
orrespon-den
e sets.7.3 Minimal Hybrid Corresponden
e SetsThe 
lassi
al absolute orientation problem (also known as 
amera rese
tioning)for 
alibrated 
ameras for three known points 
an be posed as �nding the matrix
P = [R t], su
h that λiui = PUi, i = 1, 2, 3. Here R is a 3 × 3 rotation matrixand t is a 3-element translation ve
tor. Thus, the 
amera matrix en
odes sixdegrees. Ea
h point gives two 
onstraints and therefore three points form aminimal 
ase. In general there are four possible solutions [26℄.We will study the absolute orientation problem for both 
alibrated 
amerasas above, for the 
ase of unknown fo
al length and for the un
alibrated 
amera
ase. Furthermore we will 
onsider both known 3D-2D 
orresponden
es (Ui, ui)
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orresponden
es (vi, ui) with features vi in other views.Here we will assume that the 
amera matri
es of the other views are known,so that a 2D-2D 
orresponden
e 
an be thought of as a 3D-2D 
orresponden
ewhere the unknown 3D point Ui lies on a line expressed in Plü
ker 
oordinates.Here, the (m,n) 
ase denotes the 
ase of m 2D-2D 
orresponden
es and n3D-2D 
orresponden
es. Noti
e that ea
h 2D-2D 
orresponden
e imposes one
onstraint and ea
h 2D-3D 
orresponden
e imposes two 
onstraints.Calibrated Cameras For 
alibrated 
ameras there are six degrees of freedom,three for orientation and three for position. One way of parameterizing the
amera matrix is to use a quaternion ve
tor [a b c d]T for rotation, i.e
P=

a2+b2−c2−d2 2bc− 2ad 2ac + 2bd x
2ad + 2bc a2−b2+c2−d2 2cd− 2ab y
2bd− 2ac 2ab + 2cd a2−b2−c2+d2 z

 . (7.1)Potential minimal 
ases are:The (0,3) 
ase. This is the well known rese
tioning problem, 
f [26℄ withup to four solutions in front of the 
amera.The (2,2) 
ase. This 
ase is given a numeri
al solution here. The algorithmworks equally well if the 2D-2D 
orresponden
es are to the same or to di�erent
ameras. There are up to 16 solutions.The (4,1) 
ase. The 
ase of all four 2D-2D 
orresponden
es 
oming fromthe same model image 
an be solved by �rst proje
ting the 3D point in theknown 
amera and then using the �ve point algorithm to solve for relativeorientation (hen
e up to 10 solutions) and then �xing s
ale with the �nal 2D-3D 
orresponden
e. The more general problem of the 2D-2D 
orresponden
esbeing to di�erent 
ameras is treated in this 
hapter.The (6,0) 
ase. This 
annot be solved for absolute orientation if all pointsare from the same model view. However, if the 
orresponden
es 
ome fromdi�erent views, it is equivalent to the relative orientation problem for generalized
ameras, 
f [51℄, whi
h has up to 64 solutions.Unknown Fo
al Length For 
alibrated 
ameras with unknown fo
al lengththere are seven degrees of freedom, three for orientation, three for position andone for the fo
al length. One way of parameterizing the 
amera matrix is as
P=

a2+b2−c2−d2 2bc− 2ad 2ac + 2bd x
2ad + 2bc a2−b2+c2−d2 2cd− 2ab y

2f(bd− ac) 2f(ab + cd) f(a2−b2−c2+d2) fz

 . (7.2)Potential minimal 
ases areThe (1,3) 
ase. This 
ase is solved numeri
ally in this 
hapter. There are36 solutions.The (3,2) 
ase. This 
ase is treated here. There are 40 solutions.The (5,1) 
ase. For the 
ase of the 5 2D-2D 
orresponden
es 
oming fromthe same model view, it 
an be solved using the six point algorithm to solve forrelative orientation and fo
al length [50℄ and then �xing s
ale with the �nal 3D
orresponden
e. There are then up to 15 solutions. The general 
ase of 2D-2D
orresponden
es to di�erent views is treated in this 
hapter.
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ase. This 
annot be solved for absolute orientation if all pointsare to the same view. However for the 
ase of 
orresponden
e to di�erent viewit is an open problem.Un
alibrated Cameras For the un
alibrated 
amera 
ase there are 11 de-grees of freedom. Ea
h 2D-2D 
orresponden
e gives one 
onstraint and ea
h2D-3D 
orresponden
e gives two 
onstraints. Potential minimal 
ases areThe (1,5) 
ase. This 
an be solved by hand-
al
ulations as follows. Using the�ve 3D-2D 
orresponden
es, the 
amera matrix 
an be determined up to a one-parameter family P = P1 +νP2, where P1 and P2 are given 3×4 matri
es and νis an unknown s
alar. The remaining 2D 
orresponden
e 
an be parameterizedas a point on a line U = C+µD for some unknown parameter µ. The proje
tionequation gives λu = PU = (P1 + νP2)(U1 + µU2). Using resultants, it followseasily that there are two solutions for the unknowns λ, ν, µ.The (3,4) 
ase. There are eight solutions, unless all four 2D-2D 
orrespon-den
es are from the same model view, in whi
h the standard seven-point-two-view algorithm 
an be used. There are then up to three solutions.The (1+2k,5-k) 
ase with k = 2, 3, 4. These 
annot be solved for absoluteorientation if all points originate from one model view. However, for the 
aseof 
orresponden
es from di�erent model views, there are 2(1+2k) solutions. Thesolutions pro
edure is analogous to the (1,5) 
ase above and 
an be obtainedusing resultants.Summary We 
on
lude this se
tion by summarizing all the minimal 
ases forhybrid 2D and 3D feature 
orresponden
es, see Table 7.1. We state an upperbound on the number of physi
ally realizable solutions. In pra
ti
e though, aswe shall see later in Se
tion 7.4.2, the number of plausible solutions is mu
hsmaller. In the next se
tion, we give the remaining justi�
ations to these 
laimsand this will also lead to e�
ient algorithms for 
omputing the solutions.7.4 Solving Hybrid Minimal Cases with Algebrai
GeometryAs we have seen in previous 
hapters, minimal stru
ture and motion problemstypi
ally boil down to solving a system of polynomial equations in a number ofunknowns and this is the 
ase for all problems studied in this 
hapter as well. Wenow give the details 
on
erning how the various hybrid problems are formulatedand solved. We in turn 
onsider 
alibrated, semi-
alibrated and un
alibrated
ameras.7.4.1 Calibrated CamerasA 
alibrated 
amera 
an be parameterized using quaternions as shown in (7.1).We now study the (2,2) 
ase in more detail, i.e assume that we have two 
orre-sponden
es between image points and s
ene points
u1 ∼ PU1, u2 ∼ PU2.
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amera
orresp. 
orresp. solutions setting0 3 4 
alibrated2 2 16 
alibrated4 1 32 or 10∗ 
alibrated6 0 64 
alibrated1 3 36 unknown fo
al3 2 40 unknown fo
al5 1 112 or 15∗ unknown fo
al7 0 ? unknown fo
al1 5 2 un
alibrated3 4 8 or 3∗ un
alibrated
1 + 2k 5− k 21+2k un
alibratedTable 7.1: Minimal hybrid 
ases for stru
ture from motion. The number of solu-tions indi
ates an upper bound of the number of physi
ally realizable solutions.The solution numbers marked with asterisk �∗� 
orrespond to 
ases where all2D-2D 
orresponden
es originate from a single (model) view, whereas for other
ases, it is impli
itly assumed that the 
orresponden
e set 
overs multiple views.Note that one 
ase is still an open problem (marked with �?�).Sin
e there is a freedom in 
hoosing 
oordinate systems both in the s
ene andin the images, these 
an be transformed into
U1 =


0
0
0
1

 , u1 =

0
0
1

 , U2 =


1
0
0
1

 , u2 =

1
0
u

 .This gives us the following 
onstraints
x = 0, y = 0, ad = −bc,

z = u(a2 + b2 − c2 − d2)− 2bd + 2ac.As the overall s
ale of the 
amera matrix is irrelevant, one 
an set a = 1 andeliminate d a

ording to d = −bc. This makes it possible to parameterize the
amera matrix as
P=

(1+b2)(1−c2) 4bc 2c(1−b2) 0
0 (1−b2)(1+c2) −2b(1+c2) 0

−2c(1+b2) 2b(1−c2) (1−b2)(1−c2) z

 .By setting a = 1 two things happen. First the s
ale of the 
amera matrixis �xed, hen
e the left-hand 3 × 3 sub matrix in (7.1) will only be a rotationmatrix up to s
ale. This will not have any further impa
t on the problem sin
ethe measurement equations are homogeneous. The se
ond 
onsequen
e is thatsolutions with a = 0 will not be in
luded. Sin
e a ∈ R the probability for this iszero, but there might be problems if a is 
lose to zero. However, as the syntheti
experiments will show this 
auses no serious problems.Assume now that we have two 
orresponden
es between image points andpoints that have been seen in only one other model image. This gives two points
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iated to a point vi in the query image. If theline is represented with Plü
ker 
oordinates [26℄ and the 
amera is 
onvertedto the 
orresponding Plü
ker 
amera the 
onstraints above 
onverts to a singleequation. It is furthermore easy to see that every nonzero element in the Plü
ker
amera has a 
ommon fa
tor 1 + b2. After removing the 
ommon fa
tor, the
onstraint polynomials (p1, p2) are of order 2 in b and order 4 in c.The dimension of the quotient spa
e C[b, c]/I is 16 with I = {p1, p2} whi
h
an be 
he
ked with 
omputer algebra. By multiplying the polynomials with
{1, b, c, bc} we obtain 8 equations in 24 monomials. It is then possible to express
8 of the monomials in terms of the remaining 16 monomials

{bc4, b3c2, c4, bc3, b2c2, b3c, c3, bc2, b2c, b3, c2, bc, b2, c, b, 1}whi
h then form a basis for the quotient spa
e C[b, c]/I. From this it is straight-forward to 
onstru
t the 16 × 16 a
tion matrix mc for the linear mapping
C[b, c]/I ∋ p(b, c) 7→ cp(b, c) ∈ , [b, c]/I. From the eigenvalue de
ompositionof the matrix mc the 16 solutions are obtained. Sin
e this problem is of rela-tively low degree with only two variables, the eliminations are well 
onditionedas they are and there is no pressing need to apply any stabilizing te
hniques.Gröbner basis 
al
ulations with a 
omputer algebra system show that thereare 32 solutions for the (4,1) 
ase, but we have not implemented a numeri
alsolver for this 
ase.7.4.2 Experimental Results for the (2,2) CaseThe purpose of this se
tion is to evaluate the stability of the algorithm forsolving the (2, 2) 
ase. To this end we use syntheti
ally generated data in theform of randomly generated 
ameras and points. This allows us to measure thetypi
al errors and the typi
al number of plausible solutions, over a large rangeof 
ases.The point features are drawn uniformly from the 
ube ±500 units fromthe origin in ea
h dire
tion. The 
ameras (two known and one unknown) aregenerated at approximately 1000 units from the origin pointing roughly in thedire
tion of the 
enter of the point 
loud.The algorithm has been run on 10,000 randomly generated 
ases as des
ribedabove. To evaluate the a

ura
y of the solution we take the minimal error(over the plausible solutions) of the standard matrix 2-norm ‖P ′ − P‖ of thedi�eren
e between the estimated 
amera P ′ and the true 
amera P . The 
ameraswere normalized by setting the last element to one. The result is illustrated inFigure 7.1. As 
an be seen, the errors typi
ally stay as low as 10−15 to 10−10,but o

asionally larger errors o

ur. However, sin
e the solver is used as asubroutine in a RANSAC engine, whi
h relies on solving a large number ofdi�erent instan
es, these very rare 
ases with poor a

ura
y are not a seriousproblem.As shown in Se
tion 7.4 the (2,2) 
alibrated 
ase in general has 16 solutions.Sin
e obviously only one of these solutions is the 
orre
t one it is interesting toinvestigate how many plausible solutions are typi
ally obtained. With plausiblesolutions we mean real valued 
amera matri
es whi
h yield positive depths for allfour problem points. In Figure 7.1 a histogram whi
h shows the typi
al numberof plausible solutions is given. As 
an be seen the most 
ommon situation is
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Figure 7.1: Statisti
s from the evaluation of the solver for the (2,2) 
ase for
alibrated 
ameras. The solver was run on 10,000 randomly generated 
ases.Left: Histogram over the error in matrix norm between the estimated 
amera
P ′ and the true 
amera P . The error is plotted on a logarithmi
 s
ale. Right:Histogram over the number of real valued solutions yielding positive depths.one to four plausible solutions. In one of the 10,000 
ases, the algorithm wasunable to �nd a real solution with positive depths for all points. This is probablydue to numeri
al problems when the points and/or 
ameras are unfortunatelypositioned (two or more real solutions irrespe
tive of the sign of the depthswere found in all 
ases). In three of the 
ases seven solutions were found and inone 
ase eight plausible solutions were found. The average number of plausiblesolutions was 2.6 and the average number of real solutions was 6.4. In some ofthe 
ases all 16 solutions were real.7.4.3 Unknown Fo
al LengthFor the 
ase of unknown fo
al length we have one additional unknown and wethus need one extra 
onstraint. There are several interesting minimal 
ases:(1,3), (3,2) and (5,1). However for the last 
ase (assuming that all the �vepoints were in 
orresponden
e with the same view) one 
ould solve the relativeorientation problem using the six point algorithm [50℄ and then �x the s
aleusing the known 3D 
orresponden
e.Using (7.2) as parameterization for the 
amera matrix and assuming thattwo of the 3D point 
orresponden
es are with

U1 =


0
0
0
1

 , U2 =


1
0
0
1

 , u1 =

1
0
1

it is possible to eliminate y = 0 and x = zf = g(b, c, d, f). We �x the s
ale bysetting a = 1. For both the (1, 3) 
ase and the (3, 2) 
ase we get polynomial
onstraints in the �ve remaining unknowns (b, c, d, z, f). Cal
ulations with 
om-puter algebra suggest that there are 36 solutions for the (1, 3) 
ase, 40 solutionsto the (3, 2) 
ase and 112 in the (5, 1) 
ase.A numeri
al algorithm for the (1, 3) 
ase has been obtained as follows. Theabove parameterization gives four equations in four unknowns. The unknowns



76 CHAPTER 7. HYBRID MINIMAL PROBLEMSare the three quaternion parameters and the fo
al length. The equation derivedfrom the line 
orresponden
e is of degree 6 and those obtained from the 3Dpoints are of degree 3. The 
oe�
ient matrixC is then 
onstru
ted by expandingall equations up to degree 10. This means that the equation derived from theline is multiplied with all monomials up to degree 4, but no single variablein the monomials is of higher degree than 2. In the same manner the point
orresponden
e equations are multiplied with monomials up to degree 7 butno single variable of degree more than 5. The des
ribed expansion gives 980equations in 873 monomials. All of these equations were ne
essary to get aworking solution to the problem.Whereas the (2, 2) 
ase was reasonably well 
onditioned in itself, the (1, 3)
ase is signi�
antly more 
ompli
ated as 
an be seen by the number of equationsthat need to be generated and we were not even able to 
onstru
t a numeri
alsolver using previous methods. As it turned out, trun
ation had to be used (i.ea redundant basis for C[x]/I) to avoid a rank de�
ient elimination step.Pro
eeding as in Chapter 4 we partition and reorder the monomials intoex
essive monomials (E), monomials to redu
e (R) and permissible basis mono-mials (P). In this problem CP 
orresponds to all monomials up to degree 4ex
ept f4 where f is the fo
al length, whi
h gives 69 
olumns in CP . The part
CR 
orresponds to the 5:th degree monomials that appear when the monomialsin P are multiplied with the �rst of the unknown quaternion parameters.7.4.4 Experimental Results for the (1,3) CaseThe syntheti
 examples for the (1,3) problem were generated in the same manneras for the (2,2) 
ase. Here, this gives one unknown 
amera with three point
orresponden
es and one line 
orresponden
e. The experiment was run 10,000times.Figure 7.2 gives the distribution of relative errors in the estimated fo
allength. It 
an be seen that both the SVD method and the faster QR methodgive useful results. We emphasize that we were not able to 
onstru
t a solverwith the standard method and hen
e no error distribution for that method isavailable.In Figure 7.3 the distribution of basis sizes is shown for the QR method withvariable basis size. For the SVD method the basis size was identi
al to the QRmethod in over 97% of the 
ases and never di�ered by more than one element.7.5 Con
lusionsIn this 
hapter we have shown new ways to use both 2D and 3D 
orresponden
esto solve the lo
alization problem. Several minimal 
on�gurations have been
lassi�ed and the numbers of solutions have been derived.For the 
ase of 
alibrated 
ameras with two 2D and two 3D 
orresponden
esand for the 
ase of a 
amera with unknown fo
al length with one 2D and three 3D
orresponden
es experiments have been preformed. The syntheti
 experimentsshow that by using Gröbner basis methods, it is possible to get numeri
allystable 
al
ulations for these problems. The latter of the two 
ases turned outto be not even solvable using previous methods.
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Figure 7.2: Error histogram for the (1,3) 
ase with unknown fo
al length. Thestandard method is omitted sin
e we did not manage to 
onstru
t a standardsolver due to numeri
al problems.

Figure 7.3: The distribution of basis sizes for the (1,3) problem with unknownfo
al length solved with the QR method with variable basis size. The numberof solutions are 36 and sin
e we always add three dimensions to the trun
atedideal the minimal possible basis size is 39.



78 CHAPTER 7. HYBRID MINIMAL PROBLEMSThe logi
al way to extend this work is to test the remaining 
ases with semi
alibrated (unknown fo
al length) and un
alibrated 
ameras. Another naturalline of future work is to investigate how the proposed methods perform in a
omplete stru
ture and motion system.



Chapter 8Con
lusionsIn a sense, the title of the thesis is a bit misleading. The words �fast and stable�seem to imply that we now have the tools to easily and e�
iently solve mostpolynomial equations. This is far from true. Whereas we have 
ome a long wayas demonstrated by many examples in this thesis, many problems still remainway out of rea
h. However, in the 
ases we have en
ountered so far, numeri
alstability has no longer been the limiting fa
tor. Instead what sets the limit forwhat we 
an solve numeri
ally is the sheer size of the matri
es o

urring in the
omputations, leading to infeasible time and memory requirements. We 
antypi
ally deal with systems of up to 50 or sometimes even 100 solutions, butabove that our methods are simply insu�
ient. Alternatively, these problemsare perhaps inherently so di�
ult that no really e�
ient methods to solve themexist.There are however many interesting questions dire
tly 
onne
ted to themethods presented in this thesis that still have not been answered. The 
entraltheme of this work has been to generalize the a
tion matrix method and exploitas many previously overlooked opportunities to improve speed and stability aspossible. The most important dis
overy here is arguably the large freedom inhow a basis 
an be sele
ted from the set of all monomials M o

urring in anexpanded set of equations. This is also where most topi
s still to be explored
an be found. For instan
e, given an expanded set of equations, one would liketo know if it is at all possible to 
onstru
t a solving basis for this set of equationsand in that 
ase how it should be 
hosen. A solid theoreti
al understanding ofthis question and e�
ient and reliable algorithms for answering this for parti
-ular 
ases would be immensly helpful in appli
ations. Furthermore, ex
ept formanual testing, we have no real guidan
e in how to 
onstru
t the expanded setof equations. Currently, this is largely an empiri
al pro
ess done by hand. Whatdegrees should we go to? Should we go to the same degrees for all equations?For all variables? Are there any bounds on what degrees we will need to go to?These questions are most likely very di�
ult to answer and have been studiedfor quite a long time in the algebrai
 geometry 
ommunity.This thesis dis
usses both stability and speed, but looking at the main 
on-tributions and the experiments it is evident that numeri
al stability has beenthe main fo
us. Sin
e huge ammounts of data is typi
ally paired with real timerequirements in 
omputer vision appli
ations, speed is however always of highpriority. An interesting topi
 whi
h has not been mu
h explored yet in 
om-79



80 CHAPTER 8. CONCLUSIONSputer vision appli
ations of polynomial solvers is real root extra
tion. It is notun
ommon in a 
ase with say 50 solutions that only a handful of these are real.It seems that an algorithm whi
h 
omputes only these 
ould be mu
h faster. Apromising possibility here is to 
ompute a total degree Gröbner basis and then
onvert it to a lexi
ographi
al Gröbner basis using the FGLM algorithm [17℄.This way one obtains a one-variable polynomial for whi
h the real roots 
an bebra
keted very e�
iently using sturm sequen
es [28℄. This would then have tobe done on
e for ea
h variable.To summarize, we have introdu
ed a range of te
hniques whi
h have enlargedthe 
lass of problems that 
an now be handled su

esfully. However, approa
hinga parti
ular problem by formulating it as a system of polynomial equations still
omes with a degree of un
ertainty. It is di�
ult to tell a priori what theout
ome will be in terms of number of solutions, speed and stability. Under theright 
ir
umstan
es, solving a polynomial equation is by far the best method,espe
ially in terms of speed. In other 
ases the polynomial system is simply too
omplex to yield anything valuable. Due to this, so far the main appli
ationin 
omputer vision of these te
hniques has been to solve minimal problems ofstru
ture from motion. Only time will tell whether the strategy of formulatinga given problem as a polynomial equation system will have a broader use.
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